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Chapter 1

Introduction

A
stronomy is one of the oldest fields of science involving the study of the uni-
verse beyond the Earth’s atmosphere by asking fundamental questions about

the evolution of our cosmos. Modern astronomy highly depends on data ranging
from gamma rays and X-rays to radio bands, offering an enormous field exhibiting
a huge demand for large scale data analysis and automated discovery of astronomi-
cal knowledge. Due to technical developments, the sensitivity of detectors continu-
ously improves, and as a result, the new generation of telescopes produces images
with higher resolution. For instance, while Sloan Digital Sky Survey (SDSS) 1 col-
lects 200GB per night 2, the Thirty Meter Telescope (TMT), launching in 2022, will
produce 90TB per night of visible spectrum (Kremer et al. 2017). Thus, the amount
of data acquired a decade ago can now be collected in one night (Kremer et al. 2017).
For any field including astronomy, entering in the big-data era arises one common
question: how to extract valuable knowledge buried inside big datasets?

There are two general approaches for astronomers to study the formation and
evolution of the universe: a) observations and b) simulations 3. A telescope can be
considered a ”time machine” due to the finite speed of light (Janz 2012). Thus, the
more distant we observe, the longer we look back in time (Janz 2012). Therefore,
we may observe different snapshots of the same process by looking at different dis-
tances. However, due to limitations of observations, astronomers use computers,
as laboratories, to test and to investigate different scenarios. In both cases, since
the number of observations and the number of particles 4 in simulations increase
tremendously, we need some automated approaches to analyze them. In this thesis,
we present several methods, applicable under different circumstances, to facilitate
this process.

1It is started in 2000.
2It is a multi-spectral imaging and spectroscopic redshift survey.
3While observations can present real cases, because of their limitations, astronomers also use simula-

tions to study the universe.
4Note that each particle represents a group of stars.



2 1. Introduction

1.1 Scope of this thesis

The current theories for galaxy formation propose that large-scale galaxies are hi-
erarchically created from the merger of low-mass galaxies. The presence of stellar
structures, such as streams; shells; and globular clusters, around large galaxies is
considered as remnants of such mergers. Therefore, to uncover the formation and
evolution of galaxies, it is necessary to study these structures. However, they are
typically hidden in large-scale datasets, and robust automated techniques to extract
them are highly desired. In this thesis, the goal is to present automated approaches
to detect and/or classify such structures. Since different equipment provides differ-
ent types of data, we present several algorithms to handle this diversity.

• two new algorithms to extract and clean the stellar structures when 3D posi-
tional information is available,

• two methods to uncover dense structures if only 2D positional information
and 1D magnitude values are available,

• two techniques, from explainable AI, to classify astronomical objects using
multi-wavelength imaging data,

As mentioned before, astronomical datasets may come from two major sources.
Therefore, we divide the thesis into two parts 5. Part I focuses on astronomical
simulations where the 3D positional information, in addition to other features such
as velocities and color information, is available. In part II, we consider datasets
collected by telescopes where due to the viewpoint 2D positional information of ob-
jects in the sky, i.e. right ascension and declination, and some infrared and optical
bands are available. Note that although we separate simulations from observations,
the techniques developed for simulations can also be used for observations. For in-
stance, we show in chapter 2 how to use Manifold Alignment Aware Ants (M3A)
technique on GAIA survey.

1.2 Outline

In this section, we give an overview of the thesis, which is divided into two parts.
In part I, the focus is on astronomical simulations where we propose two new algo-
rithms to extract and denoise low-dimensional structures. Part II deals with obser-
vational datasets where we tackle several challenges, which are common for many

5Although we divide the thesis into two parts, we can still apply the techniques presented in part I on
some astronomical observations, such as the GAIA data set.
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surveys, such as the presence of imbalaced classes and the need for interpretable
models.

The presence of stellar structures, such as streams and globular clusters, around
large-scale galaxies is a common event 6. However, since they are surrounded by
fore- and background-stars, an algorithm is needed to extract such structures. In
chapter 2, we propose the Manifold Alignment Aware Ants (M3A) algorithm to ex-
tract stellar structures, with the emphasis on the ones with lower dimensionality,
also called manifolds. We release a group of agents, who are equipped with a lo-
cal alignment measure 7, in the data set where they search for stellar structures.
During the walk, they deposit pheromone on the visited samples. Later, pheromone
re-enforces the subsequent agents to follow the same route. The theoretical and em-
pirical analyses demonstrate the ability of the strategy not only in removing back-
ground stars but also in highlighting the low-dimensional structures. In the experi-
ment section, we also show that the resulting pheromone values can be used to build
sparser probabilistic models to describe the distribution of particles in simulations.

In manifold-rich datasets such as cosmic web simulations, it is common that
the low dimensional structures exhibit several difficulties: the structures are very
noisy, vary in dimensionality and the density changes a lot along each manifold and
across different ones. This makes the analysis so challenging especially since there
exist millions of particles. The aim of chapter 3 is to clean the manifolds via pushing
data points towards their respective central structure. We propose a new algorithm,
called Evolutionary Manifold Alignment Aware Agents (EM3A), where several agents
walk in the data space and bring the data points closer to the manifolds. More-
over, principles from Evolutionary Game Theory are applied to find the appropriate
value for the main hyper-parameter, i.e. neighborhood size. To evaluate the per-
formance of EM3A, we apply the algorithm to a cosmic web simulation. Since the
data depicts all the difficulties mentioned before, the denoising task becomes much
more challenging. We demonstrate in several synthetic data sets and one astronom-
ical simulation that the algorithm successfully not only denoises low-dimensional
manifolds but also keeps high-dimensional structures unchanged.

To study our home galaxy, i.e. the Milky Way, a new mission, called GAIA,
started in 2013. The GAIA DR1 provides 3-dimensional data, including 2D posi-
tional information in the sky and 1D G-band magnitude. In chapter 4, the goal is to
extract stellar structures in the halo of the Milky Way from GAIA-generated data.
While previous methods need the full phase-space or color information, which is
expensive to acquire, the absence of such information in GAIA DR1 makes this task
even more challenging. We tackle this problem by using magnitude distribution.

6They can be remnants of some mergers
7The agents use the measure to detect and to approximate manifolds.



4 1. Introduction

We utilize 3D Kernel Density Estimation to approximate the magnitude distribution
of stars. Then two different strategies, i.e. nearest neighbor retrieval and anomaly detec-
tion, are used to extract dense stellar structures. It is shown that both strategies are
successful in recovering the known globular clusters, as well as potential candidates
for further investigation.

In order to study the evolution of galaxy clusters, telescopes continuously col-
lect images from different parts of the universe. In chapter 5, we focus on the Fornax
galaxy cluster, the second closest galaxy cluster to us, and our aim is to find globu-
lar clusters (GCs) and ultra-compact dwarfs (UCDs) in its neighborhood. However,
these structures in the Fornax cluster look like stars (point-sources); thus, differ-
entiating them from foreground stars and background galaxies through imaging is
a challenging task, and spectroscopic data is needed. However, spectroscopy for
all point-sources is not possible, because of the need for longer exposure times. In
this chapter, we would like to use the multi-wavelength images to extract GCs and
UCDs from the collected data for the Fornax cluster. In order to do that, we need to
address two challenges in our dataset: a) noisy features, and b) imbalanced classes.
To tackle the first problem, we use Localized Generalized Matrix Learning Vector Quan-
tization (Localized-GMLVQ) where it uses an adaptive metric to reduce the effect of
noise. For the second problem, we use Synthetic Minority Over- sampling (SMOTE) to
increase the number of samples in the minority class. The experiments demonstrate
the success of both strategies in improving the classification performance especially
with respect to the class of interest. In addition to achieving a good accuracy, the
Localized-GMLVQ also provides feature relevance and representative samples for
each class which are highly desirable for further investigation. Thus, in this chapter
we implement a method which not only provides an excellent performance but also
is highly interpretable 8.

8Not only it provides the typical behavior within each class, but also it specifies the importance of
features for each class.



Part I

Astronomical Simulations





Based on:

M. Mohammadi, Peter Tino and K. Bunte. – “Manifold Alignment Aware Ants: a Markovian process for
manifold extraction.” Neural Computation (accepted).

Chapter 2

Manifold Alignment Aware Ants: a
Markovian process for manifold extraction

Abstract

The presence of manifolds is a common assumption in many applications including as-
tronomy and computer vision. For instance, in astronomy low-dimensional stellar struc-
tures, such as streams, shells and globular clusters, can be found in the neighborhood of
big galaxies such as the Milky Way. Since these structures are often buried in very large
data sets, an algorithm which can not only recover the manifold, but also remove the
background noise (or outliers) is highly desirable. While other works try to recover man-
ifolds either by pushing all points towards manifolds or by down-sampling from dense
regions, aiming to solve one of the problems, they generally fail to suppress the noise
on manifolds and remove background noise simultaneously. Inspired by the collective
behavior of biological ants in food-seeking process, we propose a new algorithm which
employs several random walkers who are equipped with a local alignment measure to de-
tect and denoise manifolds. During the walking process the agents release pheromone on
data points which reinforces future movements. Over time the pheromone concentrates
on the manifolds, while it fades in the background noise due to an evaporation procedure.
We use the Markov Chain (MC) framework to provide a theoretical analysis of the con-
vergence of the algorithm and its performance. Moreover, an empirical analysis, based
on synthetic and real world data sets, is provided to demonstrate its applicability in dif-
ferent areas, such as: a) improving the performance of t-distributed stochastic neighbor
embedding (t-SNE) and spectral clustering using the underlying MC formulas, b) re-
covering astronomical low-dimensional structures and c) improving the performance of
the Fast Parzen Window density estimator.

2.1 Introduction

New technological developments facilitate the collection of large amounts of high-
dimensional data in different fields, such as astronomy, sensor networks, medical
science, and computer vision. A typical challenge in dealing with high-dimensional



8 2. Manifold Alignment Aware Ants: a Markovian process for manifold extraction

data is the Curse of Dimensionality, where the data space is sparse, such that data
points are far from their neighbors. However, in practice, the high dimensional data
is often generated by a system governed by a small number of underlying com-
ponents (Dixit 2019). In other words, the high-dimensional data lies on a lower-
dimensional topological structure called a manifold. Therefore, many dimension-
ality reduction methods, such as (Roweis and Saul 2000, Belkin and Niyogi 2003,
Donoho and Grimes 2003, Zhang and Zha 2003, Coifman and Lafon 2006), aim to
identify this underlying manifold from the data. However, such approaches might
be tremendously impeded in their performance because of the presence of noise
and outliers (Wang and Carreira-Perpinán 2010). This led to the development of
methods aiming to deal with noisy manifolds and/or outliers.

There are different strategies to decrease the impact of noise on manifold learn-
ing algorithms. The technique proposed in (Little et al. 2020) denoises data sets via
down-sampling and picking samples in high dense regions, whereas others sup-
press the noise level via pushing all instances towards region with higher density.
While the first category can deal with background noise (or outliers not belong-
ing to any manifold), the basic assumption in the second category is that the noisy
samples belong to a manifold, and their deviations from the manifold are caused
by measurement noise. An example technique is Manifold Denoising (MD) (Hein
and Maier 2006), where the denoising process is modeled as a diffusion process
on a neighborhood graph using the Laplacian to denoise the manifold. (Wang and
Carreira-Perpinán 2010) proposes Manifold Blurring Mean Shift (MBMS), where the
mean shift directions are only allowed to be parallel to manifold normals. Although
increasing the number of iterations in the above algorithms may cause a better re-
sult, they eventually partition the manifold into local clusters. To overcome this
problem, Locally Linear Denoising (LLD) (Gong et al. 2010) proposes a non-iterative
method, assuming that a manifold can be explained as a set of overlapping linear
patches. While it denoises each patch separately, it simultaneously uses the graph
Laplacian to achieve a smooth manifold. However, such denoising methods may
fail in applications, such as astronomy, where noisy manifolds are buried inside
point clouds. Thus, a method capable of handling both types of noise, along with a
manifold and background, is highly desirable.

Natural systems, such as ant colonies, have motivated many swarm algorithms
in computer science. For instance, the cooperation among ants in the food-seeking
process has inspired many solutions for optimization problems (Dorigo et al. 1991,
Dorigo 1992, Dorigo et al. 1996, Stützle and Hoos 2000, Maniezzo 1999, Blum et al.
2001) and clustering (Tsai et al. 2004, Runkler 2005). In nature, when an ant leaves
its nest to find food it deposits a chemical substance called pheromone on its path,
which serves as information for other ants which are attracted to it. Each ants’ deci-
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sion is influenced by the pheromone: the higher the concentration is on a particular
route, the more likely it is chosen as a path to follow. This seemingly uncoordi-
nated local behavior in collection assists the hive to find the shortest path to the
food source. Following this strategy, several algorithms were proposed and applied
to optimization problems. Their simplicity and flexibility make these methods de-
sirable for many optimization tasks that include graphs, such as vehicle/internet
routing (Rizzoli et al. 2004) and water distribution systems (Gil et al. 2011).

Unfortunately, strategies explained above fail to denoise data comprising of noisy
manifolds contained in point clouds, which are often faced in application domains
involving particle simulations, such as astronomy. In this chapter, we propose a
new algorithm to uncover noisy manifolds buried in high-dimensional background
noise. Motivated by ant colony optimization strategies, our method employs mul-
tiple artificial ants who jump from point to point based on defined preferences and
release pheromone. The pheromone serves as positive feedback that accumulates
and concentrates on the manifolds, leaving the noisy points with relatively less
pheromone and hence highlighting the structures.

With empirical experiments we demonstrate the capability of our algorithm to
highlight manifolds in synthetic and real-world applications. Moreover, we show
that the pheromone distribution can be used to improve the performance of the Fast
Parzen Window density estimator. In addition to an empirical analysis we provide
a thorough theoretical analysis to verify the ability of pheromone to encode infor-
mation about distances of data points to the underlying manifold. First we only
focus on a linear manifold and use the Markov Chain framework to study the be-
havior of the algorithm. In order to extend our analysis to non-linear manifolds we
assume that a manifold can be approximated by locally linear patches, and we ana-
lyze how the pheromone distribution asymptotically behaves. Our analysis shows
that the pheromone sorts data points according to their distances to the linear patch,
i.e. the closer a data point is to the linear patch, the higher pheromone level it has.
In summary, we propose an algorithm that provides valuable information, called
pheromone, about how far points are from the underlying manifolds. This informa-
tion is beneficial not only to extract noisy manifolds buried in point clouds, but also
to build more effective density estimators.

The organization of this chapter is as follows. In section 2.2, we provide back-
ground information to study random walks in general. Section 2.3 contains three
alternative transition probabilities for random walks and our proposed method to
extract manifolds from a point cloud is exhibited in section 2.4. A theoretical anal-
ysis of the role of the pheromone and its convergence is presented in section 2.5.
Section 2.6 contains an empirical analysis on synthetic data sets and real-world ap-
plication examples, demonstrating the performance in recovering manifolds and
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improving visualization and density estimation techniques. Finally, we conclude
this chapter by summerizing the results 2.7,

2.2 Background and notation

Let X “ rx1 x2 ¨ ¨ ¨ xN s P RDˆN be the data matrix storing N D-dimensional
data points in its columns. Given a number r ą 0, we define the neighborhood of
any point xi as follows:

Brpxiq “ txj | ‖xi ´ xj‖2 ă r, 1 ď j ď Nu , (2.1)

where ‖.‖ denotes the Euclidean norm. This definition of neighborhood has an ad-
vantage of being geometrically motivated (Belkin and Niyogi 2003), which also in-
spires our theoretical analysis. Alternatives are methods such as k-nearest neighbor
and mutual k-nearest neighbor (Von Luxburg 2007). In the neighborhood graph
nodes correspond to the data points from X and pxi,xkq represents the directed
edge connecting xi to xk, with the associated weight wpxi,xkq ě 0. The usual way
to describe a Markov Chain (MC) is to use a weighted graph where the nodes de-
note the states of the MC, and its weights represent the probability of transitions
between the states. Thus, from the above neighborhood graph one can construct an
MC by row-normalization, i.e.:

pij “
wpxi,xjq

ř

kPBrpxiq
wpxi,xkq

(2.2)

where pij is the transition probability of jumping from xi to xj . A popular MC
process is the random walk where a walker follows the transition probabilities to
move on the graph. We will now review some of the key results and notions from
the MC theory that will be needed in our study.

Assume S “ t1, 2, ..., Nu represents the state space of a system. Let Xn denote
the random variable of the state of the system in the n-th time step. In an MC, we
assume that the next state of the system only depends on the current state, and the
system’s behavior is described through transition probabilities:

pij “ P pX1 “ j|X0 “ iq, @i, j P S (2.3)

with X0 being the initial state of the system. In this section, we only consider ho-
mogeneous MCs, where the transition probabilities are independent of the time n
1. Now, let P “ rpijs be a matrix containing the transition probabilities. While P

1While the proposed MC in this chapter is non-homogeneous (because of changes in pheromone vec-
tor), the MC can still be consider homogeneous between two updates of the pheromone.
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includes the transition probabilities for one time step, it can be extended to arbitrary
number of steps:

Theorem 1. For a MC with the transition probability matrix P , we have

P pXn “ j|X0 “ iq “ p
pnq
ij

where ppnqij is pi, jq-th element of the n-th power of the matrix P , i.e. Pn “ P ˆ ¨ ¨ ¨ ˆ P
loooooomoooooon

n times

(Kulkarni 1999).

This distribution is used to study an MC in a limited time interval. LetNjpnq denote
the number of visits state j accumulates over pn`1q steps including the initial state.
To study the behavior of a chain in this interval the occupancy time is defined as
follows:

Definition 2.2.1. For any state j and initial state i, the occupancy time of state j up
to n is the expected number of times the system spends in state j in a random walk
of n` 1 steps starting in i, i.e.:

mijpnq “ ErNjpnq|X0 “ is ,

where Er¨s denotes the expectation operator.

Let Mpnq “ rmijpnqs denote the occupancy time matrix. The following theorem
connects the occupancy time to the power of transition matrix (Kulkarni 1999):

Theorem 2. Given an MC, its occupancy time matrix is

Mpnq “
n
ÿ

q“0

P q . (2.4)

Proof. Let fix i and j and define the following random variable:

Zn “

#

1 Xn ‰ j

0 otherwise

Then, we have

Njpnq “ Z0 ` Z1 ` ¨ ¨ ¨ ` Zn
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From the definition of mijpnq, it can be written:

mijpnq “ EpZ0 ` Z1 ` ¨ ¨ ¨ ` Zn|X0 “ Iq “
n
ÿ

q“0

EpZk|X0 “ iq

“

n
ÿ

q“0

EpZk “ 1|X0 “ iq “
n
ÿ

q“0

EpXk “ j|X0 “ iq

“

n
ÿ

q“0

p
pqq
ij

The matrix form of the latter equality is Eq. 2.4.

While the above theorem helps to study an MC in a finite number of time steps, we
would like to investigate the long-term behavior of the chain, which is encoded in
the stationary distribution:

Definition 2.2.2. For an MC with the transition probability matrix P the distribution
π “ rπ1, ..., πN s is called its stationary distribution if the following balance equation
holds:

πP “ π . (2.5)

Here, we only focus on a specific class of Markov Chains called ergodic chains 2.

Definition 2.2.3. An MC is called ergodic if the following condition holds:

DT P N : @n ą T,@i, j P S P pXn “ j|X0 “ iq ą 0 .

In other words, for sufficiently large number of time steps n the system can be found
in any state. Following theorem shows that the stationary distribution captures all
information about the long-term behavior of an ergodic MC.

Theorem 3. For an ergodic MC its stationary distribution π is unique with:

@i P S; lim
nÑ8

P pXn “ j|X0 “ iq “ πj , (2.6)

lim
nÑ8

P pXn “ jq “ πj , (2.7)

and the expected return time to state j is µj “
1

πj
. (2.8)

Due to the lengthy proof, we refer the interested reader to (Cinlar 2013, Kulkarni
1999).

2Note that the way the neighborhood is defined in (2.1), the ergodicity condition is equivalent to
having a connected neighborhood graph, which is a mild condition.
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2.3 Homogeneous Markov Chain

An important class of manifold learning techniques relies on weighted graph rep-
resentations of data. Markov Chains constructed on graphs offer a powerful tool
to represent non-linear manifolds and are used in several dimensionality reduction
techniques. This is exemplified by a well-known family of dimensionality reduction
techniques called ”kernel eigenmap methods”, which includes local linear embedd-
ing (Roweis and Saul 2000); Laplacian Eigenmaps (Belkin and Niyogi 2003); Hessian
Eigenmaps (Donoho and Grimes 2003); local tangent space alignment (Zhang and
Zha 2003) and diffusion map (Coifman and Lafon 2006). The general idea is that
the eigenvectors of Markov transition matrices are used to project high-dimensional
data to a lower dimensional Euclidean space preserving the main structures of the
data (Coifman and Lafon 2006). Therefore, applying MCs in the context of manifold
learning has been employed in several techniques.

Although manifold learning techniques assume that the data lies on a lower-di-
mensional topological structure, in practice, it is rarely the case due to the presence
of noise. One way to improve their performance is to use ”less noisy data” closely
aligned with the underlying manifold. In this chapter, the goal is to perform a ran-
dom walk that places emphasis on such manifold aligned sub-samples. In the fol-
lowing, we introduce three MCs that can recover a manifold by highlighting sample
points closer to it.

2.3.1 Weights Based on Kernels

A common way to construct an MC on a data set is to use kernel functions (Berry
and Sauer 2016), i.e. a map K : RD ˆ RD Ñ R that fulfills:

• @x,y P RD Kpx,yq “ Kpy,xq

• @x,y P RD Kpx,yq ě 0 ,

and quantifies a “similarity” between pairs of data points. The most popular kernel
function is the Gaussian, which for two points xi and xj is defined as:

Kσpxi,xjq “ exp

ˆ

´
‖xi ´ xj‖2

2σ2

˙

, (2.9)

with the Euclidean distance ‖.‖ and scale parameter σ ą 0. Based on the Gaussian
kernel the transition probability reads:

pij “
Kσpxi,xjq

ř

kPNi Kσpxi,xkq
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Figure 2.1: An illustration of a curved manifold. In contrast to x2 the points x and
x1 lie on the curved manifold. The Euclidean distance (dashed) to both x1 and x2 is
equal (see panel a). As shown in panel b the distance to the tangent (dashed) reflects
the closeness to the manifold much better.

withNi being the set of point xi’s neighbors. This definition of transition probabili-
ties reinforces random walkers to spend more time in denser regions.

2.3.2 Weights Based on Tangent Spaces

Assuming the presence of a manifold the noise level of a data point can be related to
its distance from the manifold. Thus, to form a MC that encourages random walkers
to spend more time on the manifold the walkers need to know how far data points
are from the manifold. As depicted in Fig. 2.1 a) the Euclidean distance fails to reveal
this information. There, if a random walker resides on point x the Gaussian kernel
gives the walker the same chance to stay on the manifold (point x1) or to leave it
(jumping to point x2). In order to overcome this drawback, we need to define a
favorable measure that improves the approximate distances to the manifold.

A manifold can be approximated locally at a point x by its tangent space (Tu
2011). Hence, we propose to use the tangent space to estimate the distance of x’s
neighbors to the manifold (see Figure 2.1b). LetN represent the set of x’s neighbors,
for example enclosed in Brpxq. The tangent space at x is typically approximated by
Principal Component Analysis (PCA) onN 3, yielding a set of eigenvalues and unit
orthogonal eigenvectors of the local co-variance matrix, tpλk, ukquDk“1. Without loss
of generality, we assume that the eigenvalues are in descending order with λ1 ě

3Note that methods, such as (Lerman et al. 2015), provide better estimation for the tangent spaces.
However, since in this chapter we consider big data sets we use the less costly PCA.
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λ2 ě ¨ ¨ ¨ ě λD ě 0 4 and normalized to
ř

k λk “ 1. Then for a d-dimensional
manifold the subspace spanned by the columns of U1 “

“

u1, u2, ¨ ¨ ¨ , ud
‰

provides
an estimation for the tangent space and locally for the manifold.

Since we consider noisy data sets, we only have access to a noisy version of the
tangent space Û1. Hence, depending on the noise level the difference between U1

and Û1 may be small or high. For more details, we refer the reader to (Kaslovsky
and Meyer 2014) and (Little et al. 2017). In the following we introduce two ways to
define MCs highlighting samples close to manifold structures.

A manifold with known intrinsic dimensionality: Consider a d-dimensional man-
ifold in x’s neighborhood. For any xi P N one can estimate its distance to the tan-
gent space by:

δMi “ ‖
`

I ´ Û1Û
T
1

˘

pxi ´ x
1q‖ , (2.10)

where x1 determines the place where the tangent space touches the manifold in the
neighborhood. Based on these quantities, we define the weight values to be used in
the calculation of transition probabilities Eq. (2.2) as follows:

wdpx,xiq “

#

1´
δMi
α if α ě ∆i

0 if α ă ∆i .
(2.11)

where α is a factor to ensure the weight values are positive. Here, we determine α
such that only p percent of neighbors have non-zero weights. This definition con-
structs a random walk favoring jumps closer to the manifold. In other words, the
random walker observes a flat region and it is more likely to move to a point close
to it.

A manifold with unknown intrinsic dimensionality In most applications the di-
mensionality of a manifold d is unknown and eigenvalues are typically used to es-
timate it. As suggested in (Wang et al. 2008) the intrinsic dimensionality may be
estimated by:

d̂ “ arg max
d

Sd ,

where Sd “ d ¨ pλd ´ λd`1q, d P t1, ¨ ¨ ¨ , D ´ 1u and SD “ D ¨ λD. However, the per-
formance of these types of criteria highly depend on the neighborhood size which
is related to the noise level and the manifold curvature. In order to tackle this prob-
lem, we consider all possible values of d instead of picking a specific value. The

4In order to simplify the explanation, we make this assumption, and it is not needed in practice.



16 2. Manifold Alignment Aware Ants: a Markovian process for manifold extraction

basic idea is to compute the weight values for any d P t1, ¨ ¨ ¨ , Du, according to Eq.
(2.11), followed by the calculation of their mean:

wpx,xiq “
D
ÿ

d“1

Sd ¨ wdpx,xiq , (2.12)

where the eigengap Sd indicates the importance of each intrinsic dimensionality.
Since Sd ě 0 and

řD
d“1 Sd “ 1,we may interpret Sd as the “probability” of the

manifold being d-dimensional and the weight value w as the expected weight with
respect to this distribution over manifold dimensionalities.

2.4 Ant Colony: Non-Homogeneous Markov Chain

The group behavior of decentralized natural systems, such as ant colonies and bird
flocking, has inspired many methods in computer science and is often summarized
under the keyword Swarm Intelligence (SI). For instance, the biological behavior of
ants in the food-seeking process has motivated several methods in combinatorial
optimization and clustering. In the process two mechanisms, one behavioral and
one environmental, help to find the shortest path to a food source:

• Deposition: when a bio-ant walks to (and from) a food source it releases a
substance called pheromone on the ground. Ants are attracted by it when
they choose a path to follow. The more ants use a route the more pheromone
accumulates increasing the chance for the path to be selected by subsequent
ants as well.

• Evaporation: the pheromone evaporates over time and hence less attractive
trails with less pheromone eventually decay.

Thus, although there is no central authority to control the ants’ behavior, their indi-
rect form of local interactions, via pheromone, helps them to find the shortest path
to the food.

In this chapter, we propose a new algorithm that aims to recover manifolds from
noisy samples. The basic idea is that a set of ant-like agents are released in the data
space to search for manifolds based on the following elements:

O1: an MC that highlights underlying manifolds in the data set, and

O2: deposition and evaporation mechanisms to update the amount pheromone on
data points.
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The aim is that ants are more likely to visit points close to manifolds and deposit
pheromone. Higher pheromone levels function as a positive feedback mechanism
reinforcing further visitations. Eventually, by extracting points with more pheromone
potential manifolds can be uncovered. In the following we formally define and il-
lustrate the two elements outlined above.

2.4.1 Manifold Alignment Aware Ants (M3A)

Inspired by swarm intelligence, M3A uses several ants who walk in the data space
and search for manifolds. During the search process, the ants interact with one
another through pheromone and with the environment. In section 2.3, we have
already proposed possible formulations of transition probabilities for the random
walk. However, they consider only the distribution of data points in the environ-
ment and do not provide any form of communication among ants. Thus, we modify
the transition probabilities by adding a pheromone factor f . Given any data point
xi, let fi denote the amount of pheromone on it and Ni represents the set of its
neighbors. The new transition probability is defined as:

pij “
pwijq

1´γ
´

f̂j

¯γ

ř

xkPNi pwikq
1´γ

´

f̂k

¯γ , (2.13)

where wij “ wpxi,xjq. To ensure that the weights w and the pheromone f are in
the same scale, i.e. r0, 1s, the pheromone is normalized within the neighborhood
by f̂j “

fj
ř

xkPNi
fk

. The γ P r0, 1s effectively controls how much ants are attracted

to points already visited or are able to explore the data space for new regions. For
instance, if we set γ to zero, then there would be no interaction among ants and,
as a result, every ant could independently explore the data space. Hence, the new
transition probability takes into account both types of interactions O1 and O2.

Pheromone is an indirect form of communication among artificial ants who re-
lease it on the visited points. Therefore, the amount of pheromone on data points
vary and it should be updated over time. In order to make the algorithm suitable for
parallelization the pheromone values are updated when the ants finish their walks
of a predefined number of steps n, called one round5. Thus, the transition probability

5In one round, we can distribute the agents among several processors and update the pheromone
after n steps. Otherwise, there should be communications between processors to synchronize pheromone
values in every step, which causes unnecessary overhead.
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for the pt` 1q-th round can be re-written as:

p
pt`1q
ij “

pwijq
1´γ

´

f̂
ptq
j

¯γ

ř

kPNi pwikq
1´γ

´

f̂
ptq
k

¯γ , (2.14)

where f ptqj denotes the amount of pheromone on xj after t rounds. Since the amount
of pheromone on a data point depends on the number of visits and the extent of
evaporation, the updating rule consists of two parts:

• deposition, based on the number of times a point has been visited, and

• evaporation, controlled by the hyper-parameter ρ, represent how much ants
are allowed to explore new points.

Therefore, the pheromone level on any sample xi can be updated as follows:

f
pt`1q
i “

c

M

M
ÿ

a“1

Na
i pnq

n` 1
` p1´ ρq ¨ f

ptq
i , (2.15)

where M is the number of ants and Na
i pnq is the number of times the a-th ant vis-

its xi over n ` 1 steps (including initial state) in the pt ` 1q-th round. Note that
the deposition term is divided by Mpn ` 1q to prevent unlimited increase of the
pheromone level (especially for bigM or n). The constant c ą 0 specifies the amount
of pheromone a single ant deposits on a point in a single visit. The pseudo code
of the M3A is provided in Algorithm 2.2 and the implementation is provided at
https://github.com/mohammadimathstar/M3A.git.

In summary, we can highlight the following points:

• The proposed ant algorithm uses transition probabilities (Eq. 2.14) based on
local tangent alignment and pheromone to highlight manifold structures, with
the latter also reinforcing the agents to stay close.

• In contrast to previous works with the ant colony, the pheromone is deposited
on the nodes, instead of edges. This vastly reduces the number of pheromone
values that need to be stored 6. Moreover, the associated pheromone to each
data point can be used to extract points close to manifolds.

• The amount of pheromone is updated after a pre-defined number of steps n.
In practice, this allows to distribute the computations among several proces-
sors and parallelize the random walks. Then, at the end of each iteration, the
master branch can receive the visitation profiles and update the pheromone
vector.

6Since a graph is expected to have lower number of nodes, in comparison to the number of edges.

https://github.com/mohammadimathstar/M3A.git
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Algorithm 2.1 OneAnt
Input: data set X , pheromone vector f, radius r, number of steps n
Output: number of visits Nv

function ONEANT(f, X, r, n)
Nv “ r0, 0, ..., 0s

Randomly select a node as the initial position (say xi)
Nvris “ Nvris ` 1

for sÐ 1, n do
randomly select its next destination based on weights and pheromone val-

ues, following Eq. (2.14) (say xj)
Nvrjs “ Nvrjs ` 1

end for
end function

Algorithm 2.2 Manifold Alignment Aware Ants (M3A)
Input: data set X , radius r, number of steps n, number of ants M and number of
iterations Niter

Output: The pheromone vector f “ rf1, f2, ..., fN s

function M3A(X, r, n,M,Niter)
Initialize the pheromone vector f “ rf p0q1 , f

p0q
2 , ..., f

p0q
N s

for tÐ 1, Niter do
Nv “ r0, 0, ..., 0s

for aÐ 1,M do
Na
v = OneAnt(f, X, r, n)

end for
Nv “

řM
a“1 Na

v

Update pheromone by Eq. (2.15)
end for

end function

2.4.2 Complexity analysis

As a preprocessing step for the M3A algorithm, we implement two operations on
each data point: a) finding its neighbors and b) performing PCA on its neighbor-
hood. To perform the neighbor search we need to calculate the distances of all pairs
of N samples, which leads to the complexity of OpN2q. However, there are approx-
imate nearest neighbor search strategies to reduce the complexity. For instance, the
k-d tree algorithm (Bentley 1975) with the complexity OpN logNq can significantly
decrease the computational costs. Besides the neighbor search we perform local
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PCA using Singular Value Decomposition. In the worst case, its implementation
for any point x scales cubic with the dimensionality of the data and quadratic with
the size of its neighborhood |Nx|. Nonetheless, approximate strategies decrease the
computational complexity (Golub and Van Loan 2012).

In addition to speeding up the preprocessing step via approximate strategies,
the execution of the M3A can be accelerated by parallelization. In order to do that,
we can distribute ants (OneAnt function in algorithm 2.2) among several processors
with access to shared memory. Let assume there are one master and several worker
branches, and the workers have access to the weight values coming from the prepro-
cessing step. At the beginning of each round, the master branch sends the current
pheromone vector to all workers, and then workers start doing the random walk.
After finishing the walks, they send back their visitation profiles (i.e. Nv). In the
end, the master branch, after receiving all messages, updates the pheromone vector
and sends the updated version of the pheromone vector to all workers for the next
round. This process repeats for any given number of times.

2.5 Theoretical Analysis

Many metaheuristic methods suffer from the lack of theoretical analysis. Therefore,
their behavior and the effects of parameters on them are typically investigated only
empirically. In this section, we provide an analysis of the convergence and the im-
pact of hyper-parameters of the proposed algorithm in exemplary situations. More
precisely, we consider a data set containing a noisy d-dimensional manifold and we
use Eq. (2.11) to compute the weight values with α determined such that p “ 100%

of neighbors having non-zero weight values. First, we study the effect of noise on
the performance of PCA and, as a result, on the M3A algorithm. Then, we exam-
ine the pheromone distribution and demonstrate its convergence to the stationary
distribution and its capability in recovering a linear manifold. Finally, we study the
performance of the algorithm on non-linear manifolds under the assumption that
they can be approximated by local linear patches. We concentrate our analysis on
a single patch and consider the other patches as conceptually grouped in a single
state representing “the outside”.

2.5.1 Spectral Analysis

An important subject in perturbation theory is to study the effect of noise on the
eigenvalues and eigenvectors of matrices (Kaslovsky and Meyer 2014). Since we
use principal directions of co-variance matrices to define the MCs, it is important to



2.5. Theoretical Analysis 21

know the effect of noise on the eigenvectors of co-variance matrices. LetM be a d-
dimensional vector subspace embedded in a higher dimensional space7. In the case
of noise-free samples it can be exactly recovered via PCA. However, in the presence
of noise the recovered subspace M̂ is perturbed. Here, the goal is to see the impact
of noise on M̂.

Without loss of generality, let us consider the first d coordinates span the sub-
space M. We assume the set tliuNi“1 contains N realizations of M, such that their
first d coordinates plp1qi , ..., l

pdq
i q are uniformly distributed within Brp0q. Thus, ev-

ery point li on the subspaceM has the form pl
p1q
i , . . . , l

pdq
i , 0, . . . , 0q. Now, suppose

these realizations are disrupted via Gaussian noise with mean zero and standard
deviation σID. If xi denotes a noisy observation, then we have:

xi “ li ` ei ,

where ei is the noise vector. In this setting, the design matrix X can be described as:

X “ L` E , (2.16)

where the columns of L and E keep the noise-free realizations and noise vectors,
respectively. Let us denote the centered version of a matrix H “ rh1,h2, ¨ ¨ ¨ ,hN s

as:

H̃ “ H ´ µh1N ,

where µh “
1
N

ř

i hi and 1N “
“

1, 1, ¨ ¨ ¨ , 1
‰

with N entries. Then the data co-
variance matrix can be written as

1

N
X̃X̃T “

1

N
L̃L̃T `∆

with the matrix ∆ representing the perturbation caused by the noise:

∆ “
1

N
pL̃ẼT ` ẼL̃T ` ẼẼT q .

From Eigen-decomposition, we obtain:

1

N
L̃L̃T “ UΛUT “

“

U1 U2

‰

„

Λ1 0

0 0



“

U1 U2

‰T
,

7The assumptions are made since we only focus on linear manifolds in the next subsection. For a
more general case, i.e. non-linear manifold, we refer to (Kaslovsky and Meyer 2014) where the effect of
curvature on the covariance matrices is studied.
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where Λ1 is a dˆ d diagonal matrix containing non-zero eigenvalues in descending
order, and U1 includes their corresponding eigenvectors. Note that U2 can be any
orthogonal basis for the last D ´ d coordinates. Similarly, we can write:

1

N
X̃X̃T “ ÛΛÛT “

”

Û1 Û2

ı

«

Λ̂1 0

0 Λ̂2

ff

”

Û1 Û2

ıT

.

The subspaceM is spanned by U1 and the recovered subspace M̂ is spanned by Û1.
The orthogonal projectors ontoM and M̂ are derived as follow:

Q “ U1U
T
1 Q̂ “ Û1Û

T
1 .

Here, the Frobenius distance ‖Q´ Q̂‖F is used to compare two subspaces because it
corresponds to the sum of the squared sines of the principal angles betweenM and
M̂ (Kaslovsky and Meyer 2014). If the number of samples N and the probability
constants ε and ελ satisfy the following inequalities:

N ą 4
´

maxp
?
d,
?
D ´ dq ` ε

¯

, ε ă 0.7
a

dpD ´ dq, ελ ă
3

?
d` 2

?
N (2.17)

then the following theorem offers a bound on the angle betweenM and M̂.

Theorem 4. (Kaslovsky and Meyer 2014) Let

δ “
r2

d` 2

ˆ

1´
1
?
N
ζ1pελq

˙

´ σ
1
?
N
ζ2pελq ´ σ

2

ˆ

?
d`

?
D ´ d`

1
?
N
ζ3pεq

˙

and

β “
1
?
N

„

σ
a

dpD ´ dqηpε, ελq `
1
?
N
ζnumerpεq



.

Additionally, if the following conditions hold:

• (Condition 1) δ ą 0,

• (Condition 2) β ă 1
2δ

then

‖Q´ Q̂‖ ď 2
?

2β

δ
(2.18)

with probability greater than

1´ 2de´ε
2
λ ´ 9e´ε

2

(2.19)



2.5. Theoretical Analysis 23

over the joint random selection of the sample points and random realization of the noise,
where the following definitions have been made to ease the presentation:

ζ1pελq “
2
?
N
´

1

N
3
2

` p1´
1

N
qελ

a

8pd` 2q ,

ζ2pε, ελq “
2rd

?
d` 2

ˆ

1` ελ
5
?
d` 2
?
N

˙ˆ

1`
6ε

5d

˙

,

ζ3pεq “
5

2

´?
d` ε

?
2
¯

`
?
D ´ d` ε

?
2q ,

ηpε, ελq “

˜

1`
6

5

ε
a

dpD ´ dq

¸

„

σ `
r

?
d` 2

ˆ

1` ελ
5
?
d` 2
?
N

˙

,

ζnumerpεq “ σ2
a

dpD ´ 2q

˜

1`
6

5

ε
a

dpD ´ dq

¸

´?
D ´ d` ε

?
2
¯

.

This theorem provides an upper bound for the difference between the true mani-
foldM and the recovered subspace M̂. Therefore, it is safe to say that the definition
of weights, in Eq. (2.11), is reasonable in keeping a random walker close to theM
(via encouraging to stay close to M̂). Moreover, the above theorem can help us
to explain the relation between the quality of the recovered subspace M̂ and the
hyper-parameters N , σ and r. An empirical example demonstrates the relationship
in practice. We generate samples from a noisy one-dimensional linear manifold
embedded in R10 for various (hyper-) parameter settings. Their influence is demon-
strated in Figure 2.2. Panel (a) shows that the approximation performance increases
with a growing number of samples N . On the other hand, there is a direct connec-
tion between the noise level σ and the approximation error as shown in panel (b).
Moreover, Figure 2.2 (c) demonstrates that a bigger neighborhood radius r recov-
ers an increasingly accurate subspace. However, this is not the case for non-linear
manifolds where the curvature prevents using big radius (see 2.5 c) 8.

2.5.2 Pheromone distribution for a linear manifold

The proposed M3A algorithm associates a pheromone value with each sample. In
this section, we show that the pheromone values encode distances of the samples to
the reconstructed subspace M̂. Let the data set fulfill the conditions explained in the
previous subsection, i.e. the noisy data points are uniformly distributed along a lin-
ear manifold inside Brp0q. In order to simplify our analysis we make the following
assumptions in constructing the MC:

8In section 2.6.1, a method is proposed to pick the best radius value.
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Figure 2.2: The effect of (hyper-)parameters on the quality of the recovered sub-
spaces: a) the effect of the number of samples N within the neighborhood (σ “ 0.01,
r “ 1), b) the role of the noise level σ (N “ 1000, r “ 1), and c) the impact of
neighborhood radius r (N “ 1000, σ “ 0.01).

• The radius r is big enough such that all pairs of samples are neighbors and any
sample belongs to its neighborhood. Therefore, instead of using local PCA for
each point we apply PCA on the whole data set.

• In Eq. (2.10) we set x1 to the origin 0. Thus, for any point xi its distance to M̂
is:

δMi “ ‖
`

I ´ Û1Û
T
1

˘

xi‖ ,

and with Eq. (2.11) the weight values are computed as:

wki “ 1´
δMi
α
“ wi 1 ď k ď N . (2.20)

We define wi “ wki since wki does not depend on k.

• We remove γ from the transition probabilities resulting in:

p
pt`1q
ji “

wif
ptq
i

ř

k wkf
ptq
k

(2.21)

• The pheromone values are uniformly initialized by:

f
p0q
i “

1

N
@i . (2.22)

Note that since the pheromone values are multiplied by weight values (see Eq.
2.21), we do not initialize them with zero.
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• In the updating rule of pheromone Eq. (2.15) we set the constant c to the evap-
oration rate ρ:

f
pt`1q
i “

ρ

M

M
ÿ

a“1

Na
i pnq

n` 1
` p1´ ρqf

ptq
i . (2.23)

Without loss of generality we re-label the data points by t1, ..., Nu such that

w1 ě w2 ě ... ě wN . (2.24)

Thus, the new labels sort samples according to their closeness to the subspace M̂.

Definition 2.5.1. The pheromone values across the samples form a probability dis-
tribution called pheromone distribution, denoted by fptq “

”

f
ptq
1 , f

ptq
2 , . . . , f

ptq
N

ı

.

In this setting we show that:

• the pheromone values on sample points are sorted by their distances to the
subspace M̂, and

• the pheromone distribution fptq converges as tÑ8.

Our analysis is based on the Markov Chain framework and we consider two cases.
First, we assume there is only one ant who walks for an unbounded number of steps
in every round (i.e. nÑ8). Second, we assume an unbounded number of ants (i.e.
M Ñ8) who walk for n steps each in every round. While the former gives enough
time to a single walker to explore the data set, the latter employs many agents to
search in the space in a limited time. In other words, we study the long-term and
the short-term behavior of random walks, respectively.

Single ant, unbounded path length

We assume a single ant (i.e. M “ 1) performing n Ñ 8 steps in each round. From
theorem 3, the long-term fraction of time spending in a point xi is equal to its sta-
tionary distribution value πi. Therefore, for any point xi, its pheromone value is
updated according to:

f
pt`1q
i “

ρ

M

M
ÿ

a“1

π
pt`1q
i ` p1´ ρqf

ptq
i

“ p1´ ρqf
ptq
i ` ρ ¨ π

pt`1q
i , (2.25)
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where πpt`1q is the stationary distribution associated to the transition probability
matrix in the (t ` 1)-th round. The stationary distribution can be computed via the
balance equation:

π
pt`1q
i “

ÿ

j

π
pt`1q
j p

pt`1q
ji

“
ÿ

j

π
pt`1q
j

wif
ptq
i

ř

k wkf
ptq
k

“
wif

ptq
i

ř

k wkf
ptq
k

“ p
pt`1q
ji @j . (2.26)

From (2.22) and (2.24), it can be shown (by induction) for any t ą 0:

π
ptq
1 ě π

ptq
2 ě ¨ ¨ ¨ ě π

ptq
N (2.27)

and by (2.25):

f
ptq
1 ě f

ptq
2 ě ¨ ¨ ¨ ě f

ptq
N . (2.28)

Since the weight values encode the distance of samples to the subspace M̂, see Eq.
(2.11), the following corollary holds.

Corollary 4.1. The pheromone values are sorted according to their closeness to the linear
manifold M̂.

In the next step, we would like to prove the convergence of the pheromone distri-
bution, but we need to first establish the following lemma:

Lemma 5. The sequence taptqu8t“0 with

aptq “
ÿ

k

wkf
ptq
k (2.29)

• is monotonically increasing (i.e. apt`1q ě aptq) and

• is convergent (i.e. aptq Ñ a for some a ě 0).

Proof. a) To demonstrate that the sequence taptqu8t“0 is monotonically increasing, we
need to show:

Iptq “ apt`1q ´ aptq “
ÿ

k

wk ¨∆
ptqfk ě 0 ,
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where ∆ptqfi “ f
pt`1q
i ´ f

ptq
i . We can write:

∆ptqfi
Eq.(2.25)
“ ρpπ

pt`1q
i ´ f

ptq
i q

Eq.(2.26)
“ ρ

˜

wi
ř

k wkf
ptq
k

´ 1

¸

f
ptq
i

“
ρ

aptq

´

wi ´ a
ptq
¯

f
ptq
i . (2.30)

For every fixed t we have: tf ptqi u
N
i“1 and twi ´ aptquNi“1

9 that are monotonically
decreasing sequences. Thus, the sequence t∆ptqfiuNi“1 will be decreasing as well.
Therefore, we have:

Iptq “
ÿ

kďk˚

wk ¨

ě0
hkkikkj

∆ptqfk `
ÿ

kąk˚

wk ¨

ă0
hkkikkj

∆ptqfk

where k˚ “ maxtk : ∆ptqfk ě 0u and we define the following values:

w “ min
kďk˚

wk , w1 “ max
kąk˚

wk .

Since twiuNi“1 is decreasing we have w ą w1:

Iptq ě w ¨
ÿ

kďk˚

ě0
hkkikkj

∆ptqfk `w
1 ¨

ÿ

kąk˚

ă0
hkkikkj

∆ptqfk

wąw1

ą w ¨
ÿ

kďk˚

∆ptqfk ` w ¨
ÿ

kąk˚

∆ptqfk

“ w ¨
ÿ

k

∆ptqfk “ w ¨
ÿ

k

pf
pt`1q
k ´ f

ptq
k q

“ w ¨

˜

ÿ

k

f
pt`1q
k ´

ÿ

k

f
ptq
k

¸

“ 0 .

b) We know that:

0 ď wi ď 1, 0 ď f
ptq
i ď 1

and therefore

0 ď aptq ď N .

Since aptq is an increasing and bounded sequence it is convergent.
9From inequlaity (2.24) we know that twiu

N
i“1 is a decreasing sequence. Therefore, the sequence

twi ´ a
ptquNi“1 is also decreasing, since aptq is a constant number for a fixed t.
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The following theorem states that the pheromone values are convergent over
time.

Theorem 6. For any point xi, its pheromone value f ptqi is convergent as tÑ8.

Proof. Since we know that the pheromone values f ptqi are bounded from below and
above for all t, it is enough to show that tf ptqi u

8
t“1 is a monotonic sequence. From

Eq. (2.30) we just need to show that wi´aptq becomes only positive or only negative
after some round T . Let us define the sequence tbptqu as bptq “ wi´a

ptq. From lemma
5 we know sequence aptq is increasing and aptq Ñ a (as t Ñ 8). Thus, bptq will be a
decreasing sequence and convergent to wi ´ a:

• If wi ě a, then bptq ě 0 for any t. Thus, from Eq. (2.30) we get ∆ptqfi ě 0 and
then f ptqi is a monotonically increasing sequence.

• If wi ă a then there exists T P N such that

@t ą T : aptq ą wi ùñ bptq ă 0 ,

so f ptqi is a decreasing sequence for t ą T .

Corollary 6.1. From the convergence of pheromone values and the updating rule in Eq.
(2.25) it is clear that πptqi is convergent (as tÑ8) for any i P t1, 2, . . . , Nu.

In addition to the convergence of stationary and pheromone distributions the
following theorem shows that the pheromone distribution converges to the station-
ary distribution of the MC.

Theorem 7. The pheromone distribution fptq converges to the stationary distribution πptq

as tÑ8, i.e. for any ε ą 0, there exists T P N such that

@i P t1, . . . , Nu, @t ą T Ñ |π
ptq
i ´ f

ptq
i | ă ε .

Proof. Theorem 6 states that the pheromone distribution converges (i.e. @i f ptqi Ñ fi
as tÑ8). Therefore, the update rule can be written as follows:

fi “ p1´ ρqfi ` ρ ¨ lim
tÑ8

π
ptq
i ùñ lim

tÑ8
π
ptq
i “ fi .

Thus, the pheromone and stationary distribution converge towards the same distri-
bution.
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Figure 2.3: 1D manifold consisting of 2000 data points disrupted by Gaussian noise
(Np0, 0.1q) depicted as gray points in panel a and b. The 120 points with highest
density (using a Gaussian kernel) and pheromone values (resulting from Eq. (2.20))
are highlighted in red in a) and b) respectively. The development of the pheromone
values over iterations t for points close to the manifold is steeply increasing (as
shown in panel c), while it is abruptly dropping to zero for points far away (see
panel d). Panel e ) shows the evolution of the mean value of weights aptq (see Eq.
2.29) and f ) the KL- divergence from the stationary to the pheromone distribution
over the iterations t.

In order to demonstrate the above results with an example we generate a 1D
manifold such that 2000 data points are uniformly distributed on a line and dis-
rupted by Gaussian noise Np0, 0.1q10 (gray points as shown in Figure 2.3a and b). In
panel (a) the Gaussian kernel with σ “ 1 and r “ 0.1 11 is used to detect 120 samples
with the highest density highlighted in red. Panel (b) shows the samples with the
highest pheromone values using the weights defined in Eq. (2.20). With the Gaus-

10Other noise models, such as uniform noise (“tubes” around the manifold) or the Laplace distribution
(strongly concentrating points along the manifold) can be alternative scenarios dependent on the process
with which the manifolds are sampled. However, here we concentrate on Gaussian noise that is suitable
for our applications to keep the paper more concise.

11Note that we select r such that the red points are more distributed along the manifold. For bigger
value for r, the red points are more concentrated around x “ 0 and fail to recover the 1D manifold.
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sian kernel failing we clearly see the superiority of the new algorithm in recovering
the linear manifold nearly perfectly, since it uses PCA in the creation of the MC.
Panels (c) and (d) depict the evolution of pheromone values of samples close to and
far from the underlying 1D manifold, respectively. Closer samples to the manifold
exhibiting lower noise levels receive more and more visits in smaller time intervals
(from theorem 3) and thus accumulate more and more pheromone over time. Panel
(e) displays that the mean of weight values aptq “

ř

k wkfk is monotonic increas-
ing and convergent, as explained in Lemma 5. Finally, panel (f) uses the Kullback
Leibler (KL) divergence to show that the pheromone distribution converges towards
the stationary distribution, confirming theorem 7.

Unbounded number of ants, fixed bounded path length

Since our algorithm allows employing multiple ants we study its performance in
the presence of a group of ants, which walk for a limited number of steps n in every
round. Let M denote the number of ants and Njpnq represents the number of times
a random walker visits point xj during n steps on (t ` 1)-th round. For a specific
case M “ 1 we have (according to Definition 2.2.1):

ErNjpnqs “ EP pX0“xiqrmijpnqs (2.31)

and assuming uniform distribution over the initial states (sample points),

ErNjpnqs “
1

N

N
ÿ

i“1

mijpnq . (2.32)

For M ą 1 we still have the above equality for each ant since pheromone values
are kept fixed over one round. Hence, in each round an ant walks independently
and others do not have any impact on it. Initializing each ant on one of the sample
points with probability P pX0 “ xiqwe obtain by the Law of Large Numbers:

řM
a“1N

a
j pnq

M
Ñ ErNjpnqs, as M Ñ8 . (2.33)

As the number of antsM goes to infinity and from Eq. (2.32) and (2.33) the updating
rule, in Eq. (2.23), can be re-written:

f
pt`1q
j “ p1´ ρqf

ptq
j `

ρ

N

N
ÿ

i“1

mijpnq

n` 1
. (2.34)

The following corollary says that, like the weight values, the pheromone values
form a decreasing sequence.
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Corollary 7.1. For each t the sequence of pheromone values tf ptqi u
N
i“1 is monotonically

decreasing.

Proof. We use induction on t to show that the following statement holds for any
arbitrary pair of points xi and xj with i ă j:

f
ptq
i ě f

ptq
j . (2.35)

For simplicity we drop the exponent t in the following computations. In the first
round t “ 1 we have:

f
p0q
i “ f

p0q
j “

1

N

wiěwj
ùñ pki ě pkj @k ,

and

p
p2q
ki “

ÿ

l

pklpli ě
ÿ

l

pklplj “ p
p2q
kj ,

where pp2qki is the pk, iq-the element of the second power of the transition matrix P .
Similarly, it can be generalized for any q:

p
pqq
ki ě p

pqq
kj @k .

As a result of theorem 2, we derive:

mkipnq ě mkjpnq @k .

Thus, the updating rule (see Eq. (2.34)) shows that the inequality (2.35) holds in the
first round. Now, let the statement hold up to t-th round (i.e. f ptqi ě f

ptq
j ). In the

pt` 1q-th round we have:

pki “
wifi

ř

wkfk

wiěwj
ě

wjfj
ř

wkfk
“ pkj .

Similar to the first round, we obtain for any q:

@k p
pqq
ki ě p

pqq
kj ùñ mkipnq ě mkjpnq ùñ f

pt`1q
i ě f

pt`1q
j

Therefore, the pheromone values, similar to weights, encode information about
how close the individual sample points are to the subspace M̂. Analogously to The-
orems 6 and 7 the following theorem guarantees the convergence of the pheromone
and the stationary distributions.
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Theorem 8. The following statements hold for the pheromone distribution:

(a) For any point xi its pheromone values f ptqi converge in t (i.e. f ptqi Ñ fi as tÑ8).

(b) The pheromone distribution fptq converges to the stationary distribution πptq as t Ñ
8, i.e. for any ε ą 0 there exists T P N such that:

@i P t1, . . . , Nu,@t ą T Ñ |π
ptq
i ´ f

ptq
i | ă ε .

Proof. The proof of (a) follows that of theorem 6.
b) From the convergence of pheromone values and the updating rule (2.34) we can
write:

fi “
1

Npn` 1q

N
ÿ

i“1

lim
tÑ8

m
ptq
ji pnq .

From (2.26) we know :

@i, j; p
ptq
ji “ π

ptq
i ùñ p

ptqpqq
ji “ π

ptq
i @q , (2.36)

where pptqpqqji is the pj, iq-th element of pP ptqqq in the t-th round. Therefore, we have

fi “ lim
tÑ8

˜

1

Npn` 1q

N
ÿ

i“1

m
ptq
ji pnq

¸

theo.p2q
“ lim

tÑ8

˜

1

Npn` 1q

N
ÿ

i“1

n
ÿ

q“0

p
ptqpqq
ji

¸

Eq.p2.36q
“ lim

tÑ8

1

Npn` 1q

N
ÿ

i“1

n
ÿ

q“0

π
ptq
i “ lim

tÑ8
π
ptq
i .

Hence, it can be said that both scenarios (n Ñ 8 or M Ñ 8) result in the same
pheromone structure and asymptotic:

• pheromone values are sorted according to their closeness to the recovered lin-
ear manifold, and finally

• they are convergent to the stationary distribution of the Markov Chain.

2.5.3 Pheromone distribution for a non-linear manifold

For non-linear manifolds we consider a simplified scenario for our analysis. Al-
though it is slightly different from the algorithm’s definition, we use it as an exam-
ple to explain the success of M3A in recovering non-linear manifolds. Motivated
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Figure 2.4: a) approximation of a piece of non-linear manifolds with a linear patch.
b) the linear patch with an external node (o), simulating points outside the neigh-
borhood.

by the assumption that a non-linear manifold can locally be approximated by linear
patches (see Fig. 2.4 a), we focus on a small part of the manifold (red circle), and we
model all points outside via a single state called o. Therefore, we assume that the
random walker can jump from any point inside the red circle to owith a probability
proportional to the fixed-number ν and vice versa with a probability proportional
to the fixed-number ω (see Fig. 2.4 b). Consequently, the transition probabilities are
defined as:

p
1pt`1q
oj “

#

ω
N if j ‰ o

1´ ω if j “ o
and p

1pt`1q
ip‰oqj “

$

’

&

’

%

ν
ř

k‰o wkf
ptq
k `ν

if j “ o

wjf
ptq
j

ř

k‰o wkf
ptq
k `ν

if j ‰ o
,

where N is the number of data points inside the red circle. Note that in order to dif-
ferentiate the transition probabilities and the stationary distribution in this section
from the previous one, we use the prime symbol (1).

From the balance equation we can compute the stationary distribution. Thus, for
any state j (‰ o) we have:
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π
1pt`1q
j “

ÿ

i‰o

π
1pt`1q
i p

1pt`1q
ij ` π1pt`1q

o p
1pt`1q
oj

“
ÿ

i‰o

π
1pt`1q
i

wjf
ptq
j

ř

k wkf
ptq
k ` ν

` π1pt`1q
o

ω

N

“
wjf

ptq
j

ř

k wkf
ptq
k ` ν

ÿ

i‰o

π
1pt`1q
i ` π1pt`1q

o

ω

N

“

˜

wjf
ptq
j

ř

k wkf
ptq
k

¸˜

ř

k wkf
ptq
k

ř

k wkf
ptq
k ` ν

¸

p1´ π1pt`1q
o q ` π1pt`1q

o

ω

N
, (2.37)

In the previous section we found p
pt`1q
ij “

wjf
ptq
j

ř

k wkf
ptq
k

and hence we can re-write the

terms above as follows:

π
1pt`1q
j “ p

pt`1q
ij

´

ř

k wkf
ptq
k

ř

k wkf
ptq
k ` ν

¯

p1´ π1pt`1q
o q ` π1pt`1q

o

ω

N

“ ap
pt`1q
ij ` b , (2.38)

where

a “
´

ř

k wkf
ptq
k

ř

k wkf
ptq
k ` ν

¯

p1´ π1pt`1q
o q ą 0

and

b “ π1pt`1q
o

ω

N
ą 0 .

From Eq. (2.26) we obtain:

π
1pt`1q
j “ aπ

pt`1q
j ` b , (2.39)

where πpt`1q
j denotes the stationary distribution of the random walk in the previous

section. Thus, this equation connects the stationary distributions of the new MC π1

to π in the previous section. In other words, the new distribution is monotonically
increasing with respect to the previous one.

The theorem 3 connects the long-term behavior of a random walk to its station-
ary distribution. From (2.27) and (2.39) we see that the stationary distribution (and
similarly the pheromone distribution) is sorted according to the distances of data
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points (inside the neighborhood) to the linear patch constructed by PCA. From the-
orem 2, we know that the occupancy time (i.e. the short-term behavior) is directly
connected to the transition probabilities of the MC. For any i and j (‰ o), we have:

p
1pt`1q
ij “

wjfj
ř

k wkfk ` ν
“

´ wjfj
ř

k wkfk

¯´

ř

k wkfk
ř

k wkfk ` ν

¯

“ ap
pt`1q
ij

Thus, the new transition probabilities are monotonic increasing function of the pre-
vious transition probabilities. Therefore, similar results as in section 2.5.2 hold.

By simplifying the scenario, in this section, we show that the algorithm sorts
data points according to their distances to the linear patches (as estimators for a
manifold). From (Little et al. 2017), we can conclude that the performance of the
new algorithm depends on several factors including selecting an appropriate neigh-
borhood size r. Note that r should be big enough to include a sufficient number of
samples for recovering tangent spaces, and small enough to prevent high-curvature.
Therefore, in the presence of an appropriate r value, our analysis shows that the
pheromone distribution contains valuable information in order to highlight mani-
folds.

2.6 Experiments

In this section we use synthetic and real data sets to investigate the performance
of M3A in different scenarios. At first we discuss the influence and specification
of its hyper-parameters. Furthermore, complementary to our analysis in section
2.5.1 we empirically examine the impact of the new MC formulations for denoising
and visualization of non-linear manifolds. Moreover, we show how the proposed
algorithm helps to discover manifolds and to build better probabilistic models in
the sense of sparseness, descriptiveness, and preservation of structural details.

2.6.1 Strategy for automatic hyper-parameter selection

Our analysis in section 2.5 shows that the neighborhood size r, the number of ants
M , and the number of steps n in one round play major roles for the performance of
M3A. Thus, an automatic strategy to find appropriate values for these quantities is
highly desirable. In the following we present such strategies for practical applica-
tion.

In subsection 2.5.1, we demonstrate that a proper value for r depends on the
noise level σ of the manifold. We observe that a bigger r helps to reduce the effect
of the noise and achieve a better approximation for the linear manifold. However,
as it is shown in (Kaslovsky and Meyer 2014) and (Little et al. 2017) for non-linear
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manifolds, the presence of curvature encourages to use a smaller radius r, such that
the manifold looks almost linear within the local neighborhood. Hence, the selection
of r is a trade-off between the noise level and curvature of the manifolds. Here, to
specify a suitable value for r we use a mixture of Gaussian models. First, we place
the centers of Gaussian distributions on points with higher pheromone values, and
then their co-variance matrices are computed based on the local neighbors. Finally,
we use the likelihood function to determine the best r (see Figure 2.5c).

In subsection 2.5.2 we investigate two strategies: a) using a few ants walking
many steps in every round, and b) using many ants walking a limited number of
steps. As a rule of thump to determine a suitable number of steps and ants (n and
M ) we assume they fulfill the following inequality:

n ¨M ě z ¨N (2.40)

for a constant (big) z. Thus, one may use a small number of workers M (or proces-
sors/cores) with a big number of steps n or use many workers with a small number
of steps in each round. In our experimentation, we set the number of steps and the
number of ants to n “ N and M “ z “ 50, respectively 12.

The pheromone determines how much the ants are reinforced to prefer points
frequently visited before. And the evaporation rate ρ and parameter γ control the
impact of the pheromone on the random walk process, and thus their determination
is connected to M and n. If M and n are both small, it means the algorithm has
neither enough ants nor enough time to highlight manifolds; thus, our analysis in
subsection 2.5.2 is not valid any more. In this case, we suggest using smaller ρ
and γ to prevent highlighting background noise. In this chapter, we set them to
ρ “ γ “ 0.1 for all the experiments.

Furthermore, the maximum amount of pheromone c added on a sample per
round is fixed to 2 13, and the factor α for the weight wd, in Eq. (2.11), is deter-
mined such that only p “ 50% of neighbors have non-zero values. Finally, for any
sample xi, we approximate the point x1 that touches the underlying manifold by
x1 “ 1

|Ni|
ř

xkPNi xk, (see Eq. (2.10)).

2.6.2 Homogeneous Markov Chain

In this section we extend our theoretical analysis with an empirical analysis on non-
linear manifolds. First, we demonstrate the denoising capability of the MCs defined

12Note that the selection of z, M and n depends on the amount of available computational resources.
For instance, if we do not have a restricted limitation on either time or number of processors, we can fix
z to a large number. Then, based on the number of processors and their available time, M and n are set
such that to fulfill Eq. (2.40).

13It is just saturated at 2 to prevent big changes on pheromone vector in one round.
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in Eq. (2.11) and (2.12) on highlighting the underlying manifold. Second, we inves-
tigate their impact on the performance of t-distributed stochastic neighbor embedd-
ing (t-SNE) (Van der Maaten and Hinton 2008), a widely used dimension reduction
and visualization technique.

Denoising the manifold: To check the success of the weighting methods (section
2.3) in keeping ants close to the manifold, we need to study the short and long-term
behavior of the random walk defined by Eq. (2.2). According to theorems 2 and 3
the short and long-term behaviors of MCs are directly connected to the power series
of the transition probability and to the stationary distribution, respectively. Here,
we use a synthetic data set to investigate the constructed MCs.

In Figure 2.5, panels (a,b) show 6000 samples generated from the s-curve mani-
fold disrupted by Gaussian noise Np0, 0.2q. In order to select r we follow the strat-
egy introduced before (in section 2.6.1). We apply M3A with different r using 20%

of the samples (1200 points) with the highest pheromone values as means for Gaus-
sian distributions and their neighbors to determine the co-variance matrices. The
quality of the models is computed by the average log-likelihood (ALL) function and
the results are shown in Figure 2.5c. Panels (d-l) show 1200 points with the highest
stationary distribution values for different MCs. As it can be seen the MC based
on the Gaussian kernel function fails to recover the manifold (see panels d and g).
However, the other methods are successful in keeping random walkers close to the
manifold (see panels e, f, h and l). Note that panels (e, f) also show that, since we
use our knowledge about the intrinsic dimensionality of the manifold in Eq. (2.11),
it gives a slightly better result than the MC defined by Eq. (2.12). A similar result
is achieved for the short-term behavior of the MCs where the two formulation of
Eq. (2.11) and (2.12) outperforms the Gaussian kernel function.

Manifold aligned similarities in t-SNE: A specific case of dimensionality reduc-
tion is visualization where high dimensional data are embedded to a two or three
dimensions. A well-known non-linear tool to visualize high-dimensional data is
t-distributed stochastic neighbor embedding (t-SNE) (Van der Maaten and Hinton
2008). It transforms pairwise similarities of data points to probability distributions
of the high-dimensional data as well as the low-dimensional embedding and then
minimizes the Kullback-Leibler divergence between them. While the original t-SNE
is based on a Gaussian kernel function Eq. (2.9) we replace it with the tangent space
dissimilarity measure defined in Eq. (2.11) and (2.12). Since high dimensional data
spaces are typically sparse we use a k- nearest neighbours, instead of radius neigh-
borhood, and we set p “ 100% (i.e. we normalize the distances in Eq. (2.11) by
dividing them to their maximum values). Furthermore, we compare the results
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Figure 2.5: 2 views of the noisy s-curve data set (a,b), radius selection via average log
likelihood for different r (c), and 1200 points with highest stationary distributions
values for the MCs defined by Eq. (2.11) (e,h) and Eq. (2.12) (f,l), using r “ 0.6.

to the original t-SNE, using the Euclidean distance to compute the neighbourhood
probabilities, and a t-SNE version using Mahalanobis distance instead. The latter is
based on the covariance of the data and can therefore align with global directions of
major variance. Therefore the locally aligned formulation, as proposed in M3A, is
compared to “no alignment” and “global alignment”. We demonstrate the strategy
using two real non-linear dimensionality reduction benchmark datasets: 1) COIL20:
consists of images (with 32 ˆ 32 “ 1024 pixels) of 20 objects rotated 72 times (5 de-
grees per image) and 2) USPS: contains 9298 grey-scale images (with 16ˆ 16 pixels)
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of handwritten digits. As a preprocessing step we apply PCA to decrease the di-
mensionality to 20. The different t-SNE outputs are compared and evaluated using
the quality of group compactness (QGC) (Gorban and Zinovyev 2010) as a measure
of how close samples from the same class remain in the embedding. Let cpi; kq de-
note the number of points in the k-neighbourhood of xi with the same label, then
the compactness of a class is defined as:

QGCkplq “
1

k ¨Nplq

ÿ

yi“l

cpi; kq

where Nplq is the number of samples with the label l. If the QGC for a class is close
to 1 the class is compact and well-separated from others. Since t-SNE is non-convex
it generates different results for each run and therefore we repeat the experiment 10
times and report the average quality. Figure 2.6 shows example t-SNE embeddings
for COIL20 and USPS (panel a and c), accompanied by results using Eq. (2.11) with
d “ 1 and k “ 10 and Eq. (2.12) with k “ 20 (panel b and d). Panel e and g depict
the average QGC curves for the two data sets COIL20 and USPS and the different
similarity measures, respectively. It can be seen that the new weight values out-
perform others, especially for COIL20 if we use our knowledge about the intrinsic
dimensionality of manifolds d “ 1. For the USPS, it is clear that it does a better job
for more global structures, i.e. clusters, visible for k ą 200. Since in the COIL20 rep-
resents different viewpoints of rotated objects, one can expect that each class forms
a closed loop 1D manifold. Since the new weights only consider the distance to the
estimated manifold it can recover more closed loops with less distortion (see Figure
2.6 a and b). Moreover, the four objects, corresponding to four types of toy cars,
cannot be separated using the original t-SNE, because it maps cars with the same
orientations close to each other. As seen in Figure 2.6 (g) the new weights do a bet-
ter job embedding them. Not knowing the intrinsic dimensionality of manifolds in
the handwritten digit dataset we use the dimension weighted version Eq. (2.12) to
define a similarity measure for the t-SNE. Although t-SNE with the Gaussian kernel
function can recover most classes, a strong overlap between samples from digit 3
and 5 is visible. However, due to taking into account the shape of manifold in the
neighborhood, the new weights can successfully separae digit numbers, even the
numbers 3 and 5, and increase QGC measures, as seen in Figure 2.6 panels d and
h. In summary, the locally aligned formulation, proposed here, improves the per-
formance of t-SNE, in comparison to ”no alignment” (i.e. Euclidean distance) and
”global alignment” (i.e. Mahalanobis distance) formulations, in separating classes.



40 2. Manifold Alignment Aware Ants: a Markovian process for manifold extraction

0 20 40 60

k

0.6

0.7

0.8

0.9

1

Q
G

C

e) COIL20

HighD

Eucl.

Mahal.

New

0 20 40 60

k

0.2

0.4

0.6

0.8

1

g) COIL20 (cars)

Eucl.

New

a) b)

300 600 900

k

0.6

0.8

1
f) USPS

Orig.

Eucl.

Mahal.

New

300 600 900

k

0.6

0.8

1
h) USPS (3 & 5)

Eucl.

New

c)
d)0

1

2

3

4

5

6

7

8

9

Figure 2.6: The impact of the new similarity measures on the t-SNE: Top row COIL20:
a) using original t-SNE (perplexity 20) and b) using Eq. (2.11) (d “ 1, k “ 10). Middle
row USPS: c) using original t-SNE (perplexity = 30) and d) using Eq. (2.12) (k “ 20).
Bottom row: average QGC measures for COIL20 and USPS (panel e and f). g) QGC
curves for four classes of toy cars in COIL20 and h) of digits 3 and 5 in USPS.
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2.6.3 Manifold Alignment Aware Ants (M3A)

In this section we analyze the capability of M3A in recovering structures surrounded
by background noise. First, we compare it to related state-of-the-art techniques for
denoising low-dimensional manifolds. And second, we demonstrate the perfor-
mance of our algorithm on a real-world astronomical data set, namely the GAIA
DR2 catalog (Collaboration et al. 2018), to extract stellar structures.

Extracting low-dimensional manifolds: Typically, manifold learning assumes that
data points are lying on a low-dimensional manifold embedded in a higher-dimen-
sional space. However, in practice, manifolds are disrupted by high-dimensional
noise, for example stemming from equipment or the presence of samples that do
not belong to the manifolds. In those cases, the goal is to extract the manifolds
by removing the background noise and simultaneously suppressing the noise level
on the manifolds. To compare the performance of denoising techniques we create
a synthetic 1D manifold forming a circle (r “ 6), which misses a part of its arc.
Furthermore, we randomly select 3000 points from the manifold and add Gaussian
noise Np0, 0.3q. To model background noise, 3000 samples are generated following
a uniform distribution in the square r´15, 15s ˆ r´10, 20s (see Figure 2.7a).

In the following we compare four denoising techniques to the proposed M3A.
We use: a) MD with hyper-parameters settings δt “ 0.1, Niter “ 20 and k “ 40, b)
MBSM with k “ 40 and Niter “ 40, and c) LLD with λ “ 0.01, k “ 40 and σ “ 1.
Lastly, LLPD is deployed using a threshold of 0.15. Moreover, in order to select r
in M3A we follow a two step strategy. First, we apply the algorithm using r “ 3

to remove the background noise. Note that since the density of the background is
lower than the manifold it can be done using a wide range of r. Then, we use the
strategy explained in section 2.6.1 to find the best r for the remaining points.

Some techniques, such as MD, MBMS and LLD, are not designed to deal with
the presence of the background noise14 and are therefore not directly suitable for
the given situation, as shown in Figure 2.7. Since the Manifold Denoisiong (MD) al-
gorithm pushes samples towards dense regions it has two disadvantages: first, due
to the presence of background noise it creates some new dense structures in data
space, and second, because of small variation on the density along the manifold the
manifold becomes discontinuous after some iterations (see panel b). Since Manifold
Blurring Mean Shift (MBMS) limits the movement of samples to be parallel to the
manifold normals, it can prevent discontinuity on the manifold. However, it cre-
ates many artificial 1D manifolds and fails to recover the missing arc in the circle
structure of interest (see panel c). Similar to MBMS, the presence of background

14Since they assume all data points belong to the manifold which is not true for the background noise.
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Figure 2.7: Panel a): 1D circular manifold embedded in uniform background noise.
Best results of: b) MD, c) MBMS, d) LLD, and e) LLPD (containing 2000 samples, i.e.
35%). Panel f): denoised M3A result where gray and red points show 2700 (45%)
and 780 (%13) samples with r “ 3 and r “ 2.

noise highly influences the result of the LLD algorithm, which also fails to recover
the manifold (see panel d). In contrast to previous methods, LLPD considers the
presence of the background noise and extracts the samples in dense regions recov-
ering the noisy circle. Although it does not create new structures, it can not denoise
the manifold. It also fragments the structure into smaller clusters (see panel e). On
the other hand, our method encourages random walkers to stay close to the mani-
fold and overcomes all three problems: 1) it recovers the circle from the background
noise, 2) it preserves the missing part in the arc without creating artificial struc-
tures, and 3) it reduces the manifold noise by subsampling based on the highest
pheromone level (see panel f).

Detecting dense structures in real world data: An important task in astronomy
is to extract stellar structures, such as galaxies and globular clusters. Here, we ap-
ply M3A to a part of the GAIA DR2 catalog (Collaboration et al. 2018) containing
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1, 071, 714 light sources. The data set contains seven features, including five de-
noting positional information (right ascension, declination, motion along right as-
cension and declination, and parallax), as well as photometric information, that is
G-band magnitude and (B-R) color. As a preprocessing step, we normalize the data
set and use k nearest neighbor (with k “ 20) to speed up the computation. First,
we use the positional information to detect stellar structures. Figure 2.8a shows that
M3A detects five of the known globular clusters (GC): 1) NGC4147 2) NGC5024 3)
NGC5053 4) NGC5272 5) NGC5466. Second, we would like to cluster the mem-
bers of a GC. To extract stars of a GC, we use objects which are not further than
0.05 degree from the center of the GC. Then, we use their photometric information
since it reveals at which stage of life a star is (for more details see (Mohammadi
et al. 2019)). Panels b and d display the clusters detected by spectral clustering
using a Gaussian kernel (Von Luxburg 2007). However, the resulting clusters do
not correlate to any astrophysical meaning. If M3A is applied on the extracted
light sources, we obtain the transition probability matrix P . After symmetrization
P 1 “ 1

2 pP `P
T q, the spectral clustering can be implemented based on P 1. From pan-

els c and e, we see that the resulting clusters coincide with the three known groups
called: Main Sequence (MS), Horizontal Branch (HB) and Red Giant Branch (RGB)
(see (Mohammadi et al. 2019)). It can be seen that MS is separable since it is a 2D
manifold while HB and RGB are 1D manifolds. Moreover, since HB is almost a line
perpendicular to RGB, the weight values between these two clusters are small, and
as a result, they are separable. In summary, M3A provides: 1) a pheromone distribu-
tion that can be used to find stellar structures, and 2) a transition probability matrix
that can be used to group stars according to the stage of their life.

2.6.4 Improved density estimation

A common task in machine learning is to estimate the underlying probability den-
sity function (pdf) given a limited number of data points. A typical way to model it
is to use a finite mixture model

f̂px;θq “
K
ÿ

k“1

ppkqf̂px; θkq ,

where ppkq and θk are the mixture weight and the parameter values of the k-th com-
ponent, respectively, while θ denotes the set of all parameters. If the number of
models (K) is much smaller than the number of samples (N ) it provides a sparse
representation for the data set. A well-known algorithm is the Gaussian Mixture
Model (GMM) (Bishop 2006a), which uses a mixture of full-rank Gaussian distri-
butions to model the pdf. Its parameters are learned via optimizing the likelihood
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Figure 2.8: 5 clusters formed by 0.02% of samples with highest pheromone values
resulting from M3A (r “ 0.1, Nsteps “ 5 ˆ 106) applied to a window in the sky
between right ascension (ra) Ps180, 220r and declination (dec) s15, 30r. b-e) the ap-
plication of spectral clustering on the photometric data of two globular clusters: b,d)
using Gaussian kernel as a similarity measure. c,e) using the transition probability
in Eq. (2.14) (r “ 0.5).

function through an iterative process, called Expectation-Maximization (EM). It is
known that EM is sensitive to the initialization step, and it may get stuck in local
optima. Moreover, the time needed for EM is dependent on the number of com-
ponents and increases for large data sets with many samples and dimensions. One
way to avoid this problem is to use a non-parametric method, such as Parzen Win-
dow (PW), which is a special case of the finite mixture model with K “ N , and it
only has one parameter σ:

f̂px;σq “
1

N

N
ÿ

k“1

Kpx;xk, σq

whereK is the Gaussian kernel function. However, if the data points are distributed
along a low-dimensional manifold the spherical Gaussian kernel is often not an op-
timal choice (Vincent and Bengio 2003). Therefore, (Vincent and Bengio 2003) pro-
posed the Manifold Parzen Window (MPW) which allows the Gaussian distribu-
tions to have elliptical shapes instead of spherical. Whereas PW and MPW may pro-
vide a reliable estimation, they both suffer from high computational costs in the test



2.6. Experiments 45

Algorithm 2.3 Partitioning the data space
Input: The pheromone vector f “ rf1, f2, ..., fN s and the balls’ radius rball

Output: S, containing the center of balls
function FINDCENTERS(X, f, rball)

Set D “ tx1,x2, ¨ ¨ ¨ ,xNu, S “ φ

while D ‰ φ do
l “ arg maxxiPD fi
find l’s neighbors Nl “ Brballpxlq

S Ð S Y tlu
D Ð D ´ tlu ´Nl

end while
end function

phase, due to the large number of Gaussian models. To prevent this problem several
methods, such as Simplifying mixture models (SMM) (Zhang and Kwok 2010) and
Hierarchical clustering of a mixture model (HCMM) (Goldberger and Roweis 2005)
were proposed. They start with a large mixture model and then construct a sim-
pler model, such that the distance between the original model and the simplified
one is minimized. In contrast to these approaches, (Wang et al. 2009) proposed a
new method called Fast Parzen Window (FPW), which partitions the data space via
hyper-balls positioned randomly with fixed radii rball. Then, it fits a full-rank Gaus-
sian distribution for each ball only. Extending the latter idea we use the pheromone
values obtained by M3A to find the best position for the center of the hyper-balls.
We start with the whole data setD and pick the point xl with the highest pheromone
as the center of a ball. Then we remove all points within the ball from D. Then, we
continue picking the next point in D with the highest pheromone as the new cen-
ter and remove its neighbors from D. Following this strategy, we obtain a more
compact list of centers. Its pseudo-code is summarized in Algorithm 2.3.

To demonstrate the performance of the new strategy, we use three data sets:

1) a synthetic spiral shape manifold with Gaussian noise Np0, 0.04q for which
1000 samples are generated as a training set (see Figure 2.9a), and another
20000 samples as a test set.

2) two intersected circular manifolds with radius 2: a) in the above circle the
density varies and the noise level is 0.2; b) at the bottom the noise level varies
between 0 to 0.3 (see Fig. 2.10a). We generated 3350 and 16750 points for train-
ing and testing, respectively. And

3) an astronomical simulation of a jellyfish galaxy that contains 3D position in-
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Figure 2.9: a) the noisy spiral data set, b-l) the contour curves for the density estima-
tors: b) PW, c) MPW, d) GMM+rand, e) GMM+kmeans, f) SMM, g) Goldberger, h)
FPW, l) M3A+FPW: neighborhood radius rrw “ 0.13 and balls’ size rball “ 0.21.

formation of 58531 particles.

To evaluate the performance, we use the average log-likelihood (ALL) to measure
how well the adapted model can describe the data set. We furthermore use 10-fold
cross-validation on the training set to find the best hyper-parameter values.

Table 2.1 reports the results of the above algorithms on the spiral shape manifold.
From cross-validation, hyper-parameters are found where m, k, and σ are the num-
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Table 2.1: Comparison of density estimators for the spiral data set.
Algorithm Parameters ALL (std)

PW σ “ 0.03 0.3130 (0.0)
MPW k “ 45 0.3003 (0.0)
FPW rball “ 0.18 pm “ 20.8q 0.2851 (0.0092)
SMM m “ 95 0.2762 (0.0116)
HCMM m “ 35, σ “ 0.06 0.2832 (0.0049)
GMM m “ 20 0.2944 (0.0028)
GMMk m “ 15 0.2802 (0.0049)
M3A+FPW rrw “ 0.13, rball “ 0.21 (m “ 17.1˘ 1) 0.3101 (0.0052)

ber of components and neighbors, and the scale of Gaussian kernel, respectively,
and rrw is the neighbor size for M3A. Note that GMMk is the Gaussian mixture
model when k-means is used to initialize components. We repeat the experiment
for M3A 10 times. While ALL for the M3A+FPW (i.e., algorithm 2.3) is compara-
ble with PW, it provides a much sparser representation for the data set and speeds
up the computation in the testing phase. Moreover, Figure 2.9 shows the contour
curves of the pdfs. We observe that most methods represent the center of the spi-
ral fairly well, with the exception of PW and SMM, which provide the most noisy
model. Strikingly, PW, SMM, and HCMM discontinue the manifold in the less dense
tail on the right side of the spiral, dividing it into several small clusters. Our strategy
M3A+FPW, on the other hand, not only provides a compact model but also success-
fully tracks the underlying structure and stays very close to the original manifold as
compared to others.

In Table 2.2 we present the outputs of the studied algorithms on the two circu-
lar manifolds. as in the previous examples, cross-validation is used to tune hyper-
parameters, and then the performance of the algorithms on the test set is reported.
While the FPW+M3A yields a sparse representation for the data, it also outperforms
(in terms of ALL) others, except for the GMMs methods. Since the M3A can be
parallelized, it is more suitable for big datasets, in comparison to GMM techniques.
Moreover, we display the contour curves of pdfs in Fig. 2.10 where the true manifold
(without noise) is shown in red. It can be seen that the M3A helps FPW to be more
compact and more successful in tracking the manifolds, as indicated by the black
diamond in the plot. In comparison to GMMs, FPW+M3A uniformly distributes
Gaussian models on the manifolds, even in less dense regions. It is especially im-
portant in some applications such as astronomy where low-density streams have
high importance in studying the evolution of astronomical structures. Therefore,
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Figure 2.10: a) two circular manifolds with variation in density and noise level, b-
l) the contour curves for the compared eight density estimators. Note that black
diamonds represent the means of the Gaussian distributions.

similarly to previous experiments, we conclude that FPW+M3A builds a compact
model, which is more successful in following the manifolds, regardless of their den-
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Table 2.2: Comparison of density estimators for the two circular manifolds.
Algorithm Parameters ALL (std)

PW σ “ 0.09 -2.668 (0.0)
MPW k “ 140 -2.689 (0.0)
FPW rball “ 0.75 pm “ 31q -2.682 (0.0116)
SMM m “ 800 -2.671 (0.0007)
HCMM m “ 130, σ “ 0.15 -2.700 (0.0014)
GMM m “ 20 -2.620 (0.0036)
GMMk m “ 20 -2.621 (0.0034)
M3A+FPW rrw “ 0.6, rball “ 0.95 (m “ 20.6˘ 1) -2.650 (0.0027)

sities.
Astronomical simulations are often used to study the evolution of astronomical

objects through time. Since a simulation often includes many Millions of particles,
it is not possible to track each particle individually. Therefore, it is desirable to en-
code the distribution of particles via a sparse pdf and follow its evolution instead.
Since our goal in this section is to compare different density estimators, we only
use one time snapshot of a simulated jellyfish galaxy, as shown in Figure 2.11 a and
b. This data set is challenging since the density changes significantly in the data
space. While the head of the jellyfish is very dense the outer parts depict much
lower density. Those parts contain some low-dimensional structures called streams,
as highlighted by boxes in panels a and b. During the evolution process these struc-
tures are more affected by other astronomical objects and change over time. Thus,
in addition to the dense regions a suitable density estimator should capture these
lower density regions well.

We compare our M3A+FPW algorithm with the result of GMM initialized by
k-means visually and additionally report the quality of all density estimators as be-
fore. From Table 2.3 it can be seen that the GMM outperforms the other methods
in terms of average log-likelihood (ALL), which is expected since it aims to opti-
mize the likelihood function. However, its optimization process is time-consuming
for big data sets, which makes it challenging to be applied in big simulations, as
indicated by large training times reported in the last column of Table 2.315. PW as
before provides an unnecessary complex model, which is not very desirable for this
application. Alternatively, the M3A+FPW strategy presents a sparse model while
preserving a comparable ALL.

15Here, we distribute the M3A ants among 10 processors (i.e. 5 ants per CPU) and restrict the number
of step in each round to n “ 10000.



50 2. Manifold Alignment Aware Ants: a Markovian process for manifold extraction

45

a)

50

x

45

55

y

45
50

55

50

55

45

45

55

50

50

50

55
45

55

b)

c) M3A+FPW d) GMM+kmeans e) M3A+FPW f) GMM+kmeans

Figure 2.11: The simulated Jellyfish galaxy (viewpoint a and b). c-f) contour curves
of density estimators projected by the first two principal directions of Gaussian co-
variance matrices for zoomed regions a) (left) and b) (right) using Algorithm 2.3 (c,e)
and GMM initialized by k-means (d,f).

Table 2.3: Comparison of density estimators for the simulated jellyfish galaxy.
Algorithm Parameters ALL (std) dH (std) time in s (std)

PW σ “ 0.08 -3.775 (0.018) 0.264 (0.040) 0.2 (0.0)

FPW r “ 0.4, m “ 949 -3.855 (0.023) 0.633 (0.071) 9.2 (0.4)

SMM m “ 4100 -3.815 (0.021) 0.699 (0.115) 144.8 (10.5)

SMM m “ 600 -4.249 (0.032) 0.393 (0.053) 63.0 (5.2)

HCMM σ “ 0.17, m “ 600 -3.967 (0.014) 0.697 (0.091) 12.4 (0.5)

GMM m “ 300 -3.772 (0.025) 2.916 (0.600) 1244.4 (257.4)

GMMk m “ 300 -3.767 (0.024) 3.060 (0.654) 909.3 (63.1)

M3A+FPW rrw “ 0.4, rball “ 0.5,
m “ 566

-3.838 (0.025) 0.737 (0.109) 165.5 (2.1)

M3A+FPW rrw “ 0.4,
rball “ 0.65, m “ 309

-3.882 (0.024) 0.823 (0.072) 151.2 (11.9)

In addition to ALL we also report the Hausdorff distance

dHpA,Bq “ max
!

max
aPA

min
bPB

dpa, bq,max
bPB

min
aPA

dpa, bq
)
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where d denotes the Euclidean distance, and A and B are the set of particles and the
set of centers of Gaussian models, respectively.

It is informative since it shows how much the model captures the original low-
density structures. To compare our method to GMM we increase the balls’ radius to
rball “ 0.65. From the table it is clear that the Hausdorff distance of the proposed
method is much lower than the one achieved by GMM. To visually see its success
we added the contour plots (see panels c-f). It can be seen that the new method is
more successful in fitting the pdf along with the low-dimensional structure. In sum-
mary, if selecting a model is a trade-off between simplicity (sparsity) and capturing
structural details, the M3A+FPW strategy, outlined in Algorithm 2.3, could success-
fully improve the performance of FPW algorithm in terms of both ALL value and
sparsity, i.e. while it reduces the number of components by 40%, it can still increase
the ALL value.

2.7 Conclusion

In some applications, such as astronomy, it is common to have low-dimensional
structures buried inside big data sets. Therefore, it is desirable to have a method
that extracts these structures of varying density while their continuity is kept un-
changed. Although there are several methods, they often fail to either extract man-
ifolds or keep their continuity. Inspired by the ant colony algorithm we propose a
new method where a value, called pheromone, is assigned to each sample. Later
these quantities can be used to reveal manifolds without the undesirable effects. To
study the behavior of the algorithm and the effect of its hyper-parameters, we pro-
vide a theoretical analysis using the Markov Chain framework, where we consider
a noisy manifold and apply the algorithm examining two cases: a) a random walker
with an unbounded number of steps, and b) an unbounded number of walkers with
a fixed number of steps. We show for both cases that the pheromone distribution
captures information about the distances of data points to the underlying manifold.
In addition to the theory, we empirically analyze the algorithm using synthetic and
real data sets, demonstrating three different scenarios: a) denoising and clustering
manifolds, b) visualizing data, and c) density estimation. In all investigated sce-
narios and application examples strategies based using M3A exhibit comparable or
superior results in suppressing the noise, capturing the manifolds and providing
sparser models.
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Chapter 3

Multi-Agent based Manifold Denoising

Abstract

The existence of the gravity causes formation of variety of structures, from large-scale
structure, such as galaxy clusters, to smaller ones such as streams and shells. To study
this process, astronomers use simulations to model matter distribution and study forma-
tion and evolution of such structures, however, it is difficult to infer from them because of
the distribution of particles. One way to facilitate the inference process is to clean struc-
tures via attaching each particle to its underlying structures. However, the diversity in
density and dimensionality of structures make this task much more challenging. In this
chapter, we propose a novel (swarm) algorithm to clean these structures of potentially
varying density and dimensionalities. Inspired by colonial insects this method employs
multiple agents with different strategies moving through the data space in parallel. Dur-
ing this process, they use local information to reconstruct the manifolds and then move
data objects close to them. Moreover, principles of evolutionary game theory are used
to encourage agents to select better strategies and hence optimize the hyper-parameters
automatically. While other denoising techniques can be seen as single-agent approaches,
the new algorithm is a multi-agent approach which makes it more flexible and suitable
for scenarios including multiple manifolds. In the experiments, we simulate several sit-
uations from a simple manifold with a specific noise level, to more complex one, N-body
cosmological simulation, where there are variations on the density, noise level and dimen-
sionalities. Furthermore, we demonstrate the improvement of the proposed algorithm for
the performance of the Fast Parzen Window (FPW) density estimator.

3.1 Introduction

N
owadays computers have a central role on developements of astronomy. Their
role on performing large-scale simulations has a huge impact on our knowl-

edge about the universe. In cosmology, N-body simulations, modeling matter dis-
tribution, are used to study formation and evolution of structures in the universe.
The presence of gravity forms a variety of structures, from spherical shape with
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high density clusters to 1D filaments with lower density. Therefore, investigating
outputs of large-scale simulations is a challenging task, and it is needed to simplify
this process via cleaning and extracting the underlying manifolds. In addition to
astronomical simulation, cleaning manifolds is valuable in applications such as 3D
mesh smoothing in the computer graphics community (Taubin 1995). Hence, multi-
ple cleaning methods have emerged as preprocessing strategy to suppress the noise.

Many strategies to denoise manifolds have been proposed, which are typically
applied as a preprocessing step on data sets to reduce the noise before solving the
Machine Learning (ML) task. For instance, Manifold Denoising (MD) (Hein and
Maier 2006), Mean Shift (MS) (Xiang and Chen 2016) and Manifold Blurring Mean
Shift (MBMS) (Wang and Carreira-Perpinán 2010) decrease the noise level, itera-
tively, via pushing data points towards the underlying manifold. Unlike these it-
erative algorithms, Locally Linear Denoising (LLD) (Gong et al. 2010) optimizes a
cost function fulfilling two objectives: a) preserving local linear structures and b) a
smooth manifold. However, its computation and memory costs make LLD undesir-
able for big data sets 1. In general, the sucess of these methods highly depends on
using proper values for their hyper-parameters which often require information of
the manifold and the noise itself. Thus it is highly desirable for a manifold denoising
algorithm to make fewer presumptions about the data and the nature of noise.

Swarm intelligence (SI) is a self-organized system of multiple agents performing
individual actions leading to intelligent collective behaviour. A fascinating exam-
ple of SI is the well-known and studied ant colony. Several clustering techniques
are inspired by the ability of ants to cluster corpses and sort larvae (Deneubourg
et al. 1991, Lumer and Faieta 1994, Tsai et al. 2004, Shelokar et al. 2004, Chu et al.
2004, Runkler 2005). They modeled this capability by two simple rules called pick-
ing up and dropping down, where several ants walk in the data space, pick up data
objects and then drop them down somewhere else (see Fig. 3.1). Although no cen-
tral authority controls them, their local interactions recover underlying clusters by
moving similar objects close to each other. While typically less efficient than classi-
cal clustering methods, swarm strategies proved captivating and beneficial through
their flexibility, simplicity, and robustness.

In this chapter, we propose a multi-agent evolutionary algorithm to denoise
manifolds. In the new algorithm, agents with different capabilities walk in the data
space and move samples close to manifolds. While the previous works need to be
tuned with appropriate hyper-parameters, which require prior knowledge of the
manifold and noise, we use the Evolutionary Game Theory (EGT) to find the best
hyper-parameters automatically. Using multiple agents equipped with different ca-

1In addition to applying local PCA for every data point, LLD needs to compute the inverse of an nˆn
matrix with the complexity of Opn3q (n: number of data points).
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Figure 3.1: Real ants’ behavior in forming cemeteries (Theraulaz et al. 2003). They
display four consecutive images of the plate.

pabilities makes the novel formulation suitable for multi-manifold scenarios where
manifolds may have priorly unknown with variation in dimensionality and noise.

This chapter is organized as follows: we first detail the problem setting and in-
troduce the MBMS (Wang and Carreira-Perpinán 2010), which is the most related
work to our algorithm, and EGT (section 3.2). In section 3.3 we explain our novel
algorithm. The performance is then demonstrated and compared with empirical
analysis by means of several example scenarios in section 3.4. Finally, we conclude
in section 3.5.
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3.2 Related work

3.2.1 Problem setting

We assume that the data is distributed along a d-dimensional smooth manifold em-
bedded in a D dimensional space, with D ą d. Let N samples tzi P RD : i “

1, . . . , Nu be randomly selected from the manifold. Due to noise ε the observations
xi do not lie exactly on the manifold, such that xi “ zi` εi. The goal of denoising is
to recover zi from noisy samples xi. If we assume the underlying manifold is linear
and the noise ε follows a Gaussian distribution, then Principal Component Analysis
(PCA) can be used to denoise the manifold. From PCA, we obtain the parameter
set tpλi,uiquDi“1, where λi and ui represent the i-th eigenvalue and its correspond-
ing eigenvector. Without loss of generality we assume the eigenvalues are sorted in
descending order 2 and re-scaled, such that

řD
i“1 λi “ 1. Defining Ui “ uiu

T
i the

covariance matrix C can be re-written as:

C “
D
ÿ

i“1

λiUi “ S1U1 `
1

2
S2pU1 ` U2q ` ¨ ¨ ¨ `

1

D
SDpU1 ` ¨ ¨ ¨ ` UDq (3.1)

where Si “ i ˆ pλi ´ λi`1q p@i “ 1, ¨ ¨ ¨ , D ´ 1q and SD “ D ¨ λD. As suggested
in (Wang et al. 2008, Mordohai and Medioni 2005) one can estimate the intrinsic
dimensionality of the manifold by:

pd “ arg max
i

Si . (3.2)

Then the first pd eigenvectors tu1, ¨ ¨ ¨ , u pdu can be used to recover the linear manifold
and xi is denoised via projecting on the reconstructed space.

3.2.2 Manifold Blurring Mean Shift (MBMS)

The primary goal of any denoising algorithm is to repress noise while simultane-
ously keeping the important details. One way to achieve it is to move the data points
towards the manifold. Thus, for a given sample xi the update is: xnew

i “ xold
i ` δxi,

where δxi represents the direction of the motion. Since the position of samples on
the manifold reveals important details, the motion should not take place along the
manifold (Wang and Carreira-Perpinán 2010). Thus, MBMS restricts motions to be
parallel to the manifold normals. Although the manifold may be non-linear, it can be

2In practice, since we compute eigenvalues recursively, from the biggest to the smallest, this assump-
tion does not cause any extra computational costs.
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locally estimated by linear patches using eigenvectors derived by PCA. Therefore,
the update term is:

δxi “ pI ´ UU
T qpµ´ xiq (3.3)

whereU ’s columns contain the first d eigenvectors andµ is the kernel average ofxi’s
neighbors. Our novel strategy keeps the idea of limiting the motion to be parallel
to manifold normals. However, to avoid fixing the dimensionality d of the manifold
beforehand it is estimated locally as integral part of our strategy.

3.2.3 Evolutionary Game Theory (EGT)

Game theory studies strategic interaction such as competition or cooperation of
players. While classical game theory assumes that all players make rational de-
cisions EGT replaces it by biologically inspired notions, such as natural selection
(Hofbauer et al. 1998). Let a population contain n strategies (or types) E1 to En
with frequencies p1 to pn, and p “ pp1, ¨ ¨ ¨ , pnq denote the distribution of strategies
within the population. Let fi represent the fitness of strategy i which reflects its re-
productive success. If the size of the population is very large, then its evolution can
be modelled as a differential equation. For a given strategy i the rate of change in its
frequency (i.e. 9pi

pi
) measures its evolutionary success. Following Darwin’s doctrine

the replicator dynamics expresses evolutionary success as the difference between
the fitness of the strategy and the average fitness of the population:

9pi
pi
“ fippq ´ f̄ppq . (3.4)

Thus, if a strategy has a higher fitness than the average value, its population share
increases and vice versa. Using finite difference approximation, the above equation
can be re-written as:

p
pt`1q
i “ p

ptq
i pfippq ´ f̄ppqq ` p

ptq
i

where pptqi is the frequency of i-th strategy in t-th generation.

3.3 A Multi-Agent Paradigm for Manifold Denoising

In this chapter we combine aspects of EGT with principles of the above mentioned
SI clustering techniques resulting in a novel strategy for manifold denoising. The
basic idea is to release several ant-like agents in the data space, which can, such



58 3. Multi-Agent based Manifold Denoising

as their biological counterparts, pick up data samples and bring them closer to the
manifold.

To achieve this goal we need to define individual behaviour comprising of the
following objectives:

O1: an approximation strategy to recognize the manifold structure,

O2: a good policy to keep agents close to the manifold,

O3: and an update rule bringing samples close in proximity of the respective man-
ifold (decreasing the noise).

In the following subsections we explain how we address the above challenges, de-
scribing the strategy for one agent first followed by the generalization to several
agents. While in the first case an agent with a specific capability is introduced,
the second case takes advantage of having several agents with different abilities
(or strategies). For the latter we use EGT to automatically determine the winning
strategies and therefore avoiding the necessity to fix them beforehand.

3.3.1 Manifold Alignment Aware Agent

While a linear manifold can be approximated by PCA it is challenging to estimate
non-linear or multiple manifolds. Hence, non-linear manifolds are commonly esti-
mated by local linear patches, namely given a data point x a manifold in x’s neigh-
borhood can be approximated by the tangent space at x. A way to estimate tangent
spaces is to recover them by the eigenvectors derived from PCA. Given a radius r
the set of x’s neighbors is defined asNx “ txi : ‖xi´x‖ ă ru. Using PCA onNx one
can use (3.2) to approximate the dimensionality of the manifold pd and then recover
it by the first eigenvectors tu1, ¨ ¨ ¨ , u pdu. Thus, a non-linear manifold is described by
a set of (overlapping) linear patches.

When the manifold is approximated the denoising can be translated to bringing
samples closer to it. Thus, our aim is to define a random walk which reinforces an
agent to walk through the data cloud and bring data objects closer to the underlying
manifold. Let an agent, with a specific view range r, be on a data point x. It uses
local PCA to approximate the manifold and its intrinsic dimensionality. Hence, the
distance of samples to the manifold is estimated by:

δMpiq “ ‖pI ´ UUT qpµ´ xiq‖ (3.5)

where ‖.‖ is the Euclidean norm and µ “ 1
|N |

ř

k:xkPNx
xk. Then for every xi P Nx



3.3. A Multi-Agent Paradigm for Manifold Denoising 59

we define the following weight values:

wpx,xiq “

#

1´ δMpiq
b if δMpiq ď b

0 if δMpiq ą b.
(3.6)

where b is selected such that only p “ 50% of neighbors have non-zero weights.
Next the agent selects its next destination by the following probability:

Prwpx,xiq “
wpx,xiq

řk
j“1 wpx,xjq

(3.7)

Thus, using only local information the manifold is approximated and then agents
are encouraged to stay close to it fulfilling objectives O1 and O2.

During the random walk agents pick up and later drop down some of the data
points in their neighborhood aiming to reduce the noise of the manifold. To fulfill
objective O3, in every step an agent randomly selects one (or more) data point xi for
picking up with the following probability:

Ppickpxiq “
1´ wpx,xiq

řk
j“1

´

1´ wpx,xjq
¯ . (3.8)

Hence, the further xi is from the tangent space the more probable it is to be picked
up. Then the main goal of the agent is to drop it down closer to the manifold.
Motivated by MBMS, it is achieved by the following rule:

xnew
i “ xold

i ` ηpI ´ UUT qpµ´ xold
i q , (3.9)

where η ą 0 is the learning rate which controls how much change an agent can do
in a single step. Moreover, to prevent unnecessay change, we introduce a threshold
τ , such that agents only change the neighborhood if the mean distance of neighbors
to the tangent space (quantified by

řD
i“d`1 λi) is bigger than τ . In other words, a

neighborhood only changes when the effect of noise and curvature is large enough.
Thus, we can decrease the chance of over-smoothing and shrinkage.

In summary, an agent is released on the data set performing a random walk
following the local preference (3.7). During this process it picks up a data object
according to (3.8) and in the following carry the sample closer to the manifold using
Eq. (3.9). The pseudo code for the method is given in Algorithm 3.1. In addition
to denoising the data set, the agent also counts the number of changes it does and
the number of samples it visits in any dimensionality. These outputs provide useful
information about the manifold.
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Algorithm 3.1 One Agent
Input: data set X , initial position x0, radius r, learning rate η, number of steps Ns
and threshold τ
Output: denoised dataset (Xnew), number of changes in the environment (n),
number of visited samples in different dimensionalities (ξ)
function ONEAGENT(X , x0, r, η, Ns, τ )
ξ Ð 0Dˆ1, nÐ 0

xc Ð x0

for sÐ 1, Ns do
find xc’s neighbors N
pµ, λ, Uq Ð PCApN q
approximate the intrinsic dimensionality pd in N by (3.2)
ξrpds Ð ξrpds ` 1

if
řD
i“d`1 λi ą τ then
nÐ n` 1

select a neighbor to pick up by Eq. (3.8)
bring the selected neighbor closer to the manifold using Eq. (3.9)

end if
use (3.7) to select the next place xi and set xc Ð xi

end for
end function

3.3.2 Evolutionary Manifold Alignment Aware Agents (EM3A)

As it is shown in (Kaslovsky and Meyer 2014) the performance of PCA and the
method above highly depend on the neighborhood size r. While high curvatures
encourage the use of smaller radii, it should be large enough to suppress the effect
of noise and contain enough samples (Little et al. 2011). Hence, one needs extra in-
formation over the data in order to pick a proper value for r. In the lack of such extra
information and for increased flexibility, we propose an optimization combining SI
strategies with concepts of EGT, to automatically adapt such parameters.

EGT studies how a population of strategies evolves, where the population share
of better strategies increases over time. Thus, if we define r as a strategy, EGT can be
used to find appropriate values for it. Since r is a continuous variable, we assume
r P rRmin, Rmaxs, and discretize by division into m smaller intervals (rri, ri`1q, 0 ď

i ă m) where each interval is viewed as a strategy. Let each agent randomly select
a strategy following a population share distribution pptq “ rp

ptq
k smˆ1, where pptqk

denotes the population share of the k-th strategy in the current generation. Given
an agent with strategy k, r is chosen from rrk, rk`1q uniformly. Next, a queen (or
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master branch) sends a copy of the data set to all agents, for them to separately do
the random walk as explained in Algorithm 3.1. After finishing the walk with Ns
steps, each agent sends back its output to the queen. The queen updates the data set
taking the average over all copies received from the agents and then it computes the
fitness of the strategies. Let Sk denote a set of agents with strategy k, then

ř

iPSk
ni

denotes the number of times they change the data set. The fitness is defined as:

fk “

ř

iPSk
ni

|Sk| ¨Ns
(3.10)

where |Sk| is the number of agents with strategy k. The queen uses the replicator
equation to adapt the population share of each strategies for the next generation:

p
pt`1q
k “ p

ptq
k ` p

ptq
k pf

ptq
k ´ f̄ ptqq . (3.11)

In the next generation agents use the distribution ppt`1q “

”

p
pt`1q
k

ı

to select their
own strategy. The resulting method is detailed in Algorithm 3.2. Note that among
the parameters in EM3A the most important one is the learning rate η which controls
the size of changes. Since agents have different view range r the term pxi ´ µq in
Eq. (3.9) is in different scales for different r. Therefore, we re-define η “ ρ

?
r

with
constant ρ. The selection of ρ has a direct effect on the smoothness of manifolds, and
it should be ρ P p0, 1s. Moreover, the number of steps Ns and agents Na should be
big enough to ensure all parts of the data set are reachable. One can select it such
that Ns ˆNa ą c ¨N for a constant c.

3.3.3 Specific case (EM3A`)

While the EM3A algorithm is flexible in terms of applicability in multi-manifold
scenarios, its application on big datasets is challenging since it needs every agents
to find its neighbors, i.e. data points within a given distance, in every step.

To decrease the computational cost, we propose a specific case of the EM3A al-
gorithm where we set Ns “ 1 and Na “ N ¨m. More precisely, for each strategy we
use exactly N agents who are distributed such that one agent per point, and each
agent only allowed to update the point where it is placed on. In other words, we
define the picking up probability for an agent on point xi as follows:

Ppickpxjq “ δij (3.12)

where δ is the kronecker delta. Since in every iteration all points can be updated, to
decrease the speed of changes, we use kernel mean in Eq. (3.9), instead of a simple
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Algorithm 3.2 EM3A
Input: data set X , number of strategies m and their boundaries (Rmin, Rmax),
learning rate η, number of agents Na, number of steps Ns, threshold τ , stopping
criteria: Niter

Output: denoised data set (Xnew), fitness values f , population share p
function EM3A(X , m, Rmin, Rmax, η, Na, Ns, τ , Niter)

Xnew Ð X

pp0q Ð 1
m1Dˆ1

for tÐ 1, Niter do
nÐ 0Dˆ1, sptq Ð 0mˆ1, ξptq Ð 0Dˆ1

for iÐ 1, Na do
following pptq, select its strategy (say k), and sptqrks Ð sptqrks ` 1

select a neighborhood size r P rrk´1, rkq

Randomly select a node x0 as an starting point for the agent
rXi, ni, ξis = OneAgent(Xnew, x0, r, η, Ns, τ )
nrks Ð nrks ` ni

end for
Xnew Ð 1

Na

řNa
i“1Xi, ξptq Ð

ř

i ξi

compute f ptqk and ppt`1q by Eq. (3.10) and (3.11), respectively.
end for

end function

mean value, i.e.:

µ “
ÿ

k:xkPNi

Kσpxi,xkq
ř

l:xlPNi Kσpxi,xlq
xk

where Kσp., .q is the Gaussian kernel function with scale parameter σ. Note that the
mean value µ “ 1

|Ni|
ř

k:xkPNi xk is a specific case of the kernel mean as σ Ñ 8.
Since now the number of agent is equal for all strategies, pptq does not represent
the population share distribution anymore, but it reflects the importance of each
strategy. It means the higher fitness a strategy has the higher impact it has on the
output. Therefore, instead of a simple averaging, the queen computes a weighted
mean from the received copies, i.e.:

Xnew “

m
ÿ

i“1

p
ptq
i ¨Xi (3.13)

To increase the speed, we distribute strategies among processors (instead of agents),
so agents with similar strategy present on the similar processor and use the same
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copy of data. The modified version of EM3A can be seen in 3.4.

Algorithm 3.3 One Strategy
Input: data set X , radius r, learning rate η and threshold τ
Output: denoised dataset (Xnew), number of changes in the environment (n),
number of visited samples in different dimensionalities (ξ)
function ONESTRATEGY(X , r, η, τ )
ξ Ð 0Dˆ1, nÐ 0

for iÐ 1, N do
find xi’s neighbors N
pµ, λ, Uq Ð PCApN q
approximate the intrinsic dimensionality pd in N by (3.2)
ξrpds Ð ξrpds ` 1

if
řD
k“d`1 λk ą τ then
nÐ n` 1

bring xi closer to the manifold using Eq. (3.9)
end if

end for
end function

3.3.4 Complexity analysis

Every agent should perform two operations: a) detecting its neighbors and b) apply-
ing PCA on the neighbors. The neighborhood search needs to compute the pairwise
distances of theN samples of the data set, resulting in a complexityOpN2q. Approx-
imate neighbor search strategies can reduce the computation, for example using a
k-d tree reduces the complexity to OpN logNq (Bentley 1975). In addition to the
neighbor search the agents perform PCA which is done by Singular Value Decom-
position. This complexity depends on the specific implementation and in the worst
case it scales cubic with the dimensionality of the data and quadratic with the num-
ber of samples in the neighborhood |Nx|. Again approximate strategies can reduce
the computational complexity (Golub and Van Loan 2012). Moreover, the execution
of the EM3A (and EM3A`) is parallelizable via distributing agents (or strategies)
among several processors. In the following section, we show the acceleration of the
process.
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Algorithm 3.4 EM3A`

Input: data set X , number of strategies m and their boundaries (Rmin, Rmax),
learning rate η, threshold τ , stopping criteria: Niter

Output: denoised data set (Xnew)
function EM3A`(X , m, Rmin, Rmax, η, τ , Niter)

Xnew Ð X

pp0q Ð 1
m1Dˆ1

for tÐ 1, Niter do
nÐ 0Dˆ1, sptq Ð 0mˆ1, ξptq Ð 0Dˆ1

for k Ð 1,m do
select a neighborhood size r P rrk´1, rkq

for iÐ 1, N do
rXi, ni, ξis = OneStrategy(Xnew, r, η, τ )
nrks Ð nrks ` ni

end for
end for
Xnew Ð

řm
i“1 p

ptq
i ¨Xi, ξptq Ð

ř

i ξi
compute f ptqk and ppt`1q by Eq. (3.10) and (3.11), respectively.

end for
end function

3.4 Experiments

In this section, we demonstrate and investigate several aspects of the proposed
method on different data sets and application scenarios, including:
• handling variation in density, noise, and dimensionality and
• improving the result of density estimators.

In subsection 3.4.1, we use four synthetic datasets and one real dataset to simulate
different situations, and we use mean square error (MSE) to evaluate outputs. Sec-
tion 3.4.2 demonstrates the effect of EM3A used as preprocessing step before density
estimation, exemplified by Parzen Window (PW) (see Table 3.2).

3.4.1 Denoising manifolds

To see the strengths and weaknesses of different denoising algorithms, we use three
synthetic data sets3: a) an s-shaped manifold, b) a circular manifold where the noise
and density along a one dimensional manifold is varied, and c) a combination of

3Code and supplementary material: https://github.com/mohammadimathstar/EM3A
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multiple manifolds of different dimensions. Here, we set Rmin “ 0 , Rmax “ 2 and
m “ 10 with τ “ 0.01. To ensure Na ˆ Ns ą 2N , we set Ns “ 100 and Na “ 100.
While we use ρ “ 1 and σ “ 8 for EM3A, they are set to ρ “ σ “ 0.5 to limit amount
of changes over an iteration for the EM3A`. Moreover, we apply EM3A` algorithm
on a cosmological n-body simulation to extract the underlying structures.

Simple manifold

To investigate how EGT helps to achieve proper values for r, we extract 4000 data
points from the s-curve manifold exhibiting Gaussian noise N p0, 0.15q. The panels
c) and d) in Fig. 3.2 display an example output of EM3A, where it successfully de-
creases noise, especially in less curved regions. Panels (e, f) show the fitness values
and population sizes of the losing strategies for every iteration, while panels (g,h)
report the corresponding values for the winning strategies. One may divide the
strategies into three categories. The first group, including strategies 1 and 2, con-
tains agents with low view range r where noise has a major effect on the eigenval-
ues. Hence, agents with these strategies rarely observe the low-dimensional mani-
fold and their fitness values become small and their population decreases over time.
On the other hand, the second category strategies 7-10, includes agents with large
view range. The major obstacle for them in observing 2D manifold is curvature.
Particularly, high curvature regions prevents them to detect the manifold so their
populations continuously reduces as well. Finally, the winning strategies 3-5 in-
volve agents with medium view range where r is big enough to suppress the effect
of noise and small enough not to be defected by curvature. Thus, they survive while
the rest disappears. Moreover, the algorithm provides information over the dimen-
sion of the manifold as learned in the iterations (panel i). At first, since the noise
level is high, most agents see a 3D object. Since the noise level decreases over time
and agents pick better strategies, agents observe the 2D manifold more often. Panel
j) exemplifies the achieved speed up for this experiment if agents are distributed
among several processors. Because of the transfer time adding more than 3 cores
does not accelerate the computation further for this experiment. Note that optimiz-
ing parallelization is possible but not in the focus of this chapter.

Manifold with varying noise

Fig. 3.3 (a) displays a circular manifold which contains a sharp change in its density,
and is disrupted by Gaussian noise with varying σ P p0, 0.3q along the manifold.
To apply denoising techniques, we set their hyper-parameters as follow: 1) MD:
δt “ 0.01, k “ 80, Niter “ 200. 2) LLD: k “ 200, λ “ 0.01, σ “ 0.02, d “ 1. 3) SAF:
r “ 0.5, µ “ 0.2, Niter “ 3. 4) MBMS: k “ 60, σ “ 8, Niter “ 2, d “ 1.
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Figure 3.2: Two views of the data set (a,b) and the results of EM3A (c,d). The fit-
ness and population of losing (e,f) and winning (g,h) strategies. (i) the number of
visited points with different dimensionalities. (j) computation time with number of
processors used.

The Fig. 3.3 shows their outputs and Table 3.1 reports MSE. To report the MSE
for EM3A, we run it 5 times. From the table, EM3A outperforms others since it
limits the motion of samples to be parallel to the normal vectors, similar to MBMS.
However, unlike MBMS, which updates all samples in every iteration, EM3A tries to
only update points which are further from the underlying circle. Similar to MBMS,
EM3A` updates all samples in every iteration, but since MBMS is tuned with ap-
propriate values for its hyper-parameters, it is expected to give a better result. The
effect of the learning rate ρ (and η) on the reconstruction error is shown in Fig. 3.3g.
Smaller values lead to more stable results but need more iterations to run. Thus,
the selection of ρ P p0, 1s represents a trade-off between the iterations necessary and
the stability of the result, and it needs to be small for more complex structures. In
summary, EM3A can handle variations in density and noise of the manifold very
well, while not needing to make presumptions about the manifold beforehand.

Multi-manifold example

Often real data sets contain several manifolds with different dimensionalities. For
demonstration, we generate manifolds forming a basket-like structure shown in Fig.
3.4 (a). The top manifold contains 3600 data points uniformly sampled from a hemi-
sphere, and the bottom manifold includes 1000 data points generated from a semi-
circle. Then, Gaussian noise with σ “ 0.3 is added. Since LLD and MBMS needs
to know the intrinsic dimensionality d, they can not be used directly on a data set
containing multiple manifolds. In order to compare MBMS we cheat and separate
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Figure 3.3: Gray points: a 1D manifolds varying in density and noise level. Red
points: the denoised manifold, using: a) MD, b) LLD, c) SAF, d) MBM and e) EM3A.
f) EM3A`: Niter “ 6. g) evolution of the MSE (to the ground truth) per iteration for
values of ρ P t0.1, 0.5, 1u.

the two manifolds to be able to apply it. On the other hand MD, SAF, EM3A and
EM3A` do not need to know d and can be used in a realistic scenario. As seen in
Fig. 3.4b MD depicts some undesired effects: it creates artificial holes and discontin-
uouity in the hemisphere and circle structures, respectively, and does not completely
clean the 1D basket handle. Although MBMS provides comparable clean manifolds
as EM3A and EM3A`, it needs to denoise them separately. EM3A` and EM3A out-
performs others without any preprocessing (see Fig. 3.4c) and additionally provides
information about dimensions of the manifolds as visualized in panel e.

Cosmological N-body simulations

An important tool to study the evolution of large-scale astronomical structures is
N-body simulations where it is modeled as interaction among particles following
physical rules. The presence of gravity causes the accumulation of particles which
later form different types of structures, including walls (plane-like structures), fila-
ments (1D structures which created from crossing two walls) and clusters (spherical
structures). Since positions of galaxies on these structures influence their evolu-
tion tracks, it is important to have a good estimation for these structures (Taghribi
et al. 2020). Here, we show how we can use our algorithm to reconstruct the low-
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Figure 3.4: comparison of the original noisy basket data (panel a) to the results after
applying b) MD: δt “ 0.02, k “ 80, Niter “ 80. c) SAF: r “ 0.6, µ “ 0.5, Niter “ 4. d)
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Table 3.1: Average distances to the ground truth
Dataset

Method Circle Basket
Noisy 0.2498 (0.0000) 0.4782 (0.0000)
MD 0.1941 (0.0000) 0.4343 (0.0000)
LLD 0.1781 (0.0000) -
SAF 0.1771 (0.0000) 0.4459 (0.0000)

MBMS 0.1628 (0.0000) 0.3720 (0.0000)
EM3A 0.1617 (0.0002) 0.3640 (0.0007)

EM3A` 0.1779 (0.0002) 0.3614 (0.0004)

dimensional filaments from the simulation while clusters stay unchanged.
Fig. 3.5 (a) depict an N-body simulation containing 115697 particles. Recovering

the underlying manifolds is challenging since there are variation on both dimension-
ality and density. Particularly, the density significantly changes in dataspace, even
along a single filament. To apply SAF, we checked several values for its hyperpa-
rameters, and we used the best values for the experiment: r “ 0.5, µ “ 0.4, Niter “ 4.
Moreover, since using EM3A is time consuming, we only apply EM3A`, and we de-
crease the number of its strategies m “ 4 and set Rmin “ 0.2, Rmax “ 1. Fig. 3.5 (b)
shows the output of SAF. Not only it ruins clusters, but also it discretizes filaments



3.4. Experiments 69

via pushes particles towards denser regions. On the other hand, Fig. 3.5 (c) dis-
plays result of EM3A`. While it keeps clusters unchanged, it succesfully recover
the underlying manifolds of filaments without causing discontinuouity.

3.4.2 Manifold denoising as a preprocessing step

Density estimation

One major problem in machine learning is to approximate the underlying probabil-
ity density function (pdf) of a data set. If there is no prior knowledge about the form
of the pdf, the Parzen Window (PW), a well-known non-parametric density estima-
tion technique, is appealing. However, for larger data sets, this method becomes
computationally expensive and strategies have been proposed to reduce its burden.
For instance, Fast Parzen Windows (FPW) (Wang et al. 2009) decreases the amount
of computation by two steps:

1. partition the data set via hyper-balls with fixed radii r (see algorithm 3.5) and
2. fit a Gaussian distribution on each ball, separately.

In order to find the centres, it randomly selects a sample as a centre and then re-
moves all its neighbors closer than r and continues this process on the remaining
samples until only centres remain. Although it provides a sparse representation

Algorithm 3.5 Covering data space with hyper-balls
Input: data set D, radius r.
Output: set S “ ts1, ¨ ¨ ¨ squ containing centers of balls, and the partition
tS1, ¨ ¨ ¨ ,Squ
procedure COVERING(D, r)
S ÐH, T ÐH, j Ð 0

while DzT ‰ H do
j Ð j ` 1

Randomly select a point xi P DzT and add it to the partition set S as well
as to the set T

for every data point x P DzT do
if ‖x´ xi‖ ď r then

add x to the partition Sj centered at sj “ xi and add x to T
end if

end for
end while

end procedure

for the pdf, its performance can be degraded by noise. We demonstrate the benefit
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Figure 3.5: a) N-body cosmological simulation, b) SAF, c) EM3A`.
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Figure 3.6: a) Fast Parzen Window (FPW), b) EM3A+FPW, c) EM3A`+FPW, and con-
tour curves for the likelihood function of FPW, EM3A+FPW and EM3A`+FPW in
panel d), e) and f) respectively.

of denoising, using EM3A and EM3A`, as preprocessing and perform FPW subse-
quently on the denoised data set to find the centres. In order to show its impact
we use a 2D data set aligned along a spiral structure extracting 2000 samples from
the distribution x1 “ 0.04t sinptq ` ε1, x2 “ 0.04t cosptq ` ε2, with t distributed uni-
formly over the interval p3, 15q, and εi being Gaussian with N p0, 0.03q. Here, we set
Rmax “ 0.2 and ρ “ 0.1 (to keep η “ ρ

?
r

small) for both EM3A and EM3A`. Table
3.2 shows the mean result for 10 independent runs. While the denoising improves
the performance of FPW significantly, it also leads to a sparser representation of the
pdf.

In addition to the spiral dataset, we also consider the simulated jelly-fish galaxy
containing 58530 particle. We use the same 10- folds created in the previous chapter,
to check the impact of our denoising approach. Here, we only apply the EM3A`

algorithm to the data, and we use the same hyper-parameters as the cosmic web ex-
periment. The result is reported in 3.2. It not only slightly improves the performance
but also simplifies the model significantly.
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Table 3.2: Density estimation
FPW EM3A+FPW EM3A`+FPW

ALL 0.3004 (0.13) 0.6012 (0.04) 0.5323 (0.05)
centres 25.90 (1.29) 21.80 (0.74) 22.1 (0.74)

ALL -3.8557 (0.02) - -3.8408 (0.01)
centres 952.8 (9.70) - 748.1 (6.59)

3.5 Conclusion

The presence of noise can degrade the results of many algorithms, and data clean-
ing can improve the performance of subsequently applied ML algorithms. Inspired
by swarm intelligence EM3A uses colonies of agents with different properties to
decrease noise and concepts from evolutionary game theory to control their pop-
ulations for automatic hyper-parameter optimization. In contrary to our proposed
strategy, related manifold denoising techniques, such as LLD and MBMS, require
information about the manifolds and noise beforehand. Since every agent in the
new algorithm just uses local information for their actions it has several advan-
tages: it is flexible, parallelizable and applicable in different scenarios including
multi-manifold cases. Therefore, we applied the new algorithm on an N-body cos-
mological simulation where it is desirable to have an algorithm which recover low
dimensional structures. The results show it succesfully clean structures without re-
quiring extra knowledge about the number of manifolds and their intrinsic dimen-
sionalities. Moreover, it can used as a preprocessing step for density estimators, and
the experiments shows it can improve the performance of density estimators and
provide a sparser model.
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Chapter 4

Globular cluster detection in the halo of the
Milky Way

Abstract

Many techniques for the detection of interesting stellar structures in astronomical data
sets require full phase-space or color information, which is not always available. The first
data release of the GAIA satellite, for example, provided highly accurate positions and
magnitudes for more than one billion sources. Therefore the question arises if such struc-
tures can also be automatically found without waiting for more detailed information in
future data releases. In this chapter we propose and compare two conceptually different
strategies to find globular clusters in the GAIA DR1 survey. The first approach is a
nearest neighbor retrieval and the second one is an anomaly detection. Both techniques
are able to find most of the known globular clusters within our observation frames consis-
tently, as well as potential candidates for further investigation. Furthermore we address
approximation approaches to scale the strategy to larger data.

4.1 Introduction

A
major interest in astronomy is finding characteristic stellar structures in the sky
that are present in large modern astronomical databases, but surrounded by

foreground stars posited in our own galaxy. With more powerful sensor technol-
ogy and data surveys ever increasing in size, the demand for automated techniques
to find and investigate such astronomical structures has grown tremendously. The
GAIA mission, for example, launched a satellite at the end of 2013 to survey the
whole sky for the creation of an extraordinarily precise three-dimensional map for
stars in our galaxy (the Milky Way) and beyond. Data produced by this mission pro-
vides a massive amount of observational data useful to analyze various important
problems related to the origin, structure and evolutional history of our galaxy.
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Good candidates for the study of stellar evolution are structures known as glob-
ular clusters (GCs). A globular cluster is a stellar population which assumes that
the involved stars were formed at the same time from a single cloud of interstellar
gas and dust and therefore being of similar age and chemical compositions, which
makes GCs effective tracers of galaxy formation and evolution (Barnes 1989). More-
over, the dynamical interactions of GCs with the galactic potential inferred from
effects on stellar density and velocity profiles, can be used to study the mass dis-
tribution of the galaxies (Rockosi et al. 2002). However, GCs are comparably small
and compact stellar structures and therefore not trivial to find.

The development in observing capabilities enables us to collect different types
of observations. In the presence of diversity in measurements, we need different
techniques to detect stellar structures. A few algorithms like ROCKSTAR(Behroozi
et al. 2012), OPTICS(Fuentes et al. 2017) and M3A identify substructures, such as
GCs, from full phase-space information. If only position, magnitudes and color in-
formation of the stars is available matched filter methods are typically applied(Tian
2017).

In this chapter we focus on the detection of GCs using the data release 1 (DR1)
catalog collected by the GAIA satellite. The first release contains highly accurate
positions for more than one billion stars brighter than magnitude 20.7 in the white-
light photometric band G (Brown et al. 2016). However, neither the full phase-space
information nor the color information of the stars is available in the GAIA DR1
catalog, and therefore the above mentioned methods cannot be used. A very re-
cent contribution proposed the use of the magnitude distribution to detect compact
stellar structures such as GCs and dwarf galaxies in GAIA DR1 (Tian 2017), which
inspired this work. They introduce a histogram to approximate magnitude distri-
bution. However, using a one-dimensional histogram has two disadvantages: a) a
histogram is sensitive to the placement of bins, and b) the sole use of the magnitude
distribution disregards the information induced by position.

To date, Computer Science has yielded an impressive amount of machine learn-
ing algorithms to collect, store, retrieve, visualize and analyze complex interdisci-
plinary data, which have repeatedly proven useful in decision support and discov-
ery in many fields (Bishop 2006b). In this chapter, we investigate the automatic
detection using machine learning when only limited information is available. For
the detection we follow two strategies: a retrieval technique using known GCs to
detect similar structures and a novelty detection technique using the fact that most
of the sky does not contain any GCs. The main reason to select these strategies is
that both methods are suitable in situations where the availability of examples of
the interesting pattern is limited. In summary, this chapter provides the following
three major contributions:
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• A globular cluster detection technique following two independent strategies,
namely similarity retrieval and novelty detection.

• 3D Kernel Density Estimation (KDE) as feature vectors in order to capture both
position and brightness information.

• Discussion of the computational costs and approximation schemes to scale the
approach to larger data sets.

The chapter is structured as follows: in section 4.2, we explain the main properties
of globular clusters and why they are important for investigation. The data and
preprocessing is addressed in section 4.3. In section 4.4 we explain the retrieval and
novelty detection techniques followed by a complexity analysis in section 4.5. The
effectiveness of the strategies is demonstrated in detail in the experimental section
4.6, followed by the results in section 4.7 and the chapter is finalized with conclu-
sions.

4.2 Laboratory for stellar evolution

A globular cluster (GC) is a spherically shaped collection of stars bounded by grav-
ity with high stellar densities toward its center. A star is a luminous spheroid of
gas, mostly hydrogen and helium, held together by its own gravity. To measure its
brightness , the apparent magnitude m is computed by

m “ ´2.5 log10 F ` c , (4.1)

where F denotes the flux of the star received on Earth and c represents a pho-
tometric constant. If the magnitude values of stars in two bands are available,
we can calculate their color which are closely related to their surface temperature.
The Hertzsprung-Russell (HR) diagram uses the relationship between the apparent
magnitude (or luminosity) and color to illustrate the evolution of stars.

Figure 4.1 depicts an example HR diagram containing the magnitude and color
information of stars within the globular cluster NGC 5024. Within a GC we can find
stars in different stages of their life which makes them good candidates to study
stellar evolution. Depending on the distance of the cluster, the position of horizontal
branch will shift in the apparent magnitude axis which can be described by the
distance modulus formula:

m´M “ 5 log10 d´ 5 , (4.2)

where m, M and d are apparent magnitude, absolute magnitude and the distance
(in parsec), respectively. The absolute magnitude of a star is its intrinsic brightness
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Figure 4.1: The HR diagram of the globular cluster NGC 5024. Important groups are
marked by RGB: Red Giant Branch, HB: Horizontal Branch, MS: Main Sequence.
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Figure 4.2: Left: Magnitude distribution of a window of 0.5 degree centering at
globular cluster NGC5024. Right: Magnitude distribution of a random window.

(in magnitude) which is expected to beM “ ´0.5 for a star in HB (Riello et al. 2003).
Hence, finding the distances of GCs takes us one step closer to the goal of the GAIA
mission of creating a 3-dimensional map of the Milky Way.

4.3 Data and Preprocessing

The GAIA DR1 catalog captures stars of magnitudes up to 20.7 magnitude (mag).
We use the magnitude distributions of the stars contained in rectangular windows
to detect globular clusters in the GAIA database. As proposed in (Tian 2017) and
(Mohammadi et al. 2018) we consider windows of 0.5 degree length in both right as-
cension (RA) and declination (Dec). The left panel in Fig. 4.2 displays the magnitude
distribution as estimated via one dimensional Kernel Density Estimation (KDE)
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0.5deg

0.17deg

Figure 4.3: Summary of preprocessing: 1) divide the sky into smaller windows, 2)
extract sources centered around the region of largest density and 3) compute 3D-
KDE of the extracted data.

based on the magnitudes extracted from a window centered at position (198.23
RA,18.17 Dec) of globular cluster NGC5024 in GAIA. In contrast to random win-
dows (Fig. 4.2 right panel) the distribution of a window containing a globular clus-
ter will exhibit a bump and then a sharp increase which is expected if we collapse
the HR diagram in the color dimension (when color information is not available).
By comparing Fig. 4.1 and Fig. 4.2, we see a clear bump at a characteristic magni-
tude 17, which comes from the horizontal branch (HB). For higher magnitudes, we
see a sharp increase towards faint stars, up to the magnitude limit of 20.7 mag in the
GAIA survey.

4.3.1 Preprocessing

The preprocessing procedure we perform throughout the experiments is summa-
rized in Fig. 4.3. First we divide the sky into smaller windows of size 0.5 ˆ 0.5

degree2 to ensure each region is taken into account for the analysis. For each bright
source, we have three numbers which represent its position (right ascension and
declination) and its apparent magnitude. Since the center of GCs are the most dense
place in comparison to stars far from the center, we approximate the position of the
center finding the most dense place in each window. Then we extract the informa-
tion (position and apparent magnitude values) of sources contained in the bins of
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(a) Comparison by Euclidean distance (b) Comparison by Dynamic Time Warping

Figure 4.4: Comparison of densities using Euclidean distance and Dynamic Time
Warping.

size 0.17ˆ 0.17 degree2 around the center.
Suppose px1, . . . , xnq is the extracted magnitude values from a window, we can

approximate the magnitude distribution by one dimensional KDE as follows:

fhpxq “
1

n

n
ÿ

i“1

Khpx´ xiq “
1

nh

n
ÿ

i“1

K
´x´ xi

h

¯

(4.3)

with bandwidth h and the Epanechnikov function as kernel K (Chu et al. 2017).
Here, we extend the original proposal in (Mohammadi et al. 2018) to use the full po-
sition information. This can be achieved by using three dimensional KDE (Simonoff
2012). Since different coordinates have different units, we need to allow different
amount of smoothing in each of the coordinates. Hence, we use 3D KDE which
relies upon the product kernels with different bandwidth for each coordinates, as
follows:

fHpxq “
1

nh1h2h3

n
ÿ

i“1

K

ˆ

ra´ rai
h1

˙

K

ˆ

dec´ deci
h2

˙

K

ˆ

x´ xi
h3

˙

. (4.4)

The variables prai,deciq denote the position of i-th star inside the window and
H “ ph1, h2, h3q depicts the bandwidths along right ascension, declination and mag-
nitude axes, respectively.

4.4 Methods

We compare the magnitude densities extracted from a window regarding each mag-
nitude distribution as a sequence (replacing time by magnitude values) and make
use of Dynamic Time Warping (DTW) (Sakoe and Chiba 1978), (Schleif and Tino
2015). Consider the two D-dimensional sequences X “ x1, x2, ¨ ¨ ¨ , xm and Z “
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z1, z2, . . . , zn where xi, zj P RD. DTW aligns them non-linearly (see right panel in
Fig. 4.4) in such a way to minimize the distance between them. The alignment can
be represented by a sequence of tuples:

F “ a1, a2, ¨ ¨ ¨ , aK (4.5)

where ak “ pik, jkq contains the indices from X and Z with ik P t1, 2, ¨ ¨ ¨ ,mu, jk P
t1, 2, ¨ ¨ ¨ , nu. Hence, it assigns an element of X to an element of Z. The sequence F
is called warping path, and it should fulfill the following conditions:

• Boundary condition: alignment of the first and last elements of sequence, i.e.
a1 “ p1, 1q and aK “ pm,nq.

• Monotonicity condition: the assignment can not be backward in time, i.e. if
we have k ă l, then ik ď il and jk ď jl should hold.

• Step size condition: no element of X and Y can be omitted, and all tuples of F
should be distinct.

Given a warping path, we can measure the dissimilarity between them as follow:

dpX,Y q “
K
ÿ

k“1

||xik ´ zjk || (4.6)

where ||.|| is the euclidean distance. The optimal warping path with the lowest dis-
tance d can be achieved by warping the time axes, which can be efficiently obtained
using dynamic programming (Sakoe and Chiba 1978). However, the resulting dis-
similarity does not fulfill all metric properties, but it has the potential to detect sim-
ilar structures in the densities, such as bumps, despite their shifting location on the
magnitude axis.

4.4.1 Nearest Neighbor Retrieval

Nearest Neighbor Search (NNS) finds similar objects of interest in a data base. For a
given example, this technique returns a desired number of most similar objects from
the data base according to the distance measure used. By using this strategy we
aim to find interesting structures in the GAIA survey by retrieving similar densities
to those extracted from the known globular clusters using DTW as dissimilarity
measure. To compare the extracted distribution with a k nearest neighbors of the
known structures, the number of common GCs for each window is counted. The
higher the obtained count the more likely it is that there is something interesting in
it. This technique can be easily extended to deal with even larger data sets by using
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approximate nearest neighbor search approaches, as for example locality-sensitive
hashing(Leskovec et al. 2014), best bin first(Beis and Lowe 1997) and balanced box-
decomposition tree based search(Arya et al. 1998).

4.4.2 Novelty Detection

Since the sky is mostly empty (of structures) we can regard the search for interesting
structures as novelty or outlier detection. We use an approach which was inspired
by the Support Vector Classifier called Support Vector Data Description (SVDD) (Tax
and Duin 1999). Assume given data xi P Rn and a fixed chosen kernel K : Rn ˆ
Rn Ñ R which is associated to the feature map Φ: Kpx, zq “ ΦpxqtΦpzq.

The motivation for such an embedding comes with the hope that the non-linear
transformation of input data into a higher dimensional space allows for using lin-
ear techniques. Kernelized methods process the embedded data points in a fea-
ture space utilizing only the inner products x¨, ¨y (kernel trick) (Shawe-Taylor and
Cristianini 2004), without the need to explicitly calculate Φ. The kernel function can
be very generic. Most prominent are the linear kernel with Kpx, zq “ xΦpxq,Φpzqy
where xΦpxq,Φpzqy is the Euclidean inner product and Φ identity mapping, or the
RBF kernel Kσpx, zq “ exp

´

´
||x´z||2

2σ2

¯

, with σ ą 0 as a free scale parameter. In any
case, it is always assumed that the kernel function Kpx, zq is positive semi definite
(psd).

The goal of SVDD is to find a generalized linear mapping x ÞÑ sgnpfpxqq “

sgnpwtΦpxq ´ ρq, which defines a separation of the given data to outliers by means
of its sign. Where the separation boundary corresponds to a linear separation in
the feature space induced by Φ. The problem to find suitable parameters w and ρ

for a given data set of typical points xi can be formalized as an optimization prob-
lem which aims at a separation of the given data from the origin with maximum
margin. This leads to the following primal optimization problem SVDD (primal):
minw,ρ,ξi

1
2 ¨ |w|

2 ´ ρ ` C
2 ¨

ř

i ξ
2
i , such that wtΦpxiq ě ρ ´ ξi @i, where C ą 0

is a fixed constant, and the parameters ξi refer to the slack variables to allow for
some error tolerance. Using the Karush-Kuhn-Tucker conditions, the Lagrange dual
problem becomes

SVDDpdualq

maxαi ´ 1
2 ¨

ř

ij Kpxi,xjqαiαj `
1
C ¨

ř

i α
2
i

such that αi ě 0 @i
ř

i αi “ 1

This dual problem can be directly optimized relying on linearly constraint convex
quadratic optimization. The solution w and ρ of the primal problem can then be



4.4. Methods 83

recovered from the dual variables αi. These are non-vanishing for support vectors
only and hence result in a sparse description. For large data sets it is possible to
use optimized SVDD solvers or to apply the equivalent core vector data description
technique (CVDD), which effectively scales to millions of points (Tsang et al. 2006).

The tightness of the data description can be controlled by setting an error tol-
erance or using outlier examples one desires to detect. However, for this approach
we require a positive definite kernel also known as Mercer kernel (Pekalska and
Duin 2005), which we cannot guarantee if the DTW dissimilarity is used due to
missing metric properties. To obtain a kernel (similarities) from a dissimilarity mea-
sure (like DTW) it is possible to use a technique called double-centering (Pekalska
and Duin 2005):

S “ ´JDJ{2 with J “ pI´ 11J{nq (4.7)

withD being a (squared) dissimilarity matrix as obtained from a given dissimilarity
function and identity matrix I and vector of ones 1. However in case of DTW the
obtained kernel will be non-psd.

Non-metric dissimilarity measures and non-psd, or indefinite kernels have re-
cently attracted a lot of research activities, with a summary given in (Schleif and
Tino 2015). These measures have often found to be very effective and more flexible
than standard metric measures. Most kernel methods are restricted to psd (mercer)
kernels and a variety of transformation approaches have been suggested to convert
non-psd kernels into psd-kernels (Schleif and Tino 2015).

A natural way to address this problem and to obtain a psd similarity matrix is
to correct the eigenspectrum of the original similarity matrix S. Popular strategies
include flipping, clipping, shift correction. The non-psd similarity matrix S is decom-
posed as

S “ UΛUJ, (4.8)

where U contains the eigenvectors of S and Λ contains the corresponding eigenval-
ues. The following approaches are commonly used:

• clipping - the negative eigenvalues in Λ are fixed to 0

• flipping - the sign of the negative eigenvalues in Λ is changed to positive

• square - all eigenvalues are squared

• shift - the eigenspectrum (from Λ) is shifted by the most negative eigenvalue
value, such that all entries in Λ are non-negative.
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Spectrum shift enhances all the self-similarities by the amount of ν and does not
change the similarity between any two different data points. Detailed equations,
further transformation techniques as well as an in depth analysis of the various
methods, is provided in (Schleif and Tino 2015). We approximate a positive definite
kernel (psd) based on the DTW dissimilarity following the strategy discussed in
(Schleif and Tino 2015) using the square approach, which was found to be of good
performance in a number of tasks. We follow two steps to convert the DTW pairwise
dissimilarity matrix D between magnitude distributions into an appropriate kernel
as input to the SVDD:

1. Constructing the dissimilarity matrix by computing DTW for all pairs of mag-
nitude distributions

2. computing similarity matrix S from D via double centering and

3. converting S to a psd kernel by K “ S ¨ SJ.

For large scale data this approach can be optimized by using additional methods
detailed in (Gisbrecht and Schleif 2015).

4.5 Complexity analysis

The alignment distances can be efficiently calculated using dynamic programming
with a worst-case runtime of OpL1 ¨ L2q, with L1 and L2 being the number of spec-
trum elements in the first and the second input spectrum, respectively. The conver-
sion from dissimilarities to positive-semi-definite similarities can be achieved with
linear cost in Opnq using an approximation strategy (including an effective out-of
sample extension) suggested in (Gisbrecht and Schleif 2015).

The application of the nearest neighbor classifier has linear complexity in OpNq,
but can also be reduced to potentially log-linear costs using e.g. k-d-trees (Skiena
1998). The SVDD algorithm has roughly Opn2q complexity but using the CVDD
approach the complexity can be reduced to Opnq. All together using specific opti-
mization concepts and data structures, the NN approach has Oplog nq runtime and
Opnq memory complexity in the test phase. With NN a training is not needed. Us-
ing the SVDD / CVDD technique we get Opnq runtime and memory complexity
during training and due to sparsity and approximation concepts sub-linear mem-
ory and runtime complexity during testing. In the presented results we have used
exact approaches only.
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4.6 Experiments

Figure 4.5: Number distribution of all the stars in Gaia DR1 with 10 ă G ă 20.7.
Boxes marked three selected regions with the positions: (1) 0˝ ă α ă 80˝ and
´90˝ ă δ ă 0˝, (2) 120˝ ă α ă 246˝ and ´2˝ ă δ ă 60˝, and (3) 310˝ ă α ă 360˝

and ´90˝ ă δ ă 0˝.

We apply the proposed strategies on three regions around the disk of Milky
Way as depicted in Fig. 4.5 (Tian 2017). As explained in section 4.3.1, the sky is
divided into smaller windows of 0.5 degree bin width. Then we find the most
dense place in each window and extract information of sources in the neighbor-
hood centered at it with the size of 0.17 degree. We use the 3D-KDE with band-
width H “ p0.1, 0.1, 0.15q. And we extract the KDE values in a regular grid of size
3 ˆ 3 ˆ 500: 3 along RA and Dec axes and 500 along magnitude axis, respectively.
The resulting grid is reshaped as a sequence of vectors (vi P IR9, i “ 1, . . . , 500).

There are 26 known globular clusters in the selected regions. Since we have a
limited magnitude of stars of maximal 20.7 in the GAIA survey, we do not include
the more distant known GCs, which cannot be expected to be captured in the data.
A total of 17 known GCs remains for the analysis in our experiments (see Table 4.1
(Harris 1996)).

Nearest Neighbor Retrieval For the nearest neighbor retrieval we use the magni-
tude distributions of the 17 known GCs as example structures. All these examples
are then compared with DTW to windows of equal size extracted by sliding with 0.5
degree through the parts of the sky under observation. Using the counting strategy
discussed above the promising candidates are identified. To evaluate this technique
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Table 4.1: Names and positions of the known GCs in the selected regions.
Position

Name right ascension declination Region

NGC 1851 78.53 -40.05 1
47 Tuc 6.02 -72.08 1
NGC 288 13.19 -26.58 1
NGC 362 15.81 -70.85 1
NGC 1261 48.07 -55.22 1
NGC4147 182.53 18.54 2
NGC 5024 198.23 18.17 2
NGC5053 199.11 17.7 2
NGC 5272 205.55 28.38 2
NGC5466 211.36 28.53 2
NGC5904 229.02 -0.11 2
Palomar5 229.64 2.08 2
M72 313.37 -12.54 3
M2 323.36 -0.82 3
M30 325.09 -23.18 3
Palomar 12 326.66 -21.25 3
NGC 7492 347.11 -15.61 3

we use 4-fold cross validation. Due to the relatively small number of GCs (sev-
enteen), we divide them into four non-overlapping folds, such that the method is
tested on structures not used for training. Then DTW is used to find the most simi-
lar distributions in the test set to queries in the training set.

Novelty Detection For the outlier detection we build 5 psd kernels for cross vali-
dation based on the DTW dissimilarities as mentioned before. As a proof of concept
we build kernels of 6000 samples (2000 per region) each containing:

a) a training subset of 4200 random windows taken from GAIA (1400 per region)
resembling empty sky1 and

b) a test set containing the windows extracted around the known GCs, potential
candidates from the retrieval and 600 random windows per region.

1The probability of accidentally picking a window containing an interesting structure is very low and
the SVDD has a hyper-parameter to allow outliers.
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Figure 4.6: Workflow of the process: at first, the preprocessing step is done (section
4.3.1), then we use two different approaches: Nearest neighbor retrieval (section
4.4.1) and Novelty detection (section 4.4.2). At the end, DoG (section 4.6) is used for
the candidates obtained by two methods.

Therefore, we train 5 SVDD models on different random subsets of empty sky to
get models depicting typical uninteresting windows. To evaluate our method, we
use the testing set (b) and report the detection rate of known GCs as well as overlap
with the retrieval method. In our experiments we investigate the threshold ρ for the
decision boundary and therefore the tightness of the data description by an error
tolerance E.

Difference of Gaussian filters A difference of Gaussian (DoG) filter (Gecer et al.
2017) is constructed by subtraction of a Gaussian filter from a tighter one as follows:

DoGσpx, yq “
exp

´

´
x2
`y2

2p0.5σq2

¯

2πp0.5σq2
´

exp
´

´
x2
`y2

2σ2

¯

2πσ2
, (4.9)

where σ is standard deviation. This filter gives high response to a circular shape.
To determine the exact position of a GC and to reduce false positives we use DoG
filters to judge the candidates. The work-flow of the process is depicted in Fig. 4.6.

4.7 Results

Both methods retrieve an increasing number of potential candidates with increasing
their corresponding hyper-parameter. The summary of the results is given in Table
4.2. Since the retrieval technique uses examples of the GCs, it is more specific in
comparison to the outlier detection strategy. To evaluate the retrieval technique, we
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Table 4.2: Mean hit number (and std) for different hyper-parameter settings k and
E in retrieval and outlier detection respectively.

HP Candidates GCs found

k 10 79.25 (11.18) 8.75 (1.26)
k 20 135.75 (19.00) 11.00 (1.41)
k 50 309.25 (31.06) 12.50 (0.58)
k 100 540.00 (51.20) 14.00 (0.00)
k 250 1174.00 (101.78) 16.00 (0.00)

E 1% 90.20 (52.82) 14.40 (0.55)
E 5% 243.80 (37.93) 15.60 (0.89)
E 10% 305.80 (20.05) 16.80 (0.45)
E 20% 318.80 (27.81) 17.00 (0.00)

use 4-fold cross validation to see whether it can detect the known GCs (see the first
5 rows of Table 4.2). For this technique, 47 Tuc, NGC 362 and Palomar 5 are more
difficult. This is due to the fact that the radii of 47 Tuc and NGC 362 are big (even
bigger than 0.25 deg), making them difficult to detect using smaller windows (i.e.
0.17 deg). However, we still can detect them if we increase the hyper-parameters
or the size of the windows. The average vote for k “ 40 nearest neighbors and
corresponding candidates together with known GCs in the investigated regions are
shown in Fig. 4.7. Windows with more than one third of the maximum vote are
clustered based on Ra and Dec and hits closer than 0.75˝ denote the same candidate.

Using the outlier detection strategy models are trained solely on random win-
dows. Therefore the models are not provided with any example of the known struc-
tures, but still detect almost all 17 known GCs used for testing when allowed an
error tolerance E ě 10%. Furthermore it is important to note that the outliers found
often overlap with candidates detected using the retrieval method.

To reduce false positives, specially for the outlier detection, we use DoG filters
(Gecer et al. 2017) in a post processing step. The right panels of figure 4.8 shows
filter responses to two potential interesting candidates found by our strategies at
different magnitudes stacked on top of each other. On the left side we show original
magnitudes of sources at the corresponding RA and Dec position taken from the
GAIA DR1 survey. We observe that the filter starts giving high responses in the
center of the structure (i.e. a circular shaped group of stars) from some magnitude
up to limit magnitude of GAIA, but a weak response (i.e. uniformly distributed
stars) at lower magnitude, which can be inferred that there are fewer bright stars
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Figure 4.7: The average votes for the candidate using 40 NN retrieval and the circles
mark interesting regions with the color indicating the similarity to known GCs.

and more faint stars in these structure.

4.8 Conclusion and Outlook

Techniques to detect interesting stellar structures often require full-phase space or
color information, which is not always available especially in early releases of astro-
nomical data. In this chapter two independent strategies are presented to find inter-
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Figure 4.8: Two candidates found at positions p40,´34.5q and p330.78,´51.3q.
Left: the distribution of stars and gray levels representing the magnitude values of
sources from GAIA DR1. Right: stacked responses of spatial Difference of Gaussian
filter at different magnitudes.

esting stellar structures targeted at astronomical surveys which provide only limited
information such as 2D positions and brightness. Previous work (Tian 2017) uses
histograms as features and manual inspection to retrieve possible candidates. In
comparison we use three dimensional KDEs as features and automatic retrieval and
novelty detection techniques to find possible candidates. The methods are demon-
strated for the detection of globular clusters in the GAIA DR1 survey. Using a near-
est neighbor retrieval method we compare examples extracted from 17 known GCs
to other parts of the sky. Furthermore, assuming the sky is mainly empty (of interest-
ing structures with the magnitude values smaller than 20.7) we treat the problem of
finding interesting structures as outlier detection problem. Therefore we used some
random windows of the sky to train a support vector data description, a kernel-
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based anomaly detection technique. Both techniques find most of the 17 known
GCs used for testing and also depict overlapping agreement on potential candi-
dates found. Since these methods could give false positive candidate which is the
case when their hyper-parameters are big, we use Difference of Gaussian filters on
the candidate. However, since the GAIA DR1 does not provide the color informa-
tion, it is still possible to get false positive. For example, it is possible to find some
other types of structures, such as dwarf galaxies because some of them have sim-
ilar magnitude distributions and also spherical shapes. Recently, the new version
of GAIA survey (GAIA DR2) has been released which includes color information
and proper motions, and let us to use our proposed technique (M3A) for further
investigation.
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Chapter 5

Detection of extragalactic Ultra-Compact
Dwarfs and Globular Clusters using
Explainable AI techniques

Abstract

Compact stellar systems such as Ultra-compact dwarfs (UCDs) and Globular Clusters
(GCs) around galaxies are known to be the tracers of the merger events that have been
forming these galaxies. Therefore, identifying such systems allows astronomers to study
galaxies mass assembly, formation and evolution. However, in the lack of spectroscopic
information detecting UCDs/GCs using imaging data is very uncertain. Here, we aim to
train a machine learning model that is able to separate these objects from the foreground
stars and background galaxies using the multi-wavelength imaging data of the Fornax
galaxy cluster in 6 filters, namely u, g, r, i, J and Ks. The classes of objects are highly
imbalanced which is problematic for many automatic classification techniques. Hence,
we employ Synthetic Minority Over-sampling (SMOTE) to handle the imbalance of the
training data. Then, we compare two classifiers, namely Localized Generalized Matrix
Learning Vector Quantization (LGMLVQ) and Random Forest (RF). Both methods are
able to identify UCDs/GCs with a precision and a recall (sensitivity) of ą 93% and pro-
vide relevances that reflect the importance of each feature dimension (colors and angular
sizes) for the classification. Both methods detect angular sizes as important markers for
this classification problem. While it is astronomical expectation that color indices of u´i

and i´Ks are the most important colors, our analysis shows that colors such as g´r are
more informative, potentially because of higher signal-to-noise ratio. Besides the excel-
lent performance the LGMLVQ method allows further interpretability by providing the
feature importance for each individual class, class-wise representative samples and the
possibility for non-linear visualization of the data as demonstrated in this chapter. We
conclude that employing machine learning techniques to identify UCDs/GCs can lead
to promising results. Especially transparent methods, as presented here, allow further
investigation and analysis of importance of the measurements for the detection problem
and provide tools for non-linear visualization of the data.
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5.1 Introduction

B
ased on the current theories of galaxy formation and evolution, galaxies are
formed hierarchically from the merger of low-mass galaxies that were formed

earlier. In this picture, the dense stellar structures such as Ultra-compact dwarfs
(UCDs) galaxies and Globular clusters (GCs), which are mostly found around galax-
ies and the core of galaxy clusters, are known to be the tracers of such merging
events (Beasley 2020). However, extragalactic UCDs and GCs around other galaxies
than the Milky Way look like stars (point-sources), due to their distance and cur-
rent limitations of observational equipment. Therefore identifying them through
imaging is challenging (Jordán et al. 2009). To find these objects, it is necessary
to measure their distances, which is only possible using spectroscopy and measur-
ing their radial velocity. The Hubble-Lemaı̂tre Law says that more distant galaxies
move faster away from us and thus astronomers measure the distance of galaxies by
measuring their radial velocity. The latter can be measured using Doppler shifts of
the absorption lines in the spectroscopic observations. Spectroscopy of astronomical
objects, however, needs longer exposure times than imaging. In other words, spec-
troscopy for all the star-like objects (point-sources) is not feasible in practice (Voggel
et al. 2020).

The recent advances in astronomical instrumentation and observations, without
doubt, have provided us with a large amount of data to explore. Traditionally, the
possible UCDs/GCs candidates are identified by multi-wavelength observations in
a few optical filters (Cantiello et al. 2018). Once the candidates are found follow-up
spectroscopy for selected nominees is carried out to measure the radial velocity and
therefore the distance to confirm the identity of the objects (Pota et al. 2018). This
implies that a more accurate UCD/GC selection makes the observation time shorter.

In the case of Fornax galaxy cluster, the second closest galaxy cluster to us, recent
observations of optical and near-infrared have been available, which makes it possi-
ble to identify UCDs/GCs within the galaxy cluster. The optical part of the data has
been used earlier to identify GCs in the cluster using various techniques (Cantiello
et al. 2020, Prole et al. 2019, Angora et al. 2019). Recently, (Muñoz et al. 2014) has
shown that a combination of optical/near infrared filters improves the quality of
identifying UCDs/GCs. However, this approach was not used until very recently,
mostly because deep observations in the near-infrared are not as easy as the optical.

Due to the sheer amount of astronomical data automatic tools to analyse the data
are highly desirable. Therefore, machine learning techniques get more and more at-
tention among Astronomers recently, and they have been popularly explored for
astronomical applications. The Random Forest (RF) (Carrasco et al. 2015, Gao et al.
2009) has been used to build a classifier for quasar identification and the Support
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Vector Machine (SVM) (Jones and Singal 2017) has been employed to estimate the
redshift. Other techniques used are k-nearest neighbor classifier (Li et al. 2008) for
active galactic nuclei (AGN) detection, Support Vector Data Description (SVDD)
(Mohammadi et al. 2019) for GC detection, and Artificial Neural Networks (ANN)
(Ball et al. 2004, Barchi et al. 2020, Xiao et al. 2020), for galaxy morphological classifi-
cation and AGN detection. Thus, a pletora of machine learning methods have been
successfully applied in many astronomical applications and they encourage us to be
extended to other cases.

A well-known family of prototype-based classifiers is Learning Vector Quan-
tization (LVQ) that efficiently distinguish high dimensional multi-class problems.
One of the main advantages of LVQ classifiers is the interpretability of the adapt-
ive parameters. The learned prototypes, for example, can be investigated as typical
representatives of the classes. While the original formulations of the LVQ family,
such as Generalized learning Vector Quantization (GLVQ) (Sato and Yamada 1995) use
the Euclidean distance, more complex extensions, such as Generalized Matrix LVQ
(GMLVQ) and the localized version LGMLVQ (Schneider et al. 2009b, Schneider
et al. 2009a) employ adaptive distance metrics. The latter algorithms also allow
further insights by visualization of the decision boundaries after training (Bunte
et al. 2012, Bunte 2011). In this chapter, we use LGMLVQ to classify three astro-
nomical structures, namely foreground stars, UCDs/GCs and background galaxies,
based on their optical (u, g, r, i) and near-infrared (J , Ks) measurements of the For-
nax Deep Survey, VISTA Hemisphere Survey and ESO/VISTA archive. The method
constructs non-linear decision boundaries and allows to evaluate the importance
of features for each class individually. One major issue often faced in astronomi-
cal problems is the imbalance of the classes. The total number of known UCDs and
GCs in the Fornax cluster identified in the data is just over 500, whereas the majority
class contains about 5 times more instances. To tackle this challenge we apply over-
sampling techniques, such as Synthetic Minority Oversampling (SMOTE) (Chawla
et al. 2002) and Borderline SMOTE (Han et al. 2005). In contrast to previous works
we have both optical and near-infrared filters in the dataset. We use LGMLVQ to
detect the classes of objects in potentially large amounts of high dimensional astro-
nomical data and analyse the results. Moreover, we compare the performance using
an ensemble of LGMLVQ classifiers.

The paper is organized as follows: In section 5.2 we describe the dataset, fol-
lowed by the explanation of classifiers in section 5.3. Afterwards, in section 5.4 we
describe the experiments and discuss the results. Finally we conclude in section 5.5
and provide inspirations for future work.



96
5. Detection of extragalactic Ultra-Compact Dwarfs and Globular Clusters using

Explainable AI techniques

5.2 Astronomical Data and Preprocessing

The data used in this research is extracted from multi-wavelength wide astronomi-
cal surveys obtained from a combination of 6 filters, i.e optical filters (u, g ,r and i)
and near-infrared filters (J and Ks). The optical u, g, r, i data was obtained from
Fornax Deep Survey (FDS) using the ESO VLT survey telescope (VST), J from VISTA
Hemisphere Survey (VHS, (McMahon et al. 2013) ) using the VISTA telescope and
Ks from the ESO/VISTA archival data. This data is described in detail in Saifollahi
et al. (submitted to Monthly Notices of the Royal Astronomical Society). The data
set provides photometric information in the direction of the Fornax galaxy cluster.
After excluding larger objects, likely to be galaxies in the Fornax cluster or slightly
more distant, any observed object in the dataset belong to one of the following 3
classes:

1. consists of 2826 background galaxies further away than the galaxies in the
Fornax cluster,

2. denotes the class of interest consisting of 512 UCDs and GCs, and

3. contains 4399 nearby foreground stars located in our own galaxy, the Milky
Way.

These classes are difficult to distinguish for several reasons: (1) the UCD and GC
(class 2) observations are faint and ambiguous as they are engulfed between the
two other classes, and (2) there is only a small number of confirmed examples of
them.

The labelled data consists of 23 features. The coordinates of the objects in the sky
are given in right ascension (RA) and declination (DEC) as a degree of point of ob-
servation from earth and illustrated in Fig. 5.1(c). Features FWHM˚g, FWHM˚r,
FWHM˚i, FWHM˚u, FWHM˚j and FWHM˚k, also known as the Full width
half maximum, are the proxies for the angular sizes of the objects as seen from the
corresponding filters. Followed by u ´ g, u ´ r, u ´ i, u ´ J , u ´ Ks, g ´ r, g ´ i,
g´ J , g´Ks, r´ i, r´ J , r´Ks, i´ J , i´Ks and J ´Ks, which are the colour in-
dices indicating the emission of the astronomical object in logarithmic scale, known
as magnitude and correlated to physical properties like age and metallicity. In total,
the data consists of 7737 complete observations that are used in the analysis.

Figure 5.1 shows the Eigenvalue profile of the data obtained using the unsuper-
vised Principal Component Analysis (PCA) in panel (b). The two major Eigenvalues
explain 88% of the data’s variance and the corresponding two-dimensional projec-
tion is depicted in panel (a). The large areas of overlap and imbalance of the classes
is clearly visible. Especially the latter states a problem for most classification tech-
niques and thus re-sampling techniques, such as Synthetic Minority Over-sampling



5.3. Methods 97

0 5 10 15 20 0 5
-10

-5

0

5

10

15
a) PCA projection 

background galaxies

UCDs/GCs

foreground stars

b) Eigenvalue Profile 

0 5 10 15 20
0

2

4

6

8

10

12

14

5254565852545658

RA [deg]

-38

-37

-36

-35

-34

-33

-32

D
E

C
 [
d
e
g
]

c) Object positions in the sky 

Figure 5.1: PCA-projection of the data colouring the background galaxies,
UCDs/GCs and foreground stars (blue, red and green, classes 1-3), respectively
(panel a). Corresponding Eigenvalue profile (panel b) and position of the objects
in the sky in right ascension (RA) and declination (DEC) (panel c).

(SMOTE) (Chawla et al. 2002) and Borderline-SMOTE (Han et al. 2005), are inves-
tigated as preprocessing steps. SMOTE increases the population of the minority
classes by generating synthetic samples as weighted convex combination between
random samples and its nearest neighbours. Instead of choosing random samples
Borderline-SMOTE specifically takes points near the boundaries between the classes
which are more likely to be misclassified. In this chapter we investigate and com-
pare both methods as preprocessing to balance the classes.

5.3 Methods

In this section, we introduce the state-of-the-art methodology used with focus on
localized adaptive distance metrics in Learning Vector Quantization (LVQ) and cor-
responding interpretability. Moreover, we present a comparison between Random
Forest (which is an ensemble of Decision Trees) and an ensemble of the Learning
Vector Quantization models.

5.3.1 Learning Vector Quantization (LVQ)

We assume tpxi, yiquNi“1 denote the training set, where xi P RD and yi P t1, ¨ ¨ ¨ , Cu

represent i-th data point and its class label, respectively. An LVQ classifier models
the distribution of classes via a set of labelled prototypes tpωj , cpωjqqumj“1, where
cpωjq is the label of the respective prototype. These prototypes tessellate the data
space into smaller regions, called Voronoi cells, enclosing data points for which the
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respective prototype is closer than any other. Classification follows a nearest proto-
type scheme, meaning any data point (including new ones) is assigned the class label
of the nearest prototype. To find prototype positions that minimize the classification
error E, Generalized learning Vector Quantization (GLVQ) (Sato and Yamada 1995) in-
troduced the following cost function, aiming at large margin optimization for better
generalization:

E “
N
ÿ

i“1

Φpµiq with µi “
dpxi,ω

Jq ´ dpxi,ω
Kq

dpxi,ωJq ` dpxi,ωKq
, (5.1)

with Φ being a monotonically increasing function. We used the identity Φpxq “ x

throughout this chapter. Furthermore, dpxi,ωJq denotes the distance of the data
point xi from the closest prototype with the same label yi “ cpωJq and dpxi,ω

Kq

the distance to the closest prototype with a different class label. The value of µi P
r´1, 1s shows the confidence of the classification. The cost function is non-convex
and typically gradient techniques, such as stochastic gradient descent (Bunte 2011,
Schneider et al. 2009a) are utilized to minimize the costs E.

From Eq. (5.1) it is clear that the the distance measure d plays a major role for the
performance of LVQ classifiers. While the Euclidean distance is a common choice
all dimensions contribute equally in it, which has drawbacks in capturing underly-
ing data semantics (Schneider et al. 2009a) in noisy high-dimensional and heteroge-
neous data spaces. As such it is not capable to reflect if features differ in importance
for the classification task at hand. Therefore, (Hammer and Villmann 2002) pro-
posed to incorporate a weighting factor for each feature dimension that is adapted
during training:

dΛpxi,ω
jq “ pxi ´ ω

jqJΛpxi ´ ω
jq , (5.2)

where the weight matrix Λ, also referred to as relevance matrix, is a diagonal ma-
trix with 0 in the off-diagonals and λi on the diagonal with

ř

i λi “ 1. These
relevance weights indicate the discriminative contribution of each feature dimen-
sions, which could facilitate decreasing influence or pruning of redundant, noisy
or ambiguous feature dimensions. This concept can be further extended to more
complicated metric tensors with adaptive off-diagonal elements, namely General-
ized Matrix LVQ (GMLVQ) (Schneider et al. 2009b, Schneider et al. 2009a), Limited
Rank Matrix LVQ (LiRaM LVQ) (Bunte et al. 2012, Bunte 2011) and localized ver-
sions with prototype-wise or class-wise matrices called Localized GMLVQ (LGM-
LVQ) (Schneider et al. 2009b). All algorithms are made publicly available in Matlab
and can be found at https://github.com/kbunte/LVQ_toolbox.

The overlapping class regions as shown in the PCA projection Figure 5.1(a) intu-
itively suggest non-linear class boundaries and hence the localized adaptive metrics

https://github.com/kbunte/LVQ_toolbox
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are more suitable and therefore the focus for this paper. Local metric tensors allow
to learn localized dissimilarities with respect to the specific class prototypes using
a local transformation matrix Ωj thus defining the non-linear decision boundaries.
The localized distance metric is defined as:

dΛj pxi,ω
jq “ pxi ´ ω

jqJΛjpxi ´ ω
jq , (5.3)

where Λj “ ΩjJΩj using the adaptive matrix Ωj P RMˆD with M ď D to guarantee
that Λj is positive semi-definite. The cost function therefore reads as follows:

ELGMLVQ “

N
ÿ

i

Φpµilocalq where µilocal “
dΛJ ´ dΛK

dΛJ ` dΛK
(5.4)

where dΛJ and dΛK are the distances of the point xi from the closest correct and in-
correct prototypes respectively. The update rules are described in detail in (Schneider
et al. 2009a, Bunte 2011). Besides allowing non-linear decision boundaries and there-
fore learning of more complex classification problems, the localized matrices fur-
thermore enable the investigation of localized or class-wise relevances, marked on
each diagonal of Λj , identifying features that are important for the classification of
each class respectively (Schneider et al. 2009b).

5.3.2 Ensemble methods

With increasing complexity, classifiers get more powerful showing impressive per-
formance in practice. However, at the same time they often show overfitting effects
in which the performance on training data is near perfect but it decreases facing
new data samples not seen before. This decreased generalization performance is of-
ten tackled using ensemble methods, which combine several classifiers to assign a
class label to a new data instance to overcome the limitations of a single model. In
order to see the effect of ensemble learning, we explore an ensemble of LGMLVQ
models and compare it to Random Forest (RF). Random forest (Breiman 2001) bags
an ensemble of decision trees for classification that vote for the most popular class
for a given input. The trees within, are constructed from the bootstrap examples
that are sampled independently with replacement and random feature selection at
the splits following a common distribution while growing to maximum depth with
no pruning. The stochastic strategy is robust to outliers and improves the perfor-
mance of random forest because of the law of large numbers from combination of
rather low performing/weak decision tree classifiers (Breiman 2001). In addition
to classification, feature relevance values that are insightful can be extracted from a
random forest for comparison with the LVQ method. For a fair comparison with RF
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the ensemble of LGMLVQ models is constructed from the same training bootstrap
samples used in each decision tree in the random forest. This will result in as many
LGMLVQ models as the number of decision trees for each cross validation fold. The
results are then aggregated through majority voting (Ranawana and Palade 2006).

5.3.3 Interpretability

For many applications, it is crucial for machine learning models to be interpretable,
such that the domain expert is able to examine the significance of the resulting
trained model and its suitability for classification tasks. Intrinsic model interpretabil-
ity can be understood as how understandable the internals of a model and its output
are to users (Gilpin et al. 2018). It is furthermore suggestively explained by Backhaus
and Seiffert (Backhaus and Seiffert 2014) through a three-fold criteria of the model’s
1) feature selection capability, 2) ability to define class representatives, such as pro-
totypes and 3) encoding of classification boundary information. Interpretability for
the random forest is achieved through random permutation of a feature’s observa-
tions (Breiman 2001, Strobl et al. 2007) for the out of bag samples and estimating
the corresponding decision tree’s accuracy with the permuted features. Here, more
discriminative features are easily identified, since they have significant effect on the
classification error. The out of bag predictor importance uncovers the individual
impact of the features and the information could similarly be used for feature selec-
tion and understanding the random forest’s classification. On the other hand, the
adaptive LVQ methods satisfy all three criteria by: 1) Feature selection by means
of the diagonal of the metric tensors, Λ from GMLVQ and the local Λj in LGMLVQ,
that represents individual feature contribution that could be used as feature pruning
criteria. 2) Prototype feature values used to classify novel observations are learned
during the model training, which subsequently become typical representatives of
their corresponding classes. 3) The decision boundaries for classification can be ex-
tracted and visualised, for example by linear projection of the data samples and the
resulting class prototypes using Ω from GMLVQ. Nonlinear visualizations using the
localized variants LiRaMLVQ and LGMLVQ are also possible and the latter is out-
lined in the following.

5.3.4 Nonlinear visualization with charting

Visualization can be useful to get a holistic view of the data and identify difficult
instances. From the definition of Λj “ ΩjJΩj in Eq. (5.3), we see that the distance
metric first transforms data points using the following local linear projections:

Pj : xÑ ΩjJpx´ ωjq .
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For specific cases M P t2, 3u, the projected data points can be visualized, which can
be used for discriminant visualization of the data based on the space the classifica-
tion takes place in. However, since the localized metric provides several projections
for each sample, it is challenging to study the outputs directly. In order to tackle this
problem, (Bunte et al. 2009) proposed a post-processing step which combines local
projections using charting (Brand 2003) to form a global nonlinear embedding of the
data:

xÑ
ÿ

j

pjpxqBjpPjpxqq .

Here, Bjp.q : RM Ñ RM is an affine transformation and pjpxq is the responsibility
of local transformation ωj for the data sample x with

ř

j pjpxq “ 1. More details
about how to compute prototypes’ responsibilities and affine transformations can be
found in (Bunte et al. 2009)1. Using this nonlinear embedding we can easily project
data to 2 (or 3) dimensions for further investigation of the overlapping regions and
difficult samples.

5.4 Experiments and Discussion

This section shows the results and discussion of the experiments conducted with the
localized adaptive distance metric LVQ method (LGMLVQ) coupled with presence
or absence of resampling as a pre-processing step. The performance and feature
importance is compared with Random Forest (RF). The corresponding feature rele-
vances are examined in comparison with conventional astronomical expectations.

5.4.1 Experimental setup and Evaluation Measures

The experiments are set up within a 10-fold cross validation where the data obser-
vations are divided up into a 90{10 random but stratified training and test splits
with each individual class preserving its sample frequency. For the distance based
classifiers, such as LGMLVQ, each training set is normalised via Z-score transforma-
tion, e.g. zero mean and unit standard deviation, with the same parameters used to
transform the respective test set. Decision trees and RF are not distance based and
build instead rules on the features directly and therefore do not require transforma-
tive pre-processing in general. However, the RF is very sensitive to class imbalance,
which should be handled before training. Therefore, resampling of the training data
can be introduced to reduce or eliminate the imbalance of the classes. In this con-
tribution we compare two strategies, namely the Synthetic Minority Oversampling

1The code is available at https://github.com/kbunte/LVQ_toolbox

https://github.com/kbunte/LVQ_toolbox
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Technique (SMOTE) and Borderline-SMOTE, creating new feature vectors using the
training samples of each minority class until their amount matches the size of the
majority class. The created synthetic minority samples lead to balanced classes to
be used for training of the classification models.

The different models have different hyper-parameters. In the experiments we
train the RF with 100 decision trees, sampling with replacement of 0.75 fractions
of the training set and using the bagging aggregation method (Breiman 2001). The
LVQ models provide several hyper-parameters to control the methods complexity,
such as the number of prototypes, number of metric tensors and their rank deter-
mining the projection dimension saving memory and enabling visualization. Due
to the non-linearity of the problem we use the localized most powerful version of
the LVQ family, namely LGMLVQ (Schneider et al. 2010). with one prototype per
class and regularization of 10´5. In order to choose the lower dimensional pro-
jection dimension we train the method using full metric tensors constructed using
Ωj P RMˆD withM “ D. Subsequently, an Eigenvalue decomposition of the trained
Λj “ U jΣjU jp´1q with diagonal matrices Σjii “ σji providing information about the
intrinsic dimensionality of the classification problem by counting the Eigenvalues
M “ maxj

řD
i“1rσ

j
i ą εs significantly larger than 0. The model is than retrained

with the rank M reduced to maximal number obtained from the matrices. The RF is
an ensemble of decision trees and therefore we also build an ensemble of the trained
LGMLVQ models from the same bootstrap samples used the 100 decision trees for
direct comparison and the results are aggregated through majority voting. Resul-
ting models were averaged across cross-validation runs and evaluated with focus
on the class of interest.

For evaluation output statistics are generated after prediction with the models,
i.e. training and test errors, and their standard deviations. Since this is a multi-
class classification problem and the major interest is in Class 2 UCD/GC objects, we
extract the evaluation measures for each class and build the macro averaged accu-
racies to evaluate the performance across the different classes and eliminate bias of
majority populated class. We report also binary class measures, such as precision,
sensitivity and specificity, for the class of interest versus all others classes combined
to represent the algorithms performance in classifying the novel test data. The con-
fusion matrix as illustrated in Table 5.1, can be used to evaluate the classification
performance providing detailed information about the accuracy for each class and
the nature of misclassifications. From it one can extract the binary measures, namely
false positives (FP), true positives (TP), false negatives (FN) and true negatives (TN)
as shown below Table 5.1 in Eq. (5.5). Additionally, the false positive rate and true
positive rate of the test set are plotted on a Receiver Operating Characteristic (ROC)
curve (Fawcett 2006). This curve shows the model’s discriminative ability and the
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Table 5.1: Three-class confusion matrix and formulae to obtain the False Negatives,
True Positives, False Positives and True Negatives (FPb, TPb, FPb and TNb) to cal-
culate Precision, Specificity and Sensitivity with respect to class b.

aaaaaaa
Actual

Predicted Class 1 Class 2 Class 3

Class 1 C11 C12 C13

Class 2 C21 C22 C23

Class 3 C31 C32 C33

FNb “
ř3
f“1
f‰b

Cbf FPb “
ř3
f“1
f‰b

Cfb

TNb “
ř3
f“1
f‰b

ř3
q“1
q‰b

Cfqx TPb “ Cbb (5.5)

Table 5.2: Macro average performance (standard deviation) for techniques LGMVLQ
(T=L) and Random Forest (T=RF) (abbreviated by t∅|B|RuT

t∅|Ensu
M ).

Prec. Spec. Sens. Train accur Test accur

L2 0.969 (0.012) 0.986 (0.004) 0.930 (0.021) 0.985 (0.001) 0.984 (0.004)

RL2 0.935 (0.020) 0.987 (0.005) 0.963 (0.020) 0.983 (0.001) 0.982 (0.005)

BL2 0.889 (0.026) 0.979 (0.007) 0.950 (0.027) 0.971 (0.005) 0.971 (0.006)

RLE
2 0.937 (0.019) 0.987 (0.005) 0.962 (0.020) 0.983 (0.001) 0.983 (0.005)

RRFE 0.950 (0.018) 0.989 (0.005) 0.964 (0.018) 0.999 (0.000) 0.986 (0.005)

Area Under the Curve (AUC) summarizes its overall performance for the classifica-
tion of the class of interest.

5.4.2 Discusssion

In this section we summarize the results of the methods on the astronomical classi-
fication problem. The hyperparameter settings for the techniques LGMLVQ (T=L)
and Random Forest (T=RF) is abbreviated by t∅|B|RuT

t∅|Eu
M . Here the preprocessing

is marked by letters R and B for resampling with SMOTE or Borderline-SMOTE, the
subscript M denotes the rank for the local metric tensors and the superscript E de-
notes the results of an ensemble of 1000 models. The performance of the LGMLVQ
models is excellent already with an intrinsic dimensionality of M “ 2 even with-
out resampling, evident from the sensitivity and precision for the minority class,
as shown in Table 5.2. Resampling improves the correct classification by 14.79%

for the minority class as demonstrated by an increase in the sensitivity. However,
precision reduces indicating that there are more false positives brought about by
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Figure 5.2: Panel (a) shows the test confusion matrix for the RL2 model and panel (b)
shows the corresponding ROC curve of minority class 2 vs. all the other classes and
the corresponding AUC value of 0.99387.
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Figure 5.3: Wrong (a) and correct (b) classification of two minority class observa-
tions. Each shows the distances of all samples projected using the local Ωj of each
prototype, highlighting the samples with corresponding label j in colour.

SMOTE resampling, which is an acceptable trade-off. Figure 5.2 panel a) and b)
show the test performance of RL2 with only 3 false negatives for the minority class
2 of UCDs and GCs. Contrary to our expectations Borderline-SMOTE resampling
does not perform better. This could be caused by the overlap of the classes which
increases the difficulty to define a clear boundary and hence boundary resampling
becoming ineffective. In summary the Random Forest and LVQ models show com-
parable performance. However, especially the latter is less complex and provides
further insights into the results of the classification which will be discussed in the
following.

As mentioned before the LVQ models are intrinsically interpretable and trans-
parent in many regards. We can for example interpret the certainty of the classi-
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Figure 5.4: a) Manifold charting projection of the data by LGMLVQ (RL2) and b)
conventional color-color diagram used in photometric selection by Astronomy.

fication by investigating the distance of each sample to all prototypes. To demon-
strate this we project all samples and all prototypes with the local transformations
Ωj and compute the distance to each prototype in the transformed space. Figure 5.3
visualizes these distances highlighting the samples with the same respective class
label j in colour and of different classes in grey. We furthermore highlight in black
the distances of an observations consistently misclassified in repeated training runs
(panel a) and a correctly classified sample (panel b). The wrongly classified minor-
ity sample in (a) is within the boundary region where the classes 2 and 3 overlap
as indicated by very similar distances to the prototypes of these classes. Panel (b),
on the other hand, shows a typical example of a very certain correct classification
where the sample is much closer to prototype 2 compared to the others. This trans-
parently informs the user how sure the LGMLVQ classifier is with the assignment of
a class label for each observation, which may also indicate samples with potentially
controversial current label identification given the data at hand, marking them as
candidates for further investigation.

Moreover, the local linear projections Ωj P RMˆD can be used for nonlinear visu-
alization for M P t2, 3u using manifold charting as outlined in section 5.3.4. Hence
we report very good performance for LGMLVQ using the rank M “ 2, we show the
resulting projected data of RL2 to complement the data analysis in Figure 5.4 panel
a. The more distinctive separation provided by the LGMLVQ model, especially for
the minority class, explains the efficiency and nuance of the method’s classifica-
tion performance as compared to the traditional astronomical color-color diagram
as shown in panel b. This visualization shows the difficult regions and can be used
to identify difficult observations, such as the circled class 2 sample in panel a, in the
now reduced overlapping areas.

As mentioned before the RF and LGMLVQ models allow to extract the impor-
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tance of the measurements for the classification problem. However, the Random
Forest method is expensive in terms of memory costs and shows a clear tendency to
overfit as seen in the test error being higher than the training error. Panel (d) in Fig-
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Figure 5.5: Panel (a-c): class-wise feature relevance profiles of LGMLVQ RL2 mark-
ing the top 6 in green and their corresponding percentage of contribution to the
respective class and (d) the Random Forest (RF) feature relevance profile.

ure 5.5 shows the dominance of the angular size features FWHM˚u, FWHM˚g,
FWHM˚r, FWHM˚i, FWHM˚J and FWHM˚Ks in importance for the Ran-
dom Forest classifier. In contrast to RF the LGMLVQ classifier extracts the feature
relevances for each prototype and hence we can discuss also the relevance of the
measurements for the classification of each class of objects in our astronomical data.
Figure 5.5(a-c) shows the class-wise normalized feature importance profiles sorted
by value of contribution with varying top relevant features further explaining the
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Figure 5.6: Pairwise plots of the RL2 top 6 features for the UCDs/GCs class 2 (red
markers) with focus on the area covered by that class.
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Figure 5.7: Corresponding violin plots with prototype positions relative to the feature
value distribution for minority class 2.

non-linearity and motivation for choice of local metric tensors. The top relevant
features for classifying the minority class of UCDs and GCs from this experiment
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dominantly consist of the angular size parameters, namely FWHM˚g, FWHM˚i,
FWHM˚u and FWHM˚r and their pairwise correlation plots are visualized in
Figure 5.6. Similarly 5.7 provides additional information in form of a violin plot for
the 6 features most important for the classification of class 2, showing the distribu-
tions of the measurements of each class together with the value the class prototype
exhibits after training. These angular size features are important for separating the
majority of objects in class 1, whose objects are larger, from class 2 and 3 that have
small sizes. The astronomical expectation is that the angular size cannot discrimi-
nate class 2 and 3 as illustrated by the model. However, in contrary to astronom-
ical expectation, the angular sizes are found to be important to distinguish class 2

and 3 by both the LGMLVQ and RF, as shown in Figure 5.5. The disparity can be
attributed to the measurement biases: The minority class 2 objects are faint (and
lower in signal-to-noise ratio) and hence angular size measurements happen to be
larger than the actual size which could introduce a bias to the data. Therefore, their
angular size proxies, i.e. FWHM˚g, FWHM˚i, FWHM˚u and FWHM˚r, could
possess more discriminating information than colour indices.

Based on (Munoz et al. 2013), in the combined optical/near-infrared observa-
tions, the color indices of u ´ i and i ´ Ks are expected to be the most important
features. In a simple view, the u ´ i color is more sensitive to the age of an object
while i´Ks represents the metallicity (the amount of metals heavier than Helium)
of the object. Other color indices, such as g ´ i, g ´ r, r ´ J etc. could also partially
carry these information but degenerate. In contrary, the observations in the u and
Ks are harder to be carried out and often have a lower signal-to-noise ratio com-
pared to the other filters. This makes the expected feature importance of u ´ i and
i´Ks relatively uncertain. Values of g ´ r and g ´ i on the other hand are notably
accurate.

To examine further the difficult misclassified UCD/GCs example circled in Fig-
ure 5.4 a), we visualize in Figure 5.8 the feature values (bottom panel) in comparison
with the closest correct prototype (middle) and the corresponding local relevance
profile (top panel). The 6 most important measurements for the classification are
marked in green as before in each panel. This difficult example is quite different
from the correct classifying prototype in the four most important feature dimen-
sions FWHM˚g, FWHM˚j, FWHM˚r and g ´ r, where the values are much
smaller, which explains the misclassification. Such examples require more accurate
measurements sizes (using deeper observations) to investigate whether the object
indeed belongs to the expected class.
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Figure 5.8: Difficult UCD/GCs example (bottom) in contrast with the the closest
correct prototype (middle) and corresponding relevance profile (top). The 6 most
relevant features for UCD/GCs LGMLVQ classification are marked green.

5.5 Conclusion

In this paper, we explore and compare two interpretable machine learning tech-
niques, namely Localized General Matrix LVQ (LGMLVQ) and Random Forest (RF),
for the analysis and classification of foreground stars and background galaxies ver-
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sus UCDs and GCs. Due to the class of interest being highly underrepresented
compared the former objects we also investigate the influence of Synthetic Minority
Oversampling TEchnique (SMOTE) and its borderline extension on the classification
performance. Localized distances allowing non-linear decision boundaries within
the data improves the classification in LGMLVQ, even in this situation where the
classes largely overlap. LGMLVQ is also highly interpretable in the form of proto-
type class representatives and feature relevances which attach values to the contri-
bution of a feature to classification. Additionally, the experiments uncover classifi-
cation patterns in terms of feature relevances, which serve as discriminative markers
for the classification.

The u´i and i´Ks colors are expected to be the most relevant colors for classifi-
cation since they carry physical information on ages and metallities of astronomical
objects. However, higher signal-to-noise ratio colors such as g ´ i and r ´ J in
LGMLVQ and u ´ g and g ´ r in Random Forest are found to be more important
for the data-driven classification. The importance of other colors compared to u´ i
and i ´ Ks, that have almost 0 relevance contribution, implies that this disparity
may be attributed to astronomically expected features having uncertain measure-
ments, but also the correlation across the features, meaning that they partially con-
tain the same critical information. Furthermore, angular size features FWHM˚g,
FWHM˚i, FWHM˚u are identified by both methods independently as the most
important features for the classification. We discuss that this outcome is due to a
measurements biases of the faint sources of class 2 (UCDs/GCs).

In this work we showed that existing machine learning techniques can be used to
identify UCDs/GCs in big astronomical data. These methods can handle the imbal-
ance in the data and classify sources with a good performance. Subsequent analysis
of the transparent techniques allows further insight and can provide valuable infor-
mation for the astronomical experts to inform about possible biases in the data set.
A future deeper data set with more accurate size and color measurements will most
likely increase the performance of the automated classification even further.



Chapter 6

Summary

G
ravitational forces cause the formation and evolution of a variety of cosmo-
logical structures. The detailed investigation and study of these structures is a

crucial step towards our understanding of the universe. This thesis provides several
solutions for the detection and classification of such structures. In the first part of
the thesis, we focus on astronomical simulations, and we propose two algorithms to
extract stellar structures, such as globular clusters. In the second part, we consider
observational data from surveys such as GAIA, and the goal is to overcome some of
the challenges in observational data such as noisy features and imbalanced classes.

In chapter 2, we tackle the problem of extracting low-dimensional structures,
called manifolds, buried inside potentially large data-bases. Inspired by the ants’
strategy in finding food, we propose the Manifold Alignment Aware Ants (M3A)
algorithm. It releases a group of agents on the data space where they discover man-
ifolds and stay close to them, based on a novel formulation of transition probabil-
ities. During this process, they deposit pheromone on the visited points, which
serves as positive feedback that encourages subsequent jumps to follow the same
direction. Our analysis demonstrates the utility of resulting pheromone values to
sort data points according to their closeness to the manifolds. In the experiments,
we also show that pheromone can help to build a better probabilistic model in terms
of descriptivity and sparsity. Moreover, since the underlying formulation uses lo-
cal PCA to take into account the geometrical shape of manifolds, it decodes a form
of geodesic similarity, and we demonstrate that it can improve the performance of
t-distributed stochastic neighbor embedding and spectral clustering.

In chapter 3, we focus on the discovered manifolds. Since in cosmic web sim-
ulations millions of particles are distributed around very noisy structures, cleaning
manifolds can substantially facilitate the subsequent analysis. However, due to sig-
nificant deviations in densities and dimensionalities of manifolds, it is necessary
to have a method that overcomes these challenges. A biologically inspired algo-
rithm, called Evolutionary Manifold Alignment Aware Agents (EM3A), is proposed
to denoise the existing manifolds. Moreover, principles from Evolutionary Game
Theory are used to tune the algorithm with appropriate values of hyper-parameter
automatically. The EM3A algorithm is demonstrated on a large scale cosmic web
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simulation, where it successfully not only denoises one-dimensional filaments, but
simultaneously preserves three-dimensional clusters, so called nodes, unchanged.

In part II of this thesis, we focus on astronomical observations where datasets
are collected by ground-based or space telescopes. In chapter 4, we consider the de-
tection of astronomical structures in our neighborhood, i.e. in the halo of the Milky
Way. We use the GAIA DR1 survey, which contains 2D positional data and 1D G-
band magnitude for point sources. In the absence of phase-space and color informa-
tion, detection of stellar structures is difficult. In order to overcome this difficulty,
we use 3D kernel density estimation (KDE) to approximate the distribution of stars
in spatial and magnitude space. We compare two conceptually different techniques:
a) nearest neighbor retrieval, b) anomaly detection. While the latter strategy does
not use any examples of the known structures, the former method take advantage
of the known Globular Clusters to extract new candidates. By tuning appropriate
values for their hyper-parameters, both methods can retrieve the known structure
consistently, as well as several candidates for further investigation.

Finally, chapter 5 is about detection of dense structures in the Fornax galaxy clus-
ter, with the goal to separate Ultra-compact dwarfs (UCDs) and Globular Clusters
(GCs) from foreground stars and background galaxies using only multi-wavelength
imaging data. Here, we have a noisy data set with highly imbalanced classes. In
order to tackle the imbalanced data problem, Synthetic Minority Over- sampling
(SMOTE) is applied to increase the number of samples in the minority class, contain-
ing UCDs and GCs. To suppress the effect of noise, we apply Localized-GMLVQ,
which uses an adaptive metric to find the most relevant features to seperate each
of the classes against each other. The experiment shows its success in separating
UCDs and GCs from the others. Moreover, Localized- GMLVQ provides class-wise
representative samples which presents further insight into the classes.



Chapter 7

Future works

M
odern telescopes and computers allow collecting enormous amount of astro-
nomical data with ever more details. In this thesis, we touch on several chal-

lenges we may encounter, from the lack of exemplars of interesting objects and im-
balanced classes in observations to the existence of complex structures with different
densities and dimensionalities in simulations. The present work proposes two new
algorithms and extends the applications of several machine learning techniques to
deal with the mentioned challenges. Our results suggest the following directions
for future works.

• In chapter 2, we propose the algorithm M3A to extract astronomical structures
buried on large databases. For demonstration, it is used on a small part of the
sky in the GAIA survey to recover Globular Clusters. Future experiments con-
tain the application of the algorithm on other parts of the sky for extraction of
different types of structures, from circular structures such as Globular Clusters
to 1D structures such as streams. In this thesis, we only consider positional
information. In the future, we would like to use more features, such as metal-
icity and velocities, which are available in simulations, and become available
by deep imaging techniques and improved telescopes in Observations.

• Chapter 3 explains the algorithm EM3A(`) for denoising low-dimensional
manifolds. In this chapter, we represent its applications on two astronomi-
cal simulations, from a cosmic-web simulation to a simulated jelly-fish galaxy.
These experiments show its superiority over previous techniques. In future
works, it will be applied to more astronomical simulations. For instance, with
investigation of the structures in the evolution of the simulation, it can be used
as a preprocessing step on different snapshots in order to have a better initial-
ization step for creating probabilistic models such as Gaussian Mixture Model,
Fast Parzen Window (FPW), and Generative Topographic Map (GTM).

• As suggested before, EM3A` may have many other potential applications.
Moreover, this algorithm already has been confirmed to be fruitful in combi-
nation with other techniques like FPW and GTM. Thus, we are going to also
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present it as a part of a package with some other compatible techniques for
a full analysis pipeline. This package, containing python code and documen-
tation, will be released for the public to be used with a wider group of as-
tronomers or scientists from other fields to explore more applications.

• In astronomy, it is important to have transparent models that enable us to un-
derstand the decision made by the models, since it provides a deeper insight
into the data. In chapter 5, we use two Explainable AI techniques not only to
classify astronomical objects but also to learn about their decision processes.
As demonstrated Explainable AI concepts and methods help to see how much
data supports our expectations, which is demanding for astronomical applica-
tions since different datasets may have different levels of quality.
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Munoz, R. P., Puzia, T. H., Lançon, A., Peng, E. W., Cote, P., Ferrarese, L., Blakeslee,
J. P., Mei, S., Cuillandre, J.-C., Hudelot, P. et al.: 2013, The next generation virgo
cluster survey-infrared (ngvs-ir). i. a new near-ultraviolet, optical, and near-
infrared globular cluster selection tool, The Astrophysical Journal Supplement Se-
ries 210(1), 4.

Pekalska, E. and Duin, R.: 2005, The dissimilarity representation for pattern recognition:
foundations and applications, Ch. 2, World Scientific.

Pota, V., Napolitano, N. R., Hilker, M., Spavone, M., Schulz, C., Cantiello, M.,
Tortora, C., Iodice, E., Paolillo, M., D’Abrusco, R., Capaccioli, M., Puzia, T.,
Peletier, R. F., Romanowsky, A. J., van de Ven, G., Spiniello, C., Norris, M.,
Lisker, T., Munoz, R., Schipani, P., Eigenthaler, P., Taylor, M. A., Sánchez-
Janssen, R. and Ordenes-Briceño, Y.: 2018, The Fornax Cluster VLT Spectro-
scopic Survey - I. VIMOS spectroscopy of compact stellar systems in the Fornax
core region, MNRAS 481(2), 1744–1756.

Prole, D. J., Hilker, M., van der Burg, R. F. J., Cantiello, M., Venhola, A., Iodice,
E., van de Ven, G., Wittmann, C., Peletier, R. F., Mieske, S., Capaccioli, M.,
Napolitano, N. R., Paolillo, M., Spavone, M. and Valentijn, E.: 2019, Halo mass
estimates from the globular cluster populations of 175 low surface brightness
galaxies in the Fornax cluster, MNRAS 484(4), 4865–4880.

Ranawana, R. and Palade, V.: 2006, Multi-classifier systems: Review and a roadmap
for developers, Int. J. Hybrid Intell. Syst. 3(1), 35–61.

Riello, M., Cassisi, S., Piotto, G., Recio-Blanco, A., De Angeli, F., Salaris, M., Pietrin-
ferni, A., Bono, G. and Zoccali, M.: 2003, The red giant branch luminosity func-
tion bump, Astronomy & Astrophysics 410(2), 553–563.

Rizzoli, A. E., Oliverio, F., Montemanni, R. and Gambardella, L. M.: 2004, Ant
colony optimisation for vehicle routing problems: from theory to applications,
Galleria Rassegna Bimestrale Di Cultura 9(1), 1–50.

Rockosi, C., Odenkirchen, M., Grebel, E., Dehnen, W., Cudworth, K., Gunn, J., York,
D., Brinkmann, J., Hennessy, G. and Ivezic, Z.: 2002, A matched-filter analy-
sis of the tidal tails of the globular cluster palomar 5, The Astronomical Journ.
124(1), 349.



122 BIBLIOGRAPHY

Roweis, S. T. and Saul, L. K.: 2000, Nonlinear dimensionality reduction by locally
linear embedding, science 290(5500), 2323–2326.

Runkler, T. A.: 2005, Ant colony optimization of clustering models, International
Journal of Intelligent Systems 20(12), 1233–1251.

Sakoe, H. and Chiba, S.: 1978, Dynamic programming algorithm optimization for
spoken word recognition, IEEE transactions on acoustics, speech, and signal pro-
cessing 26(1), 43–49.

Sato, A. and Yamada, K.: 1995, Generalized learning vector quantization, Proceed-
ings of the 8th International Conference on Neural Information Processing Systems,
NIPS’95, MIT Press, Cambridge, MA, USA, p. 423–429.

Schleif, F.-M. and Tino, P.: 2015, Indefinite proximity learning: A review, Neural
Computation 27(10), 2039–2096.

Schneider, P., Biehl, M. and Hammer, B.: 2009a, Adaptive relevance matrices in
learning vector quantization, Neural Comput. 21(12), 3532–3561.
URL: https://doi.org/10.1162/neco.2009.11-08-908

Schneider, P., Biehl, M. and Hammer, B.: 2009b, Distance learning in discriminative
vector quantization, Neural Computation 21(10), 2942–2969.
URL: https://doi.org/10.1162/neco.2009.10-08-892

Schneider, P., Bunte, K., Stiekema, H., Hammer, B., Villmann, T. and Biehl, M.: 2010,
Regularization in matrix relevance learning, IEEE Transactions on Neural Net-
works 21(5), 831–840.

Shawe-Taylor, J. and Cristianini, N.: 2004, Kernel Methods for Pattern Analysis and
Discovery, Cambridge University Press.

Shelokar, P., Jayaraman, V. K. and Kulkarni, B. D.: 2004, An ant colony approach for
clustering, Analytica Chimica Acta 509(2), 187–195.

Simonoff, J. S.: 2012, Smoothing methods in statistics, Springer Science & Business
Media.

Skiena, S. S.: 1998, The Algorithm Design Manual, Springer-Verlag, Berlin, Heidelberg.

Strobl, C., Boulesteix, A.-L., Zeileis, A. and Hothorn, T.: 2007, Bias in random for-
est variable importance measures: Illustrations, sources and a solution, BMC
bioinformatics 8(1), 25.
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Samenvatting

Gravitatiekrachten veroorzaken de formatie en evolutie van een variëteit aan kos-
mologische structuren. Gedetailleerd onderzoek en bestudering van deze struc-
turen is een cruciale stap in ons begrip van het universum. Dit proefschrift geeft
verschillende oplossingen voor de detectie en classificatie van zulke structuren. In
het eerste gedeelte van het proefschrift richten we ons op sterrenkundige simu-
laties, en we stellen twee algoritmen voor om stellaire structuren te extraheren, zoals
bolvormige sterrenhopen. In het tweede gedeelte behandelen we waarnemings-
gegevens van onderzoeken zoals GAIA, en het doel is om sommige uitdagingen
van waarnemingsgegevens, zoals ruis en ongebalanceerde klassen, aan te pakken.

In hoofdstuk 2, pakken we het probleem op van het extraheren van laag- di-
mensionale structuren, manifolds/variëteiten genoemd, die verscholen liggen in
potentieel grote databanken. Geı̈nspireerd door de strategie van mieren voor het
vinden van voedsel, stellen we het Manifold Alignment Aware Ants (M3A) algoritme
voor. Een groep van agenten wordt uitgezet in de dataruimte waar ze manifolds
ontdekken en daar dichtbij blijven, aan de hand van een nieuwe formulatie van
overgangswaarschijnlijkheden. Gedurende dit proces geven ze feromonen af bij de
bezochte punten, die dienen als een positieve terugkoppeling, die daaropvolgende
sprongen aanmoedigt om dezelfde richting te volgen. Onze analyse laat de bruik-
baarheid zien van de resulterende feromoonwaarden voor het sorteren van de data-
punten aan de hand van de nabijheid tot de manifold. In de experimenten laten we
ook zien dat feromoon kan helpen om een beter probabilistisch model te bouwen
wat betreft de beschrijving en de sparsity. Omdat de onderliggende formulering
lokale PCA gebruikt om de geometrische vorm van de manifold erbij te betrekken,
decodeert het bovendien een vorm van geodetische similariteit, en we tonen aan
dat het de prestaties van t-distributed stochastic neighbor embedding en spectral
clustering kan verbeteren.

In hoofdstuk 3, richten we ons op de ontdekte manifolds. Aangezien er in kos-
mische web simulaties miljoenen deeltjes verspreid zijn rondom structuren met veel
ruis, kan het opschonen van manifolds de daaropvolgende analyse substantieel
vergemakkelijken. Echter, wegens significante afwijkingen in de dichtheden en di-
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mensies van de manifolds, is het nodig om een methode te hebben die deze uitdagin-
gen kan verhelpen. Een door de biologie geı̈nspireerd algoritme, genaamd Evolu-
tionary Manifold Alignment Aware Agents (EM3A), wordt voorgesteld om de bestaande
manifolds van ruis te ontdoen. Daarnaast worden principes uit de Evolutionaire
Speltheorie gebruikt om automatisch de hyper-parameters van het algoritme op
geschikte waarden te zetten. Het EM3A algoritme wordt getoond op een grootschalige
kosmische web simulatie, waar het niet alleen succesvol één-dimensionale filamenten
van ruis ontdoet, maar tegelijkertijd ook drie-dimensionale clusters, knopen genaamd,
onveranderd laat.

In gedeelte II van het proefschrift richten we ons op astronomische waarne-
mingen waar datasets verzameld worden door telescopen op de grond of in de
ruimte. In hoofdstuk 4 nemen we de detectie van astronomische structuren bij
ons in de buurt in beschouwing, in de halo van het Melkwegstelsel. We gebruiken
het GAIA DR1 onderzoek dat 2D positionele data bevat en 1D G-band magnitude
voor puntbronnen. Bij het ontbreken van faseruimte- en kleurinformatie is de detec-
tie van stellaire structuren moeilijk. Om deze moeilijkheid te verhelpen gebruiken
we 3D kernel density estimation (KDE) om de verdeling te benaderen van sterren in
de ruimte en in magnitude. We vergelijken twee conceptueel verschillende tech-
nieken: a) nearest neighbor retrieval, b) anomaly detection. Hoewel de laatstge-
noemde strategie niet gebruik maakt van voorbeelden van bekende structuren, doet
de eerstgenoemde methode zijn voordeel met de bekende bolvormige sterrenhopen
om nieuwe kandidaten te extraheren. Door het afstellen op geschikte waarden
van de hyper-parameters, kunnen beide methoden de bekende structuur consistent
terugvinden, alsook verscheidene kandidaten voor nader onderzoek.

Tenslotte gaat hoofdstuk 5 over de detectie van dichte structuren in de For-
naxcluster, met als doel om de Ultra-compact dwarfs (UCDs) en Globular Clusters
(GCs) te scheiden van sterren op de voorgrond en sterrenstelsels op de achtergrond
gebruikmakend van alleen multi-wavelength imaging data. Hier hebben we een
dataset met ruis en een hoge disbalans in de klassen. Om het probleem van dis-
balans in de data aan te pakken wordt Synethetic Minority Over- sampling (SMOTE)
toegepast om het aantal samples van de klassen die in de minderheid zijn te ver-
hogen, die UCDs en GCs bevatten. Om het effect van ruis te onderdrukken passen
we Localized-GMLVQ toe, welke een adaptieve metriek gebruikt om de meest rel-
evante variabelen te vinden die de verschillende klassen van elkaar scheidt. Het
experiment toont zijn succes in het onderscheid maken tussen UCDs en GCs. Daar-
naast geeft Localized-GMLVQ voor elke klasse representatieve samples die meer
inzicht verschaffen in die klasse.
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