
 

 

 University of Groningen

Bayesian model determination in complex systems
Mohammadi, Abdolreza

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2015

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
Mohammadi, A. (2015). Bayesian model determination in complex systems. [Thesis fully internal (DIV),
University of Groningen]. University of Groningen.

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 24-05-2023

https://research.rug.nl/en/publications/99a7b2fc-97ef-46ad-bb1e-c46cd01f937a


Chapter 5

Bayesian Modelling of the Exponential
Random Graph Models with
Non-observed Networks

5.1 Abstract

Across the sciences, one of the main objectives is network modelling to discover complex
relationships among many variables. The most promising statistical models that can be
used for network modelling is the Exponential Random Graph Models (ERGMs). These
models provide an insightful probabilistic model to represent a variety of structural ten-
dencies that define complicated dependence patterns hardlymodeled by other probabilistic
models. However, they are restricted to the models that regarded the network as given, ob-
served networks data. In the present paper, we develop a novel Bayesian statistical frame-
work which combines the class of ERGMs with graphical models capable of modelling
non-observed networks. Our proposed method greatly extends the scope of the ERGMs to
more applied research areas. We discuss possible extensions of the method.

Keywords: Bayesian inference, Exponential random graph models, Graphical models,
Covariance selection, Birth-death process, Markov chain Monte Carlo, G-Wishart.
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5.2 Introduction

Network modeling pervades all of science since one of the main objectives of science is to
discover complex relationships among large numbers of variables. For the prevention of
epidemics, social science relies on a keen understanding of interactions among individuals
(20, 7). Similarly in biology, curing complex diseases requires an understanding of how
“genes talk to each other”(1). One way to describe these kinds of complex relationships
is by means of an abstract network. For a general overview of the statistical models and
methods for network modeling, see (10).

Exponential random graph models (34, 22) are promising and flexible family of statis-
tical models for modelling network topology. These models have been used mainly in the
social science literature since they allow to statistically account for the complexity inher-
ent in many network data (27, 26). In ERGMs, the basic assumption is that the topological
structure of an observed network can be explained by the a vector of network statistics
that capture the generative structures in the network (27). However, up till now, these
models are restricted to the observed network data. In most applications data are not the
observed networks, like in biology (e.g. microarray gene expression data and cell signaling
data) in neuroscience (e.g. fMRI data). Is it possible to extend the ERGMs to those type of
data? A possible solution is combining the class of ERGMs with graphical models.

Graphical models (12) provide an appealing and insightful way to obtain uncertainty
estimates when inferring network structure. The close relationship between the topology
of the underlying graphs and their probabilistic properties is a main aspect in graphical
models, and it provides the potential tools to interpret the complex models. In this regard,
Bayesian approaches provide amainly straightforward tools, andmuch recent progress has
beenmade in graphical models (9, 5, 14, 32, 16). More recently, (16) have developed a search
algorithm based on birth-death MCMC approach that work with high-dimensional data.
However, graphical models are powerful approaches only for estimating the underlying
graph structure, they are not designed to model the network graphs.

In this paper, we develop a new Bayesian statistical framework for ERGMs, which is
capable for network modeling of non-observed networks. The proposed method greatly
extends the scope of the ERGMs to more applied research areas, which not limited only
in social science. In our method, to apply the ERGMs to non-observed networks data, we
combine the class of ERGMs with graphical models capable of modelling non-observed
networks. In particular, in our Bayesian framework, we design a computationally efficient
search algorithm to explore all the graph space to distinguish not only important edges
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but also key features and detect the underlying graph structure. This search algorithm is
based on birth-death Markov chain Monte Carlo algorithm proposed by (16) for Gaussian
graphical models.

The paper is organized as follows. In section 5.3 we briefly explain the exponential
random graph models and graphical models. In section 5.4 we introduce our proposed
Bayesian framework for exponential graph models with non-observed networks.

5.3 Exponential families and graphical models

In this section we briefly review two probabilistic families of graphical models which we
will use in our proposed methodology; for more details see e.g. (29).

5.3.1 Exponential random graph models

Exponential random graph models (ERGMs) or p∗ models (34) are the families of statistical
models that provide a flexible way to model the complex dependence structure of net-
works. They are the most popular models for social networks and also used in physics and
biology (25). The aim to model data as observed networks consisting of nodes and edges,
which in the social network context represent actors and relationships between these ac-
tors, respectively. There has been comparably little research on using Bayesian approach
to infer the parameters of ERGMs besides recent articles by (26, 11, 2, 3). See (21) and (22)
for an overview of ERGMs.

In an ERGMs, the random matrixG = {gij} is defined over the graph space on a set of
p nodes, with each variable in G representing the presence or absence of a particular edge
( gij = 1 if there is a link from i to j, and gij = 0 otherwise). Edges connecting a node to
itself are not allowed so gii = 0. For a graph (which consists of a set of edges over the set
of nodes), the ERGM is then given by

P (G|θ) = 1

Z(θ)
exp{θtS(G)}, (5.1)

where θ ∈ Θ represents a vector of unknown parameters, and Z(θ) is a normalizing con-
stant,

Z(θ) =
∑
G∈Gp

exp{θtS(G)},

and S(G) term is a network statistic of interest that gives the ERGMs much of its explana-
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tory power. The vector S(G) can contain statistics to capture the generative structures of
connectivity in the network. It can include, for instance,

• the number of edges (
∑

i,j gij) to capture network density;
• the number of triangles (

∑
i,j,l gijgilgjl) to capture transitivity;

• the number of 2-stars (
∑

i,j,l gilgjl) where a k-star (k > 2) is a node with k neighbors
or a node of degree k,

and the wide variety of other endogenous structures (27).
Estimating ERGMs parameters is a challenging problem, since the analytic form of the

normalizing constant Z(θ) is unknown due to the combinational complexity of summing
over all possible 2p(p−1)/2 graphs in Gp (2, 3, 8). Although, ERGMs are difficult to handle
in practice, they are quite popular in the literature since they are conceived to capture the
complex dependence structure of the graph and allow a reasonable interpretation of the
observed data.

At the basis of this class of models, the dependence hypothesis is that edges self-
organize into specific structures called configurations (e.g. triangles, n-star). Flexibility to
adapt to different network contexts, there is a broad range of possible network configura-
tions (34, 22). A positive value of θi ∈ θ results in a tendency for the specific configuration
corresponding to Si(G) to be observed in the data, otherwise it should expected by chance.

Note, in ERGMs data are observed networks, which is a strong limitation. In most of
the applications, data are measured on variables, such as gene expression data and cell
signalling data. The question we intend to answer is whether it is possible to extend the
idea of ERGMs to those types of data? We extend the ERGMs to non-observed networks
by combining it with graphical models.

5.3.2 Graphical models

Graphical models (12) use a graph concept to represent conditional dependence relation-
ships among random variables, as non-observed networks. When observed data come
from noisy measurements of the variables, then graphical models present an appealing
and insightful way to describe graph-based dependencies between the random variables.
A graph G = (V,E) denotes a set of vertices V = {1, 2, ..., p} – where each node corre-
sponds with a random variable – and a set of existing edges E, and E denotes the set of
non-existing edges. We are interested on undirected graphical models in where (i, j) ∈ E

is equivalent with (j, i) ∈ E, also known as Markov random fields (24). In this class of
models, nodes in the graphG correspond to the random variables. The absence of an edge
between two nodes determines the two corresponding variables are conditionally inde-
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pendent given the remaining variables, while an edge between the two nodes indicates the
conditional dependence of the variables.

Graphical models that follow themultivariate Gaussian distribution are called Gaussian
graphical models (GGMs), also known as covariance selection models (4). In GGMs, zero
entries in the precision matrix correspond to the absence of edges on the graph, which are
conditional independence between pairs of random variables given the rest. With respect
to the graph G, a zero mean Gaussian graphical model is

MG =
{
Np(0,Σ) | K = Σ−1 ∈ PG

}
,

where PG denotes the space of p × p positive definite matrices with entries equal to zero
for not existing edges in graphG. LetX = (X1, ..., Xn) be an independent and identically
distributed sample of size n from model MG; Then, the likelihood is

P (X|K,G) ∝ |K|n/2 exp
{
−1

2
tr(KU)

}
, (5.2)

where U = X′X.

For a p-dimensional graph, the size of graph space is in total 2p(p−1)/2, which grows
supper-exponentially with the number of nodes in the graph. Thus, Bayesian inference on
all graph space is severely limited by the nature of the graph space. In this regard, there
are the efficient stochastic search algorithms that can explore the graph space (16, 5, 9).
These types of search algorithms explore the graph space by adding or removing one edge
in each step, knows as neighborhood search algorithm. These algorithms can potentially
work with the graph with more than 100 nodes (9, 16, 17).

5.4 Bayesian hierarchical model for ERGMs with non-

observed networks

In this section, we proposed the hierarchical Bayesian methodology to discover the under-
lining network structure and features which are important. We can display the hierarchical
model schematically as below

θ −→ G −→ K −→ X = (X1, ..., Xn).
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Thus, we consider the joint posterior distribution of the parameters as bellow

P (θ,G,K | X) ∝ P (X | θ,G,K) P (K | G) P (G | θ) P (θ). (5.3)

In our methodology, we assume the observed data follows a multivariate Gaussian distri-
bution.

5.4.1 Model for prior specification on graph

Here, by consider the idea of exponential random graph, we use a prior on the graph as
follows

P (G | θ) = 1

Z(θ)
exp{θtS(G)} (5.4)

where S(G) is a vector of statistics of the graph (e.g., the number of edges, triangles, etc.)
and θ ∈ Θ denotes the parameter vector of the model.

5.4.2 Prior specification on precision matrix

For the prior distribution of the precision matrix, we use the G-Wishart (23) distribution.
In Gaussian graphical models, the G-Wishart prior distribution is highly attractive since
it is conjugate to normally distributed data and places no probability mass on zero entries
of the precision matrix. The G-Wishart distribution WG(b,D), for random matrix K is
defined as

P (K|G) = 1

IG(b,D)
|K|(b−2)/2 exp

{
−1

2
tr(DK)

}
, K ∈ PG,

where b > 2 is a degree of freedom,D is a symmetric positive definite matrix, and IG(b,D)

is a normalizing constant,

IG(b,D) =

∫
PG

|K|(b−2)/2 exp

{
−1

2
tr(DK)

}
dK.

For complete graph G, the G-Wishart distribution reduces to the Wishart distribu-
tion, hence, its normalizing constant has an explicit form (18). Also, for decomposable
graphs, the IG(b,D) has an explicit form (23). However, for non-decomposable graphs,
the IG(b,D) has an intractable form (28).

Since the G-Wishart prior is conjugate to the likelihood (5.2), the posterior distribution
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of K is
P (K|X, G) = 1

IG(b∗, D∗)
|K|(b∗−2)/2 exp

{
−1

2
tr(D∗K)

}
,

where b∗ = b + n and D∗ = D + U , that is,WG(b
∗, D∗). To consider other possible prior

for precision matrix see e.g. (33, 31, 30), and (35). They place no probability mass on zero
entries and stable priors on the non-zero entries of the precision matrix.

5.4.3 MCMC sampling scheme

The high dimensionality of the graph G leads to the use of MCMC sampler algorithm can
potentially explore all graph space. Specifically, we introduce the MCMC algorithm that
simulate from the joint posterior distribution (5.3). The proposed MCMC algorithm is in
three steps as follows
Step 1: Sample from θ, based on exchange algorithm (19).
Step 2: Sample from graph space, based on birth-death MCMC sampling algorithm pro-

posed by (16).
Step 3: Sample from precision matrix, based on exact sampling algorithm form G-Wishart

distribution proposed by (13).
For step 1, in section 1, We illustrate how to sample from conditional distribution of θ
based on exchange algorithm (19).

For step 2, we using computationally efficient birth-death MCMC sampler proposed by
(16) for Gaussian graphical models. Their algorithm explores the graph space by adding or
deleting an edge in a birth or death event, in which the events are based on a continuous
time birth-death Markov process. In a graph G = (E, V ) with precision matrix K , each
edge e = (i, j) ∈ E dies independently of others as a Poisson process with death rate
δe(K). Since the events are independent, the overall death rate is δ(K) =

∑
e∈E δe(K).

With similar definition, each non-edge e = (i, j) ∈ E appears independently as a Poisson
process with birth rate βe(K) and the overall birth rate is β(K) =

∑
e∈E βe(K). The

birth and death rates of edges occur in continuous time with the rates determined by the
stationary distribution of the process. The algorithm is considered in such a way that the
stationary distribution equals the target posterior distribution.

Since, the birth-death processes are independent Poisson processes, the time between
two successive events has an exponential distribution with mean 1/(β(K) + δ(K)). This
time can be considered as the process expends for any particular instance of the graph
space. Therefore, the probability of birth and death events are proportional to their rates
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as

P (birth for edge e) = βe(K)

β(K) + δ(K)
, for each e ∈ E, (5.5)

P (death for edge e) = δe(K)

β(K) + δ(K)
, for each e ∈ E. (5.6)

Mohammadi and Wit (16, section 3) proof the birth-death MCMC sampling algorithm
converge to the target posterior distribution by considering accordingly birth and death
rates,

βe(K) =
P (G+e, K+e|X, θ)
P (G,K|X, θ)

, for each e ∈ E, (5.7)

δe(K) =
P (G−e, K−e|X, θ)
P (G,K|X, θ)

, for each e ∈ E, (5.8)

in which G+e = (V,E ∪ {e}), and K+e ∈ PG+e and similarly G−e = (V,E \ {e}), and
K−e ∈ PG−e . Based on the above explanation, we summarize the proposed sampler algo-
rithm as below.

1 Algorithm 5.1. Given the current state (θ,G,K):
1. Update θ, using a Metropolis step.

1.1. Draw θ∗ from symmetric proposal distribution h(θ∗ | θ)
1.2. Draw G∗ ∼ p(G | θ∗)
1.3. Propose the exchange move with probability

α(θ → θ∗) = min

{
1,
qθ∗(G)P (θ

∗)qθ(G
∗)

qθ(G)P (θ)qθ∗(G∗)

}
2. Update G, conditional on θ based on birth and death process.

2.1. Calculate the birth rates by equation (5.7) and β(K) =
∑

e∈E βe(K),
2.2. Calculate the death rates by equation (5.8) and δ(K) =

∑
e∈E δe(K),

2.3. Calculate the waiting time byW(K) = 1/(β(K) + δ(K)),
2.4. Calculate the type of jump from (5.7) and (5.8)

3. Update K , conditional on the recent G, sample the new precision matrix.

In Algorithm 5.1, the first step is to sample from θ by using exchange algorithm which
we explain in section 1. Then (in step two), we calculate the birth and death rates and
waiting times. Based on birth and death rates we calculate the type of jump. Details of
how to efficiently calculate the birth and death rates are discussed in subsection 1. Finally
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in step 3, according to the new state of the jump, we sample from a new precision matrix
using a direct sampling scheme from the G-Wishart distribution which proposed by (13).

Step 1: Updating parameter θ

In step 1 of algorithm 5.1, we are interested in sample from conditional distribution of θ,

P (θ|G) = 1

Z(θ)
exp{θtS(G)}p(θ). (5.9)

Sampling from this conditional distribution is difficult, since requires the evaluation of the
intractable normalizing constant Z(θ) =

∑
G∈Gp

exp{θtS(G)}.
Murray et al. (19) introduced the exchange algorithm based on exact sampling, which is

designed for general MCMC algorithms in which their target posterior distributions have
additional intractable normalization constant. To circumvent such an intractable normal-
izing constant, Caimo and Friel (2) explain how to use the concept behind the exchange
algorithm.

Suppose thatG is the current state of our algorithm andwewould like to sample θ from
(5.9), first we sample θ∗ from symmetric proposal distribution h(θ∗|θ). Then we sampleG∗,
which is the difficult step of the algorithm since this requires a draw from (5.4).

Note that, exchange algorithm requires an exact sampling from G. Following (2), we
approximate the exact simulation by samplingG∗ from P (G|θ∗) using an MCMC run that
is “long enough” to get a point that can be treated as if it were simulated exactly from
P (G|θ∗). They suggested that 500 iteration is a long-enough run. (6) proof that as few as
50 or 100 iterations are usually sufficient.

Computing the birth and death rates

Calculating the birth and death rates (5.7 and 5.8) is the bottleneck of our BDMCMC algo-
rithm. Here, we explain how to calculate efficiently the death rates and for the birth rates
is followed a similar manner. For more details see (15, 16).

Following (16) and some simplification, for each e = (i, j) ∈ E, we have

δe(K) =
P (G−e|θ)
P (G|θ)

IG(b,D)

IG−e(b,D)
(

D∗
jj

2π(kii − k111)
)
1
2H(K,D∗),

where
P (G−e|θ)
P (G|θ)

= eθ[S(G
−e)−S(G)],
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and

H(K,D∗) = exp

−1

2

[
tr(D∗

e,e(K
0 −K1))− (D∗

ii −
(D∗

ij)
2

D∗
jj

)(kii − k111)

] ,

in whichK0 is a 2× 2 diagonal matrix that k011 = kii and k022 = Kj,V \j(KV \j,V \j)
−1KV \j,j

and K1 = Ke,V \e(KV \e,V \e)
−1KV \e,e. Evaluating the ratio of prior normalizing constants

is the computational bottleneck for computing the death/birth rates.

Explicit form for ratio of prior normalizing constants Calculating the ratio of prior
normalizing constants has been a major computational bottleneck in the Bayesian litera-
ture (28, 32, 16, 15). More recently (28) providing an explicit representation of such in-
tractable normalizing constant and (15) implement this concept to sampling algorithm of
graphical models. By using the theorem derived by (28, Theorem 3.7.), for special case
which D is an identity matrix, we have

IG(b, Ip)
IG−e(b, Ip)

= 2
√
π
Γ((b+ d+ 1)/2)

Γ((b+ d)/2)
,

where d denotes the number of triangles formed by the edge e and two other edges in G
and Ip denotes a p dimensional identity matrix.

Therefore, for the case of D = Ip, we have a simplified formula for the death rates
which is given by

δe(K) = eθ[S(G
−e)−S(G)] Γ((b+ d+ 1)/2)

Γ((b+ d)/2)
(

2D∗
jj

(kii − k1ii)
)
1
2H(K,D∗),

5.5 Discussion

We have proposed a Bayesian methodology for exponential random graph models with
non-observed networks, which opens a large toolbox to networkmodelling for non-observed
data. By combining exponential random graph models and graph models, we have devel-
oped hierarchical Bayesian frameworks.

The Bayesian framework that we proposed here is not limited to data which follow
Gaussianity assumption. One possible extension of our work could be to Gaussian copula
graphical models (15).

In our Bayesian framework, we focus on undirected graphical models. We can extend
our work to directed graphical models as well. This is an ongoing research subject.
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