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Chapter 2

The Relativistic Coupled-Cluster
method
In this chapter, the different aspects of the relativistic coupled-cluster method (RCC)
will be treated, thereby laying the foundation for the remaining chapters of this thesis.
The employed method, such as any ab initio method, can be divided into four parts
(note that this method relies on the Born-Oppenheimer approximation which will be
discussed further in Sec. 3.3.1):

1. Electron correlation
Electron correlation is the description of explicit interaction between electrons
beyond the mean-field approximation used in the Hartree-Fock (HF) method.
The correlation energy is thus defined as the difference between the exact energy
of a system and the HF energy in the complete basis, Ecorr = Eexact−EHF, where
Eexact refers to the full configuration interaction (FCI) result [51]. Throughout
this thesis, the coupled-cluster method has been used to treat electron corelation
and it will be outlined in Sec. 2.1.

2. Hamiltonian
Most ab initio methods are based on solving the electronic Schrödinger equation
which is non-relativistic. This is due to the fact that most of chemistry deals
with organic systems, composed of mainly 1st and 2nd row elements, in which
relativistic effects can safely be neglected. However, when dealing with systems
with heavier atoms or relativistic properties, the relativistic analogue of the
Schrödinger equation should be used. In Sec. 2.2 such method, namely the
Dirac equation, will be presented along with relativistic contributions to the
electron-electron repulsion and some examples of relativistic effects in atoms and
molecules.

3. Basis set
The basis set is the basis of any calculation, unless a numerical method is
used which is mostly the case in atomic codes, and consists of one set of
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Chapter 2 The Relativistic Coupled-Cluster method

carefully optimized atomic orbitals for each atom in the system. Treating
electron correlation and relativistic effects at the highest levels does not ensure
accurate results if the basis set is not chosen with care and in Sec. 2.3 the most
important aspects choosing the right basis set are discussed along with examples
of the importance of additional diffuse functions.

4. Property calculation
The connection between theory and experiment often requires the calculation of
atomic or molecular properties. In most of the work presented in this thesis, the
straightforward finite-field method has been used to extract first- and second-
order energy derivatives and it will be reviewed in Sec. 2.4.

The results presented in this thesis were obtained with the DIRAC program [52]
both the DIRAC15 version [53] as well as a modified version of DIRAC17 [54] in which
the P, T -odd operator for calculating the enhancement of the electron electric dipole
moment was added by Miroslav Iliaš. The subjects discussed in this chapter will to a
great extend be influenced by this choice of program. The purpose of the following
discussion is to introduce the methods which have been used in Chapters 4, 5 and
6 with the focus on understanding the overall idea, strengths and weaknesses of the
methods without going into the technical details.

2.1 Electron correlation with the coupled-cluster
method

In general, within molecular electronic structure theory the highest accuracy is obtained
with the coupled-cluster (CC) method - unless a full CI treatment is possible of course.
In fact, the so-called CCSD(T) method, which will be introduced shortly, is often
denoted the "Golden Standard in ab initio theory" referring to its predictive power.
CC theory was originally formulated by Coester and Kümmel [55] for application in
nuclear structure and adapted to solve electronic structure problems by Cizek and
Paldus [56]. The mentioned CCSD(T) method is just one out of many CC methods.
CC methods can roughly be divided into single-reference and multi-reference methods,
with the complexity of the latter greatly exceeding the former.

In the following, a brief introduction to the single-reference as well as multi-reference
Fock-space CC frameworks will be given. The calculation of properties with CC
methods will be treated in Sec. 2.4. For further reading, a few reviews are worth
noting. An extensive yet easy to follow review of the formalism is written by Crawford
and Schaefer [57]. For a CC review including numerical results, the review by Bartlett
and Musial is very useful [58]. Finally for multi-reference CC methods another review
from Bartlett and co-workers provides an extensive introduction to the field [59].
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2.1 Electron correlation with the coupled-cluster method

2.1.1 The exponential ansatz
The CC framework starts with the exponential ansatz in which the CC wave function is
constructed by letting the exponential operator, eT̂ , work on a reference state, |0〉 [57]:∣∣ΨCC〉 = eT̂ |0〉 (2.1)

In our case, the reference state is a Hartree-Fock (HF) wave function expressed in
terms of a Slater determinant. An introduction to HF theory is not within the scope
of this thesis and the reader is referred to any standard textbook on the subject, for
example Ref. 51. The cluster operator is defined as the sum of excitation operators:

T̂ = T̂1 + T̂2 + ...T̂N (2.2)

where the T̂1 operator consists of single (S) excitations out of the reference, T̂2 of
double excitations, etc, and N is the total number of electrons in the system.
There are a few advantages of using the exponential operator as opposed to the

simpler linear CI-operator (|ΨCI〉 = T̂ |0〉); 1) Even though the CCSD operator, to
take an example, only contains single and double operators there will be products of
these operators in the expansion of the exponential function with higher excitation
ranks (in this case triple excitations due to the terms T̂1T̂2 and 1

6 T̂
3
1 ). Consequently,

the CC wave function converges faster towards the full CI result compared to the CI
wave function. 2) The resulting CC energy is size consistent and size extensive, as will
become clear in the following.
A method is said to be size consistent if the sum of the predicted energies of any

non-interacting fragments (let us say X and Y) of a system is the same as the predicted
energy of the total system including all fragments:

EXY = EX + EY (2.3)

For the above expression to hold, the corresponding wave function must be a product
of the wave functions of the individual fragments:

Ψ = ΨXΨY (2.4)

This is indeed the case for the CC wave function (since eT̂X+T̂Y = eT̂
X

eT̂
Y ), but not

for the CI case if the excitation operator is truncated.
A method is size extensive if its energy scales linearly with the system size [57]. Size

extensivity is more general than size consistency and does not require non-interacting
fragments. Again, whereas the CC wave function is size extensive the CI wave function
is not (except when full CI is used).
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Figure 2.1 Graphical representation of the Hartree-Fock determinant as well as
examples of a singly and doubly excited determinant.

2.1.2 The cluster operator
The excitation operators of the cluster operator are defined as:

T̂1 =
∑
i

t̂i =
∑
ai

tai â
†
aâi, T̂2 =

∑
ij

t̂ij =
∑
ai,bj

tabij â
†
aâiâ

†
bâj (2.5)

where a, b, c, ... refer to virtual orbitals and i, j, k, ... refer to occupied orbitals and
where â†a is a creation operator and âi an annihilation operator in second quantization.

The effect of letting T̂1 and T̂2 work on a reference state is:

T̂1 |0〉 =
∑
ai

tai â
†
aâi |0〉 =

∑
ai

tai |Φai 〉 , T̂2 |0〉 =
∑
ai,bj

tabij â
†
aâiâ

†
bâj |0〉 =

∑
ai,bj

tabij
∣∣Φabij 〉(2.6)

The coefficients tai and tabij are referred to as CC correlation coefficients or CC ampli-
tudes. |Φai 〉 is a singly excited determinant and

∣∣Φabij 〉 is a doubly excited determinant.
To reduce the computational cost, one first truncates the excitation operator usually

at the singles and doubles level, yielding the CCSD method. Furthermore one can put
restrictions on the summations in the excitation operators by freezing core orbitals
and ignoring high lying virtual orbitals. This is depicted in figure 2.1 where a few
examples of singly and doubly excited determinants are shown which contribute to
the CCS and CCSD methods, respectively.

The CCSD method usually provides a good balance between sufficient accuracy and
computational cost (it scales as N6 where N is the number of correlated orbitals) but
for even higher accuracy one can of course go to higher excitation ranks such as CCSDT
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2.1 Electron correlation with the coupled-cluster method

(N8), CCSDTQ (N10), etc. Due to the high computational demand of such methods,
the higher order excitations can alternatively be considered using perturbation theory
as in the case of the CCSD(T) method for example. When taking perturbative triple
excitations into account, only a subset of the possible triple excitations are included
in order to reduce computational cost. In the so-called CCSD+T [60] (or CCSD[T])
method, all terms correct to 4th order in perturbation theory are included. In the
CCSD(T) method [61], some additional 5th order terms are included and in the
CCSD-T method [62] one additional 5th order term is included compared to CCSD(T).
The CCSD-T method is thus formally the most correct of the three, even though the
difference in results using CCSD(T) and CCSD-T is usually small.

2.1.3 Working equations
The starting point for deriving the CC working equations is the electronic Schrödinger
equation written in terms of the coupled-cluster wavefunction:

ĤeT̂ |0〉 = ECCeT̂ |0〉 (2.7)

In order to avoid an infinite expression, it has proven advantageous to multiply Eq.
(2.7) from the left with e−T̂ which leads to working equations involving the similarity
transformed Hamiltonian, e−T̂ ĤeT̂ :

e−T̂ ĤeT̂ |0〉 = ECCe−T̂ eT̂ |0〉 = ECC |0〉 (2.8)

This formalism is denoted the conventional coupled-cluster method. In the following,
the similarity transformed Hamiltonian, e−T̂ ĤeT̂ will be abbreviated as H̄.
The working equation for the CC energy is obtained from the so-called projective

technique by multiplying eq. (2.8) from the left by the reference wave function, 〈0|:

〈0| H̄ |0〉 = ECC 〈0| 0〉 = ECC (2.9)

The working equations for the CC amplitudes are obtained by multiplying eq. (2.8)
from the left by all possible excited determinants denoted here by

〈
Φab...ij...

∣∣:〈
Φab...ij...

∣∣ H̄ |0〉 = ECC 〈Φab...ij... |0〉 = 0 (2.10)

The coupled cluster amplitude equations are solved iteratively until self-consistency,
i.e. until a defined convergence criterion on the amplitudes has been reached.

One advantage of using the similarity transformed Hamiltonian is that the amplitude
equations do not depend on the total energy. Another and very important advantage,
already mentioned above, is that the power series expansion of e−T̂ ĤeT̂ has a natural
truncation when using the Hausdorff expansion consisting of nested commutators of
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Ĥ with T̂ . A disadvantage of the projective technique is that the energy expression is
not variational.

Most CC implementations, including the one used in this thesis, uses the projective
technique introduced above, but several methods exist which do take the variational
approach to coupled cluster theory. Like all variational approaches, the expectation
value of the electronic Hamiltonian is then minimized:

Eexact ≤ ECC =

〈
CC

∣∣∣Ĥ∣∣∣CC〉
〈CC | CC〉 =

〈
0
∣∣∣(eT̂ )†Ĥe†

∣∣∣ 0〉〈
0
∣∣∣(eT̂ )†eT̂

∣∣∣ 0〉 (2.11)

The challenge with a variational coupled-cluster method is then to find a way to
truncate the infinite power series expansion of eT̂ . A few examples of variational
coupled-cluster methods are the unitary CC approach (UCC) [63] and the expectation
value CC method (XCC) [64]. A common feature is that the truncation is based on
perturbation theory considerations.

2.1.4 The Fock-space coupled-cluster method
In systems with multi-reference character (such as many transition metal complexes)
or if excited states are the subject of interest, a multi-reference method should be
used. In this thesis, the so-called Fock-space coupled cluster (FSCC) method has
been employed [58,59,65,66]. In Chapters 4 and 5 the FSCC method was used to
justify the primary use of the single-reference CC method since no significant multi-
reference character was observed, as expected. In Chapter 6 and Papers 11 and
12, excited states were the subject of interest and the FSCC method was consequently
extensively used and the results were benchmarked against experimental data. The
FSCC implementation used throughout this thesis was carried out by Visscher et
al. [67] and the basic principles are as follows [59,68].
The structure of the FSCC wave function for the k’th electronic state is at first

sight very similar to that of the SRCC wave function. It consists of an exponential
operator, in FSCC terminology the valence-universal wave operator, Ω, acting on a
reference function, which here will be referred to as the model wave function:

ΨFSCC
k = Ω̂Φmodel

k (2.12)

In the SRCC case, the reference wave function was simply the Hartree-Fock wave
function consisting of a single Slater determinant. However, in the FSCC case, the
model wave function consists of several determinants as will be shown in the following.
Also the wave operator is different from the exponential operator which will be discussed
shortly, but it is already now worth mentioning that in the present formulation, Ω is
restricted to so-called external excitations, which will be specified below.
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2.1 Electron correlation with the coupled-cluster method

The essential step in the FSCC method, as in most other multi-reference methods,
is the partitioning of the entire Fock space into a so-called model space (in other
contexts often referred to as active space), denoted by P , and an orthogonal space, Q,
defined as Q = 1 − P . The model wave function belonging to the P space, Φmodel

k ,
is in principle constructed from the FSCC wave function by action of the projection
operator, P̂ :

Φmodel
k = P̂ΨFSCC

k =
∑
α

CαΦα (2.13)

P̂ =
∑
α

|Φα〉 〈Φα| (2.14)

In other words, the task of P̂ is to project the entire FSCC wave function onto the
model space, thereby extracting only determinants, Φα, belonging to the model space.
Cα are the expansion coefficients. In practice, Φmodel

k is not obtained from ΨFSCC
k

but by diagonalization of an effective Hamiltonian in the space spanned by all model
determinants, see the end of this section.
What distinguishes the FSCC method from other multi-reference CC methods, is

that it can treat states with different number of particles and/or holes compared to a
given reference. This is done by splitting the FSCC equations into so-called sectors.
Each sector is defined by the number of additional particles, np, or holes, nh, compared
to the Fermi vacuum, |0〉, which in practice is a well-defined closed shell state. In
the applications shown here, the Fermi vacuum is simply a Hartree-Fock determinant
which is depicted on the left of Fig. 2.2.

The projection operator can likewise be divided into sectors:

P̂ =
∑
nh,np

P̂ (nh,np) (2.15)

P̂ (nh,np) =
∑
x,y

|Φyx〉 〈Φyx| (2.16)

where the superscript (nh,np) specifies the given sector and Φyx are simply Hartree-Fock
determinants with additional nh holes and np particles. In the case of sector (1,0), x
runs over all active holes, {I}, in sector (0,1), y runs over all active particles, {A}, in
sector (0,2), y runs over all possible pairs of active particles, {AB}, and so on. A few
examples are given in Fig. 2.2. The division of P̂ into sectors, of course means that
also the FSCC wave function and the model wave function can be divided into sectors,
i.e. ΨFSCC,(nh,np)

k and Φmodel,(nh,np)
k .

As can be seen in Fig. 2.2, the model space, P , can further be divided into a hole
model space, with size Nh, and a particle model space, with size Np. In practice, Nh
and Np refer to the total number of orbitals in which nh holes or np particles can be
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Sector (0,1), Sector (1,0), Sector (1,1), Sector (0,2),

Figure 2.2 Definition of the model space in the Fermi vacuum, |0〉, as well as a few
examples of model determinants belonging to different sectors.

created. The model space, P , is a user-defined set of molecular (Hartree-Fock) virtual
orbitals in the case of particle sectors, (0, np), occupied orbitals in the case of hole
sectors, (nh, 0), and both virtual and occupied orbitals in the case of combined sectors,
(nh, np). The model space should contain the most important orbitals needed for an
accurate description of the desired states, ΨFSCC

k .
The separation into sectors also affects the wave operator which is given as:

Ω̂ = {eŜ}. (2.17)

The curly brackets indicate normal ordering with respect to the Fermi vacuum, |0〉,
i.e. all creation operators are to the left of all annihilation operators. The normal
ordering prevents excitations between sectors and allows for solving the FSCC equations
hierarchically sector by sector [69]. The cluster operator can, just as in the case of
SRCC, be split into increasing excitation ranks:

Ŝ = Ŝ1 + Ŝ2 + ...+ ŜN (2.18)

which in the present cases is truncated after Ŝ2, leading to FSCCSD. The difference
with respect to the single-referenc CC case, is that the cluster operator is, just as the
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projection operator, P̂ , partitioned into the different sectors:

Ŝm =
∑
nh,np

Ŝ(nh,np)
m . (2.19)

The operators Ŝ(nh,np)
m act on model determinants and allow only excitations from the

P space to the Q space, known as external excitations. Excitations within P , denoted
internal excitations, are not included.
The working equations for the FSCC method are based on the Bloch equation

projected onto the Q space with the projection operator, Q̂ [59]:

Q̂(nh,np)ĤΩ̂P̂ (nh,np) = Q̂(nh,np)Ω̂ĤeffP̂ (nh,np) (2.20)

where the effective Hamiltonian is given by:

Ĥeff = P̂ (nh,np)ĤΩ̂P̂ (nh,np) (2.21)

of which the eigenfunction are the model wave function, defined in Eq. (2.13).
The FSCC sectors are solved hierarchically, i.e. starting from the lowest sector,

which is always the (0,0) sector equivalent to SRCCSD, and going to higher and higher
sectors until the requested sector is reached. When convergence is reached in a given
sector, the effective Hamiltonian is diagonalized to give the energies of all model states,
which by construction is the same as the energies of the full FSCC states, as well as
the model functions, Φmodel

k . In particular for the higher sectors, i.e. (0,2), (2,0) and
(1,1) and so on, convergence problems can occur do to so-called intruder states. The
preferred method to solve such convergence problems is the intermediate Hamiltonian
formalism [70,71].

2.2 Relativistic Hamiltonian
Until now the coupled cluster equations have been presented without paying much
attention to the form of the Hamiltonian. In this section, different aspects of the
relativistic Hamiltonian will be discussed starting with the 4-component Dirac-Coulomb
Hamiltonian which has been used throughout this thesis. Next, a few examples will
be shown in order to illustrate the effect of using this Hamiltonian compared to a non-
or scalar-relativistic one on properties of atoms and molecules. Finally, some aspects
concerning the two-electron interaction going beyond the Coulomb interaction will be
treated.

2.2.1 Dirac-Coulomb Hamiltonian
In 1928 P. A. M. Dirac published his seminal paper deriving his purely relativistic
equation for the electron [72], today referred to simply as the Dirac equation. When
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Chapter 2 The Relativistic Coupled-Cluster method

dealing with atoms and molecules, i.e. many-body systems, it is necessary to consider
the Dirac Hamiltonian in the field of the atomic nuclei [73, 74] (atomic units are used
throughout this chapter in which e = me = ~ = 4πε0 = 1):

Ĥ =
∑
i

[
c~αi · ~̂pi + βic

2 − V̂eN (~ri)
]

+ V̂ee + V̂NN (2.22)

where i runs over the number of electrons, ~p is the canonical momentum, ~α and β are
the Dirac matrices:

~α =
(

02×2 ~σ
~σ 02×2

)
, β =

(
12×2 02×2
02×2 12×2

)
(2.23)

and ~σ is the vector of Pauli matrices:

σx =
(

0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
(2.24)

The nucleus-nucleus repulsion, V̂NN , is a simple Coulombic interaction between the
fixed nuclei and is often omitted since it is a constant regardless of the employed
electronic structure method relying on the Born-Oppenheimer approximation. V̂eN
takes into account the interaction between the electron charge and the electrostatic
potential of the nuclei:

V̂eN (~ri) =
N∑
I

∫
ρN (~rI)
riI

, d~rI (2.25)

where ρN (~rI) is the nuclear charge distribution and I runs over all nuclei in the
system. In non-relativistic ab initio methods, ρN (~rI), can simply be approximated
by a point charge model, however in relativistic methods, it should be described by
a finite distribution, usually approximated by a Gaussian distribution in the case
of molecular methods or a Fermi model in the case of atomic methods [75]. The
electron-electron repulsion, V̂ee, is most often approximated by the non-relativistic
(instantaneous) Coulomb potential:

V̂ee = 1
2
∑
i6=j

1
rij

(2.26)

In Sec. 2.2.3, the relativistic extensions of this operator will be presented.
Due to the 4-component nature of the Dirac equation, the solution, i.e. wave

function, consists also of 4-components and is called a 4-spinor. The 4 components
can however be divided into two 2-component spinors, denoted the large (L) and small
(S) component wave functions:

Ψ =
(

ΨL

ΨS

)
(2.27)
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The upper 2-spinor dominates the solutions with positive energies (electronic solutions)
and the lower 2-spinor dominates the solutions with negative energies (positronic
solutions). Since we are usually interested in solutions with positive energies, the
upper 2-spinor is denoted the large component. The small component functions are
generated from the large component ones. In the case of the DIRAC implementation
this happens at the basis set level, by the use of restricted kinetic balance:

ΨS = 1
2(~σ · ~p)ΨL (2.28)

which is the non-relativistic limit of the exact coupling between ΨS and ΨL. In
practice, ΨL and ΨS are expanded in a set of Gaussian basis functions as will be
discussed in Sec. 2.3.

The presence of the negative energy states provides challenges when solving the Dirac
equation. In practice, it means that the positive energy solutions are not bounded from
below since any positive energy solution would decay into a negative energy solution.
This has to be taken into account in any implementation of a 4-component method and
is being done so by the no-pair approximation in which the Dirac-Coulomb Hamiltonian
is projected onto the positive energy solutions using projection operators [74].

In order to reduce computational costs, there is a variety of approximations to the
4-component method. A very attractive method is the so-called eXact 2-Component
(X2C) method which is based on the exact decoupling of the large and small component
wave functions. In DIRAC, X2C is implemented in the matrix form where the
transformation matrix is obtained from an initial 4-component SCF calculation [76].
This transformation matrix can then be used to transform any one-electron integrals
which avoids any picture-change effects in the calculation of properties. Two-electron
spin-orbit corrections are then included using an atomic mean-field approach (AMFI)
[77]. For valence properties, the X2C method gives practically identical results
compared to the full 4-component method, but for core-properties small discrepancies
can be expected [74]. However, even for core-properties such as HFS constants
and P, T -odd molecular enhancement factors presented in Chapters 4 and 5, the
differences between X2C and 4-component results did not exceed 0.5%.

2.2.2 Relativistic effects in atoms and molecules - 3 examples
In order to illustrate the possible effects of including relativity in calculations of
molecular properties, three short examples will be shown from fruitful collaborations.
My contributions to these studies has been to investigate the effect of relativity on
the calculated properties and in the case of the first two examples, to provide reliable
results at a high level of theory, i.e. at the relativistic CCSD(T) level with large basis
sets.
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Figure 2.3 Effect of scalar-
relativistic and spin-orbit effects on
the bond lengths in AtX diatomic
molecules on the CCSD(T)/avqz
level.
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Figure 2.4 Relativistic effects
on the static polarizability of the
halogen anions on the SCF and
CCSD(T) levels using the d-aug-
vqz basis set.

Paper 4: Relevance of effective bond orders in heterodiatomic molecules and role of
the spin-orbit coupling in the AtX (X=At-F) series, C. G. Pech, P. A. B. Haase,
N. Galland, A. Borschevsky, and R. Maurice, Phys. Rev. A100, 1 (2019)

Paper 6: Quantum chemical topology at the spin-orbit configuration interaction level:
Application to astatine compounds, C. G. Pech, P. A. B. Haase, D. C. Sergentu,
A. Borschevsky, J. Pilmé, N. Galland, and R. Maurice, J. Comput. Chem.41,
2055 (2020)

Contributions: Optimize AtX and AtXY geometries at the relativistic CCSD(T)
level.

The first example is from the educative collaboration with Cecilia G. Pech and
co-workers who studied the effect of relativity on the bonding nature in diatomic and
triatomic At compounds [78,79]. Pech used multi-configurational CI-like methods and
natural orbitals, with or without spin-orbit coupling, in order to estimate effective
bond orders (EBO) and to study the nature of the bonding. In addition, special
attention was paid to the definition and calculation of the EBOs.

For such analyses, a coherent set of bond lengths at a high level of theory was needed,
calculated with and without relativistic methods. In this work, scalar-relativistic and
spin-orbit effects were considered separately when optimizing the geometries at the
CCSD(T)/avqz level. The results of the diatomic systems are shown in Fig. 2.3 where
the contribution of scalar-relativistic, spin-orbit and total relativistic effects to the
AtX geometry are shown in percent compared to the non-relativistic bond lengths.
One can see that AtF is a special case among the results. For the rest of the systems
the scalar-relativsitic and spin-orbit effects have opposite signs. Furthermore, the
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spin-orbit contribution is very similar in the first four systems which indicates that
it can mainly be ascribed to the At atom. Consequently, the total relativistic effect
decreases when moving down the halogens, except for AtAt. In both AtF and AtAt,
the effect of relativity on the geometry is around 3% and it is thus important to take
into account if highest accuracy is desired. Also for the EBOs, especially the inclusion
of spin-orbit coupling had a large impact. The results of the triatomic systems are
omitted here due to the more complicated bonding nature which makes it difficult to
extract pure relativistic effects.

Paper 9: Molecular Dynamics of ordered domains in methylammonium lead iodine
and the effect of polarizability (working title), T. L. C. Jansen, P. A. B. Haase,
and A. Borschevsky, in preparation

Contributions: Calculations of the polarizabilities of Cl– , Br– , I– and Pb2+ on the
relativistic CCSD(T) level.

The second example is concerned with the calculation of static polarizabilities of
halogen anions and was performed in collaboration with T. L. C. Jansen. In this
work, Jansen performed molecular dynamics simulations of methylammonium ions
([CH3NH3]+) inside a cage consisting of I–/Cl–/Br– and Pb2+ ions which is an
interesting candidate for new photovoltaic devices [80,81]. In this system, the negative
ions are expected to have a large polarizability, something that standard force field
do not take explicitely into account and which can result in errors. Consequently,
atomic polarizabilities, denoted by α, were added to the employed force field and one
goal of this research was to investigate the dependence of the simulated results, i.e.
rotational dynamics, on the employed polarizabities. My contribution was to provide
polarizabilities for Cl– , Br– , I– and Pb2+ on the relativistic CCSD(T) level with a
large basis set. The basis set dependence will be presented in Sec. 2.3 and the results
presented here were obtained with the d-aug-vqz basis set which was found to be
sufficiently converged for all studied systems for this property.

To illustrate the relativistic effects on the calculated polarizabilities at the HF and
CCSD(T) levels, the results for the halogen anions, including At– for comparison,
are shown in Fig. 2.4. The results show that for Cl– and Br– , relativistic effects
are negligible, i.e. there is basically no difference between the black and the grey
curves. However for I– , the relativistic effects are around 2/3 of the correlation effects,
corresponding to an increase in α of ∼ 3.9% at the CCSD(T) level. In the case of At– ,
relativistic effects are around 3 times larger than correlation effects, corresponding to
an increase of ∼ 22% compared to the non-relativistic result and represents a case
where relativistic effects are crucial to take into account.

The polarizability of Pb2+ is smaller than that of the halide anions due to the
different charge, but relativistic effects are on the other hand larger, i.e. a decrease of
∼ 34% compared to the non-relativistic case. The difference in the observed effect
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between the Pb2+ and At– ions with similar atomic numbers, i.e. Z = 82 and Z = 85,
shows that not only the location in the periodic table is of importance when discussing
relativistic effects but also the oxidation state can play a large role.

Paper 1: Can the Dielectric Constant of Fullerene Derivatives Be Enhanced by Side-
Chain Manipulation? A Predictive First-Principles Computational Study, S.
Sami, P. A. B. Haase, R. Alessandri, R. Broer, and R. W. Havenith, J. Phys.
Chem. A122, 3919 (2018)

Contributions: Calculate relativistic and non-relativistic polarizabilities of substi-
tuted toluenes.

The last example is also concerned with polarizabilities, however not of atoms but
two kinds of substituted toluenes. These systems were tested as possible side chains
of fullerene derivatives by Selim Sami and co-workers and was also motivated by
the search for better (organic) photovoltaic devices [82]. In this field of research,
the polarizability of candidate systems is used to calculate the dielectric constant
which can be used as a measure for the quality of photovoltaic devices; the larger the
dielectric constant (and thus also polarizability), the better the separation of exciton
hole and particle, which is crucial for a good performance. The two toluenes were
substituted with Br and I atoms, due to their large polarizabilities, and we wanted to
investigate the effect of relativity on the calculated molecular polarizabilities. For this
study, the linear response method, implemented within the density functional theory
(DFT) framework, was used at the B3LYP/s-aug-vtz level.

The results of the three principal components of the polarizability tensor are shown
in Tab. 2.1 on the non-relativistic and X2C levels. For the Br containing system, the
average effect of relativity is 0.24% and for the I containing system it is 0.43%. As
expected, the effect is larger for the latter compound, however in both compounds,
the effects is so small that it can safely be neglected for all practical purposes. The
reason for this small effect, compared to the atomic effect presented above, is probably
related to the fact the majority of the atoms in these systems, especially the iodine
containing one, are light atoms and the relative relativistic contribution is smaller.

Table 2.1 Principal components of the polarizability tensor (in [bohr3]) of 2,3,4,5,6-
Pentabromotoluene and 2,4,6-triiodotoluene using the non-relativistic (NR) and X2C
Hamiltonians at the B3LYP/s-aug-vtz level.

C6Br5CH3 C6H2I3CH3
nr X2C diff. nr X2C diff.

αxx 250.01 250.41 0.16 241.42 242.63 0.50
αyy 232.08 232.51 0.19 242.33 243.43 0.45
αzz 114.98 115.40 0.37 123.62 124.02 0.32
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2.2.3 Beyond the Dirac equation
The two-electron interaction has up to now been described by the simple Coulomb
operator. This description assumes an instantenous interaction between electrons
which can only happen if the speed of light is infinte, i.e. in non-relativistic theory.
This is for most applications a sufficient description, however in systems containing
heavy atoms [83], highly charged ions [84] or if ultra-high precision is needed [85] it is
necessary to go beyond the Coulomb interaction.
A relativistic description of the two-electron interaction can be derived from the

Darwin approximation or from the theory of quantum electrodynamics (QED) [73].
The first-order term, correct to O(c−2), was first derived by Breit [86], and it is thus
referred to as the Breit interaction [73,74]:

V̂ Breit
ee (rij) = −~αi · ~αj2rij

− (~αi · ~rij)(~αj · ~rij)
2r3
ij

(2.29)

Compared to the Coulomb interaction, the Breit interaction is considerably more
complicated to calculate. Consequently, the full Breit interaction is mostly implemented
in atomic structure software with only a few implementations in molecular codes [87–89].
For molecular electronic structure methods, a simplification of the Breit interaction
can be used, denoted the Gaunt interaction [90]:

V̂ Gaunt
ee (rij) = −~αi · ~αj

rij
(2.30)

In Chapters 4 and 5 the effect of the Gaunt interaction on P, T -odd properties
and HFS constants was calculated using the Hartree-Fock implementation of Marcus
Pernpointner [91]. In the case of the HFS constants in 133Cs and 137BaF, the effect
of including the Gaunt interaction was extremely small, i.e. ∼ -0.04%, whereas the
P, T -odd enhancement factors in BaF showed a larger effect, namely ∼ -1.8 and -0.4%
for Wd and Ws, respectively. The observed effects should however be taken with a
grain of salt due to the approximate nature of the implementation, which is discussed
in more detail in Chapters 4 and 5.

2.3 Basis set
A crucial ingredient of any ab initio method is the basis set which should be chosen with
care, especially when using correlated methods. In addition, if relativity is included,
a solution for the small component wave function should be found as was discussed
in Sec. 2.2. For basis sets optimized for relativistic methods, tremendous work has
been done by Kenneth Dyall who has developed basis set for the whole periodic table,
considering both polarization and correlation functions [92]. In the following, the
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R

(R)
tight function
diffuse function

Figure 2.5 Illustration of a tight and diffuse basis function.

principles behind the so-called Dyall basis sets will be briefly reviewed as well as
the integration into the Dirac program. When using non-relativistic methods, the
number of basis functions is usually reduced by contracting core functions. However,
when using relativistic methods, uncontracted basis set should be used for a proper
description of the core region.

Most basis sets consist of a number of atom centered Gaussian type orbitals (GTO).
These functions are inspired by the solutions of the electronic Schödinger equation for
the hydrogen atom and are often referred to as atomic orbitals. In Cartesian basis,
these functions take the form:

χαijk(~r) = Nxiyjzke−αr
2
, i+ j + k = l (2.31)

where the values of i, j and k determine the symmetry of the function, l, which
defines, together with the exponent, α, the shape of the particular basis function.
Consequently, a basis set consists simply of a list of exponents divided into symmetry
groups, l. Note that this is not the only possibility for grouping basis functions, one
could also choose a j or even κ optimized basis set [93].

The quality of a basis set is given by the so-called cardinal number, zeta, ζ, which in
principle defines the number of basis functions per occupied shell. However, in reality
most properties of atoms and molecules are primarily affected by the valence shell and
for practical purposes, i.e. to reduce the size of the basis set and thus computational
cost, a split-valence basis is used, in which the cardinal number, ζ, refers to the number
of basis functions describing the valence orbitals. The resulting basis sets are denoted
double-zeta (dz), triple-zeta (tz), quadruple-zeta (qz), etc.
In addition to the cardinal number which refers to the overall quality of the basis

set, it is often necessary to add additional functions, depending on the problem at
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Figure 2.6 Static polarizability of I–
and Pb2+ at the 4-component HF and
CCSD(T) levels using increasing basis
set size.
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Figure 2.7 Static polarizability of
Pb2+ (zoom in of Fig. 2.6) at the 4-
component HF and CCSD(T) levels
using increasing basis set size.

hand, if high accuracy is needed. Such functions can be divided into two groups,
namely steep functions which have large amplitudes at the center of the atom, denoted
tight functions, and functions which spread out over a large distance, denoted diffuse
functions, as illustrated in Fig. 2.5.

For properties which are sensitive to the description of the nuclear region, additional
tight functions can be important to include. Especially when using correlation methods,
such as CC, such functions can be necessary. For the Dyall basis sets, this has been
taken into account by optimized correlation functions for the valence region (v), the
core-valence region (cv) and for all the electrons (ae), i.e. including core electrons.
The definition of the valence and core-valence regions should be carefully chosen for
each block in the periodic table as will be discussed in the following chapter, Sec.
3.1.3. In Chapters 4 and 5 it will be shown how especially core-valence functions
are important, the effect being 1−2%, in order to obtain highest accuracy in the case
of HFS constants and P, T -odd molecular enhancement factors.
For properties which depend mostly on the valence region, i.e. bonding, dipole

moment, polarizability, excited states, etc., additional diffuse functions are often
necessary which will be illustrated with the following study:

Paper 9: Molecular Dynamics of ordered domains in methylammonium lead iodine
and the effect of polarizability (working title), T. L. C. Jansen, P. A. B. Haase,
and A. Borschevsky, in preparation

Contributions: Calculations of the polarizabilities of Cl– , Br– , I– and Pb2+ on the
relativistic CCSD(T) level.

In order to illustrate the effect of diffuse functions, the study on atomic polariz-
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abilities, performed in collaboration with T. L. C. Janssen, will again be used as an
example [94]. In Sec. 2.2, the focus was on relativistic effects but, as should be done
in every computational study aiming for high accuracy, also the basis set dependence
was carefully studied. In the following, the results for the I– and Pb2+ ions will be
briefly discussed. These results were obtained with the 4-component method.

In Fig. 2.6, the polarizabilities of I– and Pb2+ are shown at the HF and CCSD(T)
levels using basis sets of increasing size, with (s-aug-vXz) and without (vXz) diffuse
functions. The first to notice is that the basis set dependence is very different between
the two systems. Compared to the I– results, the Pb2+ results seem practically
independent of both basis set size and addition of diffuse functions. The big difference
in the results lies in the charge of the two ions. A negatively charged atom is much
larger in size and much more polarizable than a positively charged atom. The former
consequently requires a better description of the region removed from the nucleus.
For I– , adding one set of diffuse functions, i.e. one additional diffuse function of

each symmetry, has a larger effect than increasing the general quality of the basis set,
i.e. the cardinal number, X. However, the effect of adding diffuse functions decreases
when the basis set size is increased. At the vqz level the addition of two sets of
diffuse functions (d-aug-vqz) was tested, but only a small effect of the second set was
observed.

A zoom in of the results for Pb2+ are shown in Fig. 2.7. For this system, correlation
effects are much larger than the basis set effects. Compared to the I– case, the relative
correlation effects are around 2 times larger in Pb2+. At the HF level, the polarizability
of Pb2+ seems to be converged already at the vtz level, whereas on the CCSD(T) level,
a small effect can be observed when changing from vtz to vqz.
The comparison of these two systems shows that even though the same property

is being calculated, the basis set dependence can be very different between different
systems, and one should always choose the basis set with great care.

2.4 First order properties - the finite-field method

The definition of molecular properties often starts from an expansion of the energy or
of the electron density in terms of a perturbation field. Different properties are then
defined as the expansion coefficients which are derivatives of the energy with respect to
the perturbation field [95, 96]. A related starting point for deriving working equations
for calculating properties is the effective Hamiltonian which will be introduced in Sec.
3.3.2. This chapter will be concluded by reviewing the finite-field method which is a
convenient method to approximate the mentioned energy derivatives numerically and
which has been used throughout this thesis.

The operator of interest, Â, is introduced to the total Hamiltonian with the pertur-
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bation strength, λ, also called the field strength:

Ĥ = Ĥ0 + λÂ (2.32)

The operator Â should be derived from an appropriate theory, i.e. the Dirac equation
in the presence of electromagnetic fields if a relativistic framework is used. For more
exotic properties such as P, T -odd molecular enhancement factors one has to turn
to particle physics to derive the necessary molecular operators, as will be shown in
Chapter 3.

Due to the introduction of λ, the total energy becomes λ-dependent [97,98]:

E(λ) = 〈Ψ(λ)|Ĥ(λ)|Ψ(λ)〉 (2.33)

where the explicit (in the case of Ĥ and E)) and implicit (in the case of Ψ) dependence
on λ has been specified. The implicit dependence arises because the molecular orbitals
are solutions to Ĥ(λ). The total energy can be expressed as a power series in λ:

E(λ) = E(0) + λE(1) + λ2

2 E(2) + ... (2.34)

where E(0) is the unperturbed energy, E(1) the first derivative of the total energy with
respect to λ:

E(1) = dE(λ)
dλ

∣∣∣∣
λ=0

(2.35)

E(2) is the second derivative and so on.
Many methods have been developed to determine analytical energy derivatives on

different levels of theory. In the case of variational methods, such as the Hartree-Fock
method, first derivatives can simply be calculated as expectation values over the
unperturbed wave function according to the Hellmann-Feynman theorem. For non-
variational methods, such as the CC method, it can be advantageous to approximate
the derivative with a numerical derivation, due to the complicated form of the analytic
derivative. This is the essence of the finite-field, also known as finite-difference, method,
which was first introduced by Cohen and Roothaan [99].

In the finite-field method the perturbed energy is calculated at different values of
λ and the numerical derivative can then be obtained by linear regression or more
conveniently by using a 2-point formula:

dEn
dλ

∣∣∣∣
λ=0
≈ En(λ)− En(−λ)

2λ (2.36)

The magnitude of λ should be chosen with care. If λ is too small, numerical noise can
arise, but if λ if too large, higher order terms in the Taylor expansion can pollute the

31



Chapter 2 The Relativistic Coupled-Cluster method

result. However, an advantage of using ±λ is that any quadratic terms cancel and a
rather large value of λ can be used before cubic terms start to contribute. Such possible
numerical instability is the disadvantage of the finite-field method along with the
need for several energy calculations which can become costly, especially if relativistic
CC methods are used. The advantage of the finite-field method is that it is easy to
implement in any existing energy code, that for example enables the calculation of
properties at the FSCC level for which an analytical approach is extremely complicated,
and that second-order properties are in principle not more complicated than first-order
properties. For a critical discussion of the finite-field method see Ref. 100.
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