
 

 

 University of Groningen

Linear conic programming: genericity and stability
Jargalsaikhan, Bolor

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2015

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
Jargalsaikhan, B. (2015). Linear conic programming: genericity and stability. [Thesis fully internal (DIV),
University of Groningen]. University of Groningen.

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 24-05-2023

https://research.rug.nl/en/publications/02827a49-7aea-4329-a9d5-c7b12fa4fb31


Summary

In this thesis, the following conic problem is considered

max 𝑐𝑇𝑥

s.t. 𝑋 := 𝐵 −
∑︀𝑛

𝑖=1 𝑥𝑖𝐴𝑖 ∈ 𝒦 (𝑃 )

where 𝑐 ∈ R𝑛, 𝐵,𝐴𝑖 (𝑖 = 1, . . . , 𝑛) are 𝑘 × 𝑘 matrices belonging to the

space of real symmetric matrices 𝒮𝑘 and 𝒦 ⊆ 𝒮𝑘 is a proper cone. One

important type of conic problems is the class of semidefinite programs

(SDP) where 𝒦 is the cone of positive semidefinite matrices. In appli-

cations, many NP-hard problems are relaxed and have been successfully

approximated by SDP’s. Another class included in (𝑃 ) is copositive op-

timization. A matrix 𝑀 ∈ 𝒮𝑘 is called copositive if

𝑥𝑇𝑀𝑥 ≥ 0 holds for all 𝑥 ∈ R𝑘
+.

It is known that some NP-hard problems such as the stable set prob-

lem or some nonconvex quadratic problems can be formulated exactly as

copositive programs (COP). In the thesis, we looked at conic problems

for a general proper cone and then specialized our findings to the SDP

or COP cases.

Let us fix the cone 𝒦 and define 𝑚 := 1
2
𝑘(𝑘 + 1). By denoting 𝐴 as

the 𝑚 × 𝑛 matrix with columns 𝐴𝑖, the corresponding parameter space
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Summary

of problem instances of (𝑃 ) is given by

𝒫 := {(𝐴,𝐵, 𝑐) ∈ R𝑚×𝑛 × R𝑚 × R𝑛} ≡ R𝑚·𝑛+𝑚+𝑛

endowed with some norm.

A property is said to be stable at a problem instance 𝑄 = (𝐴,𝐵, 𝑐) ∈ 𝒫
if there exists 𝜀 > 0 such that the property holds for all 𝑄 ∈ 𝒫 with

‖𝑄 − 𝑄‖ < 𝜀. We say that a property is weakly generic if the property

holds for almost all problem instances, i.e., it holds for a set of problems

𝒫𝑔 with 𝒫 ∖𝒫𝑔 of measure zero. We say that a property is generic if the

property holds for a set 𝒫𝑔 ⊂ 𝒫 with 𝒫 ∖ 𝒫𝑔 of Lebesgue measure zero

and such that for any 𝑄 ∈ 𝒫𝑔 the property is stable.

The main achievements of the thesis can be subdivided into three

parts: results on generic properties of conic programs, results on first or-

der maximizers in conic programs and special results on checking copos-

itivity for a certain class of matrices.

In the first part (Chapter 3), generic properties of conic problems were

reviewed and completed. A simple proof is provided for Theorem 3.5,

based on topological arguments that generically in the parameter space

𝒫 either the problem is infeasible or the Slater condition holds. Unlike the

linear programming case, a bounded primal program with corresponding

infeasible dual may occur in conic programming. However, due to the

genericity result of strong duality shown in Corollary 3.8, the parame-

ter set of conic problems with bounded primal and infeasible dual has

measure zero.

We next focused on the set of problem instances where both primal

and dual problems are feasible. In this case, other desired properties such

as uniqueness, nondegeneracy and strict complementarity are known to

be weakly generic under the assumption that strong duality holds, e.g.

[PT01]. Corollary 3.8 establishes that for a generic instance, if the primal

and dual problems are feasible, then the strong duality holds. Thus,

combining the above statements, Corollary 3.17 completes the picture of

previously known weak genericity results.

Moreover, based on the proof in [AHO97] of weak genericity of these

desired properties, we show in Proposition 3.20 that stability holds for
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these weakly generic instances in the SDP case. In other words, all these

“nice” properties such as nondegeneracy and strict complementarity are

generic in the SDP case. It seems that proving a general stability result

for a proper cone 𝒦 may require extra conditions. A partial stability

result with respect to the objective vector 𝑐 ∈ R𝑛 (fixing all other pa-

rameters) is proven in [BDL11] for semi-algebraic cones. However, for

a general proper cone 𝒦, the stability in the parameter space 𝒫 still

remains an open question.

In the second part (Chapter 4), we were interested in first order max-

imizers of conic programs. A feasible solution 𝑥 of (𝑃 ) is called a maxi-

mizer of order 𝑝 > 0 if there exist 𝛾 > 0 and 𝜀 > 0 such that

𝑐𝑇𝑥− 𝑐𝑇𝑥 ≥ 𝛾‖𝑥− 𝑥‖𝑝 for all feasible 𝑥 with ‖𝑥− 𝑥‖ < 𝜀.

It has been shown in [BDL11] that second order maximizers occur weakly

generically. This means that a quadratic growth condition holds at op-

timal solutions of conic programs for almost all feasible pairs of problem

instances. In the SDP case, second order maximizers are stable as well

at these weakly generic problem instances, see Corollary 4.6.

In particular, an even sharper condition than second order maximizers

are the first order maximizers. In Theorem 4.11, we formulate a charac-

terization of first order maximizers in terms of conic programs. First or-

der maximizers are well-studied in semi-infinite programming. However,

genericity results from the more general class of semi-infinite programs

do no more hold in the special class of conic programs. Examples 4.16

and 4.18 illustrate stable versus unstable first order maximizers in conic

programming. We investigated how to modify the results in semi-infinite

programming to the case of conic problems (𝑃 ). In particular, Theo-

rem 4.23 gives necessary conditions for stability of first order maximizers

and Theorem 4.27 gives a sufficient condition. The above result implies

that despite not being a generic property, first order maximizers are not

generically excluded in SDP or COP. Corollaries 4.19 and 4.28 summa-

rize results on first order maximizers and their stability in the SDP case.

Example 4.17 illustrates a stable first order maximizer in the COP case.
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Summary

In the third part (Chapter 5), we focused on a particular class of

conic programs: the copositive program. While SDP is known to be nu-

merically solvable in polynomial time within a given accuracy, verifying

copositivity of a matrix alone is known to be NP-hard. All faces of the

positive semidefinite cone are well understood. On the other hand, little

is known about the boundary structure or extreme rays of the copositive

cone, and understanding them remains a challenge. We studied some

special cases where copositivity can be numerically tested to a given ac-

curacy in polynomial time. Especially, Theorem 5.4 shows that a matrix

with exactly one positive eigenvalue is copositive if and only if it is a

nonnegative matrix.
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