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Abstract. We show that it is possible to realize a cosmological bouncing solution in an
anisotropic but homogeneous Bianchi-I background in a class of non-local, infinite derivative
theories of gravity. We show that the anisotropic shear grows slower than in general relativity
during the contraction phase, peaks to a finite value at the bounce point, and then decreases
as the universe asymptotes towards isotropy and homogeneity, and ultimately to de Sitter.
Along with a cosmological constant, the matter sector required to drive such a bounce is
found to consist of three components — radiation, stiff matter and k-matter (whose energy
density decays like the inverse square of the average scale factor). Generically, k-matter
exerts anisotropic pressures. We will test the bouncing solution in local and non-local gravity
and show that in the latter case it is possible to simultaneously satisfy positivity of energy
density and, at least in the late time de Sitter phase, avoid the introduction of propagating
ghost/tachyonic modes.
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1 Introduction

In cosmology, the inevitable existence of the Big Bang singularity in the presence of standard
matter fluids is a fundamental problem in General Relativity (GR) [1]. Even in vacuum,
GR has Kasner type solutions which lead to the (in)famous Belinsky-Khalatnikov-Lifshitz
(BKL) singularity [2–4]. Several modifications of GR with higher curvature terms or hypo-
thetical matter are very successful in explaining the cosmic microwave background and large
scale structure of the universe by invoking a phase of primordial inflation [5–9] (see [10] for
a review). However, the problem of an initial singularity still persists since the standard
inflationary epoch is geodesically past incomplete [11, 12]. One of the assumptions of the in-
flationary paradigm is that it requires the initial existence of a sufficiently homogeneous and
isotropic patch of spacetime described by a Friedmann-Lemaître-Robertson-Walker (FLRW)
metric. This is the problem of initial conditions [13]. In fact, according to Misner’s initial
chaos, there is no a priori reason to assume any spacetime symmetries (such as FLRW) for
the universe to begin with [14, 15]. The problem of cosmological singularity can be addressed
in quantum cosmology through the no boundary proposal [16, 17]. Another interesting way
of resolving the cosmological singularity is through a non-singular bouncing scenario [18, 20–
22] which has been widely investigated in several ultraviolet (UV) completions of GR such
as string theory [23–25], string gas cosmology [26] and loop quantum gravity [27]. It is
important to emphasize that avoiding instabilities at both classical and quantum level is
crucial in the contexts of non-singular bouncing cosmologies which has been studied with
generalized ghost-free scalar field matter (Galileon/Horndeski theories) in [18]. Recently, a
new class of bouncing scenarios has been found with Degenerate Higher-Order Scalar-Tensor
(DHOST) extensions of Galileon theories (also knows as the most generic second-order scalar-
tensor theories) which are free from ghost and gradient instabilities [19]. On the contrary,
our present investigation is focused on the understanding bounce in the context of higher
derivative modification of gravity rather than introducing modifications in the matter sector.

Misner proposed a mixmaster universe where FLRW can emerge at late times from
an initial extremely anisotropic, chaotic oscillatory state. Mixmaster phenomenona with
bounce and cyclic cosmologies have been widely studied in several Bianchi spacetimes in GR

– 1 –



J
C
A
P
0
7
(
2
0
2
1
)
0
2
5

with energy condition-violating fluids [28–36]. In the Bianchi-I class, in particular, bouncing
cosmology has been studied in frameworks inspired from string theory [37–39]. A generic
feature of Bianchi-I anisotropic bounce in GR is that the effective energy density from space-
time anisotropies grows during the contraction phase as a−6 (a is the average scale factor),
faster than matter, radiation and spatial curvature, leading to a chaotic mixmaster phe-
nomenon [15, 28–36, 40]. However, see [41–44] for examples where an Ekpyrotic scenario can
control the growth of anisotropies. For Bianchi-IX, it was also noted that quadratic curvature
gravity and low energy string theory alleviate the chaotic behavior at initial times [45, 46].

However, models of higher derivative gravity are typically plagued by the existence of
ghosts [47]. One possible way to simultaneously resolve the ghost problem and the cosmolog-
ical singularity problem is to introduce infinite covariant derivatives in quadratic curvature
theories of gravity [48]. Such models of non-local, infinite derivative (field theories and) grav-
ity have been widely studied [49, 50], a class of which has been found to give a stable bounce
in FLRW [48, 58–62].1

Indeed, it is wishful thinking to resolve all the conceivable cosmological singularities at
the classical and quantum level, and show that the universe becomes isotropic at late times
in order to match with observations. In a recent study, it was shown that the vacuum field
equations of non-local gravity containing a GR term, non-local quadratic in Ricci scalar,
Ricci tensor and Weyl tensor terms can potentially avoid the BKL type singularity [80].

In this paper, we restrict ourselves to the study of Bianchi-I type cosmology where there
are three scale factors in the three spatial directions, respectively. Our aim is to find a non-
singular bouncing solution in a Bianchi-I background in non-local, infinite derivative gravity,
whose action includes the GR term (with a cosmological constant) and a non-local quadratic
in Ricci scalar term (that is associated with a form factor which is an analytic non-polynomial
function of the d’Alembertian � operator), and a matter sector (which is later determined
from the equations of motion). The paper is organized as follows. In section 2, we present
a quick review of the non-local quadratic in Ricci scalar gravity and discuss its cosmological
bouncing solutions in isotropic and homogeneous FLRW [48, 59]. In section 3, we find a new
bouncing solution of the theory in an anisotropic but homogeneous Bianchi-I background. In
section 4, we determine the matter sources compatible with the anisotropic bouncing solution
found in section 3 and find conditions on the form factor resulting from requiring positivity
of each fluid component’s energy density. We show that non-local gravity can ameliorate
the challenges faced in a local theory of gravity when it comes to simultaneously satisfying
positivity of energy density and absence of instabilities (ghost/tachyonic). In section 5, we
conclude with the main results of our investigation and future outlook.

Throughout this paper, we fix ~ = c = 1 and follow the metric signature (−,+,+,+).

1In another class of non-local gravity theory super-accelerating bouncing cosmology has been studied at
the linearized level [63]. Furthermore, these non-local gravity been studied in the context of cosmic inflation
in [64–69], and an emergent FLRW from a string dominated phase in [70]. Quantum aspects of such non-local
field theories and gravity were studied in [71–76], and in [77–79], an analogy with the world-line approach to
string theory has been explored.

– 2 –
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2 Lightning review of infinite derivative gravity

We will consider a simple form of non-local generalization of quadratic curvature gravity with
a cosmological constant and matter degrees of freedom [48]:

S =
∫
d4x
√
−g

(
M2
P

2 R− Λ +RF(�)R+ Lm

)
, (2.1)

where MP is the reduced Planck mass and Lm is the matter Lagrangian. We define di-
mensionless �s ≡ �/M2

s and assume the form factor F(�) to be an analytic function of
� = gµν∇µ∇ν with a power series expansion:2

F(�) =
∞∑
n=0

fn�
n
s (2.2)

for dimensionless coefficients fn. Ms(< MP ) is a new high energy scale of non-locality at
which higher derivative terms become important. The direct bound on Ms > 0.004 eV arises
from constraints of Newtonian potential at low energies [83], while high energy constraints
come from gravitational waves and non-Gaussianity [68]. We will first keep the coefficients
in F(�) free. Towards the end of the paper, we will compare local and non-local gravity by
choosing specific forms of F(�). Varying the action (2.1) gives the following equations of
motion (EoM) [48, 58, 59, 84]

−
[
M2
p +4F(�)R

]
Gµν−RF(�)Rδµν +4(∇µ∂ν−δµν�)F(�)R+2Kµν−δµν(Kσσ+K̃) (2.3)

−Λδµν +Tµν = 0

where Tµν is the energy-momentum tensor and

Kµν = 1
M2
s

∞∑
n=1

fn

n−1∑
l=0

(∂µ�l
sR)(∂ν�n−l−1

s R), K̃ =
∞∑
n=1

fn

n−1∑
l=0

(�l
sR)(�n−l

s R). (2.4)

The trace EoM is
(M2

P − 12�F(�))R− 2Kµµ − 4K̃ − 4Λ = −T. (2.5)

Evidently, solving the EoM (2.3) in general is very non-trivial. However, they can be greatly
simplified if the background follows some simplifying (but motivated) assumptions. The
complexity of non-local EoM due to an infinite tower of � operators acting on curvatures
can be reduced drastically if we take the background Ricci scalar to satisfy the following
ansatz3 [48, 58, 59]

�R = r1R+ r2 (2.6)

where r1,2 are dimensionful constants. Using this ansatz, we can now reduce the number of
� operators acting on curvatures in the EoM (2.3), since

�nR = rn1

(
R̄+ r2

r1

)
and F(�)R = F1R̄+ F2 (2.7)

2One may also add non-local terms which are non-analytic, such as 1/� [81] or ln(�) [82]. We will not
consider them in this paper.

3The EoM of non-local, infinite derivative gravity have been exactly solved recently with a different ansatz
within the class of almost universal spacetimes [85, 86].
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where we have defined

F1 ≡ F(r1) and F2 ≡
r2
r1

(F1 − f0). (2.8)

Substituting the ansatz (2.6) in the EoM (2.3), we obtain a simple expression for the energy-
momentum tensor [58, 59]

Tµν =
[
M2
P +4(F1R+F2)

]
Gµν +Λδµν−2F ′1

[
∂µR∂νR−

δµν
2

(
gσρ∂σR∂ρR+r1

(
R+ r2

r1

)2
)]

−4F1 [∇µ∂νR−δµν(r1R+r2)]+δµν

[
F1R

2− r2
r1
F2

]
(2.9)

where F ′1 ≡ F ′(r1) denotes the first derivative of F(�) with respect to �, evaluated at
� = r1. In particular, for traceless matter with Tµµ = 0, substituting the ansatz (2.6) in the
trace EoM (2.5) gives us the following unique conditions on F(�) [58, 59]

F ′1 = 0, F2 = −
M2
p

4 + 3r1F1, Λ = −M
2
P

4
r2
r1

(2.10)

which substituting in (2.9) provides an even simpler expression for the energy-momentum
tensor

Tµν = 4F1

[
(R+ 3r1)Gµν −∇µ∂νR+ 1

4δ
µ
ν(R2 + 4r1R+ r2)

]
. (2.11)

Everything discussed until now is covariant, that is, we did not choose any specific metric.
Given a specific form of metric, there are two steps involved to solve the non-local equations of
motion (2.3). The first one is to solve the ansatz equation (2.6) by substituting the explicit
form of the metric. The second step is to evaluate the corresponding energy-momentum
tensor in (2.9) for the solution we obtain by solving the ansatz (2.6). Notice that the energy-
momentum tensor will depend non-trivially on the form factor (2.2). By imposing the physical
energy conditions on the energy-momentum tensor (to avoid instabilities at the background
level) we can impose some constraints on form factor.

Previously in the context of non-local theories described by the Lagrangian (2.1) bounce
in FLRW has been studied with the scale factor [48]

a(t) = a0 cosh
(√

r1
2 t
)
, (2.12)

that satisfy the ansatz (2.6) with r2 = −6r2
1 (where a0 is the scale factor at the bounce point

t = 0) [48, 58–60]. It is therefore also a solution of the EoM (2.3) of quadratic curvature non-
local gravity (2.1). In the case of traceless matter, this cosh bounce is an exact solution of the
EoM (2.11) with an energy density arising from radiation and given by ρr = −27F1r

2
1, which

implies F1 < 0 if we want positive energy density ρr > 0 for stability [59]. It is worth to notice
that In a local R+ f0R

2−Λ theory, F1 = f0 and f0 < 0 leads to a tachyonic instability [87].
In non-local gravity, on the other hand, it is possible to fix F1 < 0 without leading to any
instabilities. Note that the cosh solution approaches de Sitter (dS) asymptotically at early
(t→ −∞) and late (t→ +∞) times, with a constant Ricci scalar R = 6r1.4

4Another interesting bouncing solution (in spatially flat FLRW) of the ansatz (2.6), and hence of quadratic
curvature non-local gravity (2.1), is a(t) = a0e

λ
2 t2

with r1 = −6λ, r2 = 12λ2 and Λ = λM2
p/2 [60]. It is worth

noting here that bouncing cosmology has also been studied in the context of Deser-Woodard infrared non-local
modification of gravity [88].

– 4 –
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In the next sections, we will study bouncing scenarios in the Bianchi-I anisotropic back-
ground. We will show that by solving the ansatz equation (2.6) we can find a Bianchi-I metric
that gives us a bouncing scenario. We then determine the corresponding energy-momentum
tensor and impose physical energy conditions to put a restriction on the form factor (2.2).
Our methods in the next sections can be extended for other anisotropic backgrounds as well,
for example Bianchi IX [28–36], however, the matter energy-momentum tensor and the con-
ditions on the form factor that will lead to a bounce in other anisotropic backgrounds are
expected to be different which we will leave it for a future investigation.

3 Bouncing solutions in anisotropic Bianchi-I background

As just mentioned, cosmological bouncing solutions which satisfy the ansatz (2.6) are already
known when the background is flat, homogeneous and isotropic (FLRW). But a bounce need
not happen in an isotropic manner. Therefore, we choose a bit more complicated spacetime
such as the homogeneous but anisotropic Bianchi-I background. The Bianchi-I spacetime
metric can in general be expressed as [40]

ds2 = −dt2 + a2
[
e2β1dx2

1 + e2β2dx2
2 + e2β3dx2

3

]
(3.1)

where a = a(t) is the average scale factor (geometric mean of scale factors in the three spatial
directions), and where deviation from FLRW is parameterized by βi = βi(t) (in each spatial
direction i = 1, 2, 3) which satisfy

β1 + β2 + β3 = 0. (3.2)

A quantity called shear σ2 defined as

σ2 = β̇2
1 + β̇2

2 + β̇2
3 , (3.3)

essentially parameterizes the extent of anisotropic deviation of the background away from
FLRW. The Ricci scalar for the anisotropic metric (3.1) is

R = 12H2 + 6Ḣ + σ2 = R̄+ σ2 , (3.4)

where R̄ is the Ricci scalar for an FLRW metric with the scale factor a, and H = ȧ/a is
the average of the three Hubble factors in the three spatial directions. Particularly, from the
metric (3.1), we can define the three scale and Hubble factors in the three spatial directions
(i = 1, 2, 3) as

ai = aeβi , Hi = H + β̇i , H = 1
3(H1 +H2 +H3) . (3.5)

The � operator for the Bianchi-I metric (3.1) acting on a time-dependent scalar is

� = − ∂2

∂t2
− 3H ∂

∂t
, (3.6)

which is exactly the same as in FLRW. In this paper, we generalize the known cosh bounce in
FLRW to Bianchi-I backgrounds (3.1). We take the average scale factor to be cosh, see (2.12),
where a0 is now the average scale factor at the bounce point t = 0. Henceforth, we choose
a convenient normalization of a0 = 1 in (2.12) so that the minimum value of the average

– 5 –
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scale factor is 1. Just as in FLRW, we assume the following ansatz to hold for the Bianchi-I
metric (3.1)

�R = s1R+ s2 , (3.7)

where s1,2 are some dimensionful constants. Substituting (3.4) in (3.7), we obtain s1 =
r1, s2 = r2 (where r1,2 are the dimensionful constants in FLRW cosh bounce with �R̄ =
r1R̄+ r2) and the following second order differential equation

�σ2 = s1σ
2 , (3.8)

which can be solved to obtain the shear as

σ2 = σ2
0 sech2

(√
r1
2 t
)

= σ2
0
a2 (3.9)

subject to boundary conditions σ2|t=0 = σ2
0 and d

dt(σ
2)|t=0 = 0. The first condition is

normalization, while the second is required to obtain positive σ2. We note that the shear σ2

describes the evolution of anisotropic stress during the bounce [37–40]. We further discuss
below that how anisotropic stress in our model evolves during the bounce.

In GR, shear goes like σ2 ∼ a−6, and the effective energy density coming from the
anisotropic background ρσ = σ2/2 therefore dominates over matter, radiation and spatial
curvature when the scale factor a becomes very small [20, 21]. This leads the geometry
during the contraction phase into a Kasner solution, and also causes BKL instability [2–4].

On the other hand, in a cosh bounce (2.12) satisfying the ansatz (3.7) in a Bianchi-I uni-
verse (3.1), σ2 ∼ a−2 increases much slower in comparison during contraction, reaches a max-
imum at the bounce point t = 0, and then decreases during the expansion phase (and, more-
over, exponentially as ∼ e−2t at late times). From (3.3) and (3.9), we obtain (for i = 1, 2, 3)

β̇i = σ0bi sech
(√

r1
2 t
)

or βi =
√

2
r1
σ0bi gd

(√
r1
2 t
)

(3.10)

where bi are dimensionless coefficients and gd(t) is the Gudermannian function which is de-
fined as gd(t) =

∫ t
0 dx sech(x). Any constants of integration can be absorbed into coordinate

redefinitions. From (3.2) and (3.3), we get the following constraints

b1 + b2 + b3 = 0, b2
1 + b2

2 + b2
3 = 1 (3.11)

which admit an infinite number of solutions for the triplet (b1, b2, b3).
Background anisotropy is quantified by the shear σ2(t) which from (3.9) becomes maxi-

mum at the bounce point t = 0, and goes to zero exponentially as t→ ±∞ (see figure 1). The
universe therefore approaches isotropic and homogeneous FLRW asymptotically as t→ ±∞,
along with entering a dS phase. We can understand better the isotropic and anisotropic
limits of spacetime by looking at the structure of the Ricci scalar given in (3.4), where we
can compare the FLRW R̄ part of the full Ricci scalar R that depends on the average Hub-
ble parameter H with the part corresponding to the anisotropic shear σ2. We can say that
the spacetime anisotropy-dominated phase of evolution is when σ2(t) � R̄ (i.e., when the
maximum contribution to the curvature scalar R comes from the shear) while it is isotropy-
dominated when σ2(t) � R̄ (i.e., when the average evolution dominates over anisotropies).
In figure 1, we depict the evolution of the universe which is extremely anisotropic towards

– 6 –
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β1
β2
β3

-6

-4

-2

0

2

4

6

βi

σ2

β

1

β

2

β

3

-0.5

0.0

0.5

1.0

β

i

MP
, σ2

MP2

H1
H2
H3

-30 -20 -10 0 10 20 30

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

MPt

Hi
MP

Figure 1. Time evolution (in corresponding units of MP ) of anisotropy factors βi(t) (top plot) and
β̇i(t)/MP (middle plot) given in (3.10), shear σ2(t)/M2

P given in (3.9) (middle plot), and Hubble
factors in the three spatial directions Hi/MP given in (3.5) (bottom plot). We have chosen r1 =
M2
s = 0.1M2

P and σ0 = 1MP such that the universe is dominated by anisotropy as t → 0. We
chose (b1, b2, b3) =

(
1√
14 ,

2√
14 ,

−3√
14

)
in accordance with (3.11). In the middle plot, we see that the

magnitude of background anisotropy (in each spatial direction i = 1, 2, 3) reaches a maximum at
the bounce point t = 0, and then asymptotes to zero before and after, as the universe asymptotes
to FLRW (and eventually to dS, as can be seen from the bottom plot where Hi approach constant
values for t� tiso (see (3.12))). The cosmological constant Λ = 3

2M
2
PM

2
s (see (4.6)). In models based

on GR, the shear σ2 decays like a−6 leading to strong growth of anisotropies during the contraction
phase [20, 21]. On the other hand, in non-local quadratic scalar curvature theory (2.1), since σ2

evolves like a−2, we can have a smoother transition from contraction to expansion.

t→ 0, reaching towards isotropy in the limit t→ ±∞. We can determine the time scale tiso
at which the universe starts turning towards isotropic evolution as follows

R̄ ∼ σ2 =⇒ tiso ∼ ±
√

2
r1

cosh−1

√3r1 + σ2
0

6r1

 . (3.12)
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Note that for the quadratic curvature theory in (2.1) with the non-locality scale Ms, we can
choose5 r1 = M2

s as in figure 1. For the values chosen in figure 1, r1 = 0.1M2
P and σ0 = 1MP ,

we obtain tiso ≈ ±4.19M−1
P at which point the shear drops to σ2(t = tiso) ≈ 0.46M2

P ,
down from its maximum value of 1M2

P at t = 0. As time goes on, the shear drops to
σ2(t = 2tiso) ≈ 0.09M2

P and σ2(t = 4tiso) ≈ 0.002M2
P .

4 Matter sources for anisotropic bounces

Having completely fixed the anisotropic bouncing background in the previous section, we
now determine the corresponding possible matter sectors which can drive such a non-singular
evolution of the universe (2.12) with controlled growth of anisotropies (3.10). We show how
anisotropic shear σ2 effectively contributes to fluid energy densities and pressures. We also
determine the conditions where all component energy densities are non-negative, ensuring a
physically healthy bounce mechanism. Moreover, we also show that under certain conditions,
it is possible to have a bounce in vacuum (but with Λ).

Without loss of generality, the energy-momentum tensor Tµν for quadratic curvature
non-local gravity (2.1) around a Bianchi-I cosmological background (3.1) has the diagonal
form

Tµν = (−ρ, p1, p2, p3) (4.1)

where pi (for i = 1, 2, 3) are pressures in x, y, z directions. We will soon see that anisotropic
pressures necessarily arise in some (but not all) cases of possible matter sectors. For a perfect
fluid, p1 = p2 = p3 and the energy density of each component evolves as

ρI = ρI0 a
−3(1+wI) (4.2)

where I labels the different species, ρI0 denotes the energy density at the bounce point of
component I, and wI is its equation of state. The zero component of energy-momentum
conservation ∇µTµν = 0 in a Bianchi-I background (3.1) takes the form

ρ̇+ 3Hρ+H(p1 + p2 + p3) + β̇1p1 + β̇2p2 + β̇3p3 = 0. (4.3)

We now find the energy-momentum tensor responsible for the bounce. We use the
EoM in (2.9) and substitute in it the cosh bouncing solution in a Bianchi-I back-
ground (3.1), (2.12), (3.9) and (3.10) to obtain an energy density with three components

ρ = ρk0
a2 + ρr0

a4 + ρs0
a6 (4.4)

where
ρk0 = −1

2σ
2
0

(
60F1r1 + 4F2 +M2

P

)
− 3r1

2
(
−12F1r1 + 4F2 +M2

P

)
ρr0 = −3

(
σ2

0 − 3r1
)2

(F1 + F ′1r1)

ρs0 = 2F ′1r1
(
σ2

0 − 3r1
)2

(4.5)

5This choice is just for simplicity. An exact expression for r1 in terms of M2
s cannot be found just from the

EoM of the non-local theory in (2.9) because from there, due to the presence of the form factor F(�) defined
in (2.2), one obtains (in general) an infinite order algebraic equation for r1. Moreover, for an arbitrary F(�),
there are an infinite number of undetermined coefficients fn in its power series expansion, preventing us from
uniquely fixing r1 in terms of M2

s .
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where the first component is ‘k-matter’ whose energy density scales as a−2 (just like spatial
curvature in GR), second is radiation labeled by ‘r’, and the last is stiff matter labeled by
‘s’ whose energy density scales as a−6. We see that anisotropic shear, parameterized by σ0,
effectively contributes to all the three matter sectors. Note that the cosmological constant Λ
is fixed to be

Λ = 3
2M

2
P r1 (4.6)

in order to absorb the constant term in ρ in (4.4). Pressure is anisotropic in general (due to
k-matter) and given by (in each spatial direction i = 1, 2, 3)

pi =
(
pk0
a2 + πii

)
+ pr0
a4 + ps0

a6 (4.7)

where

pr0 = wrρr0 with wr = 1/3, ps0 = wsρs0 with ws = 1,

pk0 = wkρk0 with wk =
−1

2σ
2
0
(
12F1r1 + 4F2 +M2

P

)
+ r1

2
(
−12F1r1 + 4F2 +M2

P

)
−1

2σ
2
0
(
60F1r1 + 4F2 +M2

P

)
− 3r1

2
(
−12F1r1 + 4F2 +M2

P

) , (4.8)

and the k-matter anisotropic pressure πii (in each spatial direction i = 1, 2, 3) is given by

πii = ±
√

2r1biσ0(4F2 +M2
P + 24F1r1)

√
1
a2 −

1
a4 (+ for t > 0, − for t < 0) (4.9)

where there is no summation over the index i in πii. The appearance of πii is a consequence
of purely β̇i and β̈i-dependent terms in the EoM.6 The σ2-dependent contributions to the
energy density and pressure, on the other hand, are isotropic in all spatial directions. This
shows that, in general, the matter sector consists of two perfect fluids (radiation and stiff
matter) and one fluid with anisotropic pressures (k-matter). Note from (4.8) that k-matter,
in general, does not have the correct, constant equation of state wk = −1/3 for it to be
a perfect fluid, necessitating anisotropic pressures πii in order to ensure energy-momentum
conservation (4.3). In particular, we have the energy-momentum tensors of perfect fluid and
k-matter as, respectively,

T Iµν = (pI + ρI)uµuν + pIgµν , T kµν = (pk + ρk)uµuν + pkgµν + πµν (4.10)

where I = r or s, and uµ is the velocity vector. The anisotropic pressure contribution
πµν = (0, π1

1, π
2
2, π

3
3) is traceless πµµ = 0 and transverse to the velocity vector πµνuµ = 0.

Background anisotropy, parameterized by σ0, does not introduce any new kinds of (effective)
matter apart from those already present in the known FLRW cosh bouncing model. The
FLRW limit can be taken by putting σ0 → 0 in (4.5), (4.8) and (4.9) [48]. We enumerate all
possible matter sectors in table 1, where the constraints on F1,F ′1,F2 and σ0 are determined
by requiring that the energy density of each matter component be non-negative. In particular,
requiring ρs0 ≥ 0, ρr0 ≥ 0 and ρk0 ≥ 0 constrains F ′1,F1 and F2, respectively (see (4.5)). In

6In GR, one obtains a second order differential equation for βi by using the Friedmann equations and
the constraint on βi (3.2) in the presence of a perfect fluid matter sector. Essentially, the purely β̇i and
β̈i-dependent terms in T i

i(= Gi
i) put to zero gives the sought-after differential equation. In our case, we

already determined βi (3.10) by solving the Ricci scalar ansatz (3.7) for a fixed average scale factor (2.12) in
a Bianchi-I background. However, this βi does not put the purely β̇i and β̈i-dependent terms in T i

i (2.9) to
zero, as is evident from non-zero πi

i (4.9).
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some special cases, however, upon constraining the parameters of the theory and solution, it
is possible to turn k-matter into a perfect fluid. From (4.9), we see that imposing a constraint

4F2 +M2
P + 24F1r1 = 0 (4.11)

makes anisotropic pressures vanish πii = 0, and recovers the correct, constant equation of
state for k-matter wk = −1/3, leaving us with three perfect fluids in the matter sector. Note
that (for F1 6= 0) it is impossible to satisfy both the perfect fluid constraint (4.11) and the
second condition in (2.10) for traceless matter. This is another way of saying that a traceless
matter sector driving an anisotropic cosh bounce must necessarily have anisotropic pressures
(in the k-matter component). In appendix A, we determine the potential for k-matter,
assuming that it can be described by a perfect fluid scalar field.

4.1 Most general anisotropic bounce

Consider as an example the most general case when all three matter components (k, r, s) are
present in the model. A priori, F1,F ′1,F2, r1 and σ0 are independent of each other. Relations
between them are derived by invoking physical principles like positivity of energy density.
Imposing this positivity for each component in (4.5), ρs0 > 0, ρr0 > 0 and ρk0 > 0, we obtain
the following conditions to be satisfied by F ′1,F1 and F2, respectively (see also table 1)

F ′1 > 0, F1 < −r1F ′1 < 0, F2 < −
M2
P

4 + 3F1r1

(
1− 6σ2

0
3r1 + σ2

0

)
. (4.12)

Upon imposing the perfect fluid condition on F2 in (4.11), the energy density of k-matter at
the bounce point becomes

ρk0 = 18F1r1
(
3r1 − σ2

0

)
(4.13)

which in turn implies a lower bound on background anisotropy σ2
0 > 3r1 if we wish to have

ρk0 > 0. No such bound on σ0 exists in the general case with two perfect radiation and stiff
matter fluids and one anisotropic k-matter fluid.

Let us go back to the most general case with three fluids (4.5) and (4.12). Interestingly,
for the specific value σ2

0 = 3r1, radiation and stiff matter vanish, leaving only anisotropic
k-matter with the following energy density at the bounce point

ρk0 = −σ2
0(4F2 +M2

P + 8F1σ
2
0) (4.14)

which implies

F2 < −
M2
P

4 − 2F1σ
2
0 (4.15)

if we require ρk0 > 0. Moreover, if we now impose the perfect fluid condition (4.11) on F2
with this fixed value σ2

0 = 3r1, the energy densities of all fluids vanish and we obtain an
anisotropic bounce in vacuum (but with Λ) (see table 1).

There exists another set of conditions where the bounce is in vacuum, but now with
unconstrained σ2

0. Consider again the most general case (4.5). We fix F ′1 = F1 = 0 to remove
stiff matter and radiation from the model, and obtain

ρk0 = −1
2(4F2 +M2

P )(3r1 + σ2
0) (4.16)
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a−6 a−4 a−2 F1 F ′1 F2 Perfect fluid possible?
3 3 3 <−r1F ′1 < 0 > 0 <−M

2
P

4 +3F1r1

(
1− 6σ2

0
3r1+σ2

0

)
if (4.11) is true; σ2

0 > 3r1

7 3 3 < 0 0 <−M
2
P

4 +3F1r1

(
1− 6σ2

0
3r1+σ2

0

)
if (4.11) is true; σ2

0 > 3r1

3 7 3 −r1F ′1 < 0 > 0 <−M
2
P

4 +3F1r1

(
1− 6σ2

0
3r1+σ2

0

)
if (4.11) is true; σ2

0 > 3r1

3 3 7 <−r1F ′1 < 0 > 0 −M
2
P

4 +3F1r1

(
1− 6σ2

0
3r1+σ2

0

)
always

7 7 3 0 0 <−M
2
P

4 never
7 3 7 < 0 0 −M

2
P

4 +3F1r1

(
1− 6σ2

0
3r1+σ2

0

)
always

3 7 7 −r1F ′1 < 0 > 0 −M
2
P

4 +3F1r1

(
1− 6σ2

0
3r1+σ2

0

)
always

7 7 3 — — <−M
2
P

4 −2F1σ
2
0 never; σ2

0 = 3r1

7 7 7 — — see (4.11) vacuum; σ2
0 = 3r1

7 7 7 0 0 −M
2
P

4 vacuum

Table 1. Possible matter sectors for a bounce in a Bianchi-I background for the quadratic curvature
theory (2.1) following the EoM in (2.9) and the background Ricci scalar ansatz (3.7). At the top
of the first three columns, a−6 represents stiff matter, a−4 represents radiation and a−2 represents
k-matter. Conditions on F1,F ′1 and F2 arise from imposing non-negativity of energy density of each
matter component, ρr0 ≥ 0, ρs0 ≥ 0 and ρk0 ≥ 0, respectively (see (4.5)). Note that the inequality for
F2 can be rewritten as an inequality for f0 instead, using the definition of F2 in (2.8). A hyphen ‘-’
indicates that the value is unconstrained. The value of background anisotropy σ0 is unconstrained,
unless mentioned otherwise. The last column enumerates the cases when k-matter (and therefore the
entire matter sector) can be a perfect fluid.

which implies that F2 = −M2
P

4 if we want to have a bounce in vacuum. This vacuum solution
is the same one we would obtain if we start from a traceless matter theory, already satisfying
the tracelessness conditions in (2.10), and then put F1 = 0 in (2.11). These two vacuum
solutions identify with each other for one specific tuning F ′1 = F1 = 0, F2 = −M2

P
4 and

σ2
0 = 3r1. They are mutually exclusive otherwise.

It is instructive to mention the cosh bouncing model (2.12) in a Bianchi-I back-
ground (3.1) when the matter sector is traceless. For this purpose, we substitute the trace-
lessness conditions (2.10) in the most general EoM (2.9) to obtain the simplified EoM (2.11).
In FLRW, the only matter component is radiation [58]. In a Bianchi-I background, however,
we see that background anisotropy σ0 introduces k-matter, effectively. Upon imposing the
tracelessness conditions (2.10) in the general expression for ρk0 and pk0 in (4.5) and (4.8), we
obtain ρk0 = −36F1r1σ

2
0 and wk = 1/3. Note that the condition F ′1 = 0 in (2.10) removes

stiff fluid from the model. The equation of state corresponds to radiation, even though the
fluid has an energy density which decays like a−2. This necessitates anisotropic pressures πii
in order to conserve energy-momentum (4.3), which are given by

πii = ±36biF1σ0

√
2r3

1

√
1
a2 −

1
a4 (+ for t > 0, − for t < 0). (4.17)

4.2 Local versus non-local gravity

We can now use our general results in the previous sections, apply them to specific forms
of F(�), and compare local and non-local quadratic curvature gravity. What we aim to
show is that non-local gravity admits bouncing solutions with both positive matter energy
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density, and no instabilities (ghost/tachyonic). We have ensured that the energy density of
each matter component remains non-negative. It is worth checking whether the gravitational
part of the action remains ghost-free or not.

Note that both these criteria, that the gravity and matter sectors remaining ghost-free,
may not be satisfied simultaneously in a local theory of gravity. Since our cosh bouncing
solution (2.12) is dynamical, we will look at its late time behavior instead for simplicity.7
At late times, the Ricci scalar for a cosh bouncing background goes to a constant given by
R = 6r1 (see end of section 2). Since r1 > 0, this corresponds to dS. The correct form of
F(�) which avoids the introduction of propagating ghost or tachyonic degrees of freedom
was already derived for maximally symmetric spacetimes in [54], and is given by

F(�) =
1 + 24r1

M2
P
f0 − eα(�)

24r1
M2

P

(
1 + �

2r1

) (4.18)

where α(�) is some entire function of the � operator. This choice of F(�) ensures that
the spin-2 quadratic action has no new zeros apart from the one present in the GR limit.
Moreover, this choice introduces no new zeros in the spin-0 quadratic action, and so there is
no Brans-Dicke type scalar. The above choice of ghost-free F(�) can satisfy the conditions
required to ensure positive energy densities of all matter components driving a cosh bouncing
universe (2.12) in a Bianchi-I background (3.1). For concreteness, we assume the simplest
choice of α(�) = �/M2

s .
Let us consider the case where all the three matter components (k−matter, radiation

and stiff matter) are present in the model. For ρk0 > 0, ρr0 > 0 and ρs0 > 0, we need to
satisfy the conditions in (4.12) (see also first row in table 1). It is easy to verify that these
conditions can be satisfied for a range of (f0, r1, σ0) values. One such choice is, for instance
f0 = −1698.43, r1 = M2

s = 0.01M2
P and σ0 = 0.01MP .

Now consider a fourth order local theory where the form factor F(�) is truncated at
a finite order in derivatives, like F(�) = f0. Now, we can again satisfy the conditions for
positivity of energy density in the sixth row in table 1, for which F1 = f0 < 0,F ′1 = 0
and F2 = 0. Then, for a chosen value of σ2

0, these can be satisfied for 0 < r1 <
5σ2

0
3 and

F1 = 3r1+σ2
0

36r2
1−60r1σ2

0
. However, f0 < 0 signals the presence of a tachyonic instability [87]; we

cannot simultaneously satisfy positivity of energy density and absence of tachyonic instability
in this example local theory.

The bouncing scenario we have found elucidates how generic higher derivative extensions
beyond GR can lead to instability free non-singular cosmology in the presence of various fluid
matter. This is different from the investigations where non-singular cosmologies are explored
with generalized matter Lagrangians with the Einstein-Hilbert term (i.e, most general second-
order scalar-tensor theories) [19]. In the context of Bianchi-I anisotropic cosmology, we
have shown that the anisotropic stress grows much slower in our model compared to some

7Note that in [62], the second order action for the non-local theory in (2.1) was derived around the
background ansatz �R = r1R+ r2 given in (2.6) in the absence of any matter (but in the presence of Λ), with
the tracelessness conditions in (2.10) and also F1 = 0. This vacuum background solution corresponds to the
last row in table 1. In particular, for the dynamical FLRW cosh bouncing background given in (2.12), it was
found that at the linearized level, there exists a single scalar degree of freedom which can be made free from
ghosts/tachyons and it has oscillatory and bounded evolution across the bounce. We leave the interesting
task of similarly analyzing the perturbative spectrum around an anisotropic Bianchi-I background (3.1) for
future investigations.
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scalar field models in GR [37–40]. It will be very interesting to further explore non-singular
cosmologies of generalized matter Lagrangians with the Einstein-Hilbert term by additionally
including higher derivative modifications of gravity.

Finally, we comment that the eqs. (4.11)–(4.17) and the table (1) describes the theo-
retical restrictions on the parameters of the model corresponding to the different nature of
matter fluids which are effectively present during the bouncing scenario described in this
model. As we can see from figure (1), in the late times, our solution reaches a de Sitter
(inflationary) expansion, however, we do not have a graceful exit from inflation which is a
subject of future investigation. One possible way to impose observational bounds on the
bouncing scenario we obtained in this paper is to study perturbations prior to the de Sitter
stage and evaluate if there will be any corrections to the primordial power spectrum at the
CMB low-multipoles [22, 89] which we postpone it for a later investigation.

5 Conclusions

In this paper, we have studied for the first time anisotropic but homogeneous Bianchi-I
background solutions in non-local quadratic in Ricci scalar gravity in the presence of a cos-
mological constant, with a matter sector that turns out to include both perfect fluids and a
fluid with anisotropic pressures. We show that this theory admits a bouncing scenario in the
anisotropic background without violating positivity of energy density of each matter source.
Unlike local higher derivative gravity, an anisotropic bounce in non-local gravity leads to
late time FLRW (and eventually dS) without ghost/tachyonic modes in the late time dS
phase. Spacetime anisotropies grow slower than in GR during the contraction phase, peak
to a finite value at the bounce point, and then decrease during the expansion phase as the
universe asymptotes to isotropic and homogeneous FLRW, and eventually dS. We found that
driving a bounce in a Bianchi-I background necessarily requires anisotropic pressures in the
k-matter sector, unless the form factor F(�) in the action obeys a certain constraint. One
could now compute perturbations and check if they are free from any instabilities, especially
around the dynamical bouncing background. Also, it would be interesting to see what the
corresponding matter sector looks like for an exponential bounce in Bianchi-I spacetimes
where a(t) ∼ et2 , another known solution of the ansatz (2.6) used to simplify the EoM (2.3).
It is also important to check if there exists a non-singular cosmological evolution in non-local
gravity in other Bianchi spacetimes. Furthermore, in this work, we have only studied the
effect of having a non-local quadratic Ricci scalar term in the action, but it will be curious
to see how bouncing scenarios evolve once we include non-local quadratic in Ricci and Weyl
tensor terms too. We leave all these interesting questions for future investigations.
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A k-matter as a perfect fluid scalar field

It is interesting to consider the simplest case of k-matter being represented by a perfect fluid,
canonical scalar field in a Bianchi-I background (3.1) with the Lagrangian L = −(∂φ)2/2 −
V (φ). See table 1 for a list of cases where k-matter can be described by a perfect fluid. We
assume that it is described by a homogeneous and time-dependent scalar field φ(t). Using

ρ = φ̇2/2 + V (φ), p = φ̇2/2− V (φ),
ρk = ρk0a

−2, pk = wkρk, where wk = −1/3,

H =
√
r1
2 tanh

(√
r1
2 t
)
, for a = cosh

(√
r1
2 t
)
,

(A.1)

we can deduce an oscillatory potential given by

V (φ) = 2ρk0
3 cos2

(√
3r1
4ρk0

φ

)
. (A.2)

The solution for φ(t) is

φ(t) =
√

4ρk0
3r1

gd

(√
r1
2 t
)

(A.3)

where φ(t) runs from −π
2

√
4ρk0
3r1

at t = −∞ to π
2

√
4ρk0
3r1

at t =∞.
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