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HOW CERTAIN IS HEISENBERG ’S
UNCERTAINTY PRINCIPLE?

David Atkinson and Jeanne Peijnenburg

Heisenberg’s uncertainty principle is a milestone of twentieth-century physics. We sketch
the history that led to the formulation of the principle, and we recall the objections of
Grete Hermann and Niels Bohr. Then we explain that there are in fact two uncertainty
principles. One was published by Heisenberg in the Zeitschrift für Physik of March 1927
and subsequently targeted by Bohr and Hermann. The other one was introduced by Earle
Kennard in the same journal a couple of months later. While Kennard’s principle remains
untarnished, the principle of Heisenberg has recently been criticized in a way that is very
different from the objections by Bohr and Hermann: there are reasons to believe that
Heisenberg’s formula is not valid. Experimental results seem to support this claim.

1. Introduction

Generally the act of observing macroscopic quantities does not alter those quan-
tities appreciably. For example, we can observe the position of an arrow in flight at
a particular time, and then again shortly afterward, allowing us to infer the arrow’s
velocity in the interim. If we know the mass of the arrow, we are able to calculate
its momentum by multiplying the mass and the inferred velocity. No significant
alteration of the momentum of the arrow is effected simply by looking at it.

As is well known, the matter is different in the domain of the fundamental
particles. Suppose we want to know the position of an electron. In order to see
the electron, we might put it under a microscope and illuminate it with light. At
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least one photon will now collide with the electron, bounce back, and enter the
eyepiece of the microscope, thereby enabling us to determine the electron’s posi-
tion with fair precision. The more energy the photon has, the more accurate will
be the determination of the electron’s position.However, and this is the bad news,
the greater will be the change in the electron’s momentum. For a highly energetic
photon causes the recoil of the electron to be considerable, and this results in great
uncertainty as to what the momentum of the electron was before it collided with
the photon. The recoil, and thus the uncertainty of the electron’s momentum, can
be reduced by using a less energetic photon, but such a photon has a greater size or
wavelength, and the determination of the electron’s position will consequently be
poorer. It is therefore impossible to determine both position and momentum at a
particular moment with arbitrary precision.1

This is the uncertainty principle in a nutshell. Since its publication in 1927 by
the 26-year-oldWerner Heisenberg, it has been a crucial building block of quan-
tummechanics. Recent research, however, has shown that there are good reasons
for doubting that the principle is valid. To mention only one: the measurements
of gravity waves for which RainerWeiss, Barry Barish, and Kip Thorne on behalf
of the entire LIGO Scientific Collaboration received the Nobel Prize in 2017
would have been impossible had these scientists based themselves on whatHeisen-
berg says about position and momentum. In fact, as we will see later, Heisenberg’s
principle has been routinely confused with another uncertainty principle, also
dating from 1927, that is valid but has little to do with Heisenberg’s measure-
ment problem.

We start in section 2 by sketching the scientific background that led Heisen-
berg to his uncertainty principle. Section 3 is about the principle itself, and in
sections 4 and 5 we explain two ways in which it has been criticized, by Grete
Hermann (1901–84) and by Niels Bohr (1885–1962). In section 6 we point
out that there are in fact two different uncertainty principles, one of Heisenberg
and one of the American physicist EarleHesse Kennard (1885–1968). For a long
time they have mistakenly been put on a par, but about 30 years ago Jan Hilge-
voord and Jos Uffink showed that there is an important distinction between the
two. In section 7 we turn to the work of Masanao Ozawa. Whereas Bohr and
Hermann criticized the interpretation of Heisenberg’s discovery, Ozawa objects
to the mathematical formula itself. In an article of 2003 he asserts that, while
Kennard’s formula is correct, that of Heisenberg is invalid, and he has the temer-
ity to correct the Heisenberg version. Although not everybody agrees with this
1. According to quantum electrodynamics, the incident photon is absorbed by the electron, which
thereby becomes a virtual, off-mass-shell fermion, which in turn emits a new photon, generally not in the
same direction as the original photon. Nevertheless, the net result is as if the photon simply bounced off
the electron, changing its momentum in the process.
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verdict, experimental work carried out in 2009 and 2012 seems to support
Ozawa’s conclusion.
2. Early History

In 1804 the debate between Christiaan Huygens and Isaac Newton concerning
the nature of light seemed to have been settled in favor of the former. In that year
Thomas Young performed an experiment that apparently showed that light is not
composed of streams of particles, as Newton had maintained, but had the nature
of a wave, in agreement with Huygens’s idea (Young 1804). During the whole of
the nineteenth century everybody assumed that light was a wave phenomenon.
Indeed, in 1865 JamesClerkMaxwell (1865) had shown that light consists in elec-
tric and magnetic fields that have an undulatory character. As we now know, these
undulations correspond to radio waves at the lowest frequencies, to microwaves at
higher frequencies, up through the infrared spectrum to visible light, then invisible
ultraviolet light to X-rays and gamma rays at the highest frequencies.

In 1900 the 42-year-old Max Planck challenged the wave assumption with
his article “Zur Theorie des Gesetzes der Energieverteilung imNormalspectrum”
(Planck 1900). The radiation emitted by a black body, that is, an object that ab-
sorbs all incident light (like a poker coveredwith soot), depends only on the body’s
temperature and on nothing else. The distribution of this radiation has a charac-
teristic form, the normal or black body spectrum; it shows that most of the radia-
tion is concentrated at or near a particular peak frequency, which increases as the
temperature of the body rises. In the course of the nineteenth century many mea-
surements had been made, telling us, for a particular temperature, how much
energy was emitted in each frequency range. What was lacking, however, was a
general formula that fitted all the frequencies of the normal spectrum. Planck’s
article gave precisely that formula.

Planck thereby solved a problem known as the ultraviolet catastrophe. From
Maxwell’s equations together with statistical mechanics it follows that there is no
upper bound: the higher the frequency, the more energy would be radiated with
no end in sight. This means that the total amount of energy emitted by the con-
tinuous heating of our homely poker should be infinite—an absurd conclusion.

Planck’s new theory avoids this paradoxical conclusion, but it comes with a
price tag: it threatens the wave picture of Huygens, Young, andMaxwell. Instead,
we have to accept that light is not emitted continuously from a hot body but rather
in discrete packets or quanta. The energy, E, of each quantum was to depend on
the frequency, n, of the light, indeed to be proportional to that frequency:

E 5 hn,
3
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where h is the factor that we now call Planck’s constant. It is true that the higher
the frequency, the higher the energy, but since the number of very high-energy
quanta is very small, the ultraviolet catastrophe is extirpated in one fell swoop.

To Planck himself it was a great surprise that his formula was fully in line with
all the measurements. Being trained in classical physics by teachers for whom the
wave picture was an article of faith, he was not too happywith his own hypothesis
about light being emitted in discrete and finite packets. It was the perfect fit be-
tween his hypothesis and the outcome of experiments that finally won him over.
Yet he always kept some reservation, which is why he never went so far as to claim
that the light that was emitted in packets of energy actually retained this discrete
nature once it was free of the emitting body.

That bold step was taken in 1905 by a 26-year-old employee of a Swiss patent
office in Bern with his article “Über einen die Erzeugung und Verwandlung des
Lichtes betreffenden heuristischen Gesichtspunkt” (Einstein 1905). Einstein
knew that when some metals were exposed to light, electrons were released that
could be detected. This so-called photoelectric effect is such that, nomatter how
intense the light is, no electrons are released if the frequency remains below a
certain value characteristic of the irradiated metal. If the frequency rises above
this special value, electrons are released, but their energy does not depend on the
intensity of the light.

The wave theory of light could not explain these phenomena at all. But Ein-
stein’s theory of photons does the job with ease, for if the frequency of the light is
too low, the photons do not have enough energy to pry an electron loose from its
attachment to themetal, whereas if the frequency is higher than this, the energy of
a photon suffices to dislodge the electron. This explanation of the mysterious
photoelectric effect earned Einstein the Nobel Prize in 1921, 3 years after Planck
had received the prize for his discovery of quanta.2

The work of Young and of Maxwell indicates that light has a wave nature, as
Huygens had insisted, while that of Planck and Einstein testifies to the discrete
nature of light, essentially as Newton had contended. What to do with this fla-
grant contradiction? For contradiction it was, since the energy in a wave is spread
out all over the wave front, while the energy of particles is concentrated in the
particles themselves. Another Nobel Prize winner, Niels Bohr, firmly grasped
both horns of the dilemma by promulgating his notion of complementarity: light
behaves neither like a wave nor like a particle. Rather in some experimental or
2. Einstein never received a Nobel Prize for his special theory of relativity of 1905, nor for his theory
of general relativity of 1915. It has been conjectured that in 1921 the theory of relativity was still too
controversial. However, Einstein died in 1955, so it seems there had been ample opportunity to grant
him a Nobel Prize for relativity as well.
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observational situations the wave language is closer to the mark, while in others
the particle language is appropriate. Bohr’s so-called wave-particle duality quickly
took hold. Around 1920, many people were convinced that light, and electro-
magnetic radiation in general, had a Janus face: it was sometimes wavelike and
sometimes particulate.3

Somuch for electromagnetic radiation. But what aboutmatter, especially elec-
trons? Does an electron also have a wave-particle structure? This was the question
posed by Louis de Broglie (1892–1987) in his PhD thesis, “Recherches sur la
théorie des quanta.”De Broglie himself answered the question in the affirmative,
but members of his doctoral committee had their doubts; some thought this was
a rather wild idea. De Broglie’s supervisor, Paul Langevin, therefore decided to ask
Einstein. It was only after Einstein declared that de Broglie’s ideas were interesting
and promising that onNovember 25, 1924, the title of doctor could be bestowed.
Three years later two American physicists confirmed the wave-particle nature of
electrons in diffraction experiments, and in 1929 de Broglie, too, could travel to
Stockholm to collect his Nobel Prize.

De Broglie’s dissertation functions as a pivot between the so-called old quan-
tum mechanics of Planck, Einstein, and Bohr and the new quantum mechanics
of three other Nobel laureates, Werner Heisenberg, Erwin Schrödinger, and Paul
Dirac.4 Both Heisenberg and Schrödinger found much inspiration in the wave-
particle duality as suggested by de Broglie. In Heisenberg’s case, the study of de
Broglie’s ideas led to the formulation of the uncertainty principle.
3. Heisenberg’s Principle of Uncertainty

An important role in Heisenberg’s and Schrödinger’s studies of the wave-particle
duality of the electronwas played by the Fourier transformations, named after the
French mathematician and physicist Joseph Fourier (1768–1830), whose math-
ematical operations make it possible to translate a particle language into one
about waves. As Heisenberg moved back and forth between the two languages,
he encountered a problem: it followed from the mathematics that the position
andmomentum of an electron could not both be accuratelymeasured at the same
time. The more accurate the position detection was, the more imprecise that of
the momentum would be, and vice versa. If we want to know both position and
momentum at the same time, we have to settle for a trade-off and accept that an
3. Bohr was awarded the Nobel Prize in 1922 for his model of the hydrogen atom, not for his ideas
about complementarity.

4. Heisenberg received the Nobel Prize in 1932 for, among other things, his uncertainty principle;
Schrödinger and Dirac shared the prize in 1933 for their “discovery of new productive forms of atomic
theory.”
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essential uncertainty remains, an irreducible margin of error. Heisenberg found
that the size of that error margin corresponds approximately to Planck’s constant:

dp � dq ∼ h,

where p represents the momentum of the electron and q its position, while d ex-
presses the uncertainty. In words, the uncertainty of the momentum times the
uncertainty in the position is approximately equal to Planck’s constant. Heisen-
berg described the uncertainty principle in his article “Über den anschaulichen
Inhalt der quantentheoretische Kinematik und Mechanik,” which appeared in
March 1927 in the Zeitschrift für Physik.5 There he describes the following thought
experiment in order to make his discovery less abstract and more intuitive.

First he asks himself what exactly one means when one talks about the “posi-
tion of an object” (Ort des Gegenstandes). His answer could have come straight
from The Logic of Modern Physics by P. W. Bridgman (1927), which appeared in
the same year.6 The “position of an object,” saysHeisenberg,means nothingmore
than that one can refer to experiments with which the position of the object, in this
case an electron, can be determined: “When one wants to be clear about what is to
be understood by the words ‘position of the object,’ for example of the electron
(relative to a given frame of reference), then one must specify definite experiments
with whose help one plans to measure the ‘position of the electron’; otherwise this
word has no meaning” (Heisenberg 1927, 173; 1927/1983, 64).7

Which instrument would enable us to measure the position of an electron?
One naturally thinks of a microscope, under which the electron is illuminated,
so that at least one photon collides with it. The electron absorbs the photon, then
gets excited and emits a new photon that is captured by a detection device (the eye
or a photographic plate), which enables one to determine where the electron is.
The problem, however, is that an ordinary microscope will not do, for it works
with visible light, the wavelength of which is much greater than the size of the
electron. One would need a microscope that uses much shorter wavelength light.
The wavelength of ultraviolet light is too great, and even that of ordinary X-rays is
5. See also Heisenberg (1977), in which Heisenberg reflects on his article of half a century earlier.
6. Philosophers know Bridgman primarily as the positivistically inclined founder of operationalism and

the inventor of the term ‘operational definition’, but he was originally a physicist and received the Nobel
Prize in 1946 for his work in high-pressure physics.Heisenberg’s positivistic outlook is, as KristianCamilleri
(2009) has stressed, typical forHeisenberg’s view in themid-1920s.Under the influence of Bohr, but also of
Grete Hermann and others, Heisenberg would later move away from positivism.

7. The parenthetical addition “(relative to a given frame of reference)” in the English rendition has
no counterpart in the German text, which reads, “Wenn man sich darüber klar werden will, was unter
dem Ort des Gegenstandes, z.B. des Elektrons zu verstehen sei, so muss man bestimmte Experimente
angeben, mit deren Hilfe man den Ort des Elektrons zu messen gedenkt, anders hat dieses Wort keinen
Sinn.”
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not short enough. Only very hard X-rays known as gamma rays are acceptable,
because their wavelength is comparable to the size of the electron.

A real gamma ray microscope cannot exist, since gamma rays cannot be fo-
cused—which is essential for their use in a microscope. This is why Heisenberg’s
argument has the status of a thought experiment: we can only imagine what would
happen if we were able to work with such a microscope. Building on Planck’s dis-
covery that frequency and energy are proportional to one another, he argues that
the shorter a photon’s wavelength, the greater its frequency and therefore the greater
its energy. When a photon of high energy collides with an electron, there occurs a
relatively large recoil, which changes the electron’s momentum, making it uncer-
tain what that momentum was before the interaction with the photon. The only
way not to alter the momentum greatly, as we explained above, is to use photons
with a lower energy, and so with a longer wavelength. Since this reduces the pre-
cision in themeasurement of position, the conclusion is thatmomentum and po-
sition cannot both be accurately determined at the same time. A fundamental and
inescapable uncertainty remains.

Heisenberg’s uncertainty principle brought about a revolution in physics, and
moreover it undermined some venerable philosophical convictions. Many inter-
preted the principle as a threat to the widespread idea that the state of the world at
one time determines its state at a later time. It thus was seen as a grave challenge to
determinism, more particularly the Kantian view that causality is essential to sci-
ence. Various neo-Kantians tried to get their heads around this way of interpret-
ing Heisenberg’s discovery, and it was Grete Hermann who delivered one of the
most incisive contributions.
4. The Criticism by Hermann

Born in Bremen in the same year as Heisenberg, Grete Hermann studied math-
ematics, physics, and philosophy under EmmyNoether at the University of Göt-
tingen. She matriculated when she was 20 and obtained a doctoral degree in
mathematics in 1925. Her philosophical views were greatly inspired by Kant
and the neo-Kantians, especially by LeonardNelson. She becameNelson’s private
assistant in 1926 and continued toworkwith his group after Nelson’s death a year
later (Hansen-Schaberg 2016).

Hermann had a good grounding in quantum mechanics. In the early 1930s
she had several discussions with Werner Heisenberg and his young protégé Carl
Friedrich vonWeizsäcker (1912–2007) in Leipzig. She often took up the cudgels
for Kant, insisting that a physical theory like quantum mechanics does not over-
turn the premise that causality is a necessary condition for science. In chapter 10
7
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of his autobiography, Der Teil und das Ganze, Heisenberg (1969) records his
memories of these meetings.

He notes that, according to Hermann, the failure of quantum mechanics to
predict the outcome of certain physical processes does not imply that these pro-
cesses have no causes. Heisenberg himself disagrees, referring to the inability of
quantummechanics to predict the direction in which an electron is emitted from
a radium atom.8 Hermann points out that this inability may simply mean that
quantummechanics is not up to the job; a future theorymaywell be able tomake
such a prediction, thereby identifying the cause of the radium atom’s decay.

In an attempt to show that this is impossible, Heisenberg sets up a reductio.
Suppose per impossibile that a future theory would allow one to predict success-
fully the direction that the emitted electron would take. Then the dual wave na-
ture of the electron would be suppressed, and no interference effects would be
possible. But such interference effects are possible, and therefore the hypothetical
prediction is false.

Hermann makes fun of this argument, as Heisenberg candidly recalls: “‘But
that is dreadful,’ Grete Hermann said. ‘On the one hand, you claim that your
knowledge of the Radium B atom is incomplete inasmuch as you cannot tell
when and in what direction the electron will be emitted, while, on the other
hand, you tell me that your knowledge is complete. . . . But our knowledge can-
not possibly be complete and incomplete at the same time. The whole thing is
sheer nonsense’” (Heisenberg 1969, 167; Pomerans 1971, 120). VonWeizsäcker
and Heisenberg then suggest that the Kantian terminology may still be used, al-
beit in a modified way: terms like ‘space’, ‘time’, and ‘causality’ are allowed as
long as we realize that their content is changed by the new quantum theory. Ac-
cording to Heisenberg, this “seemed to satisfy Grete Hermann to some extent”
(Heisenberg 1969, 173; Pomerans 1971, 124). However, that is patently Pan-
glossian. For in an important article a few years later, in 1935, Hermann again
takes up the subject of prediction and causality (Hermann 2016).

She discusses John von Neumann’s famous ‘proof ’ that quantum mechanics
cannot possibly be extended by adding new (or hidden) variables that would
enable us to make predictions and thus identify causes (von Neumann 1955,
209, 305–24). Hermann convincingly shows that this proof is circular. The
culprit is an assumption that von Neumann makes concerning the expectation
value of a sum of noncommuting operators. Although this assumption is valid
in quantummechanics, it may well be invalid in a future theory comprising both
quantum mechanics and also the new variables. Ergo, and contra Heisenberg,
8. Some isotopes of radium emit electrons, while others emit alpha particles. Heisenberg speaks of
radium B, which in modern nomenclature is 228Ra.
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quantum mechanics could be improved. A future theory might well be able to
predict, for instance, the direction of an electron emitted from a radium atom
and thus restore causality (Seevinck 2016).9

It is now widely acknowledged that Hermann’s demonstration anticipated
that of John Bell, who showed in 1964 that quantum mechanics cannot be ex-
tended by extra variables that are noncontextual (Bell 1964). Hermann’s ‘new var-
iables’ could, however, be contextual, and then they could be added to quantum
mechanics.Unfortunately,Hermann’s trenchant criticismwas ignored by the phys-
ics community. A possible reason is that the idea of hidden variables was anathema
toHeisenberg, who together with Bohr was busy inculcating what was to be called
the Copenhagen interpretation of quantum mechanics.10

In 1948 Hermann provides a further defense of her thesis that quantum me-
chanics does not violate causality (Henry-Hermann 1948). She was then back in
her birthplace Bremen, after having spent the war years in England, away from
the Nazi regime. In Bremen she was an educator, philosopher, and administrator
at the newly established Pedagogical College (Paedagogische Hochschule), tire-
lessly working for the reconstruction ofwar-strickenGermany. In her 1948 article
she first identifies Heisenberg’s uncertainty principle as the reason for believing
that our ideas about causality should be revised. She then explains that the uncer-
tainty principle is neither subjective (epistemological) nor objective (ontological)
in character: either interpretation leads in the end to a contradiction with quan-
tum mechanics (377–79).

In what sense, then, does the uncertainty principle teach us to revise our ideas
on causality? Here is her answer:

The old conviction, according to which every event stands in strictly causal
connection with past and future events, is, as has become clear, not affected.
In quantummechanics, too, there are no acausal processes in the strict sense
of the word. What founders, however, is that other classical conviction, viz.
that because of these causal connections the whole of nature constitutes a
single coherent totality, which basically can be overseen and computed from
an arbitrary point in time. The reason why this assumption fails is not be-
cause at some point the causal chain breaks off as it were, and something
9. Later in her 1935 article Hermann suggests that quantum mechanics by itself may satisfy a
watered-down version of causality, namely, a retrodictive rather than a predictive variant. She argues
that quantummechanics allows one, after the observation of an electron (or a photon), to calculate what
its momentum was and thereby its direction of motion. Max Jammer, however, points out that this
move does not work, since the observation shows merely the possibility, not the necessity, of the result.
See Jammer (1974); Filk (2016).

10. Two even-more disturbing reasons may have been that Hermann was not seen as a card-carrying
physicist and was a woman to boot.

9
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enters which, at least within certain limits, is a coincidence. Rather the as-
sumption fails because, as it turned out, we can no longer maintain the tac-
itly made presupposition that a thing or process may be physically described
in terms of its characteristic features as such, that is, independent of the pre-
vailing context of observation. (Henry-Hermann 1948, 380)11

In other words, forHermann there is no need to give up our idea of a causal chain
connecting past and future events. It is not that a causal chain breaks off when a
measurement of position (or of momentum) is made, and that something occurs
by chance. What we have to give up is something else, namely, the tacit assump-
tion that the physical features of a thing or a process can be described regardless of
a particular observational context. In this sense her view has similarities with that
of Bohr.
5. The Criticism by Bohr

Heisenberg formulated his uncertainty principle in February 1927 in Copen-
hagen, where he had worked since May 1926 as a lecturer and as assistant to
Niels Bohr at his Institute for Theoretical Physics. It was Heisenberg’s second
long stay there. From September 1924 to May 1925 he had also worked inten-
sively with Bohr in Copenhagen with a grant from the Rockefeller Foundation. It
was therefore a bit surprising that Heisenberg sent his article on the uncertainty
principle to the Zeitschrift für Physik without allowing Bohr to read it first. Bohr
did not get to see the text until after returning from a ski vacation, at which time
the article had already been accepted by the journal. As is witnessed by a letter to
his friend Wolfgang Pauli, what Heisenberg had feared transpired: Bohr was an-
noyed. Not only did he feel passed over, but he also objected to the content of
Heisenberg’s thought experiment.

In Bohr’s opinion, the thought experiment of Heisenberg is based on the er-
roneous assumption that the position andmomentum of an electron could be de-
termined in one and the same experiment. According to Bohr, that is impossible
11. Our translation of the original: “Die alte Überzeugung, wonach jedes Geschehen in streng kausalem
Zusammenhang mit vergangenem und künftigem Geschehen steht, ist, wie sich gezeigt hat, nicht angetastet
worden. Akausale Vorgänge im strengen Sinn des Wortes gibt es auch für die Quantenmechanik nicht. Wohl
aber entfällt die andere klassische Überzeugung, wonach auf Grund dieser Kausalbeziehungen das gesamte
Naturgeschehen einen einzigen, prinzipiell von einem beliebigen Zeitpunkt aus übersehbaren und bere-
chenbaren Zusammenhang bildet. Diese Annahme scheitert nicht darum, weil an irgend einer Stelle die
Kausalkette gleichsam abreißt und etwas eintritt, das, zum mindesten in gewissen Grenzen, zufällig ist.
Sondern sie scheitert daran, daß die stillschweigend gemachte Voraussetzung sich als unhaltbar erwiesen
hat, wonach wir physikalisch ein Ding oder einen Vorgang durch die ihn schlechthin, und d. h. unabhängig
vom gegenwärtigen Beobachtungszusammenhang charakterisierenden Merkmale beschreiben können.”
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and not necessary. Impossible, because a short wavelength gamma ray is needed to
determine the position and a long wavelength to measure the momentum. Not
necessary, because the complementarity principle shows how one can choose be-
tween an approach in terms of waves or one in terms of particles; which one is
more suitable depends on the specific experimental situation.12

The article had not yet been published, and Heisenberg was able to add the
following “Addition in Proof ”: “After the conclusion of the foregoing paper, more
recent investigations of Bohr have led to a point of view which permits an essen-
tial deepening and sharpening of the analysis of quantum-mechanical correlations
attempted in this work. In this connection Bohr has brought tomy attention that
I have overlooked essential points in the course of several discussions in this pa-
per” (Heisenberg 1927, 198; 1927/1983, 83). The disagreement between Bohr
andHeisenberg on this point formed an important topic at the twomajor physics
conferences in the autumn of 1927: the Volta conference in Como, Italy, in Sep-
tember, and the Solvay conference in Brussels, a month later.

Political developments would put further pressure on what started as a purely
scientific controversy between the two. In September 1941, Heisenberg, now a
professor in Leipzig, traveled to occupied Denmark. Together with von Weiz-
säcker he had organized a Tagung in Copenhagen in the German Scientific Insti-
tute (DeutschesWissenschaftliches Institut). Once in Copenhagen he also paid a
visit to Bohr, who had refused on principle to attend. The meeting between Hei-
senberg and Bohr led to a lifelong separation between the two, even though con-
tact was never completely broken. No one knows exactly what happened, but it
seems clear that attempts to develop an atomic bomb were discussed. Both Hei-
senberg and von Weizsäcker were very active at the time in the Uranverein, the
German nuclear weapons project.13

After learning in 1943 that preparations had been made for his arrest, Bohr
fled to Sweden by fishing boat. From Sweden he went to the United States, where
he joined theManhattanProject, which, as is well known, resulted in the production
of two atomic bombs, one using uranium-235 and the other with plutonium-239.
12. This point was also underlined in the remarks published by Heisenberg at the end of his life
(Heisenberg 1977). As noted earlier (see n. 6), Heisenberg’s philosophical views changed over time.

13. Michael Frayn’s theater play Copenhagen of 1998 provides a fictional reconstruction of the con-
versation between Heisenberg and Bohr. Partly in response to the uproar caused by this play, Bohr’s
family decided in 2002 to disclose an unsent letter from Bohr to Heisenberg. In the letter, which can
be found on the home page of the Niels Bohr Archive (http://archon.nbi.dk/tms/heisenberg/?doc
5facs01&page51), Bohr writes, “Personally, I remember every word of our conversations, which took
place on a background of extreme sorrow and tension for us here in Denmark.” Bohr recalls Heisenberg’s
“definite conviction that Germany would win the war and that it was therefore quite foolish for us to
maintain the hope of a different outcome and to be reticent as regards all German offers of cooperation.”

11

http://archon.nbi.dk/tms/heisenberg/?doc=facs01&page=1
http://archon.nbi.dk/tms/heisenberg/?doc=facs01&page=1
http://archon.nbi.dk/tms/heisenberg/?doc=facs01&page=1
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The first destroyed Hiroshima; the second razed Nagasaki to the ground 3 days
later. Heisenberg, still labeled aWeisse Jude by the Nazis in the run-up to the Sec-
ondWorldWar, had meanwhile become an important figure in the Third Reich.
In February 1942 he had addressed an audience of Nazi leaders at the Kaiser-
Wilhelm-Institut für Physik in Berlin about the possibility and the consequences
of nuclear fission. In April 1942 he was appointed director of this institute, a po-
sition he would hold until 1945. During this period he was also a professor at the
University of Berlin.

Heisenberg has always maintained that he was trying at least to slow down the
development of a bomb. Indeed, there are official documents showing that he
openly expressed doubts about the feasibility of a bomb. This can be seen as an
attempt to consciously sabotage the nuclear project, but a more cynical interpre-
tation is also possible, namely, that Heisenberg thought an atomic bomb was not
practicable owing to an error in his calculations. He had computed that many tons
of uranium-235 would be needed, while in reality 15 kilograms are enough. It is
therefore not impossible that Heisenberg really doubted the possibility of making
an atomic bomb. Hemay well have felt relief at the time in being able to draw this
conclusion, which unbeknownst to him was false. But this is of course not the
same as making a conscious effort to mislead the German command. His sugges-
tion that he did the latter could be a later rationalization.14
6. Kennard’s Uncertainty Principle

The target of both Hermann and Bohr was Heisenberg’s original uncertainty
principle. However, there is another uncertainty principle, also published in 1927,
with which Heisenberg’s discovery has been routinely confounded. It was pro-
posed by Earle H. Kennard, a physicist who was educated and later employed at
Cornell University. In 1926, the year in which he became a professor, Kennard
went on a sabbatical to Göttingen, where Heisenberg had secured hisHabilita-
tion under Max Born 2 years earlier.

The then-42-year-old Kennard immediately immersed himself in the new
quantum mechanics and in particular in Heisenberg’s work. That this was
14. According to some (not everyone), the cynical reading is supported by the Farm Hall transcripts.
From July 3, 1945, to January 3, 1946, 10 German nuclear scientists, including Heisenberg and von
Weiszäcker, were interned in Farm Hall, a large country house near Cambridge. The house was fully
equipped, and in an effort to find out how close the Germans had been to an atomic bomb, the British
had installed wiretapping apparatus everywhere. In this way they could hear how the internees reacted when
they learned via BBC Radio on August 6, 1945, that an atomic bomb had been dropped. Some, including
Heisenberg, initially gave no credence to the broadcast because they did not believe the Americans could
have succeeded in making the bomb. See Frank (1993) and Rose (1998).
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no small effort for him is evident from the letter he wrote to his colleague Ros-
well Gibbs in Cornell on March 3, 1927: “Theoretical physics has reached a ter-
rible state. . . . Newmethods have to be learned every week, almost.”15 His efforts
paid off. A few months after Heisenberg published his article on the uncertainty
principle in the Zeitschrift für Physik, Kennard’s “Zur Quantenmechanik einfacher
Bewegungstypen” was published in the same journal.16 In this article Kennard
claims to give a generalization of Heisenberg’s uncertainty principle. However,
Jan Hilgevoord and Jos Uffink have shown that there is such a great difference be-
tween Kennard’s result and that of Heisenberg that it is no exaggeration to speak of
two uncertainty principles (Uffink and Hilgevoord 1985; Hilgevoord and Uffink
1990, 2001/2016).

Heisenberg’s principle is sometimes referred to as ‘the observer effect’, but
Hilgevoord and Uffink use a more appropriate name: ‘the measurement uncer-
tainty principle’. This principle has to do with one electron and one pair of mea-
surements, namely, the position and the momentum of this electron, between
which, as we saw, there is a trade-off.

Kennard’s principle, in contrast, is not about measurements and is certainly
not about the inescapable trade-off betweenmeasuring position andmomentum.
Rather it concerns a collection or an ensemble of electrons that have been pre-
pared in such a way that they all have approximately the same position and the
samemomentum.Hilgevoord andUffink therefore speak of ‘the preparation un-
certainty principle’. Kennard showed that the statistical spread of the positions
multiplied by the spread of the momenta can never be less than Planck’s constant
divided by 4p:

Dp � Dq ≥
h
4p

,

where Dp is the standard deviation of the momentum, Dq is the standard devi-
ation of the position, and h is the constant of Planck that we have already en-
countered. Kennard thus uses the standard deviation as a measure of statistical
dispersion, thereby following standard practice in statistics.

Despite this difference between the two uncertainty relationships, Kennard
considered his formula to be nothing more than a generalization of what Hei-
senberg had done. Referring to his formula—inequality 27 in his own text—he
writes, “This is the somewhat generalized uncertainty relation of Heisenberg. It
15. Quoted in Kevles (1972/1995, 201).
16. Kennard’s address at the beginning of this article was given as Copenhagen, which suggests that

he had followed Heisenberg from Göttingen to the Danish capital.
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places a lower bound on the product of the uncertaintymeasures for every pair of
canonical variables” (Kennard 1927, 339).17

Kennard’s idea that Heisenberg’s ‘measurement uncertainty principle’ is a
special case of his own ‘preparation uncertainty principle’ is underwritten by
Heisenberg. This is evident, for example, in what Heisenberg says in his book
based on lectures he gave at the University of Chicago in 1930: “It must be
emphasized again that this proof does not differ at all in mathematical content
from that given at the beginning of this section” (Heisenberg 1930, 19). Here,
“this proof” refers to Kennard’s proof, which Heisenberg reproduces in the par-
agraph preceding the above quote. The expression “that given at the beginning
of this section” refers to the thought experiment with the gamma ray microscope
with which Heisenberg had explained his own uncertainty principle.

The fact that neither Kennard nor Heisenberg saw any essential difference be-
tween the two uncertainty relations makes it understandable why later textbooks
in quantum mechanics also make no distinction. Take, for example, Leonard
Schiff ’s widely used textbook. In it Kennard’s proof is given, but the only refer-
ence is to Heisenberg’s Chicago lectures of 1930; Kennard’s 1927 article is not
even mentioned. Schiff (1949/1955, 55) then concludes, “This is the precise ex-
pression of the Heisenberg uncertainty relation (3.1), when the uncertainties Dx
andDp are defined as in Eq. (12.1).” Schiff usesDx instead ofDq for the spread of
the position, and his equation (12.1) is Kennard’s definition of the uncertainties as
standard deviations. However, the inequality (3.1) that Schiff mentions is the un-
certainty relationship according toHeisenberg’s original version, for Schiff writes,
“The relation (3.1) means that a component of the momentum of a particle can-
not be precisely specified without our loss of all knowledge of the corresponding
component of its position at that time” (7).18

Nevertheless, Kennard, Heisenberg, Schiff, and others are mistaken: the two
versions of the uncertainty principle are not the same. It is simply untrue that
Kennard’s inequality, as Heisenberg puts it, “does not differ at all in mathematical
content” from Heisenberg’s own formula. As Hilgevoord and Uffink (2001/
2016) write, “Both in status and intended role there is a difference between Ken-
nard’s inequality and Heisenberg’s previous formulation.”

One can go further. As we explain in the next section, there is nothing wrong
with Kennard’s principle, but Heisenberg’s principle is open to criticism very
17. Our translation from the German: “Dieses ist das etwas verallgemeinerte Unbestimmtheitsgesetz
von Heisenberg. Es setzt eine untere Grenze für das Produkt der Unbestimmtheitsmaße für jedes Paar
kanonischer Variabeln fest.”

18. Another example is the textbook of Leslie E. Ballentine, who first gives an elegant proof of Ken-
nard’s preparation principle but then associates it with the name of Heisenberg (Ballentine 1990, 166).
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different from what Bohr andHermann articulated. There are reasons to believe
that the Heisenberg formula is simply not valid.
7. Universally Valid Uncertainty Relation

For a long time, the widespread practice of using the term ‘the Heisenberg uncer-
tainty principle’ to refer to the preparation uncertainty principle appeared perfectly
legitimate. At worst, it seemed merely a matter of employing a somewhat confus-
ing label. But appearances can be deceptive. About the validity of the preparation
principle there is no disagreement: it is a consequence of themathematics of quan-
tum mechanics. In an article of 2003, the Japanese physicist Masanao Ozawa has
argued that the same can, however, not be said of Heisenberg’s measurement un-
certainty principle. It is doubtful and may well be false.

When one tries to estimate the position of an electron (or any other particle),
generally one measures the sum of two quantities: the position plus some pertur-
bation or deviation. And when one tries to measure the momentum just after-
ward, one is confronted with the sum of the momentum plus the perturbation
that is caused by that position measurement.19 Ozawa calls the perturbation in
what one measures first (here: the position) noise and the perturbation in what
one measures afterward (here: the momentum) disturbance. He then rephrases
the uncertainty relation in Heisenberg 1927 as the claim that the noise times
the disturbance cannot drop below h=4p: “By the g-ray thought experiment,
Heisenberg . . . argued that the product of the noise in a position measurement
and the momentum disturbance caused by that measurement should be no less
than [h=4p]” (Ozawa 2003, 1).20

Ozawa argues that this claim ofHeisenberg is not universally valid. It would be
universally valid if the noise and the disturbance were independent of the position
and the momentum. However, generally there is such a dependence, and then
Heisenberg’s claim is false. This is a consequence of the fact that there are four
pairs of quantities that are conceptually different:

1. The position and the momentum of the electron
2. The noise and the disturbance
3. The noise and the momentum of the electron
4. The disturbance and the position of the electron
19. Conventionally, the position is measured before the momentum. This order, which also exists in
Heisenberg’s gamma ray thought experiment, is, however, arbitrary and could be reversed: a positionmeasure-
ment typically disturbs the momentum, and a momentum measurement typically disturbs the position. We
shall nevertheless follow the convention and take the position as being what is measured first and the momen-
tum as what is measured thereafter.

20. Ozawa has ℏ=2, which is equivalent.
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Pair 1 involves the variables that quantummechanics deals with. It is via this pair
that Planck’s constant enters the calculation. The noise and disturbance in pair 2
constitute the pair that Heisenberg considered in his gamma ray thought exper-
iment (although the terms ‘noise’ and ‘disturbance’ are Ozawa’s).

Ozawa’s major contribution lies in his analysis of pairs 3 and 4. Normally the
noise and the momentum in 3 are correlated, and the same goes for the distur-
bance and the position in 4. AsOzawa realized, these correlationsmust be included
in the calculation in the form of two new terms that have to be added to the
Heisenberg term (pair 2). That is, whereas Heisenberg considered only 2, Ozawa
insists that he should have added 3 and 4 to 2 before confronting the result with
pair 1, the diktat of quantum mechanics.

The sum of pairs 2, 3, and 4 yields a new, expanded version of the uncertainty
principle, which Ozawa calls ‘the universally valid uncertainty relation’ and which
implies that 21 31 4 is bounded by the Planck constant. This new uncertainty
principle gives rise to the possibility that, although the sum of 2, 3, and 4 may not
be smaller than h=4p, the Heisenberg term (pair 2) could be zero. What is needed
for this possibility is that pair 3 1 pair 4 be no less than h=4p. This means that
Heisenberg’s 1927 uncertainty relation, that is, the measurement uncertainty prin-
ciple, would be false. There is no positive lower bound for the product of the noise
and the disturbance. As Ozawa (2003, 3) has it, “The universally valid uncertainty
relation shows that for measurements of dependent intervention, the lower bound
of the noise-disturbance product depends on the premeasurement uncertainties
(standard deviations) of [the position and momentum]. In order to obtain the
trade-off among the noise . . . , the disturbance . . . , and the premeasurement un-
certainties . . . , we apply the [Kennard] uncertainty relation.”21

Note thatOzawa’s work does not undermine the preparation uncertainty prin-
ciple in Kennard’s form. The latter only involves the statistical spreading of po-
sition and momentum as a result of the preparation of the state. Since it does
not refer to any measurement, noise and disturbance do not play a role in that
calculation. Ozawa’s universally valid uncertainty principle is, as it were, an amal-
gam of Kennard’s preparation and Heisenberg’s measurement principles, for it
uses the former and corrects the latter.

While Ozawa’s 2003 article contains only theoretical results, his findings
have subsequently been tested empirically. Here we mention two experiments,
although more have been carried out. First, an investigation headed by Yuji
Hasegawa has verified Ozawa’s relation, although not for measurements of
21. Because of the structure of quantum mechanics, it is possible in special cases for the noise to be
zero (a so-called noiseless measurement). According to Heisenberg’s 1927 version of the measurement
uncertainty principle, this would mean that the disturbance in the momentum is infinite, but Ozawa’s
correction gives merely a finite, and not necessarily large, lower bound for this disturbance.
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the position and momentum of an electron, as in Heisenberg’s thought experi-
ment, but rather for those of the spin of a neutron in two perpendicular directions
(Erhart et al. 2012). These spin components are, like position and momentum,
also subject to the measurement uncertainty principle, and Ozawa’s two new
terms have been measured in the experiment: the Heisenberg inequality is seen
to be violated, while that of Ozawa is respected. Secondly, an entangled state of
two photons was examined by a Chinese team led by Yang Liu, Zhihao Ma, and
others (Liu et al. 2019). Once more the two measured quantities are not position
and momentum but rather amplitude and phase, which are also subject to un-
certainty relations. Here, too, Heisenberg’s relation was shown to be violated; in-
deed in some cases the product of noise and disturbance was zero.22

Although it is generally agreed that Ozawa’s work is mathematically correct,
Percy Busch, Pekka Lahti, and Reinhard Werner (2013) have objected that
Ozawa’s standard deviation estimation of noise and disturbance is not the only
measure possible. They propose an alternative measure that involves a different
estimation of the noise and the disturbance, and they claim that with this mea-
sure, the original uncertainty principle of Heisenberg would be correct. If Busch
and his coauthors are right, then for a different choice of measures Ozawa’s claim
no longer holds.

The final word in this dispute has clearly not been voiced, and it is not our
intention to defend a definitive claim. Having said this, we are inclined to think
that the balance at the moment would appear to be on the side of Ozawa. We
have three reasons for this opinion. The first is related to the experimental results
obtained by Hasegawa and his coauthors (Erhart et al. 2012) and by Liu et al.
(2019). Since these results explicitly falsify the Heisenberg formulation, every-
thing that vindicates this formulation seems prima facie suspect. The second reason
is that the alternative measure of Busch et al. has itself been criticized. Notably
three kinds of criticism deserve mention here.

The first came fromHilgevoord and Uffink (2001/2016), who argue that the
alternative measure provides an estimate that is unnecessarily large; as a result, we
might find ourselves not close to the inequality but rather a long way above it.23 In
22. Remarkably enough, these recent experiments can be complemented by one that was performed
5 years before Heisenberg published his article. As Inoue and Ozawa (2021) have pointed out, the re-
sults of the famous Stern-Gerlach experiment of 1922 already imply a violation of Heisenberg’s prin-
ciple, while Ozawa’s universally valid relation is perfectly consistent with what Stern and Gerlach found.

23. See also Hilgevoord and Uffink (1990). In a somewhat similar vein, Uffink andHilgevoord (1985)
criticized the Kennard measure, explaining that for some exceptional probability distributions it gives too
ample an estimate of the real spreading of position or momentum. One is more interested in where, say,
95% of the distribution is located than in what the least-squares measure would give. For normal, or near
normal, distributions with Gaussian tails, the criticism would be of little consequence, but one can think of
other cases in which the Kennardmeasure would give a gross overestimate of the real uncertainty. This is not
to say that the measure is wrong; rather for some abnormal distributions it is too crude.
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itself, this criticism is not a fatal objection. It merely states that the measure by
Busch et al. is a long way from being optimal. Moreover, such an objection is also
applicable to Ozawa’s method, so it does not favor one approach above the other.
The second criticism, also from Hilgevoord and Uffink, is graver. It is that the
measure used by Busch et al. does not do the job it claims to do. It fails to estimate
Heisenberg’s measurement uncertainty of themomentum in the same state as that
in which the uncertainty of the position is evaluated (Hilgevoord and Uffink
2001/2016). The third kind of criticism was put forward by Ozawa. He argued
rather convincingly that the measure of Busch et al. suffers frommore serious de-
ficiencies, while his own measure does not (Ozawa 2019). For example, it does
not satisfy correspondence, that is, agreement with classical measures in which
these should be applicable. Nor does it meet completeness, that is, the require-
ment that the errormeasure never vanishes for inaccuratemeasurements. If Ozawa
is right, then this lends plausibility to his contention that Heisenberg’s version of
the measurement uncertainty principle is erroneous.

Finally, there is another reason for thinking that Ozawa might be right in say-
ing that there is something wrong with Heisenberg’s uncertainty principle. In his
theory of general relativity of 1915 Einstein had predicted the existence of gravity
waves, but he thought they were too weak to ever be detected. In September
2015, the LIGO Scientific Collaboration succeeded in observing gravity waves
with the help of a laser interferometer, an achievement that won Rainer Weiss
(of MIT) and Barry Barish and Kip Thorne (both of Caltech) the Nobel Prize
in 2017. The level of precisionwithwhich the scientistsmade theirmeasurements
would have been impossible if they had taken Heisenberg’s idea of a trade-off se-
riously and had measured position and momentum in accordance with Heisen-
berg’s celebrated discovery. Instead, they measured many positions of a photon,
very rapidly the one after another, and subsequently reconstructed the photon’s
momentum. It is only because they found this way to circumvent Heisenberg’s
principle that they could be successful (Braginski et al. 1980; Abbott et al. 2017).
8. Conclusion

Heisenberg’s uncertainty principle is the provisional apotheosis of a discussion
that began in the seventeenth century, when Huygens claimed that light is a
wave phenomenon and Newton maintained that it consists of particles. An ex-
periment conducted by Young at the beginning of the nineteenth century
seemed to agree with Huygens until, building on the work of Planck, Einstein
showed a hundred years later that light is made of particles.

These discoveries about the nature of light formed the basis for Heisenberg’s
research into the nature of matter. Heisenberg established that at a fundamental
18
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level matter is subject to the uncertainty principle: it is impossible to determine
with precision the position and themomentumof an electron at one and the same
time. Certainty about themomentum at a certain point in time implies uncertainty
about the position at that point in time, and vice versa. If we want to know both
quantities, wewill have to settle for a trade-off. Heisenberg’s discovery challenged
respected convictions in physics as well as philosophy, and we have discussed the
ways in which Grete Hermann and Niels Bohr criticized its interpretation.

For a long time Heisenberg’s principle was not distinguished from another
one, formulated by the American physicist Earle Kennard. This is not surpris-
ing, since bothHeisenberg and Kennard believed that the latter had merely given
a generalization of Heisenberg’s result. However, there is an important difference
between the two. For Heisenberg’s uncertainty principle is about measuring the
position and momentum of a single electron, whereas that of Kennard concerns
an ensemble of electrons. Moreover, there are good reasons to think that Ken-
nard’s principle is valid, while Heisenberg’s is not.
RE FERENCES

Abbott, Benjamin P., et al. (LIGO Scientific Collaboration and Virgo Collaboration). 2017.
“GW170817: Observation of Gravitational Waves from a Binary Neutron Star Inspiral.”
Physical Review Letters 119:161101.

Ballentine, Leslie E. 1990. Quantum Mechanics. Englewood Cliffs, NJ: Prentice Hall.
Bell, John S. 1964. “On the Einstein-Podolsky-Rosen Paradox.” Physics 1:195–200.
Braginski, Vladimir B., Yuri I. Vorontsov, and Kip S. Thorne. 1980. “Quantum Nondemo-

lition Measurements.” Science 209:547–57.
Bridgman, Percy W. 1927. The Logic of Modern Physics. New York: Macmillan.
Busch, Percy, Pekka Lahti, and Reinhard F. Werner. 2013. “Proof of Heisenberg’s Error-

Disturbance Relation.” Physical Review Letters 111:160405.
Camilleri, Kristian. 2009. Heisenberg and the Interpretation of Quantum Mechanics: The

Physicist as Philosopher. Cambridge: Cambridge University Press.
Einstein, Albert. 1905. “Über einen die Erzeugung und Verwandlung des Lichtes betreffenden

heuristischen Gesichtspunkt.” Annalen der Physik 322:132–48.
Erhart, Jacqueline, Stephen Sponar, Georg Sulyok, Gerald Badurek, Masanao Ozawa, and

Yugi Hasegawa. 2012. “Experimental Demonstration of a Universally Valid Error-
Disturbance Uncertainty Relation in Spin Measurements.” Nature Physics 8:185–89.

Filk, Thomas. 2016. “Carl Friedrich von Weizsäcker’s ‘Ortsbestimmung eines Elektrons’
and Its Influence on Grete Hermann.” In Grete Hermann—between Physics and Philos-
ophy, ed. Elise Crull and Guido Bacciagaluppi, 71–85. Dordrecht: Springer.

Frank, Charles F. 1993. Operation Epsilon: The Farm Hall Transcripts. Berkeley: University
of California Press.
19



HOPOS | Heisenberg’s Uncertainty Principle
Hansen-Schaberg, Inge. 2016. “A Biographical Sketch of Prof. Dr Grete Henry-Hermann
(1901–1984).” In Grete Hermann—between Physics and Philosophy, ed. Elise Crull and
Guido Bacciagaluppi, 3–16. Dordrecht: Springer.

Heisenberg, Werner. 1927. “Über den anschaulichen Inhalt der quantentheoretischen Kine-
matik and Mechanik.” Zeitschrift für Physik 43:172–98.

———. 1927/1983. “The Physical Content of Quantum Kinematics and Mechanics.” In
Quantum Theory and Measurement, ed. John A. Wheeler and Wojciech H. Zurek, 62–
84. Translation of Heisenberg 1927. Princeton, NJ: Princeton University Press.

———. 1930. The Physical Principles of Quantum Theory. Trans. Carl Eckart and Frank C.
Hoyt. Chicago: University of Chicago Press. Originally published as Die Physikalischen
Prinzipien der Quantentheorie (Leipzig, 1930).

———. 1969.Der Teil und das Ganze: Gespräche im Umkreis der Atomphysik. Munich: Piper.
———. 1977. “Remarks on the Origin of the Relations of Uncertainty.” In The Uncertainty

Principle and Foundations of Quantum Mechanics: A Fifty Years’ Survey, ed. William C.
Price and Seymour S. Chissick, 3–6. London: Wiley.

Henry-Hermann, Grete. 1948. “Die Kausalität in der Physik.” Studium Generale 1 (6): 375–
83.

Hermann, Grete. 2016. “Natural-Philosophical Foundations of QuantumMechanics.” Trans.
Elise Crull and Guido Bacciagaluppi. In Grete Hermann—between Physics and Philos-
ophy, ed. Elise Crull and Guido Bacciagaluppi, 239–78. Dordrecht: Springer. Originally
published in 1935 as “Die naturphilosophischen Grundlagen der Quantenmechanik,”
Abhandlungen der Fries’schen Schule 6 (2): 75–152.

Hilgevoord, Jan, and Jos B. M. Uffink. 1990. “A New View on the Uncertainty Principle.”
In Sixty-Two Years of Uncertainty: Historical, Philosophical, and Physical Inquiries into the
Foundations of Quantum Mechanics, ed. Arthur I. Miller, 121–37. Boston: Springer.

———. 2001/2016. “The Uncertainty Principle.” Stanford Encyclopedia of Philosophy, ed.
Edward N. Zalta. Stanford, CA: Stanford University. https://plato.stanford.edu/archives
/win2016/entries/qt-uncertainty/.

Inoue, Yuki, and Masanao Ozawa. 2021. “Violation of Heisenberg’s Error-Disturbance Re-
lation by Stern-Gerlach Measurements.” Europhysics Letters 133 (3): 30001.

Jammer, Max. 1974. The Philosophy of Quantum Mechanics: The Interpretations of Quan-
tum Mechanics in Historical Perspective. Hoboken, NJ: Wiley.

Kennard, Earle H. 1927. “Zur Quantenmechanik einfacher Bewegungstypen.” Zeitschrift
für Physik 44:326–52.

Kevles, Daniel J. 1972/1995. The Physicists: The History of a Scientific Community in Modern
America. Cambridge, MA: Harvard University Press.

Liu, Yang, Zhihao Ma, Haijun Kang, Dongmei Han, Meihong Wang, Zhongzhong Qin,
Xiaolong Su, and Kunchi Peng. 2019. “Experimental Test of Error Tradeoff Uncertainty Re-
lation Using a Continuous-Variable Entangled State.” npj Quantum Information 5 (68): 1–6.

Maxwell, James C. 1865. “A Dynamical Theory of the Electromagnetic Field.” Philosophical
Transactions of the Royal Society 155:459–512.

Ozawa, Masanao. 2003. “Universally Valid Reformulation of the Heisenberg Uncertainty
Principle on Noise and Disturbance in Measurement.” Physical Review A 67:042105.
20

https://plato.stanford.edu/archives/win2016/entries/qt-uncertainty/
https://plato.stanford.edu/archives/win2016/entries/qt-uncertainty/


Atkinson and Peijnenburg | S PR ING 2022
———. 2019. “Soundness and Completeness of Quantum Root-Mean-Square Errors.” npj
Quantum Information 5 (1): 1–8.

Planck, Max. 1900. “Zur Theorie des Gesetzes der Energieverteilung im Normalspectrum.”
Verhandlungen der Deutschen Physikalischen Gesellschaft 2:237–45.

Pomerans, Arnold J., trans. 1971. Physics and Beyond: Encounters and Conversations. Trans-
lation of Heisenberg 1969. New York: Harper & Row.

Rose, Paul L. 1998. Heisenberg and the Nazi Atomic Bomb Project: A Study in German Cul-
ture. Berkeley: University of California Press.

Schiff, Leonard I. 1949/1955. Quantum Mechanics. New York: McGraw-Hill.
Seevinck, Michiel. 2016. “Challenging the Gospel: Grete Hermann on von Neumann’s No-

Hidden-Variables Proof.” In Grete Hermann—between Physics and Philosophy, ed. Elise
Crull and Guido Bacciagaluppi, 107–18. Dordrecht: Springer.

Uffink, Jos B. M., and Jan Hilgevoord. 1985. “Uncertainty Principle and Uncertainty Re-
lations.” Foundations of Physics 15:925–44.

von Neumann, John. 1955. Mathematical Foundations of Quantum Mechanics. Princeton,
NJ: Princeton University Press.

Young, Thomas. 1804. “Bakerian Lecture: Experiments and Calculations Relative to Phys-
ical Optics.” Philosophical Transactions of the Royal Society 94:1–16.
21


