
 

 

 University of Groningen

Dynamical modelling of stellar streams in a cosmological setting
Buist, Johannes Theodoor

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2015

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
Buist, J. T. (2015). Dynamical modelling of stellar streams in a cosmological setting. [Thesis fully internal
(DIV), University of Groningen]. University of Groningen.

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 24-05-2023

https://research.rug.nl/en/publications/a210abcb-c4eb-4fec-8659-3b238482f8f1


Dynamical modelling of stellar streams
in a cosmological setting

Proefschrift

ter verkrijging van de graad van doctor aan de
Rijksuniversiteit Groningen

op gezag van de
rector magnificus prof. dr. E. Sterken

en volgens besluit van het College voor Promoties.

De openbare verdediging zal plaatsvinden op

vrijdag 11 september 2015 om 12.45 uur

door

Johannes Theodoor Buist

geboren op 18 februari 1986
te Groningen



Promotor
Prof. dr. A. Helmi

Beoordelingscommissie
Prof. dr. L.V.E. Koopmans
Prof. dr. M.A.M. van de Weijgaert
Prof. dr. P.T. de Zeeuw



ISBN 978-90-367-8041-4
ISBN 978-90-367-8040-7 (electronic version)



Cover: Artist impression of the Milky Way over Groningen (front) and a stream around
another galaxy (back).
This is a scan of the original painting by Geke Buist-Boer / www.gekebuist.nl.

Printed by: Gildeprint Drukkerijen, Enschede.



Contents

1 Introduction 1
1.1 Cosmology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Galaxy formation and evolution . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 The Milky Way . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Tidal streams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.4.1 Observed streams . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.4.2 Modelling the Galaxy with tidal streams . . . . . . . . . . . . . . . 10

1.5 Overview of this Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.5.1 Key questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.5.2 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.6 Future outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2 A new fitting-function to describe the time evolution of a galaxy’s potential 19
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.2 Wechsler’s model of the evolution of NFW halos . . . . . . . . . . . . . . . 20
2.3 Alternative model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.4 Comparison with simulations . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.5 Summary and conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3 The evolution of streams in a time-dependent potential 29
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.2 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.2.1 Simulations set-up . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
3.2.2 Action-angle coordinates . . . . . . . . . . . . . . . . . . . . . . . . 33

3.3 Analysis of the test-particle simulations . . . . . . . . . . . . . . . . . . . . 37
3.4 Analytic models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.4.1 Action-angle coordinates in an adiabatically evolving potential . . . 44
3.4.2 Streams in action-angle space . . . . . . . . . . . . . . . . . . . . . 46

3.5 Observational prospects . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
3.6 Discussion and conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . 61
3.A Computing the angles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
3.B Transformation equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 66



vi CONTENTS

4 On the behaviour of streams in angle and frequency spaces in different po-
tentials 69
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
4.2 Streams in cosmological simulations . . . . . . . . . . . . . . . . . . . . . 71

4.2.1 Description of the Aquarius project and its stellar haloes . . . . . . 71
4.2.2 Mass distribution of the Aquarius haloes . . . . . . . . . . . . . . . 72
4.2.3 Selection of streams . . . . . . . . . . . . . . . . . . . . . . . . . . 74
4.2.4 The morphology of selected streams . . . . . . . . . . . . . . . . . 74

4.3 Action-angle behaviour of Aquarius streams in spherical potentials . . . . 79
4.4 Test-particle simulations of streams in axisymmetric potentials . . . . . . . 84

4.4.1 Potential set-up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
4.4.2 Streams set-up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
4.4.3 Action-angles in the true potential . . . . . . . . . . . . . . . . . . 89

4.5 Why do streams follow straight lines? . . . . . . . . . . . . . . . . . . . . . 92
4.5.1 Spherical potentials . . . . . . . . . . . . . . . . . . . . . . . . . . 93
4.5.2 Streams on nearly circular orbits in the symmetry plane of an ax-

isymmetric potential . . . . . . . . . . . . . . . . . . . . . . . . . . 94
4.5.3 Expansion in Staeckel potentials . . . . . . . . . . . . . . . . . . . 96

4.6 Action-angle behaviour of streams in approximate potentials of varying
shape . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
4.6.1 Spherical approximation . . . . . . . . . . . . . . . . . . . . . . . . 98
4.6.2 Axisymmetric Staeckel potential with different flattening . . . . . . 100
4.6.3 Spherical approximation with incorrect radial form . . . . . . . . . 101
4.6.4 The effects of self-gravity . . . . . . . . . . . . . . . . . . . . . . . 102

4.7 Discussion and conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . 105
4.A Fitting algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

Nederlandse samenvatting 113

Acknowledgements 121



Chapter 1
Introduction

“Look up at the stars and not down at your feet. Try to make sense of what you see, and
wonder about what makes the universe exist. Be curious.” – Stephen Hawking

1.1 Cosmology

THE Earth, our home, and the Milky Way, our cosmic neighbourhood, are only
minute speckles in a vast and expanding Universe. In the late 1920s it was dis-
covered that distant galaxies recede from the Milky Way at a rate proportional to

their distance (Hubble 1929; Lemaître 1927). Simply rewinding time, this implies that
the Universe once started in a denser and therefore hotter initial state, now known as
the ‘Big Bang’ 1. The most important relic of the Big Bang is the Cosmic Microwave Back-
ground (CMB) discovered by Penzias & Wilson (1965), which consists of photons that
today have a temperature of TCMB = 2.725 K (Kogut et al. 1996). When only 400,000
years old, the Universe had cooled down enough (T ∼ 3000 K) to allow electrons and
protons to combine and form neutral hydrogen (also known as recombination). As a
consequence the CMB photons could now freely stream through the Universe (Gamow
1948) and eventually reach detectors on Earth.

Not only is the Universe expanding, but observations of distant supernovae (SNIa)
show the expansion is accelerating (Riess et al. 1998; Perlmutter et al. 1999). The force
behind this acceleration has been coined ‘dark energy’, a name merely reflecting that we
do not know its true identity. The simplest proposal for dark energy is the cosmological
constant Λ from Einstein’s general relativity (Einstein 1917) – a vacuum energy that
is constant through space and time (Zel’dovich 1968). Its effect is imprinted in the
large scale distribution of galaxies in our Universe and it has important influence on the
age of the Universe and on the curvature of space (Turner et al. 1984; Maddox et al.
1990; White et al. 1993), although its effect on scales of the Milky Way and its nearest
neighbour galaxies (i.e. the Local Group) is much less significant.

1 Surprisingly, this term was coined by one of the opponents of the theory, Fred Hoyle, who used it to
contrast it to his preferred steady state model.
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1.2 Galaxy formation and evolution

Figure 1.1: The tiny fluctuations imprinted on the Cosmic Microwave Background observed by
the Planck satellite (Planck Collaboration et al. 2014).

Imprinted on the CMB are tiny almost Gaussian fluctuations (δTCMB ∼ 10−5 K), which
give insight into the hot plasma just before recombination. These have been mapped
in detail with great success in the last three decades by the COBE, WMAP and Planck
satellites (for the results, see e.g. Bennett et al. 1996; Komatsu et al. 2011; Planck Col-
laboration et al. 2014, and Fig. 1.1). From the CMB it has been found that the energy-
matter density of the Universe consists of only 5% baryons, while an overwhelming 68%
is in the form of dark energy. The remainder 27% is in the form of dark matter, which
is the ‘missing’ non-luminous matter needed to understand the dynamics of galaxies and
clusters of galaxies, and is generally presumed to be in the form of weakly interacting
fundamental particles (see e.g. Strigari 2013 and references therein). After decoupling
from the expanding Universe, tiny fluctuations in the (gravitationally dominant) dark
matter density started to grow by attracting mass from nearby lower density regions,
forming bound dark haloes (Press & Schechter 1974; White & Rees 1978). As these dark
potential wells deepened and after recombination, they were able to gravitationally at-
tract baryons in the form of gas. This gas then cooled down, eventually collapsing to
form the first stars and galaxies (Rees & Ostriker 1977; White & Rees 1978).

It was realised that the rich structure presently seen in the Universe could only have
formed from the primordial ‘soup’ if dark matter would be non-relativistic, or otherwise
the primordial dark matter fluctuations on the size of galaxies and below would have
been wiped out and galaxies would have formed too late (Blumenthal et al. 1984; Mo
et al. 2010). This led to much interest in the cold dark matter hypothesis, that was later
combined with Λ to give rise to the widely accepted ΛCDM paradigm. In this model
structures collapse and aggregate with time on larger and larger scales, giving rise to the
hierarchical formation of structure (White & Rees 1978). This implies that components
of galaxies like the stellar and dark halo (and possibly also the bulge, cf. Kauffmann et al.
1993) grow via the accretion of smaller galaxies.

The evolution and formation of dark matter haloes that host galaxies is a complex
process, and for this reason often N-body simulations are used. In these simulations,
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Figure 1.2: The clustering of matter in the Universe as modelled in the dark matter-only Mil-
lennium Simulations by Springel et al. (2005). At the beginning (top-left panel) the Universe is
almost smooth and only hosts tiny fluctuations. These grow with time until they form the magnif-
icent structures we see at the present day (bottom-right).

dark matter is represented by N collisionless particles that trace the density fields. N-
body simulations are often computationally expensive because of the detail required to
show the formation of galaxy haloes and their surrounding structures (see e.g. Diemand
et al. 2007; Springel et al. 2008). One particularly large example is shown in Fig. 1.2,
the Millennium Simulations (Springel et al. 2005; Boylan-Kolchin et al. 2009), where a
region of 500 Mpc/h of the large scale structure of a ΛCDM Universe was followed until
today.

To accurately simulate the formation of galaxies a sufficiently detailed model of bary-
onic physics is needed on scales from ∼ 1 pc to ∼ 10–100 Mpc, and other methods are
needed to simulate gas because of its collisional nature (see e.g. Scannapieco et al. 2012).
A fully consistent simulation of dark matter and gas with baryonic physics therefore
comes at enormous computational costs. When modelling the accreted component of a
galaxy, a hybrid approach may be taken where dark matter-only N-body simulations can
be used to follow the gravitational collapse and evolution of dark haloes, and a semi-
analytic prescription is used to model the evolution of gas and the stellar populations
in these dark haloes (see e.g. Cole 1991; White & Frenk 1991; Kauffmann et al. 1993;
Somerville & Primack 1999). Notable examples of this hybrid approach to model the
Milky Way can be found in De Lucia & Helmi (2008); Cooper et al. (2010). Additionally,
some models also tag the individual N-body particles with stellar populations (Cooper
et al. 2010) or even resample the dark matter to generate individual stars (Lowing et al.
2015). To illustrate this approach we show the ‘tagged’ dark matter particles that form
the accreted component in a Milky Way-like halo in Fig. 1.3, based on the Aquarius
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Figure 1.3: Density plot of the dark matter particles ‘tagged’ by the semi-analytic model GAL-
FORM (Font et al. 2011a; Lowing et al. 2015) that form the accreted component of the Milky
Way-like dark matter halo Aq-A-2 from the Aquarius project (Springel et al. 2008).

project dark matter-only simulations (Springel et al. 2008) and the semi-analytic model
GALFORM (Font et al. 2011a; Lowing et al. 2015).

The process of galaxy assembly is still ongoing today, as exemplified in our own
neighbourhood by the Sagittarius dwarf spheroidal galaxy (dSph) (Ibata et al. 1994)
and the Magellanic Clouds (see e.g. van der Marel et al. 2002; Besla et al. 2007) that
have started the process of merging with our own Galaxy. Furthermore, in approximately
5 Gyr the Milky Way is expected to collide and eventually merge with the Andromeda
Galaxy (M31), the largest nearby galaxy in the Local Group (van der Marel et al. 2012).
At the same time, the Local Group is moving towards the Virgo cluster of galaxies (Pee-
bles 1976), although the influence of dark energy will probably prevent the Local Group
from eventually falling into the Virgo cluster (Nagamine & Loeb 2003).

1.3 The Milky Way

The Milky Way is a disk galaxy, with strong indications of a bar at its centre (see e.g.
Gerhard 2002; Merrifield 2004; Rodriguez-Fernandez & Combes 2008 for good reviews)
and probably 2 major and 2 minor spiral arms (Churchwell et al. 2009). The Sun is
located at ≈ 8.5 kpc from the Galactic centre on the Galactic plane near a small arm
called the Orion Spur, located between the Sagittarius and Perseus arms (Fig. 1.4). The
disk has a mass of ∼ 5× 1010 M� (Bovy & Rix 2013; Kafle et al. 2014) and consists
of a ‘thick’ and a ‘thin’ component (Gilmore & Reid 1983), the thin disk most likely
having formed in-situ from infalling gas (Fall & Efstathiou 1980; Mo et al. 1998), while
the origin of the older and more metal poor thick disk remains under debate (see e.g.
Majewski 1993; Sales et al. 2009; Schönrich & Binney 2009; Wilson et al. 2011; Minchev
et al. 2012; Robin et al. 2014; Minchev et al. 2015).
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Figure 1.4: Detailed artist impression of the Milky Way, showing the two major spiral arms and
the two minor spiral arms, and the bar/bulge. Annotations in this figure show the names of the
arms and the location of the Sun. Credit: NASA/JPL-Caltech/ESO/R. Hurt

Around the Milky Way is a spheroidal stellar halo (∼ 109 M�, Kafle et al. 2014) mostly
formed from disrupted satellite galaxies that have been accreted (see e.g. Bullock & John-
ston 2005; De Lucia & Helmi 2008; Helmi 2008; Cooper et al. 2010; Helmi et al. 2011),
although a small fraction of its stars might have been formed in-situ (see e.g. Abadi et al.
2006; Zolotov et al. 2009; Font et al. 2011b; Helmi et al. 2011). The halo of the Milky
Way also contains about 150 globular clusters which are dense gravitationally bound sys-
tems of stars whose origin is linked to the formation of the Galaxy (Searle & Zinn 1978;
Baumgardt et al. 2008). Disrupted globular clusters may also have contributed to the
stellar halo (see e.g. Chernoff & Weinberg 1990; Gnedin & Ostriker 1997; Martell et al.
2011; Deason et al. 2015).

In the inner halo (r < 20 kpc) the orbital timescales are short, and merger debris
is quickly phase mixed (e.g. Helmi & White 1999), although the density profile of the
stars still reveals their origin (Deason et al. 2013). Instead, the outer stellar halo of the
Milky Way hosts many relics of the ongoing assembly, because the orbital periods of stars
at these radii are typically longer, and the infalling and shredded galaxies can remain
as relatively coherent structures for much longer timescales (Johnston 1998; Helmi &
White 1999).

The visible portion of the Galaxy is embedded in an extended dark matter halo whose
properties can be constrained using field stars and streams in the halo (Ibata et al. 2001c;
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Figure 1.5: The fraction of mass accreted at redshift zacc as a function of radius for the Milky
Way mass dark halos of the Aquarius project (Wang et al. 2011). The bars next to the main panels
indicate the contributions from different redshifts to the total mass. The white curves indicate the
fractional contribution of the radial mass shells to the total halo mass. Halo Aq-A to Aq-E show
that most of the mass was in place before z∼ 1 (∼ 8 Gyr ago), while halo Aq-F experiences a recent
major merger.

Klypin et al. 2002; Helmi 2004a; Battaglia et al. 2005; Kafle et al. 2014). The current
understanding of the dark halo is that it is oblate in the inner regions (flattened towards
the disk) (Koposov et al. 2010; Loebman et al. 2014; Piffl et al. 2014) and triaxial further
outwards (see e.g. Law & Majewski 2010; Vera-Ciro & Helmi 2013; Slater et al. 2013),
with a mass of ∼ 1012 M� (Klypin et al. 2002; Battaglia et al. 2005; Kafle et al. 2014).

Much of the growth of the dark halo is believed to occur in a way that we can describe
as ‘inside out’ (Gunn & Gott 1972; Helmi et al. 2003; Wang et al. 2011), because Milky
Way-like simulations show that the inner halo (r < 20 kpc, where the Galaxy is located)
is mostly in place already 8-9 Gyr ago. At larger radii the more recent accretion of diffuse
matter (dark matter not associated with any halo) and minor mergers dominate the mass
growth instead. This is shown in Fig. 1.5, which plots the fractions of accreted matter
at different redshifts as a function of radius for the haloes in the cosmological N-body
simulations from the Aquarius project (Wang et al. 2011).

Surprisingly, at all times, major mergers only contribute a smaller fraction (less than
1/4) of the mass growth budget, while diffuse dark matter is responsible for a major
component (towards 1/2) and minor mergers for the rest of the growth of dark matter
haloes, although these ratios are dependent on the degree of isolation of the galaxy, with
systems in higher density regions having a larger budget in the form of mergers (Fakhouri
& Ma 2010; Angulo & White 2010; Genel et al. 2010; Wang et al. 2011).
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1.4 Tidal streams

Figure 1.6: The stream of globular cluster Palomar 5 (also seen in the bottom-left of the northern
sky in Fig. 1.7). Note in this image the offset between the leading and trailing tails (Odenkirchen
et al. 2001).

Tidal streams form when stars are stripped from dwarf galaxies and globular clusters
through the tidal forces of the host system (i.e. in the case of interest here, the Milky
Way), which happens mostly when the progenitor is located near the pericentre of its
orbit. Insights into this process can be obtained using the constrained 3-body problem
which allows the definition of a characteristic escape radius (the tidal or King radius,
see King 1962; Binney & Tremaine 2008; Küpper et al. 2008), and particles that cross
this radius with enough velocity can escape from the progenitor (Gibbons et al. 2014).
The chances of escape are highest via the two Lagrange points near the progenitor, and
particles are released generally offset in energy, generating a leading and trailing tail
when comparing to the progenitor’s position (see e.g. Johnston et al. 1999b). The leading
tail consists of stars that are slightly more bound to the host galaxy than the progenitor
and have higher orbital frequencies, while the trailing tail contains stars that are less
bound, with lower orbital frequencies and are lagging behind the progenitor’s centre of
mass (see Fig. 1.6).

After escaping, the stars orbit the Milky Way and essentially do not experience any
significant self-gravity, making their dynamics solely depend on the host potential. The
stars have very similar orbital properties because of their initial compactness in phase-
space, and given enough time define a stream often well aligned with the orbit of the
progenitor (Jin & Lynden-Bell 2007), although not exactly (Eyre & Binney 2009; Sanders
& Binney 2013a). These properties make streams excellent probes of the underlying
potential of the (outer) halo of the Milky Way (see. e.g Johnston et al. 1999b; Helmi
2004b).
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1.4.1 Observed streams

The Milky Way’s closest large companions are the Sagittarius dSph and the Large and
Small Magellanic Clouds (LMC and SMC respectively). As mentioned before, these galax-
ies will eventually completely merge with the Milky Way, and there are several strong in-
dications this process is already underway, such as the tidal tails of the Sagittarius dSph
(see e.g. Ibata et al. 2001b) and the Magellanic gas stream (Putman et al. 1998, 2003).

Figure 1.7: The field of streams in the northern and southern sky as observed by SDSS (York
et al. 2000) and SEGUE (Yanny et al. 2009). Colours indicate the distances to the stars, and the
brightness of the pixels represents the density of stars (Bonaca et al. 2012a). The major streams
that are easily recognised in this image have been annotated.

Soon after the discovery of the Sagittarius dSph (Ibata et al. 1994) it was postulated
that debris should be found in the Galactic halo (Lynden-Bell & Lynden-Bell 1995; John-
ston et al. 1996; Helmi & White 2001), and the Sagittarius streams were indeed found
later (Ivezić et al. 2000; Yanny et al. 2000; Ibata et al. 2001b), wrapping around the
Milky Way at least once as shown by Majewski et al. (2003). A much deeper view of the
Sagittarius stream in the northern sky was obtained by Belokurov et al. (2006) using the
Sloan Digital Sky Survey (SDSS, York et al. 2000) in what is now known as the ‘Field
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of streams’, and the southern sky part was added with the Sloan Extension for Galactic
Understanding and Exploration (SEGUE, Yanny et al. 2009), made into a full map by
Bonaca et al. (2012a) (Fig. 1.7). In this field several streams can be observed, such as
the Orphan stream (simultaneously found by Grillmair 2006; Belokurov et al. 2007), the
GD-1 stream (Grillmair & Dionatos 2006b), the Virgo stream (Duffau et al. 2006; Jurić
et al. 2008; Bonaca et al. 2012b), the Triangulum stream (Bonaca et al. 2012a, southern
sky), and the streams of globular clusters Palomar 5 (Odenkirchen et al. 2001, 2003;
Grillmair & Dionatos 2006a, Fig 1.6) and NGC 5466 (Grillmair & Johnson 2006).

Other streams were found with ATLAS (Koposov et al. 2014), Pan-STARRS1 (Bernard
et al. 2014), and by further examination of the SDSS data in Grillmair (2009); Newberg
et al. (2009); Grillmair et al. (2013); Grillmair (2014). There is also a ring-like structure
seen close to the Milky Way plane (the Monoceros Ring, Newberg et al. 2002; Rocha-
Pinto et al. 2003) which has been recently mapped in great detail by PAndAS (Slater
et al. 2014), but it is still under debate whether it belongs to a warp of the disk or is
due to an accretion event (López-Corredoira & Molgó 2014; Xu et al. 2015; Ruchti et al.
2015).

Figure 1.8: Dwarf galaxies have also been found in interactions with smaller satellite galaxies,
here the example of NGC 4449 (Martínez-Delgado et al. 2012). The right panel is a zoomed in
image of the stream.

Also for the Andromeda Galaxy (M31) many streams may be expected to lurk in its
halo, and this is indeed the case as evidenced by the discovered Giant stream by Ibata
et al. (2001a), which was found to wrap around the galaxy (Merrett et al. 2003; Mc-
Connachie et al. 2003; Zucker et al. 2004; Gilbert et al. 2007). More streams in the
halo of M31 were later found (Ferguson et al. 2002; Kalirai et al. 2006; Ibata et al.
2007; McConnachie et al. 2009; Tanaka et al. 2010), with the most detailed view of
Andromeda’s halo given by the Pan-Andromeda Archaeological Survey (PAndAS, Mc-
Connachie et al. 2009). For other more distant galaxies individual stars are generally not
observable (although see Merrett et al. 2003 for using planetary nebulae instead), but
deep photometric observations reveal many streams and substructures, such as the giant
loops around NGC 5907 (Shang et al. 1998) and many other galaxies (Tyson et al. 1998;
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Malin & Hadley 1999; Martínez-Delgado et al. 2009, 2010; Janowiecki et al. 2010; Arn-
aboldi et al. 2012; Mihos et al. 2013), and they are not only restricted to large galaxies
(Martínez-Delgado et al. 2012, Fig. 1.8).

Finally, in the neighbourhood of the Sun streams are generally expected to be quite
phase-mixed and hard to distinguish in position (for a detailed review, see Klement
2010). Instead, those streams can be detected kinematically because they conserve 6-D
phase space (Helmi & White 1999; Helmi & de Zeeuw 2000). Examples of kinemati-
cally detected streams are the Helmi stream (Helmi et al. 1999) and the Aquarius stream
(Williams et al. 2011).

1.4.2 Modelling the Galaxy with tidal streams

The Sagittarius stream has been extensively modelled using N-body simulations to con-
strain the shape and mass distribution of the dark matter halo of the Milky Way (Ibata
et al. 2001c; Johnston et al. 2005; Helmi 2004b; Law & Majewski 2010). A major advan-
tage of these models is the level of detail with which they represent the stream, although
because of the computational cost they generally dot not explore very extensively the
parameter space of the underlying potential.

As explained before, streams delineate closely the orbit (of the centre of mass) of the
progenitor, and computing an orbit is significantly less costly than a full N-body simula-
tion. However, streams do not exactly follow their progenitor’s orbit, and this can lead
to biases in the favoured parameters of the potential when comparing with data, espe-
cially in non-spherical potentials (Eyre & Binney 2009, 2011; Sanders & Binney 2013a).
Nonetheless, simple orbit-based integrations remain very suitable to obtain a qualitative
impression of the Galactic potential that best fits the observational constrains (Vera-Ciro
& Helmi 2013; Deg & Widrow 2014). A more accurate extension of orbit models is to
generate thin streams with energy offsets for the leading and trailing tails (‘streak lines’)
by releasing particles from the Lagrange points (∼ tidal radius) with possibly a velocity
offset with respect to the progenitor (Johnston et al. 1999a; Varghese et al. 2011; Küpper
et al. 2012). These models are able to represent (thin) streams from N-body simulations
well (Bonaca et al. 2014), although to implement the energy, position and velocity offsets
requires the use of a a semi-analytic prescription.

Streams can also be modelled with test-particle simulations, which are computation-
ally cheap as they lack self-gravity, although they do not have the energy offset between
the leading and trailing tail because the particles are released at once. Instead, Gibbons
et al. (2014) included an additional potential at the location of the progenitors’ centre
of mass to simulate its self-gravity, and obtained very similar results when compared
to the disruption of a stream in a full N-body simulation, including the bow-tie shape in
energy-angular momentum space that was described by Eyre & Binney (2011). The main
advantage of this method is that it is fast and requires no semi-analytic description of the
particle’s escape, as the additional progenitor potential ensures they are released with
the correct velocity. Alternatively, one can reverse time, and the stream can be integrated
back in time until the particles end up in the progenitor, which happens only in the true
potential (Johnston et al. 1999c; Price-Whelan et al. 2014).

The lack of self-gravity in streams also allows them to be described in so-called action-
angle coordinates, where the evolution is particularly simple because the angles are a lin-
ear function of time and the actions are (conserved) integrals of motion (Goldstein 1950;
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Helmi & White 1999; Binney & Tremaine 2008). These coordinates allow a thorough an-
alytical description of their evolution and also provide ways to constrain the potential
(Sanders & Binney 2013b; Sanderson et al. 2014, Chapters 3 and 4 of this Thesis).

With the arrival of highly detailed maps of stellar streams from SDSS and PandAS,
other opportunities have opened up, for example to check the prediction of ΛCDM that
there are many dark matter subhaloes around the Milky Way and M31. The number
of dark haloes found in N-body simulations is much larger than the number of observed
satellites around M31 and the Milky Way (Klypin et al. 1999; Moore et al. 1999), possibly
because many subhaloes have been unable to retain enough gas to form stars and hence
remain dark until today (Bullock et al. 2000). These subhaloes may still reveal their
gravitational presence in the form of a rather granular dark halo (Ibata et al. 2002;
Johnston et al. 2002). Interactions of these subhaloes with streams are predicted to cause
perturbations and gaps along streams, which may be detectable if enough positional
information is available on the stars in the stream (Yoon et al. 2011; Carlberg 2013;
Ngan & Carlberg 2014; Ngan et al. 2015) and will be a direct confirmation of the ΛCDM
paradigm.

Another direction for modelling streams is to take into account the growth of the
Galactic dark matter halo. This affects streams that orbit the Galaxy because the enclosed
mass within the orbit increases (Gómez & Helmi 2010). For Milky Way-like haloes this
growth occurs for the last several Gyr in the form of many minor mergers and the accre-
tion of diffuse dark matter (Wang et al. 2011). The growth of dark matter haloes can
be described by a smooth function of time (Navarro et al. 1997; Wechsler et al. 2002,
Chapter 2 of this Thesis), which can be used to study the effect of time-dependence of
the potential on streams (Chapter 3 of this Thesis).

1.5 Overview of this Thesis

In this Thesis we use numerical and analytical techniques to describe the effect of a
growing halo on streams. Much of this work takes advantage of the use of action-angle
coordinates, because they form an especially convenient coordinate system that allows a
clear separation between invariant quantities (the actions) and time-dependent quanti-
ties (the angles and the frequencies). During the exploration of the mechanics of streams
in a time-dependent potential we discovered that (long) streams show particular signa-
tures of this evolution in action-angle coordinates. This motivated us to explore the
behaviour of streams in the high-resolution cosmological simulations from the Aquarius
project when combined with the GALFORM semi-analytic model (Cooper et al. 2010;
Lowing et al. 2015). These streams are part of the accreted component of the modelled
stellar halo and formed under realistic (cosmologically sound) conditions.

The main advantage of using such a hybrid approach is that the gravitational poten-
tial is fully dynamic and not smooth, giving a good view of what to expect for streams
that have evolved in the Milky Way halo. Note that the shortcoming of this simulation
approach is the lack of a baryonic component that represents the Galactic disk, which
could affect some properties of the halo. The great level of detail due to the many dy-
namical processes taking place at the same time (and which do not carry a label but do
leave an imprint) means the analysis of this dataset serves as a good preparation for the
analysis of the forthcoming data from Gaia on the Milk Way because it forces to think of
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more realistic ways to find and analyse streams (Helmi & de Zeeuw 2000; Gómez et al.
2010, 2013).

1.5.1 Key questions

The key questions addressed in this Thesis are:

1. How can the smooth inside-out growth of a dark matter halo be modelled? (Chap-
ter 2)

2. What are the imprints of a growing dark matter halo on the properties of streams
and what is their observability? (Chapter 3)

3. How may we model streams when only approximations to the potential are avail-
able? (Chapter 4)

1.5.2 Outline

In Chapter 2 we introduce a new simple functional form to model the smooth evolu-
tion of a spherical mass distribution in a cosmological context. As discussed before, the
growth of dark matter haloes occurs in an ‘inside-out’ way for Milky Way-like haloes. The
most often used model (Wechsler et al. 2002) describes the growth of haloes found in
cosmological N-body simulations, but for some parameter choices results in unexpected
physical behaviour, such as mass decrease at small radii. To ensure the inside-out growth
of the halo and growth of mass at each radius we determined the necessary conditions,
while closely following the method by Wechsler et al. These features make our model
more suitable for studying the smooth growth of galactic potentials or cosmological ha-
los. We conclude this Chapter by showing that the new functional form fits well the
evolution of the dark matter haloes of the Aquarius cosmological simulations.

In Chapter 3 we study the evolution of streams in a time-dependent potential that fol-
lows the model developed in Chapter 2. Our goal is to find the signatures of a growing
dark matter halo on the properties of streams, and to establish if these signatures could
be observed. To this end we present a suite of test-particle experiments for a host system
that doubles its mass during the integration time and for a variety of initial conditions.
We have found a misalignment in the angular location of the apocentres of the streams
when compared to the static case and to the orbit of the centre of mass. We have de-
scribed this effect with an analytic model in action-angle variables, and found that the
most important signature of time-evolution is a difference in the slope defined by the dis-
tribution of particles along a stream in frequency and in angle space. Such a difference
in slope can also arise when the present-day potential is not correctly modelled, but in
that case streams are no longer straight lines in angle space, showing instead a wiggly
appearance and the energy gradient along the stream is disturbed. We end this Chapter
with a discussion on the observability of the effect of time-dependence in light of the
upcoming data from the Gaia satellite.

In Chapter 4 we study streams selected from the Aquarius dark matter-only simula-
tions (Springel et al. 2008) combined with the semi-analytical model GALFORM and the
tagging and resampling scheme by Lowing et al. (2015). We characterise these streams
in the angle and frequency spaces derived from an approximate but generally well-fitting
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spherical potential. Many of the Aquarius streams wrap in angle space along relatively
straight lines, and distribute themselves closely along linear structures also in frequency
space, but not exactly as seen in Chapter 3. To guide our interpretation of the different
observed features, we analysed several test-particle simulations and found that the use of
incorrect potentials and the inclusion of self-gravity leads to streams in angle space to still
be along relatively straight lines, but also to depict wiggly behaviour whose amplitude
increases as the approximation to the true potential becomes worse. In frequency space
streams typically become thicker and somewhat distorted. We found that in frequency
space the energy gradient along the stream seems almost intact, but this is not the case
for angle space. Most of the features we see in the Aquarius streams can be explained
with our analysis, although some ‘noisy’ and ‘patchy’ features remain unexplained, which
we attribute to the interactions with the large number of dark matter subhaloes present in
the cosmological simulations. We conclude that the measured angle-frequency misalign-
ments of the Aquarius streams can largely be attributed to using the wrong potential,
and that the determination of the mass growth history of these halos will only be feasible
when the true potential has been determined robustly.

1.6 Future outlook

In the next decade, a quantum leap is expected in the field of galactic dynamics driven
by the data from the Gaia satellite, succesfully launched in 2013 (Perryman et al. 2001;
de Bruijne et al. 2015b). Gaia is measuring the 3-D positions and motions on the sky
of ∼ 109 stars (of which ∼ 2× 107 with relative errors smaller than 1%), and has an
onboard radial velocity spectrograph that measures radial velocities for the brighter stars
(for ∼ 1.5×108 stars with G-magnitude < 17) (de Bruijne et al. 2015a). Together with
ground based spectroscopic follow-ups such as 4MOST (de Jong et al. 2012) and WEAVE
(Dalton et al. 2012), an unprecedented detailed view on our Galaxy will be attained,
with accurate 6-D positions and velocities, and metallicities for hundreds of millions
stars. Many groups in the field of Galactic dynamics have developed or sharpened their
models to prepare for the highly detailed data that will come2, and probably we will find
that even that is not enough to describe the many new features that may be discovered.

For streams, the most essential brickwork has been laid over a decade ago in the
form of the models that describe the evolution and properties of streams (Johnston et al.
1996; Helmi & White 1999), and in the course of time these have been greatly improved,
particularly towards measuring the mass distribution in the halo of the Milky Way. But
streams can in principle also be used to measure the number of dark subhaloes, their
properties, and their mass spectrum, and thereby constrain the ΛCDM model (Yoon et al.
2011; Carlberg 2013; Ngan & Carlberg 2014; Ngan et al. 2015).

Another important direction is the archeology of the Milky Way, because streams trace
its accretion history. Under the motto “you are what you eat”, a better understanding of
the accreted galaxies will help us understand how the Galaxy formed. Of particular
interest is the chemical composition of the stellar populations of streams and field stars
in the stellar halo, because not only is some amount of kinematic information on the
origin of these stars retained (Helmi & de Zeeuw 2000; Sales et al. 2010), but also their

2 Many of the models that will be used on Gaia data have been tested and presented during the Gaia
challenge workshops, see http://astrowiki.ph.surrey.ac.uk/dokuwiki/doku.php?id=workshop
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chemical composition can be related to their origins (Freeman & Bland-Hawthorn 2002;
Deason et al. 2015), providing extra constraints on the dwarf galaxies that contributed
to the Galactic stellar halo.

The Galaxy is not static and this also has an imprint on streams, of which we in this
Thesis only explored the small constrained part where the dark matter halo grows in a
smooth and adiabatic way (Chapter 3). It has been found that some accretion events in
the Galaxy pose a perturbation to the potential of the Milky Way that is large enough to
have an effect on the Sagittarius stream (Vera-Ciro & Helmi 2013; Gómez et al. 2015).
It would be very useful to study to which degree models that infer the potential of the
Milky Way using streams are affected by these interactions, and if these interactions can
be described as perturbations in a model similar to those developed in this Thesis.
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Chapter 2
A new fitting-function to describe
the time evolution of a galaxy’s
potential1

Abstract

IN this Chapter we present a new simple functional form to model the evolution of a spherical
mass distribution in a cosmological context. Two parameters control the growth of the system
and this is modelled using a redshift dependent exponential for the scale mass and scale

radius. In this new model, systems form inside out and the mass of a given shell can be made to
never decrease, as generally expected. This feature makes it more suitable for studying the smooth
growth of galactic potentials or cosmological halos than other parametrizations often used in the
literature. This is further confirmed through a comparison to the growth of dark matter halos in
the Aquarius simulations.

1 Published as Buist, H. J. T. & Helmi, A. 2014, A&A, 563, A110.
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2.1 Introduction

The cosmological model predicts significant evolution in the mass content of galaxies
and of their dark matter halos through cosmic time. This evolution may be directly mea-
surable using stellar streams, as these are typically sensitive probes of the gravitational
potential in which they are embedded (Eyre & Binney 2009; Gómez & Helmi 2010).
Clearly, to properly model this dynamical evolution it is critical to use a physically moti-
vated representation of the time-dependency of the host’s gravitational potential.

In the literature the time evolution of a galactic potential is often parametrized
through the evolution of its characteristic parameters, such as total mass and scale ra-
dius. In the case of dark matter halos, the most often used parameters are its virial mass
Mvir and concentration c. The virial mass is defined as the mass enclosed within the
virial radius rvir, and at this radius the density of the halo ρ(rvir) = ∆×ρcrit, where ρcrit
is the critical density of the Universe, and the exact value of ∆ depends on cosmology
(Navarro et al. 1996, 1997). The evolution of Mvir and c has been thoroughly studied
in cosmological numerical simulations (Bullock et al. 2001; Wechsler et al. 2002; Zhao
et al. 2003b,a, 2009; Tasitsiomi et al. 2004; Boylan-Kolchin et al. 2010). It has been
found that the evolution of the virial mass is well fitted with an exponential in redshift
(but see also Tasitsiomi et al. 2004 and Boylan-Kolchin et al. 2010 for more complex
functions), while the concentration appears to depend linearly on the expansion factor
(Bullock et al. 2001; Wechsler et al. 2002, but see also Zhao et al. 2003b,a, 2009). These
relations work well in a statistical sense for an ensemble of halos, but do not always
guarantee that the evolution of an individual system is well represented and physical as
we discuss below. Furthermore, it has recently been pointed out that part of the evolu-
tion in mass, especially at late times, is driven by the definition of virial mass (through
its connection to the background cosmology) rather than to a true increase in the mass
bound to the system (Diemer et al. 2013).

In this Chapter, we revisit the most widely used model for the time evolution of dark
matter halos (Sec. 2.2) and show that for certain choices of the characteristic parameters,
mass growth does not proceed inside out in this model. In Sec. 2.3 we develop a new
prescription for the time evolution of a general spherical mass distribution that does
have that property. In Sec. 2.4 we compare this model to the growth of dark halos in
cosmological simulations and we summarize in Sec. 2.5.

2.2 Wechsler’s model of the evolution of NFW halos

The most commonly used approach to model the evolution of dark matter halos is that
of Wechsler et al. (2002). Cosmological simulations show that halos follow character-
istic density profiles known as NFW after the seminal work of Navarro, Frenk, & White
(1996). Generally, a two-parameter mass-profile may be expressed as

M(r, t) = Ms f (r/rs), (2.1)

with rs(t) the scale radius, Ms(t) the mass contained within the scale radius, and f (x) the
functional form of the mass profile, with f (1) = 1. The relative mass growth rate Ṁ/M is

Ṁ
M

(r, t) =
Ṁs

Ms
− ṙs

rs
κ(r/rs), (2.2)
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where κ(x) is the logarithmic slope of the mass profile

κ(x) =
dlog f
dlogx

. (2.3)

Typically κ(x) is a positive monotonically decreasing function of radius. For the NFW
profile, f (x) is given by

f (x) =
A(x)
A(1)

; A(x) = log(1+ x)− x
1+ x

. (2.4)

The relation between Ms and virial mass Mvir(t) for an NFW profile is

Ms =
Mvir

f (c)
, (2.5)

where the concentration c≡ rvir/rs. As discussed in the Introduction, the virial radius is
defined as the radius at which the spherically averaged density reaches a certain thresh-
old value ρc. For a given choice of ρc, the virial radius and the virial mass are related
through

Mvir =
4
3

πρcr3
vir. (2.6)

Therefore, only two parameters from the set {Ms, rs, Mvir, c} are needed to fully specify
the profile. According to Wechsler et al. (2002) the virial mass evolves as

Mvir(z) = MO exp [−2ac(z− zO)], (2.7)

with MO = Mvir(zO) and zO the epoch where the halo is ‘observed’. The formation epoch
ac is arbitrarily defined to be the expansion factor at which d logM/d loga = 2. Wechsler
et al. (2002) found the concentration to evolve on average as

c(a) = 4.1
a
ac

. (2.8)

Halos with more quiescent histories are best described by these relations, while violent
mergers can lead to significant departures from these smooth functions.

The Wechsler model can give realistic trajectories in Mvir(t) and c(t) for many indi-
vidual halos. However, Fig. 2.1 shows a problem case. In this figure we have plotted
the behaviour predicted for a halo of 1012 M� and ac = 0.15. The left panel shows the
mass growth rate Ṁ/M as a function of time for different shells in the halo. We note
that the mass growth rate of a given shell decreases with time, as expected, but that for
inner shells it becomes negative, indicating that the mass in the shell has decreased. At
later times, the mass growth for the inner shells seems to increase and even exceeds the
growth rate at larger radii.

This behaviour is unexpected in the ΛCDM cosmology, as halos tend to form inside
out (Helmi et al. 2003; Wang et al. 2011), implying that the inner shells collapse first
and should not grow further at late times by smooth accretion; usually a redistribution
of mass is only expected during major mergers. Let us now look in more detail at what
causes this odd unphysical behaviour.
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Figure 2.1: Evolution in time of a halo with virial mass Mvir = 1012M� and formation
epoch ac = 0.15 (for a cosmology with h = 0.7, Ωm = 0.28, and ΩΛ = 0.72) using the
Wechsler model. The left panel shows that the mass growth rate reaches a minimum
for all shells between t = 1 and t = 7 Gyr, and is negative for the innermost shells which
implies they decrease in mass. The central panel shows the mass history for all shells.
The shells show a temporary stall in their growth, or even a decrease in mass, between
t = 1 and t = 7 Gyr, before resuming growth again at later times. The right panel shows
the mass profile at different epochs.

From Eq. (2.2), the condition that leads to a violation of Ṁ/M > 0 at a given radius is

Ṁ
M

=
Ṁs

Ms
−κ(x)

ṙs

rs
< 0, (2.9)

which we can express in terms of Mvir(t) and c(t) using that

Ṁs

Ms
=

Ṁvir

Mvir
−κ(c)

ċ
c

(2.10)

and
ṙs

rs
=

ṙvir

rvir
− ċ

c
=

Ṁvir

3Mvir
− ρ̇c

3ρc
− ċ

c
. (2.11)

This leads to
Ṁ
M

=
Ṁvir

Mvir

(
1− κ(x)

3

)
+

ċ
c
(κ(x)−κ(c))+

κ(x)
3

ρ̇c

ρc
. (2.12)

Since for an NFW it can be shown that κ(x)≤ 2, for the Wechsler model, the first term is

Ṁvir

Mvir

(
1− κ(x)

3

)
=−2acż

(
1− κ(x)

3

)
> 0. (2.13)

On the other hand, since κ(x) is a monotonically decreasing function, the second term is

ċ
c

(
κ(x)−κ(c)

)
=− ż

1+ z

(
κ(x)−κ(c)

)
> 0, (r < rrvir). (2.14)

Finally, the last term in Eq. (2.12) is always negative as ρ̇c/ρc < 0. This implies that
there may be times and radii for which the combination of the various terms is negative,
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Figure 2.2: Evolution in time of the same final halo of Fig. 2.1, but using our new model
with ag = 0.04 and γ = 2. Left panel: the relative growth rate does not reach a minimum,
nor does it reach negative values. This implies that the shells grow at all times, but as the
central panel shows, the mass growth history for the shells flattens out towards the end.
The behaviour at the virial radius follows closely (but not exactly) the Wechsler model,
as shown by the dash-dotted curve. Right panel: mass profile at different epochs.

leading to a decrease in the mass contained within a given shell. The above analysis
shows that the Wechsler model has this behaviour because of pseudo-evolution: the virial
mass is defined with respect to the cosmological background density and this background
density evolves in time.

2.3 Alternative model

We have explored a different way of modelling the evolution of a mass profile, by directly
focusing on the growth of the scale radius rs(t) and the scale mass Ms(t). We require our
model to have non-negative mass growth at all times and at every radius

dM
dt
≥ 0, ∀ r, t. (2.15)

In addition, we require that the mass grows inside out, which means that the relative
mass growth rate should increase with radius

∂

∂r

(
Ṁ
M

)
≥ 0, ∀ r, t. (2.16)

The logarithmic slope κ(x) in Eq. (2.2) is essential in the determination of whether
these conditions are satisfied. Because κ(x) is a monotonically decreasing positive func-
tion, we can set a lower limit on the mass growth

Ṁ
M
≥ Ṁs

Ms
−κmax

ṙs

rs
, (2.17)

where κmax is the maximum value of κ(x). For NFW and Hernquist profiles κmax = 2, for
Jaffe profiles κmax = 1, while for the Plummer and isochrone potentials κmax = 3. The
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condition Ṁ/M = 0 would lead to a solution of the form

Ms(t) = Ms,O

(
rs(t)
rs,O

)κmax

, (2.18)

with rs,O and Ms,O the scale mass and scale radius at some epoch zO. Motivated by this
we propose that in general, a solution of Eq. (2.2) should be of the form

Ms(t) = Ms,O

(
rs(t)
rs,O

)γ

, (2.19)

where γ > 0 is a constant. This functional form is also supported by the work of Zhao et al.
(2003b,a), who used N-body cosmological simulations to show that a strong correlation
between rs and Ms exists. This correlation may be modelled as a power law with exponent
3α (so γ = 3α) for NFW profiles. The growth equation is then given by

Ṁ
M

=
Ṁs

Ms

(
1− κ(r/rs)

γ

)
. (2.20)

Assuming that Ṁs ≥ 0, the mass growth rate is positive at every radius for γ ≥ κmax, while
for γ < κmax the mass will decrease at radii where γ < κ(r/rs). The critical radius rcrit
occurs where γ = κ(rcrit/rs). Since at early times rs� 1, all radii are beyond the critical
radius and the mass increases everywhere. As the scale radius grows, eventually some
radii move inside the critical radius. When this occurs, the mass at those radii would
actually decrease according to this model, but this can be avoided with a proper choice
of γ.

This model also ensures that the mass grows inside out since

∂

∂r

(
Ṁ
M

)
=−Ṁs

Ms

1
γ

∂κ(r/rs)
∂r

≥ 0, (γ ≥ 0) (2.21)

and the gradient of the logarithmic slope of κ(x) is negative.
For the evolution of the parameters Ms(t) and rs(t) we propose an exponential be-

haviour similar to that used by Wechsler et al. (2002), i.e.

Ms(z) = Ms,O exp [−2ag(z− zO)], (2.22)

with ag the growth parameter of the halo. Using Eq. (2.19), the evolution of rs is given
by

rs(z) = rs,O exp
[
−2

ag

γ
(z− zO)

]
. (2.23)

This model has two free parameters (after one has fixed zO), namely ag which determines
the growth of Ms, and γ, which is related to the growth rate of the scale radius through
ag/γ. Fig. 2.2 shows the evolution of a 1012M� halo that has the same final mass and
scale radius as that in Fig. 2.1, taking ag = 0.04 and γ = 2 to produce a similar growth
history. The evolution of the halo is as desired: the mass growth rate (left panel) is always
positive and slows down as time goes by, and this slowing down is more pronounced for
the innermost shells. The halo thus forms inside out as expected (central panel), and
there is no mass exchange/decrease between neighbouring shells. In this figure we have
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Figure 2.3: Mass growth history for various radial shells, normalized to the final value as
in Fig. 2.2, for different values of ag and γ. The formation epoch ag changes the growth
of the individual shells and the overall growth pattern of the halo. This can also be seen
in the half mass time of the shells indicated with a plus on every curve. The parameter
γ mostly influences how individual shells grow. This is seen as we change γ from 2 to 4
(left vs right panels): only a small effect is seen in the overall growth of the halo, but the
inner shells grow on much shorter timescales than the outer shells.

also plotted the behaviour of Mvir(t), determined using Eqs. (2.1) and (2.6). We note
with satisfaction that the evolution of the virial mass for our model is very similar to that
of Wechsler et al. (2002).

In Fig. 2.3 we show the effect of changing the slope γ and the formation epoch ag. For
example, for smaller ag (bottom panels) the mass growth occurs earlier, and the growth
rate today is lower. The parameter γ does not alter the overall evolution of the halo
very much, but changes the (relative) growth pattern for the individual radial shells. For
example, for γ = 2 (left panels) the inner shells grow much faster than the outer shells,
while for γ = 4 (right panels) the difference in mass growth between the different shells
is much smaller.

2.4 Comparison with simulations

To further justify our model, we have studied how well it describes the behaviour of
the Milky Way-like dark matter halos from the Aquarius project simulations (Springel
et al. 2008). This is a suite of six cosmological dark matter N-body simulations that
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Figure 2.4: Mass growth history of the Milky Way-like Aquarius halos at different radii
compared to the fit obtained using our model for rs and Ms (colour dashed curves) and
fitted for z < 6 to avoid the epoch of significant mergers. The dashed orange line indicates
the evolution of the scale mass Ms. Setting γ = 2 also gives a reasonable fit as indicated
by the grey dotted curve for each halo.

were run at a variety of resolutions. We used an intermediate resolution level, in which
the Aquarius Milky Way-like (or main) halos have ∼ 5× 106 particles, and we focused
on the behaviour of halos Aq-A-4 to Aq-E-4 (the sixth halo, Aq-F, experiences a major
merger at low redshift and so is not considered in our analysis). For each main halo, we
computed the spherically averaged density profile at each output redshift and fitted the
NFW functional form with parameters Ms and rs. We only used snapshots with z < 6 to
avoid the epoch of major merger activity. In this way we determine the behaviour of Ms
and rs with redshift for each halo, to which we then fit our model to determine ag and
γ/ag in Eqs. (2.22) and (2.23).

The mass growth history of the halos and the results of our fitting procedure are
shown in Fig. 2.4. The values of ag for halos Aq-A and Aq-C are low (0.05 and 0.04,
respectively), implying an early formation, while Aq-B, Aq-D, and Aq-E having formed
later, have larger ag (0.14, 0.10, and 0.09, respectively). This is consistent with the
results of Boylan-Kolchin et al. (2010), who studied the mass accretion history of Milky
Way-mass halos in the Millenium-II cosmological simulations. These authors found that
halos D and E follow the median history, while halos A and C form earlier. Halo B was
found to catch up with the median growth around z ≈ 2. In view of this, we may argue
that a value ag ∼ 0.1 roughly corresponds to the median mass accretion history of Milky
Way-mass halos.

The values of the slope γ determined in our fits are close to 2, the κmax for the NFW
potential, but generally tend to be slightly smaller, which would imply a mass decrease
for some shells. Figure 2.4 shows that halo Aq-A depicts this behaviour early in its history.
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Nonetheless, we find that for all halos, setting γ = 2 also produces a reasonable fit to the
evolution history in Ms and rs, as can be seen from the grey dotted line in this figure.

In order to relate our results more closely to the Wechsler et al. (2002) model, we
determined the ac values for halos Aq-A to Aq-E, and found these to be in the range 0.1
to 0.2, therefore appearing at the lower end of the distribution given by Wechsler et al.
in their Fig. 8. This could be due to the more quiescent merger history of the Aq-halos.

2.5 Summary and conclusions

We have studied the evolution of a spherical mass distribution in a cosmological con-
text. Since we expect galaxies (and their halos) to grow inside out, inner shells should
form earlier than outer ones, and in the smooth accretion regime, their mass should not
decrease with time. Motivated by violations of these conditions found in some models
often used in the literature for certain regions of parameter space, we have presented an
alternative way of modelling the mass evolution of a spherical potential. In our model,
we let the scale radius and the mass at the scale radius grow exponentially with redshift,
but relate them in such a way that the condition of no mass decrease at any radius can al-
ways be satisfied. The setup is quite general, and can be applied to any spherical density
profile. The model has two parameters that can be chosen to obtain a variety of growth
histories, providing more control over the growth rate of shells at different radii.

In comparison to previous work, our model does not differ greatly from that pre-
sented by Zhao et al. (2003b,a, 2009) who also use a power-law relation between scale
mass and scale radius to describe the growth of dark matter halos in cosmological simu-
lations, except that we have found a general condition under which a system following
a given density profile will grow inside out. Tasitsiomi et al. (2004) found that some
accretion histories were better fitted using a power law of the scale factor a, instead
of an exponential in redshift z, and proposed a mass accretion history that combines
both the power-law relation and the exponential behaviour. Boylan-Kolchin et al. (2010)
proposed a slight modification to this model, which gives even better fits to the MS-II
simulations. Their addition of an extra parameter allows the halos to grow earlier and to
reach a much lower growth rate at later times.

However, given that the comparison to the growth of dark matter halos in the Aquar-
ius simulations shows that our model works quite well, we believe it is worthwhile to
keep its simplicity, particularly in applications that model the behaviour of streams in
time-dependent Galactic potentials (Bullock & Johnston 2005; Gómez & Helmi 2010;
Gómez et al. 2010).

We are grateful to Volker Springel, Simon White, and Carlos Frenk for generously al-
lowing us to use the Aquarius simulations. Carlos Vera-Ciro is acknowledged for his help
in the analysis of these simulations. H.J.T.B. and A.H. gratefully acknowledge financial
support from ERC-Starting Grant GALACTICA-240271.
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Chapter 3
The evolution of streams in a
time-dependent potential1

Abstract

WE study the evolution of streams in a time-dependent spherical gravitational potential.
Our goal is to establish what are the imprints of this time evolution on the properties
of streams as well as their observability. To this end, we have performed a suite of

test-particle experiments for a host system that doubles its mass during the integration time and
for a variety of initial conditions. In these experiments we found that the most striking imprint is
a misalignment of ∼ 10◦ in the angular location of the apocentres of the streams compared to the
static case (and to the orbit of the centre of mass), which only becomes apparent for sufficiently
long streams. We have also developed an analytic model using action-angle variables which allows
us to explain this behaviour and to identify the most important signature of time evolution, namely
a difference in the slope defined by the distribution of particles along a stream in frequency and
in angle space. Although a difference in slope can arise when the present-day potential is not
correctly modelled, this shortcoming can be by-passed because in this case, streams are no longer
straight lines in angle space, but depict a wiggly appearance and an implausible energy gradient.
The difference in slope due to time-evolution is small, typically ∼ 10−2 and its amplitude depends
on the growth rate of the potential, but nonetheless we find that it could be observable if accurate
full-space information for nearby long streams is available. On the other hand, disregarding this
effect may bias the determination of the present-day characteristics of the potential.

1 Accepted for publication in A&A.
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3.1 Introduction

Throughout the history of the Milky Way, and in the context of the Λ cold dark matter cos-
mogony, many dwarf galaxies must have been disrupted leaving behind stellar streams
(Helmi & White 1999). Especially the Galactic halo probably contains many such relics
of this assembly history (Helmi 2008).

Tidal streams were predicted for the first time in the seminal work of Toomre &
Toomre (1972) where the interactions of two galaxies were simulated. Lynden-Bell &
Lynden-Bell (1995) and Johnston et al. (1996) put forward the idea of tidal streams
lurking in the Galactic halo, merely a few years after the discovery of the Sagittarius
dSph by Ibata et al. (1994). Streams and debris from the Sagittarius stream were found
several years later by Ivezić et al. (2000); Yanny et al. (2000); Ibata et al. (2001b) and
a full sky view of the Sagittarius stream was provided by Majewski et al. (2003). Other
examples are the globular clusters streams (Grillmair et al. 1995), such as Palomar 5
(Odenkirchen et al. 2001) and NGC5466 (Grillmair & Johnson 2006). A wealth of new
streams have been found in the Sloan Digital Sky Survey (see e.g. Grillmair & Dionatos
2006), in the ‘Field of Streams’ (Belokurov et al. 2006). Streams have also been found
with other galaxies (Martínez-Delgado et al. 2010; Martin et al. 2014), most notably
around M31 (Ibata et al. 2001a).

On the modelling side, much effort has been put into understanding the dynamics of
streams and using these to infer the Galactic potential. Stream stars follow trajectories
that are very similar to those of their progenitors (Jin & Lynden-Bell 2007; Binney 2008)
albeit slightly offset. The evolution of streams is relatively simple in action-angle coor-
dinates (Helmi & White 1999; Tremaine 1999). Furthermore, streams appear as distinct
clumps in integrals of motion space (Helmi et al. 1999; Helmi & de Zeeuw 2000), and
they show the highest coherence in the true (underlying) potential, and this can be used
to constrain its characteristic parameters (Peñarrubia et al. 2012; Sanderson et al. 2014).
The alignment of the angles and orbital frequencies can aid in determining the potential
as proposed by Sanders & Binney (2013a).

The current cosmological model predicts significant evolution in the mass content
of galaxies and of their dark matter haloes through cosmic time (Springel et al. 2005).
Such evolution may be directly measurable using stellar streams, given their sensitivity
to the gravitational potential in which they are embedded (Johnston et al. 1999; Eyre &
Binney 2009; Price-Whelan et al. 2014; Bonaca et al. 2014). A first study was presented
by Peñarrubia et al. (2006), who concluded there are no discernible effects of evolution
on the distribution of streams in the space of angular momenta and energy because they
reflect only the potential at the present day. However, Gómez & Helmi (2010) found that
the structure of streams in frequency space does depict long-lasting signatures of time
evolution. Also Bonaca et al. (2014) found several biases when they attempted to derive
the characteristic parameters of a time dependent potential using streams. They partially
attributed these biases to the time-evolution of the potential in their simulations.

In the coming decade, the Gaia satellite (Perryman et al. 2001), successfully launched
in 2013, will provide an unprecedented vast and detailed view on our Galaxy. With the
right understanding of streams, Gaia will allow us to address the assembly history of
our Milky Way. This is the main motivation of this Chapter. Our goal is to establish
what kind of observable imprints are leftover on the streams’ properties and how to use
these to recover the evolutionary path of the Galactic potential. To this end we use the
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cosmologically motivated growth model of a spherical halo by Buist & Helmi (2014) and
follow the evolution of streams both numerically and using the action-angle formalism.

This Chapter is organised as follows. In Sec. 3.2 we explain the simulations of streams
in a time-dependent potential. We analyse the simulations in Sec. 3.3 and develop an
analytic model based on action-angles in the adiabatic regime. This allows us to identify
the signature of time-evolution on a stream in Sec. 3.4. In Sec. 3.5 we explore the
prospects of observing this effect. We conclude in Sec. 3.6.

3.2 Methodology

To understand the behaviour of streams in time-dependent potentials, we take two com-
plementary approaches. We first study numerically the evolution of test particles re-
sembling initially a satellite galaxy. We then attempt to model this evolution using a
formalism based on action-angle variables. In Sec. 3.2.1 we describe the set-up of our
numerical experiments, and in Sec. 3.2.2 we introduce briefly the action-angle variables
and their properties.

3.2.1 Simulations set-up

Evolution of the gravitational potential

t (Gyr)
6 7 8 9 10 11 12 13

M
ap

o
 (

M
)

#10 12

0.5

1

1.5

2

2.5

3

3.5

apo = 50, peri = 5 (kpc)
apo = 60, peri = 30 (kpc)
apo = 70, peri = 15 (kpc)
apo = 80, peri = 50 (kpc)
apo = 90, peri = 25 (kpc)

Figure 3.1: Increase of the enclosed mass for several orbits for our time-dependent potential
with growth factor ag = 0.8. The dashed lines show the enclosed mass within the final value of
their apocentre. Since the apocentric distances shrink with time, we show with the solid lines the
mass enclosed within the time-dependent apocentre values. The timespan of integration for the
streams is t ∼ 7−8 Gyr, and the enclosed mass approximately doubles over this timescale.

We model the evolution of a time-dependent Navarro-Frenk-White potential (Navarro
et al. 1997, NFW) using the prescription models from Buist & Helmi (2014). This model
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gives rise to an inside-out smooth growth that reproduces well the average mass accre-
tion history of the Milky-Way sized haloes from the Aquarius simulations (Springel et al.
2008; Wang et al. 2011). An important characteristic of this model is that mass growth is
positive at each radius (i.e. there is no inward flow of mass between neighbouring mass
shells). The scale radius rs and the scale mass Ms (mass enclosed within rs) of such a
halo vary according to

Ms(z) = Ms,0 exp(−2agz),

rs(t) = rs,0

(
Ms(t)
Ms,0

)1/γ

,
(3.1)

where z is the redshift, and Ms,0 and rs,0 the scale mass and scale radius at the final time
(z = 0, in a cosmology with Ωm = 0.29 and h100 = 0.71). We use γ = 2 to grow inside out
for an NFW potential (Buist & Helmi 2014). The parameter ag determines the formation
epoch, and larger values correspond to more recent formation. In this work we explore
a range of values of ag up to ag = 0.8, which would represent a quite recent formation
epoch.

We will model the evolution of streams in this time-dependent potential but we will
also study their behaviour in the static case. To make a fair comparison we fix the scale
mass and scale radius at the final time to Ms = 5× 1011 M� and rs = 12 kpc for all our
experiments, independent of their time-evolution.

Table 3.1: Orbital Properties at the final time

Orbit rapo

(kpc)
rperi

(kpc)
L/Lmax Ωr

(rad/Gyr)
Ωφ

(rad/Gyr)
Ωφ /Ωr

O1 90 5 0.22 11.38 6.96 0.61
O2 70 5 0.26 15.06 9.25 0.61
O3 60 5 0.29 17.79 10.96 0.62
O4 50 5 0.33 21.54 13.32 0.62
O5 90 10 0.39 11.00 7.25 0.66
O6 40 10 0.64 24.97 16.60 0.66
O7 70 15 0.61 13.69 9.45 0.69
O8 30 20 0.96 25.89 18.15 0.70
O9 90 25 0.71 9.68 7.01 0.72

O10 40 30 0.98 17.83 12.93 0.72
O11 60 30 0.90 13.21 9.68 0.73
O12 90 30 0.78 9.25 6.81 0.74
O13 50 40 0.99 13.32 9.89 0.74
O14 80 40 0.90 9.36 7.03 0.75
O15 80 50 0.95 8.53 6.49 0.76
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Table 3.2: Progenitor properties

σpos (pc) σvel (kpc/Gyr)

‘Carina’ 100 5

‘Sculptor’ 300 10

‘Sagittarius’ 700 25

Orbits

We place the satellites on 15 different orbits as listed in Table 3.1. We chose this number
to have a variety in distances, orbital timescales (and hence the degree of adiabaticity)
and eccentricity of the streams. The apo- and pericentres at the final time were chosen
such that the particles spend most of their time in the outer halo and beyond the scale
radius of the potential. For a fair comparison of each experiment the final 6-D position of
the satellite’s centre of mass is the same for the static and time-dependent cases. We then
integrate the orbits backwards in time for about 7-8 Gyr and the more circular orbits for
6-7 Gyr. This range is chosen to make sure that in the time-dependent case all orbits are
bound at early times.

We choose to start our orbital integrations when the satellite’s centre of mass is at its
first pericentre to represent the first interaction with the Galaxy. This implies that the
various orbits have slightly different total integration times, but these only differ up to
a maximum of 0.5 Gyr. Within this integration time, the enclosed mass within a fixed
radius increases on average with more than a factor 2 in our halo as seen in Fig. 3.1.
The actual orbits experience a somewhat smaller increase in enclosed mass because they
respond to the halo growth by slowly shrinking.

Progenitors

We distribute the particles in the satellites assuming they follow an isotropic Gaussian in
position and in velocity space, characterised by dispersions σpos and σvel respectively. We
use 10,000 particles centred on the centre of mass of the satellite, which is placed on the
orbits described previously. We do not include self-gravity in our simulations. We con-
sider three different progenitors, which we will call ‘Carina’, ‘Sculptor’ and ‘Sagittarius’,
as they have properties reminiscent of those observed in these dwarf spheroidal satellites
of the Milky Way (see e.g. Martin et al. 2008; Wolf et al. 2010, see Table 3.2).

3.2.2 Action-angle coordinates

Generalities

A particularly useful description of the evolution of streams may be obtained using
action-angle coordinates (Goldstein 1950; Helmi & White 1999; Tremaine 1999). In
action-angle coordinates, the actions are the momenta, and the angles are the coordi-
nates. The actions are integrals of motion that are adiabatic, i.e. invariant under slow
changes of the host potential.
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In this section, we only work with a time-independent potential. For a single star, the
actions can be found from

Ji =
1

2π

∮
Ti

pidqi (3.2)

with pi the conjugate momentum of coordinate qi, and
∮

Ti
to indicate we integrate over a

full period of coordinate qi. In a spherically symmetric system the actions are the radial,
latitudinal and azimuthal actions (Jr, Jθ and Jφ respectively), and the angles are θr, θθ

and θφ , and represent the phase of the orbit in the r, θ and φ coordinates respectively.

For only a few potentials algebraic expressions of the actions can be derived, such
as for the isochrone potential (of which the Kepler potential and harmonic oscillator are
limiting cases). Therefore typically numerical methods are required to find the actions
(Binney & Tremaine 2008). Furthermore, actions are only directly available when the
Hamilton-Jacobi equations are separable, as in the case of spherical and Staeckel po-
tentials (Goldstein 1950; de Zeeuw 1985). In more general axisymmetric and triaxial
potentials, approximations to the actions and angles must be used (see e.g. Kaasalainen
& Binney 1994; Binney & McMillan 2011; Binney 2012; Sanders & Binney 2014, 2015;
Bovy 2014).
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Figure 3.2: Relation between the coordinates and the angles in the plane of the orbit. The top
panel shows that the radial angle θr increases by 2π in one radial oscillation. In the bottom panel
we have plotted φ (red) and θφ (blue) as function of θr. After one radial period both angles reach
the same value 2πΩφ /Ωr.
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Hamilton’s equations for the Ji and θi are

J̇i =
∂H(J)
∂θi

= 0,

θ̇i =
∂H(J)

∂Ji
≡Ωi(J),

(3.3)

and H = H(J) only because the actions are invariant. The Ωi are constants that corre-
spond to the orbital frequencies and also only depend on the Ji. The resulting equations
of motion for the θi are

θi = Ωit +θi(0), (3.4)

with θi(0) the initial phase of i-th coordinate.
To determine the angles, we can use a canonical transformation of the second kind

W (q,J) (Goldstein 1950; Binney & Tremaine 2008), such that

pi =
∂W (q,J)

∂qi
; θi =

∂W (q,J)
∂Ji

. (3.5)

The generating function for the transformation in a spherical potential is given by (adapted
from Binney & Tremaine 2008)

W (q,J) = Wφ (φ ,J)+Wϑ (ϑ ,J)+Wr(r,J)

=
∫

φ

φmin

dφ pφ (Jφ )+
∫

ϑ

ϑmin

dϑ pϑ (Jφ ,Jϑ )+
∫ r

rperi

dr pr(Jr,Jφ ,Jϑ ),
(3.6)

where the integration is along the trajectory of a particle in phase space. We notice
that the three parts of the generating function are indefinite versions of the action inte-
grals without a factor of 2π, and each increases therefore by 2πJi in their corresponding
periods 2π/Ωi. This equation has an algebraic expression in the case of an isochrone
potential, and has to be solved numerically otherwise. For the full integrals to compute
θi in a spherical potential we refer the reader to Appendix 3.A.

Figure 3.3: Distribution in action (left), frequency (second panel) and angle space (right) for
particles in a stream, and centred on the centre of mass of the progenitor system. The colours rep-
resent the energy gradient, where red is for the trailing and green for the leading arms respectively.

In Fig. 3.2 we show an example how the radial and azimuthal angles (θr and θφ )
are related to the radial and azimuthal coordinates (r and φ) in the orbital plane. Since
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Wφ = φJφ and using Eqs. (3.5) and (3.6)2

θφ =
∂W
∂Jφ

= φ +
∂Wr

∂Jφ

. (3.7)

The term
∂Wr

∂Jφ

has a non-secular oscillation with frequency Ωr, and vanishes at apo- and

pericentre (θr = {0,±π}). The secular behaviour of φ and θφ with time is therefore the
same as can also be seen in Fig. 3.2.

Streams in action-angle coordinates: time-independent case

A stream is created when particles drift away from the progenitor, which means we
should look at the relative phase with respect to the progenitor centre of mass. For
example, the relative azimuthal phase of the k-th particle is

θ
k
φ (t)−θ

cm
φ (t) = ∆θ

k
φ (t) = ∆θ

k
φ (0)+∆Ω

k
φ t

≈ ∆Ω
k
φ t,

(3.8)

where ∆θ k
φ
(0) is the separation in angles at the initial time, and where the second line

corresponds to the case in which the progenitor is small and the stream has evolved for
a sufficiently long time.

The ∆Ωk
φ

= Ωk
φ
−Ωcm

φ
depends on the distribution in action space Jk

i , such that a large
action spread results in a large range of frequencies. This implies that larger progenitors
generate longer streams than smaller ones if integrated for the same amount of time.

In Fig. 3.3 we show the structure of a stream in action-angle coordinates for the time-
independent case. The colours represent the energy gradient, such that green represents
the leading tail and red represents the trailing tail. The left panel shows the action
distribution which depends both on the initial conditions σpos and σvel as well as on the
initial orbit3. This distribution remains invariant in time also in an adiabatically evolving
potential. The second-left panel of shows the structure in frequency space, while the
third corresponds to angle space. Since angles are 2π periodic variables in the right most
panel we show the angles modulo 2π. The different streaks evidence the number of
radial and azimuthal wraps the stream has. Note that the slope of the lines in frequency
and in angle space are the same in this time-independent potential (Sanders & Binney
2013a) when the initial spread in angles can be neglected4:

∆θφ

∆θr
=

∆Ωφ

∆Ωr
= cst. (3.9)

This directly shows why all particles are distributed along straight lines with the same
slope in angle and in frequency space.

2 ∂Wθ

∂Jφ

= 0 on the orbital plane.

3 Although here we plot L = Jθ + |Jφ |, but in the orbital plane Jθ = 0.
4 This equation holds for every particle that is released at the same time from the progenitor.
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3.3 Analysis of the test-particle simulations

The results of the simulations for the three progenitors on the various orbits for the time-
dependent potential with growth factor ag = 0.8 are shown in Fig. 3.4. The colour coding
indicates the leading (green) and trailing (red) arms of the stream. For comparison we
have over-plotted the orbit of the progenitor integrated forward and backwards in time
in the present-day potential. The time of integration for that orbit is between 1 to 3 Gyr,
and is chosen to roughly match the length of the corresponding stream. Note that this is
much shorter than the time of integration of the particles that form the stream, which is
approximately 8 Gyr.

Figure 3.4 clearly shows that larger progenitors give rise to longer and wider streams.
The smaller (Carina) progenitor generates thin, short streams, which makes the separate
loops of the stream easily recognizable by eye, while the streams from the larger progen-
itors, depending on the specific orbit considered, are wider and longer, much more phase
mixed and sometimes difficult to discern. As we shall see below a clear imprint of the
time-evolution of the potential is apparent in the angular location and in the variation
of the maximum distance of each ‘petal’ of a stream (the latter being related to both the
shrinking of the progenitor’s orbit because of mass growth as well as to the energy gra-
dient along a stream). This effect is more easily discernible for heavier progenitors since
they produce more loops, i.e. longer streams, as can be seen in Fig. 3.6. On the other
hand, thinner streams have the advantage that they depict their mean orbit much more
clearly which is why we will mainly focus on the ‘Carina’ progenitor in what follows.

The differences in the evolution for time-dependent and static potentials are shown
in Figs. 3.5 and 3.7 for the Carina-like progenitor, depicted as before on the orbital plane
of the progenitor. Note that in all cases the stream in the time-dependent potential is
longer than in the static case, as can be seen by comparing the left and middle panels.

The length of a stream depends both on the orbital period and on the initial extent
in phase- and configuration space of the progenitor. In the time-dependent potential the
enclosed mass at initial times is lower, and the progenitor starts further out. This results
in smaller orbital frequencies, or longer periods. Since the rate of divergence of particles
in a stream in a spherical potential is proportional to (t/P)2 ∝ (Ωt)2 (Helmi & White
1999), this would imply that streams should actually be shorter for a fixed integration
time t. However, in a time-dependent potential the spread in actions (or integrals of
motion such as the energy) is larger for given initial σpos and σvel (see Fig. 3.8).

For an initially ‘compact’ ensemble of particles, we may use a linear transformation
between action-angle coordinates and Cartesian coordinates to derive the initial spread
in action-angle space:

[
∆θ

∆J

]
=


∂θ

∂q
∂θ

∂p
∂J
∂q

∂J
∂p

 ·
[

∆q
∆p

]
≡ T ·

[
∆q
∆p

]
, (3.10)

where the elements of the transformation matrix T will depend on second derivatives
of the generating function evaluated at the centre of mass of the progenitor (Helmi &
White 1999) as described in detail in Appendix 3.B. We see that many of the terms
depend on 1/Ωr, which is larger in a shallower potential and further out in the potential,
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Figure 3.6: Radial vs angular distribution of particles in the orbital plane for experiment O7
for the different progenitors in the time-dependent case. The dashed curves show the orbit of the
centre of mass of the system integrated long enough to reproduce roughly the streams’ lengths.
The variations in the apocentric distances are a reflection both of time evolution and of the energy
gradient present along a stream. The difference in angular location of the apocentre, on the other
hand, is a clear imprint of time evolution, as can be seen by comparing to e.g. Fig. 3.7.

Figure 3.7: Radial vs angular distribution of particles in the orbital plane for experiment O7
for the Carina-like progenitor in the static case (left), time-dependent case (middle) and static
case with same initial action-angle distribution as in the middle panel. The dashed curves show
the orbit of the centre of mass of the system integrated in the present-day potential for the left
and right panels, and in the evolving potential for the middle panel. For the static cases, the
variations in the apocentric distances are a reflection of the energy gradient present along the
stream, while a second effect is present in the middle panel because of time evolution. Also
in this case, the difference in angular location of the apocentre is much more pronounced and
systematically increases for older wraps.
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Figure 3.8: Action-space distributions for a sample of 4 streams from Fig. 3.5, measured with
respect to centre of mass of the progenitor at the final time. The colours of the particles represent
the energy gradient, such that green is the leading arm and red the trailing arm. In the static
cases, the initial and final distributions coincide exactly, but in the time-dependent case there can
be small deviations if the orbit is not in the adiabatic regime as can be seen by comparing the
middle and right panels for orbit O11 and O15. The left panels show a smaller spread because the
time-dependent cases start further outwards and in an initially much lighter potential.

confirming that the initial spread in actions is greater. This is why the particles in the
progenitor integrated in the evolving potential can spread more and give rise to longer
and wider streams.

In our initial set-up we have taken the progenitors to have the same σpos and σvel.
However, their initial distribution in action-angle space is different for the static and time-
dependent potentials as discussed above. This implies that also their final distribution
in action (or energy) space will be different. This is shown for the progenitor placed
on two of our orbits in Fig. 3.8. Here we have plotted for the Carina-like progenitor
the distribution at the final time of ∆Jr and ∆L in the top panels for the static (left) and
time-dependent (middle) potentials.

An alternative is to consider that the particles should have the same initial ∆Jr and
∆L, whether they are evolved in a static or time-dependent gravitational potential. To
establish the effect of such a change in the initial configuration we set up progenitors
with these properties and evolved them in the static potential. The right panels of Fig. 3.8
show the distribution of particles evolved in the static potential, but set up with the same
initial conditions in action-angle space as in the time-dependent case. If all orbits were in
the adiabatic regime, the middle and right panels should give identical results. However,
some of the orbits are not, which can be seen in the streams from orbit O11 and O15,
where the action distributions are not exactly the same.

The streams resulting from these different initial conditions evolved in the time-
independent potential are shown in the right panels of Fig. 3.5 for each of the orbits.
As anticipated, the streams in the time-dependent potential (middle panels) are now
shorter than the streams in the time-independent potential starting from the new initial
conditions. This characteristic is now solely due to evolution of the potential.

An interesting feature visible in Figs. 3.5 and 3.7 that was mentioned earlier, is that
the stream-orbit misalignment differs in the static and evolving cases. For example,
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as can be seen for experiment O7 the mean orbit traces relatively well the stream in
the time-independent case. On the other hand it is clear that the angular position of
the rosette petal of the stream and the progenitor orbit at one radial period behind (or
ahead) are offset from each other. This is apparent in all experiments, to a lesser or
larger degree. This offset is systematic, can be as large as 10 degrees, and is a first direct
indication of the effect of time evolution in the gravitational potential.

3.4 Analytic models

3.4.1 Action-angle coordinates in an adiabatically evolving potential

In this Section our aim is to extend the use of action-angles to an adiabatically changing
spherical potential. The action-angles are still a valid canonical coordinate system in
a time-dependent system, but the equations of motion in action-angle coordinates are
more complicated as we will see below.

In the models we have considered so far, the gravitational potential is made time-
dependent by making its characteristic parameters, such as mass and scale, a function of
time. Its overall shape or functional form remain the same. Therefore angular momen-
tum is still conserved because of the assumed spherical symmetry, but the radial action
Jr may vary with time.

For a time-dependent potential, the generating function that allows the transforma-
tion between Cartesian and action-angle spaces is an explicit function of time

W (q,J, t) = W (q,J,α(t)). (3.11)

where the parameters of the potential are in the vector α. The appropriate Hamiltonian
in action-angle coordinates then becomes

H ′(θ ,J) = H(J,α)+
∂W
∂t

(q,J,α) = H(J,α)+ α̇
∂W
∂α

(q,J,α), (3.12)

which is the original Hamiltonian perturbed by the partial time derivative of the gener-
ating function (Goldstein 1950, section 11-7). This extra term naturally vanishes in the
time-independent case. The new equations of motion are

J̇i =−∂H ′

∂θi
=−α̇

∂

∂θi

∂W
∂α

(q,J,α),

θ̇i =
∂H ′

∂Ji
= Ωi(J,α)+ α̇

∂

∂Ji

∂W
∂α

(q,J,α).
(3.13)

Compared to the original equations of motion given in Eq. (3.3) there are a few cor-
rection terms that depend on the rate of change of the characteristic parameters of the
potential α̇.

Since in general we are interested in the mean increase in the actions and angles, we
take an average over one period, where we assume that α changes little over one period
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(Goldstein 1950; Vandervoort 1961)〈
J̇i
〉

=
1
Ti

∫
Ti

−α̇
∂

∂θi

∂W
∂α

(q,J,α)dt

≈− α̇

Ti

∫
Ti

∂

∂θi

∂Wi

∂α
(q,J,α)dt +O(α̇2, α̈).

(3.14)

The three parts of the generating function (Wr, Wθ and Wφ ) increase by 2πJi in the corre-
sponding period Ti. This means that each of the Wi is a periodic function and we can do
a Fourier expansion

∂Wi

∂α
= ∑

k
Ak(J,α)e2πikθi . (3.15)

However, the whole first term in Eq. (3.14) vanishes since〈
J̇i
〉
≈− α̇m

Ti

∫
Ti

∑
k 6=0

2πikAk(J,αm)e2πikθidt +O(α̇m
2, α̈m)

= O(α̇2, α̈),

(3.16)

where we use the Einstein summation convention for the parameters αm. The actions
are therefore invariant up to second order. Vandervoort (1961) showed that the actual
condition for adiabatic evolution for each of the αm and each of the orbital periods Ti is

α̇m

αm
Ti� 1, (3.17)

which states that the time scale of change should be much larger than the orbital period.
On short timescales, Jr shows a periodic oscillation that dies out when the changes in

the parameters become smaller, as shown in Fig. 3.9 for one of our orbits. The final time
value of Jr returns to the initial value, indicating we are in the adiabatic regime5. In the
case of non-adiabaticity full integration of Eq. (3.13) is needed to model the behaviour
of the system in action-angle space.

In an analogous way as for the actions, we compute the effect for the mean change
in the angles 〈

θ̇i
〉
≈ 〈Ωi(J,α)〉+ α̇

Ti

∫
Ti

∂

∂Ji

∂W
∂α

(q,J,α)dt +O(α̇2, α̈), (3.18)

where we can exchange the order of the derivatives

∂

∂Ji

∂W
∂α

(q,J,α) =
∂

∂α

∂W
∂Ji

(q,J,α) =
∂θi

∂α
= 0. (3.19)

The result is that only the term dependent on the (evolving) frequency remains〈
θ̇i
〉
≈ 〈Ωi(J,α)〉+O(α̇2, α̈). (3.20)

The angles as a function of time may be computed from

θi(t)≈ θi(0)+
∫ t

0
Ωi(J,α(t))dt, (3.21)

5 We note that if the particles would not be released from pericentre we would notice the initial variations
in the action.
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Figure 3.9: The response of the radial action and the radial frequency to a time-dependent
potential for orbit O7 (Table 3.1). For this orbit, the action shows a non-secular oscillation that dies
down as the rate of change of the potential decreases. The value of Ωr changes significantly with
time, and also here there are oscillations that become smaller as the change rate of the potential
decreases. The period of the oscillations corresponds with the radial period. The evolution of Jr
has been quite adiabatic, because it oscillates around a limiting value which is the starting value
when the particles were released at pericentre.

where like in the time-independent case, θi(0) is the phase at the initial time. The fre-
quencies Ωi(t) are understood to be the instantaneous frequencies at every time-step.
Equivalently, we can numerically integrate the orbit in Cartesian coordinates and find
θi(t) from the instantaneous coordinate transformation at all times t using the generat-
ing function. The advantage of the action-angle description is that it stresses that the
phase angles (modulo 2π) depend on how the frequencies have changed with time.

3.4.2 Streams in action-angle space

Sensitivity to the gravitational potential

We have mentioned that for a static potential, if the initial spread in angles is negligible,
then the slopes in the angle and frequency spaces should be equal (Sanders & Binney
2013b,a), as can be seen from Eq. (3.8), if computed in the true potential. An example
of the distortion in angle space for a stream now evolved in a time-dependent potential
where the angles (and the energy) were computed using incorrect parameters is shown
in Fig. 3.10 for experiment O7. The central panel corresponds to the parameters in the
true (final) potential, while in the vertical direction we have varied rs and horizontally
Ms. In the eight panels around the central panel, the parameters have been changed
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Figure 3.10: The angle space of stream O7 (see Table 3.1) evolved in a time-dependent potential,
but where the angles have been computed with different (incorrect) parameters. The central panel
shows the correct parameters, while rs is changed vertically and Ms horizontally by 10% and 30%.
The colour coding indicates the energies, with green representing the leading arm (more bound)
and red the trailing arm (less bound).

by only 10%, and even in this case some deviations from the expected straight lines are
visible. When the parameters have changed by as much as 30%, as in the outer panels,
we see that the deviations become much more pronounced and are very significant. We
note that similar results are found when the stream is evolved in a static-potential.

The more incorrect the potential, the more we see wiggles in angle space, and similar
distortions are also present in the frequency- and action spaces. Furthermore, the energy
gradient along the stream is no longer preserved as the parameters of the potential are
varied, which implies that the most bound (least bound) particles in the specific trial
potential are no longer ‘found’ at the end of the leading tail (trailing tail). Therefore,
although the streams have a normal appearance in physical space, when the wrong grav-
itational potential is assumed, the coordinate transformation to action-angle space and
the computation of the energy are incorrect and this leads to the distorted appearance
and broken energy gradient seen in Figure 3.10. Clearly these imprints will be obvious
only for sufficiently long streams, i.e. more extended than 2π in angle space.
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Figure 3.11: The angle space of stream O11 (top) and stream O1 (bottom) evolved in a time-
dependent potential, but where the angles have been computed with different (incorrect) param-
eters. Note that although the distortions in angle space are less pronounced for the more radial
orbit O1, the energy gradient (indicated by the colour gradient and coding used before) is not
preserved.

Note that the distortions in angle space are less pronounced for the panels located
along the diagonal that runs bottom-left to top-right in Figure 3.10, for which the en-
closed mass within the orbit is the same for the given Ms and rs.

The degree to which these distortions and broken energy gradients are manifested
depends also on the type of orbit the stream progenitor has followed. This is shown in
Fig. 3.11 for a scale radius that is 70% of the true value and for different scale masses
Ms. The top panels correspond to experiment O11, which is on a relatively circular orbit
of apo-to-pericentre ratio of 2, while the experiment in the bottom O1 has a relatively
radial orbit, with apo-to-pericentre ratio of 18.

Sensitivity to time-dependence

In the time-dependent potential the exact correspondence between the slopes of the
spreads in the frequencies and in the angles is broken, i.e. Eq. (3.9) is no longer valid.
This is because the evolution of ∆θφ and ∆θr both depend on integrals over time, i.e.

∆θφ /∆θr ≈
∫

∆Ωφ dt
/ ∫

∆Ωrdt (3.22)

(assuming the initial angle spreads are negligible).
In Fig. 3.12 we compare the lines fitted to the frequency and angle spaces for the

stream from Orbit O7 in the time-dependent and static cases for the correct final poten-
tial. The top panel shows that for the time-dependent case, the initial slope in frequency
space (grey line) is steeper than at the end of the simulation (blue line). This is be-
cause the orbit shrinks as the mass increases6. In the time-independent case we see, as

6 Recall that the ratio of angular to radial frequencies for any gravitational potential is limited by the homo-
geneous sphere case, for which Ωφ /Ωr = 1/2 and the Kepler case, for which Ωφ /Ωr = 1. As mass increases



3.4: ANALYTIC MODELS 49

"#
r
 (rad)

"
#
?
 (

ra
d)

0

:/2

:

3:/2 Evolving potential

*
S,O

=1.1 
 
°

*
"+, "3

=0.9 
 
°

0 : 2:
0

:/2

:

3:/2 Static potential

*
S,O

=0.3 
 
°

*
"+, "3

=0.0 
 
°

"+(0) 
 

"+(t
f
)

"3(t
f
)

Progenitor 3
cm

0 2 4 6

0

2

4

"+
r
 (rad/Gyr)

"
+
?  (rad/G

yr)

0

2

4

Figure 3.12: Lines fitted to the angle space (red dashed line) and the frequency space (blue
line) of stream O7 evolved in a time-dependent (top) and static potential (bottom) using the same
(correct) final potential. Additionally, the green line shows the track of the progenitor assuming the
potential is static (i.e. θcm(t) = Ωcm(t f )t), and the grey line shows the line fitted to the frequency
space at the beginning of the simulation. The inset labels show the numerical values of the aperture
angle (misalignment) between the stream and the (static) progenitor orbit ΨS, O, and between the
stream in angle and in frequency space Ψ∆θ ,∆Ω (see Eq. (3.33) and (3.34)).

expected, that both lines coincide. Another difference between the static and evolving
case is that the stream-orbit misalignment changes (compare the green and red dashed
lines), which is caused only by the changes in the angle space due to time-evolution. The
behaviour in angle space (indicated by the red dashed line) may be understood from the
fact that the angles’ slope is like a time-average of the frequencies’ slope, and is therefore
expected to lie between the initial and the final frequency slope as observed. Therefore,
a clear signature of time-evolution is a difference in the slope derived for the angles and that
derived for the frequencies, even if these are computed using the present-day gravitational
potential.

We now explore an analytic model to describe more generally the behaviour of the
frequency and angle slopes. We may derive the slope in frequency space S(∆Ω) by making
a Taylor expansion in the actions near the centre of mass of the progenitor (Helmi &
White 1999)

∆Ω
k
i =

∂Ωi

∂J j
∆Jk

j +O(∆Jk
j
2
). (3.23)

and the orbit shrinks, effectively we may say that the stream moves further away from experiencing a
Kepler potential (and hence a steeper slope) and closer to the homogeneous sphere (a shallower slope, as
also seen in Gómez & Helmi 2010) although the NFW potential is neither of these limiting cases.
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Figure 3.13: Hessians Hi j, time-averaged Hessians Qi j (both in units of 10−3 kpc−2), and their
ratios hi and qi for orbit O7. Left panel: the dash-dotted lines show Hi j in the static potential, the
solid lines the Hi j in the time-dependent potential and the dashed lines Qi j in the time-dependent
potential. Note that |Hrr| > |Hrφ | > |Hφφ |, and similarly for Qi j. The middle panel shows that
hφ > qφ at all times, and that both increase with time. On the other hand, hr < qr at all t and both
decrease with time. Right panel: the ranking of the hi for the different orbits. Both hφ and hr are
ranked by the ratio Ωφ /Ωr, indicating the dependence on the kind of orbit. The qi are ranked in
the same way.

The expansion is done for the k-th particle, all terms are evaluated at time t. The deriva-
tive is evaluated for the progenitor orbit and we used the Einstein summation convention
on the subscript indices. We recall that

∂Ωi

∂J j
=

∂2H
∂Ji∂J j

≡ Hi j. (3.24)

Working out the frequency spreads we find

∆Ω
k
r(t)≈ Hrr(t)∆Jk

r +Hrθ (t)∆Jk
θ +Hrφ (t)∆Jk

φ ,

∆Ω
k
φ (t)≈ Hφr(t)∆Jk

r +Hφθ (t)∆Jk
θ +Hφφ (t)∆Jk

φ .

The cross terms are second derivatives of the Hamiltonian and therefore symmetric, Hi j =
H ji. Furthermore, in a spherical potential, the Hamiltonian is only a function of E and L,
so that for all j, Hθ j = Hφ j

7. The evolution of the slope of S(∆Ω) can then be found from

S(∆Ω) =
∆Ωk

φ
(t)

∆Ωk
r(t)
≈

∆Jk
r

∆Jk
θ
+∆Jk

φ

+
Hφφ (t)
Hφr(t)

1+
Hrr(t)
Hφr(t)

∆Jk
r

∆Jk
θ
+∆Jk

φ

=
Rk

J +hφ (t)
1+Rk

Jhr(t)
,

where Rk
J ≡

∆Jk
r

∆Jk
θ
+∆Jk

φ

,

hφ (t)≡
Hφφ (t)
Hφr(t)

,

hr(t)≡
Hrr(t)
Hφr(t)

.

(3.25)

7 This is only true if Jφ ≥ 0, otherwise every derivative w.r.t. Jφ incorporates a term sign(Jφ ) because L =
Jθ + |Jφ |. Throughout this work we will assume Jφ ≥ 0.
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Here Rk
J is the ratio of the actions and hi the ratio of the Hessians. The Hessians Hi j and

the Hessian ratios hi are shown in Fig. 3.13 and are ranked as |Hrr| > |Hφr| > |Hφφ |. But
most importantly, the resulting ratio hr increases with time while hφ decreases with time.
Assuming that the action ratio Rk

J remains constant (adiabatic limit) we find from the
above equation that the slope in frequency space S(∆Ω) decreases with time.

For the angles of the k-th particle we can use the following approximation

∆θ
k
i (t) = ∆θ

k
i (0)+

∫ t

0
∆Ω

k
i (t)dt

= ∆θ
k
i (0)+

∫ t

0
Hi j(t)∆Jk

j (t)dt +O(∆Jk
i

2
)

≈
∫ t

0
Hi j(t)∆Jk

j (t)dt

≈ ∆Jk
j

∫ t

0
Hi j(t)dt,

(3.26)

where we have neglected the initial angle spread, and in the last approximation assumed
adiabaticity of the actions. Therefore ∆Jk

j may be evaluated at any time-step, though
typically we use the values at the final time in our computations.

We now focus on the slope of the angle-space. If we define 1
t
∫ t

0 Hi jdt ≡ Qi j (the time-
averaged Hessian), then

∆Θ
k
r(t)≈

(
Qrr(t)∆Jk

r +Qrθ (t)∆Jk
θ +Qrφ (t)∆Jk

φ

)
t,

∆Θφ (t)≈
(

Qφr(t)∆Jk
r +Qφθ (t)∆Jk

θ +Qφφ (t)∆Jk
φ

)
t.

The slope in the angles can then be found from

S(∆θ) =
∆Θφ (t)
∆Θr(t)

≈
Rk

J +qφ (t)
1+qr(t)Rk

J
,

where qφ (t)≡
Qφφ (t)
Qφr(t)

,

qr(t)≡
Qrr(t)
Qφr(t)

.

(3.27)

Here qi are the ratios of the Qi j. The ranking of the Qi j and the qi behaves very similarly
to that of the Hi j and hi as shown in Fig. 3.13. In the same manner as for the frequency
slope, we infer that S(∆θ) is also a decreasing function of time.

We are now ready to compute the difference between S(∆θ) and S(∆Ω) by using that
the difference between the qi and the hi is small:

qr(t)≡ hr(t)− εr(t), (3.28)

qφ (t)≡ hφ (t)+ εφ (t), (3.29)

where the appropriate sign was chosen such that the εi are always positive. Let us define
for computational ease

T (∆Ω) =
1

S(∆Ω)
,

T (∆θ) =
1

S(∆θ)
.

(3.30)
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We may expand the inverse of the angle slope T (∆θ)

T (∆θ) =
1+Rk

Jqr

Rk
J +qφ

=
1+Rk

Jhr−Rk
Jεr

Rk
J +hφ + εφ

=
1+Rk

Jhr−Rk
Jεr

Rk
J +hφ

(
Rk

J +hφ

Rk
J +hφ + εφ

)

≈
1+Rk

Jhr−Rk
Jεr

Rk
J +hφ

(
1−

εφ

Rk
J +hφ

)

≈
1+Rk

Jhr−Rk
Jεr

Rk
J +hφ

− εφ

1+Rk
Jhr

(Rk
J +hφ )2

.

(3.31)

Using Eq. (3.25) to compute T (∆θ), we can derive the difference of the inverse slopes

T (∆θ)−T (∆Ω) =
S(∆Ω)−S(∆θ)

S(∆θ)S(∆Ω)

=−
Rk

Jεr

Rk
J +hφ

− εφ

1+Rk
Jhr

Rk
J +hφ

=−
T (∆Ω)εφ +Rk

Jεr

Rk
J +hφ

< 0.

(3.32)

All the terms in the fraction are positive, and T (∆Ω) is therefore always greater than
T (∆θ). This means that S(∆θ) is always larger than S(∆Ω), and this difference will
increase with time. The longer the system is evolved in a time-dependent potential, the
larger the difference in slopes becomes with respect to the same final static potential.
This also means that streams that fell in at early times will show a stronger signature
of the separation between the angles and frequencies’ relations than streams that fell in
more recently.

In Fig. 3.14 we show the predictions of the slope differences for the angle and fre-
quency spaces for the orbits in Table 3.1. As we increase the amount of time-evolution
by changing the growth parameter ag the difference in slope also becomes larger. An-
other interesting prediction is that the more circular orbits have a larger slope difference,
although this is at a small level. We can get an impression of the magnitude of the angle-
frequency misalignment by using the aperture angle Ψ∆θ ,∆Ω between the fitted lines in
the angle and frequency space (as also used by Sanders & Binney (2013b,a))

Ψ∆θ ,∆Ω = Ψ∆θ −Ψ∆Ω ≈ tan(Ψ∆θ −Ψ∆Ω) =
S(∆θ)−S(∆Ω)

1+S(∆θ)S(∆Ω)
, (3.33)

where S(i) = tan(Ψi), and we have used that the difference in slopes is small8. With this
definition of the angle-frequency misalignment, typical values of Ψ∆θ ,∆Ω are around 1.5◦

for ag = 0.8.
It has been discussed earlier that a stream does not exactly follow an orbit, and the

small difference between these two trajectories is known as the stream-orbit misalign-

8 In these equations we have ignored the slope in the r-ϑ angle and frequency spaces, because the slopes
are very close to those of the r-φ spaces.
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Figure 3.14: Slope differences between the streams in angle and in frequency space as a function
of growth parameter ag, as predicted by our analytic model using Eq. (3.23) and (3.26) for our
experiments.

ment. The characteristic magnitude of this can be found from

ΨS, O = Ψ∆θ −Ψθ ≈ tan(Ψ∆θ −Ψθcm) =
S(∆θ)−S(θcm)

1+S(∆θ)S(θcm)
, (3.34)

where S(θcm) = tanΨθcm is the slope of the straight line traced by the centre of the mass of
the progenitor in angle space for a static potential (see also Fig. 3.12). The typical order
of magnitude of ΨS, O for the Carina progenitor is about 1 degree, similar to what was
found in Sanders & Binney (2013b) for a static logarithmic axisymmetric potential, and
also comparable to values of the stream-orbit misalignment in the isochrone potential of
Eyre & Binney (2011). Note that the angle-frequency differences in slope that we find
are of the same order of magnitude as the stream-orbit misalignment.

When comparing simulations with and without time-evolution, the stream-orbit mis-
alignment can also be used as an indicator of time-evolution. In Fig. 3.5 we saw that
the angular position of the stream’s and progenitor orbit’s petal one radial period away
from the current progenitor’s location are different for the time-dependent case. This
angular separation can be derived as follows. For the progenitor, the location of the petal
is simply the precession of the orbit in one radial period, i.e. ψcm = 2πS(θcm) = 2πΩφ /Ωr.
For the stream, this difference in radial angle from the progenitor is ∆Θr = 2π, and there-
fore the angle of the petal of the stream is ψstream = 2πS(∆θ). Therefore the stream-orbit
misalignment in azimuthal angle is

∆φS, O ≈ ψstream−ψcm = 2π (S (∆θ)−S (θcm)) . (3.35)

Increasingly larger rates of growth of the potential will yield also larger angular stream-
orbit separations because S(∆θ) changes by the amount in Fig. 3.14 (S(∆Ω) and S(θcm)
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are by construction the same at the final time). Multiplying this by 360◦ to find the
difference at the first petals next to the progenitor, we find that these differences can
reach up to 10 degrees in our experiments.

In summary, stream particles are distributed following straight lines in angle space
when computed using the correct potential, and otherwise show a wiggly behaviour and
a broken energy gradient. These straight lines have the same slope in frequency space in
the static case. If the potential has evolved in time, then the slope in frequency space is
typically shallower than in angle space, to an extent that depends on the growth of the
gravitational potential.

Validation of the analytic model

Figure 3.15: Examples of the slope differences between the angle and frequency distributions
(top panels) and histograms of the spread of ∆θr(0)/∆θr(t f ) (bottom panels). In the top panels,
the blue crosses indicate values from the full simulation, while the green lines are the predictions
from our analytic model. The red crosses are the slopes measured when the initial spreads from
the simulations are removed. All orbits align now with the model when ag = 0. For large ag the
more circular orbits such as orbit O15 deviate strongly from the model because of non-adiabaticity.

We expect our analytic model to reproduce well the behaviour of the test-particle
simulations except in some cases. There are two effects that can modify these slopes
which we have neglected in the derivations above. The first appears when the initial
angle spread of the progenitor is comparable to its current extent, in which case the
former needs to be taken into account. Since the initial extent is typically unknown
it is better to use very extended streams for deriving the evolution in time of the host
potential. The second effect is when the time-evolution of the potential is non-adiabatic.
In that case, the higher order terms of Eq. (3.13) have to be taken into account.
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To confirm this, we use three simulations with different growth factors ag = {0.0,0.4,
0.8}, but with the same initial action distribution as in the ag = 0.8 case by using the
transformation described in Eq. (3.10).

Fig. 3.15 shows the difference between the slopes in angle and in frequency spaces for
our analytic model. In this figure, the green line shows the prediction of our model using
Eq. (3.25) and (3.27), and the actual measured slope differences from the test-particle
simulations as blue crosses. This comparison shows that the agreement is excellent as
exemplified for Orbit O7 on the left panel, and this is true for most of the orbits explored.
However, there are a few cases, such as those shown in the panels on the right where the
model fails.

For these two cases, the initial extent of the progenitor in angle-space cannot be
neglected, as can be seen from the bottom panels. This can either be due to the streams
being relatively short or because the initial spread in angles is large. When the initial
angle spreads as given by Eq. (3.8) and (3.26) are removed, the simulations match the
model significantly better as indicated by the red crosses.

The rightmost panel shows still some disagreement, especially for larger values of the
growth factor ag. This behaviour stems from the non-adiabatic evolution of the orbit,
so that higher terms in Eq. (3.12), and the last approximation in Eq. (3.26) fails. An
indication that these orbits evolved non-adiabatically is that for orbit O15, Jr(0)/Jr(t f )−
1≈ 0.18. Typically the orbits that are more circular suffer from this effect more strongly.
This implies that to obtain the amount of time-evolution for a stream that evolved in a
smoothly growing potential as ours, radial orbits may be preferred.

3.5 Observational prospects

Now that we have determined the signature of time evolution of a gravitational potential
through the difference in slopes in the angle and frequency spaces, we are interested in
establishing whether this effect is measurable. This is particularly relevant in the context
of the upcoming catalogues from the Gaia satellite.

We therefore convolve our simulated data in observable space with errors. Typically
the largest uncertainties come from the errors in distance and proper motion. We inves-
tigate two cases for the errors in the parallax: 1% (σπ/π = 0.01) and 10% (σπ/π = 0.1),
while the proper motion errors are set to be σµ = 0.5σπ), as given by the Gaia mission
error estimates. We assume radial velocity errors of 1 km/s, which is the level obtainable
from follow-up surveys of the Gaia satellite such as 4MOST (de Jong et al. 2012) and
WEAVE (Dalton et al. 2012). Although this error may be seen as small, we have found no
significant dependence on the radial velocity error, even if this was as large as 10 km/s.
After applying error convolution, we converted the data back to Cartesian coordinates.

In Fig. 3.16 we show the structure in angle (top row) and in frequency (middle row)
space for the 1% distance errors for all 15 orbits evolved in the time-dependent potential.
The bottom row panels show the residuals in frequency space after subtracting the fitted
slope from the error-free case (green line). Here the black points correspond to the
error-convolved case while yellow points are error-free.

We define the relative difference in slope in the frequency EΩ and angle Eθ spaces
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after error convolution as

EΩ =
∣∣∣∣ S̃(∆Ω)−S(∆Ω)

S(∆Ω)

∣∣∣∣ ,
Eθ =

∣∣∣∣ S̃(∆θ)−S(∆θ)
S(∆θ)

∣∣∣∣ , (3.36)

with the S̃ representing the slopes derived by fitting the distributions with errors. As can
be read off from the various panels in Fig. 3.16, typically this relative difference varies
from 10−5 up to 6×10−4 for Eθ , and between 3×10−4 up to 10−2 for EΩ, indicating that
errors affect more severely the distribution of frequencies than that of angles.

An estimate of what errors are tolerable may be derived from the following argu-
ments. If ∆S is the slope difference between frequency and angle space (typically a few
%), then we can tolerate √

E2
Ω

+E2
θ
≤ ∆S/S≈ 0.005. (3.37)

The panels that satisfy this requirement are highlighted with a green box. We see that
mostly the very radial orbits that have small pericentres are selected this way. These
streams have many stars relatively near the Sun (which is positioned at 8 kpc from the
Galactic centre along the x-axis). Also, the more radial streams have a much larger
spread in Jr, which is slightly less affected by the errors than the more circular orbits
that have a larger spread in angular momentum. We conclude that the 1% distance
errors allow us to uncover time-evolution for at least half of our orbits when the growth
factor is ag = 0.8. However, if we would look at a growth factor ag = 0.4, typically the
misalignment between angle and frequency space would be reduced by a factor 2, and
the errors will make measuring time-evolution much harder for more slowly evolving
potentials.

In Fig. 3.17 we show the 7 orbits that came out as best from Fig. 3.16, but now with
10% distance errors. The colours and insets are the same as in Fig. 3.16. As the insets
and green boxes show, the angles are still quite well measured, but the frequency slope is
not. Only one very radial orbit (that comes close to the Sun) presents an acceptable level
of uncertainty. There is significant structure in the bottom panels depicting the residuals
between the distribution in frequency space before and after error convolution. For each
experiment, this results from the superposition of individual wraps with varying distance
gradients, and this, after a distance-dependent error convolution, results in different
frequency distributions. The ‘bow-tie’-like structure is thus the result of the overlap of
multiple wraps distorted differently in frequency space. The more circular orbits O15
and O9 only show one leg of these bow tie-like structures because for these experiments,
basically just over one wrap is present.

Given that the 10% errors provide a challenge to fitting a slope in frequency space and
not so much to fitting in angle space we investigate methods to cut the data and retain
the highest quality measurements. Fig. 3.18 shows the result of combining a distance cut
and a frequency cut for the same 7 orbits of Fig. 3.17. The cuts are given by

σd ≤ 2 kpc,

|Ωr−〈Ωr〉 | ≤ SDΩr ,
(3.38)

with 〈Ωr〉 the mean frequency from the data and SDΩr the standard deviation of Ωr, both
computed after the distance cut. The distance error cut improves both the tangential
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velocities and the distances, and its effect is to mainly select particles at pericentre, as
seen in the top panels of this figure. Our cut at 2 kpc essentially removes particles with
errors larger than 10% at 20 kpc. The motivation for imposing a frequency cut is to
remove outliers. The vertical dashed lines in the frequency space of Fig. 3.18 show the
mean and standard deviation of ∆Ωr with errors, and we see that these encompass quite
well the error-free ∆Ωr distribution indicated in yellow. The combination of these cuts
leaves still many particles in the stream as indicated by the insets in the figure, except
for orbits O15 and O9, which basically have no or too few particles closer than 20 kpc,
and hence with distance errors smaller than 2 kpc. In conclusion, a cut in frequency and
distance leads to satisfactory improvements, except when there are too few particles and
for a few pathological cases. Therefore such a cut could be used to measure the slope in
frequency space, but is not necessary in angle space.

3.6 Discussion and conclusions

We have investigated the effect of an adiabatically growing time-dependent potential
on streams. To this end we used the inside-out growing spherical NFW potential from
Buist & Helmi (2014) as a background to model the evolution of a set of 15 test-particle
streams.

We performed a series of numerical experiments starting from different initial condi-
tions ran mostly in a quite strongly growing model in which the enclosed mass within the
orbits explored approximately doubles. These experiments show that the precession rate
of streams, i.e. the angular location of the ‘apocentres’ of streams in the orbital plane, is
significantly different when the potential has evolved in time. Typically time-evolution
leads to a misalignment or angular difference of ∼ 10◦ in comparison to the static case,
and this is roughly independent of the progenitor’s size. To be able to detect this effect,
however, streams should be sufficiently long, i.e to have wrapped more than once.

We then analysed the behaviour of streams in action-angle coordinates. Streams typ-
ically appear as extended linear structures in angle and frequency space, also in the
time-dependent case. We found that time-evolution leads to these distributions to differ
in slope, unlike what is expected for a static potential. To explain these findings we de-
veloped an analytic description of a stream in an adiabatically changing time-dependent
potential. This allows us to predict that the difference in slopes in angle and in fre-
quency space to be of order ∼ 0.005− 0.025, i.e. 0.3◦− 1.5◦, for potentials with growth-
factor ranging from 0.2 to 0.8. Experiments for which the signal of time-evolution is
most reliably recovered are those which initially have a small size and which evolve in
an adiabatic way. This condition is most easily satisfied for the more radial orbits.

Although the predicted effect is small, we have explored whether it would be observ-
able with the next generation facilities mapping the Galaxy, such as the Gaia satellite mis-
sion (Prusti 2012) and the follow-up surveys 4MOST (de Jong et al. 2012) and WEAVE
(Dalton et al. 2012). When assuming an error in parallax of 1% (and half of that in
the proper motion), we find that for about half of the streams the time-dependence sig-
nature should be measurable. When the errors in parallax (and consequently in proper
motion) are increased to 10% only 1 of our 15 streams can be used to determine the time-
evolution. Reasonable additional cuts in distance errors and in frequency space (because
this is most strongly affected by errors), allows time-evolution to be determined for an
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extra four streams. The best results are for streams that are very radial and that have
small pericentres (inside the solar circle). This is predominantly due to these streams
having many stars close to the Sun, and therefore smaller observational uncertainties.
One should note that there is no guarantee that streams with such characteristics will be
present in the Gaia dataset, both because of the requirement on their orbital properties
as well as on the rather optimistic assumptions on the distance and proper motion errors.

Another important issue is that the right potential is necessary to derive the cor-
rect angle and frequency space distributions. Fortunately, an incorrect potential distorts
the distribution in angle and in frequency spaces in such a manner that each space can
be used independently to improve the estimation of the potential, for sufficiently long
streams. For short streams (e.g. with only one wrap), the misalignment observed might
be confused with time evolution instead of the wrong assumptions about the potential.
Therefore the use of short streams could induce a bias in the derived values of the char-
acteristic parameters of the potential or its time-dependence.

By construction, we have neglected the effect of self-gravity in our experiments. Self-
gravity would create a gap in the action space between (the progenitor and) the leading
and trailing streams (Gibbons et al. 2014), because the particles released at specific
points along the orbit (rather than continuously) are offset in energy (Johnston 1998).
This structure will likely also be apparent in the angle and frequency distributions of the
particles that make up the stream (Eyre & Binney 2011). Moreover, when close to the
progenitor, released particles still experience a gravitational pull by the progenitor (Choi
et al. 2009), and epicyclic oscillations are seen in streams in N-body simulations (Küpper
et al. 2010, 2012). These effects may complicate fitting a straight line to the distribu-
tion and determining accurately its slope, but after the particles become unbound, the
dynamics is essentially the same as in our test-particle integrations (Sanders & Binney
2014).

Other interesting time-dependent effects may be involved in shaping streams and
complicate interpretations. Interactions with dark subhaloes orbiting the Galactic halo
will affect the structure of streams and for example create gaps (Yoon et al. 2011; Carl-
berg 2013; Ngan & Carlberg 2014). Dwarf galaxies as massive as the Large and Small
Magellanic Clouds are able to perturb significantly the potential (Vera-Ciro & Helmi
2013), and might induce non-adiabatic changes in the streams orbits (Gómez et al.
2015). It seems therefore important to try and understand these less secular effects
on the dynamical evolution of streams.

We have presented here the first steps towards understanding the imprints of time-
evolution. Further explorations are necessary, since for example we have not looked at
other density profiles, deviations from spherical symmetry, or taken into account the ef-
fects of a live halo or a (growing) disk. It may be possible to extend our method to any
potential for which action-angle coordinates can be derived or approximated, and we do
expect the general behaviour to be similar when the potential is growing adiabatically.
Overall, we expect the imprint of the smooth mass growth of the Galactic dark halo to
be present in streams, and to a have a small but non-negligible magnitude.

H.J.T.B. and A.H. gratefully acknowledge financial support from ERC-Starting Grant
GALACTICA-240271. We thank the anonymous referee for a constructive report that
helped improve this manuscript. H.J.T.B. thanks Robyn E. Sanderson for the many inter-
esting and useful discussions.



BIBLIOGRAPHY 63

Bibliography

Belokurov, V., Zucker, D. B., Evans, N. W., et al. 2006, ApJ, 642, L137
Binney, J. 2008, MNRAS, 386, L47
Binney, J. 2012, MNRAS, 426, 1324
Binney, J. & McMillan, P. 2011, MNRAS, 413, 1889
Binney, J. & Tremaine, S. 2008, Galactic Dynamics: Second Edition (Princeton University

Press)
Bonaca, A., Geha, M., Küpper, A. H. W., et al. 2014, ApJ, 795, 94
Bovy, J. 2014, ApJ, 795, 95
Buist, H. J. T. & Helmi, A. 2014, A&A, 563, A110
Carlberg, R. G. 2013, ApJ, 775, 90
Choi, J.-H., Weinberg, M. D., & Katz, N. 2009, MNRAS, 400, 1247
Dalton, G., Trager, S. C., Abrams, D. C., et al. 2012, in Society of Photo-Optical Instru-

mentation Engineers (SPIE) Conference Series, Vol. 8446, Society of Photo-Optical
Instrumentation Engineers (SPIE) Conference Series, 0

de Jong, R. S., Bellido-Tirado, O., Chiappini, C., et al. 2012, in Society of Photo-Optical
Instrumentation Engineers (SPIE) Conference Series, Vol. 8446, Society of Photo-
Optical Instrumentation Engineers (SPIE) Conference Series, 0

de Zeeuw, T. 1985, MNRAS, 216, 273
Eyre, A. & Binney, J. 2009, MNRAS, 400, 548
Eyre, A. & Binney, J. 2011, MNRAS, 413, 1852
Gibbons, S. L. J., Belokurov, V., & Evans, N. W. 2014, MNRAS, 445, 3788
Goldstein, H. 1950, Classical mechanics (Addison-Wesley Publishing Company)
Gómez, F. A., Besla, G., Carpintero, D. D., et al. 2015, ApJ, 802, 128
Gómez, F. A. & Helmi, A. 2010, MNRAS, 401, 2285
Grillmair, C. J. & Dionatos, O. 2006, ApJ, 643, L17
Grillmair, C. J., Freeman, K. C., Irwin, M., & Quinn, P. J. 1995, AJ, 109, 2553
Grillmair, C. J. & Johnson, R. 2006, ApJ, 639, L17
Helmi, A. 2008, A&A Rev., 15, 145
Helmi, A. & de Zeeuw, P. T. 2000, MNRAS, 319, 657
Helmi, A. & White, S. D. M. 1999, MNRAS, 307, 495
Helmi, A., Zhao, H., & de Zeeuw, T. 1999, in Astronomical Society of the Pacific Con-

ference Series, Vol. 165, The Third Stromlo Symposium: The Galactic Halo, ed. B. K.
Gibson, R. S. Axelrod, & M. E. Putman, 125

Ibata, R., Irwin, M., Lewis, G., Ferguson, A. M. N., & Tanvir, N. 2001a, Nature, 412, 49
Ibata, R., Irwin, M., Lewis, G. F., & Stolte, A. 2001b, ApJ, 547, L133
Ibata, R. A., Gilmore, G., & Irwin, M. J. 1994, Nature, 370, 194
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3.A Computing the angles

The angles result from the derivatives of the generating function W (x,J) w.r.t. the actions

θ =
∂W (x,J)

∂J
, (3.39)

(Binney & Tremaine 2008, Eq. 3.204). The complete generating function for a spherical
system is given by (modified from Eq. 3.220, Binney & Tremaine 2008)

W (x,J) = Wφ (φ ,J)+Wϑ (ϑ ,J)+Wr(r,J)

= φJφ +
∫

ϑ

ϑmin

dϑ pϑ (Jφ ,Jϑ )+
∫ r

rperi

dr pr(Jr,Jφ ,Jϑ ),
(3.40)
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where we integrate over the particles trajectory in phase space, which means for example
that during a whole radial period, the particle transverses the branch from pericentre to
apocentre twice, but once in reversed direction. The latitudinal momentum pϑ is

p2
ϑ = L2−

L2
z

sin2
ϑ

= L2
(

1− cos2 i
sin2

ϑ

)
, (3.41)

where cos i = Lz/L. The radial momentum pr is

p2
r = 2(H(J)−Φ(r))− L2

r2 , (3.42)

where L = Jθ + |Jφ | and Jφ ≥ 0 is assumed9.

We find the radial angle as

θr =
∂W (x, J)

∂Jr
=

∂H
∂Jr

∂Wr

∂H
= ΩrWr,H , (mod 2π), (3.43)

where we note that the angles are always defined modulo 2π because there is no infor-
mation on how many loops a particle made around the Galactic centre. The derivative
of the generating function is given by

Wr,H =
∫ dr

pr
=

{
f1(r) if pr ≥ 0,

2 f1(rapo)− f1(r) if pr < 0,

f1(r) =
∫ r

rperi

dr
pr

,

f1(rapo) =
π

Ωr
, (3.44)

where the conditions on pr are necessary to take the right branch of f1. After one full
period we find θr = 2π as expected.

For the azimuthal angle we find

θφ =
∂W (x, J)

∂Jφ

= φ +Wϑ ,Jφ
+Wr,Jφ

+ΩφWr,H , (mod 2π), (3.45)

where we find φ using the (quadrant-aware) arctangent

φ = arctan(y/x). (3.46)

The derivative Wr,H has already been worked out for θr, and the other derivatives are

Wr,Jφ
=−L

∫ dr
pr r2 =−L

{
f2(r) if pr ≥ 0,

2 f2(rapo)− f2(r) if pr < 0,

f2(r) =
∫ r

rperi

dr
pr r2 ,

f2(rapo) =
Ωφ

L
f1(rapo), (3.47)

9 Otherwise, every derivative of L w.r.t. Jφ results in a multiplication with sign(Jφ ).
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Wϑ ,Jφ
=
∫ dϑ

pϑ

[
L−

Jφ

sin2
ϑ

]
=
∫

dϑ
1− cos i

sin2 ϑ√
1− cos2 i

sin2 ϑ

=

{
f3(ϑ) if pϑ ≥ 0,

− f3(ϑ) if pϑ < 0,

f3(ϑ) =
∫

ϑ

ϑmin

dϑ
1− cos i

sin2 ϑ√
1− cos2 i

sin2 ϑ

,

f3(ϑmax) = 0. (3.48)

The function Wϑ ,Jφ
is oscillatory in nature (w.r.t. ϑ), while also the combination Wr,Jφ

+
ΩφWr,H is oscillatory (w.r.t. r): after one radial period it evaluates to −2L f2(rapo) +
2Ωφ f1(rapo) = 0.

The latitudinal angle is given by

θϑ =
∂W (x, J)

∂Jϑ

= Wϑ ,Jϑ
+Wr,Jϑ

+ΩϑWr,H , (mod 2π). (3.49)

Because we assume Jφ ≥ 0 we find Wr,Jϑ
= Wr,Jφ

and Ωϑ = Ωφ . The remaining derivative
of the generating function is

Wϑ ,Jϑ
=
∫ dϑ

pϑ

L =
∫

dϑ
1√

1− cos2 i
sin2 ϑ

=

{
f4(ϑ) if pϑ ≥ 0,

2π− f4(ϑ) if pϑ < 0,

f4(ϑ) =
∫

ϑ

ϑmin

dϑ
1√

1− cos2 i
sin2 ϑ

,

f4(ϑmax) = π, (3.50)

where the term Wr,Jϑ
+ ΩϑWr,H vanishes after one radial period, while the term Wϑ ,Jϑ

contains the dependence on ϑ and increases by 2π after one period in ϑ .

3.B Transformation equations

The linearised transformation between action-angle coordinates and Cartesian coordi-
nates is

T =


∂2W
∂J∂J

∂J
∂q

+
∂2W
∂J∂q

∂2W
∂J∂J

∂J
∂p

∂J
∂q

∂J
∂p

 . (3.51)
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For simplicity, we provide here the matrix for the 2-D case (i.e. when the orbit is in the
plane). In that case, Jθ = 0 and Jφ = L = Lz, so that we find

T =



1 tθφ ,r tθφ , pφ
tθφ , pr

0 tθr ,r tθr , pφ
tθr , pr

0 0 1 0

0 tJr ,r tJr , pφ
tJr , pr


, (3.52)

where the above terms are given by

tθφ ,r =
κ

pr
+WJφ ,Jr

η

Ωr
, tθφ , pφ

= WJφ ,Jφ
−WJφ ,Jr

κ

Ωr
, (3.53)

tθφ , pr = WJφ ,Jr

pr

Ωr
, tθr ,r =

Ωr

pr
+WJφ ,Jφ

η

Ωr
, (3.54)

tθr , pφ
= WJφ ,Jr −WJr ,Jr

κ

Ωr
, tθr , pr = WJr ,Jr

pr

Ωr
, (3.55)

tJr ,r =
η

Ωr
, tJr , pφ

=− κ

Ωr
, (3.56)

tJr , pr =
pr

Ωr
. (3.57)

The functions κ and η are

κ = Ωφ −
L
r2 , (3.58)

η =
∂Φ

∂r
− L2

r3 , (3.59)

and the WJi,J j are found by differentiating the generating function

WJφ ,Jφ
=

∂2W
∂J2

φ

=
∫ r

rperi

dr
pr

(
∂Ωφ

∂Jφ

− 1
r2 −

κ2

p2
r

)
, (3.60)

WJr ,Jr =
∂2W

∂Jr∂Jr
=
∫ r

rperi

dr
pr

(
∂Ωr

∂Jr
− Ω2

r

p2
r

)
, (3.61)

WJr ,Jφ
=

∂2W
∂Jr∂Jφ

=
∫ r

rperi

dr
pr

(
∂Ωφ

∂Jr
− κ

p2
r

Ωr

)
. (3.62)
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Chapter 4
On the behaviour of streams in
angle and frequency spaces in
different potentials

Abstract

WE have studied the behaviour of stellar streams in the Aquarius fully cosmological N-
body simulations of the formation of Milky Way haloes. In particular, we have char-
acterised the streams in angle and frequency spaces derived using an approximate

but generally well-fitting spherical potential. We have also run several test-particle simulations to
understand and guide our interpretation of the different features we see in the Aquarius streams.
Our goal is both to establish which deviations of the expected action-angle behaviour of streams
exist because of the approximations made on the potential, but also to derive to what degree we
can use these coordinates to model streams reliably.

We have found that many of the Aquarius streams wrap in angle space along relatively straight
lines, and distribute themselves along linear structures also in frequency space. On the other hand,
from our controlled simulations we have been able to establish that deviations from spherical
symmetry, the use of incorrect potentials and the inclusion of self-gravity lead to streams in angle
space to still be along relatively straight lines but also to depict wiggly behaviour whose amplitude
increases as the approximation to the true potential becomes worse. In frequency space streams
typically become thicker and somewhat distorted. In all cases, the energy gradient along the
stream seems almost intact in frequency space, but this is not the case for angle space. Therefore,
our analysis explains most of the features seen in the approximate angle and frequency spaces
for the Aquarius streams with the exception of their somewhat ‘noisy’ and ‘patchy’ morphologies.
These are likely due to the interactions with the large number of dark matter subhaloes present in
the cosmological simulations. Since the measured angle-frequency misalignments of the Aquarius
streams can largely be attributed to using the wrong (spherical) potential, the determination of the
mass growth history of these halos will only be feasible once (and if) the true potential has been
determined robustly.
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4.1 Introduction

In the last two decades much progress has been made on the discovery and character-
isation of tidal streams around our Milky Way and in other nearby galaxies (see e.g.
Koposov et al. 2012; Martin et al. 2014). Tidal streams consist of stars stripped from
disrupted satellites (dwarf galaxies and globular clusters) that move on nearly parallel
orbits. As such they constitute extremely sensitive probes of the mass distribution in the
host system (Johnston et al. 1999; Ibata et al. 2001; Johnston & Bullock 2004; Law et al.
2005; Law & Majewski 2010; Koposov et al. 2010; Vera-Ciro & Helmi 2013; Sanders &
Binney 2013b; Sanderson et al. 2014). This is one of the drivers of the observational
and theoretical studies of streams, as one of their ultimate goals is to establish the mass
distribution in the dark halo of the Milky Way, which in turn will lead to a better under-
standing of the nature of dark matter (see e.g. Strigari 2013).

The recently launched Gaia satellite (Perryman et al. 2001) will provide the phase-
space coordinates of a vast sample of stars in the Milky Way in the next decade. Together
with spectroscopic follow-up surveys of the fainter Gaia stars such as 4MOST (de Jong
et al. 2012) and WEAVE (Dalton et al. 2012), these datasets will produce an unprece-
dented detailed view of our Galaxy. This also means that our understanding of the dy-
namics of the halo and its streams needs to be sharpened as to maximally exploit the
wealth of data that will soon become available (see e.g. Johnston et al. 1999; Law &
Majewski 2010; Eyre & Binney 2011; Bonaca et al. 2014).

Action-angle coordinates provide an excellent tool to describe the evolution of streams
(Tremaine 1999; Helmi & White 1999). For example, the evolution of stars in angle space
is linear with time for a static potential while the actions are adiabatic invariants. The
difficulty lies in finding the necessary coordinate transformations. Only for spherical and
Staeckel potentials can we directly compute the angles and actions because the Hamilton-
Jacobi equation is separable (Goldstein 1950; de Zeeuw 1985; Binney & Tremaine 2008).
However, in recent years several approximate schemes have been developed to overcome
this problem, based on the work of McGill & Binney (1990) and Kaasalainen & Binney
(1994). In this case an appropriately chosen toy potential is used to compute the true
action-angles (see e.g. McMillan & Binney 2008; Fox 2012; Sanders & Binney 2014; Bovy
2014). An alternative is to approximate the potential locally by a Staeckel potential (ax-
isymmetric or triaxial); this is known as the ‘Staeckel fudge’ (Binney 2012; Sanders &
Binney 2015).

The availability of full phase-space information for a large number of stars in the
Gaia dataset will assist greatly in exploiting the power of action-angle coordinates for
streams (McMillan & Binney 2008). Actions (and integrals of motion) may be used as
well to derive the accretion history of the halo of the Milky Way, because even when a
stream is fully phase mixed, relics are left behind that are clumped in this space (Helmi
& de Zeeuw 2000). This clumpiness in action space can also be employed to determine
the gravitational field in which the stars have evolved because the largest degree of
clustering occurs when the actions are computed in the true potential (Sanderson et al.
2014; Peñarrubia et al. 2012). The angles and frequencies can also be used to this
end, because streams should lie along straight lines that have the same slope in angle
and in frequency space for the correct gravitational potential under the condition that
this is static (Sanders & Binney 2013a,b). In Buist & Helmi (2015) we argued that an
adiabatically growing potential will cause a small difference in these slopes, or an angle-
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frequency misalignment. We also pointed out that there are several other indicators in
angle and frequency space that the potential used in the computation may be incorrect,
and this allows the determination of the characteristic parameters of the true potential
to be separated from its time-evolution.

We continue along that line of study in this Chapter, where we explore the behaviour
of streams evolved in fully cosmological N-body simulations. In particular, we charac-
terise the streams in angle and frequency spaces that were obtained using an approx-
imate, good fitting spherical potential. We also run several test-particle simulations to
understand and guide our interpretation of the different features we see in the N-body
simulations. Our goal is both to establish which perturbations of the action-angle be-
haviour of streams exist because of the approximations made on the potential, but also
to derive to which degree we can use these coordinates to study streams.

This Chapter is built up as follows. In Sec. 4.2 we describe the cosmological N-body
simulations we study and show the stream catalogue used. In Sec. 4.3 we discuss the
behaviour in the action-angle coordinates that we compute using an appropriately chosen
spherical potential. In Sec. 4.4 we present a set of test-particle simulations evolved in an
axisymmetric potential that are loosely based on the streams found in the cosmological
simulations, and show their true action-angle behaviour. In Sec. 4.5 we demonstrate why
streams are generally on straight lines in angle and in frequency space. In Sec. 4.6 we
determine the impact of computing the action-angles of the test-particle simulations of
Sec. 4.4 in several incorrect potentials, and discuss the effect of self-gravity. We end in
Sec. 4.7 with a discussion and conclusions.

4.2 Streams in cosmological simulations

4.2.1 Description of the Aquarius project and its stellar haloes

The Aquarius project (Springel et al. 2008; Navarro et al. 2010) consist of a set of
six re-simulations of Milky-Way mass (∼ 1012 M�) dark matter haloes extracted from
a larger cosmological parent simulation (Gao et al. 2008). They were selected to have
no close massive neighbours at z = 0, and form late-type galaxies when evolved using
semi-analytic galaxy formation models. We use 5 out of the 6 haloes, Aq-A to Aq-E in
this work, because halo Aq-F experiences a major merger at recent times and hence does
not resemble the Milky Way (Wang et al. 2011).

We extract streams from the accreted component of stellar haloes modelled using
the Durham semi-analytic model GALFORM. Cooper et al. (2010) have associated stellar
populations with dark matter particles in the simulations via a ‘tagging’ scheme. Lowing
et al. (2015) took this a step further and generated individual stars from these popu-
lations by re-sampling the dark matter particles and using stellar population synthesis
modelling. Another difference between these works is that Cooper et al. used the Bower
et al. (2006) version of GALFORM, while Lowing et al. used the Font et al. (2011) ver-
sion which has improved physics on dwarf galaxy scales that makes model satellites more
similar to those observed around the Milky Way. Here we use the public catalogue that
Lowing et al. offer online1, which has all stars with magnitude Mg < 7.

1 http://galaxy-catalogue.dur.ac.uk:8080/StellarHalo
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The Lowing dataset re-samples the dark matter particles’ positions and velocities in
a way that aims to preserve their distribution in phase-space. To observe streams in
the halo of the Milky Way it is common to select the bright giant stars such as the Red
Giant Branch (RGB) or Main Stream Turnoff (MSTO) stars. We noticed that some of
the thinner simulated streams look quite clumpy when only using the RGB stars, most
likely because of the re-sampling of the dark matter particles. Since our interest is only
in the dynamical features of the streams, we instead decided to use the source (‘tagged’)
dark matter particles. To this end we have matched the dark matter ID’s to those in the
outputs of the Aquarius dark matter simulations and found the positions and velocities
of the source particles for the Lowing dataset. Whether we would have used the RGB
stars or the dark matter particles does not matter much for the number statistics as both
sets have similar sizes.

We aligned the coordinate system to that of the parent dark halo by using the principal
axes determined at 100 kpc from the centre by Vera-Ciro et al. (2011). These authors
used a method based on the reduced inertia tensor method (Allgood et al. 2006) which
closely follows isodensity contours. The z-direction is chosen along the major axis for
haloes Aq-A to Aq-D, and along the minor axis for Aq-E. Further details on the shapes
are discussed in Sec. 4.4.1. This coordinate system aligns the particles to the planes of
symmetry of the parent halo. Depending on the approximations we use for the potential
this can give a more satisfactory understanding of the dynamics of these streams.

4.2.2 Mass distribution of the Aquarius haloes

The Aquarius haloes can be fit with a spherical mass distribution, although they are not
really spherical. Here we use the Navarro-Frenk-White profile (Navarro et al. 1996, 1997,
hereafter NFW) that provides a relatively good description of the mass distribution in the
regions where we study streams (r∼ 50−100 kpc, see Springel et al. 2008; Navarro et al.
2010), and we prefer it because of its simplicity and computational efficiency compared
to the slightly better fitting Einasto profile (Einasto 1965). We computed the spherically
averaged mass profiles for each of the main haloes and fitted these using the parametri-
sation in scale mass Ms and scale radius rs as described in Buist & Helmi (2014).

In Fig. 4.1 we show the results obtained when fitting the spherical circular velocity
profile for halo Aq-A and Aq-D (see also Navarro et al. 2010). Halo Aq-D is much better
fitted by an NFW profile than halo Aq-A, which has two (local) maxima in the circular
velocity profile. Halo Aq-A is rather triaxial and perhaps this is due to its shape. For our
purposes, the fits in Fig. 4.1 are quite reasonable and we will use these for our analyses
throughout this Chapter.

The streams in the Aquarius haloes have evolved in a fully dynamic time-dependent
potential. In Buist & Helmi (2014) we fitted the time-evolution of the Aquarius main
haloes assuming spherical symmetry, according to a model in which the growth of the
scale mass Ms and scale radius rs with redshift z are given by

Ms(z) = Ms,0 exp(−2agz),

rs(t) = rs,0

(
Ms(t)
Ms,0

)1/γ

.
(4.1)

Here ag is the formation epoch: for an earlier formation epoch, the final mass of the halo
is sooner in place, and the growth rate is lower at late times. The parameter γ is fixed
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Figure 4.1: The enclosed mass (left) and circular velocity (right) for halo Aq-A (top panels)
and halo Aq-D (bottom panels) with NFW fits to the circular velocity (blue lines). The red dashed
curve shows the profile when we match the peak velocity. For an NFW the position of this maximum
depends only on rs and the magnitude only on Ms. The radial range is from the convergence radius
(Power et al. 2003; Navarro et al. 2010) up to r200 (see Springel et al. 2008).

Figure 4.2: Scale mass Ms as a function of time for the best fitting growth rate ag and inside-out
growth (γ = 2) for halo Aq-A and halo Aq-D.
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at 2, which ensures that the halo grows inside-out. As the scale mass and scale radius
are increasing in our model, the particles’ orbits shrink with time (i.e. r/rs is decreasing).
The results for halo Aq-A and Aq-D are shown in Fig. 4.2.

4.2.3 Selection of streams

Not all objects in the Aquarius stellar haloes are apparent as stream-like structures, for
example this may be the case if the object is too small or if it has not been significantly
disrupted. In each of the 5 Aquarius haloes there are about 100-200 individual progeni-
tors, of which about 20% have produced visible stream-like features by z = 0. We selected
these by eye and verified this selection by checking that they also appeared streamy in
their approximate angle coordinates, as explained in the next sections. Fig. 4.3 shows
that halo Aq-A, Aq-C and Aq-D are hosting large streamy structures out to very large radii,
while halo Aq-B and Aq-E are typically more compact (see also Cooper et al. 2010). To
avoid flooding this Chapter with figures we focus next on the streams from halo Aq-A and
Aq-D as these show many interesting streams up to large radii. We also impose a lower
limit of at least 500 dark matter ‘tagged’ particles for each progenitor to exclude the re-
ally small streams. This limit corresponds to a ‘tagged’ dark matter mass of ∼ 7×106 M�.
Further, we selected only some of the shell-like structures that appear near the long axis
(here the z-axis) because they are often phase mixed, and these structures correspond to
more radial orbits that contribute a lot to the inner regions of, for example, halo Aq-D.

4.2.4 The morphology of selected streams

Streams consist of groups of stars that have similar orbits, and the relatively small vari-
ance in their orbits creates structures whose trajectory follows closely the orbit of the
progenitor (Jin & Lynden-Bell 2007; Binney 2008), although not exactly (Choi et al.
2007; Eyre & Binney 2009; Sanders & Binney 2013b). We can therefore analyse the
streams in terms of the orbits permitted by the potential.

The individual streams for halo Aq-A and Aq-D with more than 500 dark matter
particles are shown in Fig. 4.4. The IDs of the streams given in this figure correspond
one-to-one with tree-IDs in the Lowing catalogue. The colours in the figure represent the
binding energy computed in the best fitting spherical NFW potential (yellow is the most
bound, blue is the least bound). Each of the streams was selected to have at least one
stream-like feature or loop.

Typically the streams consist of one or more petals, but they are not the clean rosette-
like figures seen in the case of spherical potentials (see e.g. Buist & Helmi 2015), because
in a triaxial potential many more orbit families exist. The base class of orbits in a triaxial
potential are the box and tube orbits around the major, intermediate and minor axes.
Box orbits get arbitrarily close to the centre of the potential, a property they share with
purely radial orbits in a spherical potential and do not have a sense of rotation. Tube
orbits circulate about one of the axes of the potential and never get to the centre of
the potential, which they have in common with loop orbits in a spherical potential. For
example, stream S56 in halo Aq-D and stream S98 in halo Aq-A are distributed on a
structure similar to that defined by a box orbit, while stream S108 in halo Aq-A seems to
be similar to a ‘fish’-orbit (3:2 resonance, see e.g. Miralda-Escude & Schwarzschild 1989;
Merritt & Valluri 1999; Binney & Tremaine 2008).
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Figure 4.3: Density plots of the ‘tagged’ dark matter particles from the stream-like objects with
more than 500 dark matter particles for all Aquarius stellar haloes. The top-panels show the y-z
projection and the bottom panels the x-z planes. The coordinates were aligned with the principal
axes determined by Vera-Ciro et al. (2011) at 100 kpc from the main halo centre. The minor and
intermediate axes are in the x-y plane and the major axis (halo Aq-A to Aq-D) or minor axis (halo
Aq-E) is along the z direction.

As a first step in our characterisation of streams we now focus on how close the
streams follow orbits in the best fitting spherical potential. The initial conditions of the
orbit are determined from a particle located in the highest density portion of the stream,
which typically means we take a bound particle in the progenitor. We integrate this parti-
cle forwards and backwards for 4 Gyr in our best fitting NFW potential to approximately
match the streams’ length.

Fig. 4.5 shows the results in the y-z plane. For the thinner streams with only one or
two wraps the orbits seem to be able to follow the stream, such as for halo Aq-A S158
and S151, but also the much thicker S164 has at least one loop reasonably matched.
Many of the heavier streams that have more wraps show a big difference in radial extent
when compared to the orbits, with halo Aq-A S104 giving one of the least satisfactory
results. This is not too surprising given that the spherical potential only supports a very
limited range of orbit families. Also, a single orbit cannot fit the stream’s radial extent
because this depends on the range of energies of the particles, and this is particularly
large for some of our objects.

In Fig. 4.6 we show the streams in the r-vr plane with the corresponding orbits over-
laid. In this figure we see again that some streams have many more wraps, and that our
orbits integrated in a spherical potential are not able to match their radial extent. But in
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Figure 4.4: The stream-like objects from halo Aq-A (top) and halo Aq-D (bottom) in the y-z
projection as in the top panel of Fig. 4.3. Shown here are the dark matter source particles of
the streams, and the numbers indicate the object IDs used throughout this Chapter. The colours
represent the energy gradient computed using the best-fitting spherical NFW potential, with yellow
the most bound particles, and blue those least bound. The streams have been sorted by dark matter
mass, with the lightest stream on the top-left and the most massive on the bottom-right.
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Figure 4.5: The y-z projection for spherical orbits in the best fitting spherical potential to halo
Aq-A (top panels) and halo Aq-D (bottom panels) overplotted on the streams from Fig. 4.4. The
orbit is taken from a particle (indicated with a red cross) near or in the progenitor and has been
evolved 4 Gyr forward and backwards in time assuming a static potential. The colours of the
stream particles indicate the energy gradient as in Fig. 4.4.
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Figure 4.6: The r-vr projection for spherical orbits in the best fitting spherical potential to halo
Aq-A (top panels) and halo Aq-D (bottom panels). The colour and labelling schemes are the same
as in Fig. 4.5.
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all cases, the orbit seems to match reasonably at least a single wrap. Often the progenitor
appears as a vertical diamond shaped object in the stream. Its location coincides quite
well with the location of the highest density of the stream, which was chosen to define
the initial conditions for the orbital integration and is indicated by the red cross. Near
the progenitors of halo Aq-D S72 and S73 we see very long arms that at the ends seem to
dissolve in the stream. Most likely these particles are not yet completely unbound from
the progenitor (see e.g. Gibbons et al. 2014)

We conclude that our orbits do reproduce some of the wraps of the streams, but
typically they lack the complexity that is seen in the Aquarius simulations’ streams. This
is partially related to the size of the systems, but for a major part also to the kind of orbits
the actual streams are on.

4.3 Action-angle behaviour of Aquarius streams in
spherical potentials

We now investigate the properties of our streams in action-angle space, since in this
space the behaviour of streams is expected to be particularly simple. In this section we
assume the underlying potential is spherical and represented by our best fitting NFW
potential. Staeckel potentials are another example of separable potentials that allow
the direct computation of the angles, frequencies and actions associated with a stream
(Helmi & White 1999; de Zeeuw 1985), and these are used in Sec. 4.4. For other more
complex, non-separable potentials approximations for the computation of e.g. the actions
are necessary (see Kaasalainen & Binney 1994; McMillan & Binney 2008; Binney 2012;
Sanders 2012; Sanders & Binney 2014, 2015; Bovy 2014) but their application to our
streams is beyond the scope of this Chapter.

The procedure to compute the actions, angles and frequencies in a spherical poten-
tial has been worked out before (see Goldstein 1950; Binney & Tremaine 2008). When
applied to our streams, we lose a small fraction of the particles in this procedure, for ex-
ample because some of the numerical integrals do not converge well if the particles are
almost unbound in the approximated spherical potential. Note that in a spherical poten-
tial, Ωφ and Ωϑ are equal (apart from a possible sign difference, see Binney & Tremaine
2008). However the corresponding angles derived for the particles in our streams are
different because they depend on the positions of the particles in configuration space and
are computed using a spherical approximation to the true potential.

In Figs. 4.7 and 4.8 we show the distribution of particles in the spaces θr-θφ and θr-
θϑ respectively. The most striking feature in these figures is that each of the streams is
distributed along more or less straight lines as we had seen in Buist & Helmi (2015), even
though the host potential is really not spherical. For all streams, the behaviour in θr-θϑ

space is generally cleaner and the individual streams are seen more clearly than in θr-θφ

space. This difference in behaviour is due of course, to the haloes being non-spherical.
Interestingly the range in the slopes of the streams in θr-θϑ for Aq-D is remarkably small,
which may be related to the fact that halo Aq-D is more symmetric than halo Aq-A.

We fit straight lines to the streams, in analogy to what we did in Buist & Helmi
(2015). Our method to fit lines to the distributions of streams in angle space is discussed
in Appendix 4.A. We fit the distributions in θr-θφ and θr-θϑ separately, because we know
the potential is not spherical and, as we just saw, the behaviour in both spaces is very
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Figure 4.7: The θr-θφ space for the streams selected from halo Aq-A (top panel) and Aq-D
(bottom panel), computed with the best fitting spherical potentials. The angles were centred
around the most bound particle in the progenitor, or around a particle closest to the highest density
in θr-θφ space. The colours indicate the energy gradient assuming the spherical potential. The
distributions were fitted with straight lines after removing generously particles still bound to the
progenitor. The insets show the fitted slope and its error as estimated from bootstrapping 20 times.
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Figure 4.8: As Fig. 4.7, but now the θr-θϑ angle space for the streams selected from halo Aq-A
(top panel) and Aq-D (bottom panel).
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different. Particles that still form a bound progenitor are removed in the fitting procedure
because they are not expected to follow the general action-angle behaviour of the stream.
The result of this removal is clearly visible for example, for Aq-D S73 and Aq-A S164
where we see a gap in the middle of the distribution in angle space.

The fitting procedure puts into evidence several noticeable distortions in angle space
because sometimes the different wraps of a stream are not on parallel lines, such as for
halo Aq-A S108 and S116. This clearly poses a challenge to the determination of the
slope. For this reason we have to take the slopes determined with our method generally
with some care (especially in the case of S116) as the quoted errors do not account
for such systematic uncertainties. A quick visual inspection usually helps to evaluate
the outcome and the reliability of the fit. Much more subtle is the deviation seen in the
bottom-left of Aq-A stream S158, which shows a straight structure that suddenly deviates
and spreads out.

The slopes in θr-θφ space vary much more than those in θr-θϑ space, which is espe-
cially seen in halo Aq-D, where the slopes in θr-θϑ are all very close to 0.5. In a spherical
potential, this slope would be the same as in θr-θφ space. Generally, we also notice that
the streams in halo Aq-D seem less perturbed than the streams in halo Aq-A.

In our selection of streams we also included several objects on very radial orbits, and
whose debris is distributed in an hour-glass shape in configuration space, such as Aq-A
S98, and Aq-D S56 and S98. In θr-θφ space they seem very mixed and do not show
very distinct structures, but there still is some structure present and this is fitted by our
algorithm. These objects are typically more massive and close to the centre of the halo
and therefore much phase mixed, especially in θr-θφ .

In Fig. 4.9 we show the frequency distributions of the streams. These follow closely a
straight line, although sometimes they are quite thick. For Aq-A S108 and S116 the width
in frequency space is not everywhere the same. This is one of the signatures expected
when using the wrong potential to compute the frequencies, although it is possible that
the features were caused by the process of disruption of the progenitor or interactions
with dark matter subhaloes.

The determination of the fitted slopes is more robust in frequency space, and these
show a considerably smaller range than the slopes in angle space. Furthermore, the
slopes in angle space and frequency space differ, especially when comparing to the θr-
θφ space to frequency space. They are expected to be equal in the true (static) potential
(Sanders & Binney 2013b,a). In Buist & Helmi (2015) we found that in a time-dependent
potential, the slope in angle space is steeper than in frequency space (S(∆θ) > S(∆Ω)).
Therefore, since the potentials in our N-body simulations have grown in time we might
expect the angle space slope to be larger. For some of the streams in our sample this is
indeed the case, but there are quite a few streams for which this does not hold, such as
Aq-D S116 and Aq-A S112, for which the magnitude of the angle-frequency difference is
far greater than what can be expected for (adiabatic) evolution of the halo. Also in θr-θϑ

space many streams are not in line with our predictions. Overall we find that in θr-θϑ ,
27 of the 45 streams have a larger slope in frequency than in angle space, i.e. they do
not follow the expected behaviour, and for θr-θφ , 17 out of the 45 streams. We therefore
attribute these differences to the incorrect potential, and not to time-dependence.

We also expect an energy gradient to be present along a stream (Buist & Helmi 2015),
and although this is visible in frequency space it is less clear in angle space. In the θr-θϑ

space this is more difficult to see because the streams tend to overlap, for example for
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Figure 4.9: Frequencies computed with the best fitting spherical potentials for our selection of
streams from halo Aq-A (top panels) and Aq-D (bottom panels). We only show one frequency
space, because in a spherical potential Ωφ = Ωϑ . The frequencies are centred around the same
particle as in Figs. 4.7 and 4.8. The distributions were fitted with straight lines after removing
generously the bound particles from the progenitor. The colours indicate the energy gradient for
the spherical potential. The insets show the fitted slope and estimated errors.
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Aq-D S56 and S98. This is not unexpected, as even small (of order 10%) differences in
the characteristic parameters of the potential can lead to the energy gradient being lost,
even when the stream itself has a normal appearance in angle space. An exception is
Aq-A S164 in θr-θφ -space, which does seem to have a continuous energy gradient when
following the stream along its various wraps. We experimented with the enclosed mass
for the particular case of Aq-A S158 to see if the behaviour in angle space and the energy
could be improved. However we were unable to remove the bend at the bottom-left in
θr-θφ space, a behaviour that in the spherical case is indicative of wrong values of the
characteristic parameters of the potential. It is clear from the analysis presented in this
section that it is the shape of the potential that is wrong rather than the value of the
enclosed mass.

We conclude that streams can still look rather regular in angle and frequency space
when using the incorrect shape of the potential, even if they evolved in a potential that
grew via accretion and merging. In later sections of this Chapter we will investigate what
are the conditions for streams to be distributed along such straight lines.

4.4 Test-particle simulations of streams in axisymmetric
potentials

We will now study the behaviour in action-angle space of streams evolved in an axisym-
metric Staeckel potential. To this end we ran several test-particle simulations. The initial
orbital conditions for the streams are the same as for the orbits in the spherical poten-
tial in Sec. 4.2.4 and the potential is based on the best fitting spherical NFW potential
that we derived in Sec. 4.2.2. In axisymmetric potentials there is a richer variety of orbits
than in a spherical potential, and in the case of a Staeckel potential, the true action-angle
coordinates can be quickly found.

4.4.1 Potential set-up

For the orbit integrations we use the Kuzmin-Kutuzov axisymmetric Staeckel potential
(Dejonghe & de Zeeuw 1987). In cylindrical coordinates this potential has the following
form

ΦK(R,z) =− GMK√
a2

K + c2
K +R2 + z2 +2

√
a2

Kc2
K +R2c2

K +a2
Kz2

, (4.2)

and in prolate ellipsoidal coordinates it takes simple expression

ΦK(λ ,ν) =− GMK√
λ +
√

ν
, (4.3)

where the relations between λ , ν and R, z can be expressed as

λν = c2
KR2 +a2

Kz2 +a2
Kc2

K,

λ +ν = R2 + z2 +a2
K + c2

K.
(4.4)

This potential reduces in the spherical limit (aK = cK) to Henon’s isochrone potential (De-
jonghe & de Zeeuw 1987; Henon 1959). For convenience we link the parameters MK, aK
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and cK to the isochrone scale radius riso and scale mass Miso, and introduce the flattening
parameter qK ≡ cK/aK. We define the isochrone scale mass as Miso = Misochrone(riso), such
that

MK = Miso

(
3√
2
−2
)−1

,

aK = riso
2

1+qK
,

cK = riso
2qK

1+qK
.

(4.5)

These relations satisfy aK + cK = 2riso, i.e. the isochrone scale radius is the average of the
Kuzmin-Kutuzov axis lengths.

To set the numerical values of the parameters we proceed as follows. We first set up
the isochrone potential by choosing a radius rfix at which the enclosed mass and the slope
of an isochrone potential equals that of the best-fitting NFW potential of the Aquarius
haloes. This ensures that around rfix the (spherically averaged) mass distributions are
similar. We choose rfix = 50 kpc because most of the streams are located around 50-100
kpc from the halo centre, and so we will roughly match the more robust parameter in
mass modelling, i.e. the enclosed mass (Breddels & Helmi 2013; Sanderson et al. 2014).
Having chosen rfix, we first match the slope of the mass profile and then proceed to set
the enclosed mass. The logarithmic slope κ is

κNFW(x)≡ ∂logMNFW(x)
∂ logx

(4.6)

with x = r/rs and rs the scale radius of the NFW potential such that MNFW(rs) = Ms. The
condition of equal slopes at rfix is

κNFW(rfix/rs) = κiso(rfix/riso), (4.7)

which we can invert to find riso. The scale mass Miso ensures the enclosed mass is equal
at rfix

Ms
ANFW(rfix/rs)

ANFW(1)
= Miso

Aiso(rfix/riso)
Aiso(1)

, (4.8)

where Ai are the normalised radial mass profiles for the used potentials.
In Fig. 4.10 we show the result of our fitting procedure for halo Aq-D and Table 4.1

summarises the parameters obtained for all Aquarius haloes. The overall mass and ve-
locity profiles differ significantly outside r ∼ rfix. We note that the correspondence of rfix
with the location of the maximum circular velocity for the best fitting NFW potential to
halo Aq-D is a coincidence.

The next step in the potential set-up is to determine the characteristic parameters of
the Kuzmin-Kutuzov potential. For this we may use Eq. (4.5). This requires us to find the
axis ratios of the density distribution, and we use those derived by Vera-Ciro et al. (2011)
for the Aquarius haloes at rfix = 50 kpc. All main haloes from the Aquarius simulations
are triaxial, and therefore have two axis ratios: q = c/a and s = b/a (where a≥ b≥ c). A
useful quantity is the triaxiality parameter (Franx et al. 1991)

T =
a2−b2

a2− c2 =
1− s2

1−q2 , (4.9)
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Table 4.1: Potential parameters

Halo Ms

(1011M�)
rs

(kpc)
Miso

(1011M�)
riso

(kpc)
qρ (50) qK

A 1.55 15.33 1.53 19.44 1.67 2.27
B 1.07 20.34 0.90 21.67 1.63 2.12
C 1.74 15.72 1.69 19.63 1.93 3.01
D 2.04 23.37 1.58 22.85 1.53 1.87
E 1.20 16.41 1.14 19.96 0.56 0.48

Figure 4.10: Enclosed mass and circular velocity curves for the best fitting NFW profile to halo
Aq-D, and the isochrone potential that matches the enclosed mass and slope at rfix = 50 kpc.

Figure 4.11: Triaxiality parameter T as a function of the axis ratios q = c/a and s = b/a, where
a ≥ b ≥ c. The red crosses indicate the values for the 5 Aquarius haloes at 50 kpc from Vera-Ciro
et al. (2011). For T < 1/3 the halo is nearly oblate (halo Aq-E), for T > 2/3 the halo is nearly
prolate (halo Aq-A to Aq-D).
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which is zero for a strictly oblate halo and equals unity for a strictly prolate halo. In
Fig. 4.11 we show the triaxiality parameter as a function of s and q, and the red crosses
show the axis ratios at rfix from Vera-Ciro et al. (2011). Haloes Aq-A to Aq-D have
triaxiality parameters between T = 2/3 and 1 at this radius, making them more prolate,
and halo Aq-E falls between T = 0 and 1/3 and is more oblate. None of these haloes falls
in the most triaxial range (T = 1/3 to 2/3, see also Warren et al. 1992), although at larger
radii the haloes do become more triaxial (Vera-Ciro et al. 2011). After distinguishing
between prolate and oblate haloes, we define the axisymmetric equivalent axis ratio of
the density qρ as

qρ =


2a

b+ c
if T ≥ 0.5,

2c
a+b

if T < 0.5.
(4.10)

We list the axis ratios for all haloes in the fifth column of Table 4.1. Halo Aq-D has
qρ = 1.53 (qρ = 1.39 when the axis ratios b/a and c/a are determined at 100 kpc). To
find qK we need the density profile of the Kuzmin-Kutuzov potential (Dejonghe & de
Zeeuw 1987), which is given by

ρK(λ ,ν) =
MK c2

K
4π

λν +a2
K

(
λ +3

√
λν +ν

)
(λν)3/2

(√
λ +
√

ν

)3 , (4.11)

here expressed in prolate spheroidal coordinates λ , ν . We then solve numerically for the
value of qK such that the isodensity-contour at R = 50 kpc has the desired axis ratio qρ .
For halo Aq-D this results in qK = 1.87, and the values for the other haloes are given in
the last column of Table 4.1. The shape of the isodensity surfaces for halo Aq-D assuming
the Kuzmin-Kutuzov form are shown in Fig. 4.12, and it can be seen that the distribution
is quite prolate.

In Fig. 4.13 we show the axis ratios of iso-contours of the potential qΦ and density
qρ as a function of radius for qK = 1.87. As expected, the shape of the potential is much
rounder than the density distribution. Note that qρ(100) = 1.44 is not to far off from the
Aq-D value of 1.39 at 100 kpc.

4.4.2 Streams set-up

As mentioned earlier we start our test-particle simulations using a subset of the initial
positions and velocities of the spherical orbits shown in Fig. 4.5, i.e. effectively extracted
from the Aquarius simulations. The stream progenitor is formed by 10,000 particles
that follow an isotropic Gaussian distribution in position and velocity, characterised by
dispersions σpos = 0.3 kpc and σvel = 10 kpc/Gyr respectively (the same as the ‘Sculptor’
progenitor in Buist & Helmi 2015). There is no self-gravity, and the particles are released
at once, implying there is no energy gap between the leading and trailing arms. This
simplification is justified because the dynamics of the individual particles are essentially
the same after they are released (see also the discussions in Sanders & Binney 2013a;
Gibbons et al. 2014; Buist & Helmi 2015, and Sec. 4.6.4 of this Chapter). The orbits are
integrated for 10 Gyr in the Kuzmin-Kutuzov potential with the parameters derived from
Aquarius halo D.
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Figure 4.12: Density contours of the Kuzmin-Kutuzov potential for qK = 1.87, meant to represent
halo Aq-D in the axisymmetric limit.

Figure 4.13: Axis ratios of the potential qΦ and the density qρ as a function of cylindrical radius
R for the Kuzmin-Kutuzov axisymmetric potential used to represent halo Aq-D. The axis ratios were
derived from the isocontours shown in Fig. 4.12.
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Figure 4.14: Spatial distribution of our selection of test-particle streams after 10 Gyr of inte-
gration in the axisymmetric Kuzmin-Kutuzov potential. The colours represent the energy gradient
with the most bound particles in yellow and those least bound in blue. The z-axis is aligned with
the major axis of the potential.

We note that our goal is not to reproduce the original streams from the Aquarius
haloes in the axisymmetric limit. In that case it would be better to use a fuller represen-
tation of the stream following the streakline method (Küpper et al. 2012; Bonaca et al.
2014) or possibly even including the gravity of the progenitor (Gibbons et al. 2014).
Instead our interest is on the streams well after they have formed and to ensure this we
focus on long streams. Therefore here we discuss only a selection of streams that feature
several wraps at the final time.

The selection is shown in Fig. 4.14, with the inset labels corresponding to the orig-
inal Aq-D streams IDs they are based on. The streams mean trajectories often appear
similar to tube orbits around the major axis (here the z-axis), as expected for a prolate
axisymmetric potential.

4.4.3 Action-angles in the true potential

For each of the streams shown in Fig. 4.14 we computed the angles and frequencies in
the true Kuzmin-Kutuzov potential. For a discussion how to compute the actions in an
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Figure 4.15: Test-particle streams in the true λ - φ angle and frequency spaces after 10 Gyr of
evolution. The colours represent the energy gradient with the most bound particles in yellow and
those least bound in blue. The panels have been centred on the current position of the centre of
mass of the progenitor system. The insets give the best-fitting slopes to the distributions as well as
the angle-frequency misalignment ∆S.

axisymmetric potential we refer to Helmi & White (1999); Sanders (2012). The results
are shown in Fig. 4.15 and Fig. 4.16 for both projections of frequency space (top) and
angle space (bottom). In angle space, the streams are distributed along in straight lines
just as they are in frequency space, but they are much longer as they have spread out in
the 10 Gyr of evolution.

The insets in the figures show the slopes obtained from fitting straight lines to the
distributions, where the error is estimated from bootstrapping the fits 20 times. We also
give in the top panels the angle-frequency misalignment ∆S = S(∆θ)− S(∆Ω), with the
corresponding total error. Notice that typically ∆S ∼ 0.01− 0.02, which is larger than
found for the streams evolved in static spherical potentials in Buist & Helmi (2015). The
reason for this difference lies mostly in the fact that the progenitor of the streams shown
in Figs. 4.15 and Fig. 4.16 is larger, which results in systematically thicker streams. As
a consequence the determination of the slope is less precise. Furthermore, the addi-
tional width causes streams to overlap more often, which makes it harder to group the
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Figure 4.16: Test-particle streams in the true ν - φ angle and frequency spaces after 10 Gyr of
evolution. The colours and insets are the same as in Fig. 4.15.

individual particles in the corresponding wraps, which especially happens in the θλ -θν

space. Finally, shorter streams do not have the same slope in frequency and angle space
because their initial spread in angle space is still imprinted in the trajectories followed
by the particles in angle space (see Fig. 15 of Buist & Helmi 2015).

To make more evident the dependence on the properties of the progenitor, in Fig. 4.17
we show a stream on the same orbit as simulation S140 but now for the Carina-like
progenitor (σpos = 0.1 kpc and σvel = 5 kpc/Gyr) used in Buist & Helmi (2015) evolved
for 10 Gyr. We see that the angle-frequency misalignment has been reduced significantly,
which can be attributed mostly to the improvement in the fitting, although the smaller
initial angle spreads also matter.

The values of the slopes in θλ -θφ space for most of the streams are ≈ 0.6, similar
to those found in Buist & Helmi (2015) for a spherical NFW potential. There are two
exceptions, S103 and S118, for which the slope is∼ 0.3. These are the innermost streams
in our sample (see Fig. 4.14), and they experience a more prolate halo because of that,
which in turn leads to a shallower slope. In a spherical potential the corresponding
slope in θr-θφ space would not be expected to be smaller than 0.5 because for individual
particles 0.5≤Ωφ /Ωr ≤ 1 always.
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Figure 4.17: Stream S140 but now with a Carina-like progenitor, after 10 Gyr of evolution in the
Kuzmin-Kutuzov potential. The colours and insets are the same as in Fig. 4.15. With the smaller
progenitor the stream is much thinner and the error on the fitting is significantly reduced, which
basically removes the angle-frequency misalignment.

In the λ -ν angle and frequency spaces, quite a few of the streams have slopes larger
than 1. In the limiting case of a spherical potential Ων ∼ 2Ωϑ , because Jν does not reduce
to Jϑ in the spherical case2. We also note that the energy gradient is smooth along the
stream, but this is not always apparent in cases where the different wraps of the stream
overlap, such as the θλ -θν space for streams S138 and S56. In those cases, the fitting
becomes also more difficult because it is harder to group the particles in the different
wraps as required by our fitting method.

4.5 Why do streams follow straight lines?

In the previous sections we saw that streams appear as elongated structures in angle and
frequency space for all cases explored. In a static potential, the angles and frequencies
are related as θi = θi(0)+ Ωit. For a stream (i.e. an ensemble of particles) we are more
interested in the spread, which evolves as ∆θi ∼ ∆Ωit for t � 0. The frequencies are
constant with time, and therefore a spread in angles is a direct consequence of the initial
distribution of the particles in the progenitor, provided that the potential has not evolved
in time and one can neglect self-gravity (and the initial spread in angles). In this section
we try to build some intuition on why streams appear on straight lines in frequency and
angle space.

2 In the computations of Sanders (2012) this was changed by making the Ων angle correspond directly to
the z-motions, but we chose to keep with the original definitions of de Zeeuw (1985), although later in the
Chapter we show 2∆θϑ for spherical potentials to make comparison between streams evolved in different
potentials more direct.
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4.5.1 Spherical potentials

Figure 4.18: Example of the action distributions (top panels) for three streams from the ‘Carina’-
like progenitor from Buist & Helmi (2015) in a spherical potential and the resulting frequency
distributions (bottom panels). The colours indicate the energy gradient. For comparison we show
the direction of the largest eigenvalue of the Hessian, ê1 with a black dashed line and the direction
of the progenitor orbit in angle space with a red dashed line.

In a spherical potential, two independent frequencies exist, Ωr and Ωφ , since3 Ωϑ =
Ωφ , which depend on the actions Jr and L = Jϑ + |Jφ |. For a static potential, an orbit
in angle space follows [θr,θφ ] = [θr(0)+Ωrt,θφ (0)+Ωφ t], which results in a straight line
in angle space with slope S(θ) = Ωφ /Ωr. Generally particles on a stream have similar
frequencies implying that S(θ) is also similar, and this results in an almost linear ap-
pearance in angle space. Depending on the orbit, the progenitor and the specific form
of the potential, the stream follows a line close to that defined by the slope of the pro-
genitor S(θCM). The difference between the stream and the orbit slope is known as the
stream-orbit misalignment (Eyre & Binney 2011).

We can understand this more quantitatively using a Taylor expansion of the frequen-
cies Ωi with respect to the actions J j (Helmi & White 1999)

∆Ωi ≈ Hi j∆J j, (4.12)

with the spreads measured with respect to the centre of mass of the progenitor, and the
Hessian of the Hamiltonian Hi j also evaluated at this point. If we diagonalise the Hessian
(and assuming the Einstein notation convention)

Hi j∆J j = V T
ik DklVl j∆J j = êi

(
λl∆J̃l

)
, (4.13)

3 Apart from a possible sign difference.
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with Vik the matrix of eigenvectors êi of Hi j (as its columns), Dkl the diagonal matrix
with the eigenvalues λi, and ∆J̃l = V T

l j ∆J j, the action spreads in the eigenspace. It turns
out that generally one of the eigenvalues is much larger than the others, and this implies
that the stream forms a thin 1-D structure in frequency space (and therefore also in angle
space) that is elongated most in the direction associated to the corresponding eigenvector
(Tremaine 1999).

In Fig. 4.18 we show three examples of the action and the frequency distributions
of streams presented in Buist & Helmi (2015). We show the projected direction of the
largest eigenvalue with a black dashed line, and the projected direction of the progenitor
orbit in angle space S(θCM) with the red dashed line. These dashed lines are gener-
ally closely aligned in spherical potentials, and indicate approximately the degree of the
stream-orbit misalignment. The stream does not exactly point in the direction of ê1 be-
cause the action distribution is not isotropic. Only in the specific case of a Kepler potential
the stream precisely follows the progenitor orbit independent of the action distribution,
and there is no stream-orbit misalignment (Eyre & Binney 2011).

Therefore we can conclude that streams in a spherical potential are generally linear
structures in angle and frequency spaces, except for systems with a relatively large spread
in actions, i.e. when ∆Ji ∼ Ji (Sanders & Binney 2013b).

4.5.2 Streams on nearly circular orbits in the symmetry plane of an
axisymmetric potential

To develop some intuition on the behaviour of streams in flattened potentials we focus
on a stream on a nearly circular orbit in the symmetry plane of an axisymmetric poten-
tial, which allows us to use the epicyclic approximation. The 3-D motion in axisymmetric
potentials can be reduced to 2-D motion in the meridional plane (the R-z plane) where
the (conserved) z-component of angular momentum Lz is a parameter, and the φ motion
is ‘simple’. The epicyclic approximation admits the decoupling of the motion in z and
R, and the potential can be approximated as Φ(R,z) ≈ ΦR(R)+ Φz(z). The resulting mo-
tion can be described with 3 frequencies associated to the radial, vertical and azimuthal
oscillations.

For a given value of Lz a circular orbit at radius Rg on the symmetry plane z = 0 has
circular frequency

Ω
2
g =

1
Rg

∂Φ(R,z)
∂R

∣∣∣∣
(Rg,0)

=
L2

z

R4
g
. (4.14)

The epicyclic or radial frequency (κ), and vertical frequency (ν) are

κ
2(Rg) =

∂2Φ

∂R2

∣∣∣∣
(Rg,0)

+3Ω
2
g(Rg),

ν
2(Rg) =

∂2Φ

∂z2

∣∣∣∣
(Rg,0)

,

(4.15)

and characterize harmonic motions in x = R−Rg and z respectively. As an example we
will work out these frequencies for the Kuzmin-Kutuzov potential. The three orbital
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Figure 4.19: A quite circular stream in the epicyclic approximation. Left panel: stream in the x-y
plane, where the colour represents the energy gradient along the stream and the red line shows
the progenitor orbit. Middle panel: radial and azimuthal frequency curves for the stream, and the
red line indicates the direction of the progenitor orbit and the blue dashed line shows where the
stream would be when JR = 0. Right panel: vertical and azimuthal frequency curves for the stream,
otherwise like the middle panel.

frequencies in the epicyclic approximation are

Ω
2
g =

GMK

(gK + cK)2 gK
,

ν
2 =

GMK

(gK + cK)3

(
1+

a2
K

cK gK

)
,

κ
2 =

GMK

(gK + cK)3 g3
K

[
4g3

K +4g2
KcK− (3gK + cK)R2

g
]
,

(4.16)

with

gK =
(
a2

K +R2
g
)1/2

. (4.17)

These frequencies are only a function of Lz through Rg, because the perturbations are
around circular orbits. Similar to spherical systems, 0.5≤Ωg/κ ≤ 1 (given by the limiting
cases of a spherical harmonic oscillator and a Kepler potential in the symmetry plane).
Notice that Ωg does not describe fully the motion in φ , and instead the actions and
frequencies are (Dehnen 1999; Binney & Tremaine 2008)

ΩR = κ JR =
ER

κ

Ωz = ν Jz =
Ez

ν

Ωφ =
∂κ

∂Jφ

JR +Ωg Jφ = Lz.
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where

ER =
1
2

P2
R +

1
2

κ
2x2 (4.18)

Ez =
1
2

P2
z +

1
2

ν
2z2.

The difference is that Ωg is not the azimuthal frequency when the orbit is not exactly
circular (i.e. JR 6= 0).

We computed the frequencies for one example case of a stream similar to the Carina-
like progenitor of Buist & Helmi (2015) on a rather circular orbit evolved in a Kuzmin-
Kutuzov potential with Miso = 1.58×1011M�, riso = 22.9 and qK = 1.39. In the left panel
of Fig. 4.19 we show the stream in Cartesian coordinates, in the middle panel we show
the stream in ΩR-Ωφ space and in the right panel we show the stream in Ωφ -Ωz space.
The red line in all three panels indicates the (direction of the) progenitor orbit, and in
the two right panels we indicate with a blue dashed line the frequencies assuming JR = 0,
i.e. when Ωφ = Ωg. This limiting case is strictly 1-dimensional, because then Ωφ , κ and ν

are solely functions of Lz. This implies that the spreads ∆Ωφ , ∆ΩR and ∆Ωz for a compact
ensemble of particles will all be proportional to ∆Lz, and hence the particles will on a
straight line in frequency space for ∆Lz� Lz.

The stream is closely aligned with the line corresponding to JR = 0 but less so with
the direction of the progenitor’s orbit. We see the curvature caused by the non-zero value
of JR most clearly at the endpoints of the stream in both projections in frequency space.
The condition for such a stream to be on a straight line is therefore ∆JR ∼ 0, but this is
also necessary for the epicyclic approximation to work, and for that also ∆Jz ∼ 0. We
conclude that similar to the spherical case, the frequencies are on a straight line when
the spreads in the actions are small.

4.5.3 Expansion in Staeckel potentials

More generally an orbit in an axisymmetric Staeckel potential will be described by 3
frequencies, Ωλ and Ων (which for sufficiently extended orbits, correspond approxi-
mately to the radial and vertical motion respectively) and Ωφ (azimuthal motion). In
Fig. 4.20 we show two streams integrated on the orbits from our test-particle simula-
tions in the Kuzmin-Kutuzov potential and with a ‘Sculptor’-like progenitor but here we
took qK = 1.39. The top panels show that the two projections of the 3-D action distribu-
tions for each of the streams (yellow and blue) are very different in shape and orienta-
tion. These action distributions map onto the 3-D frequency space, whose projections are
shown in the middle and bottom panels of this figure. It is evident from this figure that
the distributions in frequency are still nearly 1-D, but begin to depict a small amount of
curvature, which is attributed to the fact that the progenitors are larger in comparison to
those shown for example in Fig. 4.18.

As in the case of a spherical potential, we may understand the nearly 1-D distribution
and its orientation in frequency space using Eqs. (4.12) and (4.13). For the orbits ex-
plored in Fig. 4.20 the largest eigenvalue of the Hessian matrix is approximately 10 times
bigger than the other two eigenvalues. On the other hand, for the streams explored in
the spherical potential this ratio is generally significantly larger. This difference explains
why the streams are not so perfectly aligned with ê1 as in the spherical case, and to-
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Figure 4.20: Frequency and action space for two streams evolved in a Kuzmin-Kutuzov potential
with flattening qK = 1.39. The top panels show both action distributions Jλ -Jφ (blue) and Jν -Jφ

(yellow). The middle and bottom panels show the resulting frequency distributions. The black
dashed line indicates the direction of the largest eigenvalue of the Hessian and the red dashed line
indicates the direction of the progenitor orbit.

gether with the anisotropic distribution of the actions present in the progenitor initially,
may explain the small amount of curvature we observe.

Nonetheless we may conclude that the additional freedom for having 3 independent
actions and, hence, frequencies (as is the case for most orbits in non-spherical potentials),
does not change the straight line appearance of streams.

4.6 Action-angle behaviour of streams in approximate
potentials of varying shape

Thus far we have discussed mostly from a theoretical point of view what to expect in
angle and frequency space in the true potential, and why streams are on straight lines.
This section uses the test-particle simulations of Sec. 4.4 to explore in a constrained way
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what happens when the wrong potential is used to compute the angles and frequencies.
To this end we will look into the test-particle simulations that were run in the axisym-
metric Staeckel potential but we will now assume a spherical potential in Sec. 4.6.1, a
Staeckel potential but with a different flattening parameter (q′K = 1/qK) in Sec. 4.6.2, and
a spherical potential with a more dissimilar radial mass distribution in Sec. 4.6.3.

4.6.1 Spherical approximation

We now compute the angles and frequencies for the test-particle simulations using the
isochrone potential. This potential is the spherical limit of the Kuzmin-Kutuzov potential,
and its characteristic parameters are defined in Sec. 4.4.1. The results are shown in
Fig. 4.21, where we do not include the Ωr-Ωϑ space as it is redundant in the spherical
case. Instead, the behaviour in the angles θφ and θϑ is relevant since these additionally
depend on the physical location of the particles (which encodes information about the
potential in which they were evolved as discussed earlier in Sec. 4.5).

In the top panel of Fig. 4.21 we show the resulting frequency distributions. We find
that quite a few streams have become thicker or longer in the spherical approximation to
the potential in comparison to their behaviour in the true axisymmetric potential. Some
of the streams seem quite irregular such as S140, a characteristic that is also seen in
some of the Aquarius streams, e.g. stream S107 from halo Aq-A and stream S125 from
halo Aq-D (see Fig. 4.9). One noteworthy stream is S103, which looks very regular and is
thinner than before, but that has become much longer instead. As a consequence of the
distortions, it is generally more difficult to fit straight lines to the frequency distribution,
and therefore also the determination of their slopes is harder (see e.g. S122 and S138).

For comparison we show in Fig. 4.22 how two of the progenitor orbits as a function of
time map onto frequency space if the frequencies are computed at each time step in the
approximate spherical potential. These distributions oscillate in both directions, while if
the potential had been truly spherical they would collapse into a single point. The size of
these oscillations is determined by the behaviour of the energy of the isochrone potential
Eiso and the (instantaneous value of the) total angular momentum L, or in other words
by how well a spherically symmetric potential represents the true mass distribution. This
comparison helps to understand why some streams are very thick in frequency space, as
this is effectively a reflection of the behaviour of the trajectory.

In the central panel of Fig. 4.21 we show the θr-θφ space. Streams such as S103
and S121 appear quite similar to their counterparts in Fig. 4.15 plotted in their natural
(true) angle space. Notice that when the straight line fits look reasonable, the slopes in
this spherical angles space and in the corresponding Staeckel angles are similar, differing
by ∼ 0.05. Like for the Aquarius streams, the slopes in θr-θφ span a range between
∼ 0.4−0.7. In all cases, the streams have become thicker. The energy gradient along the
streams seems especially discontinuous at some locations, and this is mostly present in
the θr direction. A closer inspection shows that for some streams such as S140 and S121
the energy gradient is somewhat better retained.

In the bottom panels of Fig. 4.21 we show the angles θr-θϑ . The comparison of θλ -θν

to θr-θϑ is less straightforward because Ωϑ and Ων differ by a factor 2 in the spherical
limit. Therefore we prefer to plot instead 2∆θϑ . The streams in this space look very
similar to those in the true θλ -θν space, but unlike what we found for the streams in the
Aquarius haloes the fitted slopes are not close to the value 0.5 (or 1.0 if scaled).
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Figure 4.21: Test-particle streams from Fig. 4.14- 4.16 with the approximate frequencies ∆Ωr-
∆Ωφ (top panels) and angles ∆θr-∆θφ (middle panels) and ∆θr-2∆θϑ (bottom panels), computed
in the limiting spherical isochrone potential. The colours represent the energy gradient in the
isochrone potential. The panels have been centred on the progenitor position. The insets indicate
the fitted slopes for the approximate potential (black), and the slopes for the true potential when
using the corresponding angles (green): the two will only be equal in the spherical limit. The
errors were found by bootstrapping the fit 20 times.
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Figure 4.22: Frequencies computed in the limiting spherical potential for two progenitor orbits
from the test-particle simulations in the Kuzmin-Kutuzov potential (see Fig. 4.14).

We conclude that using a spherical approximation to the potential leads to an in-
crease of the spread in frequency space, by making the streams longer, wider and/or dis-
torted, but the energy gradient remains quite intact in this space. The streams in angle
space often look much more well-behaved, although they do become thicker. This good-
behaviour probably reflects that the spherical potential has the right average enclosed
mass. We find that the fitted slopes in angle and frequency space may look reasonable,
but they deviate significantly from each other indicating that the true potential in which
the streams have evolved has not been used for the angle and frequency computations.

4.6.2 Axisymmetric Staeckel potential with different flattening

In this section we compute the angles and frequencies for the Kuzmin-Kutuzov potential,
but now assuming a flattening q′K = 1/qK, which reverses the axis lengths aK and cK com-
pared to the true potential. For the simulations of Sec. 4.4 we used a prolate potential,
and inverting qK results in an oblate shape. The results are shown in Figs. 4.23 and 4.24,
and qualitatively are very similar to what we saw in the previous section.

In this Staeckel potential, all our orbits have three independent frequencies, i.e. two
independent frequency planes, and the overall behaviour of the streams is very similar
in these planes, apart from slope differences, as can be seen by comparing Figs. 4.23
and 4.24. The frequency distributions are even more broadened than when assuming
a spherical potential, and for some of the streams such as S56 also more extended (i.e.
beyond the boundaries of the box, which we retained for easier comparison, and which is
centred on the progenitor’s centre of mass). This broadening appears to be asymmetric
with respect to the progenitor. As in the previous section, the energy gradient in fre-
quency space remains almost intact because the spherically averaged enclosed mass is
the same as in the true potential. On the other hand, the energy gradient in angle space
almost cannot be discerned.

In both angle spaces we see that some of the streams depict small scale wiggles, such
as streams S86, S118 and S140, and these are more apparent in θλ -θν space. This is
probably because the flattening of the potential is much more different from the true
value (and than the spherical shape assumed in the previous section, although close
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Figure 4.23: Test-particle streams from Fig. 4.14- 4.16 with the frequencies and angles in the
λ -φ projections computed for a Staeckel potential with flattening q′K = 1/qK. The colours represent
the energy gradient with the most bound particles in yellow and the least bound particles in blue.

inspection of Fig. 4.21 shows that some subtle wiggles are also apparent for the same
streams in this case). Wiggles such as these are therefore an indication of a significant
departure from the true 3-dimensional shape of the potential in which the streams have
evolved.

4.6.3 Spherical approximation with incorrect radial form

We now focus on the impact of computing the actions and angles in a spherical potential
whose radial dependence is quite different from the Kuzmin-Kutuzov potential in the
spherical limit. We explore an NFW potential that has the same enclosed mass and mass
gradient at rfix = 50 kpc (see also Fig. 4.10).

In Fig. 4.25 we show the resulting distribution of these angles and frequencies for
the streams evolved in the axisymmetric Kuzmin-Kutuzov potential of Sec. 4.4. At first
sight, many of the streams look very similar to those in Fig. 4.21, which corresponds to
the spherical isochrone mass distribution computations.



102 CHAPTER 4: STREAMS IN ANGLES AND FREQUENCIES IN DIFFERENT POTENTIALS

Figure 4.24: Same as Fig. 4.23 but now showing the λ -ν projections.

In frequency space we see that some of the streams are longer and thinner (see e.g.
S140 and S118). We can also compare the slopes derived from fitting straight lines to
these distributions to those computed in the isochrone potential, such as for S86 and
S103, and we find that they are not the same. In angle space the differences are more
subtle, and the typical difference between the fitted slopes between the isochrone and
NFW angles is ∼ 0.05, which is comparable to the estimated error in the fitting. The
energy gradient for the isochrone and NFW angles is not always the same, with the
isochrone potential showing more fluctuations in the θr direction. Overall we find that
the frequencies are the most sensitive to the potential, but the differences are small
because the slope and the enclosed mass at rfix = 50 kpc are equal for the NFW and
isochrone profiles.

4.6.4 The effects of self-gravity

In reality the progenitors of streams will initially be bound by their self-gravity. This
implies that particles that become unbound because the internal gravitational pull is



4.6: BEHAVIOUR OF STREAMS IN APPROXIMATE POTENTIALS OF VARYING SHAPE 103

Figure 4.25: Test-particle streams from Fig. 4.14- 4.16 with the frequencies ∆Ωr-∆Ωφ (top pan-
els) and angles ∆θr-∆θφ (middle panels) and ∆θr-2∆θϑ (bottom panels), computed with the best
fitting NFW potential at rfix = 50 kpc to the limiting spherical isochrone potential (see Fig. 4.10).
The colours represent the energy gradient in the NFW potential. The panels have been centred on
the progenitor position. The insets indicate the fitted slopes for the approximate potential (black),
and the slopes of the true angles (green), which are only equal in the spherical case. The errors
were found by bootstrapping the fit 20 times.
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not large enough, will typically be released at specific points along the orbit (close to
pericentre), rather than continuously as modelled thus far. This results in the leading
and trailing arms being offset from each other in configuration space (Johnston 1998).
Another feature is a gap in energy-angular momentum space (Gibbons et al. 2014). The
process of disruption also causes particles to define a bow-tie structure in action (and
energy-angular momentum) space. Since one of our goals is to understand the properties
of streams in a cosmological context as provided by the Aquarius N-body simulations, we
attempt here to establish what the effect of self-gravity is on the distribution of particles
in frequency and angle spaces.

To this end, we simulated the evolution of a 3.7× 108 M� progenitor for 10 Gyr on
an orbit with rapo = 23.6 kpc and rperi = 10.2 kpc in a spherical NFW potential with Ms =
1.5×1011 M� and rs = 12 kpc using an N-body code that uses a quadrupole expansion to
model the internal gravitational potential of the system (Helmi & White 2001). Fig. 4.26
shows snapshots for t = 0 and t = 3.5 Gyr. The left panels plot the projection of the
stream on the progenitor’s orbital plane, where the red particles correspond to those
that are (still) bound. The stream has already spread out significantly by t = 3.5 Gyr
because the progenitor is large and the orbit is rather confined to the inner regions of the
host, which results in fast evolution. By this time, the progenitor has almost completely
dissolved, as only a few particles are marked in red.

Figure 4.26: Projections of configuration, frequency, angle and action space at t = 0 (top panels)
and t = 3.5 Gyr (bottom panels) for an N-body stream evolved in a spherical NFW potential. The
first column shows the projection of the stream on the orbital plane of the progenitor. In the
left and central-left panels particles still bound to the progenitor are plotted in red. In the third
column we have overlaid the distribution of frequencies at t = 10 Gyr in grey. In the panels on the
right we also show the final distribution of actions at t = 10 Gyr in grey. The actions, angles and
frequencies have been centred on the coordinates of the centre of mass of the progenitor and the
colours represent the energy gradient.

In the second panel we show the angle distribution initially and at 3.5 Gyr, with the
particles bound to the progenitor marked in red. By 3.5 Gyr many wraps fill up the angle
space, to which we fitted parallel straight lines and whose slope is shown in the inset.
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The frequency distribution at both times is shown in the third column panels, which is
overlaid onto the distribution at t = 10 Gyr in grey. We learn from this that at t = 3.5
Gyr, the distribution has reached its final (bow-tie like) shape, and the evolution of the
particles is simply θ ∼Ωt by this point in time.

The expected gap near the progenitor in action space forms slowly and is only subtle
at the final time (see Gibbons et al. 2014, for a more detailed discussion of the process).
Furthermore, we find no significant offset in configuration space between the leading
and trailing arms in our simulation, nor any epicyclic oscillations in the stream. This is
most likely related to the fast disruption of the progenitor as a consequence of its low
density contrast with respect to the host. This is quite different to what is seen for N-
body simulations of globular clusters whose disruption process is slower because these
are strongly bound gravitational systems (Küpper et al. 2010, 2012).

At 3.5 Gyr, the distribution of angles and frequencies follow each other very closely,
as quantified by the slope of the fitted straight lines, and this is in agreement with the
findings of Sanders & Binney (2014). The difference between test-particle and N-body
simulations is especially seen in the bow-tie shape in action space and frequency space,
but it is almost absent in angle space. The dynamics of streams is otherwise mostly the
same. Furthermore, the slopes of the straight lines along which the stream is distributed
in angle and in frequency space are the same, in agreement with the results by Sanders
& Binney (2013b,a). Only for very massive progenitors (∼ 1010 M�) this picture may
change because of interactions between the stream and the progenitor (Choi et al. 2009),
or because the overall potential of the halo changes while the progenitor system is in the
process of disruption (Vera-Ciro & Helmi 2013; Gómez et al. 2015).

4.7 Discussion and conclusions

We have studied the behaviour of streams in fully cosmological N-body simulations
of the formation of stellar haloes from the Aquarius project (Springel et al. 2008).
These stellar haloes were produced by tagging dark matter particles in these otherwise
dark-matter only simulations according to the GALFORM semi-analytic galaxy forma-
tion model (Cooper et al. 2010; Lowing et al. 2015). From these haloes we selected
the stream-like objects and used the ‘tagged’ particles to build up a catalogue of stellar
streams. Our interest was to understand how these streams, evolved in a fully cosmolog-
ical time-dependent framework behave, particularly when studied in action-angle space.
Since the Aquarius haloes’ potential is not analytic, we explored as a first approximation
their behaviour when a spherical NFW potential was assumed. For the best fitting NFW
mass distribution we computed the streams’ angles and frequencies.

We have found that many of the streams in the Aquarius haloes show several wraps in
angle space that appear to be on relatively straight lines, as reported in other works for
streams evolved in static or evolving smooth potentials (Sanders & Binney 2013b; Buist
& Helmi 2015). However in many cases these lines are not parallel. We also found patchy
features and wiggly behaviour in angle space. In frequency space, often the structures
are very broad but relatively linear and depict some amount of irregularity. The width of
these streams and features are typically larger than what we have seen before in simple
simulations of streams evolved in a smooth spherical potential.

To understand the nature of the various features, we proceeded to explore how vari-
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ous deviations from spherical symmetry could be affecting the behaviour of streams. We
have been able to demonstrate that, independently of the form of the host potential, if
the angles and frequencies are computed self-consistently then the streams are expected
to be along straight lines in frequency and angle space. This is because the Hessian of the
Hamiltonian generally has one eigenvalue that is much greater than the others and this
dictates largely the direction in which the streams will expand (Tremaine 1999). The
exact direction depends also on the action distribution. These results are valid provided
the progenitor of the stream is relatively compact in phase-space, and we have demon-
strated this explicitly for streams evolved in spherical potentials, for an almost circular
stream in an axisymmetric potential using the epicyclic approximation, and for streams
in an axisymmetric Staeckel potential.

We next focused on why streams evolved in a particular potential but whose angles
and frequencies have been computed in a different approximate potential are still on
straight lines, as we have found for the Aquarius simulations. To this end we ran a set
of simulations with test-particles in an axisymmetric prolate Kuzmin-Kutuzov potential,
which is of Staeckel form. We computed the angles and frequencies in this potential,
and found again the characteristic linear appearance of streams in these spaces. Next we
assumed different forms of the potential and computed the angles and frequencies for
those cases as well. We found that even if this procedure is not self-consistent, streams
are still distributed along relatively straight lines. However, we found in frequency space
that they were typically thicker and somewhat distorted, and in angle space that they
began to depict a wiggly behaviour. For example we found that using a potential with
the wrong flattening (spherical or oblate, instead of prolate) has a strong effect on the
size of streams in frequency space. Differences in the angles and frequencies distributions
for spherical potentials of different radial form remained subtle provided the enclosed
mass was approximately correct within in the radial extent probed by the streams orbits.

In all cases, the energy gradient along the stream seems almost intact in frequency
space (similar to what was seen for the Aquarius streams) but clearly distorted or broken
in angle space. The straight lines that we fit to the angle distributions differ in slope,
even when the potential is assumed to be spherical, contrary to expectations. This is the
clearest indication that the shape assumed for the angle computation is incorrect and
does not correspond to that of the potential in which the streams were evolved. Finally,
we also investigated what happens to the actions and angles in a simulation with self-
gravity. The largest difference is that during the disruption process of the progenitor,
the action distribution of the particles that eventually form the stream is altered, but
otherwise the dynamics of streams are the same as in test-particle simulations.

In conclusion, we have been able to reproduce and understand most of the features
seen in the approximate angles and frequencies for the Aquarius streams, with the ex-
ception of the ‘noisy’ and ‘patchy’ appearance of the streams in angle and configuration
space. We believe these can be attributed to interactions of a stream with dark matter
substructures, which are known to give rise to disturbed morphologies (Bonaca et al.
2014). Such interactions may also introduce non-adiabatic time-dependent effects on
streams that lead to the formation of gaps (Yoon et al. 2011; Carlberg 2013; Ngan &
Carlberg 2014).

Finally, since the angle-frequency misalignments found for the Aquarius streams can
mostly be attributed to using the wrong potential, this implies that they cannot be used
determine the mass growth history of the Aquarius dark matter halos, as we had pro-
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posed in Buist & Helmi (2015). This may be resolved with approximate schemes to com-
pute the actions in a triaxial potential (e.g. Sanders & Binney 2014; Bovy 2014) and by
using the distortions of sufficiently thin streams in angle and frequency space to further
constrain the true potential. Once this is under control, measuring the angle-frequency
misalignment to determine the evolution of the potential may be feasible.

Finally, since the angle-frequency misalignments found for the Aquarius streams can
mostly be attributed to using the wrong potential, this implies that they cannot be used
determine the mass growth history of the Aquarius dark matter halos as we had proposed
in Buist & Helmi (2015). This may be resolved with approximate schemes to compute the
actions in a triaxial potential (e.g. Sanders & Binney 2014; Bovy 2014) and by using the
distortions of sufficiently thin streams in angle and frequency space to further constrain
the true potential. A similar conclusion may be drawn for the determination of the
evolution of the Milky Way’s gravitational potential, although the challenge in this case
is greater. As discussed in Buist & Helmi (2015), the ability to measure time dependence
also requires the presence of thin and long streams nearby. For such streams, Gaia will
be able to determine their full phase-space coordinates precisely. However, as we have
just established, the first step is to have an accurate model for the present-day mass
distribution in the Milky Way. This alone necessitates a significant amount of effort and
will most probably require the use of multiple different streams. This area of study is
yet to be extensively explored by the community. Once a good model describing the
present-day situation has been constructed and we are fortunate enough to be able to
exploit the presence of one or more nearby streams that are sufficiently long and thin,
measuring the angle-frequency misalignment to determine the evolution of our Galaxy’s
gravitational potential may become feasible.
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4.A Fitting algorithm

When the individual wraps of a stream are sufficiently distinct in angle space, we can
fit straight lines to these and compare them with those fitted in frequency space. This
comparison can be used to determine the potential and eventually its time evolution. In
the Aquarius simulations the angle distributions are derived assuming a spherical poten-
tial. These distributions are rather noisy, making this process non-trivial and complex.
Therefore, we first group particles into possible wraps, and then use a standard parallel
line fitting algorithm on these groups. We also remove the progenitor before starting this
procedure because we expect it not to follow the behaviour of the stream.

In Fig. 4.27 we show two examples: halo Aq-A’s S164 and the test-particle simula-
tions’ S140 as they are being fitted. In case of the Aquarius haloes, we first use the
binding energies of the particles in the stream to find the most bound particle and then
centre angle and frequency space on this particle. If there is no bound structure, the cen-
tre is put at the location of the highest density in angle space. We generously removed
the progenitor and particles in its surroundings by computing the total binding energy
with a much higher mass per particle (∼ 20). These bound particles are marked in red in
the top-left panel of Fig. 4.27.

In the next step we fit a straight line to the remaining particles in each independent
projection of frequency space using a simple least squares method. We show this line for
the r-φ projection of angle space in the left panels of Fig. 4.27. We then bin the data of
this angle space projection in N bins horizontally and N/S(∆Ωφ ) vertically, where N = 40
for the test-particle streams and N = 30 for the Aquarius streams, unless there are fewer
than 100 particles. We then ‘clean’ this image by emptying the bins that have fewer
counts than the median in the image.

We group the particles by connecting pixels that fall within the pattern of Fig. 4.28,
which is elongated in the same direction as the stream, which is on an angle of 45 degrees
if it follows the frequency distribution. This procedure results in the groups shown in the
third column of Fig. 4.27. To take into account that the leading and trailing arms of the
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Figure 4.27: Examples of the straight lines fitting routine for halo Aq-A’s S164 (top panels)
and the test particle simulations’ S140. In the left panel we show the stream in angle space with
possible bound particles in red and the straight line obtained by fitting the frequency distribution.
The second panel shows the streams in bins, where the axis have been scaled such that the streams
are oriented at 45 deg. The third panel shows the groupings found by the pattern filling algorithm.
The last panel shows the the resulting straight lines determined using parallel fitting.

Figure 4.28: Pattern used to link pixels in the angle-space image of the stream.
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stream can be different, we split the image in half at ∆θr = 0, unless the resulting groups
have less than 100 particles. It is clear from the top row that sometimes structures are
grouped together that should not be connected, but it is difficult to completely prevent
this from happening without removing too many particles from the streams.

We then use a least-squares fit for parallel lines with different offsets. The result is
optimised by running the full fitting procedure twice, because we can then use the slope
fitted to the angles found in the first iteration when binning angle space. To estimate the
errors in the fitting we bootstrap the data 20 times, which was found to be enough to get
a reasonable estimate of the errors, although this does not fully reflect the error when
the wraps in angle space overlap or if they are not on parallel lines.
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Nederlandse samenvatting

ERGENS in een hoekje van ons adembenemend grote en uitdijende heelal bevindt
zich een kleine blauwe planeet, onder haar inwoners ook wel bekend als ‘Aarde’.
De Aarde draait om de Zon, de meest nabije ster, op een gemiddelde afstand

van 150 miljoen kilometer. Sterren zijn hete bollen gas (vooral waterstof) die ooit zijn
ontstaan door het ineenstorten van een gaswolk. In het binnenste van een ster is de druk
en temperatuur zo hoog dat kernfusie kan plaatsvinden. De Zon is een gemiddelde ster
uit velen en is ongeveer halfverwege haar levensduur van 10 miljard jaar. De door haar
opgewekte energie is de belangrijkste bron van energie op Aarde. De eerstvolgende ster
is Proxima Centauri op 40 biljoen kilometer van de Zon, een afstand zo groot dat licht
er meer dan 4 jaar over doet om hier te komen (licht heeft een snelheid van ruim een
miljard kilometer per uur). Afstanden in het heelal zijn zo enorm dat we ze daarom in
de sterrenkunde niet in kilometers tellen maar in parsecs1 en Proxima Centauri bevindt
zich op ongeveer 1,3 parsec. Sterren bewegen allemaal in hun eigen richting die niet
precies die van de Zon is. Hierdoor zal Proxima Centauri niet altijd de eerstvolgende ster
blijven en zullen ook sterrenbeelden uiteindelijk veranderen.

De Melkweg

De Zon vormt samen met nog enkele honderden miljarden sterren een (spiraal-) sterren-
stelsel, beter bekend als de Melkweg. Omdat we in de schijf van de Melkweg zitten zien
we hiervan slechts een stoffige witte band aan de hemel. Door de vele waarnemingen
in de Melkweg van sterren, gas en stof (en de voorbeelden van andere sterrenstelsels)
denken we dat het een spiraalstelsel is met waarschijnlijk twee grote en twee kleinere
spiraalarmen zoals geschetst in figuur 1. De afstand van de Zon tot het midden van de
Melkweg is ongeveer 8,5 kiloparsec (1 kiloparsec is 1000 parsec) en de schijf van de
Melkweg heeft een diameter van meer dan 30 kiloparsec met een totale dikte van enkele
honderden parsecs. In het midden zit een verdikking in de vorm van een balk en daar-

1 Terwijl de Aarde om de Zon draait bewegen nabije sterren zich ogenschijnlijk ten opzichte van veel verder
gelegen sterren, de zgn. parallax (een hoek gemeten aan de hemel). 1 parsec is de afstand waarop een
ster zich bevind om een parallax van 1 boogseconde te hebben (1/3600 graad), en is ongeveer 30 biljoen
kilometer. Mensen zien diepte op een soortgelijke manier doordat de beide ogen net een beetje een ander
beeld zien.
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Figuur 1: Een gedetailleerde schets hoe we denken dat de Melkweg er uit zit. De Melkweg heeft
waarschijnlijk twee grote en twee kleine spiraalarmen en een balk in het midden. De labels in
dit figuur geven de namen aan van de diverse spiraalarmen en ook de positie van de Zon. Deze
afbeelding is gemaakt door NASA/JPL-Caltech/ESO/R. Hurt2.

om is de Melkweg een zogenaamd balkspiraalstelsel. Rondom de Melkweg ligt ook een
meer bolvormige component, een ‘halo’ van sterren, waarschijnlijk vooral ontstaan door
satellietstelsels die ingevallen zijn in de Melkweg en waarvan de sterren verstrooid zijn.
Ook bevinden zich hier zo’n 150 bolhopen - zeer dichte groepen van sterren die door hun
eigen zwaartekracht bijelkaar gehouden worden.

De massa van de zon is ongeveer 2 quintiljoen kilogram (2× 1030 kg, ongeveer
300.000 keer de massa van de Aarde). Het is dus meteen duidelijk waarom we mas-
sa’s in het heelal liever uitdrukken in zonsmassa’s (M�). Waarnemingen aan sterren en
gas geven aan dat de schijf van de Melkweg een massa heeft van ongeveer 50 miljard
zonsmassa’s en de stellaire halo een massa van ongeveer 1 miljard zonsmassa’s. Dit is
alleen veel te weinig om de snelheden waarmee sterren rond de Melkweg bewegen te
verklaren. Waarschijnlijk bevindt de Melkweg zich daarom in een nog veel zwaardere
halo van ‘donkere materie’ (ongeveer 1 biljoen zonsmassa’s). Donkere materie vormt een
van de grootste uitdagingen in de natuur/sterrenkunde van dit moment omdat experi-
menten op Aarde nog niet hebben geleid tot directe waarnemingen.

2 Bron: http://www.eso.org/public/images/eso1339g/
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Buurstelsels

Rondom de Melkweg vinden we ook enkele satellietstelsels (dwergstelsels) die veel klei-
ner zijn dan de Melkweg. Het meest nabije is het Sagittarius dwergstelsel, dat verstopt
zit achter het centrum van de Melkweg en daarom pas in 1994 werd gevonden. Iets ver-
der weg liggen de grote en kleine Magelhaense wolken, die alleen zichtbaar zijn vanaf
het zuidelijk halfrond. Deze dwergstelsels zullen uiteindelijk door de getijdenkrachten
van de Melkweg verscheurd worden en onderdeel worden van de stellaire halo van de
Melkweg. Het meest nabije grote sterrenstelsel is de Andromedanevel (Messier 31),
eveneens een spiraalstelsel maar groter dan de Melkweg. Andromeda en de Melkweg
vormen samen met de Driehoeknevel (M33) en al hun satellietstelsels de Lokale Groep
van sterrenstelsels. Nauwkeurige metingen aan de beweging van de Andromedanevel
geven aan dat deze over ongeveer 5 miljard jaar zal botsen met de Melkweg. Overigens
is de kans dat sterren uit de twee stelsels botsen heel klein, maar het gas en stof zal wel
botsen waardoor er zich veel nieuwe sterren zullen vormen.

De uitdijing van het heelal

Aan het eind van de twintiger jaren van de vorige eeuw werd ontdekt dat verweggelegen
sterrenstelsels van ons af bewegen met een snelheid die evenredig is met hun afstand:
het heelal dijt uit. Door simpelweg de tijd terug te draaien kunnen we daaruit afleiden
dat het heelal ooit in een dichtere en daardoor hetere toestand is begonnen, de oerknal.
De belangrijkste ‘archeologische vondst’ in de ruimte is de kosmische achtergrondstra-
ling, die nu een temperatuur heeft van ongeveer -270 graden Celsius (3 graden boven
het absolute nulpunt). Ongeveer 400.000 jaar na de oerknal was het heelal voldoende
afgekoeld om uit het hete plasma neutraal waterstof te vormen waardoor fotonen (licht-
deeltjes) vrij door het heelal konden stromen. Ruim 13 miljard jaar later nemen wij deze
fotonen waar als de kosmische achtergrondstraling.

Om hele grote afstanden in het heelal te meten gebruiken we de gigantische explo-
sies van witte dwergsterren die in een dubbelstersysteem teveel gas hebben gevangen
van hun partner (de zogenaamde supernova type Ia). Omdat deze supernova-explosies
een vaste helderheid hebben kan de afstand bepaald worden. Uit waarnemingen van
verweggelegen supernova’s is gebleken dat het heelal niet alleen uitdijt, maar dat deze
uitdijing ook versnelt. Deze afstotende kracht wordt ook wel donkere energie genoemd
en is mogelijk een soort vacuüm energie die zich in het hele universum bevindt, maar
ook hier is nog geen afdoende verklaring voor gevonden. Op de afstand tussen de Melk-
weg en Andromeda heeft deze versnelde uitdijing geen significante invloed omdat de
zwaartekracht tussen de twee stelsels al belangrijker is dan de expansie van het heelal.

De vorming van structuur

Tegenwoordig zit het heelal vol met sterrenstelsels van groot tot klein, verzameld in
groepen en clusters van sterrenstelsels, maar we willen natuurlijk begrijpen hoe deze
ontstaan zijn. Een belangrijke aanwijzing is de kosmische achtergrondstraling, die kleine
fluctuaties bevat (van ongeveer 1/100.000 graad Celsius) die inzicht geven in het vroege
heelal. Hierdoor weten we nu dat het heelal voor maar 5% bestaat uit gewone materie
(zoals bijvoorbeeld gas en sterren maar ook wijzelf), voor 27% uit donkere materie en
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Figuur 2: De kleine fluctuaties in de kosmische achtergrondstraling zoals waargenomen door
ESA’s Planck satelliet3.

voor 68% uit donkere energie, en dat na de oerknal alle materie vrijwel uniform was
verdeeld.

Daar waar net een beetje meer materie was trok de zwaartekracht de omliggende
materie aan en zo ontstonden de eerste donkere halo’s, die ook gas wisten vast te houden.
Terwijl de halo’s groeiden konden daar de eerste sterren en sterrenstelsels vormen. Deze
sterrenstelsels waren vaak klein en werden groter door te fuseren met andere stelsels,
door meer gas en donkere materie te verzamelen en door kleinere stelsels te verzwelgen
(kosmisch kannibalisme). Ook op grotere schaal vormden zich groepen van stelsels zoals
de Lokale Groep, die op haar beurt onderdeel is van de Lokale Supercluster, een cluster
van groepen sterrenstelsels4.

Kijken we naar individuele donkere halo’s zoals die van de Melkweg dan blijkt dat
diens groei het best beschreven kan worden als ’van binnen naar buiten’. Uit simulaties
blijkt namelijk dat het binnenste deel van de halo (waar de Melkweg zit) al zo’n 8 miljard
jaar geleden klaar was, terwijl op grotere afstanden van het centrum recente groei door
middel van losse donkere materie en dwergstelsels een belangrijke bijdrage levert aan
de massa van de donkere halo.

Sterstromen

Het groeien van de Melkweg gaat door tot op de dag vandaag, zoals bijvoorbeeld door
het verzwelgen van het Sagittarius dwergstelsel en de Magelhaense wolken. Kort na
de ontdekking van het Sagittarius stelsel in 1994 werd al vermoed dat deze door de
getijdenkrachten van de Melkweg beïnvloed werd. Enkele jaren later werd inderdaad
een enorme sterstroom gevonden langs de baan die Sagittarius beschreef, nu bekend als
de Sagittariusstroom. Zo’n sterstroom ontstaat als sterren losgetrokken worden uit een
dwergstelsel of een bolhoop door de getijdenkrachten van de Melkweg. Sommige sterren
hebben na dit proces een beetje extra energie en lopen voor het stelsel uit waardoor er

3 Bron: Planck Collaboration 2014, A&A, 571, A16.
4 Dit is tot op zekere hoogte vergelijkbaar met hoe (conglomeraten van) bedrijven groeien door kleinere

bedrijven op te slokken.
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Figuur 3: De dichtheid van sterren die waarschijnlijk toebehoren aan de sterstroom van bolhoop
Palomar 5 (ook te zien linksonder in de noordelijke hemel van figuur 4). In dit figuur kunnen
we heel duidelijk de ‘leidende’ en de ‘volgende’ sterstroom zien. Deze afbeelding is gemaakt door
Michael Odenkirchen en Eva Grebel5.

een ‘leidende’ sterstroom ontstaat. Andere sterren hebben juist een beetje minder energie
en zorgen voor een ‘volgende’ sterstroom. Dit is duidelijk te zien bij de bolhoop Palomar
5 in figuur 3. Uiteindelijk zullen deze sterstromen oplossen en dragen ze hun sterren bij
aan de stellaire halo.

In de loop der jaren is er veel onderzoek gedaan naar sterstromen en zijn er nog
veel meer gevonden. Sommige hebben (nog) geen duidelijke voorloper, zoals de Orphan
sterstroom (Nederlands: wees), terwijl er ook veel dunne en korte sterstromen gevonden
zijn rond bolhopen (zoals eerdergenoemde Palomar 5), omdat ook die langzaam verteerd
worden door de Melkweg. Enkele voorbeelden zijn te zien in een stuk van de hemel in
figuur 4. Het is lastig om sterstromen te vinden omdat ze verstopt zitten in de halo van
de Melkweg, dus eerst moeten we alle sterren uit de schijf van de Melkweg zien weg
te halen (de voorgrond), maar ook moet de stroom voldoende opvallen tussen de vele
andere sterren in de halo. Ook rond andere stelsels zijn sterstromen gevonden, zoals
rond het spiraalstelsel NGC 5907 (figuur 5).

Sterstromen blijken ook bijzonder nuttig te zijn als ‘weegschaal’ voor de Melkweg.
Wanneer de sterren eenmaal zijn losgekomen van het dwergstelsel of de bolhoop bewe-
gen ze alleen onder invloed van de zwaartekracht van de Melkweg. De snelheid waarmee
ze rond de Melkweg bewegen is daarom direct afhankelijk van de massaverdeling in de
Melkweg (zowel van sterren en gas als van donkere materie). Daarnaast vertellen ster-
stromen over in het verleden verzwolgen dwergstelsels en geven ze hiermee inzicht hoe
(delen van) de Melkweg zijn ontstaan. Sterstromen vormen daarom een soort Zwitsers
zakmes om de Melkweg te ontleden en in dit proefschrift borduren we daarop verder.

5 Bron: Odenkirchen et al. 2001, ApJ, 548, L165.
6 Bron: Bonaca et al. 2012, ApJ, 760, L6.
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Figuur 4: Het veld der sterstromen in de noordelijke en zuidelijke hemel zoals waargenomen
door de Sloan Digital Sky Survey. De kleuren geven de afstanden tot de sterren aan, terwijl de
helderheid de dichtheid van sterren aangeeft. De namen zijn aangebracht bij de duidelijk zichtbare
sterstromen. Deze afbeelding is gemaakt door Ana Bonaca6.

Dit proefschrift

In dit proefschrift hebben we gekeken naar de invloed van een groeiende donkere halo
op sterstromen. Zoals reeds eerder uitgelegd verwachten we dat de Melkweg en zijn
donkere halo in de loop van de tijd door blijven groeien, waardoor de uitgeoefende
zwaartekracht van de Melkweg op sterstromen toeneemt. Als gevolg daarvan zullen de
sterren in de stroom sneller bewegen rond de Melkweg. Op het eerste gezicht hebben
we bij een sterstroom alleen inzicht hoe hij er vandaag bij ligt, niet van zijn hele geschie-
denis, dus deze hogere mate van rotatie vertelt niet meteen dat de Melkweg gegroeid is.
Daarom hebben we gezocht naar signaturen van deze evolutie in de eigenschappen van
sterstromen. Daarnaast hebben we gekeken naar gedetailleerde simulaties van de stel-
laire halo in een Melkweg-achtige donkere halo met daarin vele sterstromen om erachter
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Figuur 5: Sterstroom waargenomen rond het spiraalsterrenstelsel NGC 5907 (welke ten opzichte
van ons bijna helemaal op zijn zij staat). Deze afbeelding is gemaakt door R. Jay Gabany en David
Martínez-Delgado7.

te komen hoe onze beschrijvende modellen werken in een realistischere situatie.
Als eerste hebben we een versimpeld model ontwikkeld om de groei van een donkere

halo te beschrijven op een manier die consistent is met kosmologische simulaties en
waarbij de halo ook van binnen naar buiten groeit (hoofdstuk 2). Dit soort modellen
zijn gebaseerd op uitgebreide en gedetailleerde simulaties van donkere halo’s. Omdat
eerdere modellen niet altijd voldeden aan eerder genoemde randvoorwaarden hebben
we een aangepast model gemaakt dat dit wel doet.

In hoofdstuk 3 hebben we sterstromen gesimuleerd en bestudeerd die geëvolueerd
zijn in een simpele donkere halo die groeit volgens het model van hoofdstuk 2. Door
de groei van de Melkweg neemt de bindingsenergie van de sterren in de sterstroom ge-
lijdelijk toe, waardoor de baan van de sterren telkens een klein beetje verandert. Het
blijkt dat een groeiende donkere halo ervoor zorgt dat een sterstroom uiteindelijk een
andere lengte en vorm krijgt ten opzichte van een sterstroom die evolueerde in een sta-
tische donkere halo. De voorwaarde om de groei van de halo te meten is dat we de
massadistributie in de Melkweg goed weten, omdat een verkeerde massa van de Melk-
weg ook soortgelijke veranderingen kan veroorzaken. Eveneens hebben we onderzocht
of dit effect meetbaar is in het licht van de Gaia satelliet, die de sterren in de Melkweg
met ongekend groot detail in kaart aan het brengen is.

In het laatste hoofdstuk hebben we sterstromen bestudeerd in realistische simulaties
van de aangroei van de stellaire halo voor Melkweg-achtige donkere halo’s. Het ver-
schil met hoofdstuk 3 is dat de groei van de donkere halo niet beschreven wordt door
een simpel model, maar in detail is gesimuleerd door de hiërarchische samenklontering
van kleinere halo’s tot grotere. Dit heeft tot gevolg dat de donkere halo zelf vol zit met
dwergstelsels en kleine donkere halo’s (die te klein waren on voldoende gas aan te trek-

7 Bron: Martínez-Delgado et al. 2008, ApJ, 689, L184.
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ken voor stervorming), hetgeen veel representatiever zou moeten zijn voor de Melkweg.
We hebben onderzocht hoe goed we de ware kenmerken van sterstromen in deze simu-
laties kunnen bepalen met onze modellen als we de massadistributie en de vorm van de
donkere halo niet precies goed weten. In dit geval blijkt dat we niet de juiste kenmerken
van deze sterstromen terug vinden, en ook moet de massadistributie in veel meer detail
bekend zijn om de groei van de Melkweg te kunnen meten.

Toekomst

In de komende 10 jaar verwachten we veel vooruitgang te kunnen maken in het begrij-
pen van de Melkweg dankzij de Gaia satelliet. Gaia is bezig in de Melkweg de posities
te meten van 1 miljard sterren en de snelheden voor ruim 100 miljoen sterren, slechts
beperkt door de helderheid van de sterren. Vele onderzoeksgroepen hebben modellen
van sterstromen en de Melkweg ontwikkeld of aangescherpt om klaar te zijn voor deze
enorme berg informatie. Naast dat we hopelijk vele bestaande modellen kunnen beves-
tigen zullen we ongetwijfeld vele nieuwe ontdekkingen doen dankzij het enorme detail
van Gaia.

De hoekstenen voor het modelleren van sterstromen zijn al ruim tien jaar geleden
gelegd en zijn ook de laatste jaren sterk verbeterd - met name om de massadistributie
van de Melkweg te bepalen. Daarnaast zullen sterstromen gebruikt gaan worden om de
kleine donkere halo’s rond de Melkweg te vinden die met de huidige theorieën over de
structuurvorming worden verwacht. Er wordt ook gekeken naar de chemische samen-
stelling van de sterren in sterstromen, omdat daaruit ook is af te lezen wanneer en in
wat voor omgeving de sterren zijn ontstaan. Tot slot geven recente onderzoeken aan
dat de Sagittarius sterstroom ook verstoord kan worden door de invloed van de zwaarte-
kracht van andere nabije dwergstelsels zoals de Magelhaense wolken. Een volgende stap
is om te zien of onze modellen aangepast kunnen worden om deze effecten te kunnen
beschrijven.

Sterstromen zijn niet alleen prachtige structuren rondom sterrenstelsels zoals de
Melkweg, maar ze zijn ook een uitstekende weegschaal voor de massaverdeling in de
Melkweg en vertellen ons een verhaal over zijn ontstaansgeschiedenis. In dit proefschrift
hebben we het eerste begin gemaakt door te kijken naar de invloed van een groeiende
Melkweg op sterstromen. Het vormt daarmee waarschijnlijk het topje van de ijsberg van
de effecten die een rol kunnen spelen bij sterstromen. Maar ongetwijfeld zullen de zeer
gedetailleerde waarnemingen van de Gaia satelliet de ontwikkelingen op het vlak van
sterstromen in een stroomversnelling brengen.
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