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7 R E F I N E D D I C H OTO M Y
C O N V E R G E N C E I N
V E C TO R - F I E L D G U I D E D
PAT H - F O L LO W I N G O N R n

Under some broad conditions, a dichotomy convergence property in the
vector-field guided path-following problem has been proved in previous chap-
ters: the integral curves of a guiding vector field converge to either the desired
path or the singular set, where the vector field becomes zero. In this chapter,
we show that under the condition of real analyticity of the level functions (i.e.,
functions whose zero-level sets define the desired path), the convergence to
the singular set (assuming it is compact) implies the convergence to a single
point of the set, dependent on the initial condition. Thus, limit cycles are
precluded. Numerical simulations support the theoretical results.

This chapter is based on

• W. Yao, B. Lin, B. D. O. Anderson, and M. Cao, “Refining dichotomy convergence in vector-field
guided path following control,” in European Control Conference (ECC), 2021.
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118 refined dichotomy convergence in vf-pf on Rn

7.1 introduction
An issue arising with the dichotomy convergence property associated with vector-
field guided path-following algorithms is that generally, convergence (e.g., with
respect to a metric) to a closed invariant set does not automatically imply the
convergence to a single point of the set. It is known that this implication is true
under some conditions for gradient flows [3], [4], while it is not yet completely
clear for non-gradient flows. In particular, the guiding vector fields for path-
following designed in Chapters 4, 5, 9 and 10, are not gradients of any potential
functions, but as shown in [63], Chapter 4 (Proposition 4.8, Proposition 4.14)
and Chapter 5 (Theorem 5.13), under some conditions, the integral curves of the
vector fields (i.e., the trajectories of the autonomous differential equation where
the right-hand side is the guiding vector field) have the dichotomy convergence
property: they either converge to the desired path or the singular set, where
the vector field becomes zero. As the desired path is a limit cycle (when the
desired path is homeomorphic to the unit circle), it is obvious that trajectories
do not converge to a single point in the desired path; however, it is to this point
unresolved whether trajectories converging to the singular set will converge to
a single point in the singular set (where, in general, the point depends on the
initial condition).

In this chapter, we discuss the issue pertinent to the relationship between
convergence of trajectories of a non-gradient system to a set and convergence
to a single point of the set. Under the condition of real analyticity of the level
functions, we obtain a refined version of the dichotomy convergence property:
the convergence to the singular set entails the convergence to a single point of
the set. This result not only is relevant to the specialized path-following problem,
but also extends the results in [3], [4] (using proof techniques suggested by those
works and appealing to the Łojasiewicz inequality [84]) to some non-gradient
flows.

The rest of the chapter is organized as follows. Section 7.2 revisits (or par-
ticularizes) guiding vector fields defined on Rn, for n ≥ 2, and formulates the
problem. Then the main results are presented in Section 7.3. Simulation results
are reported in Section 7.4. Finally, Section 7.5 concludes the chapter.



7.2 background and problem formulation 119

7.2 background and problem formulation

7.2.1 Guiding vector fields on Rn

As discussed before, in the vector-field guided path-following problem, the
desired path P is the intersection of the zero-level sets of sufficiently smooth
functions, called level functions:

P = {ξ ∈ Rn : φi(ξ) = 0, i = 1, . . . , n− 1}, (7.1)

where φi : Rn → R are twice continuously differentiable functions. The desired
path in (7.1) is naturally assumed to be non-empty and one-dimensional. More
assumptions are imposed in Section 7.2.2.

Recall that the guiding vector field χ : R2 → R2 for path following in the 2D
case R2 is [63]:

χ(ξ) = E∇φ(ξ)− kφ(ξ)∇φ(ξ), (7.2)

where ∇φ is the gradient vector of the function φ, E =
[ 0 −1

1 0

]
is a 90◦ rotation

matrix, and k > 0 is a constant. In higher dimensions, the vector field χ : Rn →
Rn for n ≥ 3 is (see Chapter 9 for more detail):

χ(ξ) = ⊥φ(ξ)−
n−1

∑
i=1

kiφi(ξ)∇φi(ξ)

= ⊥φ(ξ)− N(ξ)Ke(ξ),

(7.3)

where ⊥φ is the wedge product of all the gradient vectors1 ∇φi and ki > 0 are

constants for i = 1, . . . , n − 1, N(ξ) =
[
∇φ1(ξ) . . . ∇φn−1(ξ)

]
∈ Rn×(n−1),

K = diag{k1, . . . , kn−1} and

e(ξ) =
(
φ1(ξ), . . . , φn−1(ξ)

)
∈ Rn−1. (7.4)

This vector field has been treated in Chapter 4 (for n = 3), Chapter 5 (for
Riemannian manifolds) and will be elaborated in Chapter 9 (for n ≥ 3). Note
that the vector fields in (7.2) and (7.3) are not gradients of any potential function.
The integral curves of the vector fields; i.e., the trajectories of the autonomous
system described by the differential equation ξ̇(t) = χ(ξ(t)) for ξ ∈ Rn, converge
to the desired path under some conditions, and the desired path P turns out to
be a limit cycle of the aforementioned autonomous system if the desired path is

1 The sign of the wedge product depends on the order of the gradient vectors. However, this does not
affect the convergence result.
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homeomorphic to the unit circle. However, trajectories may also converge to the
singular set C defined below:

C = {ξ ∈ Rn : χ(ξ) = 0}, (7.5)

and its elements are called singular points. As with Chapter 4, we define the
following set L:

L = {ξ ∈ Rn : N(ξ)Ke(ξ) = 0}. (7.6)

7.2.2 Assumptions

As with previous chapters, we impose the following standing assumptions.

Assumption 7.1. There are no singular points on the desired path. More precisely,
C is empty or otherwise there holds dist(C,P) > 0.

Assumption 7.2. For any given constant κ > 0, there holds inf{||e(ξ)|| : ξ ∈
Rn, dist(ξ,P) ≥ κ} > 0, where e(·) is defined in (7.4).

Assumption 7.3. For any given constant κ > 0, we have inf{‖N(ξ)Ke(ξ)‖ :
dist(ξ,L) ≥ κ} > 0.

It has been known in the literature [63] and in Chapters 4 and 5 that the desired
path is an asymptotically stable limit cycle when it is homeomorphic to the
unit circle, and trajectories “spiral” and converge to the desired path but do not
converge to any single point on the desired path. Nevertheless, the answer to the
following question is not yet clear. When the trajectories converge to the singular
set rather than the desired path, will they converge to a singular point, or can
they also “spiral” towards the singular set not converging to any single point?
We only consider guiding vector fields on Euclidean spaces Rn for n ≥ 2 in this chapter.

7.3 refined dichotomy convergence

In this section, we show that if a trajectory of ξ̇(t) = χ(ξ(t)) converges to the
singular set C, then under some conditions, it converges to a point in C. This
result depends on a property of real analytic functions, which is stated in the
following lemma.

Lemma 7.4 (Łojasiewicz gradient inequality [84]). Let V : Rn → R be a real analytic
function on a neighborhood of ξ∗ ∈ Rn. Then there are constants c > 0 and µ ∈ [0, 1)
such that

‖∇V(ξ)‖ ≥ c|V(ξ)−V(ξ∗)|µ (7.7)

in some neighborhood U of ξ∗.
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Inspired by [3], [4], we have the following result.

Theorem 7.5 (Refined dichotomy convergence for R2). Let χ : R2 → R2 be the
vector field defined in (7.2), and suppose φ in (7.1) is real analytic and the set C in (7.5)
is bounded (hence compact). If a trajectory of ξ̇(t) = χ(ξ(t)) converges metrically to the
set C, then the trajectory converges to a point in C.

Proof. Given that a trajectory ξ(t) converges to the set C, which is bounded, the
trajectory ξ(t) has a limit point ξ∗ ∈ C. It remains to show that limt→∞ ξ(t) = ξ∗.

Define V : R2 → R by V(ξ) := φ2(ξ), where the function φ is defined in (7.1),
then V is also real analytic. Taking the time derivative of V along the trajectory
ξ(t) and noting that ∇V = 2φ∇φ, we have (arguments of functions are omitted
for simplicity)

d
dt

V = ∇V> ξ̇ = ∇V>(E∇φ− kφ∇φ)

= (2φ∇φ)>E∇φ− 1
2

k∇V>∇V

= −1
2

k‖∇V‖2 ≤ 0.

(7.8)

Therefore, V(ξ(t)) is non-increasing along the trajectory. Since the trajectory
converges to C, we can choose a positive constant ε satisfying ε < dist(P , C),
and then there exists T > 0, such that dist(ξ(t), C) < ε for all t ≥ T. Let
S := {p ∈ R2 : dist(p, C) ≤ ε}. Note that S is compact (since C is compact) and
dist(P ,S) > 0 (since ε < dist(P , C)). Let m := minp∈S |φ(p)| > 0. Therefore, for
all t ≥ T, we have

‖ξ̇‖ = ‖E∇φ− kφ∇φ‖

≤ ‖E∇φ‖+ k
2
‖∇V‖

=

(
1

2|φ| +
k
2

)
‖∇V‖

≤
(

1
2m

+
k
2

)
︸ ︷︷ ︸

k′

‖∇V‖.

This implies that, for all t ≥ T,

‖∇V‖ ≥ 1
k′
‖ξ̇‖. (7.9)
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Substituting (7.9) into (7.8) and using Lemma 7.4, we have

d
dt

V = −1
2

k‖∇V‖2

≤ − k
2k′
‖∇V‖‖ξ̇‖

≤ − ck
2k′
|V(ξ(t))−V(ξ∗)|µ‖ξ̇‖

(7.10)

in an open neighborhood U ⊆ S of ξ∗ for some µ ∈ [0, 1) and t ≥ T. Since
V(ξ(t)) > V(ξ∗) > 0, it follows from (7.10) that

2k′

ck
(V(ξ(t))−V(ξ∗))−µ d

dt
V ≤ −‖ξ̇‖ =⇒

c′
d
dt

(V(ξ(t))−V(ξ∗))1−µ ≤ −‖ξ̇‖, (7.11)

where c′ = 2k′/((1− µ)ck) > 0. If t1 and t2 with T ≤ t1 < t2 are such that
ξ(t) ∈ U for all t ∈ (t1, t2), then by integration of (7.11), we have

L12 :=
∫ t2

t1

‖ξ̇(t)‖dt

≤ −c′
∫ t2

t1

d
dt

(V(ξ(t))−V(ξ∗))1−µdt

= c′
[
(V(ξ(t1))−V(ξ∗))1−µ − (V(ξ(t2))−V(ξ∗))1−µ

]
≤ c′(V(ξ(t1))−V(ξ∗))1−µ. (7.12)

Choose r > 0 such that Br(ξ∗) ⊆ U , where Br(ξ∗) := {ξ ∈ R2 : ‖ξ − ξ∗‖ < r}.
Since ξ∗ is a limit point and V(·) is continuous, we can choose t1 ≥ T sufficiently
large such that ‖ξ(t1)− ξ∗‖ < r/2 and c′(V(ξ(t1))−V(ξ∗))1−µ < r/2 in (7.12).
Note that ξ(t1) ∈ Br(ξ∗). The trajectory ξ(t) remains in Br(ξ∗) after t1.2 This
shows that the trajectory ξ(t) eventually enters and remains in Br(ξ∗). Since r
can be chosen arbitrarily small, convergence of the trajectory ξ(t) to ξ∗ is thus
proved.

The same conclusion applies for the n-dimensional vector field in (7.3), but we
additionally need the following lemma.

Lemma 7.6. It holds that det(N>N) = ‖⊥φ‖2, where N and ⊥φ are defined in (7.3).

Proof. If ∇φ1, . . . ,∇φn−1 are linearly dependent, then we have det(N>N) =
‖⊥φ‖2 = 0. Now suppose ∇φ1, . . . ,∇φn−1 are linearly independent. In this case,

2 Suppose not, then there exists the smallest time instant t2 > t1 such that ‖ξ(t2)− ξ∗‖ = r and ξ(t) ∈ U
for any t ∈ (t1, t2). Therefore, we have ‖ξ(t2)− ξ∗‖ ≤ ‖ξ(t2)− ξ(t1)‖+ ‖ξ(t1)− ξ∗‖ < L12 + r/2 < r,
a contradiction, where L12 is shown in (7.12).
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it follows that ‖⊥φ‖ 6= 0. So we can define the normalized vector v = ⊥φ/‖⊥φ‖.
Since ⊥φ is orthogonal to all the gradients ∇φi, i = 1, . . . , n− 1 (see Lemma 5.1
in Chapter 5 for more detail), we have

det(N>N) = det

([
v>

N>

] [
v N

])
= det

([
v>

N>

])2

.

According to the definition of ⊥φ, we have ‖⊥φ‖ = det

([
v>

N>

])
. Then it follows

that det(N>N) = ‖⊥φ‖2.

Theorem 7.7 (Refined dichotomy convergence for Rn). Let χ : Rn → Rn be the
vector field defined in (7.3), and suppose φ in (7.1) is real analytic and the set C in (7.5)
is bounded (hence compact). If a trajectory of ξ̇(t) = χ(ξ(t)) converges metrically to the
set C, then the trajectory converges to a point in C.

Proof. The proof is similar to that in Theorem 7.5 except for the following differ-
ences. Define V : Rn → R by V(ξ) := 1/2 e>Ke, where e = (φ1, . . . , φn−1)

>; then
V is also real analytic. Note that

∇V(ξ) =
n−1

∑
i=1

kiφi(ξ)∇φi(ξ) = N(ξ)Ke(ξ).

Taking the time derivative of V along the trajectory ξ(t), we have

d
dt

V(ξ) = ∇V(ξ)> ξ̇

= ∇V(ξ)>(⊥φ(ξ)− N(ξ)Ke(ξ))

= (N(ξ)Ke(ξ))>⊥φ(ξ)− ‖∇V(ξ)‖2

= −‖∇V(ξ)‖2 ≤ 0,

(7.13)

where we use the fact that (N(ξ)Ke(ξ))>⊥φ(ξ) = 0 due to orthogonality. There-
fore, V(ξ(t)) is non-increasing along the trajectory. Since the trajectory con-
verges to C, we can choose a positive constant ε satisfying ε < dist(P , C),
and then there exists T > 0, such that dist(ξ(t), C) < ε for all t ≥ T. Let
S := {p ∈ Rn : dist(p, C) ≤ ε}. Note that S is compact and dist(P ,S) > 0. For
t ≥ T, the trajectory ξ(t) will stay in S \ C. Let the eigenvalues of the matrix
N(ξ)>N(ξ) evaluated at ξ ∈ S \ C be denoted by 0 ≤ λ1(ξ) ≤ · · · ≤ λn−1(ξ).
Since the gradient vectors ∇φi(ξ), i = 1, . . . , n− 1, are linearly independent for
ξ ∈ S \ C, the eigenvalues are all positive λi(ξ) > 0 for ξ ∈ S \ C, and by Lemma
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7.6, we have det(N(ξ)>N(ξ)) = ‖⊥φ(ξ)‖2 = λ1(ξ) · · · λn−1(ξ) > 0 for ξ ∈ S \ C.
We also have

λn−1(ξ) = max
‖v‖=1

v>N(ξ)>N(ξ)v ≤(
‖∇φ1(ξ)‖+ · · ·+ ‖∇φn−1(ξ)‖

)2 ≤ (n− 1)2β2, (7.14)

where β := maxi=1,...,n−1 maxp∈S ‖∇φi(p)‖ > 0. In addition,

‖N(ξ)Ke(ξ)‖2 = (Ke(ξ))>(N(ξ)>N(ξ))(Ke(ξ)) ≥
λ1(ξ)‖Ke(ξ)‖2 ≥ λ1(ξ)k2

min‖e(ξ)‖2 ≥ λ1(ξ)k2
minα, (7.15)

where kmin := min{k1, . . . , kn−1} and α := minp∈S ‖e(p)‖2 > 0 (due to
dist(P ,S) > 0 and Assumption 7.2). Therefore,

λ1(ξ) ≤
1

αk2
min
‖N(ξ)Ke(ξ)‖2. (7.16)

Furthermore, we have

‖⊥φ(ξ)‖2 ≤ λ1(ξ)λ
n−2
n−1(ξ) ≤

((n− 1)β)2(n−2)

αk2
min

‖N(ξ)Ke(ξ)‖2,

which implies
‖⊥φ(ξ)‖ ≤ a‖N(ξ)Ke(ξ)‖, (7.17)

where a = ((n− 1)β)n−2/(kmin
√

α) > 0. Now, we have

‖ξ̇‖ = ‖⊥φ(ξ)− N(ξ)Ke(ξ)‖
≤ ‖⊥φ(ξ)‖+ ‖N(ξ)Ke(ξ)‖

(7.17)
≤ (a + 1)‖N(ξ)Ke(ξ)‖ = (a + 1)‖∇V(ξ)‖.

The remaining parts of the proof are the same as those of Theorem 7.5.

Remark 7.8. It is shown in [3], [4] that single limit point convergence of a bounded
solution of a gradient flow cannot be proved in general for smooth but non-real-
analytic cost functions, whereas the real analyticity of the cost function can
guarantee the single limit point convergence. Note that these results cannot be
directly applied here since the vector fields in (7.2) and (7.3) both contain an
orthogonal term, and thus they are not gradients of any cost functions. Nev-
ertheless, we reach the same conclusions under the conditions regarding the
real-analyticity of φi. Therefore, Theorem 7.5 and Theorem 7.7 can be regarded
as extensions of the results in [3], [4]. /
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Figure 7.1: First simulation results. The real analytic φ function is φ(x, y) = x3/3− 9. The
dashed-dot blue and dashed red lines are the singular set C and the desired
path P respectively. The blue arrows represent the vector field. The solid
magenta curve is the trajectory starting from (−3, 0). Due to the analyticity of
φ, the trajectory converges to a point in C.

7.4 simulations
In this section, we show two simulation examples where the functions φ are real
analytic and non-real-analytic respectively to verify Theorem 7.5.

In the first example, we choose a real analytic φ function: φ(x, y) = x3/3− 9,
hence ∇φ = (x2, 0)>. Therefore, C is the y-axis, which is unbounded, and P is
the vertical line x = 3, which is a one-dimensional embedded manifold. The
vector field is χ(x, y) = x2 (−kφ(x, y), 1)>, and the simulation results are shown
in Fig. 7.1, where the control gain is k = 0.1.

In the second example, we choose a non-real-analytic φ function, and illustrate
the case where a trajectory converges to the singular set C but not to a single
point in C. First, consider the following smooth bump function:

b(x) =

{
exp (1/x) if x < 0

0 if x ≥ 0
, (7.18)

which is smooth but non-real-analytic. Therefore, we can construct a non-real-
analytic function φ(x, y) = b(x)

(
x3/3− 9

)
. The gradient and the vector field

are:

∇φ =


(

x2 e1/x − e1/x (x3/3−9)
x2 , 0

)>
if x < 0

(0, 0)> if x ≥ 0
,
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Figure 7.2: Second simulation results. The non-real-analytic φ function is φ(x, y) =
b(x)

(
x3/3− 9

)
, where b(x) is in (7.18). The singular set C is the shaded area:

the right-half plane including the y-axis. The blue arrows represent the vector
field. The solid magenta curve is the trajectory starting from (−3, 1). In
contrast to Fig. 7.1, although the trajectory converges to C, it does not converge
to any single point in C.

χ =


(
−k e1/x (x3/3− 9

)
σ1, σ1

)>
if x < 0

(0, 0)> if x ≥ 0
,

where σ1 = x2 e1/x − e1/x (x3/3− 9
)
/x2. The singular set is the right-half plane

x ≥ 0. In this example, a trajectory converges to C but not to a single point in C,
as seen in Fig. 7.2, where the control gain is k = 1.

7.5 conclusions
We give a refined dichotomy convergence result for the path-following problem
on Rn for n ≥ 2. In particular, we show that real analyticity of the level function
leads to the refined conclusion that converging of a trajectory to a singular set
implies converging to a point in this set. This is in contrast to the convergence to
the desired path, where a trajectory spirals towards the set without converging to
any single point of the set. Although the guiding vector field is not a gradient of
any potential function, this result is consistent with [3], [4] where only gradient
flows are considered.
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