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3 VA N I S H I N G L E V E L VA L U E A N D
C O N V E R G E N C E TO Z E R O - L E V E L
S E T

In the vector-field guided path-following problem, the desired path is
described by the zero-level set of a sufficiently smooth real-valued function
and to follow this path, a (guiding) vector field is designed, which is not
the gradient of any potential function. The value of the aforementioned
real-valued function at any point in the ambient space is called the level value
at this point. In this chapter, we show that the vanishing of the level value
does not necessarily imply the convergence of a trajectory to the zero-level
set, while additional conditions or assumptions identified in the chapter are
needed to make this implication hold. The results in this chapter, although
obtained in the context of the vector-field guided path-following problem,
are widely applicable in many control problems, where the desired sets to
converge to (in particular, a singleton constituting a desired equilibrium point)
form the zero-level set of a Lyapunov(-like) function, and the system is not
necessarily a gradient system.

This chapter is based on

• W. Yao, B. Lin, B. D. O. Anderson, and M. Cao, “Refining dichotomy convergence in vector-field
guided path following control,” in European Control Conference (ECC), 2021.
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28 vanishing level value and convergence to zero-level set

3.1 introduction
Although equilibrium points of a dynamical system have often been the subject of
study in the control literature, it is important to recognize that the convergence of
trajectories of a dynamical system to a closed invariant set is also of intense research
interest in many control problems, which include the geometric path-following
problem [50], [74], [104] and the formation maneuvering problem [33], [143].
Note in particular that in the path-following problem, the trajectories of a system
are required to converge to and traverse along a desired path, which is usually a
geometric object like a closed curve rather than an equilibrium point [121], [137].

The closed invariant set can sometimes be described by the zero-level set of a
continuous real-valued non-negative function, such as a Lyapunov(-like) function
[59] or (the norm of) an error signal, while convergence of trajectories to the
set is usually characterized by the distance of points on a trajectory to the set
with respect to a metric (e.g., the Euclidean metric) [11], [54], [63], [66]. For
convenience, such a continuous non-negative function is referred to as the level
function and its value at a point is called the point’s level value. Therefore, one
natural idea is to use the level value, instead of the distance to the set, along a
system trajectory to characterize the convergence to the zero-level set. This idea
is utilized in vector-field guided path-following algorithms [50], [63], [74], [157],
[161], and in some applications of Barbalat’s lemma (e.g., Lemma 2.7, Theorem
2.8, [74, Theorem 1], [50, Theorem 1]). Now a central set-theoretic issue is whether
the vanishing of the level value entails the convergence to the zero-level set of the
level function: as clarified by examples later, a trajectory might diverge to infinity
and the associated level value can still converge to zero. An associated issue arises
from the fact that convergence with respect to a topology is a stronger notion
than that with respect to a metric, while the former is relatively less studied in
the control literature. This stronger notion is especially needed when a system
evolves in some topological space rather than a Euclidean space, or when there
are different metrics in a metric space but a metric-independent convergence
result is required.

Contributions: In this chapter, we discuss the relationship between vanishing
of the level value and the convergence of trajectories to the zero-level set. This
issue is motivated by, but independent of, the vector-field guided path-following
scenario. We show that as the level value evaluated at an infinite sequence of
points (which is more general than a continuous trajectory) converges to zero,
this sequence might not converge to the (possibly compact) zero-level set in the
Euclidean space. Specifically, we prove that the sequence converges (with respect
to a topology) to the union of the zero-level set and infinity. This result is of
interest in many control problems where the desired set forms the zero-level
set of a Lyapunov(-like) function or (the norm of) an error signal. Additional
conditions or assumptions are suggested such that the vanishing of the level
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value does imply the convergence to the zero-level set, which is the intuitive idea
behind many of the results in the literature (e.g., [32], [50], [63], [74], [157]).

The rest of the chapter is organized as follows. Section 3.2 introduces the
vector-field guided path-following problem and formulate the problem. Then
the main results are presented in Section 3.3. Finally, Section 3.4 concludes the
chapter.

3.2 background and problem formulation
In the vector-field guided path-following problem, the desired path P is a set-
theoretic object in Rn, and it is the intersection of several hyper-surfaces described
by the zero-level sets of sufficiently smooth functions [24], [28], [36], [50], [89],
[98], [119], [156], [157]:

P = {ξ ∈ Rn : φi(ξ) = 0, i = 1, . . . , n− 1}, (3.1)

where φi : Rn → R are twice continuously differentiable functions. Some
conditions will be adopted in subsequent chapters to ensure that the φi functions
define a genuine path P , but now we only need to treat P as a non-empty
set-theoretic object. Let f = ‖(φ1, . . . , φn−1)‖, then P is the zero-level set of f ; i.e.,
P = f−1(0). For convenience, we call the non-negative real-valued function f the
level function, and for any point ξ ∈ Rn, the value f (ξ) is called the level value of
f at the point ξ. Since f (ξ) = 0 ⇐⇒

(
φ1(ξ), . . . , φn−1(ξ)

)
= 0 ⇐⇒ ξ ∈ P for

a point ξ ∈ Rn, one may use f (ξ) = ‖(φ1(ξ), . . . , φn−1(ξ))‖ to roughly represent
the distance from a point ξ to the desired path P . The following question arises
naturally:

Q1. Suppose f (ξ(t)) = ‖(φ1(ξ(t)), . . . , φn−1(ξ(t)))‖ → 0 as t → ∞ along a
continuous trajectory ξ(t) defined on [0, ∞), which can be an arbitrary continuous
function or a trajectory of an autonomous system. Does it hold that the trajectory
ξ(t) will converge to the set P with respect to a metric or a topology (called
metrical convergence and topological convergence respectively, and to be discussed
later)?

Note that this question Q1 does not depend on the path-following setting, but
is relevant to any problem where a set is described by the zero-level set of a
level function, and the convergence to the set is an indispensable requirement of
the problem. For Q1, one might be inclined to give a positive answer based on
intuition, but as shown later, the answer is negative even if the set P is compact.
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3.3 main results

3.3.1 Preliminaries

Suppose (M, d) is a metric space with a metric d, and its topology is induced
by the metric d. An (open) neighborhood of A ⊆ M is an open set U ⊆ M
such that A ⊆ U . An ε-neighborhood Uε of A ⊆M, where ε > 0 is a constant,
is an open neighborhood of A defined by Uε := {p ∈ M : dist(p,A) < ε}.
Note that an ε-neighborhood is an open neighborhood, but the converse is not
necessarily true. In particular, there can exist an open neighborhood U such
that no ε-neighborhood Uε is a subset of U . For example, let A be the x-axis in
the plane; i.e., A = {(x, 0) ∈ R2 : x ∈ R} and choose an open neighborhood
of A as U = {(x, y) ∈ R2 : x ∈ R, |y| < exp(−x)} (see Fig. 3.1). Intuitively,
the neighborhood U is “shrinking” infinitely close to the set A as x increases.
Then there does not exist an ε > 0 such that Uε ⊆ U . However, as will be
shown in Lemma 3.2, if A is compact, then (unsurprisingly perhaps) for any
open neighborhood of A, there always exists an epsilon neighborhood Uε that is
a subset of U .

3.3.2 Metrical convergence and topological convergence

Suppose (M, d) is a metric space with a metric d. One can regard M as a
topological space with the topology induced by its metric d. Suppose a set
A ⊆ M, called the desired set, is a level set of a function g : M → Rn; that is,
A = g−1(c) for some constant c ∈ Rn. One can define a (non-negative) level
function e(·) = ‖g(·)− c‖, where ‖ · ‖ =

√
d(·, ·), such that A = e−1(0). Namely,

A is the zero-level set of the level function e. Therefore, every point in the desired
set A renders the level value e = 0. When we consider convergence to a set, it is
important to clarify if this convergence is with respect to a metric or a topology,
which correspond to the notions metrical convergence and topological convergence
respectively defined below.

Definition 3.1 (Metrical and topological convergence). Consider a metric space
(M, d) and the topology induced by the metric d. Suppose A ⊆ M is a closed
and nonempty set, and let (ξi)

∞
i=0 ∈ M be an infinite sequence of points. The

sequence converges to A metrically if for any ε > 0, there exists I > 0 such that
ξi(i ≥ I) ⊆ Uε (or equivalently, dist(ξi,A) ≤ ε for i ≥ I), where ξi(i ≥ I) :=
{ξi ∈ M : i ≥ I}. The sequence (ξi)

∞
i=0 converges to A topologically if for any

open neighborhood U of A, there exists I′ > 0 such that ξi(i ≥ I′) ⊆ U .

In the sequel, we will clarify the relationship between level value convergence
(to a constant), metrical convergence (to a set) and topological convergence (to
a set). The notion of metrical convergence has been used in many, if not most,
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Figure 3.1: The non-compact desired set A ⊆ R2 is the x-axis, U = {(x, y) ∈ R2 : |y| <
exp(−x)} is an open neighborhood of A and Uε is an ε-neighborhood of A for
ε = 0.3. It is obvious that there does not exist an ε > 0 such that Uε ⊆ U . Also
note that the continuous trajectory ξ(t) = (t, exp(−0.8t)) converges metrically
but not topologically to the desired set A, since dist(ξ(t),A) → 0 as t → ∞
but ξ(t) 6∈ U for sufficiently large t > 0.

of the control-related textbooks (e.g., [11], [54], [66], [124]). However, the notion
of topological convergence is more general and is necessary when a topological
space is considered, or when there are different metrics to choose but one wants
the convergence results to be independent of which metric to use. From the
definition, if a trajectory converges topologically to the desired set A, then it
also converges to A metrically, but the converse is not true in general (see Fig.
3.1). Nevertheless, if the set A is compact, then metrical convergence also implies
topological convergence. To prove this, we first present the following lemma,
which is a standard result in topology (see [101, p.177, Exercise 2(d)]). For
completeness, we present a brief proof.

Lemma 3.2. Let A be nonempty and compact in the metric space (M, d). For any open
neighborhood U of A, there exists an ε-neighborhood Uε of A, such that Uε ⊆ U .

Proof. Since U is an open neighborhood of A, the complement K = M\ U is
closed in M. Define a function f : A → R≥0 by f (x) = dist(x,K), which is
continuous with respect to x. Since x /∈ K and K is closed, we have f (x) > 0
for any x ∈ A. Since A is compact, f has a positive lower bound on A; that is,
there exists a positive constant δ such that f (x) = dist(x,K) ≥ δ. Let ε = δ/2,
then it is obvious that the epsilon neighborhood Uε ∩K = ∅, and it follows that
Uε ⊆ U .
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We can now prove the following proposition.

Proposition 3.3. Suppose the desired set A is nonempty and compact. Then an infinite
sequence of points converges metrically to the desired set A if and only if it converges
topologically to A.

Proof. If a sequence of points converges topologically to A, then it is obvious
that it converges metrically to A. Now we prove the necessity. For any open
neighborhood U of A, there exists an epsilon neighborhood Uε ⊆ U from Lemma
3.2. Since the sequence (ξi)

∞
i=0 converges metrically to A, there exists I > 0, such

that ξi(i ≥ I) ⊆ Uε ⊆ U .

In much of the literature, an isolated equilibrium point of a system is studied,
often taken as the origin for convenience, and thus in these cases, the desired
set A = {0} is a singleton, which is obviously compact in the Euclidean space
Rn. Therefore, metrical convergence automatically implies the stronger notion of
topological convergence, and the existing results about convergence can directly
be applied to general topological spaces. However, in the study of, e.g., path-
following control, the desired set is usually not a singleton. If the desired set is
non-compact, then it is necessary to clarify which convergence notions are used1.

For simplicity, we mostly consider Euclidean space in the sequel. If we do not
specify which convergence notion we use throughout the thesis, then by default it is the
metrical convergence, but the notion of topological convergence will still be used wherever
this stronger notion is applicable.

Perhaps surprisingly, the convergence of the level value to zero for an infinite
sequence of points inM does not imply that the sequence converges (metrically
or topologically) to the desired set A. As shown later, the sequence may even
converge to infinity, even if the desired set A is compact inM. Before proceeding
to this result, we clarify the meaning of a sequence converging to ∞ or A∪ {∞},
where A is a nonempty set, in the following definition.

Definition 3.4. Consider a metric space (M, d) and a nonempty closed subset
A ⊆ M. A sequence (xi)i∈N ∈ M converges metrically to ∞ if for any b > 0,
there exists N ≥ 0, such that ‖xi‖ =

√
d(xi, xi) > b for i ≥ N. Consider the

topology induced by the metric d, then (xi)i∈N ∈ M converges topologically to
∞ if for any compact set U inM, there exists N ≥ 0, such that xi ∈ M\ U for
i ≥ N. The sequence converges metrically (topologically) to A∪ {∞} if there exists
a subsequence (xik )k∈N of (xi)i∈N such that the subsequence (xik )k∈N converges
metrically (topologically) to A or ∞.

The sequence in Definition 3.4 can analogously be replaced by a continuous
trajectory. This definition is motivated by the one-point compactification of M

1 One can similarly define stability with respect to a metric or a topology (e.g. , Definition 5.16).
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that is used in the proofs of Theorems 3.6 and 3.7. To ensure that the one-point
compactification ofM exists2, we impose the following assumption:

Assumption 3.5. The metric spaceM is locally compact3.

This assumption is satisfied ifM is a smooth manifold or a Euclidean space
Rn for some n ∈N. Theorem 3.6 follows.

Theorem 3.6. Define the (closed) set A := {ξ ∈ M : ‖φ(ξ)‖ = 0}, where φ :M→
Rm is a continuous function and m ∈ N. If (ξi)

∞
i=0 ∈ M is an infinite sequence of

points such that ‖φ(ξi)‖ → 0 as i → ∞, then the sequence converges topologically to
the set B := A∪ {∞} as i→ ∞.

Proof. The closedness ofA inM is due to the continuity of ‖φ‖ and the closedness
of {0} ⊆ R. We can consider the problem in the one-point compactification [101,
p. 185] ofM. In other words,M can be embedded in a compact space N , and
∞ is regarded as a particular point, denoted by p, in N . Let this embedding
be denoted by f : M → N \ {p}. We prove by contradiction. Suppose the
sequence (ξi)

∞
i=0 does not converge topologically to the set B = A∪ {∞}, then

the sequence (ζi)
∞
i=0, where ζi = f (ξi) ∈ N , does not converge topologically to

the set B′ := f (A) ∪ {p} ⊆ N . Therefore, there exists an open neighborhood
U ⊆ N of B′ and a subsequence (ζik )

∞
k=0 of

(
ζi
)∞

i=0 such that ζik /∈ U for all
k ≥ 0. Since N is sequentially compact [101, p. 179], the sequence (ζik )

∞
k=0

has a convergent subsequence (ζikl
)∞

l=0, which converges to a point ζ ′ ∈ N \ U ,

where (·) represents the closure of a set. Now turn to the original metric space
M. This means that the corresponding subsequence (ξikl

)∞
l=0 converges to a

point ξ ′ ∈ f−1(N \ U ) ⊆ M \ B. Since φ is continuous, we have φ(ξ ′) =
liml→∞ φ(ξikl

) = limi→∞ φ(ξi) = 0, which implies that ξ ′ ∈ A ⊆ B. But this is a
contradiction since (M\B) ∩ B = ∅.

Note that the sequence converging topologically to the set B := A ∪ {∞}
implies four mutually exclusive possibilities: 1) The sequence converges to A;
2) The sequence converges to ∞; 3) The sequence converges to both A and ∞
(in which case the set A is unbounded); 4) The sequence converges neither to A
nor ∞. The fourth case happens if the sequence has a subsequence converging
to A and another subsequence converging to ∞, but the whole sequence is not
convergent. However, if the set A is compact and a continuous trajectory is
considered, then only the first two cases are possible, as shown in the following
theorem.

2 There always exists the one-point compactification of a locally compact Hausdorff space [101, Chapter
3, Section 29].

3 The space M is locally compact at x ∈ M if there is a compact subspace N ⊆ M that contains a
neighborhood of x. IfM is locally compact at every point, thenM is said to be locally compact.
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Theorem 3.7. Define the (closed) set A := {ξ ∈ M : ‖φ(ξ)‖ = 0}, where φ :M→
Rm is continuous and m ∈ N. If A is compact, and ξ : R≥0 → M is continuous
and ‖φ(ξ(t))‖ → 0 as t → ∞, then ξ(t) converges topologically to the set A or to ∞
exclusively as t→ ∞.

To prove this theorem, we need Lemma 3.8 below. This lemma extends [156,
Lemma 7] as it considers a general metric space and the topological convergence
instead of a Euclidean space and the metrical convergence.

Lemma 3.8. Consider a metric space (M, d), where d is a metric. Define two nonempty
sets A1, A2 ⊆M such that dist(A1,A2) > 0, and let D := A1 ∪A2. If a continuous
trajectory p : R≥0 →M converges topologically to D as t→ ∞, then p(t) converges
topologically to either A1 or A2 exclusively as t→ ∞.

Proof of Lemma 3.8. Suppose dist(A1,A2) = β > 0. First, it is obvious that the
continuous trajectory p(t) cannot converge to both A1 and A2 simultaneously.
Now we show that p(t) converges to either A1 or A2 exclusively. We can let
ε = β/4, implying that the ε-neighborhoods Uε of A1 and Vε of A2 satisfy
dist(Uε,Vε) > 2ε. Also note that Wε := Uε ∪ Vε is the ε-neighborhood of
D = A1 ∪A2, andWε is a disconnected set. Since the continuous trajectory p(t)
converges topologically to D, there exists T > 0 such that p(t ≥ T) ⊆ Wε =
Uε ∪Vε. If p(t = T) ∈ Uε, then due to the continuity of p(t) and dist(Uε,Vε) > 2ε,
there holds ξ(t ≥ T) ⊆ Uε, and thereby p(t) converges topologically to A1. The
same argument applies to the case where p(t = T) ∈ Vε. Therefore, p(t)
converges topologically to either A1 or A2 exclusively as t→ ∞, dependent on
the initial condition.

Proof of Theorem 3.7. As in the proof in Theorem 3.6, we consider the one-point
compactification [101, p. 185] ofM. Thus,M can be embedded in the compact
space N , and ∞ is regarded as a point p in N . Let this embedding be denoted
by f : M → N \ {p}. Since A is compact, the image A′ = f (A) ⊆ N is also
compact, and it is obvious that4 dist(A′, p) > 0. According to Theorem 3.6, ξ(t)
converges topologically to A ∪ {∞} as t → ∞. Therefore, ζ(t) = f (ξ(t)) ∈ N
converges topologically to D := A′ ∪ {p} as t → ∞. According to Lemma 3.8,
ζ(t) converges topologically to either A′ or {p} exclusively as t → ∞. Turn to
the original metric spaceM; then this implies that ξ(t) converges topologically
to A or ∞ exclusively as t→ ∞.

Note that Theorem 3.6 is independent of whether the desired set A is compact
or not, and it does not depend on the path-following setting either, but for conve-
nience, we use path-following examples to illustrate the result of convergence
to ∞ permitted in Theorem 3.6. One example is presented in Example 5.8 in

4 The conclusion that dist(A′, p) > 0 is independent of which metric one chooses. This is because in a
metric space, there is always a positive distance between any two disjoint nonempty compact sets
(see, e.g., [136, Lemma 3.1]).
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Figure 3.2: The desired set A is a unit circle illustrated by a red curve in (a), and in this
subfigure, the arrows represent the normalized vector field computed by (1.2).
Although the level value e = φ = (x2 + y2 − 1) exp(−x) converges to 0 in (b),
the trajectory given by the magenta curve in (a) escapes to infinity.

Chapter 5 where the desired set A (i.e., the desired path P) is non-compact and
a trajectory converges to infinity even when the level value converges to 0. A
perhaps more surprising example is when the desired set A is a compact set as
in the following example.

Example 3.9. Suppose the desired set A (i.e., the desired path P) is a unit circle,
which is obviously compact. The φ function to describe the desired set A = P is
chosen as φ(x, y) = (x2 + y2 − 1) exp(−x) in (3.1), where n = 2, and the vector
field is constructed as in (1.2). As illustrated in Fig. 3.2, even though the level
value e = φ converges to 0, the trajectory does not converge to the circle but
rather escapes to infinity. This undesirable behavior does not appear if exp(−x)
is removed from φ (see Remarks 3.11 and 3.14 for a “good” choice of φ). Note
that since the desired path is compact, it is proved in Proposition 4.8 in Chapter
4 that if a trajectory starts sufficiently close to the desired path, it will converge to
the desired path or the singular set, regardless of the relationship between the
level value and the level function. /

Remark 3.10. Besides the theoretical interest in its own right, the importance of
Theorem 3.6 is also due to its close relevance to many control problems where an
error signal e : Rn → Rm is defined and the system’s desired states correspond
to ‖e‖ = 0; namely, if f (x) = ‖e(x)‖, then the system’s desired states form the
zero-level set f−1(0). Often, a Lyapunov or Lyapunov-like function V which takes
the error signal as the argument is involved, and a typical case is the quadratic
form V(e) = e>Pe, where P ∈ Rm×m is a positive definite matrix. Therefore,
the desired states (e.g., an equilibrium of the system) form the zero-level set
V−1(0) of V. In general, as shown by Theorem 3.6, the Lyapunov function value
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V → 0 =⇒ ‖e‖ → 0 along the system trajectory does not necessarily mean
that the trajectory will converge to the desired states V−1(0) = e−1(0), since the
trajectory might also diverge to infinity. Nevertheless, as shown in many control
textbooks (e.g., [66], [124]), the desired state is often an equilibrium point (i.e.,
V−1(0) = e−1(0) = {0}), and extra detailed analysis (e.g., [66, Theorem 4.1])
guarantees that once a trajectory starts close enough to the equilibrium point,
the trajectory will stay in a compact set containing the equilibrium point, and
thus the possibility of divergence to infinity is excluded. However, if the desired
states form a non-compact set, then it is more involved to exclude this divergence
possibility, or extra assumptions are necessary.

Theorem 3.6 is also relevant when the desired set convergence is proved by
using Barbalat’s lemma (e.g., Lemma 2.7, [133, Lemma 4.2]). Take Theorem 2.8 as
an example, which is an invariance-like theorem for non-autonomous systems.
This theorem states that under some conditions, we have W(x(t)) → 0 and
hence x(t) → W−1(0), where x(t) is a trajectory of a non-autonomous system
ẋ(t) = f (t, x) and W(·) is a continuous positive semidefinite function. This does
not contradict Theorem 3.6 because the assumptions in Theorem 2.8 guarantee
that the trajectory x(t) is bounded. /

Remark 3.11. Theorem 3.6 gives a negative answer to Q1. If the desired set A is
compact, to exclude the possibility of trajectories escaping to infinity such that
‖φ(ξi)‖ → 0 implies topological convergence to A, one may retreat to one of the
following two strategies:

1) Prove that trajectories are bounded. For example, one can find a Lyapunov-
like function V and a compact set Ωα := {x : V(x) ≤ α}, and prove that V̇ ≤ 0 in
this compact set Ωα. One might also retreat to the LaSalle’s invariance principle
(Theorem 2.6).

2) Modify φ(·), if feasible, such that ‖φ(x)‖ tends to a non-zero constant
(possibly infinity) as ‖x‖ tends to infinity. In other words, φ(·) is modified to be
radially non-vanishing.

Furthermore, regardless of whether the desired set A is compact or not, one
could impose the verifiable assumption introduced in Lemma 3.12 below. /

3.3.3 Convergence characterized by different level functions

The following result is a generalization of [156, Lemma 5].

Lemma 3.12. Suppose there are two non-negative continuous functions hi :M→ R≥0,
i = 1, 2. If for any given constant κ > 0, it holds that

inf{h1(p) : p ∈ M, h2(p) ≥ κ} > 0, (3.2)

then there holds
lim
k→∞

h1(pk) = 0 =⇒ lim
k→∞

h2(pk) = 0,
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where (pk)
∞
k=1 is an infinite sequence of points inM.

Proof. We prove this by contradiction. If h2(pk) does not converge to 0 as k→ ∞,
then

(∃ε > 0)(∀L > 0)(∃k′ ≥ L) h2(pk′) ≥ ε. (3.3)

Replacing κ by ε in the assumption of this theorem, we have

inf{h1(p) : p ∈ M, h2(p) ≥ ε} = β > 0, (3.4)

where β is some positive constant. Since limk→∞ h1(pk) = 0, it follows that

(∃L′ > 0)(∀k ≥ L′) h1(pk) < β. (3.5)

Let L be chosen as L′ in (3.3), then there exists k′ ≥ L′ such that h2(pk′) ≥ ε. Then
due to (3.4), h1(pk′) ≥ β, which contradicts (3.5). Therefore, limk→∞ h2(pk) =
0.

Based on Lemma 3.12 and Proposition 3.3, we have the following corollary,
which is a specialization of Theorem 3.6.

Corollary 3.13. Suppose A := {ξ ∈ M : ‖φ(ξ)‖ = 0}, where φ : M → Rm

is a continuous function. Let h1(·) = ‖φ(·)‖ and h2 = dist(·,A) in Lemma 3.12,
and suppose the condition (3.2) holds. If (ξi)

∞
i=0 is a sequence of points ξi ∈ M

such that ‖φ(ξi)‖ → 0 as i → ∞, then the sequence converges metrically to A (i.e.,
dist(ξi,A)→ 0). Moreover, if A is compact, then the convergence is also topological.

Remark 3.14. One can verify that the φ function in Example 3.9 does not satisfy the
condition in (3.2) with h1 and h2 defined as in Corollary 3.13, but the condition is
met if the φ function is changed to φ(x, y) = x2 + y2 − 1, and thus Corollary 3.13

holds. Note also that this modification renders φ radially non-vanishing. /

Corollary 3.13 underpins some proposed assumptions in the subsequent chap-
ters to facilitate the vector-field guided path-following algorithms.

3.4 conclusions
This chapter is motivated by the recent interest in the vector-field guided path-
following control problem, where one important issue is the convergence with
respect to a metric or a topology to a compact or non-compact desired set. The
desired set is the zero-level set of a non-negative continuous level function. We
show that the convergence of the level value to zero does not necessarily imply
the convergence of an infinite sequence of points (which is more general than a
continuous trajectory) to the compact or non-compact desired set. This result is
closely related to many control problems, where the desired set is the zero-level
set of a Lyapunov(-like) function.
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