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Chapter 1

Introduction

Stochastic programming models arise as reformulations or extensions of optimization

problems with unknown or uncertain parameters. This parameter uncertainty is in-

herent in many practical problems dealing with decision making under uncertainty.

Consider, for example, a production planning problem in which a production plan

needs to be made before future demand is known. A similar problem arises in power

operation planning, where the decisions of switching a power generating unit on or

off have to be made several hours before energy demand can be observed, since most

of these power generating units have substantial start-up and shut-down times. Ad-

ditionally, the use of renewables such as wind energy introduces uncertainty in the

energy supply, since wind power is unpredictable and highly volatile. Other sources

of uncertainty in practical problems are returns on investments in finance, and travel

times of trucks, due to congestion on the roads, in logistics. We refer to [26, 89] for

other applications in engineering, logistics, energy, and finance; see also Example 1.1

in Section 1.2 for an illustrative example.

Stochastic linear programming arises when the optimization problems under study

are linear programs (LPs). Such LP problems can be solved very efficiently using

existing algorithms if all decision variables are continuous, and they can be used to

model many deterministic problems. Taking uncertainty into account leads to more

realistic models that are however considerably harder to solve than their deterministic

counterparts. Similarly, modeling practical problems calls for integer (binary) decision

variables, e.g., to model indivisibilities or on/off decisions, at the expense of making

the model significantly more difficult to solve.
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In this thesis we consider the mixed-integer LP problem

min
x

cx

s.t. Ax ≥ b

Tx ≥ ω

x ∈ X,

where the objective function cx and the left-hand sides of the explicit constraints

Ax ≥ b, Tx ≥ ω are linear functions of the vector of decision variables x ∈ R
n, and

where c is a row vector in R
n representing the unit costs of x. The right-hand sides

b ∈ R
m1 and ω ∈ R

m are column vectors, and A and T are real-valued matrices of

appropriate dimension. Moreover, X ⊂ R
n
+ specifies nonnegativity of and possibly

integrality constraints on the decision variables x, e.g. X = R
n
+ or X = Z

n
+. The

parameter uncertainty in this model is represented by the constraints Tx ≥ ω, whose

parameters T and ω depend on information which becomes available only after de-

cision x has been made. In other words, we have to decide on x before learning the

values of T and ω. The stochastic programming approach to such problems is to

assume that this uncertainty can be modeled by random variables with known prob-

ability distribution, and then to reformulate the model to obtain a meaningful and

well-defined optimization problem.

1.1 Main contribution

This thesis deals primarily with so-called two-stage recourse models, which are char-

acterized by the explicit modeling of recourse actions to compensate for possible

infeasibilities of the random constraints Tx ≥ ω after the random parameters T and

ω become known. In Section 1.2 we discuss these recourse models and other stochastic

programming models in more detail. For now it suffices to say that the recourse ac-

tions y ∈ R
n2
+ are optimal solutions of a second-stage LP problem, parametrized by x,

T , and ω, so that the expected recourse costs Q(x) for a given here-and-now decision

x ∈ X can be represented as the expectation of this value function. Mathematically,

we have

Q(x) = Eξ

[
min
y

{
qy : Wy ≥ ω − Tx, y ∈ Y

}]
, x ∈ R

n,



209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM209170-L-bw-SOM

Introduction 3

where q is a row vector in R
n2 , W is a matrix of appropriate dimension, ξ := (q, T, ω),

and Y ⊂ R
n2 specifies nonnegativity and possibly integrality conditions. In Sec-

tion 1.2 more details are given on the background of the second-stage problem.

The function Q is called the recourse function; it is the main object of study in this

thesis. If Y contains integrality constraints, then Q is generally non-convex, which

implies that solving the corresponding recourse problem

min
x

{
cx+Q(x) : Ax ≥ b, x ∈ X

}

is a hard optimization problem. For this reason we approximate the recourse function

Q by a convex function Q̂. The rationale for doing so is that convex optimization

problems are much easier to solve, and if in addition Q̂ is a close approximation of

Q, then we obtain a good or even (near-)optimal solution x̂ ∈ X. In this thesis we

focus on approximations that are inspired by suitable modifications of the underlying

second-stage value function. To guarantee the performance of the approximating

solution x̂ we will derive upper bounds on ‖Q− Q̂‖∞ := supx∈Rn |Q(x)− Q̂(x)|.
To derive these upper bounds we study the underlying value functions of Q and

Q̂. Interestingly, the difference between these value functions turns out to be periodic

if the domain of this difference function is restricted to particular convex subsets.

This observation inspired many of the results derived in this thesis and motivated an

elegant analysis on the expectation of generic one-dimensional periodic functions ϕ.

For continuous one-dimensional random variables ω with probability density function

f we use a worst-case analysis, based on the total variation |Δ|f of f , to obtain upper

bounds on

M(ϕ,B) := sup
f∈F

{
Ef [ϕ(ω)] : |Δ|f ≤ B

}
,

for all B ∈ R with B > 0, where F is the set of one-dimensional probability density

functions of bounded variation. We obtain exact expressions for M(ϕ,B) if ϕ is

periodically monotone.

These expressions are used to derive error bounds for various convex approxim-

ations Q̂ for two-stage mixed-integer recourse models (where Y = Z
p
+ × R

n2−p for

some p > 0) of varying degree of generality, ranging from simple integer recourse to

mixed-integer recourse models in general. The recurring conclusion is that the con-

vex approximations are good as long as the total variations of the probability density
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functions of the random variables in the model are small. From a more theoretical

point of view, we conclude that under such circumstances the expectation operator

has a strong convexifying effect on the mixed-integer recourse function Q so that it is

approximately convex.

In the remainder of this introduction we formally introduce recourse models and

other stochastic programming models in Section 1.2, and we discuss mathematical

properties and solution methods of recourse models in Section 1.3.1 In Section 1.4

we consider known results on convex approximations for integer recourse models, and

finally in Section 1.5 we give an outline of this thesis.

1.2 Stochastic programming models

An important class of stochastic programming problems, originating from the work

of Charnes and Cooper [12], consists of probabilistic or chance-constrained problems,

which model random constraints by requiring that they should be satisfied with some

prescribed reliability β ∈ [0, 1]; typically, β ∈ (0.5, 1). Thus, the random constraints

Tx ≥ ω are replaced by the joint chance constraint

P

{
Tx ≥ ω

}
≥ β,

or by m individual chance constraints

P

{
Tix ≥ ωi

}
≥ βi, i = 1, . . . ,m,

where Ti denotes the i-th row of T . Since we will not consider chance-constrained

models, we do not present them in more detail here. An introduction on the subject

by Henrion can be found in [79], and the book by Prékopa [55] provides an excellent

survey of these models.

We focus on recourse models, the other main class of stochastic programming

models. These recourse models, dating back to Dantzig [14], are obtained by allowing

additional decisions after observing the realizations of the random variables (T, ω).

Thus, recourse models are dynamic: time is modeled discretely by means of stages.

In between stages, the realizations of some of the random variables become known,

1Parts of Sections 1.2 and 1.3 coincide with the introduction of the survey paper Romeijnders et
al. [60].
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and at every stage a decision has to be made depending on the available information

in that stage. If all uncertainty is dissolved between two consecutive stages, then

this is captured by a recourse model with two stages: ‘present’ and ‘future’. The

first-stage decision x has to be made ‘here-and-now’ whereas the second-stage or

recourse decision y will be made in the ‘future’, i.e., after the realization of the

random parameters. Given a first-stage decision x, for every possible realization

of (T, ω), infeasibilities ω − Tx are compensated at minimal costs by choosing the

recourse decision y as an optimal solution of the second-stage problem

min
y

qy

s.t. Wy ≥ ω − Tx,

y ∈ Y,

where the row vector q in R
n2 represents the (random) unit recourse costs, the recourse

matrixW specifies the available technology, and the set Y ⊂ R
n2
+ defines nonnegativity

of and possibly integrality constraints on the recourse actions y ∈ R
n2 . In addition, Y

may model deterministic linear constraints on y that do not depend on x, T , or ω. If

Y = R
n2 , then we say that the recourse is continuous, and if Y = Z

n2
+ or Zp

+ ×R
n2−p
+

for some p > 0, then we say that the recourse is (pure) integer or mixed-integer,

respectively.

In this thesis we only consider fixed recourse models, i.e. we assume that the

recourse matrix W is deterministic. We will use ξ := (q, T, ω) to denote the random

object representing all randomness in the problem, and we denote the value function

of the second-stage problem, specifying the minimal recourse costs as a function of

the first-stage decision x and a realization of ξ, by v(x, ξ) defined as

v(x, ξ) := min
y

{
qy : Wy ≥ ω − Tx, y ∈ Y

}
, x ∈ R

n, ξ ∈ Ξ,

with Ξ denoting all possible realizations of ξ. The expectation of this value function

with respect to ξ is the recourse function Q. Its function value Q(x) := Eξ[v(x, ξ)]

gives the expected recourse costs associated with the first-stage decision x:

Q(x) = Eξ

[
min
y

{
qy : Wy ≥ ω − Tx, y ∈ Y

}]
, x ∈ R

n.
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The total expected costs of a decision x consist of the first-stage costs cx and the

expected recourse costs Q(x). Thus, the two-stage recourse model in compact form is

min
x

cx+Q(x)

s.t. Ax ≥ b (1.1)

x ∈ X.

Remark 1.1. In this version of the two-stage recourse model, the underlying random

constraints are inequalities Tx ≥ ω. Equality constraints Tx = ω lead to a similar

two-stage recourse model, with equalities Wy = ω − Tx in the second-stage. In this

thesis, we usually restrict ourselves to the one-sided version of (1.1). In case equalities

are the starting point, we call the corresponding recourse model two-sided.

Example 1.1. Consider the following production planning problem. Using n produc-

tion resources, denoted by x ∈ R
n
+ with corresponding unit cost vector c, a production

plan needs to be made such that the uncertain future demand for m products, de-

noted by ω ∈ R
m, is satisfied at minimal costs. The available production technology

suffers from failures: deploying resources x yields uncertain amounts of products Tix,

i = 1, . . . ,m. Restrictions on the use of x are captured by the linear constraints

Ax ≥ b.

We assume that the uncertainty about future demand and the production techno-

logy can be modeled by the random matrix (T, ω), whose joint distribution is known,

for example based on historical data.

A possible two-stage recourse model for this problem is based on the following

extension of the model. For each of the individual products, if the demand ωi turns

out to be larger than the production Tix, the demand surplus ωi−Tix is bought from

a competitor at unit costs q1i . On the other hand, a demand shortage gives rise to

storage costs of q2i per unit. The corresponding second-stage problem and its value

function are

v(x, ξ) = min
y

q1y1 + q2y2

s.t. y1 − y2 = ω − Tx,

y = (y1, y2) ∈ R
2m
+ .
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Defining Q as the expectation of this value function, we obtain a two-sided two-stage

recourse model that fits the general form (1.1). �

In Example 1.1, the recourse matrix has a special structure: W = (Im,−Im),

where Im is the m-dimensional identity matrix. Models with such a recourse structure

are called simple recourse models [91]. The one-sided integer recourse version of this

model, for example corresponding to the case that only batches of fixed size can be

bought, will be revisited often in this thesis.

So far, we have introduced the recourse concept as a modeling tool to handle ran-

dom constraints by means of specifying recourse actions with corresponding recourse

costs. There is however another class of problems for which the (two-stage) recourse

model is a natural approach, namely hierarchical planning models. Such problems

involve decisions at two distinct levels: strategic decisions which have a long-term

impact, and operational decisions which are depending on the strategic decisions. At

the time that the strategic decisions need to be made, only probabilistic informa-

tion on the operational level problems is available. Hierarchical planning models fit

the structure of two-stage recourse models, with strategic and operational decisions

corresponding to first-stage and second-stage variables, respectively.

In many applications new information becomes available continuously and recourse

decisions have to be made at several distinct moments in time, say t = 1, . . . , H, where

H is the planning horizon. This can be modeled explicitly using a multistage recourse

structure: for each moment t = 1, . . . , H, a time stage with corresponding recourse de-

cision yt is defined, and in between time stage t−1 and t the realization of the random

vector ξt = (qt, T t, ωt) becomes known. Thus, the ‘here-and-now’ decision x has to be

made when all random parameters are unknown, and the recourse decision yt after the

realizations of ξ1, . . . , ξt−1 are observed. In other words, x, ξ1, y1, ξ2, y2, . . . , ξH , yH ,

represents the sequence in which decisions have to be made and random parameters

become known.

In compact notation, a possible multistage recourse model, where decisions yt

depend only on decisions yt−1 and not on decisions in earlier stages, is given by

min
x

cx+Q1(x)

s.t. Ax ≥ b

x ∈ X,
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where the functions Qt, t = 1, . . . , H, representing future expected minimal recourse

costs at stage t− 1, are defined via backward recursion

Qt(yt−1|ξ1, . . . , ξt−1) := Eξt

[
vt(yt−1, ξt)|ξ1, . . . , ξt−1

]
,

where y0 := x and where the expectation is with respect to the conditional distribution

of ξt given ξ1, . . . , ξt−1,

vt(yt−1, ξt) := min
yt

qtyt +Qt+1(yt|ξ1, . . . , ξt)

s.t. W tyt ≥ ωt − T tyt−1

yt ∈ Y t,

and QH+1 ≡ 0 (or some other suitable choice). In this thesis we concentrate on

two-stage problems only, i.e. the case with H = 1.

1.3 Mathematical properties and solution methods

We review well-known properties and solution methods of recourse models. These

properties can for example be found in the textbooks by Birge and Louveaux [6] and

Shapiro et al. [76].

1.3.1 Continuous recourse models

Properties of (two-stage) recourse models follow from those of the recourse function

Q and the underlying value function v defined as

v(x, ξ) = min
y

{
qy : Wy ≥ ω − Tx, y ∈ Y

}
, x ∈ R

n, ξ ∈ Ξ.

Since in continuous recourse models all second-stage variables y are continuous by

definition, the properties of v are well-known from duality and perturbation theory for

linear programming, and the properties of Q follow directly from those of v. However,

before we state these properties in Theorem 1.1 we first exclude some undesirable

cases.

If for some x the function v attains the value +∞ with positive probability, this

means that x is extremely unattractive since it has infinitely high expected recourse
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costs Q(x). It is reasonable to call such an x infeasible. From a modeling point

of view this is not necessarily a problem, but in practice it may be desirable to

exclude this situation. On the other hand, the situation that v(x, ξ) equals −∞ with

positive probability should be excluded altogether. Indeed, the value −∞ indicates

that the model does not adequately represent our intention, which is penalization of

infeasibilities.

Finiteness of v is often guaranteed by assuming that the recourse is complete and

sufficiently expensive.

Definition 1.1. The recourse is complete if for all t ∈ R
m there exists a y ∈ Y such

that Wy ≥ t. Then, v(x, ξ) < +∞ for all x ∈ R
n and ξ ∈ Ξ.

Assuming that Y = R
n2
+ , completeness is a property of the recourse matrix W

only. Such a matrix is called a complete recourse matrix.

Definition 1.2. The recourse is sufficiently expensive if the dual feasible region {λ ∈
R

m
+ : λW ≤ q} is nonempty with probability 1. Then, v(x, ξ) > −∞ with probability 1

for all x ∈ R
n and ξ ∈ Ξ.

For example, the recourse is sufficiently expensive if P{q ≥ 0} = 1. Unless stated

otherwise we assume that the recourse is complete and sufficiently expensive. Then

the recourse function Q is finite if the distribution of ξ satisfies the following condition.

Definition 1.3. The distribution of ξ satisfies the weak covariance condition if for

all i, j, k, the random variables qjωi and qjTik have finite expectations.

Sufficiency of this weak covariance condition [90] follows from the representation

of basic feasible solutions in terms of the problem parameters; it relies heavily on the

assumption that the recourse matrix W is deterministic. Under this condition, the

following properties of the recourse function Q are inherited from the second-stage

value function v.

Theorem 1.1 (Properties of continuous recourse models). Consider the con-

tinuous recourse model (where Y = R
n2
+ ) with corresponding recourse function Q(x) =

Eξ[v(x, ξ)], x ∈ R
n, given by

v(x, ξ) = min
y

{
qy : Wy ≥ ω − Tx, y ∈ R

n2
+

}
, x ∈ R

n, ξ ∈ Ξ,
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and

Q(x) = Eξ

[
min
y

{
qy : Wy ≥ ω − Tx, y ∈ R

n2
+

}]
, x ∈ R

n.

Assume that the recourse is complete and sufficiently expensive and that the distribu-

tion of ξ satisfies the weak covariance condition. Then, Q has the following properties.

(a) The function Q is finite, convex, and (Lipschitz) continuous.

(b) If ξ follows a finite discrete distribution, then Q is a convex polyhedral function.

(c) The function Q is subdifferentiable, with subdifferential

∂Q(x) =

∫
Ξ

∂v(x, ξ) dF (ξ), x ∈ R
n,

where F is the cumulative distribution function (cdf) of the random vector ξ.

If ξ follows a continuous distribution, then Q is continuously differentiable.

Proof. See e.g. Wets [90].

Consider the special case that ξ follows a finite discrete distribution specified by

P{ξ = (qk, T k, ωk)} = pk, k = 1, . . . ,K. The finitely many possible realizations

(qk, T k, ωk) of the random parameters are also called scenarios. It is easy to see

that in this case the two-stage recourse model is equivalent to the large-scale linear

programming problem

min cx +
K∑

k=1

pk(q
kyk)

s.t. Ax ≥ b

T kx + Wyk ≥ ωk, k = 1, . . . ,K

x ∈ R
n
+, yk ∈ R

n2
+ , k = 1, . . . ,K.

If the number of scenarios K is large (which is often the case for stochastic program-

ming applications of realistic size), then the deterministic equivalent problem is too

large to be solved with standard LP solvers. Solution methods have to rely on prop-

erties of the recourse model instead. Indeed, many solution methods of continuous

recourse models such as the L-shaped algorithm [87], regularized decomposition [66],
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and stochastic decomposition [34], use decomposition and heavily rely on the convex-

ity of the problem. Since these problems are convex the powerful toolbox of convex

optimization can be used. We refer to Zverovich et al. [94] for a recent computational

study comparing various algorithms.

Analogously, a mixed-integer recourse problem with finite discrete distribution can

be represented as a deterministic large-scale mixed-integer programming problem.

1.3.2 Mixed-integer recourse models

Mixed-integer recourse models, i.e., recourse models where Y = Z
p
+×R

n2−p
+ for some

p > 0, do not possess such nice mathematical properties; in particular, convexity of

the recourse function Q is not guaranteed. Indeed, the underlying second-stage value

function v is only lower semicontinuous (assuming rationality of the recourse matrix

W ), and discontinuous in general.

Also in this setting we are mostly interested in the case that v is finite. To have

v < +∞ we will assume complete recourse, see Definition 1.1. For example, this

condition is satisfied if W̄ is a complete recourse matrix, where W̄ consists of the

columns of W corresponding to the continuous second-stage variables. On the other

hand, v > −∞ if the recourse is sufficiently expensive, see Definition 1.2, i.e. if the

dual of the LP relaxation of the second-stage problem is feasible with probability 1.

Theorem 1.2 (Properties of mixed-integer recourse models). Consider the

mixed-integer recourse model (where Y = Z
p
+ × R

n2−p
+ for some p > 0) with corres-

ponding recourse function Q(x) = Eξ[v(x, ξ)], x ∈ R
n, given by

v(x, ξ) = min
y

{
qy : Wy ≥ ω − Tx, y ∈ Z

p
+ × R

n2−p
+

}
, x ∈ R

n, ξ ∈ Ξ,

and

Q(x) = Eξ

[
min
y

{
qy : Wy ≥ ω − Tx, y ∈ Z

p
+ × R

n2−p
+

}]
, x ∈ R

n.

Assume that the recourse is complete and sufficiently expensive and that the distribu-

tion of ξ satisfies the weak covariance condition. Then, the function Q satisfies the

following properties.

(a) The function Q is finite and lower semicontinuous on R
n.
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(b) Let D(x), x ∈ R
n, denote the set containing all (ω, T ) such that ω − Tx is a

discontinuity point of the mixed-integer value function v. Then, Q is continuous

at x if P{(ω, T ) ∈ D(x)} = 0.

In particular, if ξ is continuously distributed, then Q is continuous on R
n.

Proof. See Schultz [69].

The main difficulty of solving mixed-integer recourse models is that, contrary

to their continuous counterparts, mixed-integer recourse models are generally non-

convex [56]. In the absence of convexity, most solution methods for mixed-integer

recourse models combine algorithms that are designed for either deterministic mixed-

integer or stochastic continuous models. Since the aim of these solution methods is to

find exact first-stage optimal solutions, they often have difficulties solving large-scale

problem instances. For more details on such solution methods we refer to the papers

[1, 11, 30, 46, 71] and survey papers Klein Haneveld and Van der Vlerk [43], Louveaux

and Schultz [47], Schultz [70], and Sen [72].

1.4 Convex approximations

In this thesis we propose an entirely different approach to solve mixed-integer recourse

models, in line with the idea of modifying the recourse data introduced in Van der

Vlerk [82]. We replace the recourse function Q by a convex approximation Q̂, which is

obtained by modifying the underlying value function v of the second-stage problem.

Since Q̂ is convex, the approximating model with Q replaced by Q̂ is much easier

to solve. In addition, if Q̂ is a close approximation of Q, then we obtain good or

even (near-)optimal first-stage solutions x̂. To guarantee the performance of the

approximating solution x̂ we will use upper bounds on

‖Q− Q̂‖∞ := sup
x∈Rn

|Q(x)− Q̂(x)|.

Deriving such error bounds for various convex approximations Q̂ is one of the main

topics of this thesis.

In the remainder of this section we discuss known results on convex approximations

for two-stage integer recourse models. These results are derived with randomness in
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the right-hand side vector ω only, i.e. with deterministic q and T , so that the recourse

function Q equals

Q(x) := Eω

[
min
y

{
qy : Wy ≥ ω − Tx, y ∈ Z

n2
+

}]
, x ∈ R

n. (1.2)

Klein Haneveld et al. [42] study convexity properties of the recourse function Q

for the integer version of simple recourse discussed in Example 1.1. We present their

results for one-sided simple integer recourse (SIR) models only; that is, we consider

the special case of (1.2) with W = Im given by

Q(x) := Eω

[
min
y

{
qy : y ≥ ω − Tx, y ∈ Z

m
+

}]
, x ∈ R

n.

Defining tender variables z := Tx and using separability of the problem, the SIR

function Q can be rewritten (with slight abuse of notation) for every z ∈ R
m as

Q(z) =
m∑
i=1

Eωi

[
min
yi

{
qiyi : yi ≥ ωi − zi, yi ∈ Z+

}]

=
m∑
i=1

qiEωi

[

ωi − zi�+

]
,

where 
s�+ := max{0, 
s�}, s ∈ R. The properties of the m-dimensional SIR function

Q follow directly from those of the generic one-dimensional SIR function Q defined

as

Q(z) := Eω

[

ω − z�+

]
, z ∈ R.

Klein Haneveld et al. [42] give a complete characterization of distributions of ω so

that the SIR function Q is convex.

Theorem 1.3. Consider the SIR function Q(z) := Eω[
ω − z�+], z ∈ R. Then, the

function Q is convex if and only if the random variable ω has a probability density

function f satisfying

f(s) = G(s+ 1)−G(s), s ∈ R, (1.3)

for some cumulative distribution function G with finite mean.
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Proof. See Klein Haneveld et al. [42].

Theorem 1.3 does not only completely characterize the special case when the SIR

function Q is convex but it can also be used to derive convex approximations Q̂ of Q
when this SIR function is not convex, as detailed in [42]. The idea is to approximate

an arbitrary pdf f by a pdf f̂ satisfying (1.3) for some cdf Ĝ with finite mean, so that

the approximating recourse function Q̂ is convex. In fact, Klein Haneveld et al. [42]

propose to use a special class of cdfs Ĝα to generate f̂ , where for every α ∈ R the cdf

Ĝα is defined as

Ĝα(s) := F (�sα), s ∈ R, (1.4)

with F denoting the cdf of ω and �sα := �s− α + α, s ∈ R, denoting the round-

down with respect to the shift parameter α. Notice that Ĝα is equivalent to Ĝα+k if

k ∈ Z. The resulting convex SIR functions Q̂α are called α-approximations. Since it

turns out that these α-approximations Q̂α can be represented as recourse functions of

continuous recourse problems [42], we prefer to define them in this form. Moreover,

we immediately define these α-approximations for general integer recourse models.

Definition 1.4. Consider the integer recourse function Q as defined in (1.2). We

define for every α ∈ R
m the α-approximation Q̂α as

Q̂α(x) := Eω

[
min

{
qy : Wy ≥ 
ω�α − Tx, y ∈ R

n2
+

}]
, x ∈ R

n, (1.5)

where 
ω�α := 
ω − α�+α is the (componentwise) round-up with respect to α+Z
m.

Remark 1.2. Observe that for every one-dimensional random variable ω and for every

α ∈ R, the cdf of 
ω�α is Ĝα as defined in (1.4); see e.g. [42].

Since 
ω�α is a discrete random vector with support contained in α + Z
m, the

α-approximations Q̂α are recourse functions of continuous recourse models with dis-

crete random variables, and thus by Theorem 1.1 (b) they are convex polyhedral

functions. Moreover, we can solve the approximating recourse models by existing

methods. However, performance guarantees for these α-approximations are available

for special cases only. For totally unimodular (TU) integer recourse models (with

TU recourse matrix W ), Van der Vlerk [83] claims that there exists α∗ ∈ [0, 1]m so
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that Q̂α∗ yields the convex hull of the TU integer recourse function Q. However,

we will show that this claim needs additional assumptions; see also the erratum [86].

Moreover, for the special case of SIR, an error bound is available depending on the

total variation |Δ|f , to be defined in Definition 3.2, of the pdf f of the random variable

ω.

Theorem 1.4. Consider the SIR function Q(z) := Eω[
ω − z�+], z ∈ R, and let

Q̂α := Eω[(
ω�α − z)+], z ∈ R, denote its α-approximation for every α ∈ R, as

defined in (1.5). Assume that ω is a continuous random variable with pdf f of bounded

variation (i.e., |Δ|f < +∞). Then, for every α ∈ R,

sup
z∈R

|Q(z)−Qα(z)| ≤ min
{ |Δ|f

4
, 1
}
.

Proof. See Klein Haneveld et al. [42].

The error bound in Theorem 1.4 shows that the α-approximation Q̂α is good if the

total variation |Δ|f is small. This is for example the case if ω is normally distributed

with a large variance. Extensions of this error bound to e.g. multiple simple integer

and simple mixed-integer recourse models are available; see [84] and [85]. Observe

that this error bound is restricted to one-dimensional problems.

1.5 Outline

In this thesis we derive error bounds for α-approximations Q̂α, and other convex

approximations Q̂, for multidimensional mixed-integer recourse functions Q. We start

with the special case of TU integer recourse models in Chapters 2 and 3, and gradually

move to more general mixed-integer recourse models in subsequent chapters. We refer

to Table 1.1 at the end of this section for specifications of the recourse models that

we consider.

In Chapter 2, we show that additional assumptions are required for the claim

of Van der Vlerk [83] that there exists α∗ ∈ R
m such that the α∗-approximation

Qα∗ yields the convex hull of the TU integer recourse function Q. These additional

assumptions are satisfied if the components of the random vector ω are independently

and uniformly distributed, but they are rather restrictive in general. This implies
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that there may be no performance guarantee at all for the approximating solution

x̂α∗ , motivating the analysis of upper bounds on ‖Q− Q̂α‖∞, α ∈ R
m.

In Chapter 3, we derive such an error bound for totally unimodular integer re-

course models. Similar as in the SIR case, this bound depends on the total variations

of the probability density functions of the random variables in the model. The ap-

proximating solution x̂α is good if these total variations are small.

To derive this error bound, we analyze the difference of the two value functions

involved, which turns out to be a specific two-valued piecewise constant periodic

function. In Chapter 4, we generalize this bound, deriving upper and lower bounds,

respectively, for

M(ϕ,B) := sup
f∈F

{
Ef [ϕ(ω)] : |Δ|f ≤ B

}

and

N(ϕ,B) := inf
f∈F

{
Ef [ϕ(ω)] : |Δ|f ≤ B

}
,

where ϕ is an arbitrary one-dimensional periodic function, B ∈ R with B > 0, and

F is the set of one-dimensional probability density functions of bounded variation.

Moreover, we obtain exact expressions for M(ϕ,B) and N(ϕ,B) in case ϕ is period-

ically monotone. These expressions turn out to be pivotal in deriving error bounds

for recourse approximations. For example, for TU integer recourse models we de-

rive a new convex approximation, the so-called shifted LP-relaxation approximation,

and a corresponding error bound which improves that of the α-approximations by a

factor 2. Moreover, we show that this approximation has the best possible worst-case

error bound. Furthermore, we derive error bounds for two types of discrete approxim-

ations of continuous recourse models with continuously distributed random variables,

one of them the well-known Jensen approximation. Relying on M(ϕ,B) and N(ϕ,B)

with ϕ periodically monotone, the derivation of these error bounds is similar to that of

the bounds for the convex approximations of TU integer recourse models, connecting

two seemingly unrelated fields of research.

The error bounds in Chapters 3 and 4 are the result of worst-case analysis, among

others in the form of M(ϕ,B) and N(ϕ,B). Thus, for particular problem instances

the convex approximations may actually perform much better than their error bounds

suggest. This motivates Chapter 5, where we assess the quality of the approximat-
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ing solutions using sampling for both simple integer recourse models and a (TU)

fleet allocation and routing problem. For this latter problem we have to extend the

analysis of Chapter 4 to deal with deterministic second-stage side constraints, rep-

resented by a polyhedron P , and random technology matrix T . Using numerical

experiments we show that there are cases where indeed the convex approximations

perform much better than their error bounds suggest. Moreover, we show that our

convex approximations and sampling methods can be considered as complementary

solution approaches for TU integer recourse models.

In Chapter 6, we derive a convex approximation for the general class of two-stage

mixed-integer recourse models, using periodicity properties of the underlying mixed-

integer value function. To be precise, we generalize results of Gomory [29] for the pure

integer case to the mixed-integer case, showing that there is (asymptotic) periodicity

in the optimal solutions of parametric mixed-integer linear programs. This observa-

tion is key to deriving an error bound for the convex approximation, since we can

use the bounds on the expectation of periodic functions obtained in Chapter 4. The

resulting error bound converges to zero if all total variations of the one-dimensional

conditional probability density functions of the random variables in the model con-

verge to zero. We conclude that every two-stage mixed-integer recourse function can

be approximated arbitrarily close by a convex function if these total variations are

small enough.

In Chapter 7, we revisit the worst-case boundsM(ϕ,B) and N(ϕ,B) of Chapter 4.

We show that these optimization problems can be embedded in the framework of

convex optimization over (infinite-dimensional) vector spaces, and we apply convex

duality to M(ϕ,B) and N(ϕ,B). Interestingly, this analysis does not require the

assumption of periodicity of ϕ, so that we obtain bounds on M(ϕ,B) and N(ϕ,B)

that hold under more general assumptions than in Chapter 4. A key observation

in our analysis is that total variation can be considered as a norm on the space of

real-valued functions of bounded variation. Based on this observation we discuss how

we may extend and improve several of the results of this thesis.

Finally, in Chapter 8 we summarize our results, derive conclusions, and outline

possibilities for future research.
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Table 1.1: Specifications of the recourse models considered in subsequent chapters.

Deterministic Random Recourse Second-stage
Chapters parameters parameters matrix W feasible region Y
2, 3, 4 q, T ω TU Z

n2
+

4 q, T ω Real R
n2
+

5 q T, ω TU Z
n2
+ ∩ P

6 q, T ω Rational Z
p
+ × R

n2−p
+




