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Chapter 1

Introduction

This thesis is a study of distributed control, in particular of synchronization and reg-
ulation problems in networks of diffusively interconnected Lur’e systems. Motivated
by the appealing and fruitful research in networked and distributed dynamical
systems in the last decade, a specified nonlinear networked system consisting of
multiple interconnected Lur’e systems will be studied progressively in this thesis.
On one hand, some gaps left in nonlinear networked systems will be bridged; on
the other hand, certain well known results for control of one single Lur’e system
will be revisited and applied to distributed control of networked Lur’e systems.

1.1 Multi-agent networks and distributed control

The systems and control community has dedicated much research effort to estab-
lishing a theory of modeling and control for single physical systems of various
types dating back to antiquity. Aimed at solving practical problems, more and more
theoretical results in this field emerged in large numbers over the last century. In
particular, control theory plays a critical role in many engineering applications, for
example, manned/unmanned flights, guidance systems, fire-control systems and
electronics. Nowadays, new missions for the systems and control community have
emerged due to new requirements in present applications.

Over the past decade, the topic of multiple interconnected systems has drawn
a lot of attention because many benefits can be obtained by replacing a single
complex system with a large group of small, simple systems [34]. Different from
control of single systems, the critical problem in such multi-agent networks is how
to achieve a common control objective through collaboration. The very first idea
would be to use a powerful central controller that is available to control the entire
group of subsystems. Note that such centralized approach is a direct extension
of the traditional control methodology for single systems, which has been well
developed. Thus, technologically, this approach could be implemented. However,
the requirement of a powerful central controller is against the basic idea of using
multi-agent systems. Once the central controller does not work well, the whole
system will fail. In addition, the control commands sent to all other agents from
the central controller requires a lot of communication channels. Besides a complex
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communication network, high bandwidth is also required. Inspired by flocks,
schools and swarms as they appear in nature, coordination among the agents has
been studied [35]. More specifically, the agents are assembled together through
local communications/interconnections abandoning the idea of a central controller
and a global communication network. In such cooperative and distributed fashion,
the so-called multi-agent systems are built [33].

Besides reducing the complexity of a single large-scale system, distributed
control of multi-agent systems can bring many advantages, such as scalability,
flexibility, robustness and adaptivity. Of course, these desired properties highly
depend on the designed distributed coordination strategies. Many researchers in
other fields, e.g. physics, biology, chemistry, electronics and computer science, are
also interested in multi-agent networks. In these fields, multi-agent networks are
usually called complex networks, biochemical reaction networks, smart grids or
cloud computing systems [1, 59]. In all these networked systems, the subsystems
are diffusely interconnected through a common control protocol. It is necessary
to stress that in the presence of heterogenous agents the common protocol might
have the same structure but different parameters due to the nonidentical agent
dynamics [66]. Certainly, the features of multi-agent systems bring up challenging
problems for the systems and control community. Classic control theory can not be
used directly but remains the cornerstone of analysis and synthesis for any control
system including multi-agent networks.

Distributed coordination problems in multi-agent systems can be roughly cate-
gorized as follows.
• Consensus/Synchronization. For each agent, certain system variables of

interest are required to reach a common value which might be constant or time-
varying [49]. The variables can be auxiliary ones as well as the state variables of
the agents. In some settings, we also use the terminology Agreement or Rendezvous
indiscriminately. Reaching an agreement about the common objective and other
decision-making is indeed important. Note that tracking control can be viewed as a
special case of leader-following synchronization;
• Formation Control. The positions of the agents (e.g. mobile robots or satellites

in orbit) are shaped to form a certain geometric configuration including formation
generating, formation keeping, formation tracking and formation transforming
[2, 7]. In some particular cases, the formation configuration is not required to
be precisely predefined, e.g. in flocking and swarming; in some cases, a precise
formation is obligatory. For example, in the Stellar Imager Vision Mission, a network
of deep-space spacecrafts will be designed to form a virtual ultraviolet/optical
telescope. In order to image stars similar to our sun with 0.1 millisecond resolution,
a highly precise configuration is required, see Fig. 1.1;

1http://hires.gsfc.nasa.gov/si, the Stellar Imager Vision Mission
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Figure 1.1: Stellar Imager1

• Distributed Optimization. Optimization often plays a critical role in control
systems and of course is also important to multi-agent networks [4]. Some indexes,
e.g. the convergence rate and the total energy consumption, should be considered
in order to improve the system performance. Each agent minimizes his/her own
objective function while exchanging information locally with other agents in the
network [36]. A global objective formed by a sum of local convex functions can be
optimized using only local computation and communication [17];
• Distributed Estimation. In the presence of unknown states and parameters

etc., distributed estimation together with available control can figure out coor-
dination tasks [38]. Certainly, the distributed estimator design is based on local
information [20]. In particular, distributed estimation plays an important role in
sensor networks for data fusion [40];
• Intelligent Coordination. Recently, game theory has attracted a lot of attention

and has been used in group evolution [54]. This has promoted our exploration of
nature and human society.

An exhaustive overview research directions can not be listed here. For more
details, the readers are referred to [7, 33, 50, 68].

Although many results have already been established due to a huge research
effort, the theory of multi-agent systems is still not complete. In this thesis we will
focus on synchronization problems.

First, the concepts of synchronization and consensus are quite similar. One
may distinguish consensus from synchronization by their final common values.
The synchronization manifold is usually time-varying, while the consensus value
is mostly constant [51]. In general, we use any of them without distinction.
Synchronization is not a new topic in computer science [3]. Its large amount
of applications can be found in many fields over the last decade. In particular,
reaching information synchronization is a primary step to implement distributed
coordination strategies in multi-agent systems. The agents in a network should
know where to go, what to do, and on what they need to reach an agreement. An
impressive example for the meet-for-dinner problem was given in [49], see Fig. 1.1
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therein. Besides information agreement, synchronization has other applications, for
example, secure communication, harmonic oscillation generation, parallel image
processing.

The Dutch researcher Huygens was probably the first scientist to observe and
describe synchronization phenomena as early as the seventeenth century. Many
years later, synchronization of chaotic circuits and biological oscillators was studied,
see e.g. [18, 44]. As a widespread phenomenon in diverse fields, synchronization
of complex networks has attracted a lot of attention. In the pioneering monograph
[68], the author presents a large number of prospective results that were exploited
in many synchronization problems later. For instance, the concept of generalized
algebraic connectivity for directed graphs was applied to solve the synchronization
problem for networked Lipschitz nonlinear systems and Lur’e nonlinear systems in
[71, 75], respectively. Later on, researchers found that synchronization algorithms
have applications in rendezvous, flocking, attitude alignment and formation control
[7, 33, 47].

The past decade has witnessed the honeymoon of the research in synchroniza-
tion problems. A theoretical explanation for the collective behavior of multiple
self-propelled particles opened this hot topic in the systems and control commu-
nity [25]. The nearest neighbor rule became the universal coupling principle in
multi-agent systems afterwards. For single-integrator agents, e.g. Vicsek models,
synchronization problems are reduced to the analysis of the underlying interconnec-
tion topologies. It turned out that algebraic graph theory plays an important role
in multi-agent systems [33]. A node in the graph denotes one agent, and an edge
designates that the two agents at its ends are connected, see Fig. 1.2. The Laplacian

Figure 1.2: Graph

matrix associated with the graph represents the communications/interconnections
among agents. Certain requirements on the graphs are unavoidable. Fixed directed
graphs are assumed to be strongly connected and balanced, to be strongly con-
nected, to be weakly connected, or to have a directed spanning tree, respectively,
in the literature. For fixed undirected graphs, it is equivalently to assume that they
are strongly connected and balanced, strongly connected, weakly connected, or
have a directed spanning tree. Hence we just assume fixed undirected graphs to be
connected. Sometimes the interconnection topologies are switching/time-varying
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due to, for example, the movements of the agents [39]. Reducing requirements
on the interconnection topologies is always an appealing direction, see Fig. 1.3.
Indeed, less communications/interconnections are better to save resources. But, in

agent models
communications/

interconnections

external

constraints

Figure 1.3: Progress of Synchronization Problems

practice, an interconnection topology having a directed spanning tree might not be
that strong.

In general, the interconnection topology together with agent dynamics and
coupling protocols determines the final group behavior. If the agents are not single-
integrators, other conditions along with graphical conditions are required, see e.g.
[48, 65]. For linear dynamical networks, the eigenvalues of their Laplacian matrices
are critical in synchronization criteria [28]. The entire interconnection topology is
required to be known and consequently its Laplacian eigenvalues can be computed.
We stress that the knowledge of the interconnection topology is a kind of global
information. The requirement of the knowledge of Laplacian eigenvalues can be
removed by using an adaptive synchronizing protocol [14]. Note that in some
particular cases, the knowledge of Laplacian eigenvalues is naturally not required
and the synchronizing protocol is fully distributed [66]. Robust synchronization
of uncertain linear multi-agent networks have also been extensively studied, see
e.g. [55, 65]. Indeed, multi-agent networks in the presence of uncertainties are
heterogeneous and their synchronization problems can usually be dealt with by
means of robust control techniques. However, in practice, multi-agent networks are
often intrinsically heterogeneous due to non-identical agent dynamics. In this case,
output regulation theory and particularly the internal model principle have been
explored to tackle such problem, see e.g. [66], where networks of heterogeneous
linear agents were studied.

In the direction of complex agent models (see Fig. 1.3), we of course look for-
ward to results in nonlinear multi-agent networks since most physical systems are
nonlinear. In [10], a passivity-based group coordination framework was proposed,
especially applicable to nonlinear multi-agent networks. This framework unifies
several existing results from the literature on multi-agent systems. Besides model
uncertainties, other constraints (e.g. time delays, data dropouts and quantized in-
terconnections) can make multi-agent networks nonlinear and also heterogeneous.
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In particular, nonlinear interconnections are nontrivial and only a few results have
been obtained on this topic [45, 46]. As a special case, quantized interconnections
have been well studied [8, 11]. Similarly, sampled-data based synchronization
problems are also appealing [69]. Certainly, all the constraints exist in practice.
Recently, in [12], the role of the internal model principle was discussed in the
coordination of heterogeneous nonlinear networks. In this framework, how to deal
with the above constraints is still open.

Although synchronization problems for multi-agent networks have been exten-
sively studied, research still continues. Two most well known nonlinear systems
are Lipschitz nonlinear systems and Euler-Lagrange systems. Synchronization in
networked Lipschitz nonlinear systems and Euler-Lagrange systems has attracted a
lot of attention, see e.g. [30, 37]. In this thesis, a particular nonlinear system, the
Lur’e system, is considered as agent model. A Lur’e system consists of the negative
feedback interconnection of a nominal linear dynamics with an unknown static
nonlinearity around it [26]. Such system model is used in many control system
applications, e.g Chua’s circuits, flexible robotic arms and aircrafts [32]. Conditions
for (global) asymptotic stability of a single Lur’e system are of course well known.
In fact, the study of the absolute stability of Lur’e systems greatly stimulated the
development of Lyapunov stability theory. The importance of Lyapunov theory was
finally recognized by the control society in this process. This study has not only
resulted in new control theory and methodology, but also laid the foundations for
the development of modern control theory, for example, robust nonlinear control.

Master-slave synchronization of two Lur’e systems was studied for applications
in secure communication, see e.g. [63]. In [29] pinning synchronization of a Lur’e
dynamical network was converted into global asymptotic stability of a set of Lur’e
systems, and frequency-domain and time-domain synchronization criteria were
derived in virtue of the main result in [41]. Note that pinning synchronization
is more general than master-slave synchronization in which there is only one
follower. Synchronization of incrementally passive oscillators described by a Lur’e
system was studied in [58]. Incremental dissipativity was also explored to study
synchronization of nonlinear networks [46], where a Lur’e dynamical network was
discussed.

This thesis is devoted to the systematic study of synchronization problems for
networked Lur’e systems. Its outline and contributions are listed in the next section.

1.2 Outline and contributions of this thesis

We will now explain how this thesis is structured, and clarify its main contributions.
Chapter 2 introduces some basics on algebraic graph theory and important

theorems used throughout this thesis.



1.2. Outline and contributions of this thesis 7

Chapter 3 studies relative state feedback synchronization problems for net-
worked Lur’e systems on connected undirected graphs. Instead of the slope re-
strictedness condition, we propose the assumptions of incremental passivity and
incremental sector boundedness on the unknown static feedback nonlinearities.
Obviously, our assumptions are more general. Furthermore, these two assumptions
allow us to explore synchronization of Lur’e networks via linear matrix inequalities
(LMI’s) immediately. Subsequently, an adaptive control law is used to remove
the requirement of the knowledge of Laplacian eigenvalues, whose computation
involves global information, the entire interconnection topology.

Chapter 4 studies relative state feedback synchronization problems for net-
worked Lur’e systems on directed graphs that have a directed spanning tree. In
directed networks, the Laplacian matrices are usually asymmetric and thus are
not positive semi-definite anymore. The notation of algebraic connectivity, i.e.
the second smallest Laplacian eigenvalue of undirected graphs does not work
for directed cases. Therefore, the notation of general algebraic connectivity for
directed graphs is introduced. By elaborate Lyapunov arguments, LMI-based syn-
chronization criteria are obtained. These results generate part of those in Chapter
3.

Chapter 5 considers relative output feedback synchronization problems for
networked Lur’e systems on connected undirected graphs. The design of dynamical
synchronizing protocols does not use the unknown feedback nonlinearities. This
is interesting since in output feedback stabilization of a single Lur’e system, its
feedback nonlinearity was always used in the controller design. Of course, our
design idea is applicable to output feedback stabilization of a single Lur’e system
without the exact knowledge of the feedback nonlinearity.

Here we want to stress that in Chapters 3-5, self-synchronization problems
are studied. For nonlinear multi-agent networks, a (virtual) leader is usually
employed in leader-following/pinning synchronization, and the synchronization
error dynamics can be easily derived.

Chapter 6 discusses cooperative output regulation of heterogeneous Lur’e net-
works in the sense that the unknown feedback nonlinearities are non-identical.
Different from the previous results, the unknown nonlinearities are only assumed
to be passive or sector bounded. Besides, the interconnection topology can be a
directed graph having a directed spanning tree. Without loss of generality, sector
bounded nonlinearities are assumed to be in the same sector. Dynamic state feed-
back and dynamic output feedback protocols are discussed, respectively. The point
is output regulation of nominal linear systems against functional uncertainties,
which is nontrivial.

Chapter 7 concludes the thesis and provides discussions for possible future
research.
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