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Introduction

Percolation theory is often introduced as a model for liquid passing through a
porous medium where we model the medium as a random structure. We generally
model the liquid as a deterministic system. Depending on the structure of the
medium, the liquid may or may not pass through.

Broadbent and Hammersley [8] introduced the model in the following way:
Start with a structure of “abstract crystals,” the liquid can flow between two
crystals if they are connected to each other. We introduce randomness to the
medium by damming the connections between crystals randomly.

In the language of graph theory, we fix some p ∈ [0, 1] and a graph G = (V,E)
where the set of vertices V are the crystals (also known as sites/atoms in the
language of percolation theory) and edges of E (also known as bonds) are inde-
pendently kept with probability p (or considered open with probability p). Since
the random subgraph is determined by which edges are kept, we refer to this
process as bond percolation with the associated independent bond measure Pp on
sub-graphs of G. If V is infinite, we say that percolation occurs if the result-
ing subgraph contains an infinite connected subgraph. The critical probability is
defined as

pc := inf{p : Pp(percolation) > 0}.
The critical value pc will depend upon the choice of G. Variations of this model
are also natural, such as site percolation: keep vertices independently with prob-
ability p and consider the induced subgraph. Another variation is to allow some
dependence among the edges or vertices kept, dependent percolation.

Since the introduction of percolation theory, determining pc for various graphs
has been a top priority. In the case of bond percolation in the square lattice Z2,
the twenty–year gap between results of Harris [13]: pc ≥ 1/2 and Kesten [16]:
pc = 1/2 hint at the difficulty of these problems. But such challenges invite help
from other areas of mathematics, for example: Boolean functions −→ sharpness of
the crossing probabilities [9] and for some critical exponents, statistical mechanics
−→ mean-field behaviour [12].

So far we have treated the underlying graph G as fixed. However with some
care, we can allow G to be randomly generated as well. In the words of Broad-
bent and Hammersley [8], it is reasonable to consider “a structure . . . which is
homogeneous in the large though it may possess local variations.”

vii



viii INTRODUCTION

In this thesis, we will consider percolation on the Voronoi tessellation generated
by a homogeneous Poisson point process on the hyperbolic plane H2. That is, with
each point of a constant intensity Poisson process on H2 we associate its Voronoi
cell – which is the set of all points of the hyperbolic plane that are closer to it
than to any other point of the Poisson process – and we colour each cell black with
probability p and white with probability 1− p, independently of the colours of all
other cells. We refer the reader to Chapter 1 for detailed definitions and some
background on the hyperbolic plane, hyperbolic Poisson point processes and their
Voronoi tessellations. Figure 2 shows a computer simulation of Voronoi percolation
in the hyperbolic plane, rendered in the Poincaré disk representation of H2. (Note
that in all depictions of hyperbolic Voronoi percolation in the thesis the black cells
are rendered light blue to aid visibility.)

Figure 1: Computer simulation of Voronoi percolation in the hyperbolic plane,
shown in the Poincaré disk representation of H2. (p = 1/2, λ = 1)

We say that percolation occurs if there is an infinite connected cluster of black
cells. For each intensity λ > 0 of the underlying Poisson process, the critical
probability is defined as
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Figure 2: Computer simulation of Voronoi percolation in the hyperbolic plane,
shown in the half-plane representation of H2. (p = 1/2, λ = 1)

pc(λ) := inf{p : Pλ,p(percolation) > 0}.

We will let pu(λ) be the infimum of the set p ∈ [0, 1] such that is a unique
infinite black cluster, almost surely. Clearly, pc(λ) ≤ pu(λ).

In an influential paper, Benjamini and Schramm [5] showed that

0 < pc(λ) = 1− pu(λ) < 1/2

for all λ and they conjectured that pc(λ) tends to 1/2 as λ → ∞. Among other
things, we prove this conjecture in this thesis.

The results of Benjamini and Schramm [5] include that pc(λ) tends to zero
as λ ↘ 0 and that for any p ∈ (pc, 1 − pc) there are infinitely many infinite
black clusters, almost surely. These results demonstrate profound differences with
Voronoi percolation on the ordinary, Euclidean plane. In that case, the critical
probability was shown to equal 1/2 in the work of Zvavitch [27] and Bollobás and
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Figure 3: Three examples under changing intensity, shown in the half-plane
representation of H2 : From left to right λ = 1/40, λ = 1, λ = 40 (with p = 1/2)

Riordan [6], no matter the intensity of the underlying Poisson process. (That
the precise value of the intensity is irrelevant in the Euclidean setting is easily
seen by considering the effect of dilations x 7→ ρx on a homogeneous Poisson
process and its Voronoi tessellation: we are only changing the magnification, not
the adjacencies between cells.) What is more, in the Euclidean case there is almost
surely at most one infinite cluster for any value of p and λ.

Additionally, in [5], Benjamini and Schramm also ask what are the asymptotics
of pc(λ) as λ↘ 0. In this thesis, we show pc(λ) ≈ πλ/3 as λ↘ 0.

The content of this thesis is joint work with Tobias Müller.

Thesis Structure

In the first chapter, we introduce fundamental aspects of hyperbolic geometry,
Voronoi diagrams, and percolation theory and then show some preliminary results,
including

� The combinatorial structure of the Voronoi cells is invariant under changing
the metric from the hyperbolic to the Euclidean.

� most distances between adjacent elements of Z are in the interval (rλ −
w, rλ+w) where rλ depends on λ and w is a constant depending on “most.”

In the second chapter, we demonstrate

� limλ→∞ pc(λ) = 1/2, confirming a conjecture of Benjamini and Schramm.
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In the third chapter, we compute the expected number of neighbours for the typical
cell, a certain “average” cell for λ↘ 0. In the fourth chapter, we show

� pc(λ) = (1 + oλ(1))πλ3 as λ↘ 0.

A portion of Chapter 1 and the entirety of Chapter 2 appear in [11].





Chapter 1

Fundamentals and Preliminary
Results

“You must not attempt this approach to parallels. I know this way to the very end.
I have traversed this bottomless night, which extinguished all light and joy in my
life. I entreat you, leave the science of parallels alone...Learn from my example.”
-Farkas Bolyai to his son, Jànos Bolyai

1.1 Introduction

This chapter introduces relevant concepts regarding hyperbolic geometry, Poisson
point processes, Voronoi tessellations, and percolation theory and then we show
some preliminary results.

1.1.1 Ingredients from hyperbolic geometry

One cannot talk about hyperbolic geometry without referring to Euclid’s fifth
postulate. For a more modern version, we take Hilbert’s version [14, Chapter 1,
Section 5], commonly known as Playfair’s axiom:

“. . . there can be drawn through any point A, lying outside of a straight line
a, one and only one straight line which does not intersect the line a. This straight
line is called the parallel to a through the given point A.”

A thousand years of attempts to prove the fifth postulate was not an axiom
but a theorem came to a close when Lobachevsky in 1829 and Bolyai in 1832
independently showed that there exists other geometries for which the fifth pos-
tulate fails, non-Euclidean geometries [20]. One of these geometries is hyperbolic
geometry, in which Playfair’s Axiom “one and only one straight line” is replaced
with “more than one straight line.” Gauss also appeared to have an intimated
understanding of hyperbolic geometry. According to [20, p.10], in a private letter
in 1824, Gauss stated “The assumption that the sum of the three angles [of a

1



2 CHAPTER 1. FUNDAMENTALS AND PRELIMINARY RESULTS

triangle] is smaller than 180◦ leads to a geometry which is quite different from our
(euclidean) geometry, but which is in itself completely consistent.”

The hyperbolic plane H2 is a two-dimensional surface with constant Gaussian
curvature −1; to introduce this most salient feature of H2, we turn the work of
Gauss on curved spaces [10]. For an oriented smooth surface S ⊆ Rn, for each
point p ∈ S, slice S with planes that contain the normal vector at p. See Figure
1.1. Each slice gives us a plane curve and we approximate that curve at p by
the osculating circle with a signed radius ρ; the sign is given by the orientation
relative to the normal vector. The more curved the plane curve is, the smaller the
circle must be. Let ρ1 and ρ2 denote the maximum and minimum values ρ can
take on over choice of slices, respectively, see Figure 1.2. The Gaussian curvature
at p is κ := 1/ρ1ρ2.

Figure 1.1: In this example we take a portion of the surface defined by z =
3x2 − 2y2. The vector n is a normal vector at the point p = o. The yellow slice
determines the red plane curve: z = 3x2. The blue disk is the osculating circle,
given by x2 + (z − 1/6)2 = (1/6)2. Thus for this plane ρ = 1/6. (Note that the
disk in the picture is not to scale)

Strikingly, the Gaussian curvature does not depend on the embedding by
Gauss’s Theorema Egregium [10]. If κ > 0, then the circles associated with ρ1

and ρ2 must have the same orientation relative to the normal vector and so the
surface locally looks sphere-like. For a sphere with radius R, κ = 1/R2 for all
points. If κ < 0, then the two circles must have opposite orientation relative to
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Figure 1.2: Using the same example surface and p = o as in Figure 1.1, we have
the two slices with maximum and minimum ρ, the dark yellow and the light yellow
respectively. Each plane has its associated red plane curve. For the light plane,
the curve is given by z = −y2. The osculating circle (not pictured) is given by
x2 + (z − 1/4)2 = (1/4)2 with centre in the opposing direction of n from p and so
ρ2 = −1/4. The Gaussian curvature κ = 6 · −4 = −24.

the normal vector. Thus locally the surface looks like a saddle. The hyperbolic
plane when viewed as a surface in Rn has the property that for all points in the
plane κ is a fixed negative constant. We take κ = −1. One common misconception
is that the hyperbolic plane cannot be embedded into R3. By the Nash–Kuiper
theorem [17,22], there exists a C1 embedding of the hyperbolic plane in R3.

There are many models, i.e. isometric coordinate charts, for H2, including the
Poincaré disk model, the Poincaré half-plane model, and the Klein disk model. A
gentle introduction to Gaussian curvature, hyperbolic geometry and these repre-
sentations of the hyperbolic plane can be found in [23].

In the half-plane model, the infinitesimal distance ds =

√
dx2+dy2

y for points in
the upper half of the Euclidean plane. In the Poincaré disk model,

ds =
2
√
dx2 + dy2

1− (x2 + y2)
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for points in the unit open disk D. If we consider the elements of these models
as subsets of the complex plane (z = x+ iy), the isometry J(z) = iz+1

z+i maps the
half-plane model to the Poincaré disk.

We will mostly use the Poincaré disk model in this thesis, however the sim-
ulations from the half-plane model may also provide some insight to those more
familiar with that model and so we will occasionally include them.

It is helpful to consider the construction of a (straight) line as a set of points
equidistant to two distinct points. This construction will clearly depend on the
space and the metric used. In the half-plane model, hyperbolic (straight) lines are
Euclidean semicircles with centre on the x-axis and the vertical Euclidean lines
x = a for y > 0 and a ∈ R. See Figure 1.3. In the Poincaré disk, the hyperbolic
(straight) lines are the diameters of D and circle arcs which are orthogonal to the
boundary of D. See Figure 1.4.

Figure 1.3: Some hyperbolic (straight) lines (or geodesics) in a section of the
half-plane.

Figure 1.4: Some hyperbolic (straight) lines (or geodesics) in the Poincaré disk.

These lines satisfy the properties we expect of them. For any two distinct
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points, there is precisely one line containing them and the curve which minimizes
the distance between these two points follows the line. In other words, these lines
are geodesics. Using these lines, we can construct examples where Playfair’s axiom
fails. See Figure 1.5.

Figure 1.5: An example where Playfair’s axiom fails.

A hyperbolic triangle refers of course to (the region inside) the three geodesics
between three distinct points a, b, c ∈ D. If α, β, γ denote the angles at which
these geodesics meet, then it always holds that α + β + γ < π. In fact, for every
α, β, γ for which the inequality holds, there exists a triangle T with those angles.
In particular, there exists an (equilateral) triangle T with all angles equal to 2π/7.
It is possible to tile H2 with copies of this triangle T . Here copy means the image
under a H2-isometry, i.e. a map that preserves hyperbolic distance and hyperbolic
area. See Section 7.3 of [23] for details and proofs. The tessellation of H2 by
isometric copies of T is the (7, 7, 7)-tesselation in the notation of Stillwell – meaning
that at every corner of every triangle, seven triangles meet. (See Figure 1.6 for a
depiction.)

A critical tool is hyperbolic law of cosines; a proof of this classic result is given by
Thurston [25, pg. 81]:

Lemma 1 For a hyperbolic triangle, with sides a, b, c and respective opposite an-
gles α, β, γ :

cosh(c) = cosh(a) cosh(b)− sinh(a) sinh(b) cos(γ).

In many of our arguments, we will be simultaneously considering both the
Euclidean metric and the hyperbolic metric. We use subscripts to distinguish the
metric under consideration. For instance

BR2(u, r) := {v ∈ R2 : ‖u− v‖ < r}, BH2(u, r) := {v ∈ D : distH2(u, v) < r}.
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Figure 1.6: The (7, 7, 7)-triangulation.

We refer to BH2(u, r) as a hyperbolic disk and to ∂BH2(u, r) = {v ∈ D :
distH2(u, v) = r} as a hyperbolic circle. We will make use of the following standard
facts.

Lemma 2 Every hyperbolic circle is also a Euclidean circle; and every Euclidean
circle contained in D is also a hyperbolic circle.

(But of course, the centre and radius of a circle with respect to the hyperbolic
metric do not coincide with the centre and radius with respect to the Euclidean
metric.)

On the other hand, if a Euclidean circle is not contained in the unit disk,
then it is not a hyperbolic circle. So for three points x1, x2, x3 ∈ H2 they need
not determine a hyperbolic circle. There are three ways the circle is not defined:
The three points are all on the same hyperbolic line or the Euclidean line, or
if not on the same Euclidean line, the Euclidean circle determined by the three
points intersects the boundary of the unit disk. See Figure 1.7. An important
example is when the Euclidean circle is tangent to the boundary of the unit disk,
the associated curve in the hyperbolic plane is a horocycle. Also see Figure 1.7.
However, when the triplet determines an open disk, this disk is unique. We denote
this disk by D(x1, x2, x3). Let D(x1, x2) denote the disk with diameter x1x2.

For points u, v ∈ D the hyperbolic distance can be given explicitly by

distH2(u, v) := 2 arcsinh

(
‖u− v‖√

(1− ‖u‖2)(1− ‖v‖2)

)

where ‖ · ‖ denotes the Euclidean norm. With a slight abuse of notation, we will
say a point u ∈ D is in H2 when we refer to the Poincaré model. For x ∈ H2, let
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Figure 1.7: In both examples, the three points x1, x2, and x3 are not collinear but
the “disk” determined by them intersects the boundary of the Poincaré disk, the
disk in blue. On the right the black curve in the hyperbolic plane is a horocycle.

len(x) := distH2(o, x). The Euclidean distance of x from the origin is

distR2(o, x) =
elen(x) − 1

elen(x) + 1
. (1.1)

For any measurable subset A ⊆ D its hyperbolic area is given by

areaH2(A) =

∫
A

4

(1− x2 − y2)2
dydx.

Again, with a slight abuse of notation, we allow hyperbolic regions to be the input
of areaH2 , and so

areaH2(BH2(p, r)) = 2π(cosh(r)− 1).

A simple calculation that is used throughout this thesis is a change of variables
from hyperbolic planar to hyperbolic polar coordinates. For any function f : R→
R, ∫

H2

f(len(x))dx =

∫ ∞
0

f(r)2π sinh(r)dr.

To see this, note that the area of an annulus of width δ and inner radius r is
2π(cosh(r + δ)− cosh(r)) ≈ 2π sinh(r)δ for small δ.

Finally we would like to draw the hyperbolic plane in a way that makes cal-
culations easier. We take advantage of the symmetry of the hyperbolic plane. A
function φ : H2 → H2 is an isometry if distH2(φ(x), φ(y)) = distH2(x, y) for all
x, y ∈ H2.

For every two points x, y ∈ H2, there exists a unique hyperbolic line (geodesic)
` ⊆ H2 through x and y. As shown in [23, Section 4.3], for any two points in
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x, y ∈ H2 and the line ` through x and y, there exists an isometry φ such that
when viewing H2 as the unit disk, φ(`) is line segment between (−1, 0) and (1, 0),
φ(x) = o, and φ(y) is on the positive x-axis.

1.1.2 Construction of Voronoi cells

For Z a countable point set in the hyperbolic, respectively Euclidean, plane we
will denote the corresponding hyperbolic, respectively Euclidean, Voronoi cells by:

CH2(z;Z) := {u ∈ D : distH2(u, z) = inf
z′∈Z

distH2(u, z′)},
CR2(z;Z) := {u ∈ R2 : ‖u− z‖ = inf

z′∈Z
‖u− z′‖}.

Usually the set Z is clear from the context, in which case we will just drop the
second argument.

We say that z, z′ ∈ Z are adjacent if the corresponding Voronoi cells CH2(z)
and CH2(z′) touch. We denote the neighbours of z ∈ Z by

N(z,Z) := {z′ ∈ Z : z and z′ are adjacent}.

When it is clear from context we will suppress the Z in N(z,Z).

Lemma 3 For Z the realization of a countable point process in H2, z1, z2 ∈ Z are
adjacent if and only if there exists an open hyperbolic disk D such that z1, z2 ∈ ∂D,
the boundary of D, yet Z ∩ D = ∅.

Proof. If z1, z2 ∈ Z are adjacent, then there exists a point p where CH2(z1) and
CH2(z2) touch. By definition of the Voronoi cells, no element of Z is closer than
distH2(p, z1) = distH2(p, z2) to p. So the disk B(p,distH2(p, z1)) is Z-free and z1

and z2 are on the boundary of B(p, distH2(p, z1)). On the other hand, if there is
a hyperbolic disk D such that z1, z2 ∈ ∂D and Z ∩ D = ∅ then the centre of D is
equidistant to both z1 and z2 and no elements of Z are closer. Thus CH2(z1) and
CH2(z2) touch at the centre of D. �

Let D(x, x′) be the ball with diameter xx′.

Definition 4 The set of Gabriel neighbours of z is given by

NGab(z,Z) := {z′ ∈ N(z,Z) : D(z, z′) ∩ Z = ∅}

and N¬Gab(z,Z) := N(z,Z)\NGab(z,Z) denotes the Delaunay neighbours of z
that are not Gabriel neighbours.

Intuitively, the Gabriel neighbours are those for which a geodesic between z and
z′ is completely contained in the two cells CH2(z) and CH2(z′). For the remaining
neighbours, that geodesic intersects a third cell. So for those neighbours, an
indirect path needs to be taken.
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1.1.3 Hyperbolic Poisson point processes

In the rest of this thesis Z will usually, but not always, denote a homogeneous
Poisson point process (PPP) on H2. Analogously to homogeneous Poisson point
processes on the ordinary, Euclidean plane, a Poisson process Z of constant inten-
sity λ on the hyperbolic plane is characterized completely by the properties that a)
for each (measurable) set A ⊆ D the random variable |Z∩A| is Poisson distributed
with mean λ · areaH2(A), and b) if A1, . . . , Am ⊆ D are (measurable and) disjoint
then the random variables |Z ∩A1|, . . . , |Z ∩Am| are mutually independent.

In the light of the formula for areaH2(.) above, we can alternatively view Z
as an inhomogeneous Poisson point process on the ordinary, Euclidean plane with
intensity

u 7→ λ · 1D(u) · 4

(1− ‖u‖2)2
.

Throughout the remainder, we attach to each point of Z a randomly and
independently chosen colour. (Black with probability p and white with probability
1 − p.) We let Zb denote the black points and Zw the white points of Z. In the
language of for instance [18], we can view Z as a marked Poisson point process, the
marks corresponding to the colours. By standard properties of Poisson processes
we have that Zb,Zw are independent Poisson point processes on H2 with constant
intensities λ · p, respectively λ · (1− p). We will interchangeably use the point of
view of marked point processes and that of a pair of independent Poisson points
processes (Zb,Zw) throughout the thesis. We use the notation Pλ,p(.) for the
probability measure associated with Z together with its marks, or equivalently the
pair (Zb,Zw). In some of our arguments, we are going to want to simultaneously
consider a homogeneous Poisson process, with marks, on the ordinary, Euclidean
plane. In order to keep the two apart, we use P̃λ,p(.) to denote the associated
probability measure.

We will use a specific case of the multivariate Campbell-Mecke formula. A
proof in greater generality is Theorem 4.4 in Last and Penrose [18].

Lemma 5 For k ∈ N, for a Poisson point process Z with intensity function u > 0
on R2, for any non-negative measurable function f of the form f(x1, ..., xk,Z) for
xi ∈ R2 :

EZ

 ∑
x1,...,xk∈Z

distinct

f(x1, ..., xk,Z)


equals ∫

(R2)k
EZ [f(x1, ..., xk,Z ∪ {x1, ..., xk})]

k∏
i=1

u(xi)dxi.
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As a consequence, if we take u to be λ · 1D(u) · 4
(1−‖u‖2)2 the right hand side is∫

(H2)k
EZ [f(x1, ..., xk,Z ∪ {x1, ..., xk})]λkdx1 · · · dxk.

Finally we let Zo := Z ∪ {o}, placing an additional point at the origin.

1.1.4 Ingredients from percolation theory

We remark that here in the introduction and in the rest of the thesis we focus on
mentioning works directly relevant to percolation on Voronoi tessellations. Perco-
lation theory is of course a broader and older subject, and some of the tools from
the literature we’ll rely on (and cite) are adaptations of earlier results that were
geared towards percolation on lattices. The monograph [7] provides an introduc-
tion to percolation theory.

k-independent percolation

For a fixed graph G, a site percolation probability measure assigns to each vertex
the state “open” or “closed”. Often the situation is considered where the states
of the vertices are independent, but for us it will be useful to consider a more
general situation where there is some dependence. We say that a measure P on
the possible assignments of a state to each vertex is k-independent if for any set
of vertices S such that each pair of distinct vertices in S has graph distance ≥ k,
the states of the vertices in S are independent. (As a warning, in literature this
type of percolation is sometimes called k-dependent percolation.) We will make
use of the following observation. It is not new. A much stronger result is for
instance provided by Liggett, Schonmann and Stacey [19]. But, since the proof
of the lemma is very short, we choose to give it anyway for the benefit of readers
that may not be familiar.

Lemma 6 For every k, d ∈ N there exists a p1 = p1(k, d) > 0 such that the
following holds. For every countable graph G with maximum degree at most d and
any k-independent site percolation measure on G in which each site is open with
probability at most p1, we have

P(∃ an infinite open cluster) = 0.

Proof. It is enough to show that P(∃ an infinite open path starting at v) = 0
for all vertices v. Since the number of paths of length ` starting at v is at most d`

and each path of length ` contains a set S of size ≥ `/(1 + dk) with all pairwise
distances ≥ k, we have
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P(∃ an open path starting at v of length ≥ `) ≤ d` · p`/(1+dk)
1

=
(
d · p1/(1+dk)

1

)`
−−−→
`→∞

0,

provided p1 < d−(1+dk). �

Crossing rectangles in Euclidean Voronoi percolation

Let R ⊆ R2 be a rectangle that is not a square. We say R has a (long) black
crossing if there is a continuous curve γ ⊆ R from one short side of R to the
other such that all points of γ are black in the colouring of the plane induced
by the Voronoi tessellation under the Euclidean metric. We denote this event as
cross(R). See Figure 1.8 for a depiction. The following result is implicit in the

Figure 1.8: A crossing of a rectangle.

work of Bollobás and Riordan [6] on Voronoi percolation for homogeneous Poisson
point processes on the ordinary, Euclidean plane R2 (and using the Euclidean
metric). Recall that we use P̃λ,p(.) to denote the associated probability measure.

Proposition 7 For any fixed p > 1/2 and rectangle R ⊆ R2 we have

lim
λ→∞

P̃λ,p(cross(R)) = 1.

Since this result does not appear in [6] in this precise form, we briefly explain
how it follows from the results in that paper. Theorem 7.1 in [6] states that for
any p > 1/2 and ρ > 1 we have lim sups→∞ P̃1,p(cross([0, ρs] × [0, s])) = 1. That
is, we keep the intensity fixed at λ = 1 and consider larger and larger rectangles
with fixed aspect ratio ρ. By considering the effect of a dilation on a homogeneous,
Euclidean Poisson point process and its Voronoi diagram, this is easily seen to be
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equivalent to lim supλ→∞ P̃λ,p(cross(R)) = 1 for any fixed rectangle R ⊆ R2. That
we can replace lim sup by lim can be seen via a comparison to 1-independent edge
percolation on Z2 as in the proof of Theorem 1.1 in [6]. That is, we set up the
1-independent edge percolation on Z2 as in that proof, note that the probability
that a large rectangle [0, c·n]×[0, n] is crossed in the 1-independent model tends to
one, and finally note that this also implies that crossing a rectangle of increasing
size and fixed aspect ratio tends to one also in the original Voronoi percolation
model.

1.2 Preliminary results

In the remainder of the chapter, we will construct some tools regarding the hy-
perbolic plane and specifically for Voronoi tessellation in the Hyperbolic plane.
These tools may be of independent interest.

1.2.1 The combinatorial structure does not depend on the
metric

Let Z be a Poisson process on D that has constant intensity λ with respect to the
hyperbolic area measure (or, alternatively, intensity λ ·1{u∈D} ·4 ·(1−‖u‖2)−2 with
respect to the ordinary Lebesgue measure.). When generating the Voronoi tessel-
lation of Z we could use the hyperbolic metric distH2 or the ordinary, Euclidean
metric. Of course, the tessellations will look different visually (for instance, the
sides of the Euclidean Voronoi cells are straight line segments, while the sides of
the hyperbolic Voronoi cells are circle segments), but if we view the tessellations as
planar graphs on the vertex set Z with vertices adjacent in the graph if and only
if the corresponding Voronoi cells touch then in fact the two graphs are (almost
surely) identical as the following lemma demonstrates.

Lemma 8 Almost surely, it holds that CR2(z1) and CR2(z2) touch if and only if
CH2(z1) and CH2(z2) touch (for all z1, z2 ∈ Z).

Proof. A key elementary observation is that CR2(z1), CR2(z2) touch if and only
if there exists a disk with z1, z2 on its boundary and no points of Z in its interior.
(The centres of such disks are precisely the points where the Voronoi cells meet.)
The same is true for CH2(z1), CH2(z2) except that we need a hyperbolic disk with
z1, z2 on its boundary and no points of Z in its interior. Applying Lemma 2, it
immediately follows that if CH2(z1) and CH2(z2) touch, then CR2(z1) and CR2(z2)
also touch. And if CR2(z1), CR2(z2) touch but CH2(z1), CH2(z2) do not then there
exists a (Euclidean) disk with z1, z2 on its boundary and no other point of Z in
its interior, but every such disk either “sticks out” of the unit disk D or is tangent
to its boundary ∂D.

Further to the elementary observation above we remark that, almost surely,
whenever CR2(z1), CR2(z2) touch there is in fact a third point z3 ∈ Z and a disk
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with z1, z2, z3 on its boundary and no points of Z in its interior. (The centre
of this disk corresponds to a common corner of CR2(z1), CR2(z2), CR2(z3).) It is
possible that no such z3 exists but in that case all points of Z must be collinear
– which almost surely does not happen.

It thus suffices to show that almost surely there are no triples z1, z2, z3 ∈ Z
such that the unique disk D with all three points on its boundary a) is either
tangent to ∂D or “sticks out”, yet b) has no points of Z in its interior. We next
point out that if a) holds then areaH2(D∩D) =∞. (A convenient way to see this
without having to integrate is to note that D, while not being a hyperbolic disk
itself, contains hyperbolic disks of all radii.)

That there are indeed no triples satisfying a) and b) almost surely now fol-
lows, for instance, using the Campbell-Mecke formula (see Lemma 5) to show the
expected number of such triples equals zero. �

1.2.2 Angle Separation

Figure 1.9: A hyperbolic triangle with sides a, b, and c and respective opposite
angles α, β, and γ. The blue circle is the boundary of the Poincaré disk.

Lemma 9 For every γ0 > 0, there exists C(γ0) such that for every hyperbolic
triangle with sides of length a, b, and c (see Figure 1.9) and the angle opposite the
side of length c is γ ≥ γ0,

c ≥ a+ b− C.

Proof. Given γ0 > 0, let C = log(4) + log((1 − cos(γ0))−1). Note that C ≥
log(4) + log((1 − cos(γ))−1) for γ0 ≤ γ < π (the function log((1 − cos(γ))−1) is
decreasing on (0, π)). For any hyperbolic triangle satisfying the hypotheses of the
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lemma, γ0 ≤ γ < π and

ec ≥ cosh(c)

= cosh(a) cosh(b)− sinh(a) sinh(b) cos(γ)

≥ ea+b

4
(1− cos(γ)).

The second line is the hyperbolic law of cosines (Lemma 1). For the third line,

cosh(a) cosh(b) ≥ ea+b

4 and sinh(a) sinh(b) ≤ ea+b

4 and 0 < γ < π.
Then c ≥ a+ b− log(4)− log((1− cos(γ))−1) ≥ a+ b− C. �

For distinct p, s ∈ H2, θ ∈ (0, 2π), let sect(p, s, θ) denote the circle sector where
the underlying circle is H2 (in the Poincaré disk model of H2) centred at p, the
line of symmetry is on the ray −→ps and the interior angle is θ. See Figure 1.10.

Figure 1.10: The black segment is the ray from p in the direction of s that bisects
the purple sector sect(p, s, θ) with angle θ. On the left, p is at the origin. On the
right, the sector after applying an isometry that maps p away from the origin and
s to the origin. The blue circle is the boundary of the Poincaré disk.

Lemma 10 For θ1, θ2 ∈ (0, π), there exists x0(θ2) > 0 and x′0(θ1, θ2) > 0, for all
a ∈ H2 and h > 0, if s ∈ H2 is a point such that distH2(a,B(s, h)) ≥ x0, then
B(s, h) ⊆ sect(a, s, θ2).

If a hyperbolic line ` intersects the line through distinct a, b ∈ H2 at a point
s such that distH2(a, s) ≥ x′0 and the smallest angle made between ` and the line
through a and b is at least θ1, then ` ⊆ sect(a, s, θ2).

Proof. We start with the second statement. First apply an isometry that maps a
to the origin and s to s′ on the positive x-axis. For line ` satisfying the hypotheses,
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Figure 1.11: An example of B(s, h) (left) and ` (right)

the isometry maps ` to a line `′. After the isometry is applied, ` intersects the
positive x-axis at a point s′ such that distH2(o, s′) ≥ x′0 and the smallest angle
made between `′ and the x-axis is at least θ1. For every x ∈ `′, we can construct
the triangle 4os′x. By Lemma 9, len(x) ≥ x′0 −C(θ1). If we view `′ as Euclidean
circle arc `′′, then using Equation 1.1, every point in `′′ is a Euclidean distance of

at least ex
′
0−C(θ1)−1

ex
′
0−C(θ1)+1

from the origin. See Figure 1.11. Since ex
′
0−h
′
−1

ex
′
0−h
′
+1

tends to 1

as x0 tends to infinity, `′′ intersects the positive x-axis, and the boundary of the
unit disk at right angles, for x′0 sufficiently large, distR2((1, 0), `′′) can be made
as small as desired. Hence `′ ⊆ sect(o, s′, θ2). If we apply the inverse isometry,
` ⊆ sect(a, s, θ2).

Now for the first statement. Set x0 = x′0(π/2, θ2). Let s ∈ H2 and h > 0 such
that distH2(a,B(s, h)) ≥ x0. Consider the line `1 through a and s. For the hyper-
bolic line ` intersecting `1 orthogonally at a point p such that distH2(a, p) = x0,
then ` ⊆ sect(a, p, θ2) = sect(a, s, θ2). Then B(s, h) lies to the side of ` contained
in sect(o, s, θ2). Thus B(s, h) ⊆ sect(o, s, θ2).

�

Corollary 11 Given 0 < θ < π, there exists x0(θ) = x0 > 0, for all a ∈ H2, if
s ∈ H2 is a point such that distH2(a, s) ≥ x0, then H2\ sect(s, a, θ) ⊆ sect(a, s, θ).
See Figure 1.12.

Proof. Let `0 be the line through a and s. Let x0 = x′0(θ/2, θ) > 0 given by
Lemma 10, if a line ` intersects `0 such that distH2(a, s) ≥ x0 and the smallest
angle made between ` and `0 is at least θ/2, then ` ⊆ sect(a, s, θ).

Consider the boundary of H2\sec(s, a, θ), the two rays `1 and `2. The smallest
angle made between `1 and the `0 is θ/2. The same holds for `2. Thus `1, `2 ⊆
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Figure 1.12: The orange region is H2\ sect(s, a, θ). The union of the purple and
the orange region is sect(a, s, θ).

sect(a, s, θ). Since the line segment as is not in H2\ sect(s, a, θ), then

H2\ sect(s, a, θ) ⊆ sect(a, s, θ).

�

Lemma 12 For t > 0, there exists v(t) = v > 0, if x, y ∈ H2 are distinct and D
is a disk with x and y on its boundary and with radius at most distH2(x, y)/2 + t,
then D ⊆ B(z,distH2(x, y)/2 + v) where z is the midpoint of x and y.

Proof. Let z be the midpoint of x and y. Let the line ` be the perpendicular
bisector of the line segment xy. See Figure 1.13. Fix a disk with x and y on the
disk’s boundary and with radius at most distH2(x, y)/2+ t. As the centre u of this
disk is the same distance from both x and y, the centre u ∈ `.

By the hyperbolic law of cosines,

cosh(distH2(x, u)) = cosh(distH2(x, z)) cosh(distH2(z, u)).

Since distH2(x, u) ≤ distH2(x, y)/2+ t = distH2(x, z)+ t, and cosh(x) is an increas-
ing function for x > 0,

cosh(distH2(z, u)) ≤ cosh(distH2(x, z) + t)

cosh(distH2(x, z))

≤ 2edistH2 (x,z)+t

edistH2 (x,z)

= 2et.
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Figure 1.13: The blue circle is the boundary of the Poincaré disk. The blue
segment is xy, the red point z is the midpoint of x and y. The black line ` is the
perpendicular bisector of the line segment xy. The red disk has x and y on its
boundary and has centre u. The disk with the black boundary is centred at z and
contains the red disk.

Hence distH2(z, u) ≤ cosh−1(2et). Thus by the triangle inequality, the disk
centre at z of radius distH2(x, y)/2 + t + cosh−1(2et) contains the fixed disk. So
we set v := t+ cosh−1(2et).

�

Lemma 13 Let θ, t > 0. There exists d0(θ, t) > 0 for all d > d0, for any disk
D in the hyperbolic plane, if distH2(p, ∂D) ≤ t for a p ∈ D, then D ⊆ B(p, d) ∪
sect(p, s, θ) where s is the centre of D. See Figure 1.14.

Proof. Fix t, θ > 0. There exists an isometry that places s on the positive x-axis
and p at the origin. See Figure 1.14. Let q = (−t, 0). The disk D is contained in
the interior of the horocycle with one point at q and the ideal point (1, 0) on the
unit disk. See Figure 1.14. The interior of the horocycle can can be split into two
regions. The part that is a subset of sect(p, s, θ) and the part that is not, which
we denote R. Since R is a bounded region and its shape only depends on θ and t,
let d0 := supx∈R distH2(x, p). Then for d > d0, D ⊆ B(p, d) ∪ sect(p, s, θ).

�

Let x ∈ N(o, r, w) if and only if there exists a Z-free disk D with o and x on
∂D and the radius of D is at most r/2 + w.

Corollary 14 For w, θ > 0, there exists h0(w, θ) > 0 such that for all h > h0 and
λ, r > 0, for x ∈ ann(r−w, r+w), the event x ∈ N(o, r, w) depends only on Z in
the region given by union of sect(o, x, θ) and B(o, h).
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Figure 1.14: The blue circle is the boundary of the Poincaré disk. On the left side,
the disk with the black boundary is D. The point p is within t of the boundary
at a point q. The purple sector is sect(p, s, θ). The interior of the horocycle is
the gold region, which contains D. The horocycle intersects the boundary of the
purple sector at two points. On the right side, we construct the disk with the
green boundary with centre p that intersects the two points. The gold region is a
subset of the union of the disk with the green boundary and the purple sector.

Proof. Suppose o and x are on the boundary of a disk D and the radius of D
is at most r/2 + w ≤ distH2(o, x)/2 + 2w. By Lemma 12 (taking t = 2w in the
lemma), there exists v(2w) = v > 0 such that

D ⊆ B(z,distH2(o, x)/2 + v) ⊆ B(z, r/2 + w + v)

where z is the midpoint of o and x. Hence we can determine if x ∈ N(o, r, w) from
Z ∩B(z, r/2 + w + v) alone.

Since o is within 2w+v of ∂B(z, r/2+w+v), by Lemma 13 (taking t = 2w+v
in the Lemma), there exists h0 = d(θ, 2w + v) > 0 such that for all h > h0,
B(z, r/2 + w + v) ⊆ B(o, h) ∪ sect(o, z, θ). Since sect(o, z, θ) = sect(o, x, θ), we
can determine if x ∈ N(o, r, w) by considering Z in the region given by union of
sect(o, x, θ) and B(o, h).

�

Remark 15 Note that in the previous proof, since x is within 2w + v of the
boundary of B(z, rλ/2+w+v), for x ∈ ann(rλ−w, rλ+w), the event x ∈ N(o, rλ, w)
depends only on Z in the region given by union of sect(x, o, θ) and B(x, h) for
h ≥ h0 (which depends on w and θ).
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1.2.3 Asymmetric Hausdorff distance

Lemma 16 For any disks D1 and D2, let

ahd(D1, D2) := sup
x2∈D2

inf
x1∈D1

distH2(x1, x2).

We say that the asymmetric Hausdorff distance D2 from D1 is ahd(D1, D2), then

lim
a→∞

inf

{
areaH2(D2\D1)

areaH2(D2)
: ahd(D1, D2) ≥ a

}
= 1.

Figure 1.15: The gray disk is D1 centred at p. On the left side, the larger disk
with a black boundary centred at the origin is D2. The smaller disk with the black
boundary centred at the origin determines the value of b1. On the right side, the
red point is xb′ for b′ ∈ [b1, b]. The blue circle is the boundary of the Poincaré disk.

Proof. Given the disks D1 and D2, let a = ahd(D1, D2). If the radius of D2 is
less than a/2, then D1 and D2 are disjoint and areaH2(D2\D1) = areaH2(D2).

So assume the radius of D2 is at least a/2. After applying the appropriate
isometry, the centre of D1 is o and the centre of D2 is on the negative x-axis. Let r1

and r2 be the hyperbolic radii of D1 and D2, respectively. Let d be the hyperbolic
distance between the centres of D1 and D2. Then ahd(D1, D2) = r2 − r1 + d.

Fix b > 0, we consider the hyperbolic annulus A(D2, b) := ann(o, r2 − b, r2) ⊆
D2. Let

b1 := sup{b′ : 0 ≤ b′ ≤ b,A(D2, b
′) ∩D1 = ∅}.

Hence areaH2(A(D2, b1) ∩D1) = 0.



20 CHAPTER 1. FUNDAMENTALS AND PRELIMINARY RESULTS

If b1 6= b, for each b1 < b′ ≤ b, consider the circle centred at the origin with
radius r2 − b′. Since A(D2, b

′) ∩D1 6= ∅, the circle intersects the boundary of D1,
let xb′ be the point of intersection in the second quadrant. See Figure 1.15. Let
αb′ be the angle between the negative x-axis (See Figure 1.15.)

By the hyperbolic law of cosines,

er1 ≥ cosh(r1)

= cosh(r2 − b′) cosh(d)− sinh(r2 − b′) sinh(d) cos(αb′)

≥ er2−b
′+d

4
− er2−b

′+d

4
cos(αb′).

Hence cos(αb′) ≥ 1−4er1−r2+b′−d ≥ 1−4e−a+b. This bound is uniform over all
D1, D2, and b′ ∈ [b1, b]. Thus for all b′ ∈ [b1, b], lim supa→∞ αb′ = 0. As the size of
this angle can be made arbitrarily small, for every ε, b > 0, there exists an a0 > 0
such that, if ahd(D1, D2) > a0, then area(A(D2, b) ∩D1) < ε · area(A(D2, b)) for
D2 with radius at least a/2. Consequently,

area(A(D2, b)\D1)

area(A(D2, b))
≥ 1− ε.

Since

area(A(D2, b))

area(D2)
≥ 1− cosh(r2 − b)/ cosh(r2),

given ε, there exist b, a′0 > 0 such that, if a > a′0 and the radius of D2 is at least
a/2, then

area(A(D2, b))

area(D2)
≥ (1− ε)(1− e−b)

≥ (1− ε)2.

Hence given ε, there exists b, a′0 > 0, if a > a′0 and the radius of D2 is at least a/2,
then

area(D2\D1)

area(D2)
≥ area(A(D2, b)\D1)

area(D2)

=
area(A(D2, b)\D1)

area(A(D2, b))

area(A(D2, b))

area(D2)

≥ (1− ε)2 area(A(D2, b)\D1)

area(A(D2, b))

≥ (1− ε)3.

So for any ε > 0, there exists a′0 such that for any a > a′0,

inf

{
area(D2\D1)

area(D2)
: ahd(D1, D2) ≥ a

}
≥ 1− ε.
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For any disks D1 and D2,
areaH2 (D2\D1)

areaH2 (D2) ≤ 1, and so

lim
a→∞

inf

{
areaH2(D2\D1)

areaH2(D2)
: ahd(D1, D2) ≥ a

}
= 1.

�

Lemma 17 Given ε, w > 0, j ∈ N, there exists a′(ε, j, w) > 0 such that for all
λ, r > 0, for any disks D1, ..., Dj in H2 such that:

� the asymmetric Hausdorff distance ahd(D`, Di) ≥ a′ for 1 ≤ ` < i ≤ j,

� the radii of D1, ..., Dj−1 are at most rλ/2 + w,

� the radius of Dj is r,

we have

P((∪ji=1Di) ∩ Z = ∅) ≤ eε(1+λer−w)

j∏
i=1

P(Di ∩ Z = ∅).

Proof. By Lemma 16, there exists a′ such that for all 1 ≤ ` < i ≤ j,

areaH2(Di\D`)

areaH2(Di)
≥ 1− ε

2πewj2
.

The fraction of Di not in ∪i−1
`=1D` is at least 1− j ε

2πewj2 and for i ≤ j − 1, we

have the bound λ areaH2(Di) ≤ 2πew.
Hence

P(∪ji=1Di ∩ Z = ∅) =

j∏
i=1

P((Di\ ∪i−1
`=1 D`) ∩ Z = ∅)

=

j∏
i=1

e−λ areaH2 (Di\∪i−1
`=1D`)

≤
j∏
i=1

e−(1− ε
2πewj )λ areaH2 (Di)

≤ e
ε2πew(j−1)

2πewj + ε2πjλer

2πewj

j∏
i=1

e−λ areaH2 (Di)

≤ eε(1+λer−w)

j∏
i=1

P(Di ∩ Z = ∅).

�
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1.2.4 Bounding edge probabilities

Recall D(o, x) is the ball with diameter ox. The line segment ox divides D(o, x)
into two regions Lx and Rx where Lx is on the left of ox, in the orientation of o
to x (and also contains ox) and Rx is on the right of ox, in the orientation of o to
x. See Figure 1.16.

Figure 1.16: The disk with the black boundary is D(o, x). The blue circle is the
boundary of the Poincaré disk. The line segment ox divides D(o, x) into two
regions Lx and Rx.

For x ∈ H2, let Px := Z ∩ D(o, x). Let Ax be the event that Px = ∅. Let
Zo,x := Z ∪ {o, x}.

Remark 18 If x ∈ N(o,Zo,x) and the event Ax fails, then either Px ⊆ Lx or
Px ⊆ Rx.

Proof. Any disk with boundary containing both o and x must contain either Lx
or Rx. By Lemma 3, there exists a disk D with boundary containing both o and
x that is Z-free. Then at least one of Lx or Rx is Z-free and thus also Px-free.
Since Px 6= ∅, both Lx and Rx cannot be Px-free. �

Recall for three points x1, x2, x3 ∈ H2 they need not determine a hyperbolic
circle. There are three ways the circle is not defined: The three points are all
on the same hyperbolic line or the same Euclidean line, or if not on the same
Euclidean line, the Euclidean circle determined by the three points intersects the
boundary of the unit disk. When the triples determines an open disk, this disk is
unique and is denoted D(x1, x2, x3).

Lemma 19 Let P ′x = {p ∈ Px : D(o, x, p) exist and D(o, x, p) ∩ Z = ∅}.

Pλ(|P ′x| = 1|x ∈ N(o,Zo,x), Ax fails) = 1.
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Proof. If Ax fails and x ∈ N(o,Zo,x), then Px is non-empty. By Remark 18,
without loss of generality assume Px ⊆ Rx. With probability 1, none of the triples
(o, x, p) are collinear in the hyperbolic plane or when viewed as points in the unit
disk.

By Lemma 3, there exists a hyperbolic disk D with o and x on its boundary
that does not contain elements of Z. Specifically, D∩Rx does not contain elements
of Px. So for each p ∈ Px, by comparing the Euclidean disks determined by o,x,
and p and the Euclidean version of D (See Lemma 2), then the disk D(o, x, p)
must be defined and D(o, x, p)\Rx ⊆ D\Rx. Hence D(o, x, p)\Rx is Z-free for all
p ∈ Px. See Figure 1.17.

With probability 1, the disks D(o, x, p) 6= D(o, x, p′) for distinct p and p′ in Px.
Furthermore, one of D(o, x, p) ∩ Rx or D(o, x, p′) ∩ Rx contains the other. Thus
either p ∈ D(o, x, p′) ∩ Rx or p′ ∈ D(o, x, p) ∩ Rx. So by comparing all pairs in
Px, D(o, x, p) ∩ Rx is Z-free for exactly one p ∈ Px. Thus for only this p ∈ Px is
D(o, x, p) is Z-free. �

Figure 1.17: The disk with the black boundary is D(o, x) and the blue points are
some elements of Z. The blue circle is the boundary of the Poincaré disk. On the
left side, the green disk is an example of a Z-free disk with o and x on its boundary.
The green disk ensures the portion of the red disk on the red side “above” ox is
Z free. For the bottom portion, we compare over choice of p to find a D(o, x, p)
that is Z-free.

Recall the Gabriel neighbours are the neighbours z′ ∈ N(z,Z) such that
D(z, z′) ∩ Z = ∅ and the Delaunay neighbours are the neighbours that are not
Gabriel neighbours. In light of Lemma 19, we have the following definitions:
D¬Gab(o, x) is the disk D(o, x, p) such that p ∈ Px and D(o, x, p) is Z-free when
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Ax fails and x ∈ N(o,Zo,x). For x ∈ N(o,Zo,x), let

DDel(o, x) =

{
D(o, x) if Ax holds

D¬Gab(o, x) if Ax fails.

Recall len(x) := distH2(o, x). The following bounds will also be useful for us.

Lemma 20 There exists λ0 > 0 such that for λ < λ0,

Pλ(ox is an edge in Zo,x) < 3e−πλe
len(x)/2

(1 + πλelen(x)/2).

Proof.

Pλ(ox is an edge in Zo,x) = Pλ(ox is a Gab edge Zo,x)+

Pλ(ox is a ¬Gab edge in Zo,x).

The probability

Pλ(ox is a Gab edge in Zo,x) = Pλ(Z ∩ D(o, x) = ∅)
= e−2πλ(cosh(len(x)/2)−1)

< e2πλe−πλe
len(x)/2

.

Let the event C(x, p) := {D(o, x, p) be defined and D(o, x, p) ∩ Z = ∅} and
g(x, p,Z) := 1[{p ∈ D(o, x)} ∩ C(x, p)].

Recall from Lemma 19 that there can be at most one point p ∈ D(o, x) satis-
fying Dx and so

1[Dx] =
∑
p∈Z

g(x, p,Z).

Taking the expectation of both sides and applying the Campbell-Mecke formula
again in the second line,

Pλ(Dx) = Eλ

∑
p∈Z

g(x, p,Z)


=

∫
H2

Eλ [g(x, p,Z ∪ {p})]λdp

=

∫
D(o,x)

Eλ[1[C(x, p)]]λdp

= areaH2(D(o, x))λ ·
∫
D(o,x)

Eλ[1[C(x, p)]]

areaH2(D(o, x))
dp

= areaH2(D(o, x))λ · Eλ,P [1[C(x, P )]]
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where P is chosen uniformly over points in D(o, x). We also note that the radius
of D(o, x, P ) is at least len(x)/2 when D(o, x, P ) is defined. Hence

Eλ[1[C(x, p)]] ≤ e−2πλ(cosh(len(x)/2)−1)

= Pλ(ox is a Gab edge Zo,x).

Pλ(ox is a ¬Gab edge Zo,x) is at most

2π(cosh(len(x)/2)− 1)λ · Pλ(ox is a Gab edge Zo,x).

Choose λ0 > 0 such that for all λ < λ0, 2e2πλ < 3. Then

Pλ(ox is an edge Zo,x) < 3e−πλe
len(x)/2

(1 + πλelen(x)/2).

�

Lemma 21 There exists λ0 > 0 such that for λ < λ0, and r ≥ 1,

Pλ(ox is an edge in Zo,x and the radius of DDel(o, x) is in [r − 1, r])

is at most

3e−πλe
r/e(1 + πλer).

Proof. As in Lemma 20, the probability

Pλ(ox is a Gab edge in Zo,x and the radius of DDel(o, x) is in [r − 1, r])

is at most e−2πλ(cosh(r−1)−1) < e2πλe−πλe
r/e. As in Lemma 20, since the radius is

at least r − 1 and distH2(o, x) ≤ r, the probability

Pλ(ox is a ¬Gab edge and the radius of DDel(o, x) is in [r − 1, r])

is at most

2π(cosh(r)− 1)λ · e−λ2π(cosh(er−1)−1) < πerλ · e2πλe−πλe
r/e.

Choose λ0 > 0 such that for all λ < λ0, 2e2πλ < 3. Then

Pλ(ox is an edge and the radius of DDel(o, x) is in [r − 1, r]) < 3e−πλe
r/e(1+πλer).

�
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1.2.5 Annulus of constant width for deg(o)

It is easy to show that as λ↘ 0, the probability the origin has a black neighbour
at distance exceeding (2 + ε) log(1/λ) −→ 0. So set rλ := 2 log(1/λ). For x ∈ H
and 0 < r1 < r2, let ann(x, r1, r2) denote the hyperbolic annulus centred at x with
inner (hyperbolic) radius r1 and outer radius r2.

The following lemma gives greater control over the location of the neighbours
of the origin. We show that when λ is small, an ε/λ fraction of the expected
number of neighbours come from the regions outside of an annulus of constant
width around a disk centred at the origin with radius rλ.

Lemma 22 There exists λ0 > 0 such that for all ε > 0, there exists w(ε) = w > 0
such that for λ < λ0,

Eλ[|N(o) ∩ ann(o, rλ − w, rλ + w)|] ≥ Eλ[deg(o)]− ε/λ.

Proof. We show the expected number of neighbours falling in B(o, rλ − w) and
B(o, rλ + w)c is less than ε/λ. For any w > 0,

Eλ[|N(o) ∩B(o, rλ − w)|] ≤ Eλ[|Z ∩B(o, rλ − w)|]
= λ · areaH2(B(o, rλ − w))

= 2πλ(cosh(rλ − w)− 1)

≤ πλerλ−w

=
πe−w

λ
.

By Lemma 20,

Eλ[|N(o) ∩B(o, rλ + w)c|] =

∫
B(o,rλ+w)c

Pλ(ox is an edge in Zo,x)λdx

≤
∫
B(o,rλ+w)c

3e−πλe
r/2

(1 + 3πλer/2)λdx

≤ λ−1

∫ ∞
rλ+w

3e−πλe
r/2

(1 + 3πλer/2)λ22π sinh(r)dr

≤ λ−1

∫ ∞
rλ+w

3e−πλe
r/2

(1 + 3πλer/2)λ22πerdr

≤ λ−1

∫ ∞
ew/2

e−πu(1 + 3πu)4πudu

≤ λ−1O

(∫ ∞
ew/2

e−Ω(u)du

)
= λ−1O

(
e−Ω(ew/2)

)
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In the third line, we use the change of variables to hyperbolic polar coordinates.

In the fifth line we use the u-substitution: u = λer/2 and so du = λer/2

2 dr.
Thus select a sufficiently large w such that the sum of these expectations is

less than ε/λ. �

Recall x ∈ N(o, rλ, w) if and only if there exists a Z-free disk D with o and x
on ∂D and the radius of D is at most rλ/2 +w. Given our definition of DDel(o, x),
N(o, rλ, w) are the elements x ∈ N(o) such that the radius of DDel(o, x) doesn’t
exceed rλ/2 + w.

Lemma 23 There exists λ0 > 0 such that for all ε > 0, there exists w(ε) = w > 0
such that for λ < λ0,

Eλ[|N(o, rλ, w)|] > Eλ[|N(o)|]− ε

λ
.

Proof. By Lemma 22, we only need to consider x ∈ B(o, rλ + w).

Eλ[|(N(o)\N(o, rλ, w)) ∩B(o, rλ + w)|]

equals∫
B(o,rλ+w)

Pλ(ox is an edge in Zo,x and the radius of DDel(o, x) exceeds rλ + w)λdx.

By Lemma 21, there exists λ0 > 0 such that for λ < λ0, and r ≥ 1,

Pλ(ox is an edge in Zo,x, radius of DDel(o, x) is in [r − 1, r]) < 3e−πλe
r/e(1+πλer).

Thus Pλ(ox is an edge in Zo,x and the radius of DDel(o, x) exceeds rλ + w) equals∑∞
r=rλ+w Pλ(ox is an edge in Zo,x, radius of DDel(o, x) is in [r − 1, r)) which is at

most

∞∑
r=rλ/2+w

3e−πλe
r/e(1 + πλer) = O

 ∞∑
r=rλ/2+w

e−Ω(λer)


= O(e−Ω(ew)).

Eλ[|N(o)\N(o, rλ, w) ∩B(o, rλ + w)|] ≤ O

(∫
B(o,rλ+w)

e−Ω(ew)λdx

)
= O

(
areaH2(B(o, rλ + w))e−Ω(ew)λ

)
= O

(
ewe−Ω(ew)

λ

)
Thus we can choose a sufficiently large w such that the expectation is less than

ε/λ. �
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Lemma 24 Given ε > 0, j ∈ N, there exists a′(ε, j) > 0 such that for all λ, r > 0,
for any disks D1, ..., Dj and points x, x′ in H2 such that

max{distH2(Di, x),distH2(Di, x
′)} ≥ a′

for 1 ≤ i ≤ j,

Pλ,p(xx′is an edge in Zx,x
′
\(∪ji=1Di) and the radius of DDel(x, x

′) ≤ r)

is at most

eO(ελer)Pλ,p(xx′ is an edge in Zx,x
′

and the radius of DDel(x, x
′) ≤ r).

Proof. By Lemma 16, given ε, j, there exists a′ such that if ahd(Di, D) > a′,
then

areaH2(D\Di)

areaH2(D)
≥ 1− ε

j
.

Since max{distH2(Di, x),distH2(Di, x
′)} ≥ a′, then any disk D with x and x′

on its boundary, ahd(Di, D) > a′. Hence areaH2(D ∩ Di) ≤ ε
j areaH2(D) and so

areaH2(D\(∪ji=1Di)) ≥ (1− ε) areaH2(D).

For x′ ∈ ∪ji=1Di, xx
′ is not an edge in Zx,x′\(∪ji=1Di). So we only consider

x′ ∈ H2\(∪ji=1Di). The probability

Pλ,p(xx′ is an edge in Zx,x
′
\(∪ji=1Di) and the radius of DDel(x, x

′) ≤ r)

is at most

Pλ,p(xx′ is an Gab edge in Zx,x
′
\(∪ji=1Di), radius of DGab(x, x′) ≤ r)+

Pλ,p(xx′ is an ¬Gab edge in Zx,x
′
\(∪ji=1Di), radius of D¬Gab(x, x′) ≤ r).

For x′ ∈ H2\(∪ji=1Di) such that distH2(x, x′) ≤ r,

Pλ,p(xx′ is an Gab edge in Zx,x
′
\(∪ji=1Di), radius of DDel(x, x

′) ≤ r)

equals

e−λ areaH2 (DGab(x,x′)\(∪ji=1Di)) ≤ e−(1−ε)λ areaH2 (DGab(x,x′))

≤ eO(ελer)e−λ areaH2 (DGab(x,x′).

This last term is

eO(ελer)Pλ,p(xx′ is an Gab edge in Zx,x
′
, radius of DDel(x, x

′) ≤ r).

Now for

Pλ,p(xx′ is an ¬Gab edge in Zx,x
′
\(∪ji=1Di), radius of D¬Gab(x, x′) ≤ r),
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let the event C ′(x, x′, p) be

{D(x, x′, p) be defined, where radius of D(x, x′, p) ≤ r, D(x, x′, p)∩(Z\(∪ji=1Di)) = ∅}

and g′(x, x′, p,Z) := 1[{p ∈ D(x, x′)} ∩ C ′(x, x′, p)]. If we follow the same proof
of Lemma 20,

Pλ,p(xx′ is an ¬Gab edge in Zx,x
′
\(∪ji=1Di), radius of D¬Gab(x, x′) ≤ r)

is at most∫
D(x,x′)

Eλ[1[C ′(x, x′, p)]]λdp =

∫
D(x,x′)

1[radius of D(x, x′, p) at most r] · · ·

e−(1−ε)λ areaH2 (D(x,x′,p)λdp.

As the radius is at most r, the above quantity is at most

eO(ελer)

∫
D(x,x′)

1[radius of D(x, x′, p) at most r]e−λ areaH2 (D¬Gab(x,x′))λdp.

which is precisely

Pλ,p(xx′ is an ¬Gab edge in Zx,x
′
, radius of D¬Gab(x, x′) ≤ r)

and the lemma follows. �

Remark 25 The above proof does not change when we add the requirement that
the radius exceeds r − 1 and so

Pλ,p(xx′is an edge in Zx,x
′
\(∪ji=1Di), radius of DDel(x, x

′) is in (r − 1, r])

is at most

eO(ελer)Pλ,p(xx′ is an edge in Zx,x
′
, radius of DDel(x, x

′) is in (r − 1, r]).





Chapter 2

The critical probability for
Voronoi percolation
in the hyperbolic plane tends to
1/2

“I want to find happiness in the tiniest of things - a minute moss plant, 2 cm
across, on a rock - and I want to try to do what I’ve been wanting to do for so
long, that is, to copy these infinitesimally small things as precisely as possible and
to be aware of their size.”
-M.C. Escher

2.1 Introduction and statement of result

In this chapter, we will consider the behaviour of pc(λ) as λ −→∞ for percolation
on the Voronoi tessellation generated by a homogeneous Poisson point process
on the hyperbolic plane H2. That is, with each point of a constant intensity
Poisson process on H2 we associate its Voronoi cell and we colour each cell black
with probability p and white with probability 1− p, independently of the colours
of all other cells. We refer the reader to Chapter 1 for detailed definitions and
some background on the hyperbolic plane, hyperbolic Poisson point processes and
their Voronoi tessellations. Figure 2.1 shows a computer simulation of Voronoi
percolation in the hyperbolic plane, rendered in the half-plane representation of
H2 for λ = 1 and λ = 40. As a reminder we say that percolation occurs if there
is an infinite connected cluster of black cells. For each intensity λ > 0 of the
underlying Poisson process, the critical probability is defined as

pc(λ) := inf{p : Pλ,p(percolation) > 0}.

31
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Figure 2.1: Computer simulation of Voronoi percolation in the hyperbolic plane,
shown in the half-plane representation of H2. On the left lambda = 1 and on the
right λ = 40 (and p = 1/2 for both) Note this is a sub-figure of Figure 3

As discussed in the introduction, Benjamini and Schramm [5] showed that
0 < pc(λ) < 1/2 for all λ and they conjectured that pc(λ) tends to 1/2 as λ −→∞.
Here we prove their conjecture.

Theorem 26 lim
λ→∞

pc(λ) = 1/2.

In the Euclidean plane, the critical probability was shown to equal 1/2 in the
work of Zvavitch [27] and Bollobás and Riordan [6], no matter the intensity of the
underlying Poisson process. (That the precise value of the intensity is irrelevant
in the Euclidean setting is easily seen by considering the effect of dilations x 7→ ρx
on a homogeneous Poisson process and its Voronoi tessellation.) What is more, in
the Euclidean case there is almost surely at most one infinite cluster for any value
of p and λ.

Some intuition as to why one might expect that the large λ limit of the critical
value in the hyperbolic plane might coincide with the critical value in the Euclidean
plane is given by the following observation. As we “zoom in” around any given
point on H2, the geometry starts to look more and more like the geometry of
the Euclidean plane; and as the intensity λ −→ ∞ the points of the Poisson
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process get packed closer and closer together. In other words, as λ −→ ∞, it
becomes increasingly difficult to distinguish the “local picture” from ordinary,
Euclidean Voronoi percolation. Of course the same is not necessarily true for
global characteristics of the model (for instance, the simple random walk on the
Voronoi tessellation is recurrent in the Euclidean case [1] and transient in the
hyperbolic case [3], irrespective of the value of the intensity parameter λ). So
additional ideas are needed for the proof of Theorem 26.

An immediate consequence of 26 and the relationship pc(λ) = 1−pu(λ) (noted
in the introduction): pu(λ) tends to 1/2 as λ −→ ∞. This limit agrees with the
result for the Euclidean plane: there is precisely one infinite black cluster when
p > 1/2.

As in other two-dimensional percolation models, a central role in the proof by
Bollobás and Riordan [6] that the Euclidean Voronoi percolation model almost
surely has an infinite black cluster for every p > 1/2 is played by crossings of
rectangles. (See Section 1.1.4 for the formal definition.) It follows from their work
that for any p > 1/2 and any fixed rectangle, the crossing probability tends to one
as λ −→ ∞ (Bollobás and Riordan did not state precisely this, as they did not
need this statement for their proof, but it follows from their work as we point out
in more detail in Section 1.1.4). An ingenious and technically involved argument
in their proof establishes that at p = 1/2 the crossing probabilities do not tend to
zero. They then apply tools from discrete Fourier analysis to show the crossing
probabilities are “boosted” to close to one for p > 1/2. Tassion [24] later improved
the p = 1/2 part of their proof, giving a shorter argument showing the stronger
statement that when p = 1/2 the crossing probabilities are in fact bounded away
from zero. This opened the way for a more detailed picture of the behaviour of the
model at the critical value p = 1/2 (see e.g. [2, 26]). We will however only make
use of the contributions of Bollobás and Riordan [6] in our proof of Theorem 26.

Sketch of the main ideas used in the proof. A crucial ingredient in our
proof is Lemma 29 below, stating that in the hyperbolic Voronoi percolation model
with p > 1/2, any fixed rectangle R has a black crossing with probability tending
to one as λ −→∞. (Here “rectangle” refers to how R appears in the Poincaré disk
model of H2.) We derive this from the results on crossings in the Euclidean case
mentioned above. First, we argue that it is sufficient to prove the statement only
for small enough rectangles. Then we employ a coupling, provided by Lemma 28
below, to Euclidean Voronoi percolation with a slightly smaller value of p and an
appropriate value of the intensity parameter. This coupling has the property that
if B ⊆ R is the region inside our sufficiently small rectangle coloured black by
the Voronoi tessellation of the hyperbolic Poisson point process and B̃ ⊆ R the
region coloured black by the Voronoi tessellation of the Euclidean Poisson point
process, then B̃ ⊆ B with probability tending to one as λ −→ ∞. So if there is
a crossing of R in the Euclidean Poisson point process, then there will be one in
the hyperbolic Poisson process.

We now sketch how we use Lemma 29 to prove Theorem 26. Since Benjamini
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and Schramm [5] have already shown that pc(λ) < 1/2 for all λ, it suffices to show
that for every p < 1/2 there exists a λ0 = λ0(p) such that

Pλ,p(∃ infinite black cluster) = 0

for all λ > λ0. Equivalently, switching the roles of black and white, it suffices
to show that for every p > 1/2 we have Pλ,p(∃ infinite white cluster) = 0 for
all sufficiently large λ. We will define a dependent site percolation model on a
certain, fixed triangulation T of H2, with the property that the existence of an
infinite white cluster in the hyperbolic Voronoi tessellation implies the existence of
an infinite open cluster in the dependent percolation model. Lemma 27 provides,
for each bounded set A ⊆ H2 and each δ > 0, an event local(A, δ) that holds with
probability tending to one as λ −→∞, and with the property that if it occurs then
the colouring of A depends only on the part of the Poisson process within distance
δ of A. For each triangle of T , we place six thin rectangles around it in such a way
that if they each have a crossing, then there will be a black, continuous, closed
curve separating the triangle from infinity. We declare a triangle of T closed if the
six rectangles each have a crossing and in addition the event local(A, δ) holds for a
suitably chosen δ and set A. This will yield a k-independent site percolation model
(see Section 1.1.4 for the definition) on T for some suitable k. By Lemma 29, for
sufficiently large intensities λ, the probability of sites being open will be so small
that all open clusters are finite almost surely in this k-independent site percolation
model. To conclude the proof, we then observe that if there were to exist an
infinite white cluster in the Voronoi percolation model, then all the triangles of
T it intersects would be open and hence would form part of some infinite open
cluster.

One elementary fact we rely on in our proofs is that a homogeneous Poisson
point process on H2 is described by an inhomogeneous Poisson process on the unit
disk with an intensity function that corresponds to λ times the area functional of
the Poincaré disk model. In some arguments, we switch back and forth between
using the Poincaré disk metric and the Euclidean metric to generate the Voronoi
cells. The reason for doing this is that it allows for comparatively elementary
proofs, that avoid lengthy and/or technical computations. (Lemma 8 shows this
change of metric almost surely does not change the combinatorial structure of the
tessellation. That is, even though the cells will look different, whether or not the
cell of z meets the cell of z′ is unaltered by the change in metric.)

We would like to mention a closely related work by Benjamini and Schramm [4]
on Voronoi percolation on general, smooth, Riemannian manifolds. There, Ben-
jamini and Schramm consider crossings (using a different definition for crossings
from ours) in the situation where one changes the metric in a conformal way,
but the intensity measure of the underlying Poisson point process remains un-
changed, and is comparable to the natural area measure of the Riemannian mani-
fold. Amongst other things they show that, for any fixed p, the large λ limit of the
crossing probabilities – if the limit exists – is unchanged by the change in metric.
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In contrast, our Lemma 29 establishes that the large λ limit for the probability
of crossing a rectangle is unchanged if p > 1/2 and we start from the ordinary,
Euclidean Voronoi percolation model, we leave the metric unchanged, but change
the intensity measure to match the area functional of the Poincaré disk.

2.2 Proofs

2.2.1 Locally controlling the Voronoi cells

For A ⊆ R2 we write Aδ :=
⋃
a∈ABR2(a, δ). Recall that we use Pλ,p(.) for the

probability measure associated with a homogeneous hyperbolic Poisson process and
P̃λ,p(.) for a homogeneous Euclidean Poisson process.

Lemma 27 Let A ⊆ D and δ > 0 be such that Aδ ⊆ D. There exists an event
local(A, δ) with the properties that

(i) local(A, δ) depends only on Z ∩Aδ.

(ii) We have lim
λ→∞

Pλ,p(local(A, δ)) = lim
λ→∞

P̃λ,p(local(A, δ)) = 1.

(iii) If local(A, δ) holds then, for every u ∈ A, we have inf
z∈Z
‖u− z‖ < δ.

(iv) If local(A, δ) holds then, for every u ∈ A, we have

inf
z∈Z

distH2(u, z) = inf
z∈Z,
‖u−z‖<δ

distH2(u, z).

Before embarking on the proof of this lemma, let us point out that parts (iii)
and (iv) tell us that if local(A, δ) holds then the black and white colouring of A
produced by the (Euclidean/hyperbolic) Voronoi tessellation for Z is completely
determined by Z ∩Aδ.
Proof. We dissect R2 into axis-parallel squares of (Euclidean) side length δ/1000

in the obvious way, and we let S denote the set of those squares in the dissection
that are contained in Aδ. We define local(A, δ) as the event that each square in S
contains at least one point of Z. Obviously (i) holds by construction.

For each square s ∈ S, the number of points that fall in it under the Euclidean
intensity measure is Poisson distributed with mean λ·areaR2(s) = λ·δ2/106 = Ω(λ)
and under the hyperbolic intensity measure it is Poisson with mean λ ·areaH2(s) =
Ω(λ). (Here Ω(λ) denotes a quantity lower bounded by a positive constant times
λ.) For any fixed square s ∈ S the probability (under either probability measure)
that it contains no point of Z is thus exp[−Ω(λ)] −−−−→

λ→∞
0. There are only finitely

many squares in S, so that part (ii) follows by the union bound.
Now pick an arbitrary u ∈ A. Since there are (lots of) squares of S contained

in BR2(u, δ), if local(A, δ) holds, then u is within Euclidean distance < δ of some
z ∈ Z. This takes care of (iii).
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Figure 2.2: An example of A, Aδ, and the squares considered in local(A, δ).

To see (iv), let u ∈ A again be arbitrary and let z ∈ Z be such that u ∈ CH2(z).
This means the hyperbolic disk D with centre u and radius distH2(u, z) has no
points of Z in its interior. The disk D is also a Euclidean disk, but working out
its Euclidean centre and radius in terms of u and z is a little bit tedious. What is,
however, clear is that D contains the line segment [u, z] with endpoints u, z. So in
particular, if ‖u−z‖ ≥ δ then D contains a disk D′ of Euclidean diameter δ/2 such
that u ∈ ∂D′. Clearly any such disk D′ is completely contained in BR2(u, δ) ⊆ Aδ
and it contains lots of squares of S in its interior. So, if local(A, δ) holds, then we
must have ‖u− z‖ < δ. �

2.2.2 Coupling the hyperbolic PPP with a Euclidean PPP

Recall that a coupling of two random objects X ,Y is a joint probability space
for (X ,Y) with the correct marginals. The next lemma allows us to (locally)
relate a homogeneous, hyperbolic Poisson process to a homogeneous, Euclidean
Poisson process with different parameters. This will be instrumental in proving
an analogue of Proposition 7 in the next section.

Lemma 28 Let 0 < pnew < p < 1 and 0 < r < 1 be arbitrary. There exists
t = t(r, p, pnew) > 0 such that for each (measurable) A ⊆ BR2(o, r) with Euclidean
diameter at most t and each λ > 0 there exist a µ = µλ,A and a coupling of

(Zb,Zw) and (Z̃b, Z̃w) satisfying (almost surely)

Z̃b ∩A ⊆ Zb ∩A, Zw ∩A ⊆ Z̃w ∩A,

where Z̃b, Z̃w are independent, homogeneous, Euclidean Poisson processes of in-
tensities pnew · µ and (1− pnew) · µ.
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To aid the reader’s understanding, we emphasize that Zb is with respect to
the hyperbolic intensity measure u 7→ λ · p · 1D(u) · 4(1−‖u‖2)−2 while Z̃b is with
respect to the Euclidean intensity measure u 7→ µ · pnew, and similarly for Zw and
Z̃w.

Let us also remark that (provided A is not a set of measure zero) we have
µλ,A → ∞ as λ −→ ∞. This is because the expected number of points of Z̃w

that fall in A is at least the expected number of points Zw that fall in A, giving
(1− pnew) · µ · areaR2(A) ≥ (1− p) · λ · areaH2(A).

Proof. Let δ > 0 be small, to be specified appropriately later on in the proof.
Since f(u) := 1D(u)·4(1−‖u‖2)−2 is uniformly continuous on BR2(o, r) we can and
do choose t = t(r, p, pnew) such that |f(u)− f(v)| < δ for all u, v ∈ BR2(o, r) with
‖u − v‖ < t. Now let A ⊆ BR2(0, r) be an arbitrary measurable set of Euclidean
diameter ≤ t. We set µ := λ · infu∈A f(u). Since Zb,Zw are independent Poisson
processes, and similarly for Z̃b, Z̃w, it suffices to construct a coupling of Zb with
Z̃b and a coupling of Zw with Z̃w separately.

In order to construct the coupling of Zb, Z̃b we first note that with our choice
of µ we have λ · p · f(u) ≥ µ · pnew for all u ∈ A. We let P0,P1,P2 be independent,
inhomogeneous Poisson processes with intensities given by

ϕ0(u) := min (pnew · µ, p · λ · f(u)) ,

ϕ1(u) := pnew · µ− ϕ0(u), ϕ2(u) := p · λ · f(u)− ϕ0(u).

As ϕ1 is identically zero on A we have

(P0 ∪ P1) ∩A = P0 ∩A ⊆ (P0 ∪ P2) ∩A (almost surely).

Since ϕ0+ϕ1 = pnew ·µ and ϕ0+ϕ2 = p·λ·f , the superposition theorem for Poisson
point processes (see e.g. [18, p. 20]) implies that Zb =d P0 ∪ P1 and Z̃b =d P0 ∪ P2.
In other words, the pair P0 ∪ P1,P0 ∪ P2 provides a coupling of Zb, Z̃b with the
desired properties.

In order to construct the coupling of Zw, Z̃w we remark that, for all v ∈ A, we
have f(v) ≤ infu∈A f(u) + δ ≤ (1 + δ) · infu∈A f(u). Having chosen δ = δ(p, pnew)
sufficiently small, we have, for every v ∈ A:

(1− p) · λ · f(v) ≤ (1 + δ) · (1− p) · λ · infu∈A f(u)
≤ (1− pnew) · λ · infu∈A f(u)
= (1− pnew) · µ.

We can, therefore, construct the sought coupling of Zw, Z̃w analogously to before.
�
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2.2.3 Crossing rectangles with the Euclidean metric and
hyperbolic intensity measure

We are now ready to prove the following analogue of Proposition 7 for the hyper-
bolic intensity measure. All mention of rectangles in the remainder of this chapter
will be with respect to the Euclidean metric. (In fact, it is not immediately clear
what would be the best notion of a “rectangle” in hyperbolic geometry.) In other
words, for us a rectangle is a subset A of the hyperbolic plane such that, when
we display the hyperbolic plane as the unit disk in the Euclidean plane using the
Poincaré disk model, A is also a Euclidean rectangle. Or, put differently, a rectan-
gle is a subset of the hyperbolic plane that looks like a Euclidean rectangle (that
is not a square) in the Poincaré disk model. We emphasize that in the definition
of the events cross(R) we ask for an all black, continuous curve inside R that
connects the two shorter sides, where black refers to the colouring generated by
the Voronoi tessellation using the Euclidean metric.

Lemma 29 For any fixed p > 1/2 and any fixed rectangle R ⊆ D we have

lim
λ→∞

Pλ,p(cross(R)) = 1.

Figure 2.3: The Euclidean Voronoi cells under hyperbolic intensity measure and
a rectangle R for which cross(R) occurs. (p = .6, λ = 20)

Proof. We first point out that it is sufficient to show that for each 0 < r < 1 the
statement holds for rectangles contained in BR2(o, r), with (Euclidean) diameter
at most some small constant ` = `(r, p) (to be chosen appropriately in the course of
the proof). This is because for any fixed rectangle R ⊆ D and r = r(R) sufficiently
close to one and any ` > 0, we can place m = m(r, `) rectangles R1, . . . , Rm, each
of Euclidean diameter at most ` and contained in BR2(o, r), such that the event
cross(R1) ∩ · · · ∩ cross(Rm) implies the event cross(R). (See e.g. Figure 2.4.)
So Pλ,p(cross(R)) ≥ 1 −

∑m
i=1 Pλ,p(cross(Ri)

c) and it is enough to show that
Pλ,p(cross(Ri))→ 1 as λ −→∞, for all i = 1, . . . ,m.

We thus fix 0 < r < 1 and we let R ⊆ BR2(o, r) be an arbitrary rectangle of
(Euclidean) diameter at most ` := t/3 where t = t((1 + r)/2, p, (1/2 + p)/2) is
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Figure 2.4: Crossing a big rectangle using smaller ones.

as provided by Lemma 28. For convenience, we will write ρ := (1 + r)/2, pnew =
(1/2 + p)/2 from now on. We apply Lemma 28 to Rδ where δ := min(t/3, ρ− r) is
such that diamR2(Rδ) ≤ t and Rδ ⊆ BR2(o, ρ) and we let µ = µλ,Rδ and Z̃b, Z̃w be
as provided by that lemma. We denote by B ⊆ R the (random) subset of R that
is coloured black in the Voronoi tessellation for Zb,Zw and we denote by B̃ ⊆ R
the black subset of R under the Voronoi tessellation for Z̃b, Z̃w. (In both cases
the Voronoi tessellation is with respect to the Euclidean metric.)

Suppose for a moment that local(R, δ) holds both for Z = Zb ∪ Zw and for
Z̃ = Z̃b ∪ Z̃w. In that case, by the remark immediately following Lemma 27, B is
completely determined by (Zb ∩Rδ,Zw ∩Rδ) and B̃ is completely determined by
(Z̃b ∩Rδ, Z̃w ∩Rδ). Since under our coupling Z̃b ∩Rδ ⊆ Zb ∩Rδ and Z̃w ∩Rδ ⊇
Zw ∩ Rδ, for Z̃b → Zb and Z̃w → Zw in Rδ we have only added black points
and removed white points. So any element of R belonging to a black cell under
Z̃b, Z̃w also belongs to a black cell under Zb,Zw. That is B ⊇ B̃. In particular,
if B̃ contains a crossing of R then so does B (still under the assumption that
local(R, δ) happens both for Z and Z̃).

We may conclude that

Pλ,p(cross(R)) ≥ P̃µ,pnew
(cross(R))− Pλ,p(local(R, δ)c)− P̃µ,pnew(local(R, δ)c).

By Proposition 7, and the remark following Lemma 28 (stating that µ −→ ∞
as λ −→ ∞), we have limλ→∞ P̃µ,pnew(cross(R)) = 1. By part (ii) of Lemma 27,

we have lim
λ→∞

Pλ,p(local(R, δ)) = lim
λ→∞

P̃µ,pnew(local(R, δ)) = 1. The result follows.

�

2.2.4 Proof of our main result

For ease of notation, we will say that z, z′ ∈ Z are adjacent if the corresponding
Voronoi cells CH2(z), CH2(z′) touch. In light of Lemma 8, this is equivalent to
CR2(z), CR2(z′) touching, up to an event of probability zero. A path is of course a
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(finite or infinite) sequence of distinct points z1, z2, · · · ∈ Z such that zi, zi+1 are
adjacent for each i.

Proof of Theorem 26. As explained in the introduction to this chapter, it suf-
fices to show that for every p > 1/2 we have Pλ,p(∃ infinite white component) = 0
for all sufficiently large λ. In order to show this, we will define a dependent perco-
lation model on the (7, 7, 7)-triangulation T of H2. (This triangulation described
in Section 1.1.1.) We turn T into a graph by declaring two triangles adjacent
if and only if they meet in at least one point. So all vertices of the graph have
degree 15. The state (open/closed) of each triangle T ∈ T will be determined by
the Poisson-Voronoi tessellation, in such a way that the existence of an infinite
white component in the Poisson-Voronoi tessellation implies the existence of an
infinite open cluster in the dependent percolation model. For convenience, we
assume without loss of generality that one of the triangles To ∈ T is centred at
the origin.

We start by defining the event closed(To) that To is closed. We fix six thin
rectangles R1, . . . , R6 as pictured in Figure 2.5. The key features of this placement
are that each rectangle is at least some positive distance away from both To and
∂D, and that the event cross(R1) ∩ · · · ∩ cross(R6) will imply the existence of a
black, continuous, closed curve that separates To from ∂D. A subtle point here
is that, because of the way we’ve defined the events cross(.), this black curve
separating To from ∂D is with respect to the colouring of D generated by the
Voronoi tessellation under the Euclidean metric.

Figure 2.5: Six rectangles inside BR2(o, r), surrounding To.

We can and do pick an 0 < r < 1 and 0 < δ < 1 − r such that R1, . . . , R6 ⊆
BR2(o, r) and each Ri has Euclidean distance > δ to To. Now we define

closed(To) := cross(R1) ∩ · · · ∩ cross(R6) ∩ local(BR2(o, r), δ).

For each triangle T ∈ T in the tiling, we fix a H2-isometry ϕ that maps T
to To and we define closed(T ) as the event that closed(To) holds with respect to



2.2. PROOFS 41

ϕ[Z]. Of course T ∈ T is declared open if closed(T ) does not hold. And, since
ϕ[Z] has the same distribution as Z, we have

Pλ,p(closed(T )) = Pλ,p(closed(To)) −−−−→
λ→∞

1, (2.1)

the limit holding because of Lemmas 27 and 29. Moreover, by part (i) of Lemma 27
and the remark following that lemma, the event closed(To) depends only on the
points of Z that fall inside BR2(o, r+δ). Of course, BR2(o, r+δ) is also a hyperbolic
disk BH2(o, ρ) centred at the origin for some finite ρ = ρ(r+δ). By construction of
the events closed(T ), for any other T ∈ T , the event closed(T ) also depends only
on the part of the Poisson process Z inside a hyperbolic disk of radius ρ around the
centre of T . The percolation model we’ve defined on T is, therefore, k-independent
where k is the number of triangles of T whose centre has hyperbolic distance < 2ρ
to the origin. Combining Lemma 6 with (2.1) we find that for sufficiently large λ:

Pλ,p(∃ an infinite open cluster in T ) = 0.

It remains to see how this implies that the probability that an infinite white
cluster exists in the Voronoi tessellation is also zero for large values of the intensity
λ. A key observation is the following.

Claim. Almost surely, for every T ∈ T , if closed(T ) holds then there
does not exist an infinite white path z1, z2, . . . such that

⋃∞
i=1 CH2(zi)

intersects T .

Proof of the claim. We first point out that it suffices to prove
the claim for T = To. This is because if ϕ : D → D is the H2-
isometry mapping T to To used in the definition of closed(T ), then
ϕ[CH2(z;Z)] = CH2(ϕ(z), ϕ[Z]) for all z ∈ Z. So z, z′ are adjacent in
the Voronoi tessellation for Z if and only if ϕ(z), ϕ(z′) are adjacent
in the Voronoi tessellation for ϕ[Z] and CH2(z;Z) intersects T if and
only if CH2(ϕ(z);ϕ[Z]) intersects To.

In the remainder, we shall thus be taking T = To. The occurrence
of cross(R1) ∩ · · · ∩ cross(R6) implies that in the colouring generated
by the Voronoi tessellation using the Euclidean metric there is an all
black, continuous, closed curve γ ⊆ R1 ∪ · · · ∪ R6 that separates To
from ∂BR2(0, r).

Suppose there is an infinite white path z1, z2, . . . as in the statement
of the claim, and let i be such that CH2(zi) ∩ To 6= ∅. Since BR2(o, r)
contains finitely many points almost surely, there will be some j > i
such that zj 6∈ BR2(o, r). The occurrence of local(BR2(o, r), δ) implies
that zi is within Euclidean distance δ of To. In particular, the black
curve γ separates zi and zj . Since CR2(zi) ∪ CR2(zi+1) ∪ · · · ∪ CR2(zj)
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Figure 2.6: On the left: Cartoon of a possible path of white hyperbolic cells from
To to the boundary of BH2(o, r). On the right: A cartoon of the Euclidean cells
and the black path γ with the cell that must be black highlighted in red.

contains a continuous curve between zi and zj , at least one of the Eu-
clidean cells CR2(zi), CR2(zi+1), . . . , CR2(zj) intersects the black curve
γ. See Figure 2.6. But that means one of zi, zi+1, . . . , zj must be black,
contradicting our choice of z1, z2, . . . . �

To conclude the proof we remark that if there were to exist an infinite white
path z1, z2, . . . in the hyperbolic Voronoi diagram, then the set of triangles of T
that CH2(z1) ∪ CH2(z2) ∪ . . . intersects would have to be part of an infinite open
cluster in T . �



Chapter 3

Expected Degree of the Typical
Cell

“Every particular in nature, a leaf, a drop, a crystal, a moment of time is related
to the whole, and partakes of the perfection of the whole.”
-Ralph Waldo Emerson

3.1 Introduction

In this chapter, we focus on understanding the expected number of neighbouring
cells of the typical cell, the Voronoi cell associated to an extra point we place at
the origin, as the intensity λ tends to 0. This expectation is (1 + oλ(1)) 3

πλ as
λ ↘ 0 and almost all of the neighbours will fall in an annulus of constant width
as λ tends to zero.

Recall NGab(o) = NGab(o,Zo) is the set of Gabriel neighbours of the origin
and N¬Gab(o) = N¬Gab(o,Zo) is the set of Delaunay neighbours of z that are not
Gabriel neighbours. Let deg(o) := |N(o)| denote the number of neighbours of o.
For the two types of neighbours, let degGab(o) := |NGab(o)| and deg¬Gab(o) :=
|N¬Gab(o)|.

Isokawa [15] showed that

Eλ[deg(o)] = 6

(
1 +

1

2πλ

)
for any choice of λ > 0 : so as λ grows, the expected degree decreases. This
proof requires advanced knowledge of point processes and involved manipulation
of hyperbolic trigonometric functions, so we provide a proof of the following propo-
sition, the first equation is a direct consequence of Isokawa’s calculation. However,
the final two equations are new.

43
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Proposition 30

lim
λ→0+

λ · Eλ[deg(o)] =
3

π
,

lim
λ→0+

λ · Eλ[degGab(o)] =
2

π
, and lim

λ→0+
λ · Eλ[deg¬Gab(o)] =

1

π
.

Additionally we provide expressions for Eλ[degGab(o)] and Eλ[degGab(o)] which
will be helpful for the next chapter.

3.2 Expression for Eλ[degGab(o)]

D(o, x) is the ball with diameter ox and Ax is the event that {D(o, x) ∩ Z = ∅}.

Lemma 31

Eλ[degGab(o)] =

∫ ∞
0

e−2πλ(cosh(r/2)−1)2πλ sinh(r)dr.

Proof. The probability of the event Ax is invariant under rotation of x around
the origin. Thus the probability of this event is only a function of len(x). Denote
this probability as alen(x), which is e−λ·areaH2 (D(o,x)) = e−2πλ(cosh(len(x)/2)−1).

Let f(x,Z) := 1[Ax]. For x ∈ Z, we have x ∈ NGab(o) if and only if f(x,Z) =
1. Thus |NGab(o)| =

∑
x∈Z f(x,Z). If we take the expectation of both sides, by

the Campbell-Mecke formula (Lemma 5),

Eλ[degGab(o)] = Eλ

[∑
x∈Z

f(x,Z)

]

=

∫
H2

Eλ [f(x,Z ∪ {x})]λdx.

Thus

Eλ[degGab(o)] =

∫
H2

Eλ [1[Ax]]λdx

=

∫
H2

e−λ·areaH2 (D(o,x))dx

=

∫
H2

alen(x)λdx

=

∫ ∞
0

ar2πλ sinh(r)dr

=

∫ ∞
0

e−2πλ(cosh(r/2)−1)2πλ sinh(r)dr.

The third line uses the change of variables formula to hyperbolic polar coordi-
nates.

�
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3.3 Expression for Eλ[deg¬Gab(o)]

Now for x ∈ H2, suppose a point P ∈ D(o, x) is chosen uniformly. Again D(o, x, P )
may not be defined if those three points are collinear or if not collinear, the Eu-
clidean circle determined by those points is not contained in D. Let the ran-
dom variable T be the difference between the radius of D(o, x, P ) and D(o, x)
when D(o, x, P ) exists. Otherwise, let T = ∞. As T does not change when
we apply a rotation around o to P and x, the T only depends on len(x). Let
FT (len(x), t) := Pλ(T ≤ t| len(x)) and denote the probability density function of
T by fT (len(x), t).

For each x ∈ H2, we would like to understand the subset of D(o, x) that
corresponds to T = ∞. We revisit horocycles, the curves which when viewed as
subsets of the unit disk are Euclidean circles that are tangent to the boundary of
the unit disk (without the point on the boundary). We will call the region in H2

corresponding to the Euclidean disk the interior of the horocycle, this definition
is not standard.

Remark 32 For x ∈ H2, there are two horocycles that intersect o and x. If p is
in the intersection of the interiors of these horocycles or on one of the horocycles
(See Figure 3.1), then D(o, x, p) is not defined and T =∞.

Figure 3.1: The disk with the black boundary is D(o, x) and the blue circle is
the boundary of the Poincaré disk. The two gold circles are the two horocycles
determined by o and x. The blue region denotes where T = ∞. On the leftside,
the gold disk is the interior of one of the horocycles. On the right side, the red
point p is an example for which T =∞.
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Lemma 33

Eλ[deg¬Gab(o)] =

∫
H2

∫ ∞
0

2π(cosh(len(x)/2)− 1)e−λ2π(cosh(len(x)/2+t)−1)×

fT (len(x), t)λ2dtdx.

Proof. Let the event C(x, p) := {D(o, x, p) is defined and D(o, x, p) ∩ Z = ∅}
and g(x, p,Z) := 1[{p ∈ D(o, x)} ∩ C(x, p)].

Let Dx denote the event that there is a point p in D(o, x) for which C(x, p)
holds. Then

|N¬Gab(o)| =
∑
x∈Z

1[Dx].

As in the proof of Lemma 20,

Pλ(Dx) = areaH2(D(o, x))λ · Eλ,P [1[C(x, P )]]

where P is chosen uniformly over points in D(o, x). If we know that T = t for the
disk D(o, x, P ), then the radius of D(o, x, P ) is len(x)/2+t. And so the probability
Pλ,P (C(x, P )| T = t]) = e−λ2π(cosh(len(x)/2+t)−1).

By the law of total expectation,

areaH2(D(o, x))λ · Eλ,P [1[C(x, P )]] = areaH2(D(o, x))λ · ET [Eλ,P [1[C(x, P )]]| T ]

= areaH2(D(o, x))λ · ET [e−λ2π(cosh(len(x)/2+T )−1)]

= 2π(cosh(len(x)/2)− 1)λ×∫ ∞
0

e−λ2π(cosh(len(x)/2+t)−1)fT (len(x), t)dt.

�

Remark 34 If we restrict to edges ox such that x ∈ ann(o, rλ−w, rλ+w), then we
would restrict the first integral to an integration over ann(o, rλ−w, rλ+w) and after
changing to hyperbolic polar coordinates, Eλ[|N¬Gab(o) ∩ ann(o, rλ − w, rλ + w)|]
equals∫ rλ+w

rλ−w

∫ ∞
0

2π(cosh(r/2)− 1)e−λ2π(cosh(r/2+t)−1)fT (r, t)λ2 sinh(r)dtdr.

Lemma 35 Let G(t) := 1− et arccos(1−2e−2t)
π , for all w > 0,

lim
λ→∞

λEλ[|N¬Gab(o)∩ann(o, rλ−w, rλ+w)|] =

∫ w

−w

∫ ∞
0

π2e3s/2e−πe
s/2+t

g(t)dtds.
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Figure 3.2: On the right R2 ⊆ D(o, x). The green sector on the right is R3.

Proof.

Recall D(o, x) = B(x/2, len(x)/2) is the ball centred at the midpoint of x and
o with radius len(x)/2. For len(x) = r, the areaH2(D(o, x)) = 2π(cosh(r/2)− 1).

For t > 0, consider the two disks D1 and D2 which intersect o and x and have
radius len(x)/2 + t. Let R1 := (D(o, x)\D1) ∪ (D(o, x)\D2), the gray region in
Figure 3.2. The uniformly chosen point falling in R1 corresponds to T ≤ t. Hence

FT (r, t) =
areaH2(R1)

areaH2(D(o, x))
.

Let R2 := D(o, x)\R1 denote the centre white region and let R3 denote the circle
sector of D1 with corners at o and x, the green region in Figure 3.2. Since the
area of a triangle is bounded above by π, let v(r, t) be the area of this triangle and
areaH2(R2) = 2 areaH2(R3)− 2v(r, t) and so for λ sufficiently small,

∫∞
0

∂v
∂t dt < C.

Thus the probability the point falls in the gray region is given by

FT (r, t) = 1− 2 areaH2(R3)/ areaH2(D(o, x))− 2v(r, t)

areaH2(D(o, x))
.

Let β be the angle of the sector R3. Since the area of D1 is 2π
(
cosh

(
r
2 + t

)
− 1
)

and R3 is a β/(2π) fraction of the disk,

areaH2(R3) = β
(

cosh
(r

2
+ t
)
− 1
)
.
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Therefore,

FT (r, t) = 1− 2β exp[r/2 + t] + 2β exp[−r/2− t]− β
2π exp[r/2] + 2π exp[−r/2]− π

− 2v(r, t)

areaH2(D(o, x))

= 1− β exp[t]/π + β exp[−r − t]/π − β exp[−r/2]/(2π)

1 + exp[−r]− exp[−r/2]/2
− 2v(r, t)

areaH2(D(o, x))

= 1− (βet/π)
1 + exp[−r − 2t]− exp[−r/2− t]/(2π)

1 + exp[−r]− exp[−r/2]/2
− 2v(r, t)

areaH2(D(o, x))

In the first line we plug in our expressions for areaH2(R3) and areaH2(D(o, x)).
In the second line, we multiply the numerator and denominator by e−r/2/2. In the
third line, we factor out βet/π.

Then using the prime notation for the partial with respect to t,

fT (r, t) = −(β′et/π + βet/π)
1 + exp[−r − 2t]− exp[−r/2− t]/(2π)

1 + exp[−r]− exp[−r/2]/2
+ · · ·

− (βet/π)
−2 exp[−r − 2t] + exp[−r/2− t]/(2π)

1 + exp[−r]− exp[−r/2]/2
− 2v′(r, t)

areaH2(D(o, x))

= −(β′et/π + βet/π)(1 +O(e−r/2))±O(βe−r/2/π)±O(v′(r, t)e−r).

Now we focus on determining β. For the triangle with angle β and adjacent
sides of length r/2 + t and opposite side of length r, by the law of hyperbolic
cosine,

cosh(r) = cosh(r/2 + t)2 − sinh(r/2 + t)2 cos(β)

and so

er

2
(1 + e−2r) =

er+2t

4
(1 + e−r−2t)2 − er+2t

4
(1− e−r−2t)2 cos(β).

We can divide both sides by er,

2(1 + e−2r) = e2t(1 + e−r−2t)2 − e2t(1− e−r−2t)2 cos(β).

Reorganizing:

(1−O(e−r−2t))2 cos(β) = (1 +O(e−r−2t))2 − 2e−2t(1 +O(e−2r))

and thus
cos(β) = 1− 2e−2t ±O(e−r−2t).

So we have the expressions

β = arccos(1− 2e−2t ±O(e−r−2t))
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and

β′ =
−2e−2t√

e−2t(1− e−2t)
(1±O(e−r−2t)).

Recalling,

fT (r, t) = −(β′et/π + βet/π)(1−O(e−r/2))±O(βe−r/2/π)±O(v′(r, t)e−r)

≤ −(β′et/π + βet/π)(1−O(e−r/2))(1± o(1)).

Given our calculation of β′, β, and that

G′(t) =: g(t) =
2e−t

π
√
e−2t(1− e−2t)

− et arccos(1− 2e−2t)

π
.

Then for r sufficiently big, fT (r, t) < O(g(t)) and limr→∞ fT (r, t) = g(t).
Since Eλ[|N¬Gab(o) ∩ ann(o, rλ − w, rλ + w)|] is given by

∫ rλ+w

rλ−w

∫ ∞
0

2π(cosh(r/2)− 1)e−λ2π(cosh(r/2+t)−1)fT (r, t)λ2 sinh(r)dtdr,

we use the substitution s = r − rλ and ds = dr. Therefore,

Eλ[|N¬Gab(o) ∩ ann(o, rλ − w, rλ + w)|]

equals ∫ w

−w

∫ ∞
0

2π(cosh((s+ rλ)/2)− 1)e−λ2π(cosh((s+rλ)/2+t)−1)×

fT ((s+ rλ), t)λ2 sinh(s+ rλ)dtds.

Hence by the Lebesgue domination theorem, (we will show the bounding integral
is finite in Lemma 36).

lim
λ→0+

λEλ[|N¬Gab(o)∩ann(o, rλ−w, rλ+w)|] =

∫ w

−w

∫ ∞
0

π2e3s/2e−πe
s/2+t

g(t)dtds.

This holds since

lim
λ→0+

(2π)2(cosh((s+ rλ)/2)− 1) sinh(s+ rλ)λ3 = π2e3s/2

and
lim
λ→0+

e−λ2π(cosh((s+rλ)/2+t)−1)fT (s+ rλ, t) = e−πe
s/2+t

g(t).

�



50 CHAPTER 3. EXPECTED DEGREE OF THE TYPICAL CELL

Lemma 36 For G(t) = 1− et arccos(1−2e−2t)
π and g = G′

λ2π2

∫ ∞
0

e3r/2

∫ ∞
0

e−λπe
r/2+t

g(t)dtdr =
1 + o(1)

λπ
.

Proof. Using Fubini’s theorem,

λ2π2

∫ ∞
0

e3r/2

∫ ∞
0

e−λπe
r/2+t

g(t)dtdr =

∫ ∞
0

∫ ∞
0

πλe3r/2e−λπe
r/2+t

πλdrdt.

We evaluate the inner integral:∫ ∞
0

πλe3r/2e−λπe
r/2+t

πλdr.

Using the following u substitution u = λπer/2et, then 2du = λπer/2etdr and

er =
u2e−2t

λ2π2
.

Then

∫ ∞
0

πλe3r/2e−λπe
r/2+t

πλdr = 2e−t
∫ ∞
λπet

πλere−udu

=
2e−3t

λπ

∫ ∞
λπet

u2e−udu

=
2e−3t

λπ
(−e−u)(u2 + 2u+ 2)|∞u=λπet

=
2e−3t

λπ
(e−λπe

t

)((λπet)2 + 2(λπet) + 2)

= (1± o(1))
4e−3t

λπ
.

We can compute G′ = g.

g(t) =
4e−t

π
√

1− (1− 2e−2t)2
− et arccos(1− 2e−2t)

π
.

λ2π2

∫ ∞
0

e3r/2

∫ ∞
0

e−λπe
r/2+t

g(t)dtdr
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is within a factor 1± o(1) of∫ ∞
0

4e−3teλπ

λπ
g(t)dt =

∫ ∞
0

42e−4t

λπ2
√

1− (1− 2e−2t)2
− 4e−2t arccos(1− 2e−2t)

λπ2
dt

=
1

λπ

∫ 2

0

2u

π
√

1− (1− u)2
− arccos(1− u)

π
du

=
1

λπ

∫ 2

0

3u

π
√

1− (1− u)2
− u

π
√

1− (1− u)2
− arccos(1− u)

π
du

=
1

λπ

3 arccos(1− u)− u arccos(1− u)

π

∣∣∣∣2
u=0

=
1

λπ
.

In the second line we take u = 2e−2t and du = −4e−2tdt. We do a bit of
rearranging in the third line to see the following relationships:

d

du

3 arccos(1− u)− u arccos(1− u)

π
=

3

π
√

1− (1− u)2
−(

arccos(1− u)

π
+

u

π
√

1− (1− u)2

)
�

Lemma 37 For G(t) = 1 − et arccos(1−2e−2t)
π and g = G′, for ε > 0, there exists

w0, λ0 > 0 such that for all w > w0 and λ < λ0,∣∣∣∣λ2π2

∫ ∞
0

e3r/2

∫ ∞
0

e−λπe
r/2+t

g(t)dtdr−

λ2π2

∫ rλ+w

rλ−w
e3r/2

∫ ∞
0

e−λπe
r/2+t

g(t)dtdr

∣∣∣∣ < ε

λ
.

Proof. If we reuse the computation of
∫
πλe3r/2e−λπe

r/2+t

πλdr in the previous

proof,
∫∞
rλ+w

πλe3r/2e−λπe
r/2+t

πλdr = (1±o(1)) 4e−3t

λπ e−πe
w/2

, the constant e−πe
w/2

can be carried through the computation to show that

λ2π2

∫ ∞
rλ+w

e3r/2

∫ ∞
0

e−λπe
r/2+t

g(t)dtdr =
e−πe

w/2

πλ
<

ε

2λ
.

Recall our formula

g(t) =
4e−t

π
√

1− (1− 2e−2t)2
− et arccos(1− 2e−2t)

π
.
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Similarly,∫ rλ−w

0

πλe3r/2e−λπe
r/2+t

πλdr = (1± o(1))
4e−3t

λπ

(
e−λπe

t

− e−π exp[−w/2+t]
)

= (1± o(1))
4e−3t

λπ
e−λπe

t
(

1− e−πe
−w/2+t+λπet

)
= (1± o(1))

4e−3t

λπ

(
1− e−e

t(πe−w/2+λπ)
)

≤ (1± o(1))
4e−3t

λπ
et(πe−w/2 + λπ)

≤ (1± o(1))
4e−2t

λ
e−w/2.

Then

λ2π2

∫ rλ−w

0

e3r/2

∫ ∞
0

e−λπe
r/2+t

g(t)dtdr

is within a factor 1± o(1) of

4e−w/2

λ

∫ ∞
0

e−2tg(t)dt =
4e−w/2

λ

∫ ∞
0

4e−3t

π
√

1− (1− 2e−2t)2
− e−t arccos(1− 2e−2t)

π
dt

=
4e−w/2

λ

∫ 1

0

4u2

π
√

1− (1− 2u2)2
− arccos(1− 2u)

2π
du

=
4e−w/2

λ

(
4

2π
− π

2(2π)

)
.

In the second line we use the substitution, u = e−t and so du = −e−tdt.
So for sufficiently large w,

λ2π2

∫ rλ−w

0

e3r/2

∫ ∞
0

e−λπe
r/2+t

g(t)dtdr <
ε

2λ
.

�

Lemma 38 limλ→0+ λEλ[N¬Gab(o)] = 1
π .

Proof. Let λ0 > 0 be given by Lemma 22. Given ε > 0. Choose w0(ε/100) > 0
according to Lemma 22 so that for all λ < λ0 and w > w0, λEλ[N¬Gab(o)] is
within ε/100 of

λEλ[|N¬Gab(o) ∩ ann(o, rλ − w, rλ + w)|].

By Lemma 35, there exists λ1 > 0 such that for λ < λ0 and all w > 0,
λEλ[|N¬Gab(o) ∩ ann(o, rλ − w, rλ + w)|] is within ε/100 of

π2

∫ w

−w
e3s/2

∫ ∞
0

e−πe
s/2+t

g(t)dtds = λ3π2

∫ rλ+w

rλ−w
e3r/2

∫ ∞
0

e−λπe
r/2+t

g(t)dtdr.
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By Lemma 37, given ε > 0, there exists w0(ε/100), λ0 > 0 such that for all
w > w0 and λ < λ0, ∣∣∣∣λ3π2

∫ ∞
0

e3r/2

∫ ∞
0

e−λπe
r/2+t

g(t)dtdr−

λ3π2

∫ rλ+w

rλ−w
e3r/2

∫ ∞
0

e−λπe
r/2+t

g(t)dtdr

∣∣∣∣ < ε

100
.

By Lemma 36,

λ3π2

∫ ∞
0

e3r/2

∫ ∞
0

e−λπe
r/2+t

g(t)dtdr =
1 + o(1)

π
.

Then ∣∣∣∣λEλ[|N¬Gab(o) ∩ ann(o, rλ − w, rλ + w)|]− 1 + o(1)

π

∣∣∣∣ < 3ε

100

and so limλ→0+ λEλ[N¬Gab(o)] = 1
π .

�

Lemma 39

lim
λ→0+

λEλ[|NGab(o)|] =
2

π

Proof. Recall from Lemma 31, Eλ[|NGab(o)|] =
∫∞

0
e−2πλ(cosh(r/2)−1)2πλ sinh(r)dr.

Using the bounds on cosh and sinh,

∫ ∞
0

e−2πλ(cosh(r/2)−1)2πλ sinh(r)dr = (1 + o(1))

∫ ∞
0

e−πλe
r/2

πλerdr.

Thus∫ ∞
0

e−2πλ(cosh(r/2)−1)2πλ sinh(r)dr = (1 + o(1))

∫ ∞
0

e−πλe
r/2

πλer

=
1 + o(1)

πλ

∫ ∞
πλ

e−uudu

=
2(1 + o(1))

πλ
(−e−u(u+ 1))|∞u=πλ

=
2(1 + o(1))

πλ
(e−πλ(πλ+ 1))

=
2(1 + o(1))

πλ
.

lim
λ→0+

λEλ[|NGab(o)|] =
2

π
.
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�

Proof of Lemma 30. By Lemma 39 and Lemma 38,

lim
λ→0+

λEλ[deg(o)] = lim
λ→0+

λEλ[degGab(o)] + lim
λ→0+

λEλ[deg¬Gab(o)]

=
2

π
+

1

π

=
3

π
.

�



Chapter 4

The critical probability for
Voronoi percolation in the
hyperbolic plane is asymptotically
πλ/3 when λ tends to zero

“Ships and sails proper for the heavenly air should be fashioned. Then there will
also be people, who do not shrink from the dreary vastness of space.”
-Johannes Kepler

4.1 Introduction

We will consider percolation on the Voronoi tessellation generated by a homoge-
neous Poisson point process on the hyperbolic plane H2. That is, with each point
of a constant intensity Poisson process on H2 we associate its Voronoi cell – which
is the set of all points of the hyperbolic plane that are closer to it than to any
other point of the Poisson process – and we colour each cell black with probability
p and white with probability 1− p, independently of the colours of all other cells.

We say that percolation occurs if there is an infinite connected cluster of black
cells. For each intensity λ > 0 of the underlying Poisson process, the critical
probability is defined as

pc(λ) := inf{p : Pλ,p(percolation) > 0}.

Benjamini and Schramm studied this model in [5]. Among other things, they
showed that limλ→0+ pc(λ) = 0 and that pc is a continuous function of λ. While
zero is not in the domain, we can let pc(0) := 0.

We show that

Theorem 40 pc(λ) = (1 + oλ(1))πλ3 as λ↘ 0.

55
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To show this theorem, we will establish upper and lower bounds on pc for small
λ. In the previous chapter we focused on understanding the expected number
of neighbouring cells of the typical cell, the Voronoi cell associated to an extra
point we place at the origin, as the intensity λ tends to 0. This expectation is
(1 + oλ(1)) 3

πλ as λ↘ 0. In the previous chapter we also showed almost all of the
neighbours will fall in an annulus of constant width as λ tends to zero. These two
facts will be critical to our proofs.

Another important theme in this work: Small angles greatly magnify distances.
In the hyperbolic plane, fix θ > 0. For pairs of points (x1, x2) such that the smallest
angle given by ∠x1ox2 ≥ θ, then the hyperbolic distance between x1 and x2 is at
least the sum of the distances between each point and the origin minus a constant
depending on θ.

Additionally, as noted in the introduction, pu(λ) = 1 − pc(λ), we have the
immediate consequence of Theorem 40: pu(λ) = 1− (1 + oλ(1))πλ3 .

Sketch of the main ideas used in the proof of the upper bound. Fix
ε > 0. For p > (1 + ε)πλ/3 and λ sufficiently small, the expected number of black
neighbouring cells of the typical cell is greater than one.

We start building a random tree rooted at the origin using a breadth-first
search. We reveal the point process for different regions to inform how the tree
grows. Since virtually all of the neighbours of the origin fall in an annulus of
constant width, we can disregard the black neighbours that fall outside of the
annulus. We could look to every black point of the Poisson point process in the
annulus and ask if they are a neighbour of the origin. Unfortunately these events
are not independent. The knowledge that one point is a neighbour affects the
probability for other points.

However, for a black point in the annulus if we can find a disk with relatively
small radius that has both the origin and the black point on its boundary and
the disk is Z-free, then the black point is a neighbour of the point at the origin.
Again, for almost all neighbours we can find such a disk. Since this disk is not
too big, if we reveal all of the points of Z in a slightly larger disk, we can tell
if such a small disk exists. See Figure 4.1. So long as the angle formed between
pairs of these potential black neighbours with the origin is not too small, these
disks overlap in a relatively small region. This small region is contained in a disk
centred at the origin, also see Figure 4.1. So if we condition on the centred disk
being Z-free, then the regions used to determine if each potential black neighbour
is actually a neighbour are pairwise disjoint. Even with all the restrictions, the
expected number of these black neighbours exceeds 1.

If there are no such black neighbours, the tree is just the origin. Otherwise
each of the black neighbour (satisfying the restrictions) is a child of the origin in
the tree. We, in principle, will look at the neighbours of each child like we did for
the origin to determine the next generation of the tree. However, to prevent the
overlap of exploration regions from different children and the exploration in the
construction of the tree so far, we don’t allow exploration of a small sliver of the
annulus in the direction of the parent (in this case, the origin). See Figure 4.1.
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Figure 4.1: The blue circle in both figures is the boundary of the Poincaré disk.
The gray annulus is where we look for potential black neighbours: the blue points.
For most potential neighbours, we only need to consider the point process in the
associated disk with the green boundary to determine if the point is a neighbour. If
the disk with the red dashed boundary does not contain the point process besides
o, then the regions we need to consider are disjoint. On the right, suppose t1 is
a child of o in the tree, we do not consider points in the annulus intersection of
the annulus and the orange sector in the direction of the parent (in this case the
origin.).

The resulting tree is a supercritical Galton-Watson tree contained in a black
cluster and so with positive probability, there exists an infinite black cluster when
p > (1 + ε)πλ/3 for λ sufficiently small. Hence for λ sufficiently small, pc(λ) ≤ p.

Sketch of the main ideas used in the proof of the lower bound. Fix
ε > 0 and consider p < (1− ε)λπ3 . For the lower bound, we focus on bounding the
expected number of infinite paths of black points from the origin. We will fix a
large k > 0 and consider sub-paths of length at most k from each of these infinite
paths. For each edge in these sub-paths, we may associate a disk that must be
Z-free. Each infinite path must contain an infinite number of these sub-paths and
there is a unique way to choose these sub-paths.

Almost surely the first disk from each sub-path will overlap with at least one
disk in the most recently used sub-path but will not overlap with any other disks
associated to sub-paths used before the most recent one. All other associated
disks in this sub-path will not overlap any disk previously considered. In this way,
each sub-path is “linked” to precisely one previously considered sub-path for each
infinite path. When for small enough λ and p = (1 − ε)πλ/3, these sub-paths
are rare in the sense that if we only knew the location of elements of Z on the
boundary of the disks in the potential sub-path (not the colour and not if the disks
are Z-free), the probability these points will define a sub-path of black points will
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be extremely small.
Additionally, the number of possible “links” for each sub-path will only be

somewhat large, depending on the sub-path and the other points in Z, however
the probability of observing this sub-path will greatly offset the number of possible
“links.”

Let Mn(Z) denote the number of paths of black points from the origin that
have at least n ∈ N sub-paths. There exists a 0 < δ < 1 such that for any n,
E[Mn(Z)|Mn−1(Z) = mn−1] = δmn−1 and so E[Mn(Z)] = O(δn).

However if Pλ,p(percolation) > 0, then there is a positive probability c > 0 that
the origin is part of an infinite black component in Zo. Given this event holds,
for all n ∈ N, Mn(Z) ≥ 1. Hence Eλ,p[Mn(Z)] ≥ c for all n ∈ N. Since for small
enough λ and p = (1 − ε)πλ/3, for sufficiently large N, E[MN (Z)] = O(δN ) < c,
and Pλ,p(percolation) = 0.

4.2 The Upper Bound

Proposition 41 For all ε > 0, there exists λ0(ε) = λ0 such that for λ < λ0,

pc(λ) ≤ (1 + ε)
πλ

3
.

4.2.1 Construction of the Tree

For ε > 0, there exists λ0 > 0 such that for λ < λ0, if Z is a Poisson point process
with intensity λ and coloured black with probability p = (1+ε)πλ/3, then for Zo,
we will construct a tree T of black adjacent cells that has a positive probability of
being infinite.

Let h,w, θ > 0 be fixed. You should think of h � w but both are big and θ
is tiny. We construct the tree starting from the root: Tn is the tree created when
we add the n-th vertex and Q will denote a queue of vertices. If Z ∩B(o, h) = ∅,
let T1 be the origin and add o to Q.

Suppose we have the tree Tn. We describe how to continue the construction of
the tree from q, the first element in the queue.

With exception of the root, since q ∈ Tn, q has a parent in Tn which we denote
tq. Let t0 be on the positive x-axis such that len(t0) = rλ. (Recall rλ = 2 log(1/λ)
) We can consider Zb, the black points of Z, independently of the white points
Zw. Divide ann(q, rλ − w, rλ + w)\ sect(q, tq, θ) into sectors each with angle θ so
that m := 2π

θ −2, the number of sectors, is a natural number. Let Ri(q, tq) denote
the i-th sector. See Figure 4.2.

Recall N(q, rλ, w) is the set of the elements x ∈ N(q), the neighbours of q,
such that the radius of DDel(q, x) doesn’t exceed rλ/2 +w, the disk associated to
the edge qx. These quantities are discussed in detail in Section 1.2.4.

Let Ai(q, tq) denote the event {Ri(q, tq) ∩ Zb = ∅}. Let Bi(q, tq) denote the
event that there exists z ∈ Zb such that Zb ∩ Ri(q, tq) = {z} and z ∈ N(q, rλ, w)
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Figure 4.2: The blue circle is the boundary of the Poincaré disk. The orange
sections {Ri(q, tq)}i subdivide ann(q, rλ−w, rλ+w)\ sect(q, tq, θ) into m sections.
The purple section is in the direction of the parent tq. On the right side, we have an
example (not to scale). We revealed the black (blue) points in {Ri(q, tq)}i. Since
q is in the tree Tn, the disk with the dash red boundary is Z-free (besides q). In
the example, there are two Ri+1(q, tq) such that Ai(q, tq) ∩ Ai+2(q, tq) holds. We
check if Bi+1(q, tq) holds: For the top one Bi+1(q, tq) holds: the disk with black
boundary is Z-free (and has a white (red) point on the boundary) and no points
fall in the blue disk of radius h. For the bottom one, Bi+1(q, tq) does not hold
since the blue disk is not Z-free. (The disk with black boundary is not Z-free but
we would have to check other disks as well.)

and Z ∩B(z, h) = {z}. Let

children(q, Tn) := {(Zb∩Ri+1(q, tq))\Tn : i ∈ [m−2], Ai(q, tq)∩Bi+1(q, tq)∩Ai+2(q, tq)},

add edges between q and each element of children(q, Tn) to construct a new tree
Tn+| children(q,Tn)|. Add the elements of children(q, Tn) to the back of the queue
and remove q from the queue. If the queue is ever empty, end the process. Let
E(q, Tn) ⊆ H2 denote the random region used to determine children(q, Tn).

Tn+| children(q,Tn)| is clearly a tree since the children of q are prohibited from
being elements of Tn in the construction. Additionally, since Tn is constructed
from adjacent black cells, Tn is a subset of a black cluster in Zo. We first show
that descendants depend only on the process in narrow sectors, and these sectors
are nested. Consider two points in the process, the first where the current tree is
Tn and q is at the front of the queue, the second the current tree is Tn′ and q′ is at
the front of the queue, we will show that E(q, Tn) and E(q′, Tn′) are disjoint and
have the same distribution. Finally, the expected number of children is greater
than one and so we have a super critical Galton-Watson process.
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Proposition 42 For all ε > 0, there exists w, θ > 0, h0(w, θ) > 0 such that for all
h > h0, there exists λ0(ε, w, h, θ) > 0 such that for λ < λ0, Tn is a super critical

Galton-Watson process when p = (1+ε)π·λ
3 . Hence Proposition 41 holds.

Lemma 43 For all ε, w > 0 and all θ > 0 such that m = 2π
θ − 2 ∈ N, there exists

h0(w, θ) > 0 such that for all h > h0, there exists λ0(ε, w, h, θ) > 0 such that for
λ < λ0, for i ∈ [m− 2], given:

1. the tree Tn for some n ∈ N,

2. the vertex q is at the front of the queue,

3. the event Ai(q, tq) ∩Ai+2(q, tq) holds, and

4. exists z ∈ Zb such that Zb ∩Ri+1(q, tq) = {z},

the event Bi+1(q, tq) is determined by only Z ∩ sect(q, z, θ). See Figure 4.3. If the
4th condition does not hold, Bi+1(q, tq) does not occur.

Figure 4.3: The set up is the same as in Figure 4.2. On the left side, Ai(q, tq) ∩
Ai+2(q, tq) hold and there is one element of Zb in Ri+1(q, tq). To determine if that
point is included in T, we reveal all of Z in the disk with black boundary (we have
stretched the disk in the cartoon so we can see all of the Poincaré disk). We also
observe Z in the disk of radius h around the point. Since q is in the tree T, the
disk with the dash red boundary is Z-free (besides q). So Bi+1(q, tq) only depends
on Z in the blue sector. On the right side, we have a more zoomed in cartoon of
the blue sector where the black disk is not distorted.

Proof. Recall Bi(q, tq) is the event that there exists z ∈ Zb such that Zb ∩
Ri(q, tq) = {z} and z ∈ N(q, rλ, w) and Z ∩ B(z, h) = {z}. Hence the only part
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we must show is that the events z ∈ N(q, rλ, w) and Z ∩ B(z, h) = {z} depend
only on Z ∩ sect(q, z, θ).

Fix w, θ > 0. By Corollary 14, there exists h0(w, θ) > 0 such that for all λ > 0
and h > h0, the event {x ∈ N(o, rλ, w)} depends only on Z in the region given by
union of sect(o, x, θ) and B(o, h). Fix h > h0, if we apply an isometry that maps o
to q and x to z, then the event {z ∈ N(q, rλ, w)} depends only on Z in the region
given by union of sect(q, z, θ) and B(q, h). Since q ∈ Tn, then Z ∩ B(q, h) = {q}
and so event {z ∈ N(q, rλ, w)} depends only on Z in sect(q, z, θ).

By Lemma 10, there exists x0(θ) > 0, if z is a point such that distH2(q,B(z, h)) ≥
x0, then B(z, h) ⊆ sect(q, z, θ). Choose λ0 > 0 such that for any λ < λ0,
rλ−w−h > x0. Thus distH2(q,B(z, h)) ≥ x0 and so Z∩B(z, h) ⊆ Z∩sect(q, z, θ).

�

Lemma 44 For all ε, w, θ > 0, there exists h0(w, θ) > 0, such that for all h > h0,
there exists λ0(ε, w, h, θ) > 0 such that for λ < λ0, given the tree Tn for some
n ∈ N and if q is at the front of the queue, then

E(q, Tn) ⊆ H2\ sect(q, tq, θ) ⊆ sect(tq, q, θ)

where tq is the parent of q.

Proof. Let h > h0 and λ < λ0 given by Lemma 43. When q is at the front
of the queue, we first observe which elements of Zb are in ann(q, rλ − w, rλ +
w)\ sect(q, tq, θ) ⊆ H2\ sect(q, tq, θ).Given Z∩(ann(q, rλ−w, rλ+w)\ sect(q, tq, θ)),
we can determine which Ai(q, tq) hold and for which Ri(q, tq) there exists z ∈ Zb
such that Zb∩Ri(q, tq) = {z}. We only consider z ∈ Zb such that Zb∩Ri+1(q, tq) =
{z} and Ai(q, tq) ∩ Ai+2(q, tq) for some i ∈ [m − 2] for possible children. Thus
z 6∈ R1(q, tq) ∪ Rm(q, tq). By Lemma 43, the event Bi+1(q, tq) depends only on
Z ∩ sect(q, z, θ). Since z ∈ ann(q, rλ − w, rλ + w)\ sect(q, tq, 3θ), then

sect(q, z, θ) ⊆ H2\ sect(q, tq, θ).

Hence E(q, Tn) ⊆ H2\ sect(q, tq, θ).
By Corollary 11, there exists x0(θ) = x0 > 0, such that if distH2(q, tq) ≥ x0,

then H2\ sect(q, tq, θ) ⊆ sect(tq, q, θ). There exists λ′0 > 0 such that rλ′0 − w > x0

and so for λ < λ′0, distH2(q, tq) > rλ′0 −w > x0. So we take λ < min{λ0, λ
′
0}. Then

we can determine all children of q by only considering

Z ∩ (H2\ sect(tq, q, θ)) ⊆ Z ∩ sect(tq, q, θ).

�

Corollary 45 Consider two steps n < n′ ∈ N in the process: Tn with q at the
front of the queue and Tn′ with q′ at the front of the queue. For all ε, w, θ > 0,
there exists h0(w, θ) > 0, such that for all h > h0, there exists λ0(ε, w, h, θ) > 0
such that for λ < λ0, if q is not an ancestor of q′, E(q, Tn) and E(q′, Tn′) are
disjoint. (Since q is before q′ in the queue, q is not an ancestor of q′.)
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Proof. By Lemma 44, there exists h0 > 0 such that for h > h0, there exists
λ0 > 0 such that for λ < λ0, we have a nesting property: Suppose q is at the front
of the queue and the current tree is Tn, for any qc ∈ children(q, Tn), if qc is at the
front of the queue at n∗, then

E(qc, Tn∗) ⊆ sect(q, qc, θ) ⊆ H2\ sect(q, tq, θ) ⊆ sect(tq, q, θ).

Hence every E(qc, Tn∗) ⊆ sect(tv, v, θ) where v is an ancestor of qc in Tn∗ and tv
is v’s parent in Tn∗ .

If q is not an ancestor of q′ and q is not an ancestor of q′, there exists a
last common ancestor a ∈ Tn′ and two children b, c ∈ Tn′ of a such that b is
an ancestor of q and c is an ancestor of q′. Since E(q, Tn) ⊆ sect(a, b, θ) and
E(q, Tn′) ⊆ sect(a, c, θ); and sect(a, b, θ) ∩ sect(a, c, θ) = ∅, E(q, Tn) and E(q′, Tn′)
are disjoint.

�.

Now we must show the ancestors will also have no impact on the process.

Lemma 46 Consider two steps n < n′ ∈ N in the process: Tn with q at the front
of the queue and Tn′ with q′ at the front of the queue. For all ε, w, θ > 0, there
exists h0(w, θ) > 0, such that for all h > h0, there exists λ0(ε, w, h, θ) > 0 such
that for λ < λ0, if q is an ancestor of q′, E(q, Tn) and E(q′, Tn′) are disjoint.

Proof. First suppose q is the parent of q′. To determine the region E(q, Tn) we
first observe all the black points in ann(q, rλ−w, rλ +w)\ sect(q, tq, θ) where tq is
the parent of q. Since this set is a subset of the disk B(q, rλ +w) and q′ is within
2w of the boundary of B(q, rλ +w), by Lemma 13, there exists d0(θ, 2w) > 0 such
that for all h > d0,

B(q, rλ + w) ⊆ sect(q′, q, θ) ∪B(q′, h).

Since E(q′, Tn′) ⊆ H2\(sect(q′, q, θ)∪B(q′, h)), the exploration region q′ is disjoint
from ann(q, rλ − w, rλ + w)\ sect(q, tq, θ).

We now show the regions revealed when checking which black points in ann(q, rλ−
w, rλ + w)\ sect(q, tq, θ) are in children(q, Tn). We first deal with q′. Suppose q′

is in Ri+1(q, tq) for q and i ∈ [m − 1]. Let the isometry φ be such that φ(o) = q
and φ(x) = q′ for some x on the positive x-axis. By Remark 15, there exists
h′0(w, θ) > 0 such that for all λ > 0, and h > h′0, the event x ∈ N(o, rλ, w) de-
pends only on Z in the region given by union of sect(x, o, θ) and B(x, h). Thus
applying φ to these regions, the event q′ ∈ N(q, rλ, w) depends only on Z in the
region given by union of sect(q′, q, θ) and B(q′, h). Since q′ ∈ children(q, Tn), then
Z ∩B(q′, h) = {q′} before E(q′, tn′) is determined. Hence E(q′, tn′)∩B(q′, h) = ∅.
Let h0 := max{d0, h

′
0} and fix h > h0. Then the region that was used to determine

if q′ ∈ children(q, Tn) is disjoint from E(q′, tn′).
Now we handle the other black points in ann(q, rλ − w, rλ + w)\ sect(q, tq, θ).

Since q′ ∈ children(q, Tn), then Ai(q, tq) and Ai+2(q, tq) must hold. For j 6= i,



4.2. THE UPPER BOUND 63

by Lemma 43, if Aj(q, tq) ∩ Aj+2(q, tq) and there exists z ∈ Zb such that Zb ∩
Rj+1(q, tq) = {z}, the event Bj+1(q, tq) is determined by only Z ∩ sect(q, z, θ).
Since Ri(q, tq) and Ri+2(q, tq) do not contain black points, sect(q, z, θ) must be
disjoint from sect(q, q′, θ) ⊇ E(q′, Tn′). Hence E(q, Tn) ⊆ sect(q, q′, θ) ∪B(q′, h).

So we have shown the region used to determine the children of q′ is disjoint
from the region used to determine the children of its parent.

If q is an ancestor that is not the parent of q′, then let q1, ..., qt be the sequence
of vertices from q and q′ in Tn′ where q1 = q and qt = q′, then

E(q, Tn) ⊆ sect(q2, q1, θ) ∪B(q2, h).

SinceB(q2, h) ⊆ sect(q3, q2, θ) and, as in Lemma 44, sect(qi+1, qi, θ) ⊆ sect(qi+2, qi+1, θ)
for all i ∈ [t− 2]. Thus

sect(q2, q1, θ) ∪B(q2, h) ⊆ sect(qt, qt−1, θ).

As

E(q′, Tn′) ⊆ H2\ sect(qt, qt−1, θ),

the pair E(q′, Tn′) and E(q, Tn) are disjoint.
�

Remark 47 As E(·, Tn) is disjoint from all previous exploration regions and the
construction of children(·, Tn) follows the same deterministic rules given Z ∩
E(·, Tn) for each vertex when it is at the front of the queue, the law of | children(·, Tn)|
is the same and independent of the construction of Tn. i.e. Tn is a Galton-Watson
process.

Proposition 42 follows from the above remark and the following lemma.

Lemma 48 For 0 < ε < 1, there exists w(ε), θ(w, ε), h(w, θ), λ0(ε, w, h, θ) > 0
such that for λ < λ0, if we set p = (1 + ε)3λ/π, given the tree Tn and q is at the
front of the queue for some n ∈ N,

E[| children(q, Tn)|] > 1.

Proof. By Corollary 45 and Lemma 46, for all ε, w, θ > 0, there exists h0(w, θ) >
0, such that for all h > h0, there exists λ0(ε, w, h, θ) > 0 such that for λ < λ0, the
region E(q, Tn) is not observed in the construction of Tn. Let tq be the parent of
q in Tn.

Let

S.Angle = {z ∈ ann(q, rλ − w, rλ + w)\ sect(q, tq, θ) :

∃z′ ∈ Zb ∩ ann(q, rλ − w, rλ + w)\ sect(q, tq, θ) such that ∠zqz′ ≤ 2θ}.
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If there is a black element z ∈ N(q, rλ, w)∩Ri+1(q, tq) such that B(z, h)∩Z =
{z} and the angle ∠zqz′ exceeds 2θ for all z′ ∈ ann(q, rλ−w, rλ+w)\ sect(q, tq, θ),
then Ai(q, tq)∩Bi+1(q, tq)∩Ai+2(q, tq) holds. So every black element of N(q, rλ, w)
in

ann(q, rλ − w, rλ + w)\ sect(q, tq, θ)

such that B(z, h) ∩ Z = {z} that does not belong to S.Angle is a child of q.
So we 1) find a lower bound on the expected number of black elements of

N(q, rλ, w) in
ann(q, rλ − w, rλ + w)\ sect(q, tq, θ)

such that B(z, h)∩Z = {z}, given B(q, h)∩Zq = {q}. Then 2) if we subtract off
the expected size of S.Angle, we have a lower bound on the expected number of
children.

First we bound 1). We start with the expected number of black elements of
N(q, rλ, w) in

ann(q, rλ − w, rλ + w),

given B(q, h)∩Zo = {q}. By Lemma 22 and Lemma 23, there exists w(ε/100) > 0
and λ′0 > 0 such that for λ < λ′0, the expected number of black elements of
N(q, rλ, w) in

ann(q, rλ − w, rλ + w),

given B(q, h) ∩ Zo = {q} is at least

pEZq [|N(q)|](1− ε/100)(1−O(λ)).

The (1−O(λ)) is due to conditioning on B(q, h) ∩ Zo = {q}.
Since rotation around the origin is an isometry on H2, the number of black

neighbours in each sector in ann(q, rλ − w, rλ + w) has the same distribution.
So removing the the sector sect(q, tq, θ) decreases the expected number of black
neighbours by a factor of 1− θ/(2π).

Now we need to remove the black points that fail to have B(z, h) ∩ Z = {z},
this will decrease the expectation by a factor of 1−O(λ).

Thus 1) is at least

pEZq [|N(q)|](1− ε/100)(1− θ/(2π))(1−O(λ)).

By Proposition 30, there exists λ′′0 > 0 such that for λ < λ′′0 ,

pEZq [|N(q)|] > (1 + ε)(1− ε/100).

Once w is fixed, the expected number of black points falling in ann(q, rλ −
w, rλ + w)\ sect(q, tq, θ) is O(ew). Hence, 2) the expected number of black points
such that the angle made between them and q is less than 2θ can be made arbi-
trarily small (for example < ε/100) based on our choice of θ (depending on w and
ε) and so that also θ/(2π) < ε/100.
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Hence for ε < 1, there exists λ∗0 > 0 such that for λ < λ∗0,

E[| children(q, Tn)|] > (1 + ε)(1− ε/100)4 > 1.

�

4.3 The Lower Bound

Proposition 49 For all ε > 0, there exists λ0(ε) = λ0 such that for λ < λ0,

pc(λ) ≥ (1− ε)πλ
3
.

Fix ε > 0 and consider p < (1 − ε)λπ3 . For the lower bound, we focus on
bounding the expected number of sets of black points in Zb such that the induced
graph of these points is an infinite path of adjacent Voronoi cells from the origin
for Zo = Z ∪ {o}.

Recall D(x1, x2) is the open disk with diameter x1x2 and D(x1, x2, x3) is the
open disk determined by the points (x1, x2, x3), when it exists. See Figure 1.7
for an example where D(x1, x2, x3) does not exist. By Lemma 19, if z, z′ ∈ Z
and z ∈ N(z′) then either D(z, z′) ∩ Z = ∅ or there exists precisely one element
z′′ ∈ D(z, z′)∩Z such that D(z, z′, z′′) exists and D(z, z′, z′′)∩Z = ∅. Also recall
the notation, rλ = 2 log(1/λ). Let Zob := Zb∪{o}. We construct a graph G = (V,E)
where the vertex set is V = Zob and the edge set is

E = {zz′ : z, z′ ∈ Zob , z′ ∈ N(z)}.

Since z′ ∈ N(z) =⇒ z ∈ N(z′), we take the edges to be undirected. We will call
G the adjacency graph. If the connected subgraph of G containing o is infinite,
then percolation occurs. To simplify the calculations, we will add additional edges
to G, which can only increase the probability of percolation. Let Gw := G(V,Ew)
where

Ew = E ∪ {zz′ : z, z′ ∈ Zob , 0 < distH2(z, z′) ≤ rλ − 4w}.

By adding these short edges, if two points z and z′ are close enough together, we
do not need to check if D(z, z′) is Z-free nor find a third point to make a disk that
is Z-free. So for these edges, we will not have an associated disk that we will need
to keep track of.

We will fix a large k > 0 and consider sub-paths of length at most k from each
of these infinite induced paths. For each edge that is longer than rλ− 4w in these
sub-paths, there will be an associated disk that must be Z-free. These disks will
either have the edge as a diameter (if the edge is a Gabriel edge) or there will be a
third point so that the two end points and this third point determine the disk (if
the edge is a Delaunay edge that is not a Gabriel edge). We will also require these
sub-paths to satisfy some geometric constraints on all but the last edge. Clearly
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for an infinite path we can construct an infinite number of these sub-paths (we
can always take up to k edges until the last edge fails the geometric conditions).
However, we would like to take specific sub-paths to limit the dependence.

Lemma 50 Almost surely, for any disk D there are a finite number of edges
between black points with an associated disk that overlaps D.

We delay the proof of this lemma to Section 4.3.3.
So for an infinite induced black path from the origin, we construct the first

sub-path of maximum length (≤ k) which satisfies the geometric constraints. By
the previous lemma, if there is an edge used by the path such that its associated
disk overlaps at least one of the disks associated to the previous sub-path, there
is a final such edge. If no such edge exists, take the first edge in the induced path
after the sub-path. That edge will be our first edge in our new sub-path (again of
maximum possible length). From this sub-path, we repeat the process of finding
the next final edge and the next sub-path. Hence the n-th sub-path for each path
is well defined. Each sub-path has an edge it starts from which “links” it to the
previous sub-path.

The link conditions:

1. The first edge is one of the following:

� belongs to CloseEdge (defined in Section 4.3.3)

� begins from the last vertex in the previous sub-path and is not an
element of CloseEdge

� Does not belong to the previous two categories but the edge’s associated
disk overlaps at least one of the disks associated with the previous sub-
path.

2. If there is a disk associated with the first edge, then the disk does not overlap
any disk associated with sub-paths before the most recent one.

3. The disk associated to any other edge in the new sub-path does not overlap
any disk associated with any previous sub-path.

An deletion walk deletes elements Z and their Voronoi cells as we traverse edges
and determines the new adjacencies among the remaining cells from elements of
Z. After the edge xx′ is traversed from x to x′, x is deleted from Z, if the edge
is a Delaunay edge that is not a Gabriel edge, the third point on the disk is also
deleted. Let the deletion sequence be the set of vertices from edges traversed.

Remark 51 Since the third point on the disk for any Delaunay edge cannot ever
be used by an induced infinite path (otherwise a cycle will exist), any sequence of
points that induce an infinite path from a starting point is also an infinite deletion
sequence.
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Given the above remark, it is sufficient to bound the expected number of
sub-paths for infinite deletion sequences of black points. These sequences are
computationally easier to work with. The bounds discussed in Lemma 50 still
hold and so for each one of these infinite deletion sequences of black points from
the origin, there is a well defined n-th sub-path. Let I(n,Zo) be the collection
of the n-th sub-paths used by infinite deletion sequences of black points from the
origin and Mn(Zo) = |I(n,Zo)|. At times, we may refer to these sequences as
paths even though they may not be a path in the original graph.

Lemma 52 If the origin is part of an infinite black component in Zo, then almost
surely for all n ∈ N, Mn(Zo) ≥ 1.

Proof. If the number of neighbour (black or white) of every cell is finite, then an
infinite black component must contain an infinite black path and, consequently,
an induced infinite black path.

So all we must show is that almost surely, the number of neighbours of every
cell is finite. Consider the sequence of balls {B(o, i)}i∈N. Recall N(x,Z) return
the number of neighbours of x. Let Ai =

∑
x∈Z N(x,Z)1[x ∈ B(o, i)]. Then

Eλ,p [Ai] = Eλ,p

[∑
x∈Z

N(x,Z)1[x ∈ B(o, i)]

]

=

∫
B(o,i)

Eλ,p[N(x,Zx)]λdx

=

∫
B(o,i)

Eλ,p[N(o,Zo)]λdx

=

∫
B(o,i)

6(1 +
1

2πλ
)λdx

= 6(1 +
1

2πλ
)λ areaH2(B(o, i)).

In the second line, we use the Campbell-Mecke formula. In the third line, we apply
an isometry to Z which maps x to o. The fourth line is the result of Isokawa [15].

Hence for all i ∈ N, Eλ,p [Ai] <∞ and so Pλ,p [Ai =∞] = 0. Since B(o, i)↗ H2

as i −→∞, almost surely, there is no z ∈ Z such that the cell CH2(z) has infinite
degree. �

If Pλ,p(percolation) > 0, then there is a positive probability c > 0 that the
origin is part of an infinite black component in Zo. Hence Eλ,p[Mn(Zo)] ≥ c for
all n ∈ N. On the other hand, for small enough λ and p = (1−ε)πλ/3, we will show
in Lemma 55 there exists a 0 < δ < 1 such that for any n, E[Mn(Zo)] = O(δn).
Thus there exists sufficiently large N such that Eλ,p[MN (Zo)] = O(δN ) < c and
so Pλ,p(percolation) = 0.

To bound E[Mn(Zo)], we make significant use of the Campbell-Mecke formula
and an inductive argument. Let αi denote the type of the i-th sub-path and



68 CHAPTER 4. THE CRITICAL PROBABILITY AS λ↘ 0

let βn = (α1, . . . , αn). Each sub-path of type αi is an element in the Cartesian
product α = {near,far} × [k]× {L,L+ 1, . . .} × {0, 1}k × {good,short,big,acute}.
If the first entry of the tuple is “far” then one of the endpoints of the first edge
exceed L/2 from the disks given by the previous sub-path and L from the second
vertex of the last edge in the previous sub-path. Otherwise near holds.

The second entry in the tuple is the number of edges in the sub-path. Let j(αi)
return the second entry. If the third entry is L, then the radius of the associated
disk to the last edge in αi is at most L. Otherwise, the entry is the ceiling of radius
of this disk. Let r(αi) return the third entry of αi. The fourth entry determines
the edge type for each edge in the sequence (Gabriel or ¬Gabriel). The last entry
determines which geometric condition on the final edge fails (See Section 4.3.2).

Not every sub-path requires the same number of elements of Z to construct.
So let zαi be a subset of Z of the correct size to make the sub-path of type αi
and with an abuse of notation let (H2)αi = (H2)|z

αi |. Some of these points will
be the endpoints of the edges and the other points are on the boundary of the
associated disks. Let N(αi) denote number of black points needed to make the
edges. The function Fαi(z

αi ,Z) evaluates to 1 if each zai is a sub-path of type αi,
otherwise 0. Note that not every element in α is a type; for a non-type element
α ∈ α, Fα will also be zero regardless of the input. The function Gβn(zβn) equals
1 if the sub-paths satisfy the link conditions and the elements of zβn are distinct,
otherwise Gβn(zβn) = 0. So

Eλ,p[Mn(Zo)] = Eλ

 ∑
βn∈an

∑
zα1⊆Z

pN(α1) · · ·
∑

zαn⊆Z

pN(αn)Gβn(zβn)

n∏
i=1

Fαi(z
αi ,Z)

 .
In the next section we focus on bounding Eλ,p[Mn(Zo)].

4.3.1 Inductive argument for infinite deletion sequence

Outline for bounding Eλ,p[Mn(Zo)]

To bound Eλ,p[Mn(Zo)], we consider the possible choices of the last sub-path.
Recall r(α) returns (roughly) the radius of the last disk in the sub-path and j(α)
returns the number of edges in the sub-path α.

Let

α(r, j) := {α ∈ α : r(α) = r, j(α) = j}.

We can bound Eλ,p[Mn(Zo)] by computing the expectation over each choice of r
and j:

Eλ,p[Mn(Zo)] =

∞∑
r=L

k∑
j=1

t(n, r, j)
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where t(n, r, j) equals

∑
αn∈α(r,j)

∑
βn−1∈αn−1

Eλ

 ∑
zα1⊆Z

pN(α1) · · ·
∑

zαn⊆Z

pN(αn)Gβn(zβn)

n∏
i=1

Fαi(z
αi ,Z)

 .
We then show there is a function h(r, j) which bounds the growth in expec-

tation as n increases: We will show for the right choice of k and δ, we have the
inequality t(n, r, j) ≤ δn−1h(r, j). (We show this by induction.) The function
h(r, j) will decay rapidly with r and will be small for most choices of j, so that

Eλ,p[Mn(Zo)] ≤ δn−1
∞∑
r=L

k∑
j=1

h(r, j) ≤ δn.

Bounding Eλ,p[Mn(Zo)]

Using the Campbell-Mecke formula we can push the expectation inside and the
sums involving each zαi become integrals over H2 multiplied by λ.

We focus on the key part of the integrand:

Gβn(zβn)Eλ

[
n∏
i=1

Fαi(z
αi ,Z ∪ zβn)

]
.

Let G′(zαn−1 , zαn) equal 1 when the first disk from zαn overlaps one of the
disks given by zαn−1 .

Lemma 53

Gβn(zβn)Eλ

[
n∏
i=1

Fαi(z
αi ,Z ∪ zβn)

]
= Gβn(zβn)Eλ

[
n−1∏
i=1

Fαi(z
αi ,Z)

]
×

Eλ
[
Fαn(zαn ,Z)|Fαn−1

(zαn−1 ,Z) = 1
]

is at most

Gβn−1(zβn−1)Eλ

[
n−1∏
i=1

Fαi(z
αi ,Z)

]
G′(zαn−1 , zαn)×

Eλ
[
Fαn(zαn ,Z)|Fαn−1(zαn−1 ,Z) = 1

]
.

Proof. Recall the function Fαn(zαn ,Z) evaluates to 1 if zan is a sub-path of type
αn, otherwise Fαn(zαn ,Z) = 0 . We check if the set of disks D1, ..., Dj (given by
zαn) are Z-free where j is the number of edges (the second entry of αn) and some
geometric conditions on the points in zαn . The two exceptions: if the first entry
of αn is “near,” we do not check if D1 is Z-free. If the last entry of αn is “short”,
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the last edge is short and so there is no associated disk Dj . Since we consider only
deletion sequences, if zβn are the points in the sequence so far, we do not check if
the disks are zβn -free. Hence Fαn(zαn ,Z ∪ zβn) = Fαn(zαn ,Z). The requirement
Gβn(zβn) ensures none of D1, , ..., Dj intersect the disks given by za1 , . . . , zan−2 .

Hence

Gβn(zβn)Eλ

[
n∏
i=1

Fαi(z
αi ,Z ∪ zβn)

]
equals

Gβn(zβn)Eλ

[
n−1∏
i=1

Fαi(z
αi ,Z)

]
Eλ
[
Fαn(zαn ,Z)|Fαn−1(zαn−1 ,Z) = 1

]
.

We also note that Gβn(zβn) ≤ Gβn−1(zβn−1)G′(zαn−1 , zαn). �

Recall α(r, j) := {α ∈ α : r(α) = r, j(α) = j}. The following proposition
captures how the process grows.

Proposition 54 For all ε > 0, there exist k ∈ N, δ ∈ (0, 1), λ0 > 0 and a function

h(r, j) such that for all λ < λ0, r, r
′ ≥ L and j, j′ ∈ [k]. For p = (1−ε)πλ

3 and
αn−1 ∈ α(r′, j′), if n > 1, then∑
αn∈α(r,j)

pN(αn)

∫
(H2)αn

G′(zαn−1 , zαn)Eλ
[
Fαn(zαn ,Z)|Fαn−1

(zαn−1 ,Z) = 1
]
λαndzαn

is at most

j′λer
′
h(r, j).

If n = 1, then∑
α1∈α(r,j)

pN(α1)

∫
(H2)α1

Eλ [Fαn(zαn ,Z)]λα1dzα1 ≤ h(r, j).

Additionally, h(r, j) satisfies

∞∑
r=L

k∑
j=1

h(r, j)jλer ≤ δ.

We will show how this proposition implies the exponential bound on the size of
E[Mn(Zo)] and hence Proposition 49 holds: pc(λ) ≥ (1− ε)πλ3 .

Lemma 55 For all ε > 0, there exists k ∈ N, δ ∈ (0, 1), λ0 > 0 such that for all

λ < λ0, if p = (1−ε)πλ
3 , then for all n ∈ N, E[Mn(Zo)] < δn.
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Proof. We have an intermediate claim. Recall t(n, r, j) equals

∑
βn−1∈αn−1

∑
αn∈α(r,j)

Eλ

 ∑
zα1⊆Z

pN(α1) · · ·
∑

zαn⊆Z

pN(αn)Gβn(zβn)

n∏
i=1

Fαi(z
αi ,Z)

 .
Let k, δ, h(·, ·) and λ0 be given by Proposition 54.

Claim 56

t(n, r, j) ≤ δn−1h(r, j).

We prove this claim by induction on n. t(n, r, j) equals

∑
βn−2∈αn−2

∞∑
r′=L

k∑
j′=1

∑
αn−1∈α(r′,j′)

pN(α1) · · · pN(αn−1)×

Eλ

 ∑
αn∈α(r,j)

∑
zα1⊆Z

· · ·
∑

zαn⊆Z

pN(αn)Gβn(zβn)

n∏
i=1

Fαi(z
αi ,Z)

 .
By Lemma 53, the expectation in the above expression is at most∫

(H2)α1

· · ·
∫

(H2)αn−1

Gβn(zβn−1)Eλ

[
n−1∏
i=1

Fαi(z
αi ,Z)

] ∑
αn∈α(r,j)

pN(αn)×

∫
(H2)αn

G′(zαn−1 , zαn)Eλ
[
Fαn(zαn ,Z)|Fαn−1(zαn−1 ,Z) = 1

]
λβn−1dzβn−1 .

By Proposition 54, the expectation is at most

j′λer
′
h(r, j)

∫
(H2)α1

· · ·
∫

(H2)αn−1

Gβn(zβn−1)Eλ

[
n−1∏
i=1

Fαi(z
αi ,Z)

]
λβn−1dzβn−1 .

Using the Campbell-Mecke formula in the opposition direction, the above quantity
equals

j′λer
′
h(r, j)Eλ

 ∑
zα1⊆Z

· · ·
∑

zαn−1⊆Z

Gβn(zβn−1)

n−1∏
i=1

Fαi(z
αi ,Z)

 .
Using this bound on

Eλ

 ∑
αn∈α(r,j)

∑
zα1⊆Z

· · ·
∑

zαn⊆Z

pN(αn)Gβn(zβn)

n∏
i=1

Fαi(z
αi ,Z)

 ,
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we have following relationship:

t(n, r, j) ≤
∞∑
r′=L

k∑
j′=1

t(n− 1, r′, j′)j′λer
′
h(r, j)

≤ δn−2
∞∑
r′=L

k∑
j′=1

h(r′, j′)j′λer
′
h(r, j)

≤ h(r, j)δn−2
∞∑
r′=L

k∑
j′=1

h(r′, j′)j′λer
′

≤ h(r, j)δn−2δ.

In the second line, we use the inductive hypothesis. The last inequality also holds
by Proposition 54.

Additionally, the base case n = 1 is given by Proposition 54 and so the claim
holds.

We note that Eλ,p[Mn(Zo)] =
∑∞
r′=L

∑k
j′=1 t(n, r

′, j′). So if we sum over r′

and j′,

Eλ,p[Mn(Zo)] =

∞∑
r′=L

k∑
j′=1

t(n, r, j)

≤ δn−1
∞∑
r′=L

k∑
j′=1

h(r′, j′)

≤ δn.

�

Fix αn−1 ∈ α(r′, j′). We focus on understanding

pN(αn)

∫
(H2)αn

G′(zαn−1 , zαn)Eλ
[
Fαn(zαn ,Z)|Fαn−1

(zαn−1 ,Z) = 1
]
λαndzαn .

If we let vi be the first candidate edge in Fαi(z
αi ,Z) and Vi(z

αi) be the event
that vi is an edge. Among the events determining Fαn(zαn ,Z), only the event
Vn is dependent on Z in the disks given by zan−1 and the remaining events are
independent of Z in disks given by zan−1 .

Thus

G′(zαn−1 , zαn)Eλ
[
Fαn(zαn ,Z)|Fαn−1(zαn−1 ,Z) = 1

]
equals

G′(zαn−1 , zαn)Eλ [Fαn(zαn ,Z)|Vn(zαn)]Eλ
[
1[Vn(zαn)]|Fαn−1

(zαn−1 ,Z) = 1
]
.
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If αn only has one edge then αn is of the form {far, 1, r, {0, ..., 0},big} or
{far, 1, r, {1, 0, ..., 0},big} for r > L. In these cases,

Eλ [Fαn(zαn ,Z)|Vn(zαn)] = 1.

Let α(r) := {{far, 1, r, {0, ..., 0},big}, {far, 1, r, {1, 0, ..., 0},big}}. Then∑
αn∈α(r)

pN(αn)

∫
(H2)αn

G′(zαn−1 , zαn)Eλ
[
1[Vn(zαn)]|Fαn−1

(zαn−1 ,Z) = 1
]
λαndzαn

is the expected number of edges such that the associated disk has radius in (r−1, r]
and overlap the Z-free disks given by zαn−1 and the edge is “far.” We show this
quantity is bounded by O(j′λer

′
e−Ω(λer)) when αn−1 ∈ α(r′, j′) in Section 4.3.3.

Every other type αn has more than one edge. In this case, αn can be split into
two parts. The first part α′n informs the type of the first edge in the sequence.
The second part α′′n informs the type of the remaining edges in the sequence.

Hence

pN(αn)

∫
(H2)αn

G′(zαn−1 , zαn)Eλ
[
Fαn(zαn ,Z)|Fαn−1

(zαn−1 ,Z) = 1
]
λαndzαn

equals

pN(α′n)

∫
(H2)α

′
n

G′(zαn−1 , zα
′
n)Eλ

[
1[Vn(zα

′
n)]|Fαn−1(zαn−1 ,Z) = 1

]
×

pN(α′′n)

∫
(H2)α

′′
n

Eλ
[
Fαn(zαn ,Z)|Vn(zα

′
n)
]
λα
′′
ndzα

′′
nλα

′
ndzα

′
n

when αn has more than one edge.
One of our tasks will be to show that if we are given the first edge, the number

of possible sub-paths that use that edge are quite small. The quantity∑
α′′n:αn∈α(r,j)

pN(α′′n)

∫
(H2)α

′′
n

Eλ
[
Fαn(zαn ,Z)|Vn(zα

′
n)
]
λα
′′
ndzα

′′
n

counts the expected number of sub-paths that can be constructed from the first
edge vn such that they use j > 1 edges and the radius of the disk associated with
the final edge is in (r − 1, r] for r > L. We bound this quantity in Section 4.3.4.

After we establish the above bound that does not depend on zα
′
n , all we need

to bound is

∑
α′n:αn∈α(r,j)

pN(α′n)

∫
(H2)α

′
n

G′(zαn−1 , zα
′
n)Eλ

[
1[Vn(zα

′
n)]|Fαn−1(zαn−1 ,Z) = 1

]
dzα

′
n .

This is the expected number of edges such that the associated disk has radius
at most L and overlaps the Z-free disks given by zαn−1 and the edge is “far” or
the edge is “close.” We will show this quantity is at most O(j′λer

′
) in Section

4.3.3.
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Figure 4.4: In this cartoon we have two paths of black points (blue) starting from
the origin and the associated disks DDel coloured black. The red points are a third
point needed for the Delaunay edges that are not Gabriel edges. On the left side,
the path satisfies the requirements (yet to be stated). On the right side, the path
does not meet the requirements (the final disk is too big).

4.3.2 Edge Function fS and the Disks D1, ..., Dj

In this section we focus on the sub-path construction. Recall each type of edge is
an element of {near,far} × [k]× {L,L+ 1, . . .} × {0, 1}k × {good,short,big,acute}.
We will largely focus on the third and fourth entry of the tuple: Specifying the
edge type and the geometric conditions.

We start by defining a function that evaluates to one for a sequence of points if
adding these points to the point process creates a sub-path from the origin o = x0.
We fix k ∈ N and S ⊆ [k]. For two tuples of points in H2 denoted x := (x1, ..., xk)
and yS (indexed by S), let zS denote concatenation of x, yS

fSj (zS ,Z) = 1 when

1. The elements of zS are all distinct.

2. If i 6∈ S and distH2(xi−1, xi) > rλ − 4w, then D(xi−1, xi) is Z\zS-free and

3. If i ∈ S, then distH2(xi−1, xi) > rλ−4w, yi ∈ D(xi−1, xi), and D(xi−1, xi, yi)
exists and is Z\zS-free.

Otherwise fSj (zS ,Z) = 0. The second condition checks that the edge is a
Gabriel edge. The third condition checks if the edge is a Delaunay edge that is
not a Gabriel edge. With a slight abuse of notation we often view zS , x, yS as sets.

Additionally, we specify the above disks

Di :=


D(xi−1, xi), if i 6∈ S, distH2(xi−1, xi) ≥ rλ − 4w

D(xi−1, xi, yi), if i ∈ S, distH2(xi−1, xi) ≥ rλ − 4w

∅ if distH2(xi−1, xi) < rλ − 4w.
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Of course we can identify S with an element of {0, 1}k. We also will specify
some geometric relationships between elements of zS in the next section.

Geometric Requirements

For distinct a, b, c ∈ H2, the rays
−→
ab and −→ac define two hyperbolic angles. Let ∠cab

denote the smaller of the two.
We will focus on sub-paths satisfying some reasonable geometric requirements.

Fix 0 ≤ j ≤ k and S ⊆ [k] and recall the definition of the disks Di from the
previous section.

1. Edges are not short:

g1,j(zS , λ, w) := 1[∀i ∈ [j] : rλ − 4w < distH2(xi−1, xi)].

2. Associated disks are not too big

g2,j(zS , λ, w) := 1[∀i ∈ [j] : the radius of Di is at most rλ/2 + w].

3. Angles with previous disks’ centres is not small: Let ρi denote the centre of
the disk Di when Di 6= ∅.

g3,j(zS , ξ) := 1[∀`, i ∈ [j] such that ` < i− 1 and D` 6= ∅ : ∠ρ`xi−1xi ≥ ξ].

We will also define

g+
2,j(r, zS , λ, w) := 1[the radius of Dj is in (r − 1, r]].

Note that we take [0] = ∅.
We will denote

gj(zS , λ, w, ξ) := g1,j(zS , w)g2,j(zS , λ, w)g3,j(zS , ξ)

and often suppress the input parameters of gi,j other than zS .

Remark 57 One important feature of our sub-paths is that if the sub-path has j
edges, then gj−1(zS , λ, w, ξ) = 1.

Recall from Section 1.2.3, for any disks D1 and D2,

ahd(D1, D2) = sup
x2∈D2

inf
x1∈D1

distH2(x1, x2).

When g1,j(zS , λ, w)g3,j(zS , ξ) = 1, we know the disks are large and the angle
requirements prevent the disks from overlapping too much. In the following lemma,
we show that we can make the asymmetric ahd between disks arbitrarily large by
taking λ small enough.
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Lemma 58 Given a′, w, ξ > 0, there exists λ0(a′, w, ξ) > 0 such that for λ < λ0

and all j, k ∈ N such that j ≤ k, and for all S ⊆ [k], if the tuple zS is such that
g1,j(zS , λ, w)g3,j(zS , ξ) = 1, then for 1 ≤ ` < i ≤ j, ahd(D`, Di) > a′.

Proof. Given ξ, let C(ξ) be the constant given by Lemma 9. Let λ0 > 0 be such
that (rλ0 − 4w)/2− C(ξ) ≥ a′. For λ < λ0, fix ` < i ≤ j. We first note that when
g1,j(zS , λ, w) = 1, then D` 6= ∅ and Di 6= ∅. So ahd(D`, Di) is well defined. Recall
that ρi is the centre of Di and bi is the centre of D(xi−1, xi) and bi will always be
in Di.

Since bi is on the line segment xi−1xi, the angles ∠ρ`xi−1bi and ∠ρ`xi−1xi
are the same. So if g3,j(zS , ξ) = 1 holds, then both angles are at least ξ. By
Lemma 9, we have the following relationship among the side lengths of the triangle
∆ρ`xi−1bi :

distH2(ρ`, bi) ≥ distH2(ρ`, xi−1) + distH2(xi−1, bi)− C(ξ).

Consider p ∈ D`. Then

distH2(bi, p) ≥ distH2(ρ`, bi)− distH2(ρ`, p)

≥ distH2(ρ`, xi−1)− distH2(ρ`, p) + distH2(xi−1, bi)− C(ξ)

≥ distH2(xi−1, bi)− C(ξ)

≥ (rλ − 4w)/2− C(ξ)

≥ a′.

The first line is the triangle inequality and the third line follows from xi−1 6∈
D` : distH2(ρ`, xi−1) ≥ distH2(ρ`, p). The fourth line holds since distH2(xi−1, xi) ≥
rλ − 4w when g1,j(zS , λ, w) = 1 and bi is the midpoint of xi−1 and xi. Since
rλ0 < rλ, the last line holds. �

Now it may be that the last disk Dj does not satisfy the geometric require-
ments. But so long as g1,j−1(zS , λ, w) = g3,j−1(zS , ξ) = 1 holds, then Dj will still
have a large ahd from all the disks except Dj−1 :

Corollary 59 Given a′, w, ξ > 0, there exists λ0(a′, w, ξ) > 0 such that for λ < λ0

and all j ∈ N and all S ⊆ [j], if the tuple zS is such that g1,j−1(zS , λ, w) =
g3,j−1(zS , ξ) = 1, then for 1 ≤ ` < j − 1, ahd(D`, Dj) > a′.

Proof. When g1,j(x, λ,w) = g3,j(x, ξ) = 1, if we replace bi with xi from the above
proof, we establish that distH2(xi, p) ≥ a′ for i ≤ j−1. Hence distH2(xj−1, p) ≥ a′.
Since xj−1 is on the boundary of Dj , for 1 ≤ ` < j − 1, ahd(D`, Dj) > a′. �

Now for sub-paths of length k which satisfy all the geometric requirements,
there is only one last piece of information necessary to inform its type, if the first
edge is “close” to the previous sub-path which we address in the next section.



4.3. THE LOWER BOUND 77

By Lemma 58, the geometric constraints ensure that the disks D1, ..., Dk only
overlap in a small region and so the probability that they are Z-free are nearly
independent.

We will also consider shorter sub-paths that fail the geometric requirements at
their last edge, the j-th edge for 1 ≤ j ≤ k. The type of the sub-path determines
how the sub-path must fail the geometric requirements. The type will also deter-
mine what unit interval the radius of Dj must fall in if the radius of Dj exceeds
rλ + w.

We will choose the parameters of geometric constraints in such a way that
very few paths will fail to satisfy the geometric constraints. However we defer the
accounting of options until Section 4.3.4.

4.3.3 Restart Edges

We restart the process from an edge, so in this section we count the expected
number of ways to do so. For this section let D1, ..., Dj be the set of disks given
by zαn−1 , the set of points corresponding the the previous sub-path of type αn−1.
If we condition on Fαn−1

(zαn−1 ,Z) = 1, then the radii of D1, ..., Dj−1 are all at
most L = rλ/2 + w and the radius of Dj is at most rn−1 and each disk is Z-free.

Let RestartEdges(zαn−1 ,Z) be the set of edges between black points such that
the associated disk overlaps the disks given by zαn−1 or one of the edges endpoints
is the last vertex in the sub-path given by zαn−1 . More precisely, let End(zαn−1)
be the last vertex in the sub-path given by zαn−1 .

RestartEdges(zαn−1 ,Z) := {(x, x′) ∈ E(Gw(Z)) : distH2((x, x′)) ≥ rλ − 4w,

cl(DDel(x, x
′)) ∩ (∪ji=1 cl(Di)) 6= ∅,∀i DDel(x, x

′) 6= Di} ∪ · · ·
{(End(zαn−1), x′) ∈ E(Gw(Z)) : ∀i DDel(End(zαn−1), x′) 6= Di}.

where cl denotes the topological closure. We use the closure of the disks to include
the situation where DDel(x, x

′) and Di are tangent (almost surely, this does not
occur).

We first sum over types such that r(α′n) = L and the first edge is close: More
formally, let

CloseEdges(zαn−1 ,Z) := {(x, x′) ∈ RestartEdges(zαn−1 ,Z) :

distH2(x,∪ji=1Di),distH2(x′,∪ji=1Di) ≤ L or distH2(x,End(zαn−1)),distH2(x′, z) ≤ 2L}

where z is the second vertex of the final edge in zαn−1 .
We can quickly bound the expected size of CloseEdges by calculating the ex-

pected number of black points within L/2 of at least one of the disks D1, .., Dj or
within L of the second vertex of the final edge in zαn−1 .

Lemma 60 For all k ∈ N, there exists λ0(k) > 0 for all 0 < λ < λ0 and j ≤ k, if
αn−1 ∈ α(rn−1, j) then

Eλ,p[|CloseEdges(zαn−1 ,Z)||Fαn−1
(zαn−1 ,Z) = 1] ≤ O(jλern−1).
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Proof. The set of black points (Zb) is a Poisson point process with intensity
pλ. Let D1, ..., Dj be the disks given by zαn−1 (Dj may be the empty set when
rn−1 = L). Let R be the region within L/2 of a disk in D1, .., Dj or within L of the

final point of zαn−1 but not in ∪ji=1Di. Given D1, .., Dj are Z-free, the expected
number of black points within L/2 of at least one of the disks D1, .., Dj or within
L of the final point of zαn−1 is p · λ areaH2(R). Since the radii of D1, ..., Dj−1 are
all at most L = rλ/2 + w and the radius of Dj is at most rn−1, then

areaH2(R) ≤ 2π cosh(rλ + w) + 2π cosh(rn−1 + rλ + w) +

j−1∑
i=1

2π cosh(rλ + w).

Hence

Eλ,p[|CloseEdges(zαn−1 ,Z)||Fαn−1(zαn−1 ,Z) = 1] ≤ O(pλ(jerλ+w + ern−1+rλ/2))

≤ O(jew + λern−1)

≤ O(jλern−1)

since rn−1 ≥ rλ/2 + w. �

Let RestartEdges(rn, z
αn−1 ,Z) be the set of edges between black points such

that the associated disk has radius between rn − 1 and rn and overlaps the disks
given by zαn−1 . More precisely, let RestartEdges(rn, z

αn−1 ,Z) be

{(x, x′) ∈ RestartEdges(rn, z
αn−1 ,Z)\CloseEdges(zαn−1 ,Z),

radius of DDel(x, x
′) ∈ (rn − 1, rn)}

There are two types of RestartEdges, those that use second vertex of the final
edge from zαn−1 : RestartEdges1(rn, z

αn−1 ,Z) and those that do not:

RestartEdges2(rn, z
αn−1 ,Z).

Lemma 61 There exists w0 > 0 for all k ∈ N and w > w0, there exists λ0(k) > 0
for 0 < λ < λ0, j ≤ k, and rn ≥ 1, if αn−1 ∈ α(rn−1, j), then

E[|RestartEdges1(rn, z
αn−1 ,Z)||Fαn−1

(zαn−1 ,Z) = 1] ≤ O(e−Ω(λern )).

Proof. Let x be the second vertex of the final edge in zαn−1 . Let D1, ..., Dj be the

disks given by zαn−1 . Conditioning on Fαn−1
(zαn−1 ,Z) = 1 removes Z ∪ (∪ji=1Di)

from Z. Let

h0(x′, rn, z
αn−1 ,Z) := 1[xx′ ∈ RestartEdges2(rn, z

αn−1 ,Zx\(∪ji=1Di))].

Then

Eλ,p[|RestartEdges1(rn, z
αn−1 ,Z)||Fαn−1

(zαn−1 ,Z) = 1]
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is at most
Eλ,p[

∑
x′∈Z

h0(x′, rn, z
αn−1 ,Z)].

By the Campbell-Mecke formula, Eλ,p[
∑
x′∈Z h0(x′, rn, z

αn−1 ,Z)] equals

p

∫
B(x,2rn)\B(x,rn)

Pλ(xx′ ∈ RestartEdges2(rn, z
αn−1 ,Zx,x

′
\(∪ji=1Di))λdx

′.

For x′ ∈ B(x, 2rn)\B(x, rλ + w),

Pλ(xx′ ∈ RestartEdges2(rn, z
αn−1 ,Zx,x

′
\(∪ji=1Di))

is no greater than

Pλ(xx′ is an edge in Zx,x
′
\(∪ji=1Di) and the radius of DDel(x, x

′) in (rn− 1, rn]).

Fix some 0 < ε < 1/100. Let a′ = maxj∈[k]{a′(ε, j)} > 0 be given by Lemma 24.
There exists λ0(k) such that rλ0

> a′ and so for all λ < λ0, distH2(x, x′) > a′. By
Lemma 24, the above probability is at most

eO(ελern )Pλ(xx′ is an edge in Zx,x
′

and the radius of DDel(x, x
′) in (rn − 1, rn]).

By Remark 25, there exists λ′0 such that for λ < λ′0, this quantity is bounded
above by

eO(ελern )3e−πλe
rn/e(1 + πλern).

If we change the coordinates to hyperbolic polar coordinates,

Eλ,p[
∑
x′∈Z

h0(x′, rn, z
αn−1 ,Z)] ≤ p

∫ 2rn

rn

eO(ελern )3e−πλe
rn/e(1 + πλern)λ2π sinh(r)dr

≤ p eO(ελern )3e−πλe
rn/e(1 + πλern)λ2π cosh(2rn)

≤ O(e−Ω(λern ))

�

Lemma 62 For each edge (x, x′) ∈ RestartEdges2(rn, z
αn−1 ,Z) with probability

one there exists y ∈ Z\{x, x′} such that cl(D(x, x′, y))∩ (∪ji=1 cl(Di)) 6= ∅ and the
radius of this disk is at least rn − 1.

Proof. Suppose (x, x′) ∈ RestartEdges2(rn, z
αn−1 ,Z). If (x, x′) is Delaunay

edge that is not a Gabriel edge, then there exists y ∈ Z such that DDel(x, x
′) =

D(x, x′, y). By Definition, cl(D(x, x′, y)) ∩ (∪ji=1 cl(Di)) 6= ∅ and the radius of
D(x, x′, y) is at least rn − 1.

If (x, x′) is a Gabriel edge, then D(x, x′) overlaps ∪ji=1Di. Then for y ∈ Z. The
segment xx′ divides D(x, x′) into two regions L is on the left of xx′ and in the
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orientation of x to x′ and R is on the right of xx′ and in the orientation of x to
x′. At least one cl(R) ∩ (∪ji=1 cl(Di)) or cl(L) ∩ (∪ji=1 cl(Di)) is non-empty.

Without loss of generality assume the former is non-empty. Consider the line
` in the orientation of x to x′ determined by xx′ and the points of Z to the left of
`, Z`. For each z ∈ Z`, the section D(x, x′, z) to the right of ` is a subset of R and
hence is Z-free. Almost surely, D(x, x′, z1) 6= D(x, x′, z2) for distinct z1, z2 ∈ Z`
and the radius D(x, x′, z1) exceeds the radius of DDel(x, x

′) : rn−1 and D(x, x′, z1)
contains cl(L). Additionally, for any distinct z1, z2 ∈ Z`, the section of D(x, x′, z1)
to the left of ` contains the section of D(x, x′, z2) to the left of ` or vice versa.
Thus there exists a z′ ∈ Z` such that the section of D(x, x′, z′) to the left of ` is
contained in every other section of D(x, x′, ·) to the left of `. Thus D(x, x′, z′) is
Z-free. �

We let FarDisk(rn, z
αn−1 ,Z) be the set of the disks constructed in the previous

lemma.

Remark 63 At most three edges can generate the same disk (The edges ab, bc,
and ac could all generate the disk D(a, b, c) under this construction). And so
|RestartEdges2(rn, z

αn−1 ,Z)| ≤ 3|FarDisk(rn, z
αn−1 ,Z)|.

In the remainder of this section we will focus on bounding

Eλ,p[|FarDisk(rn, z
αn−1 ,Z)||Fαn−1

(zαn−1 ,Z) = 1].

Recall that since we removed the set of CloseEdges, for these disks at least one of
the associated z1 and z2 are at least (rλ + w)/2 from ∪ji=1Di and at least rλ + w
from the end point of the last edge in zαn−1 .

Let s(z1, z2, z3) and ρ(z1, z2, z3) denote the centre and radius of D(z1, z2, z3),
respectively. The points zαn−1 determine the set of disks D1, ..., Dj . For measur-
able A ⊆ H2, given D1, ..., Dj are Z-free, let

µ1(A, rn, z
αn−1) := Eλ,p[|{s(z1, z2, z3) ∈ A :

D(z1, z2, z3) ∈ FarDisk(rn, z
αn−1 ,Z)}||Fαn−1

(zαn−1 ,Z) = 1].

We bound µ1 for balls centred at v with radius δ. Let

h1(v, δ, z1, z2, z3, z
αn−1 , rn) :=

1[{distH2(z3, v)− 2δ, distH2(z2, v)− 2δ ≤ distH2(z1, v)},
{distH2(z2, v),distH2(z3, v) ≤ distH2(z1, v) + 2δ},
{(B(v,distH2(v, z1)− 2δ)\(∪ji=1Di)) ∩ Z = ∅},

{distH2(v, z1)− δ ≥ rn − 1},
{max{distH2(z1,∪ji=1Di),distH2(z2,∪ji=1Di)} ≥ (rλ + w)/2}].
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Lemma 64 For all zαn−1 , all v ∈ H2, if δ, rn > 0, then

µ1(B(v, δ), rn, z
αn−1) ≤ p2E[

∑
z1,z2,z3∈Z
distinct

h1(v, δ, z1, z2, z3,Z, zαn−1 , rn)].

Proof. For z1, z2, z3 ∈ Z, suppose the disk D(z1, z2, z3) has s(z1, z2, z3) ∈
B(v, δ). Without loss of generality, assume distH2(z1, v) ≤ distH2(z2, v). Let
r := distH2(s(z1, z2, z3), z1).

As the centre must lie in B(v, δ), then

r ≤ distH2(z1, v) + δ

and
distH2(z2, v),distH2(z3, v) ≤ r + δ.

Hence distH2(z2, v),distH2(z3, v) ≤ distH2(z1, v) + 2δ.
By the triangle inequality,

distH2(z3, v) ≥ distH2(z3, s(z1, z2, z3))− distH2(v, s(z1, z2, z3)) ≥ r − δ

and r + δ ≥ distH2(z1, v), then

distH2(z3, v) ≥ distH2(z1, v)− 2δ.

Thus
{distH2(z3, v)− 2δ, distH2(z2, v)− 2δ ≤ distH2(z1, v)}

and
{distH2(z2, v),distH2(z3, v) ≤ distH2(z1, v) + 2δ}

holds whenever there is a disk D(z1, z2, z3) with s(z1, z2, z3) ∈ B(v, δ).
Furthermore, we only used that z3 was on the boundary of D(z1, z2, z3) in the

proof that distH2(z3, v) ≥ distH2(z1, v)− 2δ and so this bound holds for all points
on the boundary of D(z1, z2, z3). Hence

B(v,distH2(v, z1)− 2δ) ⊆ D(z1, z2, z3).

If D(z1, z2, z3) is in FarDisk(rn, z
αn−1 ,Z), then without loss of generality z1

and z2 are black. One of z1 and z2 is at least (rλ + w)/2 from ∪ji=1Di, hence

the last requirement of h1 also holds. Given ∪ji=1Di is Z-free, we only require

D(z1, z2, z3)\(∪ji=1Di) to be Z-free. Since B(v,distH2(v, z1) − 2δ) ⊆ D(z1, z2, z3)

then B(v,distH2(v, z1)− 2δ)\(∪ji=1Di) is Z-free.
If r ≥ rn−1, then distH2(z1, v) ≥ rn−1−δ holds. So h1(v, δ, z1, z2, z3,Z, zαn−1 , rn) =

1 for each disk contributing to µ1. As h1 does not account for the colour of z1 and
z2, only a p2 fraction of the elements of the sum are in µ1. �
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Lemma 65 There exists w0 > 0, such that for all w > w0 and all k ∈ N, there
exists λ0(k) > 0, such that for all 0 < λ < λ0, all ` ≥ 1, and all measurable
A ⊆ H2, if the number of disks given by zαn−1 is at most k, then

µ1(A, `, zαn−1) ≤ O(p2e−Ω(λe`) areaH2(A)).

Proof. Fix 0 < ε < 1/100 and an arbitrary v ∈ H2. Consider two disks D and
D′ in H2. By Lemma 16, there exists a = a(ε/k) > 0 such that if the asymmetric
Hausdorff distance D is from D′ exceeds a, then areaH2(D∩D′)/ areaH2(D) ≤ ε/k.
Let D1, ..., Dj be the disks determined by zαn−1 for some j ≤ k.

Let λ0(k) > 0 be such that for all λ < λ0 and all 0 ≤ δ ≤ 1, rλ/2 − 5δ > a.
Consider δ fixed between 0 and 1 and the function h1 defined before Lemma 64.
Consider z1, z2, z3 ∈ Z such that h1(v, δ, z1, z2, z3,Z, zαn−1 , `) = 1.

This forces |distH2(z2, v)−distH2(z1, v)| ≤ 2δ. So B(z1, 5δ) and B(z2, 5δ) inter-
sect B(v,distH2(v, z1)− 2δ). Since max{distH2(z1,∪ji=1Di),distH2(z2,∪ji=1Di)} >
rλ/2, then there is a point in B(v,distH2(v, z1) − 2δ) that is at least rλ/2 − 5δ
from ∪ji=1Di. Hence the asymmetric Hausdorff distance B(v,distH2(v, z1)− 2δ) is
from each disk in D1, ..., Dj is at least rλ/2− 5δ > a′.

Thus we can bound the area in the intersection,

areaH2(B(v,distH2(v, z1)− 2δ) ∩ (∪ji=1Di))

is at most

jmax
i

areaH2(B(v,distH2(v, z1)− 2δ) ∩Di) ≤ ε areaH2(B(v,distH2(v, z1)− 2δ)).

Since Z is a Poisson point process,

P((B(v,distH2(v, z1)− 2δ)\ ∪ji=1 Di) ∩ Z = ∅) = e−λ areaH2 (B(v,distH2 (v,z1)−2δ)\(∪ji=1Di))

≤ e−λ(1−ε) areaH2 (B(v,distH2 (v,z1)−2δ)).

And so if |distH2(z2, v)− distH2(z1, v)|, |distH2(z3, v)− distH2(z1, v)| ≤ 2δ, then

E[h1(v, δ, z1, z2, z3,Z ∪ {z1, z2, z3}, zαn−1 , `)] ≤ e−λ(1−ε) areaH2 (B(v,distH2 (v,z1)−2δ)).

In other words, if r := distH2(v, z1), then z2 and z3 are in the annulus ann(v, r −
2δ, r + 2δ) and r ≥ `− 1− δ.

Therefore, using the Campbell-Mecke formula,

E[
∑

z1,z2,z3∈Z
distinct

h1(v, δ, z1, z2, z3,Z, zαn−1 , `)]

equals ∫
H2×H2×H2

E[h1(v, δ, x1, x2, x3,Z ∪ {x1, x2, x3}, zαn−1 , `)]λ3dx3dx2dx1.
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Given our previous observations, this integral is at most∫
{x1:distH2 (v,x1)≥`−1−δ}

∫
ann(v,r−2δ,r+2δ)2

e−λ(1−ε) areaH2 (B(v,distH2 (v,x1)−2δ))λ3dx3dx2dx1.

Since the inner integral does not depend on x2 and x3, this quantity is at most

∞∫
{x1:distH2 (v,x1)≥`−1−δ}

e−λ2π(cosh(distH2 (v,x1)−2δ)−1)(1−ε)λ2×

areaH2(ann(v,distH2(v, x1)− 2δ, distH2(v, x1) + 2δ))2λdx1.

If we apply a change of variables to hyperbolic polar coordinates, the above ex-
pression is

∞∫
r≥`−1−δ

e−λ2π(cosh(r−2δ)−1)(1−ε)λ2 areaH2(ann(v, r − 2δ, r + 2δ))2λ2π sinh(r)dr.

We note that

areaH2(ann(v, r−2δ, r+2δ)) ≤ 2π(cosh(r+2δ)−cosh(r−2δ)) = 4π sinh(r) sinh(2δ),

and so

E[
∑

z1,z2,z3∈Z
distinct

h1(v, δ, z1, z2, z3,Z, zαn−1 , `)]

does not exceed

∞∫
r≥`−1−δ

e−λ2π(cosh(r−2δ)−1)(1−ε)λ2(4π sinh(r) sinh(2δ))2λ2π sinh(r)dr.

Since sinh(x) ≤ ex − 1, sinh(x) ≤ ex/2, and cosh(x) > ex/2 for all x ∈ R,

E[
∑

z1,z2,z3∈Z
distinct

h1(v, δ, z1, z2, z3,Z, zαn−1 , `)]

is at most

eλ2π(1−ε)
∞∫

r>`−1−δ

e−λπ(exp[r−2δ])(1−ε)π3λ3e3r(e2δ − 1)2dr.
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If we use the substitution u = (1 − ε)λπer−2δ and so du = (1 − ε)λπer−2δdr,

λπerdr = e2δdu
(1−ε) and λπer = ue2δ

(1−ε) , the above expression equals

eλ2π(1−ε)
∞∫

u>(1−ε)λπe`−1−3δ

e−u(e2δ − 1)2 u2e4δ

(1− ε)2

e2δdu

(1− ε)
.

As we do not care about the leading constant, this quantity is

O

 ∞∫
u>Ω(λe`)

e−u(e2δ − 1)2u2du

 = O
(

(e2δ − 1)2e−Ω(λe`)
)
.

Since the Taylor expansion for (e2δ − 1)2 is 4δ2 + o(δ2), there exists δ0 > 0 such
that for 0 < δ < δ0, (e2δ − 1)2 < 5δ2.

Then by Lemma 64, for all 0 < δ < δ0,

µ1(B(v, δ), `, zαn−1) ≤ O(p2δ2e−Ω(λe`)).

Since areaH2(B(v, δ)) ≥ πδ2,

µ1(B(v, δ), `, zαn−1) ≤ O(p2e−Ω(λe`) areaH2(B(v, δ))).

In appendix A, we show that if there exist constants C1, δ0 > 0 such that
µ(B(v, δ)) ≤ C1 areaH2(B(v, δ)) for all v ∈ H2 and 0 < δ < δ0, then µ(A) ≤
2C1 areaH2(A) for measurable A.

Thus the relationship between measures on general sets still holds, just with a
larger constant. �

Lemma 66 There exists w0 > 0, such that for all w > w0 and all k ∈ N, there
exists λ0(k) > 0, such that for all 0 < λ < λ0, all 0 < ε < 1/2, all rn ≥ rλ/2 + w,
if the number of disks given by zαn−1 is at most k, r(αn−1) = rn−1, and we set

p = (1−ε)πλ
3 , then

Eλ,p[|FarDisk(rn, z
αn−1 ,Z)||Fαn−1

(zαn−1 ,Z) = 1] ≤ O(kλern−1e−Ω(λern )).

Additionally,

Eλ,p[|FarDisk(1, zαn−1 ,Z)||Fαn−1
(zαn−1 ,Z) = 1] ≤ O(kλern−1).

Proof. Recall

µ1(A, rn, z
αn−1) := Eλ,p[|{s(z1, z2, z3) ∈ A :

D(z1, z2, z3) ∈ FarDisk(rn, z
αn−1 ,Z)}||Fαn−1(zαn−1 ,Z) = 1].
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Now consider A0 be the region within rn of each disk in D1,...,Dj . Let Ai be
the region within 1 of Ai−1. The disk centres from FarDisk falling in Ai but not
in ∪i−1

i′=0Ai′ must have radius at least rn + i− 1. Hence

Eλ,p[|FarDisk(rn, z
αn−1 ,Z)||Fαn−1

(zαn−1 ,Z) = 1]

is at most
∞∑
i=0

µ1(Ai, rn + i, zαn−1).

By Lemma 65, µ1(Ai, rn + i, zαn−1) ≤ O(kλ2e−Ω(λern+i)ern−1+rn+i).
As in the other proofs w0 > 0 is such that for the same constants in the above

expression, O(e−Ω(w0)e2w0) ≤ O(e−Ω(w0)) and so

Eλ,p[|FarDisk(rn, z
αn−1 ,Z)||Fαn−1

(zαn−1 ,Z) = 1] ≤ O(kλern−1

∞∑
i=0

e−Ω(λern+i))

≤ O(kλern−1e−Ω(λern )
∞∑
i=0

e−Ω(ei−1))

≤ O(kλern−1e−Ω(λern ))

The final inequality holds since the sum converges.
For the second half of the argument, the above proof holds through the state-

ment µ1(Ai, rn + i, zαn−1) ≤ O(kλ2e−Ω(λern+i)ern−1+rn+i). Hence

µ1(Ai, 1, z
αn−1) ≤ O(kλern−1

∞∑
i=0

e−Ω(λei)λei)

= O (kλern−1) .

The final inequality holds since the sum converges. �

Corollary 67 There exists w0 > 0, such that for all w > w0 and all k ∈ N,
there exists λ0(k) > 0, such that for all 0 < λ < λ0, for all 0 < ε < 1/2, for all

rn ≥ rλ/2 + w, if j ≤ k, αn−1 ∈ α(rn−1, j), and we set p = (1−ε)πλ
3 , then

Eλ,p[|RestartEdges(rn, z
αn−1 ,Z)||Fαn−1

(zαn−1 ,Z) = 1] ≤ O(jλern−1e−Ω(λern )).

Proof. By Lemma 66 and the comparison in between FarDisk and RestartEdges2

in Remark 63 we have the bound O(jλern−1e−Ω(λern )) for the expected number
of elements in RestartEdges2. This bound exceeds the bound for the expected
number of elements in RestartEdges1 given in Lemma 61, O(e−Ω(λern )). �
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Corollary 68 There exists w0 > 0, such that for all w > w0 and all k ∈ N,
there exists λ0(k) > 0, such that for all 0 < λ < λ0, for all 0 < ε < 1/2, for all

r, r′ ≥ rλ/2 + w, and j ≤ k, if αn−1 ∈ α(r′, j) and we set p = (1−ε)πλ
3 , then∑

αn∈α(r)

pN(αn)

∫
(H2)αn

G′(zαn−1 , zαn)Eλ
[
1[Vn(zαn)]|Fαn−1

(zαn−1 ,Z) = 1
]
λαndzαn

is at most
O(j′λer

′
e−Ω(λer)).

Proof. For each αn ∈ α(r) consider zαn such that Vn(zαn ,Z\(∪ji=1Dj)) holds
and G′(zαn−1 , zαn) = 1. If both endpoints of the edge are black, then this edge
is also in RestartEdges(r, zαn−1 ,Z) whenever Fαn−1(zαn−1 ,Z) = 1. Since each
edge can have only one type, there are no issues of double counting. So using the
Campbell-Mecke formula,∑
αn∈α(r)

pN(αn)

∫
(H2)αn

G′(zαn−1 , zαn)Eλ
[
1[Vn(zαn)]|Fαn−1(zαn−1 ,Z) = 1

]
λαndzαn

is at most

Eλ,p[|RestartEdges(r, zαn−1 ,Z)||Fαn−1
(zαn−1 ,Z) = 1].

�

Lemma 69 There exists w0 > 0, such that for all w > w0 and all k ∈ N, there
exists λ0(k) > 0, such that for all 0 < λ < λ0, for all 0 < ε < 1/2, for all

r, r′ ≥ rλ/2 + w, and j ≤ k, if αn−1 ∈ α(r′, j) and we set p = (1−ε)πλ
3 , then∑

α′n:αn∈α(r,j)

pN(α′n)

∫
(H2)α

′
n

G′(zαn−1 , zα
′
n)×

Eλ
[
1[Vn(zα

′
n)]|Fαn−1(zαn−1 ,Z) = 1

]
λα
′
ndzα

′
n

is at most O
(
jλer

′
)
.

Proof. For each αn ∈ α(r′, j) that can be decomposed into α′n and α′′n. Con-

sider zα
′
n such that Vn(zα

′
n ,Z\(∪ji=1Dj)) holds and G′(zαn−1 , zα

′
n) = 1. If both

endpoints of the edge are black, then this edge is also in RestartEdges(1, zαn−1 ,Z)
whenever Fαn−1

(zαn−1 ,Z) = 1. Since each edge can have only one type, there are
no issues of double counting. So using the Campbell-Mecke formula,∑

α′n:αn∈α(r,j)

pN(α′n)

∫
(H2)α

′
n

G′(zαn−1 , zα
′
n)×

Eλ
[
1[Vn(zα

′
n)]|Fαn−1

(zαn−1 ,Z) = 1
]
λα
′
ndzα

′
n
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is at most

Eλ,p[|RestartEdges(1, zαn−1 ,Z)||Fαn−1
(zαn−1 ,Z) = 1].

By Lemma 66 and the comparison in between FarDisk and RestartEdges2 in
Remark 63 we have the bound O(jλer

′
) for the expected number of elements in

RestartEdges2. This bound exceeds the bound for expected number of elements
in RestartEdges1 given in Lemma 61, O(1).

Hence

Eλ,p[|RestartEdges(1, zαn−1 ,Z)||Fαn−1(zαn−1 ,Z) = 1] ≤ O(jλer
′
).

�

We finish this section by proving Lemma 50.

Proof of Lemma 50. For any fixed disk D, the expected sum of the degrees
of points in D is finite as in the proof of Lemma 52. Now if we remove all edges
with at least one endpoint in D. By Lemma 60, the expected number of edges
between black points with both points within L/2 of D is finite. By Corollary 67,
the expected number of edges between black points with at least one point further
than L/2 from D is finite. As this expectation is finite, almost surely, there can
only be a finite number of such edges. �

4.3.4 Accounting of sub-paths

Now after we have determined the edge vn we restart from, we have to construct
the rest of the sub-path. To simplify our calculations, we will start our sub-paths
from the origin before observing any edge. Since we have decomposed αn into α′n
and α′′n, either the radius of D1 is less than L or αn has the entry “near”. i.e.
the first edge is near the previous sub-path. In the latter, we do no observe a
disk associated to the first edge. The endpoint of the first edge will serve as the
starting point for the rest of the construction of the sub-paths αn ∈ α(r, j). The
expected number of continuations is less than the expected number of sub-paths of
type αn ∈ α(r, j−1) (because we must avoid past disks). We handle the situation
where the radius of D1 is less than L after the following lemma.

For each i ≤ j, given x`, y` ∈ zS for 1 ≤ ` < i and the condition gj(zS , λ, w, ξ) =
1, there is a region where xi must fall depending on if xi−1xi is a Gabriel edge
or a Delaunay edge that is not a Gabriel edge. In the latter case, there is also
a region where yi must fall. Denote these regions GGab(i, zS , λ, w, ξ) ⊆ H2 and
G¬Gab(i, zS , λ, w, ξ) ⊆ H2 ×H2, respectively. (the dependence on zS is restricted
to the elements x`, y` ∈ zS for ` < i). We will often suppress the subscripts Gab
and Del\Gab and variables λ,w, ξ.

Lemma 70 For all 0 < ε < 1/2, there exists λ0(ε) = λ0 > 0, for all ξ, w > 0,

j ∈ N, and all λ < λ0, if we set p = (1−ε)πλ
3 ,
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1. if i 6∈ S, given GGab(i, zS), then

p

∫
GGab(i,zS)

e−λ areaH2 (D(xi−1,xi))λdxi ≤
2(1− ε/2)

3

and

p

∫
GGab(i,zS)

λdxi = O(ew).

2. if i ∈ S, given G¬Gab(i, zS), then

p

∫
G¬Gab(i,zS)

e−λ areaH2 (D(xi−1,xi,yi))λ2dxidyi ≤
1− ε/2

3

and

p

∫
G¬Gab(i,zS)

λ2dxidyi = O(e2w).

Proof. Recall Zo = Z ∪ {o}. If i 6∈ S, since GGab(i, zS) ⊆ H2, then

p

∫
GGab(i,zS)

e−λ areaH2 (D(xi−1,xi))λdxi ≤ p
∫
H2

e−λ areaH2 (D(xi−1,xi))λdxi.

Consider an isometry φ which maps xi−1 to o. Thus by Lemma 31,∫
H2

e−λ areaH2 (D(xi−1,xi))λdxi =

∫
H2

e−λ areaH2 (D(o,x))λdx = EZo [degGab(o)].

For small λ, by Lemma 39,

pEZo [degGab(o)] ≤ (1− ε)πλ
3

2(1 + ε/100)

πλ
≤ 2(1− ε/2)

3
.

Thus

p

∫
GGab(i,zS)

e−λ areaH2 (D(xi−1,xi))λdxi ≤
2(1− ε/2)

3
.

Since the distH2(xi, xi−1) < rλ + w for xi ∈ GGab(i, zS), then GGab(i, zS) ⊆
B(xi−1, rλ + w) and so

p

∫
GGab(i,zS)

λdxi ≤ p
∫
B(xi−1,rλ+w)

λdxi

≤ pλ2πerλ+w

= O(ew).
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Similarly, if i ∈ S, and (xi, yi) ∈ G¬Gab(i, zS), then xi ∈ H2 and yi ∈
D(xi−1, xi) and so

p

∫
G¬Gab(i,zS)

e−λ areaH2 (D(xi−1,xi,yi))λ2dxidyi

does not exceed

p

∫
H2

∫
D(xi−1,xi)

e−λ areaH2 (D(xi−1,xi,yi))λ2dxidyi.

By Lemma 33,∫
H2

∫
D(xi−1,xi)

e−λ areaH2 (D(xi−1,xi,yi))λ2dyidxi =

∫
H2×D(o,x)

e−λ areaH2 (D(o,x,p))λ2dpdx

= EZo [deg¬Gab(o)].

By Lemma 38, for small λ,

p

∫
G¬Gab(i,zS)

e−λ areaH2 (D(xi−1,xi,yi))λ2dxidyi ≤
1− ε/2

3
.

Since the distH2(xi, xi−1) < rλ + w for (xi, yi) ∈ G¬Gab(i, zS), then xi ∈
B(xi−1, rλ + w) and yi ∈ D(xi−1, xi).

p

∫
G¬Gab(i,zS)

λ2yidxi ≤ p
∫
B(xi−1,rλ+w)

∫
D(xi−1,xi)

λ2dyidxi

≤ p
∫
B(xi−1,rλ+w)

2πe(rλ+w)/2λ2dyidxi

= O(e2w).

The second line holds as the radius of D(xi−1, xi) is at most (rλ+w)/2 and so the
area is less than 2πe(rλ+w)/2. As the area of B(xi−1, rλ +w) is less than 2πerλ+w,
the third line holds.

�

Remark 71 If we condition on D1 being Z-free but fixed and having radius at
most L, this is less than allowing D1 not to be fixed and not requiring it to be
Z free. Hence we only need to multiply all bounds by O(ew) to account for the
conditioning.

Lemma 72 Recall the indicator function for all the geometric requirements being
satisfied, gj(zS , λ, w, ξ) = 1. For ease of notation we will suppress the λ,w, and ξ.

For all ε, ξ, w > 0, j ∈ N, there exists λ0(ε, j, ξ, w) = λ0 > 0 such that for all

λ < λ0, if we set p = (1−ε)πλ
3 , then
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pjE

∑
S⊆[j]

∑
zS⊆Z
distinct

gj(zS)fSj (zS ,Z)

 ≤ (1 + ε/100)(1− ε/2)j .

Proof. Fix S ⊆ [j] and let s := |S|. By the Campbell-Mecke formula,

pjE[
∑
zS⊆Z

distinct

gj(zS)fSj (zS ,Z)] = pj
∫

(H2)k+s
gj(zS)E

[
fSj (zS ,Z ∪ zS)

]
λk+sdzS .

Recall the definition of the disks

Di :=


D(xi−1, xi), if i 6∈ S, distH2(xi−1, xi) ≥ rλ − 4w

D(xi−1, xi, yi), if i ∈ S, distH2(xi−1, xi) ≥ rλ − 4w

∅ if distH2(xi−1, xi) < rλ/2− 4w.

Since

fSj (zS ,Z ∪ zS) = 1[∩ji=1{Di ∩ (Z ∪ zS) = ∅}]

≤ 1[∩ji=1{Di ∩ Z = ∅}],

then E[fSj (zS ,Z ∪ zS)] ≤ P(∩ji=1{Di ∩ Z = ∅}). Recall if gj(zS , λ, w, ξ) = 1, then
if xi−1xi is a Gabriel edge, xi ∈ GGab(i, x, λ, w, ξ) = GGab(i, zS) (the dependence
on zS is restricted to the elements x`, y` ∈ zS for ` < i) and if xi−1xi is a
Delaunay edges that is not a Gabriel edge, then the (xi, yi) ∈ G¬Gab(i, x, λ, w, ξ) =
G¬Gab(i, zS) (again the dependence on zS is restricted to x`, y` ∈ zS for ` < i).
We will suppress the subscripts Gab and ¬Gab for ease of notation.

Hence

pjE[
∑
zS⊆Z

distinct

gj(zS)fSj (zS ,Z)] = pj
∫
G(1,zS)

· · ·
∫
G(j,zS)

P(∩ji=1{Di∩Z = ∅})λj+sdzS .

By Lemma 58, for any a′ > 0, there exists λ0(a′, w, ξ) > 0 such that if λ < λ0,
then for each ` < i, ahd(D`, Di) ≥ a′.

Let ε1 > 0 be such that e2ε1 < (1 + ε/100). Given ε1, j, w, by Lemma 17, there
exists a′(ε1, j, w) = a′ such that if ahd(D`, Di) ≥ a′ for 1 ≤ ` < i ≤ j, then

P((∪ji=1Di) ∩ Z = ∅) ≤ eε1(1+λerλ+w−w)

j∏
i=1

P(Di ∩ Z = ∅).

So if we take λ < λ0(a′, w, ξ), then

P(

j⋂
i=1

{Di ∩ Z = ∅}) ≤ (1 + ε/100)

j∏
i=1

P(Di ∩ Z = ∅).
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Hence

pj
∫
G(1,zS)

· · ·
∫
G(j,zS)

P(

j⋂
i=1

{Di ∩ (Z ∪ zS) = ∅})λj+sdzS

is at most

(1 + ε/100)pj
∫
G(1,zS)

· · ·
∫
G(j,zS)

j∏
i=1

P(Di ∩ Z = ∅)λj+sdzS .

As P(Di∩Z = ∅) only depends on the location of xi−1 and xi (and yi if i ∈ S)
and equals e−λ areaH2 (Di), the above expression can be written as

(1 + ε/100)pj
∫
G(1,zS)

e−λ areaH2 (D1) · · ·
∫
G(j,zS)

e−λ areaH2 (Dj)λj+sdzS .

Using Lemma 70, we compute each integral working right to left,

pjE[
∑
zS⊆Z

distinct

gj(zS)fSj (zS ,Z)] ≤ (1 + ε/100)

(
2(1− ε/2)

3

)j−s(
(1− ε/2)

3

)s
.

Thus if we sum over choices of S ⊆ [j], and apply the binomial theorem,

pj
∫
G(1,zS)

· · ·
∫
G(j,zS)

j∏
i=1

P(Di ∩ Z = ∅)λj+sdzS ≤ (1− ε/2)j .

pjE

∑
S⊆[j]

∑
zS⊆Z

distinct

gj(zS)fSj (zS ,Z)

 ≤ (1 + ε/100)(1− ε/2)j .

�

Remark 73 We will also reuse one calculation from the above proof so we will
document it separately: For all ε, ξ, w > 0, j ∈ N, there exists λ0(ε, j, ξ, w) = λ0 >

0 such that for all λ < λ0, let S ⊆ [j]. If we set p = (1−ε)πλ
3 , then

pj
∫
G(1,zS)

· · ·
∫
G(j,zS)

P(

j⋂
i=1

{Di∩Z = ∅})λj+sdzS ≤
(

2(1− ε/2)

3

)j−s(
(1− ε/2)

3

)s
where s = |S|.
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Lemma 74 For all 0 < ε < 1/2, ξ, w > 0, j ∈ N, there exists λ0(ε, j, ξ, w) = λ0 >

0 such that for all λ < λ0, for all S ⊆ [j], if we set p = (1−ε)πλ
3 , then

pjE

∑
S⊆[j]

∑
zS⊆Z
distinct

(1− gj,1(zS))gj−1(zS)fSj (zS ,Z)

 ≤ O(e−4w(1− ε/2)j).

Proof. Note that (1 − gj,1(zS))gj−1(zS)fSj (zS ,Z) = 1, if distH2(xj−1, xj) <
rλ−4w and the other edges satisfy all of the geometric requirements. Additionally,
if S 3 j, since distH2(xj−1, xj) < rλ − 4w, then fSj (zS ,Z) = 0. So fix S ⊆ [j − 1].
Let s := |S|.

Thus using the Campbell-Mecke formula,

pjE

 ∑
zS⊆Z

distinct

(1− gj,1(zS))gj−1(zS)fSj (zS ,Z)


equals

pj
∫

(H2)j+s
(1− g1,j(zS))gj−1(zS)E

(
fSj (zS ,Z ∪ zS)

)
λj+sdzS .

There exists λ′0(ε, j) > 0 such that for λ < λ′0, and all w, ξ > 0, if (1 −
gj,1(zS))gj−1(zS) = 1, the radii of D1, ..., Dj−1 are at most rλ + w and Dj = ∅

Given the geometric requirements, the above expression is at most

pj
∫
G(1,zS)

· · ·
∫
G(j−1,zS)

∫
B(xj−1,rλ−4w)

P(

j−1⋂
i=1

{Di ∩ (Z ∪ zS) = ∅})λj+sdzS .

which is less than

pj
∫
G(1,zS)

· · ·
∫
G(j−1,zS)

∫
B(xj−1,rλ−4w)

P(

j−1⋂
i=1

{Di ∩ Z = ∅})λj+sdzS .

Since xj is not in the integrand, p times the innermost integral,∫
B(xj−1,rλ−4w)

λdxj

is bounded above by 2πe−4w.
The remaining expression is

pj−1

∫
G(1,zS)

· · ·
∫
G(j−1,zS)

P(

j−1⋂
i=1

{Di ∩ Z = ∅})λj−1+sdzj−1
S
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where dzj−1
S is the differential dzS without dxj .

By Remark 73, there exists λ0(ε, j, ξ, w) = λ0 > 0 such that for all λ < λ0, the
previous expression is at most

(1 + ε/100)

(
2(1− ε/2)

3

)j−1−s(
(1− ε/2)

3

)s
.

Thus

pjE

 ∑
zS⊆Z

distinct

(1− gj,1(zS))gj−1(zS)fSj (zS ,Z)


doest not exceed

2πe−4w

(
2(1− ε/2)

3

)j−1−s(
(1− ε/2)

3

)s
.

If we sum over choices of S ⊆ [j − 1] and apply the binomial theorem,

pjE

∑
S⊆[j]

∑
zS⊆Z

distinct

(1− g1,j(zS))gj−1(zS)fSj (zS ,Z)

 ≤ 2πe−4w(1− ε/2)j−1)

= O(e−4w(1− ε/2)j).

The last line holds since ε < 1/2.
�

Lemma 75 For all 0 < ε < 1/2, ξ, j ∈ N, there exist w0(ε) > 0 and λ0(ε, j, ξ, w) =

λ0 > 0 such that for all λ < λ0 and w > w0, rn > rλ + w, if we set p = (1−ε)πλ
3

then

pjE

∑
S⊆[j]

∑
zS⊆Z
distinct

g+
2,j(rn, zS)g1,j(zS)gj−1(zS)fSj (zS ,Z)

 ≤ O(ew−Ω(λ exp[rn])(1−ε/2)j).

Proof. Fix S ⊆ [j]. Let s = |S|. Thus applying the Campbell-Mecke formula,

pjE

 ∑
zS⊆Z

distinct

g+
2,j(rn, zS)g1,j(zS)gj−1(zS)fSj (zS ,Z)


equals

pj
∫

(H2)j+s
g+

2,j(rn, zS)g1,j(zS)gj−1(zS)E
[
fSj (zS ,Z ∪ zS)

]
λj+sdzS .
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Given the requirements on the first j−1 edges, the above expression is at most

pj
∫
G(1,zS)

· · ·
∫
G(j−1,zS)

∫
V

g+
2,j(rn, zS)g1,j(zS)P(

j⋂
i=1

{Di ∩ Z = ∅})λj+sdzS

where V = H2 ×H2 if the edge is a Delaunay edge that is not a Gabriel edge and
V = H2 is a Gabriel edge.

Since gj−1(zS) = 1, by Corollary 59, given a′, w, ξ > 0, there exists λ0(a′, w, ξ) >
0 such that for λ < λ0 and all 1 ≤ ` < j − 1, ahd(D`, Dj) > a′.

Given ε > 0, by Lemma 17 there exists a′ such that if ahd(D`, Dj) > a′, then

P
(

(∪j−2
i=1Di ∪Dj) ∩ Z = ∅

)
≤ eε(1+λ exp[rn])

j∏
i=1,i6=j−1

P(Di ∩ Z = ∅).

pjE

 ∑
zS⊆Z

distinct

g+
2,j(rn, zS)g1,j(zS)gj−1(zS)fSj (zS ,Z)


is at most

pj
∫
G(1,zS)

· · ·
∫
G(j−1,zS)

∫
V

g+
2,j(rn, zS)g1,j(zS)gj−1(zS)eε(1+λ exp[rn])×

j∏
i=1,i6=j−1

P(Di ∩ Z = ∅)λj+sdzS .

So when evaluating

pjE

 ∑
zS⊆Z

distinct

g+
2,j(rn, zS)g1,j(zS)gj−1(zS)fSj (zS ,Z)

 ,
we consider the two options for Dj . If j ∈ S, Dj = D(xj−1, xj , yj) and if j 6∈ S,
then Dj = D(xj−1, xj).

So suppose Dj = D(xj−1, xj), consider all of zS fixed except xj . Then

distH2(xj−1, xj) ∈ (rn − 1, rn] > rλ + w

when g+
2,j(rn, zS) = 1. Then p times the innermost integral involving xj is at most

p

∫
H2

g+
2,j(rn, zS)g1,j(zS)eε(1+λ exp[rn])P(Dj ∩ Z = ∅)λdxj
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which equals

p

∫
{xj :rn−1≤r≤rn}

eε(1+λ exp[rn])P(Dj ∩ Z = ∅)λdxj ≤ O
(
p

∫ rn

rn−1

eε(1+λ exp[rn])×

e−λπ(cosh(rn−1)−1)λ sinh(2r)dr
)

≤ O
(
p

∫ rn

rn−1

e−Ω(λ exp[rn])λe2rdr

)
= O(e−Ω(λ exp[rn])).

In the first line we change the variables to hyperbolic polar coordinates and
note that distH2(xj−1, xj) = 2r. For the remaining note that rn − 1 ≥ rλ +w and
we take w0 large enough to absorb the polynomial terms.

Now suppose i ∈ S and so there exists yj ∈ Z such that Dj = D(xj−1, xj , yj).
Then p times the innermost integrals involving xj and yj equals

p

∫ rn

rλ/2−w
πλ2(cosh(r)− 1) sinh(2r)×∫ rn−r

max{0,rn−1−r}
eε(1+λ exp[rn])e−λ2π(cosh(r+t)−1)fT (r, t)dtdr.

This is bounded above by

p

∫ rn

rλ/2−w
πλ2(cosh(r)− 1) sinh(2r)eε(1+λ exp[rn])e−λ2π(cosh(rn−1)−1)dr.

Using the exponential bounds for hyperbolic functions, the above quantity is
at most

O

(
p

∫ rn

rλ/2−w
πλ2e3re−Ω(λ exp[rn])dr

)
= O(e−Ω(λ exp[rn])).

In either case, as the innermost integral(s) is bounded above byO(e−Ω(λ exp[rn])).
We can handle the remaining integrals separately.

Since gj−1(zS) = 1, the region of integration where xj−1 can lie is a ball of
radius rλ+w. Thus p times the integral for xj−1 is at most O(ew), the conditioning
on the previous disks being Z-free only reduces the expected number of options
for xj−1.

For i ≤ j − 2, the integrals are bounded by

p

∫
GGab(i,zS)

e−λ areaH2 (Di)λdxi

or
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p

∫
G¬Gab(i,zS)

e−λ areaH2 (Di)λ2dxidyi

depending on the edge type. Thus regardless of the edge type of xj−1xj

pjE

 ∑
zS⊆Z

distinct

g+
2,j(rn, zS)g1,j(zS)gj−1(zS)fSj (zS ,Z)


is at most

O(ew−Ω(λ exp[rn]))

(
2(1− ε/2)

3

)j−s(
(1− ε/2)

3

)s
.

Then if we sum over choices of S ⊆ [j], by the Binomial theorem,

pjE

∑
S⊆[j]

∑
zS⊆Z

distinct

g+
2,j(rn, zS)gj−1(zS)fSj (zS ,Z)

 ≤ O(ew−Ω(λ exp[rn])(1− ε/2)j).

�

Lemma 76 For all 0 < ε < 1/2, ξ, w > 0, j ∈ N, there exists λ0(ε, j, ξ, w) = λ0 >

0 such that for all λ < λ0, if we set p = (1−ε)πλ
3 , then

pjE

∑
S⊆[j]

∑
zS⊆Z
distinct

(1− g3,j(zS))g2,j(zS)gj−1(zS)fSj (zS ,Z)


is at most

O(ξ(j − 2)ew(1 + ε/100)(1− ε/2)j).

Proof. Fix S ⊆ [j]. We first focus on finding the region xj falls in when (1 −
g3,j(zS))g2,j(zS)gj−1(zS) = 1. Since g2,j(zS) = 1, then distH2(xj−1, xj) < rλ +w.
Hence xj ∈ B(xj−1, rλ + w).

Since g3,j−1(x) = 1 and (1−g3,j(zS)) = 1, then there exists ` < j−1 such that
the angle ∠ρ`xj−1xj is less than ξ, where ρ` is the centre of the disk D`. Thus
xj must fall in one of the (j − 2) V-shaped regions (infinite sized and possibly
overlapping) determined by ρ` for each ` < j− 1 where the corner point is at xi−1

and angle made by the two boundary lines is 2ξ.
Since the hyperbolic area of the union of these regions intersected B(xj−1, rλ+

w) is at most λ22ξ(j − 2)ew. Conditioning on D1, ..., Dj−1 being Z-free, the ex-
pected number of black points falling in these regions less than the unconditional
expectation, which is at most 2ξ(j − 2)ew.
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Hence

pjE

 ∑
zS⊆Z

distinct

(1− g3,j(zS))g2,j(zS)gj−1(zS)fSj (zS ,Z)

 ≤
O

(
ξ(j − 2)ew(1 + ε/100)

(
2(1− ε/2)

3

)j−s(
(1− ε/2)

3

)s)
.

If we sum over S ⊆ [j] and apply the binomial theorem, we arrive at the first
statement of the lemma. �

Lemma 77 For all 0 < ε < 1/2, ξ, k ∈ N, there exist w0(ε) > 0 and λ0(ε, k, ξ, w) =

λ0 > 0 such that for all λ < λ0 and w > w0, if we set p = (1−ε)πλ
3 then

for jn < k, ∑
α′′n:αn∈α(L,jn)

pN(α′′n)

∫
(H2)α

′′
n

Eλ
[
Fαn(zαn ,Z)|Vn(zα

′
n)
]

is at most O(ew(1 + ε/100)(1− ε/2)jn(e−4w + ξ(jn − 2)ew)). Additionally,∑
α′′n:αn∈α(L,k)

pN(α′′n)

∫
(H2)α

′′
n

Eλ
[
Fαn(zαn ,Z)|Vn(zα

′
n)
]

does not exceed O(ew(1 + ε/100)(1− ε/2)k(1 + e−4w + ξ(j − 2)ew)).
If rn > L, then∑

α′′n:αn∈α(rn,jn)

pN(α′′n)

∫
(H2)α

′′
n

Eλ
[
Fαn(zαn ,Z)|Vn(zα

′
n)
]
≤ O(e2w−Ω(λern )(1−ε/2)jn).

Proof. The bound from Lemma 72 only holds for jn = k. When jn < k we sum
the bounds in Lemma 74 and Lemma 76. For rn > L, we use Lemma 75. In each
case we use Remark 71 to handle the conditioning on Vn. �

Based on these bounds, we can specify h(r, j) and prove Proposition 54.

Proof of Proposition 54. Let C be maximum of the the universal leading
constants given by Corollary 68, Lemma 69, and Lemma 77. Let c be the minimum
of the exponential constants given by 68 and 77. Consider the minimum λ0 given
by the previous statements. In consideration of Lemma 77, for j < k, take

h(L, j) := C(ew(1 + ε/100)(1− ε/2)j(e−4w + ξ(j − 2)ew))

and
h(L, k) := Cew(1 + ε/100)(1− ε/2)k(1 + e−4w + ξ(k − 2)ew).
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In light of Corollary 68, for r > L, take

h(r, 1) := Ce−cλe
r

.

For j > 1 and r > L, again in consideration of Lemma 77, let

h(r, j) := Ce2w−cλer (1− ε/2)j .

Now we let k = dew/100e and ξ = k−100e−4w. Hence for j < k,

kewh(L, j) < C(ke−3w(1 + ε/100)(1− ε/2)j+

kk−100(j − 2)e−2w(1 + ε/100)(1− ε/2)j)

≤ 4Ck−50(1− ε/2)j

and

kewh(L, k) < Ck2200k2002(1− ε/2)k + 2Cke−2w(1− ε/2)k+

C(k2k−2002(1− ε/2)k)

≤ C2200k101(1− ε/2)k.

Fix δ = 1/2. Let w′0 be such that for w > w′0,

C2200k101(1− ε/2)k < δ/3 and
4C

k50(ε/2)
< δ/3.

Then

4Ck−50
k−1∑
j=1

(1− ε/2)j <
4C

k50(ε/2)

< δ/3.

Hence
k∑
j=1

h(L, j)jλer ≤ 2δ/3.

Let w′′0 , c1 > be such that for w > w′′0 ,

2w − cew < −c1ew and 2C(1 +
(1− ε/2)

(ε/2)2
)e−c1e

w

< δ/3.

Then for r > L,



4.3. THE LOWER BOUND 99

k∑
j=1

h(r, j)jλer = λerCe−cλe
r

+

k∑
j=2

jλerCe2w−cλer (1− ε/2)j

= λerCe−cλe
r

+ λerCe2w−cλer
k∑
j=2

j(1− ε/2)j

≤ λerCe−cλe
r

+ λerCe2w−cλer (1− ε/2)

(ε/2)2

≤ λerCe2w−cλer (1 +
(1− ε/2)

(ε/2)2
)

≤ Cεe−c1λe
r

where Cε = C(1 + (1−ε/2)
(ε/2)2 ).

Then

∞∑
r=L+1

k∑
j=1

h(r, j)jλer ≤
∞∑

r=L+1

Cεe
−c1λer

≤ Cεe−c1e
w

∞∑
r=L+1

e−c1e
w(er−L−1)

≤ 2Cεe
−c1ew

≤ δ/3

and so for w > max{w0, w
′′} and λ < λ0,

∞∑
r=L

k∑
j=1

h(r, j)jλer ≤ δ.

�





Appendix A

Measure Comparison

We need a special case of general results about Hausdorff measures on manifolds.
See statement 3.7 from [21] and the remarks that follow:

Lemma 78 Let

H2
δ(A) :=

π

2
inf{

∞∑
i=1

(diamH2(Ei))
2 : A ⊆ ∪∞i=1Ei,diamH2(Ei) ≤ δ, and Ei is open}.

Then the limit limδ→0H2
δ(A) exists and is the Hausdorff 2-dimensional outer mea-

sure, denoted H2(A).

For measurable A,

H2(A) = areaH2(A).

Lemma 79 For any measure µ on H2, if there exists C, δ0 > 0 such that for all
x ∈ H2 and 0 < δ < δ0, µ(B(x, δ)) ≤ C areaH2(B(x, δ)). Then

µ(A) ≤ 2C areaH2(A).

Proof. Fix 0 < δ < 1/2. Consider a family of open sets {Ei}∞i=1 such that
A ⊆ ∪∞i=1Ei and diamH2(Ei) ≤ δ and for all i ∈ N, Ei is open.

Let xi ∈ Ei. Then Ei ⊆ B(xi,diamH2(Ei)), Ei ⊆ B(xi,diamH2(Ei)) and di-
ameter of B(xi,diamH2(Ei)) is 2 diamH2(Ei) which is at most 2δ.

101
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Hence

µ(A) ≤
∞∑
i=1

µ(B(xi,diamH2(Ei)))

≤
∞∑
i=1

C areaH2(B(xi,diamH2(Ei)))

= C

∞∑
i=1

π diamH2(B(xi,diamH2(Ei)))
2 areaH2(B(xi,diamH2(Ei)))

π diamH2(B(xi,diamH2(Ei)))2

= C

∞∑
i=1

π diamH2(B(xi,diamH2(Ei)))
2 2π(cosh(2 diamH2(Ei))− 1)

π(2 diamH2(Ei))2
.

Since 2π(cosh(x)−1)
πx2 is is bounded above by 2 for 0 < x < 1 and

2 diamH2(Ei) < 1,

µ(A) ≤ 2πC

∞∑
i=1

diamH2(B(xi,diamH2(Ei)))
2.

Hence taking the infimum over choice of {Ei}∞i=1 for this fixed δ,

µ(A) ≤ 2CH2
δ(A).

If we take δ → 0,

µ(A) ≤ 2CH2(A) = 2C areaH2(A).
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Summary

In this thesis, we studied the behaviour of the critical probability pc for percolation
of Voronoi cells in the hyperbolic plane. There are profound differences between
this model of percolation in the hyperbolic plane and the Euclidean plane. Most
notably, pc is a function of the intensity λ.

In an influential paper, Benjamini and Schramm [5] showed that 0 < pc(λ) <
1/2 for all λ and they conjectured that pc(λ) tends to 1/2 as λ→∞. We proved
this conjecture in this thesis. Additionally, in [5], Benjamini and Schramm also ask
what are the asymptotics of pc(λ) as λ↘ 0. In this thesis, we showed pc(λ) ≈ πλ/3
as λ↘ 0. The proof techniques in these two results demonstrate how percolation in
this model interpolates between a branching process for small λ and the Euclidean
setting for large λ.

In the first chapter, we introduced fundamental aspects of hyperbolic geometry,
Voronoi diagrams, and percolation theory and then showed some preliminary re-
sults. A particular result which may be useful outside the percolation community:
The combinatorial structure of the Voronoi cells in invariant under changing the
metric from the hyperbolic to the Euclidean. The other results from that chapter
demonstrate how quickly distances and area grow in the hyperbolic plane as we
move towards the boundary. For many random events regarding Poisson point
processes, this implies only limited dependence among these random events. We
also explored the distances between adjacent elements of Z. We noted that most
are in the interval (rλ − w, rλ + w) where rλ depends on λ and w is a constant
depending on the quantification of “most.”

In the second chapter we showed limλ→∞ pc(λ) = 1/2. The main idea is that
we can view the point process as an inhomogeneous Poisson point process in the
Euclidean plane. Since the intensity is a continuous function, we coupled this
point process to a homogeneous Poisson point process in a helpful way.

In the third chapter, we computed the expected number of neighbours for the
typical cell as λ↘ 0.

In the fourth chapter, we showed pc(λ) = (1 + oλ(1))πλ3 as λ ↘ 0. For the
upper bound, we constructed a random tree rooted at the origin of black points
using a breadth-first search. The resulting tree is a supercritical Galton-Watson
tree. For the lower bound, we considered sub-paths of infinite paths and showed
the expected number of options for these sub-paths decays exponentially.
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Samenvatting

In dit proefschrift hebben we het gedrag van de kritische kans pc voor percolatie
van Voronoi-cellen in het hyperbolische vlak bestudeerd. Er zijn grote verschillen
tussen het model van percolatie in het hyperbolische vlak en in het Euclidische
vlak. Met name is pc een functie van de intensiteit λ.

In een invloedrijk artikel toonden Benjamini en Schramm [5] aan dat 0 <
pc(λ) < 1/2 voor alle λ, en ze veronderstelden dat pc(λ) naar 1/2 neigt als λ →
∞. We hebben dit vermoeden bewezen in dit proefschrift. Bovendien vragen
Benjamini en Schramm in [5] ook wat het asymptotische gedrag pc(λ) is als λ↘ 0.
In dit proefschrift laten we zien dat pc(λ) ≈ πλ/3 als λ↘ 0. De bewijs-technieken
voor deze twee resultaten laten zien hoe percolatie in dit model interpoleert tussen
het vertakkingsproces voor kleine λ, en Euclidische percolatie voor grote λ.

In het eerste hoofdstuk hebben we fundamentele aspecten van hyperbolische
meetkunde, Voronoi-diagrammen en percolatietheorie gëıntroduceerd, en vervol-
gens enkele voorlopige resultaten laten zien. Een bijzonder resultaat dat nuttig
kan zijn buiten de percolatiegemeenschap: de combinatorische structuur van de
Voronoi-cellen blijft gelijk als we de metriek van de hyperbolische naar de Eu-
clidische veranderen. De andere resultaten uit dit hoofdstuk laten zien hoe snel
afstanden en oppervlakten groeien in het hyperbolische vlak als we naar de grens
van dit vlak gaan. Voor veel stochastische gebeurtenissen met betrekking tot
Poisson-puntprocessen impliceert dit slechts een beperkte afhankelijkheid tussen
deze gebeurtenissen. We hebben ook de afstanden tussen aangrenzende elementen
van Z onderzocht. We hebben opgemerkt dat de meeste zich in het interval
(rλ − w, rλ + w) bevinden, waar rλ afhangt van λ en w een constante is die
afhangt van hoe we “meest” kwantificeren.

In het tweede hoofdstuk lieten we zien dat limλ→∞ pc(λ) = 1/2. Het belan-
grijkste idee is dat we het puntproces kunnen zien als een inhomogeen Poisson-
puntproces in het Euclidische vlak. Omdat de intensiteit een continue functie is,
hebben we dit puntproces gekoppeld aan een homogeen Poisson-puntproces.

In het derde hoofdstuk hebben we het verwachte aantal buren voor de typische
cel berekend als λ↘ 0.

In het vierde hoofdstuk lieten we zien dat pc(λ) = (1 + oλ(1))πλ3 als λ ↘ 0.
Voor de bovengrens hebben we een stochastische boom geconstrueerd, geworteld
op de oorsprong, van zwarte punten met behulp van een breedte–eerst doorloping.
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De resulterende boom is een superkritische Galton-Watson-boom. Voor de onder-
grens hebben we subpaden van oneindige paden beschouwd, en laten zien dat het
verwachte aantal opties voor deze subpaden exponentieel afneemt.
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