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Chapter 1

Introduction

1.1 Motivation

One of the main challenges in modern science is to model the complex systems. The diffi-
culty of modeling complex systems lies partly in their topology and how they form rather
complex networks. For example, in neuroscience we are interested to understand how
various regions of the brain interact with one another. In genetics, the cell is a network
of chemicals linked by chemical reactions and we are interested to model this complex
network. From this perspective, our interest to modeling networks is part of a broader
current of research on complex systems. The main contribution of this thesis is to develop
Bayesian statistical methods that jointly model the underlying network (or graph) and its
structure among variables in the system.

Graphical models provide potential tools to model and make statistical inference re-
garding complex relationships among variables. The key feature of graphical models is
the close relationship between their probabilistic properties and the topology of the un-
derlying graphs represents, as it allows an intuitive understanding of complex systems.

1.2 Bayesianmodel determination in graphicalmodels

In graphical models, nodes represent variables and edges represent pairwise dependencies,
with the edge set defining the global conditional independence structure of the distribu-
tion. The methodological issues faced, as the dimension grows, include questions of the
nature and consistency of prior specification (priors over graph space, and parameters on
any single, specified graph). Then the challenging problem is searching over the space of
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graphs to identify subsets of interest under the theoretically implied posterior distribu-
tions. This represents a complex model selection problem.

The analysis challenge is inherently one of model uncertainty and model selection: we
are interested in exploring graph space and identifying graphs that are most appropriate
for a given dataset. Therefore, inference on variable dependencies and prediction is then
based on parametric inferences within a set of selected graphs.

In Bayesian paradigm, we are interested in exploring graph space and identifying graphs
that are most appropriate for a given data. In this regard, we need to calculate the posterior
distribution of the graph G conditional on data

Pr(G|data) = Pr(G)Pr(data|G)∑
G∈G Pr(G)Pr(data|G)

, (1.1)

in which G is a graph space. Computing this posterior distribution is computationally
unfeasible, since in the denominator we require the sum over all possible graph space.
The graph space supper-exponentially increases according to the dimension of variables.
p nodes in a graph mean p(p− 1)/2 possible edge, and hence we have 2p(p−1)/2 different
possible graphs corresponding to all combinations of individual edges being in or out of
the graph. For example, for the graph with only 10 variables, we have more than 35×1012

possible different graphical models.
This motivates us to develop effective search algorithms for exploring graphical model

uncertainty. In order to be accurate and scalable, the main key is to design search algo-
rithms which are able to quickly move towards high posterior probability region, and also
to take advantage of local computation. One solution is the trans-dimensional MCMC
methodology (4).

1.3 Trans-dimensional Markov chain Monte Carlo

This subsection is more narrowly focused on Bayesian model selection via Markov chain
Monte Carlo (MCMC) methods for what can be called trans-dimensional problems; those
where the dynamic variable of the simulation, the unknowns in the Bayesian set-up, does
not have fixed dimension. One conceptually elegant method is reversible jump Markov
chain Monte Carlo (RJMCMC), which was proposed by (3), also termed trans-dimensional
MCMC, in which the model itself is conceived as another unknown and the MCMC algo-
rithm is enlarged to allow ’jumps’ between all possible models. A prior is required over the
model space, but with judicious selection of jumps the number of models does not need to
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be specified in advance and each model does not require separate estimation. These moves
then require (reversible) bridges to be built between parameters of models in different di-
mensions. The posterior probability of amodel is then estimated by the proportion of times
that the particular model is accepted in the MCMC run. This method has been employed
and discussed for model selection in many contexts. Specially, (2) used this approach for
model selection in decomposable undirected Gaussian graphical models. More recently,
(1, 6, 5) used this method for model selection in more general case, non-decomposable
graphical models.

An alternative trans-dimensional MCMC approach is the birth-death MCMC (BDM-
CMC) algorithm, which is based on a continuous time Markov birth-death process. In this
method, the time between jumps to a larger dimension (birth) or a smaller one (death) is
taken to be a random variable with a specific rate. The choice of birth and death rates deter-
mines the birth-death process and is made in such a way that the stationary distribution is
precisely the posterior distribution of interest. Contrary to the RJMCMC approach, moves
between models are always accepted, which makes the BDMCMC approach extremely ef-
ficient. In the context of finite mixture distributions with variable dimension, this method
has been used (15).

1.4 Outline of thesis contribution

In this thesis we consider the problem of Bayesian inference in the following statistical
models: graphical models (Chapters 2, 3, 4), exponential random graph models (Chapter
5) and queuing systems (Chapter 6).

In Chapter 2 we introduce a novel and efficient Bayesian framework for Gaussian
graphical model determination. We cover the theory and computational details of the pro-
posed method. We carry out the posterior inference by using an efficient sampling scheme
which is a trans-dimensional MCMC approach based on birth-death process. It is easy
to implement and computationally feasible for high-dimensional graphs. We show our
method outperforms alternative Bayesian approaches in terms of convergence and com-
puting time. Unlike frequentist approaches, it gives a principled and, in practice, sensible
approach to structure learning. We apply the method to large-scale real applications from
human and mammary gland gene expression studies to show its empirical usefulness. The
result of this chapter is published in (13).

The method that we propose in Chapter 2 is limited only to the data that follows the
Gaussianity assumption. In Chapter 3 we propose a Bayesian approach for graphical
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model determination based on a Gaussian copula approach that can deal with continuous,
discrete, or mixed data. We embed a graph selection procedure inside a semi-parametric
Gaussian copula. We carry out the posterior inference by using an efficient sampling
scheme which is a trans-dimensional MCMC approach based on the birth-death process.
We implement our approach to discovering potential risk factors related to Dupuytren dis-
ease. The contents of this chapter corresponded to the manuscripts (7, 8) and the paper
(11).

InChapter 4we introduce an R package BDgraph (12) which contains functions to per-
form Bayesian structure learning in high-dimensional graphical models with either contin-
uous or discrete variables. This package efficiently performs the Bayesian approaches that
proposed in Chapters 2 and 3. The core of the BDgraph package efficiently implemented
in C++ to maximize computational speed. The contents of this chapter corresponded to
the manuscript (14).

In Chapter 5 we introduce a comprehensive Bayesian graphical modeling for new
features of exponential random graph models (ERGM). The method increases the range
and applicability of the ERGM as a potential tool for the statistical inference in network
structure learning.

InChapter 6we introduce a Bayesian framework in anM/G/1 queuing systemwith an
optional second service. The semi-parametric model based on a finite mixture of Gamma
distributions is considered to approximate both the general service and re-service times
densities in this queuing system. We estimate system parameters, predictive densities and
some performance measures related to this queuing system such as stationary system size
and waiting time. The result of this chapter is published in (9, 10).
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