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ABSTRACT
Exciton diffusion plays an important role in many opto-electronic processes and phenomena. Understanding the interplay of intermolecular
coupling, static energetic disorder, and dephasing caused by environmental fluctuations (dynamic disorder) is crucial to optimize exciton
diffusion under various physical conditions. We report on a systematic analysis of the exciton diffusion constant in linear aggregates using the
Haken–Strobl–Reineker model to describe this interplay. We numerically investigate the static-disorder scaling of (i) the diffusion constant
in the limit of small dephasing rate, (ii) the dephasing rate at which the diffusion is optimized, and (iii) the value of the diffusion constant at
the optimal dephasing rate. Three scaling regimes are found, associated with, respectively, fully delocalized exciton states (finite-size effects),
weakly localized states, and strongly localized states. The scaling powers agree well with analytically estimated ones. In particular, in the
weakly localized regime, the numerical results corroborate the so-called quantum Goldilocks principle to find the optimal dephasing rate and
maximum diffusion constant as a function of static disorder, while in the strong-localization regime, these quantities can be derived fully
analytically.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0065206

I. INTRODUCTION

Electronic excitation energy transport (EET) is an impor-
tant process in many materials and biological systems. Conse-
quently, studies of EET go back many decades already.1–3 Exam-
ples of systems where EET is of crucial importance are lumi-
nescent materials,4,5 light emitting diodes,6,7 scintillators,8,9 pho-
todetectors,10,11 photovoltaic systems,12,13 and photosynthetic light-
harvesting systems.14–17 In all these cases, EET has important effects
on the efficiency of the system’s function. For instance, in pho-
tovoltaic systems, the transport of photo-induced electronic exci-
tations to the charge separating interface has to be fast enough
to beat radiative and non-radiative decay channels.18–22 Similarly,
in photosynthetic antennae, the transport time of the excitation
to the reaction center has to be small compared to the fluores-
cence lifetime and other relaxation times.14,15,23–28 While many
results, both theoretical and experimental, are known, the study
of EET remains an intriguing and timely area of research.27,29–36

This paper aims at increasing the quantitative understanding
of the complicated interplay between intermolecular interac-
tions, static energy disorder, and dephasing in determining the

diffusion constant that characterizes EET in one-dimensional exci-
ton systems.

EET is driven by resonant interactions between nearby
molecules (or atoms/ions) that coherently couple the state with one
molecule in the excited state and the other in its ground state to
the state where the excitation has swapped location.2,3,15 Resonant
interactions are often caused by the Coulomb interaction between
the transition dipoles of the two molecules involved but, especially
for forbidden transitions, may also be caused by exchange interac-
tions resulting from weak orbital overlap.37 For two molecules with
exactly the same transition energy (no static disorder) and in the
absence of dephasing of the molecular excitations (no fluctuations or
dynamic disorder), EET takes place in a back and forth oscillation of
the excitation energy between both molecules. In a system of many
molecules without static and dynamic disorder, EET takes place as a
wave packet motion, leading to coherent or ballistic transport, with
the spread of the excitation covering distances that linearly scale with
time.3,38,39

In realistic systems, the environment or molecular degrees of
freedom other than the excitation of interest (such as vibrations)
will lead to static as well as dynamic disorder. The former leads to
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localization of the exciton states,40–46 which always hinders trans-
port, while the latter leads to dephasing, which may enhance or
slow down transport, depending on the conditions.3,15,29,39 This
already hints at the complex interplay between the typical reso-
nant interaction, the amount of static disorder, and the dephasing
rate.29,47–53

A seminal step in the understanding of EET was made by
Förster,54 who analyzed the energy transfer between two reso-
nant molecules in the limit where the rate of dephasing (caused
by vibrational degrees of freedom) is much larger than the res-
onant dipole–dipole interaction. This leads to incoherent energy
transfer with the exponential decay of the excitation on the ini-
tially excited molecule (the donor) with the Förster resonant energy
transfer (FRET) rate, which scales inversely proportional to the
sixth power of the distance between the donor and acceptor.
This EET rate has been used to characterize intermolecular dis-
tances (spectroscopic ruler).55–57 In the past 20 years, the the-
ory of incoherent energy transfer has been generalized to describe
systems where the excitation is initially spread over a collec-
tion of closely coupled donor molecules that are weakly cou-
pled to an assembly of molecules forming the acceptor system
(multichromophore-FRET or MC-FRET).58–63 In the incoherent
limit, the interactions between donor and acceptor molecules
are treated as weak perturbations relative to the dephasing
dynamics.

In extended systems of many identical molecules (no static
disorder) coupled to each other through resonant interactions, the
ballistic (coherent) transport occurring in the absence of dephas-
ing will at finite dephasing rates change to diffusive exciton trans-
port at long times (large distances), characterized by the diffusion
constant.29,39 At short times/distances, the transport may still be
ballistic, depending on the ratio of the typical (near-neighbor) res-
onant interaction and the dephasing rate. Adding static disorder
in the molecular transition energies makes the situation more real-
istic as well as complicated.29,48–51,64–69 Static disorder will local-
ize the exciton states, which imposes natural boundaries to the
extent over which ballistic transport can take place; in the absence
of dephasing caused by energy fluctuations, the diffusion constant
therefore tends to zero for systems with strong enough static disor-
der. In one-dimensional chains with finite static disorder, all states
are localized, leading to a vanishing diffusion constant for zero
dephasing rate (low temperatures).40–42,45 Adding (weak) dephas-
ing will allow the excitons to jump between neighboring localization
domains, allowing for a finite diffusion constant that grows with the
dephasing rate. This is sometimes referred to as “environmentally
assisted quantum transport.”48–51 At a large dephasing rate, the
phase coherence between neighboring molecules within localiza-
tion domains will be destroyed quickly compared to the time scale
associated with the resonant interactions and the diffusion con-
stant will diminish again, inversely proportional to the dephasing
rate (classical limit). In between these extremes, an optimal dephas-
ing rate exists where the diffusion constant reaches its maximum
value.

While the above qualitative picture is well understood,
the detailed analysis of the interplay of resonant interactions,
static disorder, and dephasing is complicated. Various approaches
are known, which all have the property that they can bridge
the gap between the coherent and incoherent limits. These

include (i) stochastic models for the evolution of the exciton
wave function or the exciton density operator, of which the
Haken–Strobl–Reineker (HSR) model39,70,71 probably is the best-
known representative, and (ii) methods that integrate out bath
degrees of freedom to reach an equation for the exciton density
operator, usually in combination with perturbative steps.3 Here, well
known examples are Redfield theory72 and its more limited vari-
eties, namely, the Pauli Master equation3,73 as well as the Generalized
Master equation39,74 for the populations of the exciton states with
environmentally induced transfer rates, (iii) wave function meth-
ods, such as surface hopping75–77 and the numerical integration of
the Schrödinger equation (NISE),36,78,79 and (iv) the Hierarchy of
Equations of Motion (HEOM).80,81 All these methods come with
their own advantages and disadvantages. In addition, simple ana-
lytical approximations have been developed or hypothesized for
transport characteristics, based on scaling arguments or interpola-
tions between limiting cases, for instance, for the diffusion constant
as a function of static disorder (localization size) and dephasing
rate.29,64,82,83

In this paper, we use the HSR model to conduct a systematic
study of the EET diffusion constant in a one-dimensional exciton
system with static disorder as well as white-noise dynamic fluctu-
ations. We recover the above-described qualitative behavior of the
diffusion constant as a function of dephasing rate and quantitatively
study its dependence on the magnitude of the static disorder. In
particular, we find the static-disorder scaling of the diffusion con-
stant at small dephasing rate, the optimal dephasing rate, and the
maximum diffusion constant and show that three regimes for these
scaling relations exist, which may all be understood well and whose
scaling powers can be recovered analytically.

The remainder of this paper is organized as follows. In Sec. II,
we introduce the HSR model for the exiton dynamics and the expres-
sion for the diffusion constant that can be derived in this model.
Subsequently, in Sec. III, we present analytical results for the dif-
fusion constant in the limit of vanishing static disorder (homoge-
neous system) and the strong-static-disorder limit. Next, in Sec. IV,
we will present and discuss the results from our numerical anal-
ysis of the diffusion constant as a function of static disorder and
dephasing rate and we discuss how the numerically obtained scaling
relations in the various static disorder regimes compare to the ana-
lytical results and estimates. Finally, in Sec. V, we summarize and
conclude.

II. MODEL AND DIFFUSION CONSTANT
A. Model

We consider a one-dimensional Frenkel exciton system, i.e.,
a linear chain of N equidistant molecules that may be considered
as two-level systems. The transition energy of each molecule has a
static disorder component as well as a dynamic fluctuation (dynamic
disorder).

The dynamics of such a system is then described by the corre-
sponding time-dependent Hamiltonian,

H(t) = H0 + V(t), (1)

with
H0 =∑

n,m
Hnm∣n⟩⟨m∣ =∑

n
ϵn∣n⟩⟨n∣ +∑

n,m

′Jnm∣n⟩⟨m∣, (2)
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the exciton Hamiltonian with static energy disorder ϵn and excita-
tion transfer interactions Jnm (the prime excludes terms with n = m)
and

V(t) =∑
n

δϵn(t)∣n⟩⟨n∣, (3)

the fluctuating part representing the dynamic disorder. Here, n =
1, . . . , N labels the molecules, ∣n⟩ is the state where molecule n is
excited and all other molecules are in the ground state, and ϵn is the
static disorder offset in the transition energy of molecule n, while
δϵn(t) is the dynamic disorder component. The average transition
energy is set to zero, i.e., it serves as the reference point for the
energy. The static and dynamic disorder components are assumed to
be statistically uncorrelated. We use Gaussian static disorder, uncor-
related for different molecules, with zero mean and standard devia-
tion σ: ⟨ϵn⟩ = 0, ⟨ϵnϵm⟩ = σ2δn,m. Here and hereafter, ⟨⋅ ⋅ ⋅⟩ denotes
the average over the static disorder distribution. The symbol δn,m
denotes the Kronecker delta function.

The dynamic disorder reflects the effect of a fluctuating envi-
ronment on the electronic transitions. We follow the HSR model
and assume that these fluctuations follow a Gaussian white-noise
stochastic process, again uncorrelated for different molecules, with
zero mean, δϵn(t) = 0 (⋅ ⋅ ⋅ denoting the average over the dynamic
stochastic process), and the time-correlation function given by
(h = 1)39,70,71

δϵn(t)δϵm(τ) = Γδn,mδ(t − τ), (4)

with δ(t − τ) being the Dirac delta function. In this model, the
fluctuations are fully described by the parameter Γ, which equals
the relaxation rate (dephasing rate) of the coherences ρnm = ⟨n∣ρ̂∣m⟩
between the excited states of different molecules n and m induced by
the dynamic environment.39,70,71 Here, ρ̂ is the density operator of
the exciton system, averaged over the fluctuations. Viewed alterna-
tively, Γ also represents twice the dephasing rate of a single–molecule
transition, meaning that it also equals the molecular homogeneous
linewidth. The white-noise character implies that the spectral den-
sity of the fluctuations is broad compared to other frequency scales
in the problem (specifically the exciton bandwidth) and turns the
HSR into an infinite-temperature model in the sense that it leads
to an equilibrium state where all eigenstates of H0 are equally
populated.

Most results in Secs. III and IV will be shown accounting only
for nearest-neighbor interactions (NNIs) J, which simplifies the ana-
lytical analysis of the numerical results. The results for long-range
dipole–dipole interactions (LRIs) J/∣n −m∣3 do not show significant
changes in the various scaling powers and will be briefly addressed
in Sec. IV E. In all cases, three parameters with the dimension of
energy (frequency) govern the model: J, σ, and Γ. Depending on
the values of these three parameters, the size N of the system may
be an important parameter as well. Because the sign of J is not a
factor in the high-temperature case considered, we will assume it
to be positive and generally display quantities as functions of σ/J
and Γ/J.

In the absence of dynamic disorder (Γ = 0), the system is fully
characterized by its exciton eigenstates, which are ∣k⟩ = ∑n ϕkn∣n⟩,
where ϕkn is the nth element of the kth eigenvector of the matrix
Hnm. The corresponding eigenvalues Ek denote the exciton energies.

In the absence of static disorder (σ = 0), the eigenstates are com-
pletely delocalized over the chain, while at finite σ the states
are localized on a number of molecules (N loc) that depends on
σ/J (assuming N > N loc). Finite Γ leads to scattering between the
exciton states and, as mentioned, dephasing of the coherences
ρnm (n ≠ m), phenomena that are important for the transport
properties.

B. Diffusion constant: Green–Kubo expression
The exciton dynamics within the HSR model can be obtained

in different ways. In the wavefunction description, the stochas-
tic Schrödinger equation for the Hamiltonian equation (1) may be
solved numerically, taking an average of the wavefunction over the
realizations of the noise to obtain its time-development.29 Alterna-
tively, the density matrix approach can be employed where the aver-
age over the white-noise fluctuations can be performed analytically
and the equation of motion for the noise-averaged exciton density
matrix ρ̂(t) is obtained with the above-mentioned intersite coher-
ence relaxation rate Γ.70,71,84 While for non-Gaussian noise, exciton
systems may reveal a subdiffusive behavior,85 for the Gaussian HSR
model, the resulting exciton dynamics was always observed to be
diffusive in the long-time limit.29 The corresponding EET diffusion
constant is then well defined and may be extracted by calculating the
mean-squared displacement as

D = lim
t→∞

⟨R2(t)⟩
2t

, (5)

with ⟨R2(t)⟩ being the squared displacement of an initially point-
localized excitation at time t averaged over the dynamic disorder
(⋅ ⋅ ⋅) and the static disorder (⟨⋅ ⋅ ⋅⟩).

In the HSR model, instead of explicitly integrating the equa-
tions of motion, an expression for D can be derived directly starting
from the Green–Kubo86 expression for D in terms of the two-time
correlation function of the exciton flux operator in the Heisenberg
picture, ĵ(t).83 In one dimension, this expression reads

D = ⟨
1

Z0
∫

∞

0
dtTr(e−H0/kBT ĵ(t)ĵ(0))⟩, (6)

where Z0 is the partition function of the exciton system, kB is the
Boltzmann constant, and T is the temperature. Due to the high-
temperature nature of the HSR model, 1

kBT → 0 and Z0 = N. We note
that for infinite chains, the overall average ⟨⋅ ⋅ ⋅⟩ is not needed, as the
diffusion constant is expected to self-average for chains that are long
enough; we included it here because in the numerical simulations,
we necessarily consider finite chains.

The flux operator ĵ(t) is the time derivative of the exciton
position operator defined as d∑n n∣n⟩⟨n∣, with d being the lattice
constant. This yields

ĵ = id∑
n,m

′

(n −m)Jnm∣m⟩⟨n∣. (7)

Due to the fact that ĵ(t) only contains intersite coherences, the effect
of averaging over the fluctuations in the HSR model is a simple expo-
nential relaxation of ĵ(t) with rate Γ. Moreover, the coherent evolu-
tion is simply described by the solution of the Heisenberg equation
of motion. Together this yields
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ĵ(t) = eiH0t ĵ(0)e−iH0te−Γt . (8)

Substituting Eq. (8) into Eq. (6) and going to the eigenstate repre-
sentation of H0, one arrives at a closed expression for the diffusion
constant,

D =∑
k,l

Dk,l =
1
N
⟨∑

k,l

Γ
Γ2 + E2

kl
∣jkl∣

2
⟩, (9)

where Ekl = Ek − El is the energy difference between the exciton
states with labels k and l, respectively, and jkl is the klth matrix
element of the flux operator in the exciton basis given by

jkl = id∑
n,m

′

(n −m)ϕ∗kmϕlnJnm. (10)

Equation (10) shows explicitly that jkl = j∗lk, i.e., ĵ is Hermitian. If we
restrict to nearest-neighbor interactions, this reduces to

jkl = idJ
N−1

∑
n=1
(ϕ∗knϕln+1 − ϕ∗kn+1ϕln). (11)

We note that the analytical result [Eq. (9)] is obtained as a con-
sequence of the white-noise nature of the dynamic disorder in the
HSR model, which allows for the analytical solution [Eq. (8)] for the
flux operator. Alternatively, it is also possible to obtain the diffusion
constant from Eq. (6) in the more general situation of colored (or
non-Markovian) classical noise applicable to lower temperatures, by
numerically propagating the wavefunction87 as well as for quantum
noise by using Redfield equations.83

All numerical calculations of the diffusion constant D in this
study are performed by using Eq. (9), where the exciton energies
Ek and eigenstates ϕkn are obtained by diagonalizing H0 of Eq. (2).
Before turning to those results, however, we first consider the limits
of weak (vanishing) and strong static disorder, for which Eq. (9) may
be worked out analytically.

III. ANALYTICAL RESULTS
A. Homogeneous model with nearest-neighbor
interactions

The diffusion constant for a homogeneous (σ = 0) infinite chain
with only nearest-neighbor interactions in the HSR model can be
obtained analytically in several ways, e.g., by directly writing the
equation of motion for the mean-squared displacement; the result
reads Dhom = 2d2J2

/Γ.29,39,83,88,89 It is useful to see how this result also
derives from Eq. (9). Restricting to nearest-neighbor interactions J
leads to the fully delocalized eigenstates,

ϕkn =

√
2

N + 1
sin(

πkn
N + 1

), (12)

with k = 1, 2, . . . , N and the corresponding exciton energies

Ek = 2J cos(
πk

N + 1
). (13)

This exciton band is symmetric around zero energy and has width
4J. By using Eq. (12) in Eq. (11), we obtain

jkl = −
2idJ

N + 1
(1 − (−1)(k−l)

)
sin( πk

N+1) sin( πl
N+1)

cos( πk
N+1) − cos( πl

N+1)
, (14)

which is non-zero only for k − l odd. Because of the denominator,
terms with l = k + p with p = ±1,±3,±5, . . . and ∣p∣≪ N will domi-
nate the summation over l in Eq. (9). This is enhanced by the fact
that for those terms also the denominator (Γ2

+ E2
kl) in Eq. (9) is

minimized. For these terms, Eq. (14) gives

jk,k+p =
4idJ
πp

sin(
πk

N + 1
) (p odd, ∣p∣≪ N). (15)

Keeping only these dominant terms in Eq. (9), we obtain

Dhom =
1
N∑k

∑
p=±1,±3,...

Γ
Γ2 + E2

k,k+p
(

4 dJ
πp
)

2

sin2
(

πk
N + 1

). (16)

For ∣p∣≪ N, one easily shows that Ek,k+p = (2Jπp sin( πk
N+1))/(N +

1). Thus, in the limit of very large N, such that 2πJ/N ≪ Γ, Eq. (16)
reduces to

Dhom =
1
N∑k

sin2
(

πk
N + 1

) ∑
p=±1,±3,...

1
Γ
(

4 dJ
πp
)

2

= 2 d2 J2

Γ
, (17)

which correctly reproduces the result for the infinite homogeneous
chain quoted at the beginning of this section.

This result for Dhom has a monotonous dependence on Γ, which
tends to infinity for Γ→ 0 and does not show an optimum at finite
Γ. In the strict Γ = 0 limit, the homogeneous system, even for infinite
size, will never reach diffusive motion. Therefore, the singularity at
Γ = 0 is unphysical, as the diffusion constant at this point is not well
defined. We note that in the incoherent limit (Γ≫ J), the above dif-
fusion constant can also be obtained in a simple way from the Förster
EET rate J2

/Γ between two resonant neighboring molecules;29,33,39,89

for long chains, the results hold for arbitrary ratio Γ/J, as long as the
coherence length set by this ratio is small compared to the system
size N.

For finite system size N, Eq. (17) for Dhom is still expected
to hold and be physically meaningful as long as the coherence
size is small compared to N, i.e., under the condition 2πJ/N ≪ Γ
used to derive Eq. (17). In the other limit where 2πJ/N ≫ Γ, Γ2

in the denominator of Eq. (16) can be ignored and one eventually
obtains

Dhom =
(N + 1)2

12
d2Γ (finite N, small Γ), (18)

which is seen to scale linearly in Γ so that D→ 0 as Γ→ 0. Con-
sequently, there is an optimal dephasing rate Γopt ≈ 2πJ/N where
the thus calculated diffusion constant for the finite system reaches
a maximum. While, indeed, we will recover this behavior in our
numerical calculations, it should be realized that both the diffusion
constant [Eq. (18)] and the associated Γopt are finite-size artifacts that
lack a physical basis; in the real homogeneous system, one does not
expect to see a diffusive behavior for 2πJ/N ≫ Γ because the motion
will be coherent over the entire chain.

J. Chem. Phys. 155, 134305 (2021); doi: 10.1063/5.0065206 155, 134305-4

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

B. Limit of strong localization with nearest-neighbor
interactions

We now turn to the opposite limit, where we assume the strong
static disorder, σ ≫ J, implying that N loc ≈ 1. Also, in this limit, an
analytical expression can be derived for D. The simplest approach
would be to assume that all eigenstates are localized by the static dis-
order on a single molecule (monomer), which means that the state
labels k and l in Eq. (9) are simply replaced by site labels n and m, and
En = ωn. Using nearest-neighbor interactions, one then easily arrives
at

Dmon =
2J2d2

N
⟨∑

n

Γ
Γ2 + ω2

n+1,n
⟩ = 2J2d2

⟨
Γ

Γ2 + ω2
n+1,n
⟩, (19)

where ωn+1,n = ωn+1 − ωn, the difference of the transition energies
of two neighboring molecules, which is a Gaussian random vari-
able with mean zero and standard deviation

√
2σ. The second step

in Eq. (19) is valid because the static disorder average of Γ
Γ2
+ω2

n+1,n

is independent of n {actually, one sees here explicitly that even if
the average over static disorder is not included in the definition of
D [see discussion following Eq. (6)]; for long enough chains, it still
appears in the second step of Eq. (19) due to the automatic aver-
aging that arises from N−1

∑n}. Carrying out the integral over the
Gaussian distribution leads to

Dmon = J2d2
√

π
σ

exp(
Γ2

4σ2 )Erfc(
Γ

2σ
), (20)

where Erfc is the complementary error function. Using the limiting
behaviors of the latter for large and small arguments, this result cor-
rectly recovers the expression 2J2d2

/Γ for Γ≫ σ, while for Γ≪ σ, it
leads to

Dmon =
√

π
J2d2

σ
(1 −

Γ
√

πσ
+ ⋅ ⋅ ⋅). (21)

The latter result does not properly recover the physical expec-
tation that for localized states, the diffusion constant should
tend to zero for Γ→ 0, owing to the fact that fluctuations are
necessary to overcome the energy barriers between localized
states.

Apparently, the above monomer approximation is too crude.
The reason is that in a long chain there will be occasional instances
where nearest-neighbor transition energies will be closer to each
other than Γ, even for Γ very small, in which case the associated
term in Eq. (19) gets too large. In fact, if nearest neighbors happen
to have exactly the same transition energy, the associated term will
tend to infinity for Γ→ 0. Obviously, this is an artifact because two
(nearly) resonant molecules, with ∣ωn+1,n∣≪ J, will form dimerized
states, delocalized over both molecules and with an energy sepa-
ration > 2J. This finite energy difference properly makes the diffu-
sion constant vanish for Γ→ 0. In order to describe this accurately,
instead of assuming states that always are completely localized on
individual molecules, we account for the possibility that even for
large static disorder (σ ≫ J), states on neighboring molecules may in
fact still delocalize over them due to an accidental resonance. We will
assume, however, that the probability for a trimer (three neighbor-

ing molecules with energy differences all in the order of J or smaller)
is too small to occur due to the large static disorder we consider.

We thus consider the contributions of a dimer of neighboring
molecules n and n + 1 to the diffusion constant [Eq. (9)]. Following
the above assumptions, this dimer defines two eigenstates, labeled +
and −, on the long chain, with energy difference E+,− obeying E2

+,− =

ω2
n+1,n + 4J2. The corresponding eigenvectors on the basis (∣n⟩, ∣n +

1⟩) read (cos θ
2 , sin θ

2) and (− sin θ
2 , cos θ

2), respectively, with tan θ =
2J/ωn+1,n. Substituting these eigenstates into Eq. (11) yields ∣j

+,−∣
2
=

∣j
−,+∣

2
= J2d2. As a result, the contributions from the dimer states to

the diffusion constant [Eq. (9)] read

D+,− = D−,+ =
J2d2

N
Γ

Γ2 + 4J2 + ω2
n+1,n

. (22)

We note that for ∣ωn+1,n∣≫ J, this result correctly reduces to the
contributions from molecules n and n + 1 in the above monomer
approximation.

Now, let us consider the contributions to the diffusion constant
deriving from the two dimer states + and − for a pair of nearly reso-
nant molecules n and n + 1 and a localized state on the neighboring
molecule n + 2. One easily derives that

D+,n+2 = Dn+2,+ =
J2d2

N
Γ

Γ2 + (E+ − ωn+2)2 sin2 θ
2

(23)

and

D−,n+2 = Dn+2,− =
J2d2

N
Γ

Γ2 + (E− − ωn+2)2 cos2 θ
2

. (24)

Since we assumed that there are no (close to) resonant trimers
in the chain, we have ∣ωn+2 − E+∣≫ J and ∣ωn+2 − E−∣≫ J. If the
dimer molecules indeed are nearly resonant (i.e., ∣ωn+1,n∣ ≲ J), we
may replace both (E+ − ωn+2)

2 and (E− − ωn+2)
2 by ω2

n+1,n+2 + 4J2,
which introduces errors of the order of J2 in the denominators,
which is small compared to the original energy differences. This
allows us to add the two types of terms in Eqs. (23) and (24) to
obtain

D+,n+2 +D−,n+2 = Dn+2,+ +Dn+2,− =
J2d2

N
Γ

Γ2 + 4J2 + ω2
n+1,n+2

, (25)

which effectively again looks like the dimer expression of Eq. (22).
From the above, it follows that in the strong-static-disorder

limit, we may write the total diffusion constant as the sum over
dimer expressions for the pairs of molecules (n, n + 1), (n + 1, n +
2), (n + 2, n + 3), etc., or

Ddim =
2J2d2

N
⟨∑

n

Γ
Γ2 + 4J2 + ω2

n+1,n
⟩ = 2J2d2

⟨
Γ

Γ2 + 4J2 + ω2
n+1,n
⟩.

(26)
We refer to this as the dimer approximation, which is seen to dif-
fer from the monomer approximation of Eq. (19) through the term
4J2 in the denominator. This term indeed takes care of the unphys-
ical behavior of the monomer approximation at small Γ values,
as is immediately clear: For Γ≪ J, we may neglect the Γ2 term
in the denominator and the entire expression will be proportional
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to Γ, with a finite proportionality constant. In fact, similar to the
monomer approximation, also the dimer approximation can be
solved analytically, by using the fact that ωn,n+1 obeys a Gaussian
distribution with mean 0 and standard deviation

√
2σ. This allows

us to perform the static disorder average to obtain

Ddim =

√
πd2J2Γ

σ
√

Γ2 + 4J2
exp(

Γ2
+ 4J2

4σ2 )Erfc
⎛

⎝

√
Γ2 + 4J2

2σ
⎞

⎠
. (27)

In Sec. IV, through comparison to numerically exact calculations of
D for a variety of parameters, we will find that this analytical result
indeed yields an excellent approximation for σ ≫ J.

For Γ≫ σ (and thus also Γ≫ ∣J∣), Eq. (27) reduces to Ddim =

2J2d2
/Γ, which is the familiar result in the classical (strong-

noise) limit. In the opposite case of Γ≪ σ and Γ≪ ∣J∣, Eq. (27)
leads to

Ddim =

√
π

2
Γ
σ

d2 J, (28)

i.e., in this limit, the diffusion constant indeed scales proportional to
Γ, the physically expected behavior.

IV. NUMERICAL RESULTS AND DISCUSSION
In this section, we numerically calculate the diffusion con-

stant according to Eq. (9) as a function of σ/J and Γ/J and ana-
lyze the results in terms of three scaling regimes distinguished
by the amount of static disorder: weak static disorder (N loc >

N, delocalized states), intermediate static disorder (1≪ N loc ≪ N,
weakly localized states), and strong static disorder (N loc ≈ 1, strongly
localized states). As before, N loc denotes the exciton localization
size determined by the static disorder. In all simulations, we use
N = 10 000 for the number of molecules on the chain, and for
each σ value, the results are averaged over 100 random realiza-
tions of the static disorder on the chain. Except for Sec. IV E,
all results are obtained considering nearest-neighbor interactions
J only.

A. Diffusion constant as a function of static disorder
and dephasing rate

In Fig. 1, we present a log–log plot of the numerically obtained
diffusion constant D as a function of Γ for static disorder val-
ues ranging from σ = 0.01J to σ = 100J. For reference, we also dis-
play the result D = 2d2J2

/Γ for the infinite homogeneous chain.
The general features of D(Γ) observed in Fig. 1 are similar for
all values of σ. For small Γ, the diffusion constant grows propor-
tional to Γ (with D→ 0 for Γ→ 0), characteristic for the quan-
tum regime, where fluctuations (noise) are needed to promote
jumps from one localization domain to another; the proportional-
ity constant depends on the static disorder strength (see Sec. IV B).
For large Γ, D decreases again and for all static disorder val-
ues approaches the classical result 2d2J2

/Γ. In between these two
regimes, D reaches a maximum value at Γ = Γopt that depends on
σ (see Sec. IV C); the maximum value Dmax depends on σ as well (see
Sec. IV D).

It is clear from Fig. 1 that for σ small enough, as expected, D
increasingly tends toward the analytical result 2d2J2

/Γ obtained for

FIG. 1. Numerically obtained diffusion constant (D) as a function of dephasing rate
(Γ) for a linear chain of N = 10 000 molecules for various static energy disorder
strengths (σ). For reference, the diffusion constant for the infinite homogeneous
chain (σ = 0) is also shown.

the infinite homogeneous chain. However, as necessarily numerical
simulations are performed for finite chains, they always display an
optimum dephasing rate and a turnover to a regime D∝ Γ for Γ
small enough [Eq. (18)].

To show how the numerical results compare to the analytical
ones obtained in Sec. III B for the limit of strong static disorder, we
plot in Fig. 2 the diffusion constant as a function of Γ/J for three large
values of the static disorder: σ = 100.5J, 10J, and 101.5J. Clearly, for
σ > 10J, the analytical result obtained via the dimer approach shows
good to excellent agreement with the full numerical calculation. We
observe that the approximation tends to be of a lesser quality for
lower Γ values than for higher ones. The explanation lies in the fact
that the approximations made between Eqs. (24) and (25) gener-
ally will become better for larger Γ values. Physically, growing Γ will
lower the quantum coherence between different molecules, thereby
lessening the effect that accidental near-resonant trimers and larger
clusters of molecules may still have. Obviously, it would be inter-
esting to extend the dimer approximation to a trimer approach (and
further). However, it seems hard, if not impossible, to get a fully ana-
lytical answer for the trimer, as it would involve solving the eigen-
states and energies of a general trimer, determining the matrix ele-
ments of the flux operator and energy differences, substituting this
all in Eq. (9) and analytically averaging over all disorder realizations
that may occur in the trimer.

B. Diffusion constant at small dephasing rate
As we have seen in Fig. 1, for small dephasing rate, the

diffusion constant is proportional to Γ in all cases, except for
the special case of an infinite homogeneous chain. In the lim-
its of weak and strong static disorder, this linear behavior
was found analytically in Sec. III, Eqs. (18) and (28). In the
intermediate-static-disorder regime, the linear behavior is expected
as well at small Γ values because at small dephasing rates, the
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FIG. 2. Numerically obtained diffusion constant D as a function of dephasing rate
Γ for a linear chain of N = 10 000 molecules for three large values of the static
energy disorder strength (solid lines). The dashed lines give the analytical strong-
static-disorder result according to Eq. (27). Notice that in contrast to Fig. 1, D is
now plotted on a linear scale.

diffusion is limited by hops between localization domains enabled
by the dynamic fluctuations. The corresponding hopping rates are
proportional to Γ.

Before turning to estimates of the interdomain hopping rates
in more detail, we consider the numerically obtained dependence
of D on Γ in the small-Γ regime in more detail. From the above,
we expect that in this regime, D/Γ does not depend on Γ, imply-
ing that it then is a universal function of σ/J. This is confirmed by
Fig. 3, where the symbols denote the numerically obtained D/Γ as
a function of σ for four different (small) values of Γ. Obviously, all
symbols follow one universal dependence. Deviations are only seen
in the level of the plateau reached in the small-static-disorder regime,
resulting from the fact that for the larger ones of the Γ values con-
sidered here, the relation 2πJ/N ≫ Γ [required to derive Eq. (18)]
does not really hold for N = 10 000. The straight lines associated with
the analytical solutions [Eqs. (18) and (28)] indeed show excellent
agreement with the numerical results in the weak-static-disorder
limit (for the smallest Γ values) and the strong-static-disorder limit,
respectively.

We now focus in more detail on the intermediate-static-
disorder regime, which is the most interesting one. Here, the exci-
tons are weakly localized (1≪ N loc ≪ N). In the limit of slow
dephasing (small Γ), the transport process may then be viewed as
a hopping process between localization domains, where the hops are
enabled by the white-noise dynamic disorder δϵn(t), characterized
by Γ. Within each localization domain, the transport is ballistic and
fast; the hopping process between different domains is the limiting
step in the transport. In this situation, one may estimate the diffusion
constant as

FIG. 3. Log–log plot of D/(Γd2) numerically calculated as a function of σ/J for
Γ/J = 10−5.0 (asterisks), 10−4.5 (circles), 10−4.0 (pluses), and 10−3.5 (squares).
Also shown as dashed-dotted lines are the analytical weak- and strong-static-
disorder results [Eqs. (18) and (28)], respectively, and as dashed lines the best
power-law fits to the data in the intermediate- and strong-static-disorder regimes.
The power-law fit in the strong-static-disorder regime (σ/J ≈ 30–100) yielded
D/(Γd2) = 1.87(σ/J)−1.14. In the simulations, a chain of N = 10 000 molecules
was used.

D = γN2
locd2

(intermediate σ, weak Γ), (29)

where γ is the typical hopping rate between localization domains.
Using first-order time-dependent perturbation theory, the hopping
rate between two exciton states k and l induced by the white-noise
disorder is easily found to be

γkl = Γ∑
n
∣ϕknϕln∣

2, (30)

which is seen to depend on the overlap of the site probabilities of
both states (owing to the fact that the dynamic disorder is not corre-
lated for different sites) and not to depend on energy (owing to the
white-noise character of the fluctuations).

For states that fully overlap, the above hopping rate γkl scales
like Γ/N loc. Since the total number of states that overlap with a
given state is of the order N loc, the total rate away from a given
state is thus proportional to Γ. As transport is only possible if hops
occur to states that partially overlap with the original one, the rel-
evant effective hopping rate is expected to be of the order of, but
numerically smaller than Γ, where we use as estimate c′Γ, with
c′ ≈ 1/2. For the same reason, the step size N loc in Eq. (29) should
be replaced by a number of the order of but numerically smaller
than N loc, where we use as estimate N loc/2. As a result, we reach the
estimate

D = cΓN2
locd2

(intermediate σ, weak Γ), (31)

where c ≈ 1/8.
What is left is to translate Eq. (31) into a σ dependence. To

this end, we use a simple estimate for the localization size, obtained
via a self-consistent argument that requires that the static-disorder-
induced mixing of two localized states on a domain of size N loc
equals the average energy separation between adjacent states in the
exciton band for a system of size N loc. Such arguments have been
used successfully to obtain the localization size as a function of
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static disorder in the optically dominant (band-edge) region of J-
aggregates, in which case one uses the band-edge state–state sepa-
ration;46,90 here, we use the average separation in the entire band
because in the high-temperature situation we consider, all states con-
tribute to the transport. Because the static-disorder-induced mix-
ing scales like σ/

√
Nloc (exchange narrowing of the static disorder)

and the average energy separation is 4J/N loc (the total band width
divided by the number of molecules in the domain), we arrive at the
estimate

Nloc = 16(
J
σ
)

2
, (32)

which is valid in the intermediate-static-disorder regime. The (J/σ)2

scaling has also been found in other studies.29,45,83,91

Combining Eqs. (31) and (32), we arrive at

D = 256cΓd2
(

σ
J
)
−4
(intermediate σ, weak Γ), (33)

which agrees very well with the best fit to the numerical data in Fig. 3.
The scaling relation for D/Γ as a function of σ/J found from that fit
has a power of −3.70, which is in good agreement with our analyt-
ical estimate of −4. The deviation probably results from finite-size
effects, which limit the range of the intermediate regime. We have
found that with growing system size, the power tends more toward
−4, but it is numerically expensive to go beyond N = 10 000. We note
that also the prefactor of ∼ 42 in the numerically obtained scaling
relation is well understood from our analytical estimate, which yields
a number of about 32.

C. Optimal dephasing rate
In Fig. 1, we have seen that for each value of the static disor-

der strength σ, the diffusion constant as a function of Γ reaches a
maximum value in between the quantum and classical regimes. We
will refer to the Γ value at which this maximum is reached as Γopt, the
optimal dephasing rate. From Fig. 1, it is clear that Γopt gets larger for
increasing values of σ. In this section, we analyze this dependence
in more detail and again will encounter characteristic differences
between the three disorder regimes.

The numerically obtained value of Γopt as a function of σ is
displayed in Fig. 4, where we show Γopt for σ ranging from 0.001J
to 100J. It is clearly seen that, indeed, three different regimes exist
with a totally different scaling behavior. As in Fig. 3, the behavior
in the weak- and strong-static-disorder limits can be understood
from the analytical results derived in Sec. III. As we have argued
in that section, in the limit of weak static disorder, where N loc > N
(states fully delocalized over the finite chain), the existence of an
optimal value of Γ is a finite-size artifact of the method used to cal-
culate D. The value where D reaches its maximum in this regime is
determined by the crossover point between the ∼ Γ and the ∼ 1/Γ
dependences, which we saw to occur at Γopt ≈ 2πJ/N. Indeed, this
agrees well with the behavior seen in Fig. 3: For σ ≲ 0.03J, Γopt

reaches a plateau at about 6 ⋅ 10−4J. The latter value agrees well with
the analytical estimate 2πJ/N for N = 104. Moreover, substituting
σ = 0.03J into Eq. (32) gives N loc ≈ 1.6 ⋅ 104, indicating that, indeed,
the plateau is reached when the localization size exceeds the system
size N.

FIG. 4. Log–log plot of Γopt/J as a function of σ/J obtained from the numerical
simulations, using chains of N = 10 000 molecules with nearest-neighbor interac-
tions J (symbols). The red dashed–dotted horizontal line at small static disorder
σ indicates the value 2πJ/N, which is the analytical estimate for the optimal
dephasing rate in the weak static disorder regime. The magenta dashed–dotted
curve in the strong-static-disorder regime represents the analytical expression
Eq. (34), valid for strongly localized states. The green dashed line in the inter-
mediate regime is the best power-law fit to the numerical data, specified in the
legend, whereas the black dashed line in the strong-static-disorder regime corre-
sponds to the best power-law fit to the numerical data in the range σ/J ≈ 30–100,
given by Γopt/J = 1.54(σ/J)0.38.

In the limit of strong static disorder, we again resort to the
dimer approach of Sec. III B, from which we found the ana-
lytical expression [Eq. (27)] for D. Setting the derivative of this
expression equal to zero and using that σ ≫ J and assuming
that also σ ≫ Γopt (which may be checked afterward), one arrives
at the following analytical expression for the optimal dephasing
rate:

Γopt =

√

4
2
3 π

1
3 J

4
3 σ

2
3 − 4J2 (strong σ). (34)

As is shown in Fig. 4, this result shows excellent agreement with the
numerical data for σ > 5J, which is not surprising given the quality
of the analytical result for D, as displayed in Fig. 2 already. It should
be noted that Eq. (34) may still be simplified further using the fact
that the second term in the square root is smaller than the first one
(since σ ≫ J). Ignoring the second term yields

Γopt = 4
1
3 π

1
6 J(

σ
J
)

1
3
≈ 1.92J(

σ
J
)

1
3
(very strong σ), (35)

which shows that in the strict strong-static-disorder limit, Γopt obeys
a power-law scaling with σ with a power 1/3. Indeed, this is also
found in the numerical data, but this power is only reproduced if
one fits the data from σ ≈ 30J upward. Starting the fit at lower σ val-
ues gives powers that are significantly larger due to the effect of the
second term in Eq. (34) (e.g., a power of 0.44 is found if one starts
fitting from 5J upward).

Finally, we turn to the interesting intermediate-static-disorder
regime, where the states are weakly localized. In this regime, the
numerical data can be fitted well to a power-law scaling relation, as
indicated by the green dashed line, with the expression specified in
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the legend of Fig. 4 (power close to 2). The scaling behavior observed
is governed by the interplay between the exciton localization size
imposed by the static energy disorder (N loc) and the hopping rates
between localization domains governed by dynamic disorder. The
localization size defines the maximum length over which ballistic
(coherent) transport can take place; the time to traverse a localiza-
tion domain then can be estimated as τtrav = N loc/2J. At the edge
of the domain, the exciton motion is obstructed, until the dynamic
disorder fluctuations aid in incoherent hopping to the neighboring
localization domain, where again ballistic transport is possible. Fol-
lowing the discussion just above Eq. (31), the incoherent hopping
has as characteristic time τhop = 1/(c′Γ). Now, the optimal value of
Γ is reached if τtrav = τhop. Namely, if τtrav < τhop, the exciton has to
wait too long to make the jump to the next localization domain after
it has traversed the previous one; conversely, if τtrav > τhop, the time
it takes to traverse a single domain takes too long relative to the jump
to the next domain. The sweet spot is reached if the hopping rate is
just right compared to the localization size, i.e., if Γ is tuned just right
to σ. In this situation, the incoherent hopping time between localiza-
tion domains is synchronized to the coherent transport over a single
domain. This argument was made previously92 and was referred to
as the quantum Goldilocks effect,92 inspired by the fairy tale entitled
“Goldilocks and the three bears.” Thus, setting τtrav = τhop at Γ = Γopt
and using Eq. (32) for N loc, we arrive at

Γopt =
J

8c′
(

σ
J
)

2
(intermediate σ), (36)

which agrees well with the best fit to the numerical data in Fig. 4. The
fit gives a scaling relation for Γopt as a function of σ/J with a power
of 1.92, which is in good agreement with our analytical estimate of 2.
Similar to the case of the diffusion constant at small dephasing rate,
the deviation is probably due to finite-size effects in the numerical
simulation for small σ values, which in practice limit the σ range for
the intermediate regime. The prefactor 0.29 obtained from the best
fit to the numerical result also matches quite well with our analytical
estimate of about 0.25 (c′ ≈ 1/2).

D. Maximum diffusion constant
We now turn to the study of the maximum diffusion con-

stant Dmax, reached at Γ = Γopt. From Fig. 1, we observe that Dmax
gets smaller for increasing values of σ, which is the physically
intuitive trend: Increasing static disorder will increasingly hinder
transport.

The numerical results for Dmax as a function of σ are given
as symbols in Fig. 5 for σ ranging from 0.001J to 100J. Again, we
see three distinct static-disorder regimes with a completely different
scaling behavior. Similar to Figs. 3 and 4, the behavior in the weak-
and the strong-static-disorder regimes can be understood based on
the analytical results derived in Sec. III, in this case augmented by the
results for Γopt obtained for the respective static-disorder regimes in
Sec. IV C. In the weak-static-disorder limit, where N loc > N (states
fully delocalized over the finite chain), Dmax can be obtained by
substituting the analytical estimate Γopt ≈ 2πJ/N obtained in this
static-disorder regime into Eq. (18), which gives the σ-independent
result,

Dmax =
π
6

Nd2J (weak σ). (37)

FIG. 5. Log–log plot of Dmax as a function of σ obtained from the numerical
simulations, using chains of N = 10 000 molecules with nearest-neighbor inter-
actions J (symbols). The dashed lines in the weak- and intermediate-disorder
regimes are the best power-law fits to the numerical data, specified in the leg-
end. The black dashed line in the strong-disorder regime corresponds to the
best power-law fit to the numerical data in the range σ/J ≈ 30–100, given by
Dmax/(d2J) = 1.25(σ/J)−0.94. The magenta dashed-dotted line in the strong-
disorder regime represents the analytical expression Eq. (38), valid for strongly
localized states.

This reproduces the behavior observed in Fig. 5: For σ ≲ 0.03J, Dmax

saturates to a plateau at about 1.5 ⋅ 103d2J. Taking N = 104, the
prefactor obtained from Eq. (37) is about 5.2 ⋅ 103, which is of
the same order of magnitude as the one obtained from the best
power-law fit to the small-σ data in Fig. 5. The discrepancy in the
prefactors originates from the handwaving nature of Γopt in the
weak-static-disorder limit and the fact that exactly at this value
of Γ, the conditions for the derivation of Eq. (18) are not fully
met. As argued before, the fact that an optimal dephasing rate and
a maximum diffusion constant exist in this limit is a finite-size
artifact.

In the strong-static-disorder limit, we may again understand
the numerical results from the dimer approach of Sec. III B. In this
regime, we found the analytical expression [Eq. (27)] for the diffu-
sion constant D. Substituting Γ = Γopt given by Eq. (34) into Eq. (27)
and assuming σ ≫ J and σ ≫ Γopt, we arrive at

Dmax =
√

π
d2J2

σ
=
√

πd2J(
σ
J
)
−1
(strong σ). (38)

As can be seen in Fig. 5, this result indeed shows very good agree-
ment with the numerical data in the strong-static-disorder regime.

We finally turn to the most complicated regime of intermediate
static disorder, where 1≪ N loc ≪ N. As shown in Fig. 5, the numer-
ical data for Dmax in this regime can be fitted well to a power-law
scaling dependence on σ/J with power close to −2 (represented by
the green dashed line, with the expression specified in the legend
of Fig. 5). In order to obtain an analytical estimate of Dmax in this
regime, we substitute Γ = Γopt according to Eq. (36) into Eq. (33),
which gives

Dmax = 8 d2J(
σ
J
)
−2
(intermediate σ). (39)
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The power of −2 in this analytical relation agrees very well with the
best fit to the numerical results in the intermediate regime shown as
a green dashed line in Fig. 5. The prefactor in the analytical expres-
sion, however, is considerably larger than the one obtained from the
numerical data, i.e., Eq. (39) overestimates the absolute value of the
diffusion constant by a factor of about 6. This overestimation results
from the fact that Eq. (33) assumes the transport within localiza-
tion domains to be very fast and unaffected by Γ (i.e., completely
coherent), which by definition cannot be the case at Γ = Γopt obtained
from the Goldilocks principle used in Sec. IV C; at this Γ value, the
motion within localization domains already starts to feel the effects
of Γ, which will slow down the transport within the domains. Never-
theless, we conclude that the Goldilocks principle, together with the
scaling relation Eq. (32) for the localization size, very well captures
the scaling power.

E. Effect of long-range resonant interactions
Thus far, we only considered nearest-neighbor interac-

tions J, which facilitated making analytical derivations and
estimates. In this section, we investigate the effect of includ-
ing long-range dipole–dipole resonant interactions of the
form,

Jnm =
J

∣n −m∣3
. (40)

A priori, one expects that the inclusion of the long-range inter-
actions leads to a larger diffusion constant (keeping Γ fixed) because
the additional interactions give additional pathways in the transport.
In the weak-localization regime, the long-range interactions will
increase the localization size,44 making for larger effective jumps,
which in turn will lead to a larger diffusion constant. At the same
time, because the dipole–dipole interactions fall off rapidly with dis-
tance, one does not expect that their inclusion has a very strong
effect on the diffusion constant, which for most combinations of
system parameters (Γ/J, σ/J) is confirmed by our numerical simula-
tions. Figure 6 shows the numerical results for both long-range and
nearest-neighbor interactions as a function of Γ/J for three values of
σ/J (left column) as well as their ratio RD (right column). First, we
observe that, indeed, the long-range interactions always increase the
diffusion constant (RD > 1 for all parameters). Second, we observe
that in the parameter range where the diffusion constant is of interest
(in the peaks in the left column), the relative changes caused by the
long-range interactions are small, mostly limited to about 10%. The
only considerable effects are visible for large σ in combination with
small Γ. The explanation lies in the fact that for large σ the states are
strongly localized, in which case the effect of next-nearest-neighbor
interactions and beyond may relatively easily change a state delo-
calized over one or two molecule(s) (monomer and dimer states)
to a state where three or even more molecules contribute due to
accidental resonances involving second or third neighbors. In the
case of strong dephasing, such contributions will be relatively unim-
portant, as the phase relations between the molecules involved will
be destroyed quickly; for weak dephasing (small Γ), this quantum
enhancement effect may be larger. We note again, however, that
the strongest effects for large σ occur only in the low-Γ tail of the
peak of D as a function of Γ, where the diffusion constant is small
anyhow.

FIG. 6. Left column: Comparison of the diffusion constant D as a function of the
dephasing rate Γ calculated using a model including only nearest-neighbor inter-
actions (NNIs, red dashed lines) and a model including long-range dipole–dipole
interactions (LRIs, blue solid lines) for three static energy disorder values (σ/J =
0.1, 1, and 10). The right column shows the corresponding ratio RD = DLRI/DNNI.

In the limit of large Γ, the transport becomes entirely
incoherent, even at short length and time scales, and the ratio RD
is numerically found not to depend on Γ and σ anymore. In this
incoherent limit, RD can be obtained analytically using the general
expression for the diffusion constant in this limit,33,93

D =
1
Γ∑m≠0

J2
0mm2d2, (41)

where J0m and md are the interaction and distance between the
central (reference) molecule on the linear aggregate and molecule
m, respectively. In the case of nearest-neighbor interactions, this
reduces to Eq. (17), while for the long-range dipole–dipole interac-
tions Eq. (41) yields

DLRI =
2d2J2

Γ

∞

∑
s=1

1
s4 =

2d2J2

Γ
π4

90
(classical limit). (42)

Thus, we arrive at

RD =
DLRI

DNNI
=

π4

90
= 1.08, (43)

which indeed is independent of Γ and σ and shows excellent agree-
ment with the numerical results in Fig. 6 for large Γ.

Due to the absence of significant effects of the long-range inter-
actions on the diffusion constant, one expects that the various scal-
ing relations found for the diffusion constant at small dephasing
rate, the optimal dephasing rate (Γopt), and the maximum diffusion
constant (Dmax) in the case of nearest-neighbor interactions, also do
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TABLE I. Parameters a and α characterizing the best power-law fit of the form
a(σ/J)α to the numerical results of D/Γ for small dephasing rate (Γ), Γopt, and Dmax
in the three distinct σ regimes for the model with only nearest-neighbor interactions
(NNIs) and the model that also includes the long-range interactions (LRIs). Several of
these best power-law fits for the model including only nearest-neighbor interactions
(NNIs) are shown in Figs. 3–5.

Weak σ Intermediate σ Strong σ

Fit parameters a α a α a α

D
Γd2 (NNI) 6.62 ⋅ 106 0.00 42.3 −3.70 1.87 −1.14
D

Γd2 (LRI) 6.82 ⋅ 106 0.00 47.5 −3.70 3.18 −0.92
Γopt

J (NNI) 5.90 ⋅ 10−4 0.00 0.29 1.92 1.54 0.38
Γopt

J (LRI) 5.78 ⋅ 10−4 0.00 0.28 1.91 1.54 0.37
Dmax
d2J (NNI) 1.48 ⋅ 103 0.00 1.38 −1.87 1.25 −0.94

Dmax
d2J (LRI) 1.57 ⋅ 103 0.00 1.53 −1.87 1.36 −0.94

not change much when including long-range dipole–dipole inter-
actions. Detailed numerical simulations indeed confirm this. For all
three σ regimes, we performed power-law fits of these quantities as
a function of σ/J, both in the case of nearest-neighbor interactions
(figures given in Secs. IV B–IV D) as well as in the case of long-range
interactions. The powers (α) and prefactors (a) for all three quanti-
ties of interest and all three σ regimes are given in Table I for both
interaction models. Clearly, the vast majority of the fit parameters
for both models are very similar, with the biggest deviation occur-
ring for the prefactor in D/Γ at small Γ. The origin of this deviation
was addressed above already.

We note that the marginal effect of considering long-range
dipole–dipole interactions, instead of nearest-neighbor ones, is spe-
cific for one-dimensional systems. For higher-dimensional systems,
first of all, the long-range dipole–dipole interactions get a larger
weight than in one dimension. Second, in higher-dimensional sys-
tems, the exciton energy dispersion (and density of states) has a
strong dependence on the orientation of the dipoles, which in turn
may strongly affect spectroscopic and diffusion properties and their
scaling with disorder.94,95

V. CONCLUSIONS
We performed a systematic study of the excitation energy dif-

fusion constant D in a one-dimensional exciton system using the
Haken–Strobl–Reineker (HSR) model to describe the effects of static
and dynamic energy disorder. The interplay between the resonant
excitation transfer interactions J, static disorder σ, and dephasing
rate Γ caused by the dynamic disorder leads to a rich behavior of the
excitation energy transport. At small dephasing rates, quantum dif-
fusion takes place, with the diffusion constant growing linearly with
Γ, owing to energy transfer between exciton localization domains
assisted by the dynamic fluctuations. At large dephasing rates, the
diffusion constant reaches the classical limited 2d2J2

/Γ for all dis-
order values. In between these two regimes, the diffusion constant
reaches a maximum value Dmax as a function of Γ at Γ = Γopt.

We have focused, in particular, on the σ dependencies of the
diffusion constant at small Γ values, Γopt, and Dmax. We found that
these dependencies all are characterized by three different regimes,

distinguished by the amount of exciton localization imposed by
the static disorder: delocalized states (N loc > N), weak localization
(1≪ N loc ≪ N), and strong localization (N loc ≈ 1). In the limit of
strong localization, the diffusion constant can be derived analyt-
ically assuming the exciton states to be delocalized over at most
two molecules (dimers). The resulting closed expression for D as
a function of Γ and σ yields excellent agreement with numerically
calculated results and shows that in this regime Γopt ∝ J(σ/J)1/3

and Dmax ∝ σ−1. Furthermore, at small dephasing rates, the strong-
localization regime leads to D∝ ΓJ/σ.

In the weak-localization regime, the disorder-dependence of
the numerically obtained diffusion constant at small dephasing rates
agrees well with the simple scaling argument D∝ ΓN2

loc ∝ Γ(σ/J)−4,
which reflects the enhancement of the diffusion constant by the exci-
ton localization size (quantum transport). In the weak-localization
regime, the optimal dephasing rate and maximum diffusion con-
stant are of particular interest. The numerical simulations show that
both quantities obey a power-law scaling with the static disorder
with powers close to 2 and −2, respectively. It turns out that these
scaling relations are well-reproduced from the quantum Goldilocks
principle, which states that optimal diffusion is reached if the time
it takes to ballistically travel over localization domains equals the
fluctuation-induced jump time between two adjacent localization
domains.92 Our numerical results also yield an optimal dephasing
rate and maximum diffusion constant for fully delocalized states
(very weak static disorder); these results are unphysical, however,
and due to finite-size effects that inevitably occur in numerical
simulations.

Most results in this paper were obtained using only nearest-
neighbor excitation transfer interactions. Our numerical results
show, however, that including long-range dipole–dipole interactions
hardly affect the results for the diffusion constant, at least in the
range of Γ values where the diffusion constant is non-negligible.
Finally, throughout this paper, we used the HSR model to describe
the dynamic disorder. Due to the white-noise nature of the fluctua-
tions in this model, this essentially describes the high-temperature
limit. It is of obvious interest to extend the above insights
and scaling relations in future studies by including temperature
explicitly.3,15,30,87
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