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Limits to Energy Conversion
Arjan van der Schaft , Fellow, IEEE, and Dimitri Jeltsema , Member, IEEE

Abstract—The Second Law of thermodynamics implies that no
thermodynamic system with a single heat source at constant tem-
perature can convert heat into mechanical work in a recurrent
manner. First, we note that this is equivalent to cyclo-passivity
at the mechanical port of the thermodynamic system, while the
temperature at the thermal port of the system is kept constant. This
leads to the question, which general systems with two power ports
have similar behavior: when is a system cyclo-passive at one of
its ports, while the output variable at the other port (such as the
temperature in the thermodynamic case) is kept constant? This
property is called “one-port cyclo-passivity,” and entails, when-
ever it holds, a fundamental limitation to energy transfer from one
port to the other. Sufficient conditions for one-port cyclo-passivity
are derived for general multiphysics systems formulated in port-
Hamiltonian form. This is illustrated by a variety of examples from
different (multi-)physical domains; from coupled inductors and ca-
pacitor microphones to synchronous machines.

Index Terms—Energy conversion, energy efficiency, passivity,
port-Hamiltonian systems, multiphysics systems.

I. INTRODUCTION

Energy conversion is a common phenomenon in many multiphysics
systems: electro-mechanical, electro-chemical, thermal-mechanical,
electro-kinetic, etc.. The Second Law of thermodynamics implies that
no thermodynamic system with a single heat source at constant temper-
ature can convert heat (thermal energy) into work (mechanical energy)
in a recurrent manner. This gives rise to the question:

Are the limitations imposed by the Second Law also present in energy
conversion of other physical systems?

This question will be given a general system-theoretic treatment
along the following lines. Consider a cyclo-passive system with two
power ports (u1, y1) and (u2, y2), schematically depicted in Fig. 1.
Here, cyclo-passivity is the property that the net amount of supplied
energy during any cyclic process is nonnegative. It generalizes the
notion of passivity to systems with indefinite storage functions, as
discussed later on.

When is the system, constrained by imposing y1 to be constant,
cyclo-passive at the second port? We provide conditions for this to
happen, and we illustrate this on a variety of examples from different
physical domains.
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Fig. 1. Two-port cyclo-passive system.

II. MOTIVATION FROM THERMODYNAMICS, AND ONE-PORT

CYCLO-DISSIPATIVITY

Consider a thermodynamic system with two external ports. The first
port is the thermal port, where the thermodynamic system is connected
to a heat source at temperature T , which is delivering a heat flow q. The
second port is the mechanical port, with port variables −P (pressure)
and the rate of volume changeuV := V̇ , withV the volume. The minus
sign in front of P is due to the physics convention (as opposed to the
control convention) ofPuV being the rate of mechanical work delivered
by the thermodynamic system on the surrounding.

By the First Law of thermodynamics there exists a function E
(“energy”) of the state x of the thermodynamic system, satisfying along
all trajectories, and all t1 ≤ t2

E(x(t2))−E(x(t1)) =

∫ t2

t1

(q(t)− P (t)uV (t)) dt. (1)

The formulation of the Second Law of thermodynamics as given by
Lord Kelvin states that (see e.g. [2]):

A transformation of a thermodynamic system whose only final result
is to transform into work heat extracted from a source, which is at the
same temperature throughout is impossible.

This implies that any thermodynamic system with heat source at
arbitrary, but constant, temperature T satisfies

∮ t2

t1

P (t)uV (t)dt ≤ 0 (2)

along all processes that are cyclic, i.e., x(t1) = x(t2). Hence, in order
to produce positive mechanical work on the surrounding in a recurrent
manner, at least two temperatures are needed (such as the two isother-
mals in a Carnot cycle). Thus, the Second Law implies limits to the
energy conversion from the thermal to the mechanical port.

Remark 1: The Second Law is stronger than satisfaction of (2) for
each constant T . In fact, it implies (2) for all cyclic processes, where
the system interacts with a heat source at constant temperature T and a
second heat source at a different, possibly varying, temperature, as long
as the net heat that is taken from the second source during the cyclic
process is zero; see [2], [12].

Equation (2) admits a cyclo-passivity interpretation; following:
Definition 1 (see [4], [5], [11], [16]): Consider a system with state

variables x ∈ X , external variablesw ∈ W (comprising the inputs and
outputs), and a supply rate s : W → R. The system is cyclo-dissipative
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(for supply rate s) if ∮ t2

t1

s(w(t))dt ≥ 0 (3)

for all t2 ≥ t1 and all external trajectories w such that x(t2) = x(t1).
In case (3) holds with equality, we speak about cyclo-losslessness. Fur-
thermore, the system is cyclo-dissipative (respectively, cyclo-lossless)
with respect to x∗ if this holds for all trajectories such that x(t2) =
x(t1) = x∗. In case of the passivity supply rate s(u, y) = y�u, cyclo-
dissipativity is called cyclo-passivity.

Furthermore, the energy balance (1) can be generalized to
Definition 2 (see [10], [15]): A function F : X → R is called a

storage function (for the supply rate s) if along all trajectories of the
system and for all t1 ≤ t2 andx(t1) it satisfies the dissipation inequality

F (x(t2))− F (x(t1)) ≤
∫ t2

t1

s(w(t))dt. (4)

Equation (4) with equality is called the dissipation equality. If F is
nonnegative, then the system is called dissipative, respectively, lossless,
or passive.

IfF is differentiable (a standing assumption throughout this article),
then the dissipation inequality is equivalent to the differential dissi-
pation inequality d

dt
F (x) ≤ s(w) for all (x,w) satisfying the system

equations.
We have the following results obtained in [4] and [5], with extensions

in [11].
Theorem 1: Consider a system with supply rate s. If there exists

a storage function F , then the system is cyclo-dissipative, and it is
cyclo-lossless ifF satisfies the dissipation equality. Conversely, assume
the system is reachable from some1 statex∗ and controllable to this same
statex∗. Then, if the system is cyclo-dissipative with respect tox∗, there
exists a storage function F . If the system is cyclo-lossless then there
exists an F satisfying the dissipation equality.

Note that the first statement in this theorem is obvious: just substitute
x(t2) = x(t1) into (4).

The First and Second Law admit the following cyclo-dissipativity
interpretation. The First Law is equivalent to the existence of a stor-
age function E satisfying the dissipation equality for the supply rate
s(q, P, uV ) = q − PuV . Furthermore, property (2) as implied by the
Second Law is the same as cyclo-passivity with respect to the passivity
supply rate−PuV . If the thermodynamic system is reachable from, and
controllable to, some x∗ this therefore means that for any temperature
T there exists a function FT satisfying

FT (x(t2))− FT (x(t1)) ≤
∫ t2

t1

−P (t)uV (t)dt. (5)

From a general system-theoretic point of view this leads to the following
question. Consider a cyclo-passive system with two ports as in Fig. 1.
Under which conditions is it not possible to convert, in a recurrent
manner, energy at port 1 into energy at port 2, while keeping y1
constant? Or said differently, what is so special about thermodynamic
systems, and are there any systems other than thermodynamic systems
that cannot transform energy from one port into the other while keeping
the output at the first port constant?

Definition 3: Consider a cyclo-passive system with two ports
(u1, y1) and (u2, y2) as in Fig. 1. The system is said to be one-port
cyclo-passive at the port (u2, y2) if for every constant y1 = ȳ1 there
exists a function Fȳ1 : X → R such that along all solutions for which

1It is immediate that if the system is reachable from and controllable to x∗
then so it is for any other choice of x∗.

y1(t) = ȳ1

d

dt
Fȳ1(x) ≤ y�2 u2 (6)

and thus the system satisfying y1(t) = ȳ1 for all t is cyclo-passive at
port (u2, y2).

Hence the Second Law implies that any thermodynamic system is
one-port cyclo-passive at its mechanical port.

III. ONE-PORT CYCLO-PASSIVITY OF PORT-HAMILTONIAN SYSTEMS

Throughout the rest of this article, we will concentrate on input-
state-output port-Hamiltonian systems [10], [13]

ẋ = J(x)e−R(x, e) +G(x)u, e =
∂H

∂x
(x)

y = G�(x)e, x ∈ X
(7)

with n-dimensional state space X , Hamiltonian H : X → R, skew-
symmetric matrix J(x), and energy-dissipation mapping R satisfying

e�R(x, e) ≥ 0, for all x, e. (8)

By the properties of J(x) and R(x, e) any port-Hamiltonian system
(7) satisfies

d

dt
H(x) = e�J(x)e− e�R(x, e) + e�G(x)u ≤ y�u (9)

with y�u the power supplied to the system. Hence [10], port-
Hamiltonian systems (7) are cyclo-passive with storage function H .
[Conversely [10], [13], almost any cyclo-passive system can be formu-
lated as a port-Hamiltonian system (7).]

Now consider a port-Hamiltonian system (7) with two ports (u1, y1)
and (u2, y2) as in Fig. 1. Consequently

d

dt
H ≤ y�1 u1 + y�2 u2. (10)

Which conditions imply that, while keeping y1 constant, no energy can
be transferred from port 1 to port 2 in a recurrent manner; i.e., one-port
cyclo-passivity at port 2?

Before we formulate our main theorem let us recall the partial Leg-
endre transformation; see e.g. [8] (see Chapter VI). Consider a function
H(x1, x2) of the vectors x1 and x2, where the partial Hessian matrix
∂2H
∂x2

1

(x1, x2) has full rank everywhere. Then, the partial Legendre

transform2 of H with respect to x1 is

H∗
1(e1, x2) = H(x1, x2)− e�1x1, e1 =

∂H

∂x1
(x1, x2) (11)

where x1 is expressed as a function of e1, x2 by means of the equation
e1 = ∂H

∂x1
(x1, x2) (locally guaranteed by the full rank assumption on

the Hessian matrix). The following properties of the partial Legendre
transformation are well-known [8]:

∂H∗
1

∂e1
(e1, x2) = −x1, ∂H

∗
1

∂x2
(e1, x2) =

∂H

∂x2
(x1, x2). (12)

Theorem 2: Consider a port-Hamiltonian system (7) with two ports
(u1, y1) and (u2, y2). Suppose the state vector x can be split as

x =

[
x1

x2

]

2We adhere to the sign convention for defining thermodynamic potentials in
thermodynamics [2], which is opposite to the one in e.g., mechanics [8].
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in such a way that the port-Hamiltonian system takes the “block-
diagonal” form

ẋ1 = J1(x1, x2)e1 −R1(x1, x2, e1) +G1u1

ẋ2 = J2(x1, x2)e2 −R2(x1, x2, e2) +G2(x1, x2)u2

y1 = G�
1 e1, e1 =

∂H

∂x1
(x1, x2)

y2 = G�
2 (x1, x2)e2, e2 =

∂H

∂x2
(x1, x2)

(13)

where Jk(x1, x2) = −J�
k (x1, x2) and e�kRk(x1, x2, ek) ≥ 0 for all

x1, x2, e1, e2 and k ∈ {1, 2},G1 is an invertible constant input matrix,
and the partial Hessian matrix ∂2H

∂x2
1

(x1, x2) has full rank everywhere.

Then, whenever y1 is constant, also e1 with y1 = G�
1 e1 is constant,

and

d

dt
H∗

1(e1, x2) ≤ y�2 u2. (14)

This implies that the system for any constant y1 is cyclo-passive at the
second port (u2, y2), with respect to the storage function H∗

1(e1, x2)
with corresponding constant e1

Proof: By (12), we have that

d

dt
H∗

1 = −x�1 ė1 +
[
∂H

∂x2
(x1, x2)

]�
ẋ2. (15)

Hence, for each constant y1, and thus constant e1, we obtain

d

dt
H∗

1 = e�2 [J2(x1, x2)e2 −R2(x1, x2, e2) +G2(x1, x2)u2]

= −e�2R2(x1, x2, e2) + y�2 u2 ≤ y�2 u2. (16)

Thus, Theorem 2 states that any port-Hamiltonian system in “block-
diagonal” form (13) with G1 invertible and full-rank Hessian matrix
∂2H
∂x2

1

(x1, x2) is one-port cyclo-passive at the second port (u2, y2), with

storage function given by the partial Legendre transformH∗
1 ofH with

respect to x1.
Remark 2: Restricting to the partial Legendre transform H∗

1 as
candidate storage function it can be seen that the sufficient conditions
of Theorem 2 are close to necessary as well. For example, if there would
be off-diagonal blocks J12 = −J�

21 in the J-matrix then (16) extends
to

d

dt
H∗

1 = e�2 [J2(x1, x2)e2 + J21(x1, x2)e1 −R2(x1, x2, e2)]

+ e�2G2(x1, x2)u2

which is ≤ y�2 u2 for all e1, e2 if and only if J12 = −J�
21 = 0.

IV. EXAMPLES

A. Ideal Gas

Consider the dynamics of a gas with volume V , entropy S, pressure
P , and temperature T

V̇ = uV

Ṡ = uS

yV =
∂U

∂V
(V, S) (= −P )

yS =
∂U

∂S
(V, S) (= T )

(17)

Fig. 2. DC motor.

where U(V, S) is the internal energy of the gas, uV = V̇ is the rate
of extension of the volume V , and uS = q

T
is the entropy flow (i.e.,

reversible processes are considered). By the Second Law, this thermo-
dynamic system is one-port cyclo-passive at the mechanical port, which
is confirmed by Theorem 2.

For any constant temperature T , the storage function is given by
F(V, T ), where F(V, T ) is the partial Legendre transform of U(V, S)
with respect to S, known as the Helmholtz free energy. In case of an
ideal gas [2], [6]

U(V, S) =
CV e

S
CV

V e
R

CV

(18)

where CV denotes the heat capacity (at constant volume) and R is the
universal gas constant, F(V, T ) is given as [2]

F(V, T ) = CV T +W − T (CV lnT +R lnV + a) (19)

with a the entropy constant, and W an integration constant.
Note that the system also satisfies the conditions of Theorem 2 with

the two ports reversed. Thus, the system is also one-port cyclo-lossless
at the thermal port with portvariables Ṡ, T for any constant pressureP .

B. DC-motor

This is an example, where the conditions of Theorem 2 are not
satisfied, and where in fact it can be shown that one-port cyclo-passivity
does not hold at any of the two ports. The standard model of a dc-motor
as depicted in Fig. 2 is given in port-Hamiltonian formulation as [13][

ϕ̇

ṗ

]
=

([
0 −K
K 0

]
−
[
R 0

0 b

])⎡⎣ϕL
p

J

⎤⎦+

[
1 0

0 1

][
V

τ

]
[
I

ω

]
=

[
1 0

0 1

]⎡⎣ϕL
p

J

⎤⎦ , H(ϕ, p) =
ϕ2

2L
+
p2

2J
(20)

where the state variables are the flux linkageϕ and the angular momen-
tum p. The inductance isL, the moment of inertia J , whileK �= 0 is the
gyration constant, which is responsible for the conversion of electrical
power into mechanical power and conversely. The electrical port is
described by the pair (V, I), i.e., the voltage and the current, while the
mechanical port is (τ, ω), i.e., the torque and the angular velocity. Note
that the same model can be used for the operation of the dc-motor as a
dynamo; converting instead mechanical energy into electrical energy.

The partial Legendre transforms of the total energy H with respect
to ϕ, respectively p, are given as

H∗
1(I, p) =

p2

2J
− 1

2
LI2, H∗

2(ϕ, ω) =
ϕ2

2L
− 1

2
Jω2. (21)

The system does not satisfy the conditions of Theorem 2; neither at
the electrical, nor at the mechanical port, due to the presence of the
nonzero off-diagonal term K in the J-matrix. In fact, the system can
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Fig. 3. Two magnetically coupled inductors.

be proved to be not one-port cyclo-passive, neither at the mechanical
port for any constant current I = Ī �= 0, nor at the electrical port for
any constantω = ω̄ �= 0. Namely, consider the system with I = Ī �= 0.
Then, a storage functionF (p) for this constrained system should satisfy

d

dt
F =

dF

dp

[
K
ϕ̄

L
− b

p

J
+ τ
]
≤ ωτ (22)

for all τ , where ϕ̄
L
= Ī . It follows that dF

dp
= ω, and thus that F (p) =

p2

2J
+ const. After substitution, this implies

dF

dp

[
KĪ − b

p

J

]
= ωKĪ − bω2 ≤ 0 (23)

for all ω. However, this can only be true whenever Ī = 0. Thus, the
system is not one-port cyclo-passive at the mechanical port for I = Ī �=
0. A similar argument can be used for the case ω = ω̄ �= 0, showing
that the system is not one-port cyclo-passive at the electrical port either.
Thus, the dc-motor does not pose limitations for converting electrical
into mechanical energy, as well as (in dynamo mode) for converting
mechanical into electrical energy; in agreement with common usage.

C. Adjustable Spring

Consider a spring with extension q satisfying Hooke’s law, where
the spring stiffness k is adjustable as a function of time. This defines
the port-Hamiltonian system

q̇ = v

k̇ = u

F =
∂H

∂q
(q, k)

y =
∂H

∂k
(q, k)

(24)

with Hamiltonian H(q, k) = 1
2
kq2, inputs v, u, and outputs F, y. In

robotics this is used in “variable stiffness control”; see e.g., [10, Note
6.13]. Although the system is in the form (13), it does not satisfy the
conditions of Theorem 2 for cyclo-passivity at the (v, F )-port, since
∂2H
∂k2

(q, k) = 0. On the other hand, the partial Legendre transformation
with respect to x is given as H∗(F, k) = − 1

2k
F 2, and the system for

constant F is one-port cyclo-passive (in fact, cyclo-lossless) at the
(u, y)-port.

D. Coupled Inductors/Transformer

A pair of magnetically coupled inductors can be considered as a
nonideal ac transformer [1] (see Fig. 3). This is an example of a mono-
physics system, where the conditions of Theorem 2 are met.

Let ψk, with k = 1, 2, represent the associated flux-linkages, the
port-Hamiltonian dynamics is given by

ψ̇k = Vk, k = 1, 2 (25)

Fig. 4. Capacitor microphone.

together with the outputs

Ik =
∂H

∂ψk
, k = 1, 2

and as Hamiltonian the total stored magnetic energy

H(ψ1, ψ2) =
1

2
[ψ1 ψ2]

[
L1 M

M L2

]−1 [
ψ1

ψ2

]
. (26)

Under the condition that |M | ∈ [0,
√
L1L2 ) (imperfect coupling), the

Hessian of H has full rank. Hence, the partial Legendre transform of
H with respect to ψ1 reads

H∗
1(I1, ψ2) = H(ψ1, ψ2)− I1ψ1

∣∣∣
ψ1=L1I1+

M
L2

(ψ2−MI1)

=
M2 − L1L2

2L2

I21 − M

L2

I1ψ1 +
1

2L2

ψ2
2

which, using (25), readily implies that for any constant I1

d

dt
H∗

1(I1, ψ2) = V2I2. (27)

Thus, a nonideal ac transformer with a constant primary current is
one-port cyclo-passive (in fact, lossless) with respect to the secondary
port (V2, I2). The same holds for the primary port (V1, I1) when the
secondary current is held constant, i.e., for any constant I2. Physically,
this is obvious since an ac transformer cannot transfer a dc current.

E. Capacitor Microphone

Consider a capacitor microphone depicted in Fig. 4. This is an
example of a system, which is one-port cyclo-passive at one port
(the mechanical port), but not at the other (the electrical port). The
capacitance C(q) > 0 of the microphone is varying as a function of
the displacement q of the moving plate with massm, which is attached
to a spring k > 0 and a damper b > 0, and affected by a mechanical
forceF , i.e., air pressure arising from sound. The capacitance increases
when the distance between the plates becomes smaller. Furthermore,
E is an externally supplied voltage3 and the resistor R > 0 is used to
convert the current into a voltage that is sent to an amplifier. Let p be
the momentum of the moving plate and Q the electrical charge, then
the equations of motion can be written as the port-Hamiltonian system

3In the audio industry, this voltage is usually 48 V (dc) and is called phantom
power.
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(see [10] for details)

⎡⎢⎣ q̇ṗ
Q̇

⎤⎥⎦ =

⎡⎢⎣ 0 1 0

−1 −b 0

0 0 −1/R

⎤⎥⎦
⎡⎢⎢⎢⎢⎢⎣
∂H

∂q
∂H

∂p
∂H

∂Q

⎤⎥⎥⎥⎥⎥⎦+

⎡⎢⎣0 0

1 0

0 1

⎤⎥⎦[F
I

]

v =
∂H

∂p

V =
∂H

∂Q

(28)

with v = q̇ the velocity of the moving plate, where we have applied
a Thevenin–Norton transformation [1] to convert the voltage source
E in series with the resistor R into a parallel connection of a current
source I = E/R and a resistor with the same resistance. Furthermore,
H represents the total energy

H(q, p,Q) =
1

2
kq2 +

p2

2m
+

Q2

2C(q)
. (29)

Hence, the power-balance is

d

dt
H = −bq̇2 −RI2 + Fv + IE ≤ Fv + IE (30)

with Fv the mechanical power and IE the electrical power supplied to
the system.4

It follows from Theorem 2 that the system is one-port cyclo-passive
at the mechanical port (F, v) for any constant voltage V , with storage
function given by the partial Legendre transform of H with respect to
Q, i.e.,

H∗
Q(q, p, V ) :=

1

2
kq2 +

p2

2m
− 1

2
C(q)V 2. (31)

Under the additional assumption that there exists a constant κ such that
0 < C(q) ≤ κ for all q, then H∗

Q, as a function of (q, p), is bounded
from below, and thus the system is actually one-port passive at the
mechanical port.

On the other hand, the system does not satisfy the sufficient con-
ditions for one-port cyclo-passivity at the electrical port as provided
by Theorem 2, since the input matrix corresponding to the input F
at the mechanical port is not invertible. In fact, it can be proved that
the system is not one-port cyclo-passive at the electrical port for any
nonzero constant mechanical velocity v̄, provided that C ′(q) �= 0 (i.e.,
the capacitance non-trivially depends on q). Indeed, suppose there exists
K(q,Q) such that for v = v̄ = p̄/m �= 0

d

dt
K =

∂K

∂q
q̇ +

∂K

∂Q
Q̇ ≤ IV. (32)

Since q̇ = v̄ this implies

∂K

∂q
v̄ +

∂K

∂Q

[
−V
R

+ I

]
≤ IV (33)

for all currents I , and thus

∂K

∂Q
= V (34)

and

∂K

∂q
v̄ − ∂K

∂Q

V

R
≤ 0. (35)

4Note that the same model can be used for electro-mechanical micro-actuators
(e.g., MEMS devices) that are controlled at the electrical port in order to produce
a certain desired force at the mechanical port; see [9] for more details.

Now, the equality (34) implies ∂K
∂Q

= ∂H
∂Q

, and thus that

K(q,Q) =
Q2

2C(q)
+G(q)

for some function G(q). Substitution into (35) yields

d

dq

[
G(q)− C(q)

V 2

2

]
v̄ ≤ V 2

R
(36)

for all q, V . In the trivial case whenC(q) is constant, i.e., not depending
on q, we can simply select G(q) = 0 (or any arbitrary constant), in
which case the required inequality is obviously true. However, for the
case that C(q) is depending on q, the inequality (36) does not allow
for a solution G(q) for any v̄ �= 0. Thus, there does not exist a suitable
storage functionK(q,Q) that satisfies (32) for arbitrary velocity v̄ �= 0
and nonconstant capacitanceC(q) > 0. Physically, this is due to the fact
that if v̄ �= 0 the capacitor plate is moving at a constant speed. A moving
plate under a constant excitation by the voltage source means that the
charge is constantly increasing (or decreasing, depending on the sign
of v̄). At the same time, also the potential energy stored by the spring
is changing but this is not caused by the electrical port. Hence, from
the perspective of the electrical port, when v̄ > 0 the system is creating
internal energy due to the increasing capacitance and the increase of
the potential energy of the spring.

This example also illustrates how one-port cyclo-passivity and Theo-
rem 2 can be used to verify if the model of a physical system is coherent
from a thermodynamic point of view.

F. Synchronous Machine

The standard model of a synchronous machine, (see e.g. [7]) can be
naturally written into port-Hamiltonian form (see [3])

⎡⎢⎢⎢⎣
ψ̇s

ψ̇r

ṗ

θ̇

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
−Rs 033 031 031

033 −Rr 031 031

013 013 −b −1

013 013 1 0

⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂H

∂ψs
∂H

∂ψr
∂H

∂p
∂H

∂θ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎣
I3 031 031

033 e1 031

013 0 1

013 0 0

⎤⎥⎥⎥⎦
⎡⎢⎣VsVf
τ

⎤⎥⎦

(37)

together with the outputs

⎡⎢⎣IsIf
ω

⎤⎥⎦ =

⎡⎢⎣ I3 033 031 031

013 e�1 0 0

013 013 1 0

⎤⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂H

∂ψs
∂H

∂ψr
∂H

∂p
∂H

∂θ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(38)

where 0lk denotes the l × k zero matrix, I3 denotes the 3× 3 identity
matrix, and e1 is the first basis vector of R3. Furthermore, Rs and Rr
are positive diagonal 3× 3 dissipation matrices. The state variables
comprise
1) ψs ∈ R3, the stator fluxes;
2) ψr ∈ R3, the rotor fluxes; the first one corresponding to the field

winding and the remaining two to the damper windings;
3) p ∈ R, the angular momentum of the rotor;
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Fig. 5. State and port variables of the synchronous generator.

4) θ ∈ R, the angle of the rotor.
Furthermore, Vs, Is ∈ R3 are the three-phase stator terminal volt-

ages and currents, Vf , If ∈ R are the rotor field winding voltage and
current, and τ, ω ∈ R are the mechanical torque and angular velocity;
see Fig. 5 for a schematic view. The synchronous machine is (like the
dc-motor as treated before) a clear example of an energy-converting
device. If the aim is to convert mechanical energy into electrical energy
it is called a synchronous generator, while if the aim is to convert
electrical into mechanical energy it is called a synchronous motor.
Fig. 5 shows the operation as a synchronous generator. The third port
(Vf , If ) corresponds to the excitation system. The powerVf If involved
in this third port is typically negligible compared with the power at the
mechanical and electrical port.

The Hamiltonian H of the synchronous machine is the sum of the
magnetic energy of the field between stator and rotor, and the kinetic
energy of the rotor, i.e.,

H(ψs, ψr, p, θ) =
1

2

[
ψ�
s ψ�

r

]
L−1(θ)

[
ψs

ψr

]
+

1

2Jr
p2 (39)

where Jr > 0 is the rotational inertia of the rotor and L(θ) � 0 is a
6× 6 positive-definite symmetric inductance matrix.

It is directly seen that the synchronous generator satisfies the con-
ditions of Theorem 2 for one-port cyclo-passivity at the mechanical
port together with excitation system port, with storage function given
by the partial Legendre transform H∗

ψs
(Is, ψr, p, θ) of the Hamilto-

nian H(ψs, ψr, p, θ) with respect to the stator fluxes ψs. Partitioning
the 6× 6 inductance matrix L(θ) corresponding to ψs, ψr as (while
suppressing in the notation the dependence on θ)

L =

[
Lss Lsr

Lrs Lrr

]
this partial Legendre transform can be computed as

H∗
ψs

(Is, ψr, p, θ) =
1

2Jr
p2 +

1

2
ψ�
r L

−1
rrψr

− 1

2
I�s
(
Lss − LsrL

−1
rrLrs

)
Is + ψ�

r L
−1
rrLrsIs. (40)

Here, it can be noted that the Schur complementLss − LsrL
−1
rrLrs is a

positive-definite 3× 3 matrix (since L is positive-definite), while also
L−1
rr is positive-definite.
The physical interpretation of one-port cyclo-passivity at the me-

chanical port (together with excitation system port) is obvious: if the
stator currents Is are constant in time then no air-gap torque does
arise, and hence there is no energy transfer from the electrical to the
mechanical port. Furthermore, since the dependence of the elements
of the inductance matrix L(θ) on the rotor angle θ is through products
of cos and sin functions, these elements are bounded, implying that

for constant Is the storage function H∗
ψs

(Is, ψr, p, θ) as a function
of ψr , p, and θ is bounded from below. This means that actually
the synchronous machine is one-port passive at the mechanical port
together with excitation system port, for any constant Is.

On the other hand, the synchronous machine does not satisfy the
conditions of Theorem 2 for one-port cyclo-passivity at the electrical
port (together with the excitation system port), since the input matrix
at the mechanical port is not invertible. In fact, in normal operation the
synchronous generator does convert energy at the mechanical port for
constant angular velocity ω into electrical energy at the stator (to be
supplied to the electrical grid).

G. Synchronous Machine in dq-Coordinates

Consider the synchronous machine (37) as before. After applying the
Blondel–Park transformation, usingdq0 coordinates [7], the model (37)
can be shown [3], [14] to reduce to a six-dimensional port-Hamiltonian
system

⎡⎢⎢⎢⎣
ψ̇d

ψ̇q

ψ̇r

ṗ

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
−
[
rs 0

0 rs

]
023

[
−ψq
ψd

]
032 −Rr 031[

ψq −ψd
]

013 −d

⎤⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂Ĥ
∂ψd
∂Ĥ
∂ψq
∂Ĥ
∂ψr
∂Ĥ
∂p

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎣ I2 021 021

032 e1 031

012 0 1

⎤⎥⎦
⎡⎢⎣VdqVf
τ

⎤⎥⎦ .

(41)

with corresponding outputs. Thus, the Blondel–Park transformation
eliminates the dependence of the magnetic energy on the rotor angle θ
at the expense of the introduction of nonzero off-diagonal terms in the
J-matrix in (41). As a result, the system does not satisfy anymore the
conditions of Theorem 2 for one-port cyclo-passivity at the mechanical
port. The physical reason is again obvious. Constant Idq means that
there is an alternating current with constant amplitude at the stator
side, which does produce a mechanical torque at the mechanical port.
In fact, this is the standard operation of the synchronous machine
as a synchronous motor; converting electrical energy into mechanical
energy.

V. CONCLUSION

The Second Law imposes limitations on the conversion of thermal
energy into mechanical energy in thermodynamic systems. This has
been leveraged to general cyclo-passive systems with two ports, re-
sulting in the notion of one-port cyclo-passivity. Sufficient conditions
for one-port cyclo-passivity of cyclo-passive systems represented in
port-Hamiltonian form have been derived in Theorem 2. Additionally,
it has been shown that the storage function for one-port cyclo-passivity
can be obtained by partial Legendre transformation of the Hamilto-
nian. Restricting to such storage functions the sufficient conditions of
Theorem 2 have been shown to be close to necessary as well.

On the other hand, again drawing inspiration from thermodynamics,
we know that thermal energy can be converted into mechanical energy
by the use of at least two heat sources at different temperatures, as
evidenced by the Carnot cycle. Thus, the next question to be addressed is
how in a similar way one-port cyclo-passive port-Hamiltonian systems
can convert energy from one port to another in a recurrent manner,
by using more than one set-point value for the output of the first port.
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One option is to mimic the Carnot cycle by combining Theorem 2,
corresponding to isothermal processes, with the selection of u1 such
that ẋ1 in (13) is zero, and thus x1 is constant. For such u1 the system
at the (u2, y2)-port is cyclo-passive with storage function H(x̄1, x2)
with x1 = x̄1 constant. Indeed, for any constant x̄1:

d

dt
H(x̄1, x2) ≤ y�2 u2

which corresponds to isentropic (adiabatic) processes.
The use of Carnot and other related cycles also leads to the question

of maximal efficiency [2], [6] of energy conversion in one-port cyclo-
passive port-Hamiltonian systems. Another option, as exemplified by
the synchronous motor case, is to use periodic set-point functions. These
questions are left for future research.
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