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Summary

In this thesis, we studied the behaviour of the critical probability pc for percolation
of Voronoi cells in the hyperbolic plane. There are profound differences between
this model of percolation in the hyperbolic plane and the Euclidean plane. Most
notably, pc is a function of the intensity λ.

In an influential paper, Benjamini and Schramm [5] showed that 0 < pc(λ) <
1/2 for all λ and they conjectured that pc(λ) tends to 1/2 as λ→∞. We proved
this conjecture in this thesis. Additionally, in [5], Benjamini and Schramm also ask
what are the asymptotics of pc(λ) as λ↘ 0. In this thesis, we showed pc(λ) ≈ πλ/3
as λ↘ 0. The proof techniques in these two results demonstrate how percolation in
this model interpolates between a branching process for small λ and the Euclidean
setting for large λ.

In the first chapter, we introduced fundamental aspects of hyperbolic geometry,
Voronoi diagrams, and percolation theory and then showed some preliminary re-
sults. A particular result which may be useful outside the percolation community:
The combinatorial structure of the Voronoi cells in invariant under changing the
metric from the hyperbolic to the Euclidean. The other results from that chapter
demonstrate how quickly distances and area grow in the hyperbolic plane as we
move towards the boundary. For many random events regarding Poisson point
processes, this implies only limited dependence among these random events. We
also explored the distances between adjacent elements of Z. We noted that most
are in the interval (rλ − w, rλ + w) where rλ depends on λ and w is a constant
depending on the quantification of “most.”

In the second chapter we showed limλ→∞ pc(λ) = 1/2. The main idea is that
we can view the point process as an inhomogeneous Poisson point process in the
Euclidean plane. Since the intensity is a continuous function, we coupled this
point process to a homogeneous Poisson point process in a helpful way.

In the third chapter, we computed the expected number of neighbours for the
typical cell as λ↘ 0.

In the fourth chapter, we showed pc(λ) = (1 + oλ(1))πλ3 as λ ↘ 0. For the
upper bound, we constructed a random tree rooted at the origin of black points
using a breadth-first search. The resulting tree is a supercritical Galton-Watson
tree. For the lower bound, we considered sub-paths of infinite paths and showed
the expected number of options for these sub-paths decays exponentially.
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