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Chapter 1

Fundamentals and Preliminary
Results

“You must not attempt this approach to parallels. I know this way to the very end.
I have traversed this bottomless night, which extinguished all light and joy in my
life. I entreat you, leave the science of parallels alone...Learn from my example.”
-Farkas Bolyai to his son, Jànos Bolyai

1.1 Introduction

This chapter introduces relevant concepts regarding hyperbolic geometry, Poisson
point processes, Voronoi tessellations, and percolation theory and then we show
some preliminary results.

1.1.1 Ingredients from hyperbolic geometry

One cannot talk about hyperbolic geometry without referring to Euclid’s fifth
postulate. For a more modern version, we take Hilbert’s version [14, Chapter 1,
Section 5], commonly known as Playfair’s axiom:

“. . . there can be drawn through any point A, lying outside of a straight line
a, one and only one straight line which does not intersect the line a. This straight
line is called the parallel to a through the given point A.”

A thousand years of attempts to prove the fifth postulate was not an axiom
but a theorem came to a close when Lobachevsky in 1829 and Bolyai in 1832
independently showed that there exists other geometries for which the fifth pos-
tulate fails, non-Euclidean geometries [20]. One of these geometries is hyperbolic
geometry, in which Playfair’s Axiom “one and only one straight line” is replaced
with “more than one straight line.” Gauss also appeared to have an intimated
understanding of hyperbolic geometry. According to [20, p.10], in a private letter
in 1824, Gauss stated “The assumption that the sum of the three angles [of a
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2 CHAPTER 1. FUNDAMENTALS AND PRELIMINARY RESULTS

triangle] is smaller than 180◦ leads to a geometry which is quite different from our
(euclidean) geometry, but which is in itself completely consistent.”

The hyperbolic plane H2 is a two-dimensional surface with constant Gaussian
curvature −1; to introduce this most salient feature of H2, we turn the work of
Gauss on curved spaces [10]. For an oriented smooth surface S ⊆ Rn, for each
point p ∈ S, slice S with planes that contain the normal vector at p. See Figure
1.1. Each slice gives us a plane curve and we approximate that curve at p by
the osculating circle with a signed radius ρ; the sign is given by the orientation
relative to the normal vector. The more curved the plane curve is, the smaller the
circle must be. Let ρ1 and ρ2 denote the maximum and minimum values ρ can
take on over choice of slices, respectively, see Figure 1.2. The Gaussian curvature
at p is κ := 1/ρ1ρ2.

Figure 1.1: In this example we take a portion of the surface defined by z =
3x2 − 2y2. The vector n is a normal vector at the point p = o. The yellow slice
determines the red plane curve: z = 3x2. The blue disk is the osculating circle,
given by x2 + (z − 1/6)2 = (1/6)2. Thus for this plane ρ = 1/6. (Note that the
disk in the picture is not to scale)

Strikingly, the Gaussian curvature does not depend on the embedding by
Gauss’s Theorema Egregium [10]. If κ > 0, then the circles associated with ρ1

and ρ2 must have the same orientation relative to the normal vector and so the
surface locally looks sphere-like. For a sphere with radius R, κ = 1/R2 for all
points. If κ < 0, then the two circles must have opposite orientation relative to



1.1. INTRODUCTION 3

Figure 1.2: Using the same example surface and p = o as in Figure 1.1, we have
the two slices with maximum and minimum ρ, the dark yellow and the light yellow
respectively. Each plane has its associated red plane curve. For the light plane,
the curve is given by z = −y2. The osculating circle (not pictured) is given by
x2 + (z − 1/4)2 = (1/4)2 with centre in the opposing direction of n from p and so
ρ2 = −1/4. The Gaussian curvature κ = 6 · −4 = −24.

the normal vector. Thus locally the surface looks like a saddle. The hyperbolic
plane when viewed as a surface in Rn has the property that for all points in the
plane κ is a fixed negative constant. We take κ = −1. One common misconception
is that the hyperbolic plane cannot be embedded into R3. By the Nash–Kuiper
theorem [17,22], there exists a C1 embedding of the hyperbolic plane in R3.

There are many models, i.e. isometric coordinate charts, for H2, including the
Poincaré disk model, the Poincaré half-plane model, and the Klein disk model. A
gentle introduction to Gaussian curvature, hyperbolic geometry and these repre-
sentations of the hyperbolic plane can be found in [23].

In the half-plane model, the infinitesimal distance ds =

√
dx2+dy2

y for points in
the upper half of the Euclidean plane. In the Poincaré disk model,

ds =
2
√
dx2 + dy2

1− (x2 + y2)
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for points in the unit open disk D. If we consider the elements of these models
as subsets of the complex plane (z = x+ iy), the isometry J(z) = iz+1

z+i maps the
half-plane model to the Poincaré disk.

We will mostly use the Poincaré disk model in this thesis, however the sim-
ulations from the half-plane model may also provide some insight to those more
familiar with that model and so we will occasionally include them.

It is helpful to consider the construction of a (straight) line as a set of points
equidistant to two distinct points. This construction will clearly depend on the
space and the metric used. In the half-plane model, hyperbolic (straight) lines are
Euclidean semicircles with centre on the x-axis and the vertical Euclidean lines
x = a for y > 0 and a ∈ R. See Figure 1.3. In the Poincaré disk, the hyperbolic
(straight) lines are the diameters of D and circle arcs which are orthogonal to the
boundary of D. See Figure 1.4.

Figure 1.3: Some hyperbolic (straight) lines (or geodesics) in a section of the
half-plane.

Figure 1.4: Some hyperbolic (straight) lines (or geodesics) in the Poincaré disk.

These lines satisfy the properties we expect of them. For any two distinct
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points, there is precisely one line containing them and the curve which minimizes
the distance between these two points follows the line. In other words, these lines
are geodesics. Using these lines, we can construct examples where Playfair’s axiom
fails. See Figure 1.5.

Figure 1.5: An example where Playfair’s axiom fails.

A hyperbolic triangle refers of course to (the region inside) the three geodesics
between three distinct points a, b, c ∈ D. If α, β, γ denote the angles at which
these geodesics meet, then it always holds that α + β + γ < π. In fact, for every
α, β, γ for which the inequality holds, there exists a triangle T with those angles.
In particular, there exists an (equilateral) triangle T with all angles equal to 2π/7.
It is possible to tile H2 with copies of this triangle T . Here copy means the image
under a H2-isometry, i.e. a map that preserves hyperbolic distance and hyperbolic
area. See Section 7.3 of [23] for details and proofs. The tessellation of H2 by
isometric copies of T is the (7, 7, 7)-tesselation in the notation of Stillwell – meaning
that at every corner of every triangle, seven triangles meet. (See Figure 1.6 for a
depiction.)

A critical tool is hyperbolic law of cosines; a proof of this classic result is given by
Thurston [25, pg. 81]:

Lemma 1 For a hyperbolic triangle, with sides a, b, c and respective opposite an-
gles α, β, γ :

cosh(c) = cosh(a) cosh(b)− sinh(a) sinh(b) cos(γ).

In many of our arguments, we will be simultaneously considering both the
Euclidean metric and the hyperbolic metric. We use subscripts to distinguish the
metric under consideration. For instance

BR2(u, r) := {v ∈ R2 : ‖u− v‖ < r}, BH2(u, r) := {v ∈ D : distH2(u, v) < r}.
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Figure 1.6: The (7, 7, 7)-triangulation.

We refer to BH2(u, r) as a hyperbolic disk and to ∂BH2(u, r) = {v ∈ D :
distH2(u, v) = r} as a hyperbolic circle. We will make use of the following standard
facts.

Lemma 2 Every hyperbolic circle is also a Euclidean circle; and every Euclidean
circle contained in D is also a hyperbolic circle.

(But of course, the centre and radius of a circle with respect to the hyperbolic
metric do not coincide with the centre and radius with respect to the Euclidean
metric.)

On the other hand, if a Euclidean circle is not contained in the unit disk,
then it is not a hyperbolic circle. So for three points x1, x2, x3 ∈ H2 they need
not determine a hyperbolic circle. There are three ways the circle is not defined:
The three points are all on the same hyperbolic line or the Euclidean line, or
if not on the same Euclidean line, the Euclidean circle determined by the three
points intersects the boundary of the unit disk. See Figure 1.7. An important
example is when the Euclidean circle is tangent to the boundary of the unit disk,
the associated curve in the hyperbolic plane is a horocycle. Also see Figure 1.7.
However, when the triplet determines an open disk, this disk is unique. We denote
this disk by D(x1, x2, x3). Let D(x1, x2) denote the disk with diameter x1x2.

For points u, v ∈ D the hyperbolic distance can be given explicitly by

distH2(u, v) := 2 arcsinh

(
‖u− v‖√

(1− ‖u‖2)(1− ‖v‖2)

)

where ‖ · ‖ denotes the Euclidean norm. With a slight abuse of notation, we will
say a point u ∈ D is in H2 when we refer to the Poincaré model. For x ∈ H2, let
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Figure 1.7: In both examples, the three points x1, x2, and x3 are not collinear but
the “disk” determined by them intersects the boundary of the Poincaré disk, the
disk in blue. On the right the black curve in the hyperbolic plane is a horocycle.

len(x) := distH2(o, x). The Euclidean distance of x from the origin is

distR2(o, x) =
elen(x) − 1

elen(x) + 1
. (1.1)

For any measurable subset A ⊆ D its hyperbolic area is given by

areaH2(A) =

∫
A

4

(1− x2 − y2)2
dydx.

Again, with a slight abuse of notation, we allow hyperbolic regions to be the input
of areaH2 , and so

areaH2(BH2(p, r)) = 2π(cosh(r)− 1).

A simple calculation that is used throughout this thesis is a change of variables
from hyperbolic planar to hyperbolic polar coordinates. For any function f : R→
R, ∫

H2

f(len(x))dx =

∫ ∞
0

f(r)2π sinh(r)dr.

To see this, note that the area of an annulus of width δ and inner radius r is
2π(cosh(r + δ)− cosh(r)) ≈ 2π sinh(r)δ for small δ.

Finally we would like to draw the hyperbolic plane in a way that makes cal-
culations easier. We take advantage of the symmetry of the hyperbolic plane. A
function φ : H2 → H2 is an isometry if distH2(φ(x), φ(y)) = distH2(x, y) for all
x, y ∈ H2.

For every two points x, y ∈ H2, there exists a unique hyperbolic line (geodesic)
` ⊆ H2 through x and y. As shown in [23, Section 4.3], for any two points in
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x, y ∈ H2 and the line ` through x and y, there exists an isometry φ such that
when viewing H2 as the unit disk, φ(`) is line segment between (−1, 0) and (1, 0),
φ(x) = o, and φ(y) is on the positive x-axis.

1.1.2 Construction of Voronoi cells

For Z a countable point set in the hyperbolic, respectively Euclidean, plane we
will denote the corresponding hyperbolic, respectively Euclidean, Voronoi cells by:

CH2(z;Z) := {u ∈ D : distH2(u, z) = inf
z′∈Z

distH2(u, z′)},
CR2(z;Z) := {u ∈ R2 : ‖u− z‖ = inf

z′∈Z
‖u− z′‖}.

Usually the set Z is clear from the context, in which case we will just drop the
second argument.

We say that z, z′ ∈ Z are adjacent if the corresponding Voronoi cells CH2(z)
and CH2(z′) touch. We denote the neighbours of z ∈ Z by

N(z,Z) := {z′ ∈ Z : z and z′ are adjacent}.

When it is clear from context we will suppress the Z in N(z,Z).

Lemma 3 For Z the realization of a countable point process in H2, z1, z2 ∈ Z are
adjacent if and only if there exists an open hyperbolic disk D such that z1, z2 ∈ ∂D,
the boundary of D, yet Z ∩ D = ∅.

Proof. If z1, z2 ∈ Z are adjacent, then there exists a point p where CH2(z1) and
CH2(z2) touch. By definition of the Voronoi cells, no element of Z is closer than
distH2(p, z1) = distH2(p, z2) to p. So the disk B(p,distH2(p, z1)) is Z-free and z1

and z2 are on the boundary of B(p, distH2(p, z1)). On the other hand, if there is
a hyperbolic disk D such that z1, z2 ∈ ∂D and Z ∩ D = ∅ then the centre of D is
equidistant to both z1 and z2 and no elements of Z are closer. Thus CH2(z1) and
CH2(z2) touch at the centre of D. �

Let D(x, x′) be the ball with diameter xx′.

Definition 4 The set of Gabriel neighbours of z is given by

NGab(z,Z) := {z′ ∈ N(z,Z) : D(z, z′) ∩ Z = ∅}

and N¬Gab(z,Z) := N(z,Z)\NGab(z,Z) denotes the Delaunay neighbours of z
that are not Gabriel neighbours.

Intuitively, the Gabriel neighbours are those for which a geodesic between z and
z′ is completely contained in the two cells CH2(z) and CH2(z′). For the remaining
neighbours, that geodesic intersects a third cell. So for those neighbours, an
indirect path needs to be taken.
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1.1.3 Hyperbolic Poisson point processes

In the rest of this thesis Z will usually, but not always, denote a homogeneous
Poisson point process (PPP) on H2. Analogously to homogeneous Poisson point
processes on the ordinary, Euclidean plane, a Poisson process Z of constant inten-
sity λ on the hyperbolic plane is characterized completely by the properties that a)
for each (measurable) set A ⊆ D the random variable |Z∩A| is Poisson distributed
with mean λ · areaH2(A), and b) if A1, . . . , Am ⊆ D are (measurable and) disjoint
then the random variables |Z ∩A1|, . . . , |Z ∩Am| are mutually independent.

In the light of the formula for areaH2(.) above, we can alternatively view Z
as an inhomogeneous Poisson point process on the ordinary, Euclidean plane with
intensity

u 7→ λ · 1D(u) · 4

(1− ‖u‖2)2
.

Throughout the remainder, we attach to each point of Z a randomly and
independently chosen colour. (Black with probability p and white with probability
1 − p.) We let Zb denote the black points and Zw the white points of Z. In the
language of for instance [18], we can view Z as a marked Poisson point process, the
marks corresponding to the colours. By standard properties of Poisson processes
we have that Zb,Zw are independent Poisson point processes on H2 with constant
intensities λ · p, respectively λ · (1− p). We will interchangeably use the point of
view of marked point processes and that of a pair of independent Poisson points
processes (Zb,Zw) throughout the thesis. We use the notation Pλ,p(.) for the
probability measure associated with Z together with its marks, or equivalently the
pair (Zb,Zw). In some of our arguments, we are going to want to simultaneously
consider a homogeneous Poisson process, with marks, on the ordinary, Euclidean
plane. In order to keep the two apart, we use P̃λ,p(.) to denote the associated
probability measure.

We will use a specific case of the multivariate Campbell-Mecke formula. A
proof in greater generality is Theorem 4.4 in Last and Penrose [18].

Lemma 5 For k ∈ N, for a Poisson point process Z with intensity function u > 0
on R2, for any non-negative measurable function f of the form f(x1, ..., xk,Z) for
xi ∈ R2 :

EZ

 ∑
x1,...,xk∈Z

distinct

f(x1, ..., xk,Z)


equals ∫

(R2)k
EZ [f(x1, ..., xk,Z ∪ {x1, ..., xk})]

k∏
i=1

u(xi)dxi.
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As a consequence, if we take u to be λ · 1D(u) · 4
(1−‖u‖2)2 the right hand side is∫

(H2)k
EZ [f(x1, ..., xk,Z ∪ {x1, ..., xk})]λkdx1 · · · dxk.

Finally we let Zo := Z ∪ {o}, placing an additional point at the origin.

1.1.4 Ingredients from percolation theory

We remark that here in the introduction and in the rest of the thesis we focus on
mentioning works directly relevant to percolation on Voronoi tessellations. Perco-
lation theory is of course a broader and older subject, and some of the tools from
the literature we’ll rely on (and cite) are adaptations of earlier results that were
geared towards percolation on lattices. The monograph [7] provides an introduc-
tion to percolation theory.

k-independent percolation

For a fixed graph G, a site percolation probability measure assigns to each vertex
the state “open” or “closed”. Often the situation is considered where the states
of the vertices are independent, but for us it will be useful to consider a more
general situation where there is some dependence. We say that a measure P on
the possible assignments of a state to each vertex is k-independent if for any set
of vertices S such that each pair of distinct vertices in S has graph distance ≥ k,
the states of the vertices in S are independent. (As a warning, in literature this
type of percolation is sometimes called k-dependent percolation.) We will make
use of the following observation. It is not new. A much stronger result is for
instance provided by Liggett, Schonmann and Stacey [19]. But, since the proof
of the lemma is very short, we choose to give it anyway for the benefit of readers
that may not be familiar.

Lemma 6 For every k, d ∈ N there exists a p1 = p1(k, d) > 0 such that the
following holds. For every countable graph G with maximum degree at most d and
any k-independent site percolation measure on G in which each site is open with
probability at most p1, we have

P(∃ an infinite open cluster) = 0.

Proof. It is enough to show that P(∃ an infinite open path starting at v) = 0
for all vertices v. Since the number of paths of length ` starting at v is at most d`

and each path of length ` contains a set S of size ≥ `/(1 + dk) with all pairwise
distances ≥ k, we have
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P(∃ an open path starting at v of length ≥ `) ≤ d` · p`/(1+dk)
1

=
(
d · p1/(1+dk)

1

)`
−−−→
`→∞

0,

provided p1 < d−(1+dk). �

Crossing rectangles in Euclidean Voronoi percolation

Let R ⊆ R2 be a rectangle that is not a square. We say R has a (long) black
crossing if there is a continuous curve γ ⊆ R from one short side of R to the
other such that all points of γ are black in the colouring of the plane induced
by the Voronoi tessellation under the Euclidean metric. We denote this event as
cross(R). See Figure 1.8 for a depiction. The following result is implicit in the

Figure 1.8: A crossing of a rectangle.

work of Bollobás and Riordan [6] on Voronoi percolation for homogeneous Poisson
point processes on the ordinary, Euclidean plane R2 (and using the Euclidean
metric). Recall that we use P̃λ,p(.) to denote the associated probability measure.

Proposition 7 For any fixed p > 1/2 and rectangle R ⊆ R2 we have

lim
λ→∞

P̃λ,p(cross(R)) = 1.

Since this result does not appear in [6] in this precise form, we briefly explain
how it follows from the results in that paper. Theorem 7.1 in [6] states that for
any p > 1/2 and ρ > 1 we have lim sups→∞ P̃1,p(cross([0, ρs] × [0, s])) = 1. That
is, we keep the intensity fixed at λ = 1 and consider larger and larger rectangles
with fixed aspect ratio ρ. By considering the effect of a dilation on a homogeneous,
Euclidean Poisson point process and its Voronoi diagram, this is easily seen to be



12 CHAPTER 1. FUNDAMENTALS AND PRELIMINARY RESULTS

equivalent to lim supλ→∞ P̃λ,p(cross(R)) = 1 for any fixed rectangle R ⊆ R2. That
we can replace lim sup by lim can be seen via a comparison to 1-independent edge
percolation on Z2 as in the proof of Theorem 1.1 in [6]. That is, we set up the
1-independent edge percolation on Z2 as in that proof, note that the probability
that a large rectangle [0, c·n]×[0, n] is crossed in the 1-independent model tends to
one, and finally note that this also implies that crossing a rectangle of increasing
size and fixed aspect ratio tends to one also in the original Voronoi percolation
model.

1.2 Preliminary results

In the remainder of the chapter, we will construct some tools regarding the hy-
perbolic plane and specifically for Voronoi tessellation in the Hyperbolic plane.
These tools may be of independent interest.

1.2.1 The combinatorial structure does not depend on the
metric

Let Z be a Poisson process on D that has constant intensity λ with respect to the
hyperbolic area measure (or, alternatively, intensity λ ·1{u∈D} ·4 ·(1−‖u‖2)−2 with
respect to the ordinary Lebesgue measure.). When generating the Voronoi tessel-
lation of Z we could use the hyperbolic metric distH2 or the ordinary, Euclidean
metric. Of course, the tessellations will look different visually (for instance, the
sides of the Euclidean Voronoi cells are straight line segments, while the sides of
the hyperbolic Voronoi cells are circle segments), but if we view the tessellations as
planar graphs on the vertex set Z with vertices adjacent in the graph if and only
if the corresponding Voronoi cells touch then in fact the two graphs are (almost
surely) identical as the following lemma demonstrates.

Lemma 8 Almost surely, it holds that CR2(z1) and CR2(z2) touch if and only if
CH2(z1) and CH2(z2) touch (for all z1, z2 ∈ Z).

Proof. A key elementary observation is that CR2(z1), CR2(z2) touch if and only
if there exists a disk with z1, z2 on its boundary and no points of Z in its interior.
(The centres of such disks are precisely the points where the Voronoi cells meet.)
The same is true for CH2(z1), CH2(z2) except that we need a hyperbolic disk with
z1, z2 on its boundary and no points of Z in its interior. Applying Lemma 2, it
immediately follows that if CH2(z1) and CH2(z2) touch, then CR2(z1) and CR2(z2)
also touch. And if CR2(z1), CR2(z2) touch but CH2(z1), CH2(z2) do not then there
exists a (Euclidean) disk with z1, z2 on its boundary and no other point of Z in
its interior, but every such disk either “sticks out” of the unit disk D or is tangent
to its boundary ∂D.

Further to the elementary observation above we remark that, almost surely,
whenever CR2(z1), CR2(z2) touch there is in fact a third point z3 ∈ Z and a disk
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with z1, z2, z3 on its boundary and no points of Z in its interior. (The centre
of this disk corresponds to a common corner of CR2(z1), CR2(z2), CR2(z3).) It is
possible that no such z3 exists but in that case all points of Z must be collinear
– which almost surely does not happen.

It thus suffices to show that almost surely there are no triples z1, z2, z3 ∈ Z
such that the unique disk D with all three points on its boundary a) is either
tangent to ∂D or “sticks out”, yet b) has no points of Z in its interior. We next
point out that if a) holds then areaH2(D∩D) =∞. (A convenient way to see this
without having to integrate is to note that D, while not being a hyperbolic disk
itself, contains hyperbolic disks of all radii.)

That there are indeed no triples satisfying a) and b) almost surely now fol-
lows, for instance, using the Campbell-Mecke formula (see Lemma 5) to show the
expected number of such triples equals zero. �

1.2.2 Angle Separation

Figure 1.9: A hyperbolic triangle with sides a, b, and c and respective opposite
angles α, β, and γ. The blue circle is the boundary of the Poincaré disk.

Lemma 9 For every γ0 > 0, there exists C(γ0) such that for every hyperbolic
triangle with sides of length a, b, and c (see Figure 1.9) and the angle opposite the
side of length c is γ ≥ γ0,

c ≥ a+ b− C.

Proof. Given γ0 > 0, let C = log(4) + log((1 − cos(γ0))−1). Note that C ≥
log(4) + log((1 − cos(γ))−1) for γ0 ≤ γ < π (the function log((1 − cos(γ))−1) is
decreasing on (0, π)). For any hyperbolic triangle satisfying the hypotheses of the
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lemma, γ0 ≤ γ < π and

ec ≥ cosh(c)

= cosh(a) cosh(b)− sinh(a) sinh(b) cos(γ)

≥ ea+b

4
(1− cos(γ)).

The second line is the hyperbolic law of cosines (Lemma 1). For the third line,

cosh(a) cosh(b) ≥ ea+b

4 and sinh(a) sinh(b) ≤ ea+b

4 and 0 < γ < π.
Then c ≥ a+ b− log(4)− log((1− cos(γ))−1) ≥ a+ b− C. �

For distinct p, s ∈ H2, θ ∈ (0, 2π), let sect(p, s, θ) denote the circle sector where
the underlying circle is H2 (in the Poincaré disk model of H2) centred at p, the
line of symmetry is on the ray −→ps and the interior angle is θ. See Figure 1.10.

Figure 1.10: The black segment is the ray from p in the direction of s that bisects
the purple sector sect(p, s, θ) with angle θ. On the left, p is at the origin. On the
right, the sector after applying an isometry that maps p away from the origin and
s to the origin. The blue circle is the boundary of the Poincaré disk.

Lemma 10 For θ1, θ2 ∈ (0, π), there exists x0(θ2) > 0 and x′0(θ1, θ2) > 0, for all
a ∈ H2 and h > 0, if s ∈ H2 is a point such that distH2(a,B(s, h)) ≥ x0, then
B(s, h) ⊆ sect(a, s, θ2).

If a hyperbolic line ` intersects the line through distinct a, b ∈ H2 at a point
s such that distH2(a, s) ≥ x′0 and the smallest angle made between ` and the line
through a and b is at least θ1, then ` ⊆ sect(a, s, θ2).

Proof. We start with the second statement. First apply an isometry that maps a
to the origin and s to s′ on the positive x-axis. For line ` satisfying the hypotheses,
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Figure 1.11: An example of B(s, h) (left) and ` (right)

the isometry maps ` to a line `′. After the isometry is applied, ` intersects the
positive x-axis at a point s′ such that distH2(o, s′) ≥ x′0 and the smallest angle
made between `′ and the x-axis is at least θ1. For every x ∈ `′, we can construct
the triangle 4os′x. By Lemma 9, len(x) ≥ x′0 −C(θ1). If we view `′ as Euclidean
circle arc `′′, then using Equation 1.1, every point in `′′ is a Euclidean distance of

at least ex
′
0−C(θ1)−1

ex
′
0−C(θ1)+1

from the origin. See Figure 1.11. Since ex
′
0−h
′
−1

ex
′
0−h
′
+1

tends to 1

as x0 tends to infinity, `′′ intersects the positive x-axis, and the boundary of the
unit disk at right angles, for x′0 sufficiently large, distR2((1, 0), `′′) can be made
as small as desired. Hence `′ ⊆ sect(o, s′, θ2). If we apply the inverse isometry,
` ⊆ sect(a, s, θ2).

Now for the first statement. Set x0 = x′0(π/2, θ2). Let s ∈ H2 and h > 0 such
that distH2(a,B(s, h)) ≥ x0. Consider the line `1 through a and s. For the hyper-
bolic line ` intersecting `1 orthogonally at a point p such that distH2(a, p) = x0,
then ` ⊆ sect(a, p, θ2) = sect(a, s, θ2). Then B(s, h) lies to the side of ` contained
in sect(o, s, θ2). Thus B(s, h) ⊆ sect(o, s, θ2).

�

Corollary 11 Given 0 < θ < π, there exists x0(θ) = x0 > 0, for all a ∈ H2, if
s ∈ H2 is a point such that distH2(a, s) ≥ x0, then H2\ sect(s, a, θ) ⊆ sect(a, s, θ).
See Figure 1.12.

Proof. Let `0 be the line through a and s. Let x0 = x′0(θ/2, θ) > 0 given by
Lemma 10, if a line ` intersects `0 such that distH2(a, s) ≥ x0 and the smallest
angle made between ` and `0 is at least θ/2, then ` ⊆ sect(a, s, θ).

Consider the boundary of H2\sec(s, a, θ), the two rays `1 and `2. The smallest
angle made between `1 and the `0 is θ/2. The same holds for `2. Thus `1, `2 ⊆
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Figure 1.12: The orange region is H2\ sect(s, a, θ). The union of the purple and
the orange region is sect(a, s, θ).

sect(a, s, θ). Since the line segment as is not in H2\ sect(s, a, θ), then

H2\ sect(s, a, θ) ⊆ sect(a, s, θ).

�

Lemma 12 For t > 0, there exists v(t) = v > 0, if x, y ∈ H2 are distinct and D
is a disk with x and y on its boundary and with radius at most distH2(x, y)/2 + t,
then D ⊆ B(z,distH2(x, y)/2 + v) where z is the midpoint of x and y.

Proof. Let z be the midpoint of x and y. Let the line ` be the perpendicular
bisector of the line segment xy. See Figure 1.13. Fix a disk with x and y on the
disk’s boundary and with radius at most distH2(x, y)/2+ t. As the centre u of this
disk is the same distance from both x and y, the centre u ∈ `.

By the hyperbolic law of cosines,

cosh(distH2(x, u)) = cosh(distH2(x, z)) cosh(distH2(z, u)).

Since distH2(x, u) ≤ distH2(x, y)/2+ t = distH2(x, z)+ t, and cosh(x) is an increas-
ing function for x > 0,

cosh(distH2(z, u)) ≤ cosh(distH2(x, z) + t)

cosh(distH2(x, z))

≤ 2edistH2 (x,z)+t

edistH2 (x,z)

= 2et.
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Figure 1.13: The blue circle is the boundary of the Poincaré disk. The blue
segment is xy, the red point z is the midpoint of x and y. The black line ` is the
perpendicular bisector of the line segment xy. The red disk has x and y on its
boundary and has centre u. The disk with the black boundary is centred at z and
contains the red disk.

Hence distH2(z, u) ≤ cosh−1(2et). Thus by the triangle inequality, the disk
centre at z of radius distH2(x, y)/2 + t + cosh−1(2et) contains the fixed disk. So
we set v := t+ cosh−1(2et).

�

Lemma 13 Let θ, t > 0. There exists d0(θ, t) > 0 for all d > d0, for any disk
D in the hyperbolic plane, if distH2(p, ∂D) ≤ t for a p ∈ D, then D ⊆ B(p, d) ∪
sect(p, s, θ) where s is the centre of D. See Figure 1.14.

Proof. Fix t, θ > 0. There exists an isometry that places s on the positive x-axis
and p at the origin. See Figure 1.14. Let q = (−t, 0). The disk D is contained in
the interior of the horocycle with one point at q and the ideal point (1, 0) on the
unit disk. See Figure 1.14. The interior of the horocycle can can be split into two
regions. The part that is a subset of sect(p, s, θ) and the part that is not, which
we denote R. Since R is a bounded region and its shape only depends on θ and t,
let d0 := supx∈R distH2(x, p). Then for d > d0, D ⊆ B(p, d) ∪ sect(p, s, θ).

�

Let x ∈ N(o, r, w) if and only if there exists a Z-free disk D with o and x on
∂D and the radius of D is at most r/2 + w.

Corollary 14 For w, θ > 0, there exists h0(w, θ) > 0 such that for all h > h0 and
λ, r > 0, for x ∈ ann(r−w, r+w), the event x ∈ N(o, r, w) depends only on Z in
the region given by union of sect(o, x, θ) and B(o, h).
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Figure 1.14: The blue circle is the boundary of the Poincaré disk. On the left side,
the disk with the black boundary is D. The point p is within t of the boundary
at a point q. The purple sector is sect(p, s, θ). The interior of the horocycle is
the gold region, which contains D. The horocycle intersects the boundary of the
purple sector at two points. On the right side, we construct the disk with the
green boundary with centre p that intersects the two points. The gold region is a
subset of the union of the disk with the green boundary and the purple sector.

Proof. Suppose o and x are on the boundary of a disk D and the radius of D
is at most r/2 + w ≤ distH2(o, x)/2 + 2w. By Lemma 12 (taking t = 2w in the
lemma), there exists v(2w) = v > 0 such that

D ⊆ B(z,distH2(o, x)/2 + v) ⊆ B(z, r/2 + w + v)

where z is the midpoint of o and x. Hence we can determine if x ∈ N(o, r, w) from
Z ∩B(z, r/2 + w + v) alone.

Since o is within 2w+v of ∂B(z, r/2+w+v), by Lemma 13 (taking t = 2w+v
in the Lemma), there exists h0 = d(θ, 2w + v) > 0 such that for all h > h0,
B(z, r/2 + w + v) ⊆ B(o, h) ∪ sect(o, z, θ). Since sect(o, z, θ) = sect(o, x, θ), we
can determine if x ∈ N(o, r, w) by considering Z in the region given by union of
sect(o, x, θ) and B(o, h).

�

Remark 15 Note that in the previous proof, since x is within 2w + v of the
boundary of B(z, rλ/2+w+v), for x ∈ ann(rλ−w, rλ+w), the event x ∈ N(o, rλ, w)
depends only on Z in the region given by union of sect(x, o, θ) and B(x, h) for
h ≥ h0 (which depends on w and θ).
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1.2.3 Asymmetric Hausdorff distance

Lemma 16 For any disks D1 and D2, let

ahd(D1, D2) := sup
x2∈D2

inf
x1∈D1

distH2(x1, x2).

We say that the asymmetric Hausdorff distance D2 from D1 is ahd(D1, D2), then

lim
a→∞

inf

{
areaH2(D2\D1)

areaH2(D2)
: ahd(D1, D2) ≥ a

}
= 1.

Figure 1.15: The gray disk is D1 centred at p. On the left side, the larger disk
with a black boundary centred at the origin is D2. The smaller disk with the black
boundary centred at the origin determines the value of b1. On the right side, the
red point is xb′ for b′ ∈ [b1, b]. The blue circle is the boundary of the Poincaré disk.

Proof. Given the disks D1 and D2, let a = ahd(D1, D2). If the radius of D2 is
less than a/2, then D1 and D2 are disjoint and areaH2(D2\D1) = areaH2(D2).

So assume the radius of D2 is at least a/2. After applying the appropriate
isometry, the centre of D1 is o and the centre of D2 is on the negative x-axis. Let r1

and r2 be the hyperbolic radii of D1 and D2, respectively. Let d be the hyperbolic
distance between the centres of D1 and D2. Then ahd(D1, D2) = r2 − r1 + d.

Fix b > 0, we consider the hyperbolic annulus A(D2, b) := ann(o, r2 − b, r2) ⊆
D2. Let

b1 := sup{b′ : 0 ≤ b′ ≤ b,A(D2, b
′) ∩D1 = ∅}.

Hence areaH2(A(D2, b1) ∩D1) = 0.
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If b1 6= b, for each b1 < b′ ≤ b, consider the circle centred at the origin with
radius r2 − b′. Since A(D2, b

′) ∩D1 6= ∅, the circle intersects the boundary of D1,
let xb′ be the point of intersection in the second quadrant. See Figure 1.15. Let
αb′ be the angle between the negative x-axis (See Figure 1.15.)

By the hyperbolic law of cosines,

er1 ≥ cosh(r1)

= cosh(r2 − b′) cosh(d)− sinh(r2 − b′) sinh(d) cos(αb′)

≥ er2−b
′+d

4
− er2−b

′+d

4
cos(αb′).

Hence cos(αb′) ≥ 1−4er1−r2+b′−d ≥ 1−4e−a+b. This bound is uniform over all
D1, D2, and b′ ∈ [b1, b]. Thus for all b′ ∈ [b1, b], lim supa→∞ αb′ = 0. As the size of
this angle can be made arbitrarily small, for every ε, b > 0, there exists an a0 > 0
such that, if ahd(D1, D2) > a0, then area(A(D2, b) ∩D1) < ε · area(A(D2, b)) for
D2 with radius at least a/2. Consequently,

area(A(D2, b)\D1)

area(A(D2, b))
≥ 1− ε.

Since

area(A(D2, b))

area(D2)
≥ 1− cosh(r2 − b)/ cosh(r2),

given ε, there exist b, a′0 > 0 such that, if a > a′0 and the radius of D2 is at least
a/2, then

area(A(D2, b))

area(D2)
≥ (1− ε)(1− e−b)

≥ (1− ε)2.

Hence given ε, there exists b, a′0 > 0, if a > a′0 and the radius of D2 is at least a/2,
then

area(D2\D1)

area(D2)
≥ area(A(D2, b)\D1)

area(D2)

=
area(A(D2, b)\D1)

area(A(D2, b))

area(A(D2, b))

area(D2)

≥ (1− ε)2 area(A(D2, b)\D1)

area(A(D2, b))

≥ (1− ε)3.

So for any ε > 0, there exists a′0 such that for any a > a′0,

inf

{
area(D2\D1)

area(D2)
: ahd(D1, D2) ≥ a

}
≥ 1− ε.
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For any disks D1 and D2,
areaH2 (D2\D1)

areaH2 (D2) ≤ 1, and so

lim
a→∞

inf

{
areaH2(D2\D1)

areaH2(D2)
: ahd(D1, D2) ≥ a

}
= 1.

�

Lemma 17 Given ε, w > 0, j ∈ N, there exists a′(ε, j, w) > 0 such that for all
λ, r > 0, for any disks D1, ..., Dj in H2 such that:

� the asymmetric Hausdorff distance ahd(D`, Di) ≥ a′ for 1 ≤ ` < i ≤ j,

� the radii of D1, ..., Dj−1 are at most rλ/2 + w,

� the radius of Dj is r,

we have

P((∪ji=1Di) ∩ Z = ∅) ≤ eε(1+λer−w)

j∏
i=1

P(Di ∩ Z = ∅).

Proof. By Lemma 16, there exists a′ such that for all 1 ≤ ` < i ≤ j,

areaH2(Di\D`)

areaH2(Di)
≥ 1− ε

2πewj2
.

The fraction of Di not in ∪i−1
`=1D` is at least 1− j ε

2πewj2 and for i ≤ j − 1, we

have the bound λ areaH2(Di) ≤ 2πew.
Hence

P(∪ji=1Di ∩ Z = ∅) =

j∏
i=1

P((Di\ ∪i−1
`=1 D`) ∩ Z = ∅)

=

j∏
i=1

e−λ areaH2 (Di\∪i−1
`=1D`)

≤
j∏
i=1

e−(1− ε
2πewj )λ areaH2 (Di)

≤ e
ε2πew(j−1)

2πewj + ε2πjλer

2πewj

j∏
i=1

e−λ areaH2 (Di)

≤ eε(1+λer−w)

j∏
i=1

P(Di ∩ Z = ∅).

�
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1.2.4 Bounding edge probabilities

Recall D(o, x) is the ball with diameter ox. The line segment ox divides D(o, x)
into two regions Lx and Rx where Lx is on the left of ox, in the orientation of o
to x (and also contains ox) and Rx is on the right of ox, in the orientation of o to
x. See Figure 1.16.

Figure 1.16: The disk with the black boundary is D(o, x). The blue circle is the
boundary of the Poincaré disk. The line segment ox divides D(o, x) into two
regions Lx and Rx.

For x ∈ H2, let Px := Z ∩ D(o, x). Let Ax be the event that Px = ∅. Let
Zo,x := Z ∪ {o, x}.

Remark 18 If x ∈ N(o,Zo,x) and the event Ax fails, then either Px ⊆ Lx or
Px ⊆ Rx.

Proof. Any disk with boundary containing both o and x must contain either Lx
or Rx. By Lemma 3, there exists a disk D with boundary containing both o and
x that is Z-free. Then at least one of Lx or Rx is Z-free and thus also Px-free.
Since Px 6= ∅, both Lx and Rx cannot be Px-free. �

Recall for three points x1, x2, x3 ∈ H2 they need not determine a hyperbolic
circle. There are three ways the circle is not defined: The three points are all
on the same hyperbolic line or the same Euclidean line, or if not on the same
Euclidean line, the Euclidean circle determined by the three points intersects the
boundary of the unit disk. When the triples determines an open disk, this disk is
unique and is denoted D(x1, x2, x3).

Lemma 19 Let P ′x = {p ∈ Px : D(o, x, p) exist and D(o, x, p) ∩ Z = ∅}.

Pλ(|P ′x| = 1|x ∈ N(o,Zo,x), Ax fails) = 1.
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Proof. If Ax fails and x ∈ N(o,Zo,x), then Px is non-empty. By Remark 18,
without loss of generality assume Px ⊆ Rx. With probability 1, none of the triples
(o, x, p) are collinear in the hyperbolic plane or when viewed as points in the unit
disk.

By Lemma 3, there exists a hyperbolic disk D with o and x on its boundary
that does not contain elements of Z. Specifically, D∩Rx does not contain elements
of Px. So for each p ∈ Px, by comparing the Euclidean disks determined by o,x,
and p and the Euclidean version of D (See Lemma 2), then the disk D(o, x, p)
must be defined and D(o, x, p)\Rx ⊆ D\Rx. Hence D(o, x, p)\Rx is Z-free for all
p ∈ Px. See Figure 1.17.

With probability 1, the disks D(o, x, p) 6= D(o, x, p′) for distinct p and p′ in Px.
Furthermore, one of D(o, x, p) ∩ Rx or D(o, x, p′) ∩ Rx contains the other. Thus
either p ∈ D(o, x, p′) ∩ Rx or p′ ∈ D(o, x, p) ∩ Rx. So by comparing all pairs in
Px, D(o, x, p) ∩ Rx is Z-free for exactly one p ∈ Px. Thus for only this p ∈ Px is
D(o, x, p) is Z-free. �

Figure 1.17: The disk with the black boundary is D(o, x) and the blue points are
some elements of Z. The blue circle is the boundary of the Poincaré disk. On the
left side, the green disk is an example of a Z-free disk with o and x on its boundary.
The green disk ensures the portion of the red disk on the red side “above” ox is
Z free. For the bottom portion, we compare over choice of p to find a D(o, x, p)
that is Z-free.

Recall the Gabriel neighbours are the neighbours z′ ∈ N(z,Z) such that
D(z, z′) ∩ Z = ∅ and the Delaunay neighbours are the neighbours that are not
Gabriel neighbours. In light of Lemma 19, we have the following definitions:
D¬Gab(o, x) is the disk D(o, x, p) such that p ∈ Px and D(o, x, p) is Z-free when
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Ax fails and x ∈ N(o,Zo,x). For x ∈ N(o,Zo,x), let

DDel(o, x) =

{
D(o, x) if Ax holds

D¬Gab(o, x) if Ax fails.

Recall len(x) := distH2(o, x). The following bounds will also be useful for us.

Lemma 20 There exists λ0 > 0 such that for λ < λ0,

Pλ(ox is an edge in Zo,x) < 3e−πλe
len(x)/2

(1 + πλelen(x)/2).

Proof.

Pλ(ox is an edge in Zo,x) = Pλ(ox is a Gab edge Zo,x)+

Pλ(ox is a ¬Gab edge in Zo,x).

The probability

Pλ(ox is a Gab edge in Zo,x) = Pλ(Z ∩ D(o, x) = ∅)
= e−2πλ(cosh(len(x)/2)−1)

< e2πλe−πλe
len(x)/2

.

Let the event C(x, p) := {D(o, x, p) be defined and D(o, x, p) ∩ Z = ∅} and
g(x, p,Z) := 1[{p ∈ D(o, x)} ∩ C(x, p)].

Recall from Lemma 19 that there can be at most one point p ∈ D(o, x) satis-
fying Dx and so

1[Dx] =
∑
p∈Z

g(x, p,Z).

Taking the expectation of both sides and applying the Campbell-Mecke formula
again in the second line,

Pλ(Dx) = Eλ

∑
p∈Z

g(x, p,Z)


=

∫
H2

Eλ [g(x, p,Z ∪ {p})]λdp

=

∫
D(o,x)

Eλ[1[C(x, p)]]λdp

= areaH2(D(o, x))λ ·
∫
D(o,x)

Eλ[1[C(x, p)]]

areaH2(D(o, x))
dp

= areaH2(D(o, x))λ · Eλ,P [1[C(x, P )]]
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where P is chosen uniformly over points in D(o, x). We also note that the radius
of D(o, x, P ) is at least len(x)/2 when D(o, x, P ) is defined. Hence

Eλ[1[C(x, p)]] ≤ e−2πλ(cosh(len(x)/2)−1)

= Pλ(ox is a Gab edge Zo,x).

Pλ(ox is a ¬Gab edge Zo,x) is at most

2π(cosh(len(x)/2)− 1)λ · Pλ(ox is a Gab edge Zo,x).

Choose λ0 > 0 such that for all λ < λ0, 2e2πλ < 3. Then

Pλ(ox is an edge Zo,x) < 3e−πλe
len(x)/2

(1 + πλelen(x)/2).

�

Lemma 21 There exists λ0 > 0 such that for λ < λ0, and r ≥ 1,

Pλ(ox is an edge in Zo,x and the radius of DDel(o, x) is in [r − 1, r])

is at most

3e−πλe
r/e(1 + πλer).

Proof. As in Lemma 20, the probability

Pλ(ox is a Gab edge in Zo,x and the radius of DDel(o, x) is in [r − 1, r])

is at most e−2πλ(cosh(r−1)−1) < e2πλe−πλe
r/e. As in Lemma 20, since the radius is

at least r − 1 and distH2(o, x) ≤ r, the probability

Pλ(ox is a ¬Gab edge and the radius of DDel(o, x) is in [r − 1, r])

is at most

2π(cosh(r)− 1)λ · e−λ2π(cosh(er−1)−1) < πerλ · e2πλe−πλe
r/e.

Choose λ0 > 0 such that for all λ < λ0, 2e2πλ < 3. Then

Pλ(ox is an edge and the radius of DDel(o, x) is in [r − 1, r]) < 3e−πλe
r/e(1+πλer).

�
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1.2.5 Annulus of constant width for deg(o)

It is easy to show that as λ↘ 0, the probability the origin has a black neighbour
at distance exceeding (2 + ε) log(1/λ) −→ 0. So set rλ := 2 log(1/λ). For x ∈ H
and 0 < r1 < r2, let ann(x, r1, r2) denote the hyperbolic annulus centred at x with
inner (hyperbolic) radius r1 and outer radius r2.

The following lemma gives greater control over the location of the neighbours
of the origin. We show that when λ is small, an ε/λ fraction of the expected
number of neighbours come from the regions outside of an annulus of constant
width around a disk centred at the origin with radius rλ.

Lemma 22 There exists λ0 > 0 such that for all ε > 0, there exists w(ε) = w > 0
such that for λ < λ0,

Eλ[|N(o) ∩ ann(o, rλ − w, rλ + w)|] ≥ Eλ[deg(o)]− ε/λ.

Proof. We show the expected number of neighbours falling in B(o, rλ − w) and
B(o, rλ + w)c is less than ε/λ. For any w > 0,

Eλ[|N(o) ∩B(o, rλ − w)|] ≤ Eλ[|Z ∩B(o, rλ − w)|]
= λ · areaH2(B(o, rλ − w))

= 2πλ(cosh(rλ − w)− 1)

≤ πλerλ−w

=
πe−w

λ
.

By Lemma 20,

Eλ[|N(o) ∩B(o, rλ + w)c|] =

∫
B(o,rλ+w)c

Pλ(ox is an edge in Zo,x)λdx

≤
∫
B(o,rλ+w)c

3e−πλe
r/2

(1 + 3πλer/2)λdx

≤ λ−1

∫ ∞
rλ+w

3e−πλe
r/2

(1 + 3πλer/2)λ22π sinh(r)dr

≤ λ−1

∫ ∞
rλ+w

3e−πλe
r/2

(1 + 3πλer/2)λ22πerdr

≤ λ−1

∫ ∞
ew/2

e−πu(1 + 3πu)4πudu

≤ λ−1O

(∫ ∞
ew/2

e−Ω(u)du

)
= λ−1O

(
e−Ω(ew/2)

)
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In the third line, we use the change of variables to hyperbolic polar coordinates.

In the fifth line we use the u-substitution: u = λer/2 and so du = λer/2

2 dr.
Thus select a sufficiently large w such that the sum of these expectations is

less than ε/λ. �

Recall x ∈ N(o, rλ, w) if and only if there exists a Z-free disk D with o and x
on ∂D and the radius of D is at most rλ/2 +w. Given our definition of DDel(o, x),
N(o, rλ, w) are the elements x ∈ N(o) such that the radius of DDel(o, x) doesn’t
exceed rλ/2 + w.

Lemma 23 There exists λ0 > 0 such that for all ε > 0, there exists w(ε) = w > 0
such that for λ < λ0,

Eλ[|N(o, rλ, w)|] > Eλ[|N(o)|]− ε

λ
.

Proof. By Lemma 22, we only need to consider x ∈ B(o, rλ + w).

Eλ[|(N(o)\N(o, rλ, w)) ∩B(o, rλ + w)|]

equals∫
B(o,rλ+w)

Pλ(ox is an edge in Zo,x and the radius of DDel(o, x) exceeds rλ + w)λdx.

By Lemma 21, there exists λ0 > 0 such that for λ < λ0, and r ≥ 1,

Pλ(ox is an edge in Zo,x, radius of DDel(o, x) is in [r − 1, r]) < 3e−πλe
r/e(1+πλer).

Thus Pλ(ox is an edge in Zo,x and the radius of DDel(o, x) exceeds rλ + w) equals∑∞
r=rλ+w Pλ(ox is an edge in Zo,x, radius of DDel(o, x) is in [r − 1, r)) which is at

most

∞∑
r=rλ/2+w

3e−πλe
r/e(1 + πλer) = O

 ∞∑
r=rλ/2+w

e−Ω(λer)


= O(e−Ω(ew)).

Eλ[|N(o)\N(o, rλ, w) ∩B(o, rλ + w)|] ≤ O

(∫
B(o,rλ+w)

e−Ω(ew)λdx

)
= O

(
areaH2(B(o, rλ + w))e−Ω(ew)λ

)
= O

(
ewe−Ω(ew)

λ

)
Thus we can choose a sufficiently large w such that the expectation is less than

ε/λ. �
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Lemma 24 Given ε > 0, j ∈ N, there exists a′(ε, j) > 0 such that for all λ, r > 0,
for any disks D1, ..., Dj and points x, x′ in H2 such that

max{distH2(Di, x),distH2(Di, x
′)} ≥ a′

for 1 ≤ i ≤ j,

Pλ,p(xx′is an edge in Zx,x
′
\(∪ji=1Di) and the radius of DDel(x, x

′) ≤ r)

is at most

eO(ελer)Pλ,p(xx′ is an edge in Zx,x
′

and the radius of DDel(x, x
′) ≤ r).

Proof. By Lemma 16, given ε, j, there exists a′ such that if ahd(Di, D) > a′,
then

areaH2(D\Di)

areaH2(D)
≥ 1− ε

j
.

Since max{distH2(Di, x),distH2(Di, x
′)} ≥ a′, then any disk D with x and x′

on its boundary, ahd(Di, D) > a′. Hence areaH2(D ∩ Di) ≤ ε
j areaH2(D) and so

areaH2(D\(∪ji=1Di)) ≥ (1− ε) areaH2(D).

For x′ ∈ ∪ji=1Di, xx
′ is not an edge in Zx,x′\(∪ji=1Di). So we only consider

x′ ∈ H2\(∪ji=1Di). The probability

Pλ,p(xx′ is an edge in Zx,x
′
\(∪ji=1Di) and the radius of DDel(x, x

′) ≤ r)

is at most

Pλ,p(xx′ is an Gab edge in Zx,x
′
\(∪ji=1Di), radius of DGab(x, x′) ≤ r)+

Pλ,p(xx′ is an ¬Gab edge in Zx,x
′
\(∪ji=1Di), radius of D¬Gab(x, x′) ≤ r).

For x′ ∈ H2\(∪ji=1Di) such that distH2(x, x′) ≤ r,

Pλ,p(xx′ is an Gab edge in Zx,x
′
\(∪ji=1Di), radius of DDel(x, x

′) ≤ r)

equals

e−λ areaH2 (DGab(x,x′)\(∪ji=1Di)) ≤ e−(1−ε)λ areaH2 (DGab(x,x′))

≤ eO(ελer)e−λ areaH2 (DGab(x,x′).

This last term is

eO(ελer)Pλ,p(xx′ is an Gab edge in Zx,x
′
, radius of DDel(x, x

′) ≤ r).

Now for

Pλ,p(xx′ is an ¬Gab edge in Zx,x
′
\(∪ji=1Di), radius of D¬Gab(x, x′) ≤ r),
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let the event C ′(x, x′, p) be

{D(x, x′, p) be defined, where radius of D(x, x′, p) ≤ r, D(x, x′, p)∩(Z\(∪ji=1Di)) = ∅}

and g′(x, x′, p,Z) := 1[{p ∈ D(x, x′)} ∩ C ′(x, x′, p)]. If we follow the same proof
of Lemma 20,

Pλ,p(xx′ is an ¬Gab edge in Zx,x
′
\(∪ji=1Di), radius of D¬Gab(x, x′) ≤ r)

is at most∫
D(x,x′)

Eλ[1[C ′(x, x′, p)]]λdp =

∫
D(x,x′)

1[radius of D(x, x′, p) at most r] · · ·

e−(1−ε)λ areaH2 (D(x,x′,p)λdp.

As the radius is at most r, the above quantity is at most

eO(ελer)

∫
D(x,x′)

1[radius of D(x, x′, p) at most r]e−λ areaH2 (D¬Gab(x,x′))λdp.

which is precisely

Pλ,p(xx′ is an ¬Gab edge in Zx,x
′
, radius of D¬Gab(x, x′) ≤ r)

and the lemma follows. �

Remark 25 The above proof does not change when we add the requirement that
the radius exceeds r − 1 and so

Pλ,p(xx′is an edge in Zx,x
′
\(∪ji=1Di), radius of DDel(x, x

′) is in (r − 1, r])

is at most

eO(ελer)Pλ,p(xx′ is an edge in Zx,x
′
, radius of DDel(x, x

′) is in (r − 1, r]).




