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Chapter 1

Introduction

Many combinatorial or nonconvex quadratic problems are known to be

NP-hard. Unless 𝑃 = 𝑁𝑃 , one can not expect to find an efficient algo-

rithm to solve these problems. However, any improvements on bounds

for the optimal value or more powerful algorithms are of interest to better

understand these NP-hard problems. One of the successful approaches

to approximating the optimal solution of these NP-hard problems is to

relax them as semidefinite programs (SDP). We refer to [Nem07, SDP00,

Hel00] for literature on SDP.

Another recently emerged field is copositive programming (COP),

which deals with linear problems over the so-called copositive cone or its

dual, the completely positive cone. Interestingly, some NP-hard problems

such as the stable set problem or some nonconvex quadratic problems can

be formulated exactly as copositive programs, see e.g. [Dür10, Bur09,

Bur12]. In fact, the cone constraint conceals all the difficulty in itself, as

the complexity of the problem is still the same.

In this thesis, we look at general linear conic problems (CP). We

investigate properties which hold for almost all problem instances: Given

a random problem instance, what properties do we expect? Moreover,

from a numerical point of view, it is important that these properties

still hold under a small perturbation of the problem data. We look at

questions such as: when are these properties stable? To clarify what we

mean by genericity and stability, we have to describe the problem space.

Depending on the problem parameter space, the results may vary.

Firstly, Chapter 2 presents conic programs, the well-known KKT op-

timality conditions and certain properties such as nondegeneracy and
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Chapter 1. Introduction

strict complementarity.

Next, we review genericity results for properties such as uniqueness

and nondegeneracy in Chapter 3. For genericity-related statements in

conic programming, we refer to [BS00, AHO97, PT01, BDL11, BM10,

STO07, GLT03, GT08, GT09, GTVdS12]. Many branches of mathemat-

ics have been utilized to prove generic statements. For example, the

techniques in [AHO97] rely on differential topology whereas the results

in [PT01] are based on geometric measure theory.

We focus not only on the results but also on the techniques used in

proving genericity results. For instance, we start with a simple proof of

the genericity of Slater’s condition, which is proven by using Lebesgue’s

density theorem. To prove weak genericity of uniqueness of optimal solu-

tions, one can employ the fact that convex functions are differentiable al-

most everywhere in their domain. Furthermore, even more sophisticated

arguments and results need to be brought into play for weak genericity

of nondegeneracy and strict complementarity, see e.g. [PT01].

By making use of the structure of the cone, one can show the stabil-

ity of the above mentioned properties for the SDP case. This approach

mainly relies on tools from differential topology and is presented in Sec-

tions 3.4 and 3.5. It is necessary to have more information on the struc-

ture of the cone or a local description of the cone in order to show the

stability of these properties in general CP. If the cones are semi-algebraic,

a partial stability result is proven in [BDL11], and we outline this result

in Section 3.6. Moreover, as CP can be viewed as a special instance of

linear semi-infinite programming (SIP) (see e.g. [ADS13]), we compare

genericity results known for SIP with the results for linear conic programs

in Section 3.7.

In Chapter 4, we investigate the order of maximizers. The order of

a maximizer is related to the local description of the feasible set around

the optimal solution. As second order maximizers are weakly generic

in conic programming (see [BDL11]), we study first order maximizers in

particular. Furthermore, we provide necessary and sufficient conditions

for the stability of first order maximizers.
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One of the main differences between a semidefinite and a copositive

optimization problems is the complexity of membership checking, i.e.,

the problem to decide if a given matrix is contained in the cone or not.

While checking whether a matrix is positive semidefinite or not can be

tested in polynomial time, testing if a matrix is copositive or not is co-

NP-complete, (see [MK87]). The boundary structure and the extreme

rays of the copositive cone are not fully understood, and it seems that

the boundary structure becomes more and more complicated in higher

dimensions. In Chapter 5, we examine some particular cases where copos-

itivity can be identified or tested easily.
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