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Extended Differential Balancing for
Nonlinear Dynamical Systems

Arijit Sarkar , Graduate Student Member, IEEE , and Jacquelien M. A. Scherpen , Fellow, IEEE

Abstract—In this letter, we construct extended balancing
theory for nonlinear systems in the contraction framework.
At first, we introduce the concept of the extended differ-
ential observability Gramian and inverse of the extended
differential controllability Gramian for nonlinear dynamical
systems and show their correspondence with generalized
differential Gramians. We also provide how extended dif-
ferential balancing can be utilized for model reduction to
get a smaller apriori error bound in comparison with gen-
eralized differential balancing. We illustrate the results with
an example of a mass-spring-damper system considering
friction.

Index Terms—Balancing, contraction, LMIs, model
reduction, nonlinear systems.

I. INTRODUCTION

MODEL reduction refers to the methodology for con-
structing a lower-dimensional model of the original

high-dimensional complex system with considerable accuracy.
This problem has been vastly studied in the control systems
community. Reduced-order models obtained via model reduc-
tion are helpful to analyze, simulate the system and to
design, optimize controllers with less computational expense.
Balanced truncation is one of the well known model reduc-
tion techniques and since its introduction in [1], balancing
theory has been extensively studied for both linear time-
invariant [2], [3], [4] and time-varying [5], [6] systems. For
nonlinear systems, balancing had been introduced for the first
time in [7]. Afterwards, different types of balancing for nonlin-
ear systems [8], [9], [10], [11], minimality considerations [12],
[13], association with Hankel operator [14] have been inves-
tigated. On the other hand, balanced truncation for special
classes of nonlinear systems have been investigated recently
in [15], [16], [17]. However, no apriori error bound could be
provided.

Recently differential balancing has been introduced [18]
based on the contraction framework and its relation with
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differential Hankel operator has also been established. In this
framework the variational dynamics associated with the origi-
nal system is also considered and together it is referred to as a
prolonged system [19]. A balanced realization exists if the pro-
longed system has positive definite differential controllbility
function and differential observability function. On the other
hand generalized differential balancing, which has been intro-
duced in [20], proposes a computationally tractable approach
to find a balanced realization of the prolonged system if the
original system has state-independent input vector-field and
linear output map. This approach is inspired by balancing the-
ory for linear time-varying systems [5]. An apriori error bound
and stability guarantees are also provided.

In this letter we introduce Extended differential Gramians
which are the solutions of two time-varying LMIs concern-
ing the prolonged system. We consider a nonlinear system
with constant input vector-field and a linear output map. We
prove that the existence of extended differential Gramians is
necessary and sufficient for the existence of generalized dif-
ferential Gramians. Furthermore, we also provide a smaller
apriori error bound in comparison with the error bound derived
for generalized differential balancing in [21].

The rest of this letter is organized as follows. In Section II,
we give an introduction to generalized differential balanc-
ing. In Section III, we introduce the extended differential
Gramians. In Section IV, we derive the error bound for the
reduced model obtained via extended differential balanced
truncation. In Section V, we provide an illustrative example
to support the theoretical analysis. In Section VI, we provide
simulation results. Conclusions are drawn in Section VII.

Notation: We denote the set of real numbers by R and
the set of non-negative real numbers by R+. The inequal-
ity X � 0(� 0) means X is symmetric and positive (semi-)
definite. For a signal u : R+ → R

m, we denote the
L2 norm as ‖u‖2 := (

∫∞
0

∑m
i=1 u2

i (t)dt)
1
2 . We also denote

blkdiag(A1, . . . , An) to represent a block diagonal matrix. For
a set of matrices A = {A0, A1, . . . , An}, convex hull of A is
defined as ConvexHull(A) = ∑n

j=0 λjAj such that λj ≥ 0,∀j
and

∑n
j=0 λj = 1.

II. GENERALIZED DIFFERENTIAL GRAMIANS

Consider the nonlinear system

� :

{
ẋ = f (x) + Bu,

y = Cx,
(1)
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where x(t) ∈ R
n, u(t) ∈ R

m and y(t) ∈ R
p. The function

f : Rn → R
n is of class C1, B ∈ R

n×m and C ∈ R
p×n. Let

φ(t, x0, u) denote the solution x(t) of the system (1) at time
t ∈ R+ starting from x0 ∈ R

n with input u(t) ∈ R
m.

Now, we consider the variational system associated with the
nonlinear system as

d� :

{
δẋ = ∂f (x)

∂x δx + Bδu,

δy = Cδx,
(2)

where δx(t) ∈ R
n, δu(t) ∈ R

m and δy(t) ∈ R
p denote the state,

input and output of the variational system respectively. The
system (1) together with (2) is called the prolonged system.

The generalized differential controllability and generalized
differential observability Gramian are defined as the solu-
tions P � 0, Q � 0 of the following differential Lyapunov
inequalities

∂f (x)

∂x
P + P

∂�f (x)

∂x
+ BB� � −εP, (3)

Q
∂f (x)

∂x
+ ∂�f (x)

∂x
Q + C�C � −εQ, (4)

for all x ∈ R
n, ε > 0. This is slightly different from the

original definition of generalized differential Gramians [18],
[20] where ε = 0 is assumed. However, ε > 0 guarantees
stability properties of the system (1) based on the general-
ized differential Gramians [21]. If the solutions exist then
the function L̄P (δx0) := 1

2δx�
0 P−1δx0 is said to be the gen-

eralized differential controllabilty function and the function
L̄O(δx0) := 1

2δx�
0 Qδx0 is said to be the generalized differ-

ential observability function. The solutions of (3) and (4)
are not unique and consequently the generalized differential
functions are not unique. However, they provide bounds to dif-
ferential energy functions as follows L̄C(δx0) ≤ LC(δx0, x0),
L̄O(δx0) ≥ LO(δx0, x0), where x0 ∈ R

n, δx0 ∈ R
n, LC(δx0, x0)

and LO(δx0, x0) are the differential controllability function and
the differential observability function respectively as defined
in [20].

III. EXTENDED DIFFERENTIAL GRAMIANS

Extended Gramians have been defined for discrete-time LTI
systems in [22] and for continuous-time systems in [23], [24].
In this section, we use a similar notion to define extended dif-
ferential Gramians for nonlinear systems. Before proceeding
any further, we have the following standing assumption.

Assumption 1: The Jacobian ∂f (x)/∂x is globally bounded
with respect to its argument, i.e., | ∂fi

∂xj
| < ∞, 1 ≤ i ≤ n,

1 ≤ j ≤ n for all x ∈ R
n.

Consider solutions of (3) and (4) are positive definite. Now,
we can define P̌ := P−1, where P̌ is positive definite. For the
ease of readability we define

Xo(x) := −Q
∂f (x)

∂x
− ∂�f (x)

∂x
Q − C�C − εQ,

Xc(x) := −P̌
∂f (x)

∂x
− ∂�f (x)

∂x
P̌ − P̌BB�P̌ − εP̌. (5)

Now, let us consider the following two time-varying LMIs,
[

Xo(x) Q − (αIn + ∂�f
∂x )S

Q − S�(αIn + ∂f
∂x ) (S + S�)

]

� 0 (6)

and
⎡

⎢
⎣

−P̌ ∂f
∂x − ∂�f

∂x P̌ − εP̌ − P̌ + (βIn + ∂�f
∂x )T − 2P̌B

P̌ − T�(βIn + ∂f
∂x ) T + T� 2T�B

−2B�P̌ 2B�T 4Im

⎤

⎥
⎦ � 0 (7)

where Xo(x) is as defined in (5) and α, β > 0. We then
call the solutions (Q, S, α) of (6) and (P̌, T, β) of (7) as
extended differential observability Gramian and inverse of the
extended differential controllability Gramian for the variational
system (2) respectively.

Theorem 1: Assume Xo(x) � 0 for all x ∈ R
n, then the

inequality (4) has a solution Q for all x ∈ R
n if and only

if (6) has a solution (Q, S, α) with Q � 0, S = S� � 0 and α

large enough for all x ∈ R
n.

Proof (Sufficiency): Let us assume that (6) has a solution
(Q, S, α) with Q � 0. If we multiply (6) by

[
In 0

]� from the
right and by

[
In 0

]
from the left, then it is evident that (4)

has a solution Q � 0.
Necessity: Assume that there exists a solution Q � 0 of (4).

Let us then consider a symmetric matrix 
o ∈ R
n×n such that

αQ + 
o � 0. We can then select

S = Q(αQ + 
o)
−1Q (8)

so that S = S� � 0. Multiplying (6) by blkdiag{In, S−1Q}
from the right and blkdiag{In, QS−1} from the left we have

[
Xo(x) 
o − ∂�f

∂x Q

o − Q ∂f

∂x 2(αQ + 
o)

]

� 0. (9)

As Xo(x) � 0, using Schur complement we have

2αQ + 2
o − (
o − Q
∂f

∂x
)X−1

o (
o − ∂�f

∂x
Q) � 0. (10)

As ∂f (x)/∂x is globally bounded, there exists large enough α

such that (10) is satisfied. This completes the proof.
A similar result holds for the differential controllability

Gramian but now the inverse of the extended differential
controllability Gramian plays a role as follows.

Theorem 2: Assume Xc(x) � 0 for all x ∈ R
n, then the

inequality (3) has a solution P for all x ∈ R
n if and only if (7)

has a solution (P̌, T, β) with P̌ � 0, T = T� � 0 and β large
enough for all x ∈ R

n.
Proof (Sufficiency): Let us assume that (7) has a solution

(P̌, T, β) with P̌ � 0. Taking the Schur complement leads to
the equivalent of (7) as

[
Xc(x) �c

��
c T + T� − T�BB�T

]

� 0, (11)

where �c = −P̌+(βIn+ ∂�f
∂x +P̌BB�)T . Now, multiplying (11)

by
[
In 0

]� from the right and
[
In 0

]
from the left we can

conclude (3) admits a solution P � 0.
Necessity: Assume P � 0 satisfying (3). Let us consider a

symmetric matrix 
c ∈ R
n×n such that (βP + 
c) � 0. We

can select

T = (βP + 
c)
−1 (12)

so that T = T� � 0. Now, multiplying (11) by
blkdiag{In, T−1} from the right and blkdiag{In, T−�} from
the left and taking the Schur complement we have

2βP + 2
c − BB� − �c � 0, (13)
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Algorithm 1 Pseudo-Code for EDBT
Require: Prolonged system as defined by (1) and (2).
Ensure: Assumption 1 is satisfied.

1) Find a positive definite matrix Q which satisfies (4).
2) Propose a symmetric matrix 
o and constant α > 0

such that S defined in (8) solves (6).
3) Find a positive definite matrix P which satisfies (3).
4) Propose a symmetric matrix 
c and constant β > 0

such that T defined in (12) solves (7).
5) Choose α = β = max{α, β}.
6) Perform Cholesky factorization T−1 = LL� and sin-

gular value decomposition L�SL = U2
STV . Use the

invertible matrix We = LU
− 1

2
ST which satisfies (14)

and transforms the system into extended differentially
balanced coordinates.

7) Discard the states corresponding to small values of σi
to arrive at the reduced order model as (20).

where

�c := (−
cP̌ + ∂f

∂x
+ BB�P̌)X−1

c (−P̌
c + ∂�f

∂x
+ P̌BB�).

As ∂f (x)/∂x is globally bounded, there exists large enough β

which satisfies (13). This completes the proof.
Now, the nonlinear system (1) is said to be extended differ-

entially balanced if there exists an invertible matrix We ∈ R
n×n

which transforms the system (1) and (2) into a so-called
extended differentially balanced realization in which

W�
e T−1We = W−1

e SW−�
e = ST , (14)

such that ST = diag{σ1, σ2, . . . , σn}, where σ1 ≥ σ2 ≥ · · · ≥
σn > 0.

Remark 1: It can be shown that there always exists an
invertible matrix We ∈ R

n×n which satisfies (14). One of
the possible ways to find such invertible matrix We is shown
in Algorithm 1. Moreover, it can be observed that T−1S =
W−1

e 2
STWe which implies that σ 2

i (i = 1, 2, . . . , n) are the
eigenvalues of T−1S. We call the σis as the extended differ-
ential singular values of the prolonged system. The reduced
model is obtained via eliminating the states corresponding to
the smallest σis.

IV. MODEL REDUCTION AND THE ERROR BOUND

One of the essential features of balanced truncation for lin-
ear systems is that it can provide an apriori error bound for the
reduction. For linear systems this error bound can be computed
through frequency domain analysis of the actual and reduced
order models. In this section, we derive that there exixts
an aprioiri error bound for extended differential balanced
truncation. To quantify the error bound we use a particular
storage function and dissipativity arguments. Similar argu-
ments have been introduced for continuous-time LTI systems
in [24]. The derived error bound can be smaller than the error
bound provided by generalized differential balanced trunca-
tion via appropriate choice of 
o and 
c matrices as shown
in Section VI.

Let us consider the nonlinear system and the associated
variational dynamics in the extended differentially balanced

coordinates as

�̄ :

{ ˙̄x = f̄ (x̄) + B̄u
y = C̄x̄

(15)

d�̄ :

{
δ ˙̄x = ∂ f̄ (x̄)

∂ x̄ δx̄ + B̄δu
δy = C̄δx̄

(16)

where,

f̄ (x̄) := W−1
e f (Wex̄),

∂ f̄ (x̄)

∂ x̄
:= W−1

e
∂f (x)

∂x
We,

B̄ := W−1
e B, C̄ := CWe, x = Wex̄. (17)

Now, we introduce an auxiliary system

�r :

{
ẋr = f̄ (xr) + B̄u + v(t)
yr = C̄xr

(18)

where v(t) ∈ R
n is an external signal and xr ∈ R

n is an
auxiliary state vector. We can split x̄ as x̄ = [x̄�

1 x̄�
2

]�
, where

x̄1 ∈ R
r is the part of the state to be kept and x̄2 ∈ R

n−r,
is the part of the state to be truncated while performing the
model reduction. Similarly, we can split

f̄ (x̄) =
[

f̄1(x̄1, x̄2)

f̄2(x̄1, x̄2)

]

, B̄ =
[

B̄1
B̄2

]

, C̄ = [C̄1 C̄2
]

(19)

with f̄1 : R
n → R

r, f̄2 : R
n → R

n−r, B̄1 ∈ R
r×m, B̄2 ∈

R
(n−r)×m, C̄1 ∈ R

p×r and C̄2 ∈ R
p×(n−r).

Hence, the truncation of the state component x̄2 leads to the
reduced-order model as follows

�̂ :

{ ˙̂x = f̂ (x̂) + B̂u,

ŷ = Ĉx̂,
(20)

where, x̂ := x̄1, f̂ := f̄1, B̂ := B̄1, Ĉ := C̄1 .
Assumption 2: The drift vector field of the nonlinear system

is an odd function of the state vector, i.e., f (x) = −f (−x).
This assumption is necessary to provide an apriori error

bound for the reduced order model. Though it seems to be
quite conservative in nature, odd nonlinear drift vector-fields
occur in several physical systems, e.g., mass-spring-damper
systems with nonlinear springs [25], a nonlinear pendu-
lum [25], mechanical systems with frictional [26], backlash
nonlinearities [27], electronic circuits with nonlinear resis-
tors [28], etc. In addition to that standard static nonlinearities
such as saturation can be modeled by a hyperbolic tangent
function which is odd in nature as well.

Let us now define the following notations:

Q̄ := W�
e QWe,

¯̌P := W�
e P̌We,

ξ := x̄ − xr, η := x̄ + xr. (21)

We use the following storage function to establish the error
bound for extended differential balanced truncation using
dissipativity arguments,

V(x̄, xr) = σ−2
n ξ�Q̄ξ + η� ¯̌Pη (22)

where σn is the nth diagonal element of ST . We can see that

ξ̇ = ˙̄x − ẋr = f̄ (x̄) − f̄ (xr) − v

C̄ξ = ȳ − yr (23)

Authorized licensed use limited to: University of Groningen. Downloaded on October 03,2022 at 13:46:20 UTC from IEEE Xplore.  Restrictions apply. 



SARKAR AND SCHERPEN: EXTENDED DIFFERENTIAL BALANCING FOR NONLINEAR DYNAMICAL SYSTEMS 3173

and

η̇ = ˙̄x + ẋr = f̄ (x̄) + f̄ (xr) + 2B̄u + v (24)

Before proceeding any further let us define the line segments

γ−(s) := sx̄ + (1 − s)xr,

γ+(s) := sx̄ + (1 − s)(−xr), (25)

where s ∈ [0, 1]. Then,

f̄ (x̄) − f̄ (xr) =
∫ 1

0

∂ f̄ (γ−(s))

∂γ−(s)
(x̄ − xr)ds. (26)

Similarly,

f̄ (x̄) + f̄ (xr) = f̄ (x̄) − f̄ (−xr)

=
∫ 1

0

∂ f̄ (γ+(s))

∂γ+(s)
(x̄ − (−xr))ds, (27)

where f̄ (xr) = −f̄ (−xr) as per Assumption 2.
Now, let us multiply (6) by [Weξ Wev] from left and

[Weξ Wev]� from right, providing

−2ξ�Q̄
∂ f̄

∂ x̄
ξ − ξTC̄�C̄ξ − 2ξ�

(

αIn + ∂� f̄

∂ x̄

)

STv

+ 2ξ�Q̄v + 2v�STv ≥ 0,

⇐⇒ 2v�ST

[

v −
(

αIn + ∂ f̄

∂ x̄

)

ξ

]

− ξ�C̄�C̄ξ

+ 2ξ�Q̄

[

v − ∂ f̄

∂ x̄
ξ

]

≥ 0,

integrating both sides w.r.t s along γ−(s)and using (23)
and (26), we have

− ‖y − yr‖2 − 2v�ST(ξ̇ + αξ) − 2ξ�Q̄ξ̇ ≥ 0. (28)

Similarly, let us multiply (7) by [Weη Wev u] from left and
[Weη Wev u]� from right, yielding

−2η� ¯̌P[
∂ f̄

∂ x̄
η + 2B̄u + v] + 2v�−1

ST [(βIn + ∂ f̄

∂x
)η + v

+ 2B̄u] + 4‖u‖2 ≥ 0,

integrating both sides w.r.t. s along γ+(s) and using (24), (27)
and considering odd drift vector field, we have

− 2η� ¯̌Pη̇ + 2v�−1
ST (η̇ + βη) + 4‖u‖2 ≥ 0. (29)

Now, differentiating the storage function in (22), we get V̇ =
2σ−2

n ξ�Q̄ξ̇ + 2η� ¯̌Pη̇, and using (28) and (29) we have the
following inequality

V̇ ≤ −σ−2
n ‖y − yr‖2 + 4‖u‖2 + 2[v�−1

ST (η̇ + βη)

− σ−2
n v�ST(ξ̇ + αξ)]. (30)

Now, the following lemma establishes an error bound when
only one state is truncated, i.e., when r = n − 1.

Lemma 1: Suppose the systems (18) and (20) are initially
at rest and the system (15) is balanced with extended dif-
ferential observability gramian (Q, S, α) and inverse extended
differential controllability gramian (P, T, β) where α = β.
Moreover, if the system is in the extended balanced coordi-
nates, S = T−1 = ST = diag{σ1, σ2, . . . , σn}. If r = n − 1,

then the output of the original balanced system (15) and
reduced order system (20) satisfy

‖y − ŷ‖2 ≤ 2σn‖u‖2.

Proof: Let v = [
0n−1 v2

]�, where v2 = −f̄2(xr) − B̄2u,

which yields ẋr1 = f̄1(xr) + B̄1u, ẋr2 = 0 . Since xr(0) = 0,
we have following implications

ẋr2 = 0 ∀t ≥ 0 =⇒ xr2(t) = 0 ∀t ≥ 0

=⇒ ẋr1 = f̄1(xr1) + B̄1u (31)

As x̂(0) = 0, the final expression of (31) implies that xr =[
x̂ 0

]� and yr = C̄1xr1 = Ĉx̂ = ŷ. Since α = β, we have

σ−2
n v�ST(αξ + ξ̇ ) = σ−1

n (αx2 + ẋ2)v2 = v�−1
ST (βη + η̇),

which modifies (30) to

V̇ ≤ 4‖u‖2
2 + σ−2

n ‖y − ŷ‖2
2. (32)

Integrating (32) from 0 to ∞, we have

0 ≤ 4‖u‖2
2 + σ−2

n ‖y − ŷ‖2
2 =⇒ ‖y − ŷ‖2 ≤ 2σn‖u‖2.

Now, we are in a position to state the main result of this
letter in terms of error bound for the model reduction based
on extended differential balancing.

Theorem 3: Suppose the system (1) is balanced with
extended differential observability Gramian (Q, S, α) and
inverse of extended differential controllability Gramian
(P̌, T, β) as defined in (6) and (7) respectively. If the system
is in the balanced coordinates, i.e., S = T−1 = ST =
diag{σ1, σ2, . . . , σn}, and the drift vector field is odd in nature,
then the output of the actual model and output of reduced order
model satisfy

‖y − ŷ‖2 ≤ 2
n∑

j=r+1

σj‖u‖2

where σr >> σr+1 and α = β.
Proof: This theorem can be proved by applying Lemma 1

iteratively.
Algorithm 1 summarizes the steps associated with extended

differential balanced truncation.

V. ILLUSTRATIVE EXAMPLE : MASS-SPRING-DAMPER

SYSTEM WITH FRICTION

In this section, the proposed method of extended differen-
tial balanced truncation is illustrated by an example. Consider
a mass-spring-damper system with Coulomb friction. The
behaviour of Coulomb friction can be described as follows

Fi =
⎧
⎨

⎩

−δi, q̇i > 0,

[−δi, δi], q̇i = 0,

δi, q̇i < 0,

where Fi is the frictional force for ith mass and q̇i is the
velocity of ith mass. So, it is evident that Coulomb friction
is discontinuous at zero velocity and thus not differentiable.
Therefore we approximate the Coulomb friction behaviour
using a smooth nonlinear function

Fi = − δiq̇i√
γi + q̇2

i

,
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where 0 ≤ γi < ∞. When γi = 0 it mimics the exact Coulomb
friction behaviour. This approximation is also judicious as
in most of the practical applications there is lubrication in
between the surfaces and so the frictional behavior can be bet-
ter represented using this smooth approximation of Coulomb
friction behavior.

Let us now consider a mass-spring-damper system con-
sisting of n number of masses with the nonlinear smooth
approximation of the Coulomb friction. The system can be
represented as follows in the port-Hamiltonian form
[

q̇
ṗ

]

=
[

0 In
−In − (D + R(p))

] [
K 0
0 M−1

]

︸ ︷︷ ︸
H

[
q
p

]

︸︷︷︸
x

+
[

0
G

]

︸︷︷︸
B

u

y = [
0 G�]

[
K 0
0 M−1

][
q
p

]

(33)

where q ∈ R
n is the displacement vector, p ∈ R

n is
the momentum vector, D ∈ R

n×n is positive semi-definite
matrix whose elements represent the damping co-efficients,
K ∈ R

n×n is positive definite matrix which represents the
spring interconnection, M ∈ R

n×n is positive definite diagonal
mass matrix, H = 1

2 x�Hx is the Hamiltonian corresponding
to the system which represents total associated energy of the
system where x = [q� p�]� ∈ R

2n and

R(p) = diag

⎧
⎨

⎩
δi√

γim2
i + p2

i

⎫
⎬

⎭
� 0

where mis are the masses for i = 1, 2, . . . , n. The variational
dynamics of the nonlinear system will be
[
δq̇
δṗ

]

=
[

0 In

−In − (D + R̄(p))

][
K 0
0 M−1

][
δq
δp

]

+
[

0
G

]

δu

δy = [
0 G�]

[
K 0
0 M−1

][
δq
δp

]

(34)

where

R̄(p) = diag

{
δiγim2

i

(γim2
i + p2

i )
3/2

}

� 0

for i = 1, 2, . . . , n. In order to solve for generalized differential
Gramians as in (3) and (4) or extended differential Gramians
as in (6) and (7) we need to solve an infinite set of LMIs
for all x ∈ R

n. However, we can use differential inclusion to
solve a finite set of LMIs for the generalized differential and
extended differential Gramians [29].

Let A = {A0, A1, . . . , An} be a finite set of matrices with

A0 =
[

0n In

−In − D

][
K 0
0 M−1

]

,

Ai =
[

0n In

−In − (D + diag(0, . . . , δi
mi

√
γi

, . . . , 0))

][
K 0
0 M−1

]

, (35)

where i = 1, 2, . . . , n. The ith diagonal entry of Ai should
be δi

mi
√

γi
, i = {1, 2, . . . , n} and every other diagonal entry

is zero. Now, we can have the differential inclusion ∂f
∂x ∈

ConvexHull(A) for all x ∈ R
n. So, the solutions P � 0 and

Q � 0 of (3) and (4) respectively are also the solution of the
following set of LMIs

AiP + PA�
i + BB� � −εP, i = 0, 1, . . . , n (36)

Fig. 1. Comparison of output trajectories of original and reduced order
model obtained via EDBT and LBT.

QAi + A�
i Q + C�C � −εQ, i = 0, 1, . . . , n (37)

Similarly, the solutions (Q, S, α) and (P̌, T, β) of (6) and (7)
respectively are also the solutions of the following LMIs

[
Xo Q − (αIn + A�

i )S
Q − S�(αIn + Ai) (S + S�)

]

� 0, (38)

⎡

⎣
−P̌Ai − A�

i P̌ − εP̌ − P̌ + (βIn + A�
i )T − 2P̌B

P̌ − T�(βIn + Ai) T + T� 2T�B
−2B�P̌ 2B�T 4Im

⎤

⎦ � 0, (39)

for all i = {0, 1, . . . , n}.

VI. SIMULATION RESULTS

For our experiment, we consider a mass-spring-damper
system consisting of 40 masses where the masses vary between
0.4[kg] and 0.6[kg], spring stiffness between 0.9[kg/s2] and
1.1[kg/s2], damping co-efficient is 0.1[kg/s] and γi is 10−20, i
= {1, 2, . . . , 40}. We obtain generalized differential Gramians
by solving (37) and (36) or extended differential Gramians
by solving (38) and (39) for 2n (number of states) = 80
with α = β = 6000. We also consider 
c = −εcP in (12),

o = εoQ in (8) where εo = 1000 and εc = 5000. We used
YALMIP [30] toolbox in MATLAB 2020b with SeDuMi [31]
solver to solve for the LMIs. To present the results we use
the following notation: EDBT stands for extended differential
balanced truncation, GDBT stands for generalized differen-
tial balanced truncation and LBT stands for Linear Balanced
truncation; dim refers to the dimension of the reduced order
model. Fig. 1 depicts that the reduced model obtained by
EDBT approximates the original system much better than
the reduced model obtained by LBT applied around operat-
ing point (q, p) = (0, 0) in response to a sinusoidal input
u = sin(t). It is clearly visible from Fig. 2 that the error bound
derived for EDBT is smaller than the error bound provided
by GDBT. However, the actual errors in outputs introduced
by EDBT and GDBT are similar(the difference is of the
order 10−4). This implies that EDBT could provide a less-
conservative error bound with respect to GDBT. It is worth
mentioning that the apriori error bound helps to decide the
order of the reduced model based on considerable accuracy.
The data and source code of the simulations can be found
in [32].
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Fig. 2. Comparison of error bounds for different orders of reduced
model.

VII. CONCLUSION

In this letter we have proposed an extended differential bal-
anced realization for model reduction of nonlinear dynamical
systems and have provided a computationally tractable model
reduction approach with an apriori error bound for the reduced
order model. We have shown via an illustrative example
that extended differential balanced truncation of the nonlinear
system is advantageous over linear balanced truncation of the
linearized system around an operating point as it captures the
nonlinear behaviour of the original system in the reduced order
model. Moreover, we have also shown that the error bound
provided by extended differential balanced truncation is less
conservative with respect to generalized differential balanced
truncation for nonlinear systems. There are several different
routes of future research that can be outlined based on these
results. First of all, the computation of the error bound for drift
vector-fields which are not odd in nature has to be investigated.
Secondly, preservation of structures such as port-Hamiltonian
structure, specific network structure, etc. should also be looked
into. The flexibility provided by 
c and 
o matrices defined
in (12) and (8) respectively to preserve various structures is
still an open problem.
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