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Chapter 7

General conclusions and outlook
The aim of this thesis has been to discuss various aspects of ab initio calculations of
molecular properties which in one way or the other are related to the search for P, T -
violating effects in molecules. The studied properties included the P, T -odd molecular
enhancement factors, Wd and Ws, which are crucial to relate a measured energy shift
to fundamental P, T -odd sources, as well as the magnetic hyperfine structure (HFS)
constants. The studies of HFS constants were important because of the possibility for
benchmarking the employed methods against accurate experimental data.

It should be mentioned that (to the best of my knowledge) prior to this thesis, none
of the studied properties were calculated within a fully relativistic framework using the
DIRAC program. In the case of the Ws and HFS constants, the necessary operators
could simply be constructed from the existing library of one-electron properties in
DIRAC, and in the case of Wd, the required operator was implemented by Miroslav
Iliaš. However, even though the operators were already in place, a significant amount
of time was used to understand their appropriate use. Especially for the HFS constant,
the extraction of the different components required a thorough investigation of the
definition of spin-quantization in the DIRAC program. Even though the DIRAC
program has an extensive online documentation, this part of the thesis work could
not have been done without frequent consultation of the source code. Without my
previous experience with the source code of the sister program DALTON, this would
have been much less straightforward.
In the course of my PhD project, the uncertainty of the employed methods has

gained increasingly more attention, partly because of the close collaboration with
experimental colleagues for whom error bars are often as important as the measured
values. I would even go so far as to say that the study of how to establish a reliable
uncertainty estimation has become the most important subject of this thesis. As
has been repeated throughout this thesis, there is no established way of predicting
uncertainties of ab initio results, partly due to the big differences between the virous
methods in the field. This is one of the reasons why we chose to use the coupled
cluster (CC) method, which has a systematic construction regarding both basis set and
electron correlation that makes it possible to estimate any missing effects. The weak
link in the established uncertainty is the estimation of missing relativistic effects which
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is rather approximate but hopefully conservative enough to cover any unexpected
effects. Regarding the uncertainty estimation, the studies of HFS constants presented
in this thesis provided a way to put the estimated uncertainty to the test through
comparison with experimental results. In all cases, the ab initio results agreed with
experimental results within the estimated uncertainty, with the margin being much
larger for ground states as compared to excited states. This served as a "quality
control" of the scheme used to estimate the uncertainties and it could be used with
greater confidence for the case of P, T -odd enhancement factors where comparison
with experiment is currently not possible.

If asked how my results add value to the vast amount of various calculations of
P, T -odd enhancement factors that exist in the literature, I would again highlight the
uncertainty estimate. Several groups have presented computational studies with very
similar methods as what I have used, and some groups also quote an uncertainty on
the produced numbers. However, it is often not obvious how such uncertainties were
reached and they are often on the extremely conservative side compared to the expected
accuracy of the applied method. The uncertainty estimates presented throughout this
thesis are as complete as possible, the scheme has been thoroughly introduced and the
result is easy to interpret due to for example graphical representations.
I also hope that this thesis will have helped decrease the gap between ab initio

theory and molecular experimental physics. In Chapter 5, a section was devoted to
relating the P, T -odd enhancement factors to the measurable quantity which involved
consideration of rotational motion of the molecule, something which is far from most
ab initio treatments. And in Chapter 6, much work went into understanding and
presenting the relation between ab initio HFS constants and the so-called Frosch &
Foley constants which are commonly used in molecular physics. This part of the
thesis would of course not have been possible without numerous discussions with my
experimental colleagues, in particular Alexander Boeschoten and Maarten Mooij, and
I recommend every ab initio theorist to engage as much as possible in discussions
with experimental colleagues as it makes you think in different ways about your own
research field.

7.1 Outlook
Finally, I would like to give my thoughts on the possible future developments towards
better predictions of molecular properties with the relativistic coupled cluster method:

1. Analytical CC gradients of open shell systems
The molecular properties presented in this thesis were obtained using the finite-
field method in which energy gradients are approximated with numerical differen-
tiation. The advantage of the finite-field method is that it is easy to implement
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in any existing code that optimizes the energy regardless of the complexity of
the wave function. The disadvantage of the finite-field method is that at least
two energy optimizations are required for each desired property. This quickly
gets computationally expensive when using a method such as the relativistic
CC method with large basis sets. Another disadvantage is related to possible
numerical instability which should always be kept in mind when using this
method. To save a huge amount of computational time and to avoid any errors
due to numerical instability, I consequently see a strong need for the development
and application of analytic CC gradient methods. Such an implementation does
exists in the DIRAC program, but is, at the moment, only applicable to closed
shell systems [156] and an extension to open shell systems is required for the
applications presented in this thesis.
There is however one case where the finite-field approach will continue to be
relevant, namely when using the FSCC method where the complex form of the
wave function complicates the formulation of analytic gradients even further.

2. Reduction of computational costs
Highly accurate CC calculations of core-properties often require a large number
of correlated electrons and consequently an even larger number of correlated
virtual orbitals which quickly makes calculations expensive both in terms of
computational time but also in terms of memory and disk space requirements.
Even if analytic gradients were possible for open shell systems, a large number of
calculations are required especially if a reliable uncertainty estimation is desired
for which a thorough computational study is needed. It would therefore be
useful to reduce the computational costs of the relativistic CC calculations. This
might be done by using clever techniques to reduce the large correlation space,
to reduce the number of basis set functions or to utilize the newest and fastest
supercomputers for which a massive parallel implementation is needed. The
latter already exists for DIRAC [250] and could be used for the calculation of
P, T -odd properties, especially for polyatomic molecules which due to their lower
symmetry are even more time consuming.

3. Higher order relativistic effects on P, T -odd properties
As mentioned above, the weak point in the established uncertainty estimate
is the determination of higher order relativistic effects. At the moment, we
estimated these effect based on the effect of the Gaunt interaction, calculated
at the restricted Hartree-Fock level. This is of very approximate nature due to
the lack of both relaxation and correlation effects and the fact that the Gaunt
interaction accounts for only part of the full Breit interaction. A recent study
suggests that the Gaunt interaction recovers most of the Breit interaction for
ionization potentials and transition energies is RaF [129], but a similar study for
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the case of core properties and a wider range of molecules is needed to make any
conclusions on the applicability of the Gaunt interaction as an approximation to
the full Breit interaction. Additional QED effects such as the self-energy and
vacuum-polarization should also be investigated since these can be of similar
magnitude as the Breit interaction [129]. These effects have recently been
incorporated into the DIRAC program and demonstrated for parity-violating
energies at the CCSD level [128], and it will be very interesting to see what the
effects will be on P, T -odd enhancement factors in various systems.

4. More rigorous uncertainty estimation
The possibility for more reliable estimates for higher order relativistic would
already improve the uncertainty estimate, but it might also be possible and
desirable to establish a more rigorous uncertainty estimation inspired by the
work by Christoph Jacob and colleagues [122]. In this work, so-called uncer-
tainty quantification methods are applied to the prediction of spectra with ab
initio methods and one could imagine to extend this technique to account for
uncertainties due to the choice of basis set and treatment of electron correlation.

5. More sensitive systems to search for molecular P, T -violation
Finally, the search should continue for new and better systems in the search for
molecular P, T -violation. In this context I would definitely recommend using
methods which are cheaper than the relativistic CC method used in this work,
such as the DFT method developed by Konstantin Gaul an co-workers [251] which
has shown agreement with CC results to within ∼ 20%. This level of accuracy
is sufficient to identify promising candidates. Recently, polyatomic systems
have gained more attention due to the possibility of suppressing experimental
systematic errors [23] and in this context, the cheaper DFT method again
should be preferred, especially if a vibrational analysis is needed where a large
number of calculations is usually needed. Another group of systems which in my
opinion could need more attention is the group of diamagnetic systems due to
the different dependence on fundamental P, T -odd interactions. A last group of
interesting systems to investigate consists of solid states or optical lattices in
which a potential large number of particles can be kept for times exceeding the
current interaction times by orders of magnitude [20].

To summarize, with this thesis the possible accuracy of the relativistic coupled
cluster method for predicting in particular core-like properties has been investigated.
The following steps are then to reduce the computational costs of this method and
at the same time make it more rigorous by employing analytical gradient techniques
in order to more efficiently search for new and better systems to test fundamental
physics.
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