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11 C O N C L U S I O N S A N D F U T U R E
R E S E A R C H

This thesis presents extensive theoretical results and applications of guiding
vector fields for robot motion control.

From the theoretical perspective, we study a sequence of interrelated topics,
which include the relationship between the vanishing of the level value and
the convergence of trajectories to the zero-level set, the attractiveness and
stability properties of the desired path and singular sets, the robustness of
the guiding vector field, the domain of attraction of the desired path, the
existence of singular points of the guiding vector field and the existence of
trajectories not converging to the desired path.

From the application perspective, we show several results including how
to integrate path following and collision avoidance using smooth bump func-
tions, how to create a singularity-free guiding vector field for robot navigation,
and how to coordinate an arbitrary number of robots in a distributed way
such that they maneuver and maintain predefined parametric distances. All
these applications are supported by rigorous mathematical guarantees and
verified in various simulation settings and real-robot experiments.

In what follows we summarize the main contributions of each chapter of
this thesis and provide some recommendations for future research.

11.1 conclusions
Part I of the thesis includes Chapter 3 to Chapter 7, and this part introduces the
theoretical foundation of vector-field guided path-following algorithms.

In Chapter 3, motivated by the fact that the desired path is described by the
zero-level set of a sufficiently smooth function, we study the problem regarding
whether the vanishing of the level value implies the convergence of trajectories
of an autonomous system to the zero-level set. We show that in general, this
implication does not hold unless some additional conditions identified in this
thesis were imposed. These conditions serve as the standing assumptions for the
subsequent theoretical development. Note that this result is independent of the
vector-field guided path-following problem, since in many control problems, the
target set of interest is the zero-level set of a Lyapunov function.
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248 conclusions and future research

In Chapter 4, we specifically focus on the 3D guiding vector field, and show
the asymptotic and exponential convergence of the path-following error for both
bounded and unbounded desired paths. We also prove the local input-to-state (ISS)
stability of the error dynamics, which is then utilized for the control algorithm
design for a fixed-wing aircraft model. Note that the analysis techniques for the
3D guiding vector field can be straightforwardly extended for higher-dimensional
guiding vector fields.

Chapter 5 and Chapter 6 focus on some topological aspects of the vector-field
guided path-following algorithms. Specifically, we generalize the guiding vector
fields on Euclidean spaces to those defined on a general smooth Riemannian
manifoldM. These guiding vector fields are imperative in control on manifolds,
such as robot arm control in joint spaces. We study the autonomous system
ξ̇(t) = χ(ξ(t)), where χ is the guiding vector field defined onM. In particular,
under the assumption that the desired path is compact (i.e., homeomorphic to
the unit circle S1), we analyze the stability and attractiveness of the desired path
and the singular set. It turns out that in this general case, the desired path is still
asymptotically stable and the singular set is non-attractive under some conditions.
In addition, we show that global convergence of trajectories to the desired path
in the Euclidean space Rn is not possible, and singular points always exist. This
is a consequence of the more general result: the domain of attraction of the
compact desired path is homotopy equivalent to the unit circle S1. Chapter 6 then
strengthens this result and shows that the domain of attraction is homeomorphic
to Rn−1 × S1, where n is the dimension of the ambient manifold M. We also
show in Chapter 5 the existence of trajectories diverging away from the desired
path. Specifically, we consider the Euclidean space Rn, where n ≥ 3, and prove
that for any ball containing the desired path, there always exists at least one
trajectory starting from the boundary of the ball that does not converge to the
desired path.

In Chapter 7, we refine the dichotomy convergence property of trajectories in
the vector-field guided path-following problem. It has been shown in previous
chapters that trajectories either converge to the desired path or the singular set,
but it is of interest to ask the question whether trajectories converging to the
singular set actually converge to a single point of the set. We show that if the level
functions are real analytic, then the answer to the previous question is affirmative.

Part II of the thesis includes Chapters 8, 9 and 10, and this part focuses on
various applications of the vector-field guided path-following algorithms.

In Chapter 8, we consider the practical scenario where the desired path is
occluded by a finite number of static or moving obstacles of arbitrary shapes. We
design a new guiding vector field by combining two guiding vector fields via
smooth bump functions to achieve both the tasks of path following and collision
avoidance. A switching vector field is also proposed to deal with the issue of
undesirable singular points where a trajectory is trapped. The path-following
and obstacle-avoidance capabilities are provably guaranteed to be effective.
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Chapter 9 is motivated by the impossibility result of global convergence of
trajectories to a self-intersecting or compact desired path (precisely, homeomor-
phic to the unit circle S1), as elaborated in Chapter 5 and Chapter 6. Since this
impossibility result is inherent in the topology of the desired path, we then
propose an approach to change the topology of the desired path by “cutting” and
“stretching” it to become homeomorphic to the real line R. We further prove
that this transformation gives rises to a higher-dimensional guiding vector field
that has no singular points in the whole Euclidean space, and we prove that
trajectories from all initial conditions will converge to the desired path, even if it
is self-intersecting. This approach requires a parametric equation of the desired
path, and the global convergence is rigorously guaranteed by the introduction
of a transformation operator and the extended dynamics. Five features of our
approach are highlighted in Chapter 9 and we demonstrate that our approach is
a combined extension of both conventional vector-field guided path-following
algorithms and trajectory tracking algorithms. Experiments with fixed-wing
aircraft under wind perturbation validate the theoretical results and showcase its
practical effectiveness.

Chapter 10 shifts the focus from a single-robot in previous chapters to a multi-
robot system. In this chapter, we extend the higher-dimensional singularity-free
guiding vector field proposed in Chapter 9 to address the problem of multi-robot
coordinated navigation on different desired paths or surfaces. We utilize the
additional virtual dimension of the singularity-free guiding vector field, and
apply a consensus algorithm to this additional dimension. Since the additional
dimension is closely related to the parameters of the desired paths or surfaces,
by controlling this dimension via local interactions of neighboring robots, the
robots’ motions are coordinated implicitly such that they can follow the desired
paths or surfaces and maintain predefined parametric distances between each
other. As a result, time-invariant and time-varying coordinating guiding vector
fields are derived and motion coordination from all initial positions is guaran-
teed. Based on the coordinating guiding vector field, a control algorithm for a
nonholonomic Dubins-car-like model, taking into account input saturation, is
designed. Extensive simulation examples and experiments verify the theoretical
results.

11.2 future research
In this section, we elaborate on the limitations of our work in this thesis, and
recommend some possible future research problems.

In Chapters 4, 8, 9 and 10, a control algorithm is designed for a unicycle
robot model or a Dubins car model based on guiding vector fields. The design
principles are the same: steer the heading of the robot such that it eventually
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aligns with the heading given by the guiding vector field. This control algorithm
design principle is simple and effective for kinematics models of which the
motion is essentially characterized by the heading. However, it is our future work
to design effective control algorithms for more complicated robot kinematics or
even dynamics models, such as those corresponding to underactuated marine
vessels in [9]. As preliminary results, two more control design examples are
shown in Appendix A.

In Chapters 5 and 6, the topological analysis is conducted only for compact
asymptotically stable desired paths. Although we have shown that the two results,
Lemma 5.23 and Theorem 6.15, related to the domain of attraction of the desired
paths, do not hold for non-compact desired paths, it is interesting but probably
challenging to characterize the domain of attraction for non-compact desired
paths.

In Chapter 7, it is shown that if the level function is real analytic, then conver-
gence of trajectories to the singular set is equivalent to convergence to a single
point in the set (i.e., Theorems 7.5 and 7.7). However, this result is proved for
guiding vector fields on the Euclidean space Rn, while it is unclear if this con-
clusion still holds for guiding vector fields defined on a general Riemannian
manifold M in Chapters 5 and 6, and it is of theoretical interest to find out
the answer. We anticipate that a major theoretical difficulty is probably due to
the use of a partition of unity [77, Chapter 2] for the manifold. A partition of
unity involves non-real analytic functions, which can violate the real analyticity
condition.

In Chapter 8, the problem of path-following with collision-avoidance is con-
sidered in a 2D space. Although a practical approach is indicated for the higher-
dimensional spaces, the rigorous mathematical guarantees are not provided.
To provide the guarantees would probably be challenging due to the fact that
the behavior of nonlinear systems in higher-dimensional spaces can be very
complicated (e.g., even leading to chaos).

It has been shown that the additional virtual coordinates in Chapters 9 and 10

lead to many advantages of the path-following algorithms, such as guarantees of
global convergence to the desired path. However, in practice, if the parameters of
the path-following algorithms are not properly chosen, the virtual coordinates
can change very fast. This would result in demanding control commands for a
real aircraft, and may lead to control saturation. It would be of practical interest
to improve the algorithm by limiting the change rate of the virtual coordinate, or
to introduce an automatic-tuning method for the parameters.

In Chapter 10, we only consider undirected and fixed communication graphs
among robots, but it is of practical and theoretical interest to take into account
directed and changing communication graphs. Additionally, communication of
the virtual coordinates among agents is necessary, while it is unclear how the co-
ordination can be achieved by using only relative measurements of some physical
quantities without explicit communication. For some simple desired paths, such
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as a circle, it is possible to estimate the virtual coordinates of neighboring robots
by measuring the relative positions without explicit communication, but for more
complicated paths, such as a Lissajous path, the estimation might be challenging.

In this thesis, we only focus on those guiding vector fields consisting of
propagation terms and convergence terms with specific forms shown in (1.2),
(4.2), (9.2) and (5.6). It would be of interest to study guiding vector fields of
other forms, such as those reviewed in Sections 1.1.4 and 1.1.5. In particular, it
would be of theoretical interest to study the topological properties of guiding
vector fields with time-varying terms when the desired path depends on time
(e.g., [50], [74]). In addition, in Chapter 5, when we define a desired path
on an n-dimensional smooth Riemannian manifold, we still use the functions
(φ1, . . . , φn−1)

> :M→ Rn−1. This could be a restriction. A more general form
is to change the codomain of (φ1, . . . , φn−1)

> to an (n− 1)-dimensional smooth
manifolds N . Consequently, the design of the guiding vector field becomes more
flexible. We are currently conducting further investigation regarding this aspect.

Note that the VF-PF algorithms studied in this thesis are designed for the
problem formulation in Problem 1.1. If the desired path is changed from a
one-dimensional manifold to a trajectory (i.e., a function of time), then one can
use many existing trajectory tracking algorithms [46], [75], [103] to address the
path-following problem if the image of the trajectory is the same as the desired
path. Similarly, if one can find an exo-system such that the reference output
corresponds to the desired path, then one can also utilize many existing output
regulation algorithms [57], [58], [61]. Therefore, it would be of interest to study
how to design a trajectory or an exo-system corresponding to a given (geometric)
desired path.
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