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1 I N T R O D U C T I O N

In this chapter, we first present the background of the thesis on the path-
following (navigation) problem. Then we detail the research challenges this
thesis deals with and our contributions addressing these challenges. Finally,
the thesis outline is illustrated.

1.1 background

1.1.1 Path-following navigation

Several robot navigation tasks, such as highway traffic monitoring, underwater
pipeline inspection and border patrolling (see Fig. 1.1), require the fundamental
functionality of mobile robots to follow a desired path [130], and new applications
are emerging, such as using drones to probe atmospheric phenomena along
prescribed paths [71]. The path-following (navigation) problem is a classic problem,
and has attracted the attention from both the robotics community [32], [50],
[81], [89], [119] and the control community [15], [21], [64], [72], [90], [156]. In
a path-following algorithm, the desired path is usually given in the form of a
single connected curve without temporal information, and then robots are guided
to converge to and move along it with sufficient accuracy. In [5], it is shown
that, treating the desired path as a geometric object rather than a time-dependent
point, path-following algorithms sometimes are able to overcome a number of
performance limitations rooted in trajectory tracking, such as inaccuracy due to
unstable zero dynamics [126] and difficulty to maintain constant tracking speed
[63]. In fact, it is claimed in [5] that path-following algorithms enable robots to
accurately follow a path with a constant speed or fixed orientation. Moreover,
comparing with trajectory tracking algorithms, there is separate interest for
the study of path-following algorithms since they are more suitable for some
applications, such as fixed-wing aircraft guidance and control [74], [119], [137].

To our knowledge, most of path-following algorithms work on the kinematics
level of a robot model; namely, path-following algorithms usually give guidance
signals such as desired linear velocities vd or desired angular velocities ωd to
guide a robot such that a desired path can be followed eventually. This high-
level of kinematics control enables a specific path-following control algorithm
to be applicable to a wide range of robots which can be described by the same
kinematics model but might correspond to drastically different dynamics models.
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(a) (b) (c)

Figure 1.1: (a) UAV highway traffic monitoring [105]. (b) Snake robots underwater pipeline
inspection [1]. (c) A robot employed for border patrolling [2].

Figure 1.2: The common control structure.

Depending on these different dynamics models, the low-level dynamics control
involving, e.g., computing the corresponding forces Fd or moments Md, is usually
accomplished by open-source or commercially available controllers (e.g., autopi-
lots for UAVs), possibly using classic control methods such as PID control or
model predictive control. To be more specific, in practice, a widely used control
structure of robots are shown in Fig. 1.2, which can be roughly divided into
an inner loop and an outer loop. In the inner loop, the robot dynamics model
is considered and a dynamics controller takes the desired linear velocities vd,
the desired angular velocities ωd and the robot states as inputs and computes
the corresponding forces Fd or moments Md using the dynamics model. If this
inner loop control is fast and accurate, then the two components enclosed by the
dashed rectangle in the figure can be seen as a robot kinematics model. Therefore,
in the outer loop, a kinematics controller takes the robot states as input and
computes the desired linear velocities vd and the desired angular velocities ωd.
Many path-following algorithms, including those that are studied in this thesis,
act as the kinematics controller.

There are many existing path-following algorithms, many of which have been
surveyed in [137] and [121]. In [137], path-following algorithms are generally
classified into two categories: geometric algorithms and control theoretic algo-
rithms. Geometric algorithms include pure pursuit [29], Line-of-sight (LOS) [40],
[122], Vector-Field Guided Path-Following (VF-PF) algorithms [50], [63], [104],
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etc. Control theoretic algorithms include Nonlinear Guidance Law (NLGL) [111],
Linear Quadratic Regulator (LQR) [79], sliding mode control [104], backstepping
control [80] algorithms, etc.

Among different path-following algorithms, VF-PF algorithms have been studied
widely [50], [64], [72], [89], [90], [119]. The guidance feature of the guiding vector
fields is justified as follows: usually robot kinematics models (e.g., single-integrator
and double-integrator models [50], [74]) are considered, and the guiding vector
fields, as their names suggest, provide guidance signals to the models. This is
valid based on the aforementioned assumption that the robot-specific inner-loop
dynamics control can track these guidance signal inputs effectively [63], [113], [121].
Thus, one can simply focus on the guidance layer (i.e., designing a guiding vector
field), and consider other control layers separately. Specifically, the guiding vector
field is designed such that its integral curves are guaranteed to converge to a
predefined geometric desired path. Utilizing the convergence property of the
vector field, one can then derive suitable control laws. It is reported in [137] that
VF-PF algorithms demonstrate the lowest cross-track error while they require the
least control effort among several other path-following algorithms. In addition,
[22] shows that VF-PF algorithms achieve better path-following accuracy than the
integral line-of-sight (ILOS) method [15].

1.1.2 An example of a 2D guiding vector field

To understand what a guiding vector field is, we introduce the 2D guiding vector
field in [63] as a simple example. To derive the guiding vector field, first we
suppose that the desired path P is described by the zero-level set of an implicit
function:

P = {(x, y) ∈ R2 : φ(x, y) = 0}, (1.1)

where φ : R2 → R is twice continuously differentiable. In this setting, P
is a subset of R2. The description is different from some other works where
the desired path is a parameterized differentiable curve (e.g., [5]); that is, a
differentiable map f : I → Rn of an open interval I = (a, b) of the real line R into
Rn [35]. From the definition, one observes that the mathematical object in (1.1)
is actually the trace of a parameterized curve f [35], or the image of a mapping
f . Note that this description of the desired path without any parametrization is
common in the VF-PF navigation problem [24], [28], [36], [50], [89], [98], [119], [156],
[157], which will be formally defined later. One of the advantages is that the vector
field can be derived directly from the function φ(·), independent of the specific
parametrization of the desired path. Another advantage is that one can replace
the calculation of the Euclidean distance1 dist(ξ,P) := inf{‖ξ − p‖ : p ∈ P}
between a point ξ ∈ R2 and the desired path P simply by the value of |φ(ξ)|

1 This calculation is generally difficult since one needs to find the closest point on the desired path to ξ;
e.g., it is not trivial for even an ellipse.
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under some assumptions to be explained in later chapters. For simplicity, rather
than referring to P in (1.1) as “the trace of a parameterized curve”, we call P
the desired path throughout the thesis. In fact, one feature of the VF-PF navigation
problem is that the desired path P is a one-dimensional connected submanifold, so
we have the extra freedom of choosing different analytic expressions (i.e., φ) for
the same desired path.

If the desired path is non-self-intersecting, then a valid 2D guiding vector field
χ : R2 → R2 to solve the VF-PF navigation problem is [63]:

χ(x, y) = E∇φ(x, y)− kψ
(
φ(x, y)

)
∇φ(x, y), (1.2)

where E ∈ SO(2) is the 90◦ rotation matrix2
[ 0 −1

1 0

]
, and ψ : R → R is a

strictly increasing function satisfying ψ(0) = 0. For simplicity, one can choose
ψ
(
φ(x, y)

)
= φ(x, y). The first term of the vector field is “tangential” to the

desired path, thus enables a robot to propagate/traverse/move along the desired
path, while the second term of the vector field is perpendicular to the first term,
helping the robot move closer to the desired path. Therefore, intuitively, the
vector field guides the robot to move along and towards the desired path at the
same time. For simplicity, we call the first term the propagation term, and the
second term the convergence term. A singular point p ∈ R2 of the vector field χ

is the point where the vector field becomes zero (i.e., χ(p) = 0). The set of all
singular points is called the singular set of the vector field. Recall that an integral
curve of the vector field is a trajectory of the following autonomous system:

ξ̇(t) = χ(ξ(t)), (1.3)

given some initial condition ξ(t = 0) = ξ0, where ξ̇(t) denotes the time derivative
of ξ(t).

1.1.3 Vector-field guided path-following (VF-PF) navigation problem on gen-
eral spaces

In this thesis, we will mainly study the properties of a guiding vector field defined
on an n-dimensional general smooth Riemannian manifoldM (in particular, on
an n-dimensional Euclidean space for n ≥ 3), by investigating the integral curves
of the guiding vector field. Therefore, we can unify the definition of the VF-PF

navigation problem by considering the smooth Riemannian manifoldM. Before
we formally present the definition, we first need to define the desired path onM
as a counterpart of (1.1):

P = {ξ ∈ M : φi(ξ) = 0, i = 1, . . . , n− 1}, (1.4)

2 In fact, the matrix is −E in [63], but we use E for conventional simplicity. This only affects the
direction of the motion (forward or backward) on the desired path.
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where φi :M→ R are twice continuously differentiable functions. Assumptions
will be introduced in Chapter 5 to make sure that (1.4) defines a “practical”
desired path (e.g., it is nonempty and connected). Therefore, the VF-PF navigation
problem onM, where recall thatM can be Euclidean spaces, is formally defined
below

Problem 1.1 (VF-PF navigation problem on M). Given a desired path P ⊆ M
defined in (1.4), the VF-PF navigation problem is to design a continuously differ-
entiable vector field χ :M→ TM, where TM denotes the tangent bundle ofM,
for the differential equation ξ̇(t) = χ

(
ξ(t)

)
such that the two conditions below

are satisfied:
1) There exists a neighborhood D ⊆ M of the desired path P such that

for all initial conditions ξ(0) ∈ D, the distance dist(ξ(t),P) between the tra-
jectory ξ(t) and the desired path P approaches zero as time t → ∞; that is,
limt→∞ dist(ξ(t),P) = 0;

2) If a trajectory starts from the desired path, then the trajectory stays on the
desired path for t ≥ 0 (i.e., ξ(0) ∈ P =⇒ ξ(t) ∈ P for all t ≥ 0). In addition, the
vector field on the desired path is non-zero (i.e., 0 /∈ χ(P)).

We will study guiding vector fields and the autonomous system (1.3), where
the right-hand-side is a guiding vector field defined onM, throughout the thesis.

1.1.4 Review of guiding vector fields in the literature

In this thesis, we focus on VF-PF algorithms for the path-following control problem.
The essential differences among different VF-PF algorithms are the guiding vector
fields. In this subsection, we review some of the guiding vector fields in the
literature and point out the major differences among them and those studied in
this thesis.

• ([89]) If the desired path in R2 is defined by (1.1), then the guiding vector
field χ : R2 → R2 is

χ(ξ) = vd
R∇φ(ξ)

‖∇φ(ξ)‖ − kpφ(ξ)
∇φ(ξ)

‖∇φ(ξ)‖ (1.5)

for ξ ∈ R2, where R =
[ 0 1
−1 0

]
, vd > 0 and kp > 0 are constants. The major

difference from (1.2) is the state-dependent scaling coefficient 1/‖∇φ(ξ)‖.

• ([81]) If the desired path in R2 is defined by (1.1), then the guiding vector
field χ : R2 → R2 is

χ(ξ) = sVgsech(κφ(ξ))
R∇φ(ξ)

‖∇φ(ξ)‖ −Vg tanh(κφ(ξ))
∇φ(ξ)

‖∇φ(ξ)‖ (1.6)
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for ξ ∈ R2, where R =
[ 0 1
−1 0

]
, κ > 0, Vg > 0 are constants, and s =

±1, which determines the direction of following the desired path. The
major differences from (1.2) are the state-dependent scaling coefficients
sech(κφ(ξ))/‖∇φ(ξ)‖ and tanh(κφ(ξ))/‖∇φ(ξ)‖.
If the desired path in R3 is defined by (1.4), where M = R3, then the
guiding vector field χ : R3 → R3 is

χ(ξ) = sVgsech(κr(ξ))
∇φ1(ξ)×∇φ2(ξ)

‖∑2
i=1 φi(ξ)∇φi(ξ)‖

−Vg tanh(κr(ξ)) ∑2
i=1 φi(ξ)∇φi(ξ)

‖∑2
i=1 φi(ξ)∇φi(ξ)‖

(1.7)

for ξ ∈ R3, where r(ξ) = ‖(φ1(ξ), φ2(ξ))‖. Similarly, the major dif-
ferences from the 3D counterpart of (1.2), which will be studied in
detail later in Chapter 4, are the state-dependent scaling coefficients
sech(κr(ξ))/‖∑2

i=1 φi(ξ)∇φi(ξ)‖ and tanh(κr(ξ))/‖∑2
i=1 φi(ξ)∇φi(ξ)‖.

• ([72]) If the desired path in R3 is defined by (1.4), whereM = R3, then the
guiding vector field χ : R3 → R3 is:

χ(ξ) = usσ
∇φ1(ξ)×∇φ2(ξ)

‖∇φ1(ξ)‖‖∇φ2(ξ)‖
− kp

(
φ1(ξ)

∇φ1(ξ)

‖∇φ1(ξ)‖
+ φ2(ξ)

∇φ2(ξ)

‖∇φ2(ξ)‖

)
for ξ ∈ R3, where σ determines the direction of movement along the
desired path and us ∈ R, kp > 0 are constants. The major differences from
the 3D counterpart of (1.2), which will be studied in detail later in Chapter
4, are the state-dependent scaling coefficients 1/‖∇φi(ξ)‖, i = 1, 2, and
1/(‖∇φ1(ξ)‖‖∇φ2(ξ)‖).

• ([50]) If the desired path is defined by (1.4), where M = Rn, then the
guiding vector field χ : Rn → Rn is:

χ(ξ) = H(t, ξ) ∧n−1
i=1 ∇φi(ξ)− G(t, ξ)∇V(φ1(ξ), . . . , φn−1(ξ)) + ρ(t, ξ)

(1.8)
for ξ ∈ Rn, where V : Rn−1 → R is a differentiable positive-definite
function (i.e., V = 0 if and only if φi = 0 for all i = 1, . . . , n − 1), G :
R ×Rn → R≥0 is a non-negative function which only becomes zero at
points where ∇V = 0, H : R ×Rn → R≥0 is a continuous function which
is strictly positive or negative on P , and ∧ is the wedge product. If the
desired path is static (i.e., independent of time t), then ρ(·) = 0; otherwise,
ρ : R ×Rn → Rn is a term to guarantee the convergence to the moving
desired path (i.e., P is dependent on time t). The guiding vector field
defined in [74] is similar.
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The major differences from the Rn counterpart of (1.2), which will be studied
in detail later in Chapter 9, are the state-dependent scaling functions G(·),
H(·), and the time-varying terms. If the desired path is independent of
time t (hence ρ(·) = 0), and let G(·) = H(·) = 1, V = 1/2 ∑n−1

i=1 φ2
i , then

(1.8) is of the same form as (9.2) in Chapter 9.

1.1.5 Guiding vector fields studied in this thesis

In this thesis, we specifically study guiding vector fields of the same structure
as that in (1.2); namely, each of them consists of a propagation term and a
convergence term. More specifically, the counterpart of (1.2) defined on R3 is
studied in Chapter 4 (i.e., (4.2)); the one defined on Rn is studied in Chapter 9

(i.e., (9.2)) and the one defined on an n-dimensional smooth Riemannian manifold
is studied in Chapter 5 (i.e., (5.6)) and Chapter 6 (i.e., (6.3)). Here, we emphasize
the significance of studying these guiding vector fields.

Firstly, different from many existing studies which restrict consideration to
simple desired paths such as a circle or a straight line (or a combination of them)
[21], [104], [137], the guiding vector fields studied in this thesis are designed
for any general sufficiently smooth desired path in the form of (1.4). Secondly,
many guiding vector fields in the literature are essentially variants of guiding
vector fields in this thesis. For example, as discussed in Section 1.1.4, some
variants are obtained by adding φi-dependent gains to the convergence terms or
(and) the propagation terms [63], [81], [89], and some by adding time-varying
gains or an additional time-varying component [50], [74]. Thus, the guiding
vector fields in [63], [81], [89], [162] can be regarded as 2D specializations of the
guiding vector fields studied in this thesis (e.g., (5.3)), and those in [65], [72],
[81], [156], [157] as 3D specializations of the guiding vector fields studied in
this thesis (e.g., (5.3)). In some cases, the φi-dependent gains to the convergence
terms or (and) the propagation terms would not change the phase portraits [25,
Proposition 1.14], and thus the convergence properties of the guiding vector
fields remain unchanged. Therefore, the study of the guiding vector fields in this
thesis (e.g., (5.3) and (5.6)) is of great significance. In addition, to clearly observe
the topological properties of the guiding vector fields, we do not consider time-
varying components, and thus we focus on the autonomous differential equation
(1.3).

1.1.6 Comparison with potential energy shaping for path planning

The guiding vector field approach has one major component in common with
the potential energy shaping approach for path planning (e.g., [68], [120]); that is,
they all use (feedback) vector fields for path following or motion planning. In
addition, similar to the potential energy shaping approach, the guiding vector
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field can be used for control algorithm design for both the purely kinematic,
first-order integrator, and the dynamic, second-order integrator [50].

However, there are also major differences listed as follows:

1. (Problem formulations) The potential energy shaping approach aims to
plan a path between two given points (in the presence of obstacles), while
in the path-following problem, one does not aim to find such a path and
there are no given two points either. More specifically, in the path following
formulation, a geometric desired path is given, and one aims to design a
vector field such that the integral curves converge to and traverse along
the path. One also does not restrict consideration to a compact workspace,
while those works in [68], [120] only consider a compact workspace (i.e., a
sphere world).

2. (Vector fields) Guiding vector fields are usually not the gradients of any
potential functions, while the potential energy shaping approach relies on
designing a potential/navigation function, and the corresponding vector
field is the (negative) gradient of the potential/navigation function.

3. (Topological results) We prove a general result showing a common limitation
of combining two vector fields (see Lemma 8.20). This result gives a
theoretical explanation of the common phenomenon that singular points
exist when two vector fields are blended. The result may be regarded as a
counterpart of the well-known limitation of motion-planning algorithms
based on the negative gradient of a potential/navigation function [68], [120],
both issues being fundamentally topological. However, in our case, the
limitation can sometimes be removed (see Remark 8.21), and thereby, global
convergence of trajectories to the desired path with the collision-avoidance
guarantee is possible (see Remark 8.21).

1.2 research challenges and contributions
Equilibrium points are usually the central subject of study in the systems and
control field. However, in this thesis, since the desired path is not a singleton, we
aim to let trajectories of (1.3), where the right-hand side can be guiding vector
fields on high dimensional spaces, converge to a closed invariant set (i.e., the
desired path). The difficulty of the analysis of guiding vector fields arises due to
two facts. First, the guiding vector fields are nonlinear and not the gradient of
any potential functions. Second, there are usually singular points in the vector
field, where the vector field vanishes. We recognize these challenges and make
the first contribution as stated below, which is detailed in Chapters 3, 4, and 7.
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Contribution I

We derive new theoretical results (e.g., the refined dichotomy convergence
property, the exponential convergence of path-following errors, the input-
to-state stability of path-following error dynamics) for guiding vector fields
on Rn, where n ≥ 2.

Moreover, most, if not all, of the existing literature only studies the guiding
vector fields on Euclidean spaces, while the generalization to a smooth manifold
has not been investigated thoroughly. Our second contribution is to generalize
guiding vector fields to a smooth Riemannian manifold, and provide theoretical
results including the topological analysis. The contribution is elaborated in
Chapters 5 and 6.

Contribution II

We generalize guiding vector fields to a general smooth Riemannian mani-
fold, and derive new theoretical results including the dichotomy conver-
gence result and the stability of the desired path. In particular, we derive
some topological results regarding the existence of singular points and
trajectories not converging to the desired path. In addition, we characterize
the domain of attraction of the desired path.

We have shown that on Euclidean spaces, the guiding vector field correspond-
ing to a compact desired path (precisely, homeomorphic to the unit circle S1)
cannot have global convergence of trajectories of (1.3) to the desired path. How-
ever, in practical applications, this global convergence property is desirable. Yet, it
is challenging, if not impossible, to remove this topological obstruction to global
convergence. In addition, the traditional guiding vector field is not applicable to
a self-intersecting desired path since the self-intersecting point is itself a singular
point of the vector field. It is unclear how to remove this limitation in the existing
literature. It is our third contribution to resolve these problems, which is detailed
in Chapter 9.

Contribution III

We propose an approach to generate singularity-free higher-dimensional
guiding vector fields on Euclidean spaces such that the topological obstruc-
tion of global convergence of trajectories to the desired path is removed,
and thereby it becomes possible to follow self-intersecting desired paths.

Most of the VF-PF algorithms have been designed for one single robot, but it was
unclear how to extend these algorithms for a multi-robot system to accomplish
some coordination tasks. In addition, when considering obstacle avoidance,
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many existing algorithms cannot provide mathematical guarantees. As the fourth
contribution, we have successfully achieved the extension of guiding vector fields
for multi-robot systems, and derive a variation of the guiding vector field to
rigorously guarantee both path-following and obstacle-avoidance capabilities.
This contribution is reported in Chapters 8 and 10.

Contribution IV

We extend guiding vector fields having been designed for a single robot to
those for a multi-robot system to achieve distributed coordinated motion
control. In addition, we extend guiding vector fields such that path-
following and obstacle-avoidance behaviors are achieved simultaneously
with mathematical guarantees.

1.3 thesis outline
The remainder of the thesis is structured as follows, and the relationships among
different chapters are illustrated in Fig. 1.3.

In Chapter 2, preliminaries on nonlinear systems and control, point-set topol-
ogy, topological and differentiable manifolds are briefly introduced. These
preliminary results underpin the subsequent theoretical findings in the thesis.

After Chapter 2, the thesis is divided into two parts. Part I establishes the
theoretical foundation of vector-field guided path-following (VF-PF) algorithms,
and it consists of Chapters 3 to 7. Part II extends Part I, and presents variations
of the guiding vector fields and their applications in following occluded desired
paths, global robot navigation and multi-robot coordinated maneuvering. This
part consists of Chapters 8 to 10 (see the two shaded areas in Fig. 1.3).

Chapter 3 studies the relationship between level values and level sets. The
zero level set of a specific smooth function, called level function, is usually the
central object of study (e.g., the zero level set of a Lyapunov function is usually
the singleton containing an equilibrium of a dynamical system). Therefore, we
investigate the question whether the convergence of the value of the level function,
called the level value, to zero along a trajectory implies the convergence of the
trajectory to the zero level set. This is not generally true, but some conditions or
assumptions are identified in the chapter to make this implication hold. These
conditions or assumptions are then used throughout the rest of the thesis (see
the arrows starting from Ch. 3 in Fig. 1.3). This chapter is based on our work in
[160].

In Chapter 4, we study the properties of a general 3D guiding vector field for
path following, which is an extension of the 2D guiding vector field in Section
1.1.2. We derive conditions under which the path-following error converges
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Figure 1.3: The structure of the thesis and relationships among chapters.

exponentially to zero in the vicinity of the desired path, and show the local input-
to-state stability (ISS) property of the path-following error dynamics. Thanks
to this ISS property, we propose a control algorithm design principle for robot
models of which the motions are determined by their headings. This chapter is
the basis for the design of higher-dimensional guiding vector fields, for which
some of the results in the chapter can be generalized straightforwardly. The
control algorithm design principle is adopted in Chapters 8, 9 and 10 (see the
arrows starting from Ch. 4 in Fig. 1.3). This chapter is based on our work in [157]
and [156].

Chapter 5 focuses on the analysis of vector-field guided path-following algo-
rithms from a topological perspective. Based on Chapter 4, we derive guiding
vector fields on n-dimensional Euclidean spaces Rn and n-dimensional smooth
Riemannian manifolds M. In this chapter, we only take into account desired
paths that are homeomorphic to the unit circle S1. For the guiding vector field on
Riemannian manifolds, we show the dichotomy convergence result, the asymp-
totic stability of the desired path and the non-attractiveness of the singular set
under some conditions. Then we conclude that the domain of attraction of the
desired path is homotopy equivalent to S1. This further leads to results about
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the existence of singular points and the impossibility of global convergence in
the Euclidean spaces. Furthermore, we also demonstrate a topological result
regarding the existence of trajectories not converging to the desired path. The
results of the chapter are the main motivations for Chapter 9, which aims to
remove the topological obstruction to global convergence to the desired path (see
the arrow starting from Ch. 5 to Ch. 9). This Chapter is based on our work in
[161].

Chapter 6 is an extension of Chapter 5 (see the arrow starting from Ch. 5

to Ch. 6 in Fig. 1.3); it further characterizes the domain of attraction of the
desired path, which is generally a compact asymptotically stable regular level set
in a finite-dimensional Riemannian manifoldM. The central result is that the
domain of attraction of the desired path is homeomorphic to Rn−1 × S1, where n
is the dimension of the ambient manifoldM. As in Chapter 5, the results of this
chapter motivate the studies in Chapter 9 (see the arrow starting from Ch. 6 to
Ch. 9 in Fig. 1.3). This chapter is based on our work in [158].

In Chapter 7, we consider guiding vector fields on Euclidean spaces Rn for
n ≥ 2 (illustrated by an arrow from Ch. 6, which inherits from Ch. 4 and Ch. 5,
to Ch. 7 in Fig. 1.3), and refine the dichotomy convergence result. Specifically,
we provide conditions under which a trajectory converging to the singular set
implies that it converges to a single point of the set. This refined conclusion is
used in Chapter 8 (see the arrow starting from Ch. 7 to Ch. 8 in Fig. 1.3). This
chapter is based on our work in [160].

Chapter 8 considers the practical scenario where a planar desired path is partly
occupied by a finite number of static and moving obstacles of arbitrary shapes.
In this case, it is no longer possible to persistently follow the desired path, and
temporarily deviating from the desired path to avoid collision with obstacles is
crucial. To address this problem, we propose to use smooth bump functions to
integrate two guiding vector fields while the negative effect due to the integration
is mitigated. Technical conditions are derived to guarantee the effective path-
following and obstacle-avoidance behavior simultaneously. We also propose a
switching mechanism to avoid possible deadlocks, and discuss several extensions,
including obstacle-avoidance in higher-dimensional spaces, nonholonomic robot
models and moving obstacles. The results in this chapter can be adopted in
Chapter 10 to avoid collisions among robots (see the arrow starting from Ch. 8 to
Ch. 10 in Fig. 1.3). This chapter is based on our work in [162] and [159].

Due to the topological obstruction of global convergence of trajectories to
the desired path in Euclidean spaces as shown in Chapters 5 and 6, Chapter
9 investigates how to remove this topological obstruction. Using parametric
equations of desired paths, we propose an approach to change the topology of the
desired paths and extend the dimensions of the space that the desired paths live in.
Thanks to this approach, we can guarantee the global convergence of trajectories to
desired paths that are homeomorphic to the unit circle S1 or are self-intersecting,
which was initially not possible. We also discuss the differences between our
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proposed vector-field guided path-following algorithm and a traditional trajectory
tracking algorithm, along with the practical implementation of the proposed
algorithm on a fixed-wing aircraft. This chapter is based on our work in [164]
and [165].

The previous chapters all deal with the single-robot path-following problem,
while the last chapter, Chapter 10, further extends the guiding vector field to
enable multiple robots to follow possibly different desired paths in a distributed
and coordinated way. The new guiding vector field proposed in this chapter
utilizes the additional dimension of the guiding vector field proposed in Chapter
9 to reach consensus on a virtual coordinate, and thus coordinated motions (i.e.,
robots maintaining desired parametric distances while maneuvering) is achieved;
see the arrow starting from Ch. 9 to Ch. 10 in Fig. 1.3. We also extend the path-
following algorithm to enable coordinated maneuvering on two-dimensional
surfaces. This chapter is based on our work in [166] and [167].

Chapter 11 concludes the thesis and provides recommendations for future
research.
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1.5 general notations
In this section we define notations that are used throughout the thesis, while
notations specific to chapters are defined within the chapters themselves.

The set of natural numbers (including 0), integers and real numbers are denoted
by N, Z and R, respectively. We use R≥0 to denote the non-negative real numbers.
The notation “:=” means “defined to be”. If A ( B, then A is a proper subset
of B. If A ⊆ B, then A is a (proper or non-proper) subset of B. The notations
A \ B or A− B denote the set of elements which belong to A but not B; i.e.,
A \ B = A−B := {x ∈ A : x /∈ B}.

Given a positive integer n, if a mapping f : R → Rn is a differentiable
function in time t, then ḟ (t) denotes the function’s derivative with respect to t.
Suppose there is a function ρ : C → D, where the sets C and D are nonempty.
The image of a subset F ⊆ C under ρ is the subset ρ(F ) ⊆ D defined by
ρ(F ) := {ρ(x) ∈ D : x ∈ F}. Given two functions f : X → Y, g : Y → Z, the
composition of these two functions is denoted by g ◦ f : X → Z. A function is
said to be of class Cr, r ≥ 1, if it is r times differentiable, and its r-th derivative is
continuous. A function is of class C0 if it is continuous, and C∞ if it is smooth
(i.e., infinitely differentiable).

Suppose (X , d) is a metric space with a metric d and A is a subset in X . The
distance between a point p ∈ X and the set A is dist(A, p) = dist(p,A) :=
inf{d(p, q) : q ∈ A}, and if A = ∅, then dist(p,A) = inf{∅} = +∞. The
distance between two subsets A,B ⊆ X is dist(B,A) = dist(A,B) = inf{d(a, b) :
a ∈ A, b ∈ B}. If we consider the n-dimensional Euclidean space X = Rn,
then we use the Euclidean metric by default unless otherwise mentioned3; i.e.,
dist(p,A) = inf{dl2(p, q) : q ∈ A}, where dl2(p, q) = ‖p − q‖ and ‖ · ‖ is the
Euclidean norm.

If M is a matrix, ‖M‖ denotes the induced matrix two-norm of M. The
transpose of a vector or a matrix v is denoted by v>. The determinant of a matrix
M is denoted by det(M) or det M.

3 Other metrics in Rn include but not limit to the taxi-cab metric and the sup norm metric [140,
Examples 1.1.7, 1.1.9].
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