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List of notation

Symbol Definition Interpretation
V complex vector space state space

End(V ) {A : V → V | A is linear} space of operators on V

Fr(V )
{
f̃ ∈ V n

∣∣∣ f̃ is basis of V
}

set of frames of V

Spec(A)
{
λ ∈ C

∣∣ ∃v∈V \{0}Av = λv
}

set of eigenvalues of operator A
N(V ) {A ∈ End(V ) | d(A) ̸= 0} non-degenerate operators on V

Spec(V ) {(A, λ) | A ∈ N(V ), λ ∈ Spec(A)} abstract model of energy bands
M -given smooth manifold- parameter space
H smooth map M → End(V ) Hamiltonian family

N(H) {x ∈M | H(x) ∈ N(V )} non-degeneracies of H
Spec(H) {(x,E) | x ∈ N(H), E ∈ Spec(H(x))} energy bands of H
Eigλ(A) {v ∈ V | Av = λv, v ̸= 0} eigenvectors of A belonging to λ
Eig(A)

⊔
λ∈Spec(A) Eigλ(A) eigenvectors of A

In {1, . . . , n} index set consisting of n labels
Sn Sym(In) symmetric group on n elements
C× {z ∈ C | z ̸= 0} unit group of complex numbers

C× ≀ In (C×)n ⋊ Sn symmetry group of n C×-torsors
EigFr(A) {(f1, . . . , fn) ∈ Fr(V ) | fi ∈ Eig(A)} set of eigenframes of A
Eig(V ) {(A, λ, v) | A ∈ N(V ), v ∈ Eigλ(A)} bundle of eigenvectors

EigFr(V )
{
(A, λ̃, f̃)

∣∣∣ A ∈ N(V ), Af̃ = λ̃f̃
}

bundle of eigenframes

Path(M) {γ : [0, T ] →M for some T ≥ 0} path category of M
Loop(M) {γ : [0, T ] →M | γ(0) = γ(T )} loop category of M

Loop(M,x0) {γ : [0, T ] →M | γ(0) = γ(T ) = x0} monoid of x0-based loops in M
Π1(M) Path(M)/homotopy fundamental groupoid of M
π1(M,x0) Loop(M,x0)/homotopy fundamental group of M at x0

Table 1: Symbols together with their definition and main use.
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Chapter 1

Introduction

Mathematics and physics are known to have beautiful connections, and in this thesis
we will investigate one of these. Namely, we will see that adiabatic quantum mechan-
ics has a natural description based on the geometry of the eigenvalue problem. A first
hint for this can already be found in a first course on quantum mechanics. There,
one learns that a measurable quantity, also known as an observable, corresponds
to a specific operator on a complex vector space of quantum states. The possi-
ble measurement outcomes are given by the eigenvalues of the operator, while the
eigenvectors yield the corresponding state of the quantum system, which are hence
called eigenstates. The time-evolution of any state ψ(t) is described by a (generally
time-dependent) operator H called the Hamiltonian, according to the Schrödinger
equation

iℏ
∂ψ

∂t
= H(t)ψ. (1.1)

The Hamiltonian itself is also an observable, and corresponds to the energy of the
system. In case one considers a static Hamiltonian operatorH, its eigenvalue problem

Hψ = Eψ, (1.2)

with E the energy of the eigenstate ψ, is even known under its own name; the time-
independent Schrödinger equation. A famous example is when H is the Hamiltonian
of the electron in a hydrogen atom. In this relatively simple setting, one already
finds the pattern of the periodic table of elements, as well as the spectral lines of
hydrogen. One may thus argue that the eigenvalue problem is among the cornerstones
of quantum mechanics.

This connection with the eigenvalue problem is particularly strong in the subfield
of adiabatic quantum mechanics (AQM). The underlying motivation can be given as
follows. If the Hamiltonian H is constant in time, the Schrödinger evolution of an
eigenstate is given by

ψ(t) = e−iEt/ℏψ(0). (1.3)

1



Chapter 1. Introduction

That is, the state only acquires a phase, known as the dynamical phase. However, if
the Hamiltonian H is not constant in time, the dynamics need not be so simple. Of
course, one does obtain an instantaneous eigenvalue problem H(t)ψ(t) = E(t)ψ(t)
for each time t, where E(t) is known as the instantaneous energy, similarly ψ(t) as an
instantaneous eigenstate. But, in contrast to the situation of constant Hamiltonian in
Eq. (1.3), instantaneous eigenstates of a non-constant Hamiltonian are generally not
preserved under Schrödinger evolution. This means that an instantaneous eigenstate
ψ(t) of H(t) evolves into a linear combination of instantaneous eigenstates belonging
to different energies of H(t+∆t), which means that it no longer has a definite energy.
Nevertheless, one can show that Schrödinger evolution can be reduced to an evolution
that does preserve instantaneous eigenstates [1, 2]. Intuitively speaking, eigenstates
of different energy should not have much to do with one another, provided that H
does not change abruptly. This approximation to Eq. (1.1) is known as the adiabatic
approximation, which thus defines the field of adiabatic quantum mechanics (AQM).

A famous physical effect in the field of AQM is the geometric phase, also known
as the Berry phase. Consider a quantum system described by a Hermitian Hamil-
tonian H depending on system parameters x = (x1, . . . , xm). Typical examples of
system parameters are lengths and widths in the set-up, strength and direction of E
and B fields, and laser frequency. The experiment consists of adjusting the system
parameters, sufficiently slow for the adiabatic approximation to be adequate. We end
the experiment at t = T by returning all system parameters to their initial values,
and comparing the final state with the initial one. According to adiabatic dynamics,
an eigenstate returns as

Ψ(T ) = eiθ(T )eiγgeoΨ(0), (1.4)

where

θ(t) := −1

ℏ

∫ t

0

E(t′)dt′ (1.5)

is the dynamical phase, adapted to a non-constant Hamiltonian. This thus leaves an
additional contribution γgeo to the total phase, which in terms of the used instanta-
neous eigenstate path ψ(t) reads

γgeo = i

∫ T

0

〈
ψ(t)

∣∣∣ψ̇(t)〉dt. (1.6)

Here we assumed that ψ(0) = ψ(T ), so that the expression is truly gauge-invariant.
This phase was first reported by Berry[3], and only depends on the traversed path in
parameter space, i.e. it is independent of the speed of traversing. The phase is thus
known as the geometric, or Berry, phase.

The first known example of geometric phase was found by Pancharatnam[4] in
1956, years before Berry’s paper. He considered a way to define a phase difference
between arbitrary beams of polarized light by minimizing destructive interference.
However, given 3 beams A, B and C, if A is in phase with B and B with C, then
A need not be in phase with C. In fact, their phase difference equals half the solid
angle of the geodesic triangle formed by A, B and C on the Poincaré sphere of
possible polarization states. A similar example is given by a spin-1/2 particle in a

2



magnetic field of fixed strength [3]. One obtains a sphere of possible field directions,
and the geometric phase obtained by changing the direction again scales with the
solid angle of the area enclosed by the path. Another example of geometric phase is
the Aharonov-Bohm phase [5], which is the phase obtained by an electron moving
around a magnetic flux tube. Even though the electron does not enter a region
with non-zero magnetic field, it still acquires a phase depending on the flux that is
encircled. Moreover, this phase does not depend on the exact loop around the tube,
hence forming an example of geometric phase that has a topological nature. These
examples have been confirmed in a variety of experimental set-ups, for which we refer
to the overview in [6].

A formal geometric description of the geometric phase was reported by Simon [7];
due to a loss of Berry’s manuscript in the refereeing process, his paper even appeared
prior to Berry’s. The geometric phase was interpreted to be a holonomy effect. That
is, the evolution of the state can be seen as parallel transport around the loop, which
need not return the state back to itself. To specify the required spaces, denote by
E(x) the energy of H(x) under consideration; we refer to E(x) as an energy band
of the Hamiltonian. Then, consider the space of pairs (x, ψ) so that H(x) is non-
degenerate and ψ is a normalized eigenstate of H(x) with energy E(x). This space
has a symmetry: one may rotate ψ with any U(1) phase to obtain another pair. The
projection (x, ψ) 7→ x then defines a principal U(1)-bundle, which sets the stage for a
parallel transport theory. The geometric phase can be identified with the holonomy
induced by the connection based on the integrand ⟨ψ(t)|ψ̇(t)⟩ in Eq. (1.6).

A generalization of this theory to non-adiabatic but still Hermitian systems was
reported by Aharonov and Anandan [8]. More precisely, they showed how a Hilbert
space V of states yields a phase for any cyclic state, which is any state (or, more
formally, a path of states) which returns to its original ray in V . The case of a
state moving adiabatically can then be considered as a special case; cyclic states
do not have to evolve adiabatically, a primary example being the Aharonov-Bohm
effect. The geometry to model cyclic states is straightforward. One considers the
unit sphere S1(V ) consisting of all norm 1 states in V . This leaves a U(1)-phase
freedom, and by taking the quotient one obtains the projective space P (V ) of V .
The resulting principal bundle

U(1) → S1(V ) → P (V ) (1.7)

is the central object in their study. Clearly, a path in S1(V ) is cyclic if and only
if the induced path in P (V ) is closed. The inner product metric yields a canonical
connection, and so one can define the Aharonov-Anandan (AA) phase for any cyclic
state. This phase reduces to the Berry phase in case one follows the instantaneous
eigenstate |ψ(t)⟩, or, better, the ray through |ψ(t)⟩.

The story changes radically if one widens the scope to include non-Hermitian
quantum systems. Namely, in such systems, eigenstates need not be cyclic, even if
all system parameters are restored to their original values. The possibility to have
such non-cyclic states is quite clear after taking a look at the energy bands. That is,
as the energies of non-Hermitian Hamiltonians may be complex, the energy bands
can have more intricate topology, like that of multi-valued complex roots. A typical
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Chapter 1. Introduction

example is a Hamiltonian family

H(x) =

(
1 x
x −1

)
(1.8)

depending on a complex parameter x. The eigenvalues are located on the branches
of the multi-valued function

√
1 + x2, which has branch points at x = ±i. According

to adiabatic dynamics, encircling such a branch point means that the eigenstate will
come back with a different energy, hence must be non-cyclic. A schematic illustration
is given in Fig. 1.1.

Figure 1.1: Real part of the energies of the system in Eq. (1.8). Encircling an
exceptional point (black + within black circle) leads to an exchange of energies (upper
red dots connected by blue curve).

This topology enabling non-cyclic states is conventionally ascribed to particular
degeneracies of the Hamiltonian family. Namely, a degeneracy around which a swap
of energies occurs is known as an exceptional point (EP). The term was first used
by Kato [9] to include any degeneracy, but now EPs are better known for the swaps
of energies and the drop in eigenspace dimension, see also the review in [10]. EPs
are ubiquitous in non-Hermitian systems, and are often studied using wave-like phe-
nomena. For such experiments, in particular in the field of photonics, we refer to
[11].

One may wonder if and how a geometric phase can be defined in the context of
non-Hermitian quantum systems. Surely the inner product will not be very useful,
as non-Hermitian systems are by definition incompatible with it. Instead, the key
requirement is that the state is cyclic. Indeed, one can check that this was already
crucial in the Hermitian case, starting from Eq. (1.4). For a cyclic state following a
non-Hermitian Hamiltonian, this equation still stands, but this time the geometric
phase should be calculated without the use of bra’s. More precisely, one generalizes
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the bra ⟨ψ| to the left-eigenstate χ. This was reported by Garrison and Wright [12],
and the resulting phase is known as the generalized geometric, or Garrison-Wright,
phase. Its standard formula has the familiar form

γgeo = i

∫ T

0

χ(t)ψ̇(t)dt, (1.9)

where χ(t) is a covector, also called linear functional, taking vectors from V and
returning a complex number. In this case, χ(t) is defined to be the unique instan-
taneous left-eigenstate of H(t) corresponding to the same energy as ψ(t) such that
χ(ψ) = 1 at all times. A way to view this phase via parallel transport was discussed
in [13].

This leaves us to find a geometric framework yielding a holonomy interpretation
for non-cyclic states appearing in non-Hermitian quantum systems. It is one of the
goals of this thesis to introduce such a formalism. We will find a special class of
bundles, a generalization of the principal bundles, that can incorporate the non-
trivial topology underlying the non-cyclic states. The actual bundles to use will
come directly from the eigenvalue problem, and the parallel transport on them will
be tautological to the dynamics reported by Garrison and Wright. In particular,
it will bring us to a holonomy theory that encompasses both cyclic and non-cyclic
states.

Outline

We will start by providing a more elaborate introduction to non-Hermitian quantum
mechanics in Chapter 2. A key step will be to assume that the Hamiltonian is
non-degenerate, and so we will study the space of such operators in more detail in
Chapter 3.

We can then move to the actual energy bands in Chapter 4. We will show that
the adiabatic evolution of an instantaneous energy is described by lifting the path
in parameter space to the energy bands, as given by rigorous covering theory. This
will allow us to use further covering theory machinery, with which we are able to
investigate the swaps of energies and the exceptional points related to them.

Our next goal will be to extend this framework to include eigenstates. The rele-
vant space will be ‘the bundle of eigenstates’, which we consider in detail in Chapter 5.
We will find a canonical connection on this bundle, and show that the parallel trans-
port it induces is tautological to the adiabatic evolution of eigenstates, up to the
dynamical phases. This holds for both cyclic and non-cyclic states. The distinc-
tion between these two cases returns in the observation that the eigenstate bundle
has the remarkable property of being a bundle in two separate ways. In one way,
it is a principal bundle suitable to describe cyclic states with, and so constitutes a
straightforward generalization of Simon’s approach. For the non-cyclic states and
EPs, however, one needs the other projection. This will yield a non-standard type
of bundle, whose properties we will investigate along the way. In addition, we will
discover that other quantities, in particular the quantum geometric tensor, find a
canonical and rigorous footing on the bundle of eigenstates.

We will finish in Chapter 6 by demonstrating how this theory can be recast in
a more explicit form. The main idea is to change perspective away from individ-

5



Chapter 1. Introduction

ual eigenstates, to instead consider whole eigenframes of the Hamiltonian. We will
demonstrate that this rewriting fits in a more general frame bundle technique. This
new bundle is a principal bundle with enlarged structure group, so that all holon-
omy operations, including swaps, can be expressed by means of this larger group.
Using this facilitating language, we then consider some more constructions in adia-
batic quantum theory, such as the off-diagonal phases for non-closed paths found by
Manini and Pistolesi [14].

6



Chapter 2

Non-Hermitian quantum
mechanics

Let us now provide a more detailed introduction into the setting of this thesis. Of
course, our goal is to arrive at the energy swaps and non-cyclic states appearing when
adiabatically changing a non-Hermitian Hamiltonian around an exceptional point
(EP). We will thus start by introducing non-Hermitian quantum mechanics (NHQM)
in general. That is, we start by inspecting what kind of properties are lost when
dropping Hermiticity, and how other tools from linear algebra provide substitutes.
We then move on to the adiabatic approximation, reviewing both the Hermitian and
the generalized argument also applicable to non-Hermitian Hamiltonians. We then
finish with the EPs, being the main new feature of adiabatic dynamics with their
energy and state exchanging properties.

2.1 Alternative methods for non-Hermitian Hamil-
tonians

The requirement that a Hamiltonian operator should be Hermitian is among the
standard axioms of quantum mechanics. However, we will now demonstrate that
some properties of Hermitian Hamiltonians are by no means exclusive to them. This
brings us back to basics of linear algebra, for which we review the following termi-
nology and notation. We start from a vector space V of finite dimension n, which
will be our complex vector space of states. By operator on V , we mean a linear map
A : V → V . In other words, an operator on V is an endomorphism of V , and so
we write End(V ) for the space of all operators on V , which is a complex manifold
of complex dimension n2. The set of all eigenvalues of an operator A is called the
spectrum of A, and we denote it as Spec(A). Dual to V is its dual space V ∨, which
is the space of covectors on V , i.e. linear maps V → C, also known as functionals.
In general, no canonical identification between V and V ∨ exists; the spaces need not
even be isomorphic in the infinite-dimensional case. However, in this thesis we only
address finite-dimensional cases.

Let us continue by repeating the definition of inner product and Hermiticity.

7



Chapter 2. Non-Hermitian quantum mechanics

Definition 2.1.1. Given a complex vector space V , a (Hermitian) inner product on
V is a map ⟨ | ⟩ : V × V → C such that:

• ⟨ | ⟩ is linear in the second slot and conjugate-linear (a.k.a. anti-linear) in
the first, hence in particular ⟨αψ1|βψ2⟩ = ᾱβ⟨ψ1|ψ2⟩ for all α, β ∈ C and
ψ1, ψ2 ∈ V ,

• ⟨ | ⟩ has conjugation symmetry; ⟨ψ1|ψ2⟩ = ⟨ψ2|ψ1⟩,
• ⟨ | ⟩ is positive-definite, i.e. ⟨ψ|ψ⟩ ≥ 0 with equality only for ψ = 0.

The tuple (V, ⟨ | ⟩), i.e. V endowed with the inner product ⟨ | ⟩, is called an inner
product space. This is called a Hilbert space if V with the induced metric from the
norm is a complete metric space, which is automatic in the finite-dimensional case.
An operator A acting on a finite-dimensional Hilbert space V is called Hermitian if
⟨ψ1|Aψ2⟩ = ⟨Aψ1|ψ2⟩ for all ψ1, ψ2 ∈ V , i.e. A† = A. The operator A is normal if
AA† = A†A.

The reason why Hermitian operators on Hilbert spaces are so commonly studied
in quantum mechanics is due to properties like the following. Namely, for a (static)
Hermitian operator H on a Hilbert space V , the following holds:

1. H has a complete set of orthonormal states. Moreover, all energies are real and
eigenstates with different energy are orthogonal.

2. the vector space V and its dual are isomorphic. That is, V → V ∨, ψ 7→ ⟨ψ| is
an isomorphism, where ⟨ψ| is taking the inner product with ψ. Moreover, if ψ
is an eigenstate of H, then ⟨ψ| is a left-eigenstate of H, i.e. if Hψ = Eψ, then
⟨ψ|H = E ⟨ψ|.

3. the time-evolution operator exp(−iHt) is unitary, i.e. probability is conserved
in time.

Guided by these statements, we will demonstrate how non-Hermitian alternatives
work.

Let us start with the complete set of eigenstates. Mathematically, this brings us
to the notion of eigenframe. Given an operator A on V , a frame (v1, . . . , vn) of V is
an eigenframe of A if each vi is an eigenvector of A. The set of all eigenframes of A
we denote by EigFr(A), which is a subspace of the space Fr(V ) of all frames of V .
Not every operator A has an eigenframe, namely A has an eigenframe if and only
if A is diagonalizable. Hence also non-Hermitian Hamiltonians can have a complete
set of states.

The follow-up question is then the orthogonality of such an eigenframe. The an-
swers consists of two parts. First, we observe that if an eigenframe (v1, . . . , vn) is not
orthogonal under an inner product, then nothing needs to be wrong with the eigen-
frame. Indeed, any frame of V is orthonormal for a particular inner product on V ,
namely the inner product obtained simply by declaring the frame to be orthonormal.
For the eigenframe (v1, . . . , vn) of A, this yields the inner product ⟨ | ⟩ given by〈

n∑
i=1

civi

∣∣∣∣∣
n∑
i=1

divi

〉
=

n∑
i=1

c̄idi. (2.1)
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2.1. Alternative methods for non-Hermitian Hamiltonians

This construction is known as the c-product in [15]. For this new inner product, A
will automatically be normal, and even Hermitian if and only if its spectrum is real.

We then turn to a second aspect of orthonormality, which we regard as even more
fundamental. Namely, the identities involving a complete set of orthogonal states,
being

⟨ψi|ψj⟩ = δij =

{
1 if i = j

0 if i ̸= j
and I =

n∑
i=1

|ψi⟩ ⟨ψi| , (2.2)

are not primarily rooted in an inner product. Instead, these relations point to a dual
basis argument. Here, we recall that any basis (v1, . . . , vn) of V has a dual basis
(θ1, . . . , θn) of the dual space V ∨ defined by the condition

θi(vj) = δij . (2.3)

We note that this equation does not make a reference to an inner product, but
instead uses the canonical pairing V ∨ × V , (θ, v) 7→ θ(v) of covector and vector.
These defining conditions become the orthogonality relations when the covectors
are equal to the bras, which happens if and only if the frame is orthonormal w.r.t.
the chosen inner product. The second relation, reading I =

∑
i viθ

i, already holds
for any frame. We conclude that the relations in Eq. (2.2) are simply dual basis
identities re-expressed using the identification V → V ∨ given by the inner product.
We remark that ((θ1, v1), . . . , (θ

n, vn)) is known as a bi-orthogonal basis [16], where,
in the literature, sometimes the covectors are re-expressed as vectors using an inner
product.

Let us dwell a bit longer on moving from V to its dual V ∨ without using an
inner product. We just saw such a transition in the dual basis argument, and now
we review that this is compatible with eigenframes in the following way. Fixing an
operator A on V , we note that A also acts on V ∨ by pre-composing, i.e. θ ∈ V ∨ is
mapped to the covector θA : v 7→ θ(Av). This leads to an eigenvalue problem, hence
if θA = λθ for θ a non-zero covector, we say θ is an eigencovector (or left-eigenvector)
of A, where λ ∈ C is necessarily an eigenvalue of A. An eigencoframe of A is a frame
of V ∨ consisting of eigencovectors of A. We note that eigenframes and eigencoframes
are in 1-to-1 correspondence, i.e. (v1, . . . , vn) is an eigenframe of A if and only if the
dual basis (θ1, . . . , θn) is an eigencoframe of A.

We observe that this does not provide a way to associate a covector to a sin-
gle vector; each of the obtained dual basis elements depends on the entire set of
frame vectors. However, such an association comes naturally if we assume A to be
non-degenerate. Let us denote the set of eigenvectors of A by Eig(A), and those cor-
responding to a specific eigenvalue λ by Eigλ(A), where the zero vector is excluded.
Similarly, let us denote the set of eigencovectors of A by Eig∨(A), and those corre-
sponding to a specific eigenvalue λ by Eig∨λ(A), where the zero covector is excluded.
We then have the following result

Lemma 2.1.2. For a non-degenerate operator A, there is a canonical bijection
Eig(A) → Eig∨(A) sending v ∈ Eigλ(A) to the unique covector θ ∈ Eig∨λ(A) de-
fined by θ(v) = 1.

9



Chapter 2. Non-Hermitian quantum mechanics

Proof. Following the decomposition of V by the eigenspaces of A, define the covector
θ to vanish on every eigenspace except the one of λ, where it is fixed by setting
θ(v) = 1.

It follows that if A is normal w.r.t. ⟨ | ⟩, then θ = ⟨v| /⟨v|v⟩, so that θ = ⟨v| if v is
normalized. We observe that the left-eigenstate is the natural generalization of the
bra to non-Hermitian Hamiltonians. We thus conclude that, in order to work with
left-eigenstates, it suffices to have a non-degenerate operator.

We now come to the last of the Hermitian properties we wanted to treat, namely
unitarity. Here we find again that, if one allows the inner product to change, this
reduces to purely algebraic properties of the operator. Namely, if the eigenvalues
of a diagonalizable H are real, then its time-evolution is unitary w.r.t. any of its
c-products [16]. We summarize this in the following result, also giving an alternative
proof.

Lemma 2.1.3. Given a complex vector space V of finite dimension n and an operator
A on V :

1. A is normal w.r.t. some inner product on V if and only if it has an eigenframe,

2. A is Hermitian and induces unitary time-evolution w.r.t. some inner product
on V if and only if it has an eigenframe and a real spectrum.

Moreover, if any of the above is the case, then the inner product has to be a c-product
of A.

Proof. Assume A has an eigenframe, say (ψ1, . . . , ψn). Define an inner product ⟨ | ⟩
by declaring this to be orthonormal, i.e. we take the c-product associated to this
frame. At time t, this tuple has evolved to (e−iE1tψ1, . . . , e

−iEntψn), where Ei is
the energy of ψi. Time-evolution is unitary if and only if this frame is orthonormal
w.r.t. ⟨ | ⟩ for any t. The orthogonality of this frame is obvious, so this reduces to
checking whether the lengths of the states are preserved, which holds if and only if
all the energies are real.

We see that unitarity boils down to the operator A being diagonalizable and hav-
ing a real spectrum. As a generic operator on V is diagonalizable, we conclude that
unitarity time-evolution is primarily a question of having real eigenvalues. Hermitic-
ity with respect to a given inner product is thus sufficient, but not required.

Our main conclusion is thus that an inner product, and the related concepts of
Hermitian and normal operators, will not be necessary when studying non-Hermitian
operators. We found that there are other assumptions, of purely algebraic charac-
ter, that successfully provide alternative techniques. Namely, we found that non-
degenerate operators provide both a complete set of states, a substitute for the usual
orthonormality relations, and a way to associate left-eigenstates to right-eigenstates.
The only property that is not substituted is unitarity of the corresponding time-
evolution; this is primarily related to having a real spectrum, but we do not wish to
restrict ourselves to such cases.

To finish, we mention that a prominent alternative to Hermitian symmetry is PT -
symmetry, requiring the Hamiltonian to be invariant under parity-time inversion.
However, knowledge of PT -symmetry will not be necessary for the mathematical
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argument, as we will only use the considerations presented above. Nevertheless,
PT -symmetry does shed additional light on realizing non-Hermitian Hamiltonians
in experiment, and we therefore give an account of PT -symmetry in Sec. 2.A.

2.2 Adiabatic quantum mechanics

Let us continue discussing the adiabatic approximation in the non-Hermitian case.
For completeness, we will first review the Hermitian case and arrive at the geometric
phase as presented by Berry [3]. In this case, we will use an inner product and
the obtained geometric phase will be a real quantity. We then continue with the
generalization of the geometric phase to general non-degenerate Hamiltonians, as
was obtained by Garrison and Wright in [12]. In this more general case, we will not
use an inner product, the geometric phase can be a complex quantity, and states
need no longer be cyclic. Performing this generalization is essentially implementing
the considerations we stated in the previous section.

The context of both problems is similar. Again, we consider the state space to
be a complex vector space V of finite dimension n. Only when discussing Hermitian
Hamiltonians will we assume that V is equipped with an inner product, otherwise we
will not. The other ingredient is a time-dependent Hamiltonian H(t) acting on V .
At this point, we only assume H(t) to be sufficiently differentiable, and additional
assumptions will be stated explicitly.

In practice, one has an experimental set-up governed by an equation having the
form of a Schrödinger equation. In this way, one obtains an (effective) Hamiltonian
operator, usually dependent on some adjustable quantities, such as the strength of
an applied electromagnetic field and cavity size. In addition, one can also consider
Bloch-Floquet Hamiltonians, which can depend on the wavevector k under consid-
eration. In any case, we refer to all quantities on which the Hamiltonian depends
as ‘system parameters’. Theoretically, one regards the system parameters to define
a manifold M of feasible configurations. Namely, if we denote the system param-
eters as x1, . . . , xm, then a configuration of the system is represented by a point
x = (x1, . . . , xm) listing the values of the system parameters in that configuration.
The space M is then obtained by varying over all configurations, and the parameter-
dependent Hamiltonian is given by a function H : M → End(V ), i.e. H = H(x).
Moreover, varying system parameters in time is then described by a path x = x(t)
in M , resulting in the time-dependent Hamiltonian H(x(t)). In order to be most
general, we start with a given time-dependent Hamiltonian H(t), and come back to
system parameters when needed.

Example 2.2.1 (Spin-1/2 particle in a magnetic field). Consider a spin-1/2 particle,
e.g. an electron, which is located in a homogeneous magnetic field described by
the vector B⃗. The coupling of the spin with this magnetic field is described by
the Hamiltonian H(B⃗) = µB⃗ · σ⃗, with µ the magnetic moment, and σ⃗ the vector

spin operator. The manifold M is now given by all configurations of B⃗ we wish to
consider. For instance, if we agree to keep the magnitude |B| constant, and vary

only its direction, then M is given by all B⃗ with the prescribed strength, and so M
is diffeomorphic to the unit sphere S2. The change in time of the magnetic field we

11



Chapter 2. Non-Hermitian quantum mechanics

apply is described by a path B⃗(t) in M , and yields the time-dependent Hamiltonian

H(B⃗(t)).

2.2.1 The standard Hermitian case

We will start with the well-known case of Hermitian Hamiltonians. That is, we as-
sume to have selected a Hermitian inner product on V , and that H(t) is Hermitian
w.r.t. this inner product for all t. As the idea of the adiabatic approximation is that
the instantaneous eigenstates of H(t) do not mix, let us work in an instantaneous
eigenstate basis. Here we use the fact that H(t) is Hermitian, and so has a basis
ψ1(t), . . . , ψn(t) of V consisting of normalized instantaneous eigenstates. Note that
we do not assume any of the ψk(t) to follow Schrödinger evolution, meaning that ψ̇k
and Hψk are not related. We do assume that these states are sufficiently differen-
tiable; a formal treatment of this we postpone to Chapter 5. If we denote the actual
state at time t by Ψ(t), then Ψ(t) is always a linear combination of the ψk(t).

To focus on the geometric phase, we will need to take out the dynamical phase.
If the reference eigenstate ψk(t) has (instantaneous) energy Ek(t), then the actual
state will acquire a dynamical phase

θk(t) = −1

ℏ

∫ t

0

Ek(t
′)dt′. (2.4)

Of course, we can only follow the energies in time if they remain distinct. We will
treat this more formally in Chapter 4, which will then guarantee that the Ek(t) are
well-defined continuous functions of t if H(t) is continuous. We may thus expand the
actual state Ψ(t) of the system as

Ψ(t) =

n∑
k=1

eiθk(t)ck(t)ψk(t). (2.5)

Substitution in the Schrödinger equation iℏ∂tΨ = HΨ and cancelling the terms linear
in Ek(t) results in

n∑
k=1

eiθk
(
ċkψk + ckψ̇k

)
= 0. (2.6)

The expression for a particular coefficient cl, describing the evolution of the ψl-
component, can now be found by taking the inner product with ψl, also known as
projecting with ⟨ψl|, and yields

ċl + ⟨ψl|ψ̇l⟩cl +
∑
k ̸=l

ei(θk−θl)⟨ψl|ψ̇k⟩ck = 0. (2.7)

We now have a clear perspective from which we can implement the adiabatic
approximation. The second term of Eq. (2.7) is the diagonal contribution, which
preserves instantaneous eigenstates. The third term is non-diagonal and does mix
the different instantaneous eigenstates. The idea is now to discard the mixing terms
that mix states of different energy. The easiest case is thus that all Ek(t) are distinct,

12
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i.e. that H(t) is non-degenerate, for all t, and we discard all mixing terms. We will
focus on this case; not only is it straightforward, it is also a good preparation for
dealing with degenerate Hamiltonians - a method applicable to this degenerate case
was treated by Wilczek and Zee [17]. The idea is that each degeneracy subspace will
in principle have its own governing equation. This case lies outside of our present
main interest, but we briefly revisit it in Sec. 6.3.4.

Let us now briefly consider the physical justification behind the discarding of
the mixing terms. We will only do this heuristically, and refer to [1, 2] for a more
rigorous treatment. The main idea is that the exponential factor in the mixing terms
yields an oscillation, and hence the whole term does not contribute significantly if
the timescale set by ⟨ψl|ψ̇k⟩ is much slower than that of θk − θl. This results in the
condition,

ℏ

∣∣∣∣∣ ⟨ψl|ψ̇k⟩Ek − El

∣∣∣∣∣≪ 1, (2.8)

which is a standard criterion in the literature. Clearly this is satisfied by requiring Ḣ
to be sufficiently small, which is the actual theoretical condition and often called the
‘infinitely slow limit’. The condition above is however not sufficient on its own, see
e.g. [18]. We also note that the adiabatic approximation will in general not hold for
indefinite time, see [19] for some detailed conditions bounding the possible evolution
time.

Performing the adiabatic approximation in the non-degenerate case then yields
the equations of motion given by

ċk + ⟨ψk|ψ̇k⟩ck = 0, (2.9)

i.e. one equation for each energy level of the Hamiltonian. This equation is readily
solved:

ck(t) = ck(0) exp

(
−
∫ t

0

⟨ψk(t′)|ψ̇k(t′)⟩dt′
)
. (2.10)

When searching for the physical interpretation of this result, one needs to take proper
care. The integral depends on the choice of instantaneous eigenstate ψk(t). In fact,
one can change this choice, or gauge, so that the integrand vanishes identically, as
was in fact done in [1]. It could then seem that we have not described a physical
effect, but only found a factor arising in certain gauges.

This is however not the case, as can be deduced from the actual state Ψ(t). For
simplicity, let us focus on a single energy level k. That is, we assume Ψ(0) = ψk(0),
so that Ψ(t) will be an instantaneous eigenstate of H(t) with energy Ek(t), but
really evolves adiabatically. We now observe that the instantaneous eigenstate ψk
merely formed an ansatz to calculate this Ψ(t). They differ up to a phase, which is
given by the integral. Of course, as ψk is only our reference, this phase difference
exists primarily in our bookkeeping and not in the actual experiment. However, this
changes if Ψ(t) returns to the original ray of Ψ(0), say at t = T . Then there is
an observable phase difference between two physical states, namely the final state
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Ψ(T ) and the initial state Ψ(0). Given Eq. (2.10), provided we picked ψk so that
ψk(T ) = ψk(0), this phase difference is

γk = i

∫ T

0

⟨ψk(t)|ψ̇k(t)⟩dt. (2.11)

This is the geometric phase in level k due to the adiabatic evolution of the eigenstate
under H(t), as reported by Berry [3]. Like the dynamical phase, also this geometric
phase is real, as can be seen by differentiating the normalization relation ⟨ψk|ψk⟩ = 1
with respect to time. However, much unlike the dynamical phase, the geometric phase
is not a quantity that accumulates in time; the phase difference is not observable
before the moment t = T at which Ψ(t) aligns again with Ψ(0).1

The designation ‘geometric’ phase stems from the following. Recall that we ob-
tained the time-dependent Hamiltonian H(t) by varying system parameters; H(t) =
H(x(t)), by abuse of notation. The claim is now that the geometric phase only de-
pends on the (oriented) curve C that is traced by the path x(t), and not on the actual
parameterization of C that is used. That is, the geometric phase does not depend
on the speed with which this curve is traversed, this of course within the adiabatic
approximation. Let us thus translate the previous derivation to the setting of system
parameters. Let us assume for simplicity that the curve C lies in a region ofM where
we can parametrize the eigenstate of level k in terms of system parameters. That
is, if Ek(x) is the energy of the level k of H(x), we find a function ψk(x) so that
H(x)ψk(x) = Ek(x)ψk(x). The function ψk(x) we call a local eigenstate, which is not
unique, in contrast to Ek(x). An instantaneous eigenstate is easily obtained from a
local eigenstate; simply take ψk(x(t)). Everything is now in place to use Eq. (2.11),
provided that ψk(x(T )) = ψk(x(0)). This is usually realized by restoring all system
parameters to their original values, i.e. x(T ) = x(0), so that C is a closed curve. We
may thus rewrite Eq. (2.11) to

γk = i

∮
C

⟨ψk|∂iψk(x)⟩dxi (2.12)

where ∂i = ∂/∂xi and we use the summation convention (on the index i). We observe
that the phase can be expressed as the integral of the 1-form ⟨ψk|dψk⟩ over C, which
shows its geometric nature. Moreover, if C is the boundary of a surface S contained
in the domain of ψk(x), then using Stokes theorem one can write the geometric phase
as a surface integral over the (Berry) curvature:

γk = i

∫
S

⟨∂iψk|∂jdψk⟩dxi ∧ dxj . (2.13)

This leaves the case where the curve C is so large that one cannot find a single
local eigenstate ψk(x) whose domain contains C. Also in this case one finds that
the phase is of geometric nature. First, we remark that Eq. (2.11) still yields a

1In practice, it is enough that H(T ) is sufficiently close to H(0). The phase that one measures
between the initial and final states - minus the dynamical phase - then approximates the phase as
given above. Theoretically, this brings one to the study of non-closed paths and the off-diagonal
phases found by Manini & Pistolesi [14], which we study in Sec. 6.3.3, but for close H(T ) and H(0)
the above suffices.
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well-defined phase; the instantaneous eigenstate approach still applies2. This phase
can also be calculated by subdividing C into pieces on which local eigenstates can
be found, subdivide the integral accordingly, and conclude the geometric nature in
this way. Of course, an easier way to conclude the same would be to use a parallel
transport argument as presented by Simon [7]. Nevertheless, irrespective of the
precise argument, one has to use a crucial property of Hermitian systems. In short,
this concerns the fact that the energy functions Ek(x) can be defined on all of M .
In that case, adiabatic evolution does not allow an eigenstate of one energy to go to
another. Hence, if x(t) is a loop, then a state must return with exactly the same
energy, meaning that it must be cyclic. In the non-Hermitian case, this need not be
due to EPs. We will treat this formally in Chapter 4.

In summary, we reviewed how the standard Schrödinger evolution, which does
not preserve instantaneous eigenstates, can be approximated for sufficiently small Ḣ
to yield adiabatic evolution, which does preserve instantaneous eigenstates. In this
picture, states not only acquire a dynamical phase, but can also acquire a geometric
phase, which is only well-defined when the eigenstate is cyclic, i.e. it returns to the
original ray. In this case of Hermitian Hamiltonians, the cyclic property is realized
by restoring all system parameters to their original values. Hermiticity of the Hamil-
tonian also guarantees that both the dynamical and the geometric phase are real. In
addition, we also assumed the Hamiltonian to be non-degenerate, which is needed
to trace the instantaneous energies in time and yield the most standard case of the
adiabatic approximation.

2.2.2 Generalized geometric phase

Having seen the standard case of AQM and the geometric phase, namely for non-
degenerate Hermitian systems, we will now drop the assumption that the Hamiltonian
should be Hermitian. This leads to a more general theory, which can be based entirely
on the non-degeneracy of the Hamiltonian. Indeed, the Hermitian case will appear
as a particular example, in which the general theory simplifies.

To start, we again assume that our state space V is a complex vector space of
finite dimension n. The time-dependent Hamiltonian H(t) acting on V we assume
to be non-degenerate at all times. However, we do not fix any inner product on V .

As before, we wish to write the Schrödinger evolution in instantaneous eigenstate
basis. However, here we cannot use Hermiticity to infer the existence of a basis of
instantaneous eigenstates. Instead, we see that non-degeneracy of H(t) is enough.
In this way, at each time t one can find instantaneous energies E1(t), . . . , En(t) and
corresponding instantaneous eigenstates ψ1(t), . . . , ψn(t), and both of which we may
assume to be differentiable in t. We can thus again decompose the actual state Ψ(t)
as in Eq. (2.5), and substitution in the Schrödinger equation recovers Eq. (2.6), i.e.

n∑
k=1

eiθk
(
ċkψk + ckψ̇k

)
= 0. (2.14)

2This illustrates an advantage of instantaneous eigenstates (depending on time t) over local
eigenstates (depending on system parameters x), namely that they are applicable to more situations.
Conversely, an advantage of local eigenstates we saw in the previous case, namely the possibility to
introduce a 1-form and rewrite to a curvature integral. In Chapter 5, we will relate these two types
of eigenstates to a single bundle, where they are paths and local sections, respectively.
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We again wish to project out a certain coefficient. For this we cannot use the bra
of ψl(t) as in the Hermitian case; it is not defined as we have no inner product, and
even if we would have, then the bra need not vanish on the other eigenstates. As
stated in Sec. 2.1, we should instead use the left-eigenstates χ1(t), . . . , χn(t) forming
the dual eigencoframe. The covector χl(t) is defined by the relations

χl(t)H(t) = χl(t)El(t), χl(t)ψl(t) = 1, (2.15)

where the latter of these uses the canonical pairing of vector and covector - no inner
product is needed, even though in many papers this relation is written using an inner
product. Together, the left-eigenstates lead to the bi-orthonormality condition

χl(t)(ψk(t)) = δlk (2.16)

so that (χk, ψk) is a bi-orthogonal system [16].
Using these left-eigenstates, we can proceed as follows. Applying χl(t) to

Eq. (2.14), we find the differential equation for the coefficient cl given by

ċl + χl(ψ̇l)cl +
∑
k ̸=l

ei(θk−θl)χl(ψ̇k)ck = 0, (2.17)

which is simply Eq. (2.7) with the bra’s generalized to left-eigenstates. Again we find
a diagonal and a non-diagonal contribution. Performing the adiabatic approximation
can now be done in the same way as before; as the Hamiltonian is non-degenerate we
discard all the non-diagonal terms. Changing label to k, we then obtain the equation
of adiabatic evolution for general non-degenerate Hamiltonians:

ċk + χk(ψ̇k)ck = 0. (2.18)

By similar considerations as before, this also defines a (generalized) geometric phase,
as first reported by Garrison and Wright [12]. If Ψ(T ) aligns with Ψ(0), ψ(t) is
a reference satisfying ψ(T ) = ψ(0), and χ(t) is the corresponding instantanteous
left-eigenstate of H(t), then the geometric phase is given by

γgeo = i

∫ T

0

χ(t)ψ̇(t)dt. (2.19)

Clearly, this reduces to the familiar expression in Eq. (2.11) in the Hermitian case.
Again, one can write it as the integral of a 1-form over the traversed curve, demon-
strating its geometric nature.

Of course, there is again the question of whether this approximation is physically
justified. Clearly, this is more challenging than in the Hermitian case. The main
reason lies in the imaginary part of the dynamical phase; it can now be non-zero
as an energy E of the Hamiltonian need not be real, meaning that some mixing
terms increase exponentially fast in time. The previous argument of the infinitely
slow limit does not apply here due to competing interests; χl(ψ̇k) is small for slow
evolution, while the evolution should be fast to bound ei(θk−θl) for given energies.
Hence, at a given time, the adiabatic approximation only holds for the state with the
lowest relative loss at that moment. However, as different states may have the lowest
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relative loss at different times, in practice no state will have evolved adiabatically in
the end.

A solution to this problem lies in the fact that the two factors in the mixing
terms consider independent directions in the space of non-degenerate Hamiltonians;
eigendirections and eigenvalues can in principle be changed individually. This is
easily seen from the spectral decomposition theorem, and we will treat the formal
mathematics behind this in Sec. 3.3. We observe that the adiabatic approximation
is exact when moving only along the eigenvalue directions, as then χl(ψ̇k) vanishes
identically. Even if this direction is not followed exactly, as would be in an experi-
ment, then still it provides a way in which χl(ψ̇k) and ei(θk−θl) can both be small.
This enables one to change the energies to convenient values, so that ei(θk−θl) oscil-
lates as before. Notice that this only replicates the Hermitian argument by having
real energies - orthogonal eigendirections are neither considered nor defined. We thus
conclude that there is a path between any two non-degenerate Hamiltonians, staying
within the non-degenerate Hamiltonians, along which the adiabatic approximation
holds for all states. Explicitly, one can construct such a path consisting of three parts
as follows:

1. while keeping the (initial) eigendirections constant, change the (initial) en-
ergies such that their imaginary parts become all equal, while maintaining
non-degeneracy. Ideally, these imaginary parts vanish, while the real parts are
well-separated. One is also allowed to perform this step rapidly, so that the
dynamical phases remain small.

2. while keeping the energies constant, change the initial eigendirections to the
desired ones. As the dynamical phases again only yield oscillating factors, this
part follows the usual adiabatic argument.

3. while keeping the (final) eigendirections constant, change the energies to their
desired values. As in the first part, doing this rapidly keeps the dynamical
phases small.

Naturally, if one chooses a path deviating from the above - in either the traced
curve or the traversed speed - then the adiabatic approximation need not hold. Hence,
in the setting of dynamically changing a Hamiltonian, we are certain that the adi-
abatic approximation holds for paths of the above form, while for a general path
this need not be. However, we will not dwell on this limitation when searching for
a parallel transport formalism. There are various reasons to do so. Firstly, it is
convenient to simply study general paths, discarding the mixing terms all the same,
to then in practice only apply the obtained formalism to the paths for which the
adiabatic approximation holds. Secondly, we will see in the upcoming section that
e.g. the instantaneous energies can already be followed in a quasi-static/stroboscopic
way, which is not done dynamically and so does not have an adiabatic limitation.
Finally, the relevant spaces will be of interest on their own, e.g. to study the energy
bands, and we will find adiabatic quantum mechanics to be one of many possible
applications.

Another point of caution is that Ψ(T ) need not have returned to its original ray.
SupposeH(t) is again realized via varying system parameters, i.e. likeH(x(t)). In the
Hermitian case, the cyclic property was guaranteed by imposing that the path x(t)
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in parameter space was a loop, i.e. x(T ) = x(0). For non-Hermitian Hamiltonians,
even if x(t) is a loop, Ψ(T ) need not return to the ray of Ψ(0). In this case, Ψ(t) is
said to be non-cyclic, and the aforementioned definition of geometric phase does not
apply. The reason is that the Hamiltonian family may have EPs, so that the energy
bands are not separated but connected by ‘spiral staircases’. Of course, in case Ψ(T )
does return to the same ray after traversing the loop, then the usual argument for
the geometric phase applies, which is what led us to Eq. (2.19).

2.3 Exceptional points

The most prominent new features that arises when moving from Hermitian to non-
Hermitian adiabatic quantum mechanics is the appearance of non-cyclic states that
return with a different energy. This phenomena is usually described using special
points in the parameter space of the Hamiltonian family, called exceptional points
(EPs). The term first appeared in a mathematical textbook [9] in the 1960s, but
experimental studies only took off around 2000. During this time, EPs became
known for a variety of properties. We will review the most used characterisations,
which we find to be closely related but not exactly equivalent. This will be the basis
for our more formal study of EP definitions in Sec. 4.6. We then proceed by reviewing
some experiments where these characteristics have been verified in practice.

In any description, EPs form a particular class of degeneracies of a Hamiltonian
family H = H(x), where by degeneracy we mean any x for which H(x) is degen-
erate, i.e. it has an eigenvalue with algebraic multiplicity higher than 1. We will
compare EPs with two other classes of degeneracies. First, there are the incidental
degeneracies; there is a crossing of energies, but this does not lead to an interesting
physical phenomenon. For example, if H(x) = diag(x, 0) with x ∈ R, then x = 0
is an incidental degeneracy. The other class are the diabolic points (DPs), where a
DP is a degeneracy of a Hermitian system, usually two-dimensional, named after the
diabolo toy shape of the energies around it. They were first reported in [20], and are
famous for their relation with geometric phases. Namely, upon encircling the DP,
both states acquire a minus sign, which is invariant under deformations of the loop.

2.3.1 Review of EP characterizations

The term exceptional point first appeared in a book by Kato on perturbation theory
of linear operators [9]. The setting is given by a finite-dimensional operator H(x)
depending analytically on a complex parameter x. It follows that the eigenvalues of
H(x) can be described by analytic functions, except for those x where H(x) becomes
degenerate and the eigenvalues coincide in a branch point singularity. Such degen-
eracies only occur as isolated points in the complex x-plane, and can so be considered
as special case. Because of this property, Kato referred to any degeneracy of H(x)
as an ‘exceptional’ point. It was not required that the degeneracy was the location
of a branch point singularity; also incidental degeneracies were allowed. This is one
of the main differences with respect to contemporary use of the term, which always
emphasizes some non-trivial nature of the degeneracy. That is, Kato’s definition is
not used in practice, despite the fact that many papers cite this book when referring
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to the concept of exceptional point. We will now discuss what kind of non-trivial
behavior is most often required of EPs. To start, we will review the most standard
example.

The seminal example of the EP2

Let us consider the 2× 2 non-Hermitian Hamiltonian family

H(k) =

(
E1 + iΓ1 k

k E2 + iΓ2

)
, (2.20)

where Ej and Γj are the energy resp. linewidth of the reference modes in the system,
and k is a complex parameter modelling the coupling between the two modes. Here
we assumed a symmetric coupling, and we will abbreviate the complex energies as
zj := Ej + iΓj . The eigenvalues of the system are given by

E±(k) =
z1 + z2

2
±
√
k2 +

(
z1 − z2

2

)2

= E0 ±
√
k2 − k2EP, (2.21)

where we introduced

E0 =
z1 + z2

2
, kEP = i

z1 − z2
2

. (2.22)

Assuming kEP ̸= 0, we observe that E±(k) describes the Riemann sheet structure of
a complex square root. In the adiabatic approximation, this sheet structure shows
us the evolution of the energies as we change system parameters. It has a non-trivial
topology, which is usually described via the degeneracies, here located at k = ±kEP.
Indeed, following a small loop around kEP or −kEP will bring us to the other sheet,
i.e. we return with another energy. Hence these two degeneracies are called the EPs
of the system.

In order to explain the modern use of the term exceptional point, let us treat
the case which usually occurs in the literature. This concerns a 2× 2 matrix model
whose two eigenvalues can be interchanged. Any EP of the system is thus known as
an EP2, where 2 is then the degree of the EP3.

Naturally, the presence of EPs also affects the eigenstates. Because of EPs, the
energy of the final eigenstate need not be the energy of the initial eigenstate. That is,
the EP enables non-cyclic states to exist. Clearly, the states follow the same branch
structure as the energies. Hence, after encircling twice, the state does return with
the initial energy. One can verify this explicitly; the eigenstates can be parametrized
as

ψ′
±(k) =

(
−ikEP ±

√
k2 − k2EP

−k

)
(2.23)

in which the same square-root appears.

3Generally, the degree of an EP is ill-defined. This we showed in [21], and we revisit this more
formally in Chapter 4. In short, the degree of an EP can only be defined if the parameter space has
(real) dimension 2.
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Chapter 2. Non-Hermitian quantum mechanics

However, whereas E±(k) automatically give the adiabatically evolved energy,
ψ±(k)

′ do not yield the adiabatically evolved state. Again, the real state differs by
a (complex) phase. However, in this special case, one can rescale the parametrized
states so that this holds nevertheless. In Chapter 5, we will see that it is sufficient
to ‘normalize’ ψ′

± to ψ± so that (ψ±)
Tψ± = 1 identically. We should thus use

ψ±(k) =
1√

2(k2 − k2EP)∓ 2ikEP

√
k2 − k2EP

(
−ikEP ±

√
k2 − k2EP

−k

)
, (2.24)

from which we observe that the eigenstates follow a fourth-root instead of a square-
root.

Describing the evolution of the eigenstates can now be done as follows. Pick
k0 near but unequal to kEP, and define ψ1 := ψ+(k0). After encircling kEP and
returning to k0, the state one obtains is by definition ψ2, which has energy E−(k0).
This fixes the choice of reference states. Then, if one moves around a second time,
ψ2 will become −ψ1. Repeated encircling thus yields the pattern

ψ1 → ψ2 → −ψ1 → −ψ2 → ψ1, (2.25)

so that, in particular, one has to encircle four times in order to return to the original
state. We remark that this is the standard choice of phases that appear for an EP2. If
one would pick other reference states, e.g. ψ2 = ψ−(k0), the phases will have different
values. We will consider this more formally in Chapter 6. What is invariant is that
both states acquire a minus after two turns. In fact, this is not only invariant under
the choice of reference states, but also under deformations of the loop around kEP.
As this is the hallmark of a diabolic point (DP), an EP2 is sometimes seen as ‘half’
of a DP.

The motivation to characterise EPs as branch point singularities is now easy to
see. For one, having a branch point singularity guarantees that non-trivial permuta-
tions of the eigenvalues are present, hence incidental degeneracies are ruled out. It
also extends to higher dimensional Hamiltonians, see Fig. 2.1 for the sheet structures
in the 3× 3 case. However, the main problem with the branch point characterisation
is that one requires the Hamiltonian to depend on a complex parameter, and in an
analytic way. In practice, many parameters are real, and the dependence need not
be analytic.

Coalescence and self-orthogonality

Two other characteristic properties are coalescence and self-orthogonality of the
eigenvectors. These are often used as a more mathematical characterisation of EPs
(e.g. [15, 23]). In essence, these are two alternative ways to describe the drop in
the dimension of the eigenspace of the Hamiltonian. Coalescence is that at least
two eigenrays of the Hamiltonian merge into a single eigenray at the EP. This is
equivalent to the appearance of a non-trivial Jordan block in the Hamiltonian, as the
Hamiltonian will no longer possess an eigenframe. This is in sharp contrast to a DP,
where the eigenstates do remain linearly independent.

Self-orthogonality describes the same phenomenon by considering the non-
existence of a bi-orthogonal system of eigenvector and eigencovectors. We stress
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2.3. Exceptional points

Figure 2.1: Eigenvalue sheets of the normal forms of EPs occuring in 3D systems
[22]. Shown above is the EP3 case where all three eigenvalues are related to a third
root singularity. Depicted below is the case with only two connected eigenvalues; like
a standard EP2 but with an extra, constant eigenvalue (green).

that again no Hermitian inner product on V is used, only the canonical pairing be-
tween vectors and covectors. The typical situation can be illustrated using the EP2.
For k ̸= kEP, one obtains a bi-orthogonal system by finding the eigencovectors χ±(k),
i.e. the unique covectors satisfying

χ±(k)H(k) = χ±(k)E±(k), χ±(k)ψ±(k) = 1. (2.26)

AsH(k) is symmetric in the chosen basis, we find χ±(k) = (ψ±(k))
T . However, at the

EP, say we take k = kEP, this bi-orthogonal system breaks down. The Hamiltonian
has only one eigenray, which we can represent by

ψEP =

(
i
1

)
. (2.27)

The ray of eigencovectors can similarly be represented by χEP = ψTEP. The term
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self-orthogonality then refers to the result

χEPψEP = 0. (2.28)

This property is indeed exclusively for the EPs; for k ̸= ±kEP a proper bi-orthogonal
system exists, ruling out self-orthogonality of any eigenstate.

Although coalescence and self-orthogonality have the advantage of not requiring
analytic dependence, by themselves they specify too little information to rule out
trivial cases. That is, they do not guarantee that the eigenvalues and eigenvectors
will be permuted by encircling. The following example treats an explicit case where
coalescence and self-orthogonality occur at an isolated degeneracy, yet the behavior
of the eigenvalues and eigenvectors is trivial.

Example 2.3.1. Consider the Hamiltonian family [13] given by

H(x) =

(
x 1
0 −x

)
(2.29)

where x is a complex parameter. We find eigen(co)vectors

ψ+(x) =

(
1
0

)
, χ+(x) =

(
2x
1

)T
,

ψ−(x) =

(
1

−2x

)
, χ−(x) =

(
0
1

)T
.

(2.30)

Hence for x ̸= 0 we can obtain a genuine bi-orthogonal system, whereas at x = 0 a Jor-
dan block appears. We find both coalesence, ψ+(0) = ψ−(0), and self-orthogonality,
χ+(0)ψ+(0) = χ−(0)ψ−(0) = 0. However, the linear dependence on x shows that the
degeneracy is incidental; around it no permutations occur.

Conclusion

We have treated the most commonly used characteristics of EP, and found the fol-
lowing. The first definition as found in Kato’s book is no longer used, primarily
as it allows for trivial cases. The characterization using complex analytic branch
structure rules out the non-trivial cases, but is quite restrictive due to the require-
ment of analytic dependence. The other two characterizations, coalescence and self-
orthogonality, are based on the drop in eigenspace dimension, and therefore equiv-
alent. They do not require analytic dependence, but again do not rule out trivial
cases. On the other hand, requiring swaps of energies does rule out trivial cases, but
this obviously requires a non-local characterization. We will continue this discussion
in Chapter 4.6, right after we have investigated the formal mathematics needed for
such a statement.

2.3.2 EP Experiments

In this section we discuss selected experiments illustrating the key aspects of EP phe-
nomenology. These will all be so-called quasi-static experiments. That is, instead of
a dynamical experiment where the loop in parameter space is followed continuously,
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one discretizes this loop, measures at each point individually, and connects the ob-
tained outcomes. The reason is that the adiabatic approximation breaks down more
easily in the non-Hermitian case, as we discussed in Sec. 2.2. Typically, only the
state with the smallest relative loss will survive.

We start with the first experiment in which an EP was found, which demonstrated
both the swap and the phase change. Afterwards, we review the ‘merging loop
method’, which is an alternative, more visual way to prove the presence of an EP.

First EP experiment

The first article reporting experimental evidence of EPs used a microwave cavity [24].
The cavity was like a disk cut in two by a slit of variable width s, which controls
the coupling between the two sectors. On one side of the slit, a solid semicircle was
attached, with the center a variable (relative) distance δ from the center of the cavity.
This controls the asymmetry between the sectors. We reproduce an overview of the
set-up in Fig. 2.2.

Figure 2.2: The set-up used in [24], illustrating also the system parameters.

The cavity supports various eigenmodes, but we limit ourselves to two of these.
The corresponding (simplified) operator is

H(δ, s) =

(
δf1 + iΓ1 s

s f2 + iΓ2

)
(2.31)

with δf1 - which is a product and not a variation - and f2 the frequencies and Γ1

and Γ2 the widths of the uncoupled eigenmodes. The eigenvalues are complex-valued
and given by

E±(δ, s) =

(
δf1 + f2

2
+ i

Γ1 + Γ2

2

)
±
√
s2 +

(
δf1 − f2

2
+ i

Γ1 − Γ2

2

)2

. (2.32)

This expression reveals that the eigenvalues follow a sheet structure similar to
the complex square root, as we saw in the EP2 example earlier. Technically, the
Hamiltonian is not analytic, and hence we do not obtain a Riemann sheet structure.
At the time, and in particular this paper, one then treated the system using a com-
plexified parameter. In this case, s was promoted to the complex parameter s̃, and
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the degeneracies of E± were interpreted as points in the complex s̃-plane. We do not
follow this point of view. Firstly, it does not correspond to the actual experiment,
and secondly, such an argument is not needed. Instead, the experiment shows that
the degeneracies are simply given by points in the (δ, s)-plane, given by

(δ, s) =

(
f2
f1
,±Γ1 − Γ2

2

)
. (2.33)

In addition, it is straightforward to find a loop in the (δ, s)-plane encirling an EP,
and this was in fact how the experiment actually proceeded.

Indeed, in the experiment δ and s were adjusted in steps so that the loop has the
shape of a rectangle, where the loop encloses the EP with positive s. After each step,
the frequencies and linewidths were measured, as well as the intensity and relative
phases of the field. The measured frequencies and linewidths are depicted in Fig. 2.3.
These are already sufficient to observe that indeed the complex energies have been
swapped in the process. The intensity and relative phases lead to Fig. 2.4. The
experiment verified that, with suitable choice of phase of the modes, one obtains
the pattern of Eq. (2.25), and that this reverses if the loop is traversed in opposite
direction.

Figure 2.3: The measured frequencies and linewidths for s = 58mm resp. s = 66mm,
as reported in [24]. Note that these are observed quantities and not the system
parameters as they appear in Eq. (2.31). Connecting both plots shows that both real
and imaginary part of the energy is swapped.
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2.3. Exceptional points

Figure 2.4: The change of the fields in [24]. Drawn is the traversed path in (δ, s)-
plane, along with the field configurations at various times. These depict the intensity
in the cavity, including the phase as indicated with a gray scale. Labelling the change
in (a) as ψ1 → ψ2, then the change in (b) is ψ2 → −ψ1.
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Merging loop method

Let us now review a visual technique to demonstrate the existence of an EP. The
idea is that the paths of the eigenvalues will have a particular behavior only if (at
least one) EP is encircled. This method was first reported in [25], and we will refer
to it as the merging loop method. We will again postpone the formal background to
Chapter 4 in order to focus on the method itself here.

The setting is as follows. Again, we follow a loop in parameter space, following
the eigenvalues of the Hamiltonian as we do so. Our loop, call it γ, is not to pass
through a degeneracy; otherwise the tracing of the eigenvalues becomes ambiguous.
However, γ may still encircle a part of the set of degeneracies, which depending on
the dimension of the parameter space are isolated points, lines, or higher-dimensional
structures. The loci of the eigenvalues in the complex plane can have one of two
possible behaviors, which are illustrated in Fig. 2.5. In case γ does not encircle
any EP, each eigenvalue will return to its original value, and so the locus of each
eigenvalue is a loop in complex energy space. In the other case where γ does encircle
an EP, the picture is generally different. Following the right-hand side of Fig. 2.5,
the energy E1 ends up at another energy E2 and so traces out a non-closed curve.
A loop is only obtained by combining the curve of E1 with that of E2, and possibly
even more energies. Hence by changing the loop γ in parameter space, the initially
separate energy loops merge into composite loops - hence the name merging loop
method. It follows that measuring a composite loop demonstrates the presence of an
EP, or higher-dimensional EP structure, inside the loop γ. In contrast, the absence
of a composite loop does not prove the absence of EP structures. Indeed, inside the
loop there could be multiple EPs whose effects simply happen to cancel each other.

Re(E)

Im(E)

E1
E2

Re(E)

Im(E)

E1 E2

Figure 2.5: Schematic view of the two possible cases when following energies in the
complex plane, in case of two energies (straight and dashed). The left picture shows
the situation when no EP is encircled and all energies return to their initial values.
On the right the separate energy paths merged into a single loop, indicating that an
EP is encircled.

One of the experiments that used this method is [26]. There, a nanometer thin
membrane in a microcavity was excited with a laser. The radiation pressure then
drives vibrations of the membrane. The system parameters were the power P of the
driving laser and the mean detuning ∆ between the laser and the cavity. This was
modelled with a 2 × 2 effective Hamiltonian system, which has EPs. The real part
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of the energy is then given by the mechanical frequency, while the imaginary part is
the mechanical linewidth. The measurements are summarized in Fig. 2.6, where we
clearly recognize the shape of Fig. 2.5. The experiment also confirmed the EP2-type
topology of the energy, as shown in Fig. 2.7

Figure 2.6: EP topology as measured in [26]. Blocks and circles mark the two different
eigenvalues, which decompose as frequency and linewidth. Varying the laser power
allowed to measure different loci, which in turn are traversed by varying the detuning.
The energy corresponding to the EP is indicated with a cross, and the lines are the
fitted model.

2.4 Summary

In this chapter, we discussed the necessary background from the field of non-
Hermitian quantum mechanics. We started in Sec. 2.1 by studying alternative math-
ematical techniques for the study of non-Hermitian operators. A complete set of
eigenstates is simply an eigenframe, implying that any diagonalizable operator pos-
sesses one. For non-degenerate operators, left-eigenstates are a replacement for the
bra’s, where orthonormality is replaced by bi-orthogonality. Finally, we saw that the
time-evolution being unitary or not is essentially the question of whether or not the
Hamiltonian has a real spectrum. Hence, as we do not wish to limit ourselves to real
spectra, we will not be using unitarity, or even inner products.

With these insights, we revisited the adiabatic approximation in Sec. 2.2. We
first reviewed the standard derivation for Hermitian Hamiltonians, to do the non-
Hermitian case afterwards. We found that we needed some technical assumptions,
such as the time-evolution of the instantaneous energy being well-defined, that we will
treat in the upcoming chapters. At the end of this, we arrived at the Garrison-Wright
argument for a complex-valued generalized geometric phase.
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Figure 2.7: Eigenvalue/energy sheets measured in [26]. The left column shows the
measurements, the right one the theoretical expectations. The upper and lower row
show Re(E) resp. Im(E) plotted against the two system parameters P and ∆. Note
that the viewing angles between upper and lower line differ.

We finished with a study of exceptional points in Sec. 2.3. We started with
reviewing the most commonly used characterisations. From Kato’s original use as
being any degeneracy of a complex analytic Hamiltonian family, to the restriction
to being the branch point singularity of the eigenvalues with the seminal example of
the EP2, and finally the coalescence or self-orthogonality perspective. Afterwards,
we considered experiments in which the theory of EPs was validated. We conclude
that the spiral staircase topology of the energy bands, the accompanying swap of the
eigenstates, and the minus phase of the EP2 have all been confirmed in experiments.
In particular, we reviewed the merging loop method, which is an effective method to
demonstrate the presence of an EP.

It is our goal to introduce a formal geometric framework that incorporates the
generalized geometric phase and the swap of eigenstates due to exceptional points
simultaneously. This we will do in the upcoming chapters, after preparing ourselves
by studying the space of non-degenerate operators in more detail.
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2.A Main example non-Hermiticity: PT-symmetry

In this appendix, we briefly review the most prominent substitute for Hermiticity of
a Hamiltonian, namely parity-time, or PT , symmetry. Here P is the parity operator
and T the time-reversal operator, and a Hamiltonian H is called PT -symmetric if

(PT )H(PT ) = H, or, alternatively, [H,PT ] = 0, (2.34)

which is the relation substituting the Hermitian symmetry H† = H. We require P to
be a linear involution and T a conjugate-linear involution commuting with P, so that
P2 = T 2 = +1 and [P, T ] = 0. In particular, PT is a conjugate-linear involution,
which makes no reference to an inner product. For a Hamiltonian expressed via
position x and momentum p, the operators act as

P : x 7→ −x, p 7→ −p, i 7→ i,

T : x 7→ x, p 7→ −p, i 7→ −i. (2.35)

Hence, a Hamiltonian with complex potential

H = p2 + VR(x) + iVI(x), (2.36)

with VR and VI the real resp. imaginary parts of the potential, is PT -symmetric if
and only if VR is an even and VI an odd function of x. The field of PT -symmetry
gained momentum with the seminal paper by Bender and Boettcher [27], where they
showed that the non-Hermitian Hamiltonian

H(x, p) = p2 + ix3 (2.37)

has a discrete spectrum consisting of real energies, which was then attributed to
PT -symmetry. For more results on PT -symmetric Hamiltonians, we refer to the
overview in [28].

As shown in this seminal paper, like Hermiticity, also PT -symmetry can guarantee
realness of the eigenvalues. The argument works differently, and is based on the
conjugate-linearity of PT . Namely, even if H is PT -symmetric, then the eigenstates
of H need not be eigenstates of PT due to conjugate-linearity instead of linearity.
To see this, notice that if Hψ = Eψ, one finds

H[PT ψ] = PT Hψ = PT (Eψ) = Ē[PT ψ]. (2.38)

Thus, if H is non-degenerate, one of the following must be the case:

• one has PT ψ = ψ, at least up to a phase factor. The PT -symmetry is then
said to be exact or unbroken. It follows that Ē = E, i.e. the energy is real.

• PT ψ and ψ are not in the same ray. The PT -symmetry is then said to be
broken. In addition, Ē ̸= E, so the energy is complex. However, then ψ and
PT ψ are eigenstates of H with energies E and Ē.

It follows that the energies of H are either real or appear in complex-conjugate
pairs. This is the hallmark of pseudo-Hermitian Hamiltonians; Hamiltonians H that

29



Chapter 2. Non-Hermitian quantum mechanics

w.r.t. an inner product satisfy H† = ηHη−1 for some operator η on V . If then
PT -symmetry is exact, i.e. all eigenstates are exact, and H is diagonalizable, then
it is Hermitian for some inner product on V , as we saw in Sec. 2.1 and as proven
beyond the finite-dimensional case in [29].

Our main interest in PT -symmetry stems from its use in realizing non-Hermitian
Hamiltonians in experiment, especially in optics and photonics. This we will illustrate
using a particular experiment, which realizes a 2D PT -symmetric matrix Hamilto-
nian. Let us prepare for this by considering the standard form of such a Hamiltonian.
As usual, T is complex conjugation, while the parity operator has the form

P =

(
0 1
1 0

)
. (2.39)

With this choice of P, a PT -symmetric Hamiltonian must be of the form

H =

(
E0 + iΓ c̄

c E0 − iΓ

)
, (2.40)

with E0 the (real) base energy, Γ a (real) linewidth, and c a (complex) coupling
parameter. This reveals the general lay-out of a PT -symmetric system. Namely, it
consists of two subsystems, one experiencing a gain +iΓ while the other experiences
a counterbalancing loss −iΓ, and the energy can be exchanged between these sub-
systems according to some coupling. The operator P then exchanges the location of
these two subsystems, and as T turns gain into loss and vice versa, the system as a
whole is PT -symmetric.

We can use this example to further illustrate the different PT -phases. Obviously,
the parameter space of a PT -symmetric Hamiltonian subdivides in a region of exact
symmetry, broken symmetry, and the phase transition regions that separate these.
For non-degenerate Hamiltonians, the phase can be read off from the energies; the
symmetry is exact if and only if all energies are real. In the above example, the
energies are given by

E± = E0 ±
√
|c|2 − Γ2. (2.41)

We now see that the PT -phase describes whether or not the coupling can mediate
the gain/loss difference, i.e. if the coupling can bring energy from the gain to the loss
part fast enough to achieve a balance:

• if |c| > Γ, i.e. the coupling is strong enough to mediate the gain/loss difference,
the energies are real and PT -symmetry is exact. After choosing a suitable
inner product, the Hamiltonian is Hermitian and the time-evolution is unitary.

• if |c| < Γ, i.e. the coupling cannot compensate for the gain/loss difference, the
energies are complex and PT -symmetry is spontaneously broken. The time-
evolution will not be unitary for any choice of inner product.

• if |c| = Γ, i.e. the coupling precisely compensates the gain/loss difference, the
Hamiltonian is degenerate and we are at a PT -phase transition.
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These phase transitions are often associated with EPs. Indeed, as we see in
the example, the energies are given by square-root expression, and at the phase
transition one typically has a coalescence of eigenstates. However, permutations of
energies are a problem in the PT -symmetric setting. In this case, as the argument
of the square-root is real, no path in parameter space will be able to swap E+

and E−. To accomplish this, one would have to introduce a perturbation via an
additional parameter, which needs to break the PT -symmetry of H explicitly. As
the exchanges of energies are the defining property of EPs for us, we do not relate
PT -phase transitions with EPs in any significant way.

On the other hand, PT -symmetry is an aid to build systems having a non-
Hermitian Hamiltonian. For a broad overview of non-Hermitian experiments, in
particular PT -symmetric ones, we refer to [30]. In addition, we will summarize the
experiment of [31] here for illustration purposes.

It is part of the field of optics, which is well-known for its supply of PT -symmetric
set-ups. The relation with quantum mechanics is via the Schrödinger form of the
equation for the electric field of an optical beam travelling paraxially;

i
∂E

∂z
+

1

2k

∂2E

∂x2
+ k0[nR(x) + inI(x)]E = 0. (2.42)

Here, k0 is the vacuum wavenumber, k = k0n0 with n0 the substrate index, the
complex refractive index n(x) = nR(x)+ inI(x) constitutes a potential term, and the
spatial direction z plays the role of time. By placing two waveguide channels next to
each other, one obtains a coupled system. This is at the basis of the setup of [31],
which is depicted in Fig. 2.8. Absorption induces a natural loss γL in the system,
which for one of the channels is compensated by a pump laser to yield an effective
gain γGeff. The measurement is done by sending a signal beam into one of the two
channels and measuring the intensity and phase of this beam after passing through
the channels.

Figure 2.8: Setup used in [31]. A light beam (from the right) enters a waveguide with
2 channels. An amplitude mask makes sure that the pump laser only affects one of
the channels. At the end (left), both intensity and phase of the light is measured.

The modelling equations are, in matrix form, given as

i
∂

∂z

(
E1

E2

)
=

(
i
2γGeff −κ
−κ − i

2γL

)(
E1

E2

)
(2.43)
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Chapter 2. Non-Hermitian quantum mechanics

with E1 and E2 the fields in the channels, and κ the coupling resulting from the
overlap of the evanescent waves of the channels. This system is PT symmetric if and
only if γGeff = γL = γ, i.e. when the gain and loss are exactly opposite. In this case,
the discriminant of the system is

∆ = 4κ2 − γ2, (2.44)

so that the phase transition occurs at γ = 2κ. For the eigenstates, here known as
eigenmodes, one finds

ψ± =



(
1

± exp(±iθ)

)
if γ < 2κ, where sin θ = γ/2κ(

1

i exp(∓θ)

)
if γ > 2κ, where cosh θ = γ/2k

(2.45)

with eigenvalues ± cos θ resp. ∓i sinh θ. In the first case, where PT -symmetry is
exact, the relative phase can vary, but the relative intensities are fixed. In contrast,
in the second case of broken PT -symmetry, the relative phase is fixed while the
relative intensity can vary. In both cases, the eigenmodes are not orthogonal w.r.t.
the standard Hermitian inner product. At the transition, where γ = 2κ, the modes
coalesce to

ψtrans =

(
1
i

)
, (2.46)

meaning that both channels have equal intensity and have a relative phase of π/2. We
remark that this is a typical result when two modes coalesce to a single one. The line
γ = 2κ in parameter space is thus a line of EPs, at least according to the coalescence
characterisation of EPs. If one instead uses the swap characterisation, then these
points are not EPs. As the energies have the form of Eq. (2.41), no loop will induce a
permutation of energies. In fact, even when considering the whole parameter space,
including the non-PT -symmetric region where γGeff ̸= γL, still no permutations will
occur.

An illustration of the corresponding waves can be found in Fig. 2.9. The Hermitian
case (γ = 0) has multiple symmetries. First, it has left-right symmetry, meaning that
the wave is the same when viewed from the front or from the back. Secondly, it is
also reciprocal, i.e. if the other channel is excited the pattern is swapped accordingly.
In the exact PT -symmetry case the pattern is similar but not as symmetric, and in
the broken case almost all intensity is in the gain channel.
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2.A. Main example non-Hermiticity: PT-symmetry

Figure 2.9: Field solutions as presented in [31], an arrow marking which channel is
excited. The threshold refers to 2κ. In the conventional Hermitian case (left), the
pattern is left-right symmetric and reciprocal, while in the PT -symmetric case this
is not so, both in the exact (top right) and broken (bottom right) case.
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Chapter 3

The space of non-degenerate
operators

Motivated by their prominence in the adiabatic approximation, let us now consider
non-degenerate operators in more detail. This exploration will be the basis for all
formal treatment to come, and was presented in [32]. We will not consider any
specific operator family H(x), nor will we use any inner product on the vector space
V . Instead, we focus on the algebraic and topological properties of the subspaceN(V )
of End(V ) of non-degenerate operator on V . We start with the exact definition of
N(V ) based on the discriminant. Afterwards, we proceed by relating N(V ) to other
spaces, using group actions and bundle projections. These will play important roles
when we return to adiabatic quantum mechanics.

3.1 Discriminant definition of the non-degeneracy
space

The first characterisation of N(V ) we will inspect is based on the discriminant, and
will form our algebraic definition of N(V ). Naturally, the eigenvalues of A ∈ End(V )
are the zeros of the characteristic polynomial p(A, z) of A, and whether or not the
zeros of a polynomial are distinct can be inferred from the discriminant. That is, one
first has the map

p : End(V ) → C[z]
A 7→ p(A, z) := det(zI −A)

(3.1)

and by evaluating the discriminant one obtains a composite function

d : End(V ) → C
A 7→ discrim(p(A, z), z)

(3.2)

known as the discriminant of operators. Its zero set

∆(V ) = {A ∈ End(V ) | d(A) = 0} (3.3)
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Chapter 3. The space of non-degenerate operators

is called the discriminant set and consists of all operators that are degenerate. Clearly
N(V ) is the complement of the discriminant set in End(V ), which yields our formal
definition of N(V ).

Definition 3.1.1 (Non-degeneracy space). Given a finite-dimensional complex vec-
tor space V , its space of non-degenerate operators, or non-degeneracy space, is

N(V ) = {A ∈ End(V ) | d(A) ̸= 0} . (3.4)

It is well-known that d becomes a polynomial function in the matrix elements of
the operator (assuming we expressed the operator as a matrix with respect to some
basis). Hence one may readily conclude the following.

Lemma 3.1.2. The space N(V ) is an (algebraic) open and dense subset of End(V ).
In particular, N(V ) is a submanifold of complex dimension n2, and its complement
∆(V ) has real codimension 2.

Proof. As d is continuous, N(V ) is open and so a submanifold, of the same dimension
as End(V ). The real and imaginary part of the equation d(A) = 0 constitute 2 inde-
pendent constraints, hence the real codimension is 2. Moreover, from Jordan normal
form theory it follows that an arbitrary small perturbation can break degeneracy,
which translates into N(V ) being dense.

3.2 Parametrizing the non-degeneracy space

Another way to describe N(V ) is by explicitly parametrizing its elements. One such
parametrization readily follows from the fact that any A ∈ N(V ), expressed as a
matrix using an eigenframe, yields a diagonal matrix where the diagonal entries are
distinct. We thus need the space of tuples of n distinct complex numbers, i.e. the
space

Cn = {(z1, . . . , zn) ∈ Cn | i ̸= j =⇒ zi ̸= zj} . (3.5)

Here we borrow the notation of falling factorials; if we would replace C by a finite
set F , then |Fn| = |F |(|F | − 1) · · · (|F | − n), which in combinatorics is known as the
falling factorial |F |n. We will often abbreviate a tuple using tilde notation, e.g. the
tuple (z1, . . . , zn) we abbreviate to z̃. Concerning the topology of Cn, the following
holds.

Lemma 3.2.1. The space Cn is an (algebraic) open and dense submanifold of Cn.

Proof. For i ̸= j, define the function mij : Cn → C, (z1, . . . , zn) 7→ zi− zj , and write

D(mij) = {(z1, . . . , zn) ∈ Cn | mij(z1, . . . , zn) ̸= 0} . (3.6)

Then Cn = ∩i ̸=jD(mij) expresses the space as a finite intersection of (algebraic) open
subsets, hence is open in Cn and so a submanifold. It is also dense; given a tuple with
repeated numbers, these become unequal by an arbitrarily small perturbation.
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3.2. Parametrizing the non-degeneracy space

Using this space, we can write our initial observation in a formal way. For conve-
nience, let us identify a frame f̃ = (f1, . . . , fn) ∈ Fr(V ) with the map Sf̃ : C

n → V

given by (z1, . . . , zn) 7→
∑n
i=1 zifi, which is a linear isomorphism by definition of a

frame. The parametrization of N(V ) is then described using the map

Ξ: Fr(V )× Cn → N(V ), (f̃ , λ̃) 7→ Sf̃diag(λ̃)S
−1

f̃
, (3.7)

which is a smooth surjection. Clearly, this map is not injective for two reasons; firstly,
Ξ is indifferent concerning a non-zero scaling of the eigenvectors, and secondly, if we
permute both the vectors of f̃ and the values in λ̃ we obtain the same operator.
These are symmetries of Ξ, which we phrase using group actions.

Writing the group of non-zero complex numbers as C×, the scaling symmetry is
given by the (C×)n-action

z̃ · (f̃ , λ̃) = (z̃f̃ , λ̃), (3.8)

where z̃f̃ is the entry-wise product (z1f1, . . . , znfn) ∈ Fr(V ). The permutation sym-
metry is canonical. Namely, any space consisting of n-tuples has a canonical Sn-action
given by permuting the entries of the tuples. Taking Cn as the example, the action
is given by the rule

σ · (z1, . . . , zn) = (zσ−1(1), . . . , zσ−1(n)), (3.9)

where we abbreviate the result as σz̃. The simultaneous permutation of both tuples
in Fr(V )× Cn is thus simply the combined action

σ · (f̃ , λ̃) = (σf̃ , σλ̃). (3.10)

The scaling and permutation actions merge into a single action of the wreath product
C× ≀ In, where In := {1, . . . , n} is an index set with n elements. This group is the
semi-direct product (C×)n⋊Sn, whose defining action of Sn on (C×)n is exactly the
tuple permutation as we used above. The group multiplication of C× ≀ In thus reads

(z̃1, σ1) · (z̃2, σ2) = (z̃1(σ1z̃2), σ1σ2). (3.11)

The action of the wreath product on Fr(V )×Cn is obtained by performing first the
permutation and then the scaling, i.e.

C× ≀ In × (Fr(V )× Cn) → Fr(V )× Cn

(z̃, σ) · (f̃ , λ̃) = (z̃(σf̃), σλ̃).
(3.12)

Let us make some remarks at this point. First, C×≀ In has a faithful representation
by complex generalized permutation matrices. These are matrices with a single non-
zero complex number in every row and column, or, equivalently, products DP with
D a diagonal matrix without zeros on the diagonal and P a standard permutation
matrix. Given the conjugating nature of Ξ, the appearance of C× ≀ In is natural,
as the generalized permutation matrices form the stabilizer of the diagonal matrices.
For more on the wreath product, see Appendix A.2.

37



Chapter 3. The space of non-degenerate operators

Example 3.2.2. In case n = 2, the group C× ≀ I2 is represented by matrices of the
form (

z1 0
0 z2

)
,

(
0 z1
z2 0

)
=

(
z1 0
0 z2

)(
0 1
1 0

)
, (3.13)

where z1, z2 ∈ C×, corresponding to σ = id resp. σ = (12). By regarding the tuples
as column vectors, the action of these on Fr(V ) × Cn follows familiar matrix-vector
multiplication rules:(

z1 0
0 z2

)
·
((

f1
f2

)
,

(
λ1
λ2

))
=

((
z1f1
z2f2

)
,

(
λ1
λ2

))
(
0 z1
z2 0

)
·
((

f1
f2

)
,

(
λ1
λ2

))
=

((
z1f2
z2f1

)
,

(
λ2
λ1

))
.

(3.14)

Let us also refer to some earlier reports on the wreath product in combination with
this parametrization. For example, in [33] there is firstly a quotient by scaling and
secondly the quotient by permutations. Although not reported as such, we recognize
the wreath product there. In [34, Lemma 1.1], it is shown that a restriction of Ξ
defines a principal bundle for a wreath product group, where the number field need
not be C. As we will argue now, the parametrization Ξ also defines a principal
C× ≀ In-bundle. Let us use that a projection is a principal bundle if it is given by the
quotient of a free and proper action. The latter is readily verified, hence it remains
to be shown that Ξ coincides with this projection.

Lemma 3.2.3. There is a principal bundle

C× ≀ In Fr(V )× Cn N(V ).Ξ (3.15)

Proof. As stated, it suffices to show that Ξ and the action quotient map are isomor-
phic as bundle maps. As we already saw that the action preserves the fibers of Ξ,
it only remains to show that each group orbit exhausts the fiber in which it lies.
Therefore, assume Ξ(f̃ , λ̃) = Ξ(f̃ ′, λ̃′) =: A. Then both λ̃ and λ̃′ constitute Spec(A),
hence they are related by a permutation σ ∈ Sn as λ̃ = σλ̃′. Then fi needs to be
parallel to f ′σ−1(i) for each i, so f̃ and σf̃ ′ are equal up to an element of (C×)n.

However, then (f̃ , λ̃) and (f̃ ′, λ̃′) differ only up to an element of C× ≀ In.

This result has various consequences. First, it shows that N(V ) can be realized
as a quotient space. Another important observation concerns the existence of local
sections of Ξ. These sections provide local moving eigenframes and corresponding
smooth eigenvalues, as we will use in Chapter 5. We state the details in the following
corollaries.

Corollary 3.2.4. The space of non-degenerate operators is realized as a quotient
space as

N(V ) ∼= Fr(V )× Cn

C× ≀ In
. (3.16)
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3.3. The spectrum map as a bundle projection

Corollary 3.2.5. Let A0 ∈ N(V ). There is a neighborhood U of A0 on which one
has smooth local eigenvalue functions λ1, . . . , λn : U → C, exhausting the spectrum at
each point, and smooth local eigenvector functions f1, . . . , fn : U → V . That is, for
all A ∈ U and i ∈ In, one has

Afi(A) = λi(A)fi(A) (3.17)

such that Spec(A) = {λ1(A), . . . , λn(A)} and (f1(A), . . . , fn(A)) is a basis of V .
Moreover, the tuple (λ1(A), . . . , λn(A)) may be taken to be any given ordering of
Spec(A), and the tuple (f1(A), . . . , fn(A)) any eigenframe of A following the same
ordering.

Proof. The functions fi(A) and λi(A) are the components of a local section s : U →
Fr(V )× Cn, which can be taken through an arbitrary point above A.

3.3 The spectrum map as a bundle projection

Non-degenerate operators can also be characterized based on their spectrum. Indeed,
an operator A ∈ End(V ) is non-degenerate if and only if Spec(A) consists of n distinct
elements. In other words, Spec(A) should not be any subset of C, but belong to the
space of all subsets of C consisting of n distinct elements. This new space can be
obtained from Cn in a natural way. Namely, any tuple naturally becomes a set
by forgetting the ordering. As different orderings of an n-tuple are related by the
canonical Sn-action, we simply need to quotient Cn by its canonical permutation
action. That is, the space of subsets of C with n distinct complex numbers is(

C
n

)
:= Cn/Sn = {S ⊂ C | |S| = n} . (3.18)

Again, we borrow our notation from combinatorics. The quotient map q : Cn →
(C
n

)
fixes a unique manifold structure on

(C
n

)
, so that q is a principal Sn-bundle. Taking

the spectrum can thus be written as a map

Spec: N(V ) →
(
C
n

)
, A 7→ Spec(A). (3.19)

We will now continue by showing that this map Spec defines a fiber bundle. In this
way, we find N(V ) realized as the total space of a bundle, instead of a base space
as in the previous section. In addition, the map Spec will reappear when we discuss
EPs; formally it is this map that associates the change in the spectrum to a change
in the Hamiltonian.

We can see that Spec is smooth using a geometric argument, based on the pro-
jection q and the map Ξ from the previous part. The key observation is the equality
Spec(Ξ(f̃ , λ̃)) = q(λ̃) for any (f̃ , λ̃) ∈ Fr(V )× Cn; by construction λ̃ lists the eigen-
values of the operator Ξ(f̃ , λ̃). In other words, we have the following commutative
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Chapter 3. The space of non-degenerate operators

diagram.

Fr(V )× Cn Cn

N(V )
(C
n

)
prCn

Ξ
q

Spec

(3.20)

Smoothness of Spec is now clear; as the upper route in the diagram is smooth and Ξ
is a surjective submersion the claim follows.

Let us continue by discussing the model fiber of Spec. This is facilitated by
viewing operators according to their spectral decomposition. That is, any A ∈ N(V )
can be written as a sum

∑n
i=1 λiPi where λi ∈ Spec(A) and each Pi : V → V is

a projection. Geometrically, this expresses that A ∈ N(V ) is completely specified
by the pairs of eigenvalue and the corresponding eigenrays. Hence, if we fix the
spectrum, then only the choice of eigenrays remains. This means that any fiber of
Spec is diffeomorphic to this space of possible choices of eigenrays. Clearly, as the
eigenrays need to come from a basis of V , this space is

PFr(V ) := Fr(V )/((C×)n) = {([f1], . . . , [fn]) ∈ P (V )n | (f1, . . . , fn) ∈ Fr(V )} ,
(3.21)

where P (V ) = (V − {0})/C× is the projective space of V . This is equivalent to
the projector perspective; one can also regard PFr(V ) as a space of all resolutions
of the identity compatible with non-degenerate operators. The correspondence is
straightforward; send a basis (f1, . . . , fn) in Fr(V ), with dual basis (θ1, . . . , θn), to
the tuple of projectors (f1θ

1, . . . , fnθ
n). This map is surjective, but only injective

after reducing to PFr(V ).
At this point we have discussed the relevant spaces, but did not yet discuss their

symmetry. This symmetry can be found from the observation that operators with
the same spectrum differ by a similarity transformation. Let us implement these
transformations in the language of the action of GL(V ) on N(V ) given by

GL(V )×N(V ) → N(V )

S ·A = SAS−1.
(3.22)

The map Spec is invariant w.r.t. this action by the familiar rule Spec(SAS−1) =
Spec(A). Hence each fiber of Spec is a GL(V )-manifold as well, and so we wish to
view PFr(V ) as a GL(V )-manifold. Observe that this action on PFr(V ) is naturally
inherited from Fr(V ), on which it reads S · (f1, . . . , fn) = (Sf1, . . . , Sfn). We thus
arrive at the following result.

Lemma 3.3.1. The GL(V )-action on N(V ) is transitive on the fibers of Spec. More-
over, any fiber of Spec is isomorphic to PFr(V ) as GL(V )-manifolds.

Proof. As any two non-degenerate operators with the same spectrum differ by a
similarity transformation, the action is transitive on the fibers of Spec. Hence, every
fiber of Spec is a homogeneous GL(V )-space. The stabilizer subgroup at A ∈ N(V )
consists of the maps that preserve all eigenrays of A individually, hence is isomorphic
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to (C×)n. In order to parametrize this fiber, let λ̃ be an ordering of Spec(A), and
consider Ξ restricted to the subset Fr(V ) × {λ̃}. Clearly, this surjects on the fiber
of Spec containing A. Moreover, Ξ is equivariant w.r.t. the canonical GL(V )-action
on Fr(V ) × Cn. Hence, the fiber of Spec containing A is isomorphic, as GL(V )-
manifold, to the quotient of Fr(V ) by the stabilizer. The stabilizer (C×)n is now
straightforward; it appears via the (C×)n-action given in Eq. (3.8). Hence we found
a GL(V )-equivariant isomorphism to Fr(V )/(C×)n = PFr(V ).

The model fiber of Spec is thus PFr(V ), which we view as a GL(V )-manifold,
emphasizing its close relation to similarity transformations. We thus wish to prove
that Spec defines a fiber bundle that respects the GL(V )-action. That is, Spec defines
a GL(V )-manifold bundle; both fiber and total space are endowed with a GL(V )-
action, and local trivializations can be taken GL(V )-equivariant. We then arrive at
the following statement, which summarizes the results of this section.

Proposition 3.3.2. The spectrum map induces the GL(V )-manifold bundle

PFr(V ) N(V )
(C
n

)
.

Spec
(3.23)

Proof. Pick a point {λ1, . . . , λn} ∈
(C
n

)
, and let U ⊂

(C
n

)
be a neighborhood of

{λ1, . . . , λn} on which a local section s : U → Cn of q is defined. Consider the map

U × Fr(V ) → N(V )

(u, f̃) 7→ Ξ(f̃ , s(u)),
(3.24)

which for each u ∈ U surjects on the fiber of Spec above u. By applying Lemma 3.3.1
fiber-wise we find that the reduced map U × PFr(V ) → N(V ) is well-defined. In
fact, if we look at the spectral decomposition, this map pairs the tuple of projectors
(P1, . . . , Pn) determined by f̃ with the values in the tuple s(u). We thus obtained a
GL(V )-equivariant local trivialization of Spec around {λ1, . . . , λn}, hence the claim
follows.

As a small remark, we observe that the map diag, sending a tuple in Cn to a
diagonal matrix, can be seen as a local section of Spec. Indeed, fixing a basis f̃ , we
observe that Ξ(f̃ , s(u)) is simply diag(λ1, . . . , λn), where we picked some ordering for
the eigenvalues.

3.4 Summarizing diagram

If one takes the bundles defined by Ξ and Spec plus Diagram (3.20), then one readily
obtains the following diagram of bundle sequences.

(C×)n C× ≀ In Sn

Fr(V ) Fr(V )× Cn Cn

PFr(V ) N(V )
(C
n

)
prCn

Ξ
q

Spec

(3.25)
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Chapter 3. The space of non-degenerate operators

The direct product Fr(V )×Cn we view as a bundle over Cn. The remaining bundles
are straightforward; on top is the defining decomposition of the wreath product
C× ≀ In, and on the left and right the defining quotients of PFr(V ) and

(C
n

)
. Observe

that all rows and columns are group-space bundles, i.e. each one is related to a group
action. With the exception of Spec all bundles are principal; Spec itself defines a
bundle of homogeneous GL(V )-spaces.
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Chapter 4

A topological model for the
swaps of energies

Let us study the geometry that describes how eigenvalues depend on the operator. We
will follow a top-down approach. Namely, we start with introducing a certain covering
space, obtained straight from the eigenvalue problem, which turns out to be an
abstract model for energy bands. Indeed, the energy bands of a specific Hamiltonian
family are obtained by a pull-back of this covering. Everything is then in place to use
results from covering theory, and we find that the monodromy action yields a natural
description for the energy swaps around EPs. This material has been published in
[21, 32].

4.1 The topology of eigenvalues

In the EP experiments, as we saw in Sec. 2.3.2, the idea is to follow an energy as
the Hamiltonian changes. More abstractly, the idea is to follow an eigenvalue as
a function of the operator. This we can state formally as follows. Namely, one
considers functions λ = λ(A), with λ(A) an eigenvalue of the operator A, defined
for A in some open subset of End(V ). We call such functions local eigenvalues. A
natural language for such functions is that of local sections. Clearly, the function
λ(A) can be identified with its induced map λ̂ : A 7→ (A, λ(A)), so that λ̂ is a local
section of the projection on the first factor. We are thus interested in the total space
needed for this projection. Clearly, this should be the set of all possible pairs (A, λ)
with λ an eigenvalue of A, which is essentially the union of all possible spectra, with
each spectrum labelled by the operator it came from. We thus arrive at the following
space.

Definition 4.1.1 (Spectrum space). Given the complex vector space V , we define
its spectrum space to be the space

Spec(V ) = {(A, λ) ∈ End(V )× C | λ ∈ Spec(A)} =
⊔

A∈End(V )

Spec(A) (4.1)

and write πλ : Spec(V ) → End(V ) for the natural projection (A, λ) 7→ A.
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Chapter 4. A topological model for the swaps of energies

It is tempting to call this space the spectrum bundle of V . However, Spec(V ) is
not a fiber bundle over End(V ). This is easily deduced from the observation that
not all operators have the same number of distinct eigenvalues. In fact, Spec(V ) is
not even a manifold. If λ is a degenerate eigenvalue of A, then around (A, λ) a part
of Spec(V ) resembles a double cone with (A, λ) at the apex, which is incompatible
with a manifold structure.

It thus makes sense to restrict the operators to those with a prescribed number
of distinct eigenvalues. We choose to restrict ourselves to non-degenerate operators,
in which case this prescribed number is simply the dimension n of V . Not only did
we see this restriction when we were introducing adiabatic quantum mechanics, we
also saw that N(V ) is dense in End(V ), so that this restriction results in the largest
possible subspace of Spec(V ) that yields a smooth fiber bundle. This subspace we
will call the spectrum bundle of V ; the bundle property we will verify in Thm. 4.1.6.

Definition 4.1.2 (Spectrum bundle). Given the vector space V , define its spectrum
bundle to be the space

Spec(V ) := Spec(V )|N(V ) =
⊔

A∈N(V )

Spec(A). (4.2)

Furthermore, we write πλ : Spec(V ) → N(V ) for the projection (A, λ) 7→ A.

Here we chose notation in such a way to emphasize that we will focus on Spec(V )
rather than Spec(V ). As the notation Spec(V ) suggests, this space is indeed the
closure of Spec(V ) in End(V ) × C. Indeed, given a pair (A, λ) with A degenerate,
one can perturb A such that it becomes non-degenerate, while keeping the eigenvalue
λ constant, so that (A, λ) is a limit point of Spec(V ). Nevertheless, we do remark
that in plots one usually does not cut out the degeneracies, meaning one is technically
using Spec(V ).

It now remains to prove the bundle property of Spec(V ), which we wish to show
using an elementary observation. Namely, as we stated in the beginning, the local
sections of Spec(V ) are the local eigenvalues, whose smoothness can be derived from
the Implicit Function Theorem (IFT). Let us make this precise. To start, clearly
Spec(V ) is the zero set of the characteristic polynomial function, which we view as
the map p : End(V ) × C → C, p(A, z) = det(zI −A). We are then interested in
the second condition of the IFT, which in this case asks for a non-zero derivative
of p(A, z) with respect to z. Clearly, this condition is satisfied for all tuples (A, λ)
where λ is a simple eigenvalue of A. As we aim for a bundle over the operators, all
eigenvalues of A should then be simple, i.e. A should be non-degenerate. This result
is stated formally in the following lemma.

Lemma 4.1.3. Given A ∈ End(V ), then A ∈ N(V ) if and only if

∂p

∂z
(A, λi) ̸= 0, ∀λi ∈ Spec(A). (4.3)

The real work will be done in the following results. Namely, if we know that the
implicit equation put into the IFT has a fixed number of solutions for each input,
one can immediately phrase the IFT in a bundle fashion. In this way, Spec(V ) will
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4.1. The topology of eigenvalues

simply be the bundle obtained for the map p. The idea is as follows. Let us consider a
general implicit problem f(x, y) = 0, where x ∈ X is the input and y ∈ Y the output
- X and Y (Hausdorff) manifolds -, where we want to write y = y(x), at least locally.
Say that for any x ∈ X there are n solutions y, which form the subset sol(x). Clearly,
then sol(x) ∈

(
Y
n

)
, where we define Y n and

(
Y
n

)
analogously to the case Y = C in

Chapter 3. One first proves that the map sol : X →
(
Y
n

)
is smooth, which in our case

will be an alternative and more direct proof that Spec: N(V ) →
(C
n

)
is smooth.

The second step is to deduce the bundle property of f−1(0) → X using the
canonical bundle over

(
Y
n

)
. This canonical - but not necessarily trivial - covering

of
(
Y
n

)
is given by the simple rule that the fiber above a set S ∈

(
Y
n

)
is simply

S. We write the points of this covering as pairs (S, y), where y ∈ S. We observe
that this covering is also a quotient of Y n. Namely, one can also consider (S, y) as
({y}, S−{y}), i.e. the unordered set S divided into a group of 1 and a group of n−1
elements. That is, the covering is naturally the quotient of Y n under the subgroup
S1 × Sn−1 of Sn, where we say the last n− 1 entries are permuted. Again following
the similarity with combinatorics, we denote this canonical covering space as(

Y

1, n− 1

)
=

Y n

S1 × Sn−1

∼=
{
(S, y) ∈

(
Y

n

)
× Y

∣∣∣∣ y ∈ S

}
. (4.4)

The formal argument is now given by the following three steps. Firstly, we verify
that

(
Y

1,n−1

)
is indeed an In-bundle over

(
Y
n

)
. Secondly, we use this to prove the gen-

eral bundle setting of the IFT. Finally, we apply this to the characteristic polynomial,
obtaining the bundle property of Spec(V ).

Lemma 4.1.4. If Y is a Hausdorff space, then the projections Y n →
(
Y
n

)
and(

Y
1,n−1

)
→
(
Y
n

)
are locally trivial, defining a principal Sn-bundle and an In-bundle,

respectively.

Proof. Pick {y1, . . . , yn} ∈
(
Y
n

)
. As Y is Hausdorff, there are disjoint neighborhoods

Ui such that yi ∈ Uj if and only if i = j. The set U1 × · · · × Un is open in Y n, and

hence its projection U to
(
Y
n

)
is an open neighborhood of {y1, . . . , yn}. Both of the

projections Y n →
(
Y
n

)
and

(
Y

1,n−1

)
→
(
Y
n

)
are trivial over U . Concerning Y n, define

a local section on U by {u1, . . . , un} 7→ (u1, . . . , un) via the rule that ui ∈ Ui, and
extend this to a local trivialization using the Sn-action. Concerning

(
Y

1,n−1

)
, one can

take a quotient, or follow the following direct argument. Namely, one obtains local
sections si : U →

(
Y

1,n−1

)
by defining si({u1, . . . , un}) = ({u1, . . . , un}, ui) with ui

the unique element of the input set lying in Ui. The map

U × In →
(

Y

1, n− 1

)∣∣∣
U
, (u, i) 7→ si(u) (4.5)

is then a homeomorphism, hence a local trivialization.

Proposition 4.1.5. Let f : X × Y → Ck be a smooth function of (Hausdorff) man-
ifolds, where k = dim(Y ). Assume that the Jacobian of f w.r.t. the coordinates of
Y is invertible, and that for each x ∈ X, there are exactly n < ∞ solutions y to the
equation f(x, y) = 0. Then:
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Chapter 4. A topological model for the swaps of energies

1. writing sol(x) := {y ∈ Y | f(x, y) = 0} for the set of solutions at x ∈ M , the
induced function sol : X →

(
Y
n

)
is a smooth map.

2. the projection f−1(0) → X, (x, y) 7→ x is the pull-back of
(

Y
1,n−1

)
→
(
Y
n

)
by sol,

i.e. there is the following pull-back square.

f−1(0)
(

Y
1,n−1

)

X
(
Y
n

)sol

(4.6)

Consequently, f−1(0) → X is an In-bundle, and the level set f−1(0) is a smooth
closed submanifold of X ×Y , of the same dimension as X. Moreover, the local
solutions provided by the IFT naturally correspond to the local sections of this
projection.

Proof. By the assumption that sol(x) consists of n elements for all x, the map sol
is well-defined as a function. To show it is smooth, it suffices to show smoothness
around an arbitrary x0 ∈ X. By assumption, for each y ∈ sol(x0), the Implicit
Function Theorem yields a local solution. That is, we obtain functions yi : Ui → Y ,
where Ui is a neighborhood of x0. Hence, on U = ∩ni=1Ui, we can write sol as the
map x 7→ {y1(x), . . . , yn(x)}. Clearly, this is a reduction of the smooth map U → Y n,
x 7→ (y1(x), . . . , yn(x)), and so sol is locally smooth by the quotient construction of(
Y
n

)
= Y n/Sn. As x0 was arbitrary, sol is smooth on all of X.
Concerning the pull-back, clearly

f−1(0) = {(x, y) ∈ X × Y | y ∈ sol(x)}

=

{
(x, (S, y)) ∈ X ×

(
Y

1, n− 1

) ∣∣∣∣ S = sol(x)

}
(4.7)

so that f−1(0) = X ×(Yn)
(

Y
1,n−1

)
is indeed the pull-back of

(
Y

1,n−1

)
→
(
Y
n

)
by sol,

and hence is a smooth manifold and an In-bundle over X. Given a local solution
yi : Ui → Y from the IFT as above, it naturally corresponds to the local section
Ui → f−1(0), x 7→ (x, yi(x)) of f

−1(0) → X.

Given this result, we obtain the bundle property of Spec(V ) as a special case,
using the verification of Lemma 4.1.3.

Theorem 4.1.6. The projection πλ : Spec(V ) → N(V ) is the pull-back of the In-
bundle

( C
1,n−1

)
→
(C
n

)
under the smooth map Spec: N(V ) →

(C
n

)
, as shown in the

pull-back square

Spec(V )
( C
1,n−1

)
(A, λ) (Spec(A), λ)

N(V )
(C
n

)
A Spec(A).

πλ

Spec

(4.8)

Consequently, Spec(V ) is a smooth manifold, and πλ itself defines a fiber bundle with
model fiber In, whose local sections correspond to local eigenvalues.
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4.2. Energy evolution as a lift along a covering

We finish with a remark concerning the possibility to label the eigenvalues locally.
Mimicking Eq. (4.5), a local trivialization of Spec(V ) above U ⊂ N(V ) has the form

U × In → Spec(V )|U , (A, i) 7→ (A, λi(A)), (4.9)

where λ1, . . . , λn : U → C are n local eigenvalues. The inverse of this can be written
as (A, λ) 7→ (A,#(A, λ)), where #: Spec(V )|U → In, (A, λi(A)) 7→ i is a ‘local
labelling’. We will use such a local labelling in Sec. 5.2, when discussing the extension
of this formalism to eigenstates. In addition, we note that in [13] a space M similar
to Spec(V ) was obtained via a gluing argument. Let us state the argument for
Spec(V ). One starts with an open cover {Uα} of N(V ), such that one has n distinct
local eigenvalues λαi on each Uα. Then, given A ∈ Uα ∩ Uβ , one should identify

(A, i) ∈ Uα × In with (A, j) ∈ Uβ × In whenever λαi (A) = λβj (A). Under this rule,
Spec(V ) emerges as a topological quotient of ∪α(Uα × In). A similar construction
is done in [13] for M, but we find a crucial difference in the fact that an eigenvalue
is never a multi-valued function on Spec(V ); it is explicitly listed as a coordinate,
hence is a single-valued projection on Spec(V ).

4.2 Energy evolution as a lift along a covering

We will now treat how the abstract theory discussed above facilitates the study of in-
stantaneous energies in adiabatic quantum mechanics, including the swaps of energies
related to exceptional points (EPs). We recall that under the adiabatic approxima-
tion instantaneous eigenstates will remain instantaneous eigenstates, implying that
instantaneous energies can be traced in time. We will find that the change of energy
in time can be treated formally using the theory of covering spaces.

The situation is as in Chapter 2, as we now briefly summarize. We assume that
an experimental set-up is captured by a Hamiltonian family, which is a map

H : M → End(V ), (4.10)

sending a configuration of system parameters x ∈ M to the Hamiltonian H(x) cor-
responding to that configuration. We assume M and H are smooth, but we do not
make any assumption on the family H being Hermitian. The experiment consists
of varying the system parameters, which is described by a path γ in M , whose ini-
tial point x0 serves as a reference. This results in the time-dependent Hamiltonian
H(γ(t)). Tracing the initial state in time yields the instantaneous energy E(t) at
time t.

We now need to verify that the function E(t) is well-defined. This fundamental
fact can now easily be deduced from the covering properties of Spec(V ). First, we
remark that in order to unambiguously follow a specific energy level of H(γ(t)), the
energy level may not become degenerate at any time. Hence we require H(γ(t))
to be non-degenerate for all t, i.e. t 7→ H(γ(t)) is a path in N(V ). Let E0 be the
energy level of the initial Hamiltonian H(x0) that we wish to follow in time. Clearly,
this defines the point (H(x0), E0) in the fiber of Spec(V ) above H(x0). Hence, it
specifies a unique lift of H ◦ γ to Spec(V ), which is of the form (H(γ(t)), E(t)) for
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Chapter 4. A topological model for the swaps of energies

some function E = E(t). In this way, we obtain the instantaneous energy for all
relevant times in a formal way.

The intuition of this lifting argument is to follow the initial energy along the
energy bands of the family H. If H is fixed, it is convenient to consider these energy
bands directly. This can be done by taking the pull-back of the bundle Spec(V ) →
N(V ) along H. To obtain this pull-back, we must restrict the system parameters to
those where H is non-degenerate, i.e. we must restrict M to the subspace

N(H) := H−1(N(V )) = {x ∈M | H(x) has non-degenerate energy levels} . (4.11)

The energy bands of H, with the degenerate points omitted, then form the space

Spec(H) := {(x,E) ∈ N(H)× C | E ∈ Spec(H(x))} =
⊔

x∈N(H)

Spec(H(x)), (4.12)

i.e. the space of all pairs of a specific configuration x of the system parameters and an
energy E of the system for this configuration. We call Spec(H) the spectrum bundle
of H; it has a natural projection πHλ : (x,E) 7→ x to N(H), so that the fiber above
x is simply Spec(H(x)). The bundle property of πHλ is guaranteed by the pull-back

construction. Moreover, as Spec(V ) is itself the pull-back of
( C
1,n−1

)
→
(C
n

)
under the

map Spec, then Spec(H) is the pull-back of this bundle under the map Spec ◦H, as
summarized in Diagram (4.13).

Spec(H) Spec(V )
( C
1,n−1

)
(x,E) (H(x), E) (Spec(H(x)), E)

N(H) N(V )
(C
n

)
x H(x) Spec(H(x))

πHλ πλ

H Spec

(4.13)

This confirms the intuition that, in order to follow a particular energy of the Hamilto-
nian, we only need to know what happens to its spectrum. As πHλ is thus a covering,
we see that the path γ can be lifted directly to Spec(H), which is then both an
intuitive and formally correct way to obtain the function E(t) directly. Indeed, by
assumption γ lies in N(H), the initial point is now (x0, E0), and the lift is of the
form (γ(t), E(t)). We summarize this argument in the following theorem.

Theorem 4.2.1. Restricting to non-degeneracies, the energy bands of H form an
n-fold covering space Spec(H) → N(H). The change of instantaneous energy E(t)
along a path γ in M is well-defined whenever γ lies in N(H). In this case, E(t) is
obtained by lifting γ to Spec(H).

Given a path γ in N(H), not necessarily closed, it is convenient to have a single
function yielding the final energy for every possible initial energy. We write this as
follows. Say γ is a path from x0 to x1, which we abbreviate as γ : x0 ⇝ x1. Then,
given an initial energy E in Spec(H(x0)), denote the final energy in Spec(H(x1)) as
pγ(E). We thus obtain a map

pγ : Spec(H(x0)) → Spec(H(x1)) (4.14)
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4.2. Energy evolution as a lift along a covering

expressing how energies are changed by following the path γ. Mathematically speak-
ing, it is the parallel transport map induced by γ with respect to the bundle Spec(H).
It is then clear that pγ is a bijection; following γ in the opposite direction, i.e. fol-
lowing the path γ̄ : x1 ⇝ x0, yields the inverse map. The explicit example of pγ for
the EP2 case can be found in the following example.

Example 4.2.2. Let us consider the standard case of a Hamiltonian family with an
EP2, i.e. an EP permuting two energies. Explicitly, consider H : C → End(C2) given
by

H(x) =

(
1 x
x −1

)
. (4.15)

The eigenvalues are given by the multi-valued function
√
1 + x2, so N(H) = C \

{±i} and Spec(H) is the graph of this multi-valued function, which in this case is
a Riemann surface. Let us take a branch cut, and write E±(x) for the two energy
branches. Clearly, Spec(H(x0)) = {E+(x0), E−(x0)}, and if γ is a loop based at x0
encircling an EP once, it induces the map

pγ : E±(x0) 7→ E∓(x0). (4.16)

An example of this is illustrated in Fig. 4.1. Of course, if γ does not encircle any EP,
we obtain pγ = idSpec(H(x0)).

Figure 4.1: Exchange of energies around an EP is given by the monodromy of the
chosen path (see Appendix A.3). The plotted sheet is the real part of the energy
levels of the Hamiltonian family in Ex. 4.2.2. Upon changing system parameters
(black circle) from the reference value (red dot below), the energy moves (blue line)
along the sheets and does not return to itself. Such behavior only happens around
special degeneracies, namely the EPs. Here the black + marks the EP of the system
related to the drawn exchange.

We see that the study of Spec(H) is a straightforward generalization of Kato’s
original setting [9]. There, H was assumed to depend analytically on a single complex
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variable, so that the energies were locally given by analytic functions. By analytically
continuing these along a path around a degeneracy, the eigenvalues could return in
a different order. Here, we see that Spec(H) allows us to drop the assumption
of analytic dependence; instead of analytic continuation we can use lifting along a
covering map. Hence we broadened the perspective from complex analytic to general
continuous dependence. Note that this is necessary to include Hermitian or PT -
symmetric Hamiltonians, as these are defined by a conjugate-linear operation and
hence do not fit in an analytic setting.

The space Spec(H) can have additional properties if the family H satisfies addi-
tional assumptions. One interesting assumption on H is that H(x) has real energies
for all x ∈ M . This occurs e.g. when H(x) is always Hermitian w.r.t. some given
inner product on V , or when all H(x) have exact PT symmetry. The idea is that the
ground state energy, first excited state energy, etc. can be defined globally, leading
to a trivialization of the bundle. That is, Spec(H) is trivial over N(H), or, in other
words, all energy bands restricted to non-degeneracies are globally disconnected. In
particular, no exchanges can occur and EPs cannot be present. We see that this
holds whenever the energies can be ordered, of which real energies form the primary
example. We again prepare by proving a general statement, to obtain the observation
as a specific case.

Proposition 4.2.3. If a manifold Y is orderable, then the bundles Y n →
(
Y
n

)
and(

Y
1,n−1

)
→
(
Y
n

)
are trivial for all n.

Proof. Let ≤ be a total ordering on Y compatible with the topology. Define an
ordering map o :

(
Y
n

)
→ Y n by the condition that

o({y1, . . . , yn}) = (y1, . . . , yn), where y1 < · · · < yn. (4.17)

As all the yi are distinct this is well-defined, and by assumption on the topology
of Y also continuous. It follows that o is a global section of the principal bundle,
which is thus trivial. For

(
Y

1,n−1

)
, a similar argument yields the homeomorphism(

Y
n

)
× In →

(
Y

1,n−1

)
given by ({y1, . . . , yn}, i) 7→ ({y1, . . . , yn}, yi).

Corollary 4.2.4. If H(x) has real eigenvalues for all x ∈ N(H), then Spec(H) is
a trivial bundle. In particular, there are n distinct energy bands E1(x), . . . , En(x)
defined continuously on all of N(H), and the family H has no EPs.

To finish, we observe that one can also take a projector perspective on Spec(V )
and Spec(H). That is, instead of looking at the pair (A, λ), one can equivalently
consider the pair (A,P ), where P : V → V is the eigenprojector of A corresponding
to λ, i.e. the projector satisfying AP = PA = λP . We then observe that [35] studied
a special case of Spec(H) in the context of Bloch states.

4.3 How the energy permutation depends on the
path

As we have demonstrated that the theory of covering spaces yields a well-defined
permutation map pγ for any path γ in N(H), we can continue by asking how pγ
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depends on γ. It will be convenient to use various topological objects that involve
paths and their deformation classes; the reader can find the necessary background
information in Appendix A.3.

A first observation is the following. Let us consider two paths γ1 and γ2 in N(H),
so that the final point of γ1 coincides with the initial point of γ2. Under this condition,
one can concatenate the paths. That is, we have γ1 : x0 ⇝ x1 and γ2 : x1 ⇝ x2, and
obtain the concatenated path γ2γ1 : x0 ⇝ x2 (the paths are traversed from right to
left). Concerning the evolution of the energies, it is obvious that following the energy
E of H(x0) along γ2γ1 results in the same final energy as obtained by first following
E along γ1 and then following this final energy along γ2. That is, there is an equality
of maps Spec(H(x0)) → Spec(H(x2)) given by

pγ2γ1 = pγ2 ◦ pγ1 . (4.18)

We thus observe that associating a permutation to a path has a homomorphism-like
property. To turn this into a rigorous mathematical statement, one can work as
follows. Denote by Path(N(H)) the path category of N(H), i.e. the category whose
objects are points in N(H) and whose morphisms are paths, with composition given
by concatenation of paths. Then associating to a path in N(H) its induced change
of the energies is given by a (covariant) functor from Path(N(H)) to the category of
sets, given by

x 7→ Spec(H(x))

γ 7→ pγ .
(4.19)

Notationally, observe that the functor turns γ : x0 ⇝ x1 into pγ : Spec(H(x0)) →
Spec(H(x1)).

However, we can go even further. A standard result in covering theory says that,
given an initial energy E, the final energy pγ(E) remains invariant under deforming
the path γ relative to its end points, i.e. x0 and x1 must be fixed during the homotopy.
Hence, pγ only depends on the class [γ] of all paths that are homotopic to γ relative
to the endpoints. Mathematically, this means that the functor above reduces to a
functor on the fundamental groupoid Π1(N(H)) of N(H), which is the same category
as Path(N(H)) but with paths identified up to endpoint-preserving homotopy.

Let us now move to more concrete results. To start, we observe that studying
the dependence of the permutation on general paths can be reduced to studying the
permutations due to loops. Namely, suppose we wish to compare the energy changes
due to two given paths γ1 and γ2, which necessarily have the same endpoints. Instead
of comparing pγ1 and pγ2 , we can consider the loop γ̄2γ1 and its induced permutation
p−1
γ2 pγ1 . The latter is a self-map of only a single spectrum, namely Spec(H(x0)), and

hence is easier to study. We will thus restrict our attention to all loops in N(H)
based at our reference point x0, which form the set Loop(N(H), x0). Again, we
regard this set to be endowed with the concatenation operation, under which it
becomes a monoid; there is an associative product with identity, but inverses do not
exist.

We can also phrase the following, more practical, argument on why one would
want to consider loops based at a particular point. Consider the following problem,
whose situation we illustrate in Fig. 4.2 and which was the motivation for our work
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× ×

γ3

γ1

γ2

Figure 4.2: Two EPs (crosses) encir-
cled by loops γ1 resp. γ2, and a loop
γ3 encircling both EPs.

γ1 γ2×× x1 x2
b

b̄

Figure 4.3: Two loops with different
basepoints. A bridge b can be used to
convert γ2 in a loop based at x1.

in [21]. Namely, in a planar parameter space, there are two EPs encircled by two
oriented non-based loops γ1 and γ2. Then, how can the permutation due to loop
γ3, encircling both EPs, be obtained from the permutations due to γ1 and γ2? A
first observation is that one cannot talk about ‘the’ permutation due to a non-based
loop. Non-trivial permutations only occur when Spec(H) is non-trivial, in which
case the energy bands do not follow the standard structure of ground state, first
excited state, and so on. Hence, if no particular reference spectrum is to be used,
there is no consistent way to associate permutations to non-based loops. The second
observation is that the 3 loops need not only be based loops, but also that their
basepoints coincide. If one would pick basepoints on the loops, so that they cannot
coincide, one has to correct for this. One way to do this is to extend the loops using
‘bridges’, as in Fig. 4.3. Denoting the basepoints of γ1 and γ2 by x1 resp. x2, a
bridge is simply a path b from x1 to x2. It follows that the composite path b̄γ2b, the
‘pull-back of γ2 along b’, is a loop based at x1 as desired.

We can even reduce loops to classes of loops; pγ only depends on the defor-
mation class [γ]. Calling our reference point x0 again, taking classes of loops in
Loop(N(H), x0) brings us to the fundamental group

π1(N(H), x0) = {[γ] | γ ∈ Loop(N(H), x0)} . (4.20)

It inherits the product [γ2][γ1] = [γ2γ1], for which it indeed becomes a group. The
transport of an initial energy to the corresponding final energy according to γ can
then be seen as an action of π1(N(H), x0) on Spec(H(x0)). This is known as the
monodromy action, which we write as

π1(N(H), x0)× Spec(H(x0)) → Spec(H(x0))

[γ] · (x0, E) = (x0, pγ(E)).
(4.21)

Here, we regarded Spec(H(x0)) as the fiber of Spec(H) above x0. This is to emphasize
that the lifting of paths is a special case of parallel transport. Consequently, the group
consisting of all pγ is a holonomy group (see Appendix A.4);

Hol
Spec(H)
N(H) (x0) = {pγ ∈ Aut(Spec(H(x0))) | γ ∈ Loop(N(H), x0)} , (4.22)

where the automorphisms are simply bijections. Clearly, this group is the image of
the homomorphism

π1(N(H), x0) → Aut(Spec(H(x0)))

[γ] 7→ pγ ,
(4.23)
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which is simply the monodromy action expressed in an alternative way. We remark

that Hol
Spec(H)
N(H) (x0) was called Λ(x0) in [21], and is a straightforward generalization

of the permutation group studied by Kato [9]. We remark that [35] also encoun-
tered this group. They described a covering space of the parameter space using the
eigenprojectors of the Hamiltonian. Clearly, as eigenprojectors and eigenvalues can
be used interchangeably for non-degenerate operators, we observe that the holonomy
group Φ they found is the same as the group above.

We note that the group π1(N(H), x0) is typically non-trivial. Indeed, by
Lemma 3.1.2 the complement ∆(V ) of N(V ) in End(V ) has real codimension 2
in End(V ). Hence N(V ) has a non-trivial fundamental group, which then holds for a
generic N(H) as well. So, although N(H) is the space of non-degeneracies, still it’s
the degeneracies which enable the permutations, as the only loops that can induce
a non-trivial permutation are those that encircle degeneracies. We remark that the
relevance of the monodromy action for EPs was reported in [35, 36]. The space used
there is either Spec(H) or a related space we obtain in Chapter 6.

Example 4.3.1. Clearly, if there is only a single EPN , which is by definition an
EP in a planar parameter space that induces an N -cycle by encircling it, then

Hol
Spec(H)
N(H) (x0) ∼= Z/NZ.
Combinations of EPs lead to bigger, possibly non-Abelian, holonomy groups. Let

us consider the possibilities given two EP2, which depend on how the eigenvalue
sheets are connected and on whether or not the EPs are located at the same point
in parameter space, i.e. if they can be circumscribed individually.

• Suppose the EP2s share no sheet, so that necessarily n ≥ 4. If the EPs are at
different locations, we can permute independently and one obtains S2 × S2. In
the special case that the EPs are on top of each other, i.e. they occur at the
same degeneracy, either both permutations occur or neither one does, so that
the group is only the diagonal subgroup S2.

• Suppose the EP2s share one sheet but appear at distinct degeneracies, which
can already happen for n ≥ 3. The permutations of the EPs then resemble (12)
and (23), which means the holonomy group will be all of S3. This is the first
explicit non-Abelian holonomy group we encounter. Indeed, encircling both
EP2s in one way yields (12)(23) = (123), while the opposite order would yield
(23)(12) = (132). It was already known that both of these permutations would
be 3-cycles [37], but the present theory extends this to describing the explicit
permutation, which is crucial in order to reveal the non-Abelian behavior.

• Finally, suppose the EP2s permute the same sheets, for which we only need
n ≥ 2. Clearly then, no additional permutations become possible by mixing,
and the group remains S2, just like in the standard EP2 case of Ex. 4.2.2.

Given this theory, let us discuss the following issue surrounding the definition of
a degree/order of an EP. The idea is that, if an EP permutes N energies, one calls
it an EPN , with N the degree of the EP, the EP2 being the most famous example.
However, this degree becomes ill-defined for non-planar parameter spaces. This can
be explained easily using the fundamental group [21]. In case of a planar parameter
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space with an isolated EP, one has π1(N(H), x0) ∼= Z. The map to Hol
Spec(H)
N(H) (x0)

then has kernel NZ, and one can declare N to be the degree of the EP. However,
in higher-dimensional parameter spaces the fundamental group need no longer be
generated by a single path, and poses an issue. Namely, suppose γ1 and γ2 are
two distinct fundamental paths encircling an EP. Then each of them induces a map

Z → Hol
Spec(H)
N(H) (x0), with kernel N1Z resp. N2Z. In case N1 ̸= N2 clearly an issue

arises concerning the degree, but even if N1 = N2, we see that the degree should
really be associated to a specific fundamental path. Finally, we remark that this
problem of ill-defined degree is distinct from the ‘hybrid’ or ‘anisotropic’ EPs as
reported in [38, 39]; these concern the exact dispersion relations one can obtain by
looking at variations of a specific system parameter, not non-homotopic paths.

4.4 An explicit description of the permutations

So far, we described permutations of the energies using maps pγ . Now, we wish
to find a more explicit method. That is, our goal is to find a formalism so that
a permutation pγ of the eigenvalues of some A ∈ N(V ) can be expressed using an
standard permutation σ ∈ Sn. A first attempt would be to label the eigenvalues,
i.e. call them λ1, . . . , λn, and define σ by the relation pγ(λi) = λσ(i). However, this
approach has a serious disadvantage. Although this works fine if we consider the
eigenvalues of only the operator A, this method does not extend to all of N(V ).
The reason is that knowing the action of Sn on a spectrum is equivalent to having a
labelling of the eigenvalues, to which we return in Chapter 5. For example, if there
are 3 eigenvalues, then from the action of (12) one finds which eigenvalue is labeled
3. Hence, if the above extends to a global Sn-action, then Spec(H) admits a global
labelling and is thus trivial.

We thus wish to obtain a method that also applies to non-trivial Spec(H). Instead
of considering eigenvalues separately, let us consider specific tuples of eigenvalues.
Namely, for an operator A, we consider the n-tuples that list all its eigenvalues
exactly once, which brings us to the set

Spec(A)! =
{
λ̃ = (λ1, . . . , λn) ∈ Spec(A)n

∣∣∣ all eigenvalues of A appear once in λ̃
}
.

(4.24)

Observe that this set has n! elements, hence the factorial notation. In addition, this
space is naturally endowed with the Sn-action on n-tuples, cf. our earlier notation
in Eq. (3.9). It is this Sn-action that will help us with describing the map pγ . Of

course, one can act with pγ on a tuple λ̃ entry-wise, which leads to the map

p̃γ : Spec(A)! → Spec(A)!, (λ1, . . . , λn) 7→ (pγ(λ1), . . . , pγ(λn)). (4.25)

As p̃γ(λ̃) is a reordering of λ̃, we obtain a unique permutation σ, depending on λ̃, by
stating that

p̃γ(λ̃) = σ · λ̃. (4.26)

Before we give an example, let us say a few words on how the tuple method is
subtly yet significantly different from the labelling method we started with. First,
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although we write the eigenvalues with indices - just in order to distinguish them -
in principle they are never labelled. Indeed, like in Ex. 4.4.1 below, we are interested
in the values of the energies, not the names we use for them. Of course, any tuple
induces a labelling by assigning label k to the energy appearing in position k, like we
also used above. However, σ is not based on these labels, but instead on the tuple
positions. That is, σ will send the energy at place k to place σ(k), regardless of what
energy is located at place k or which value we designated as λk.

Example 4.4.1. Let us continue with the EP2 example of Ex. 4.2.2, where E+(x0)
and E−(x0) are exchanged when one encircles an EP. Picking the ordering of
Spec(H(x0)) to be (E+(x0), E−(x0)), and abbreviating this to (+,−), the above
reads

p̃γ(+,−) = (−,+) = (12) · (+,−) (4.27)

so that σ = (12). In this case, as n = 2, one also obtains (12) for the alternative
ordering (−,+).

Consider now the case where we add a separate constant energy level E0(x) = 0,
i.e. consider the Hamiltonian H ′(x) = H(x) ⊕ 0, which brings us to n = 3. Picking
the ordering (E+(x0), E0(x0), E−(x0)) of Spec(H

′(x0)), which we write as (+, 0,−),
one finds

p̃γ(+, 0,−) = (−, 0,+) = (13) · (+, 0,−), (4.28)

which thus yields (13). Of course, in the ordering (+,−, 0) we would again obtain
(12).

Finally, let us demonstrate how the tuple method differs from labelling the en-
ergies. Consider we label E+(x0) = E1, E0(x0) = E2 and E−(x0) = E3. In the
ordering (E1, E2, E3), clearly σ will replace the labels as expected (up to a conven-
tion; here the label Ek will become Eσ−1(k) instead of Eσ(k)). However, in another
ordering this need not be so, for example

(12) · (E3, E1, E2) = (E1, E3, E2) (4.29)

instead of the tuple (E3, E2, E1) one would obtain by checking the labels. The method
of using a reference tuple thus circumvents the need for explicit labels.

4.5 Example of a three channel waveguide

Let us go over a more elaborate example, as treated in [21], based on the same setting
as [40]. Following the set-up of [31], we consider waveguides that are placed next
to each other so that these become coupled1 We consider 3 channels, as illustrated
in Fig. 4.4. Laser pumping induces complex refractive indices, which translates to a
complex potential Vk = Nk + iPk in the kth channel. By placing the channels next
to each other, the (real) couplings κ12, κ23 are acquired. The corresponding equation

1We already encountered this experiment in Sec. 2.A, where we reviewed PT -symmetry. In what
follows, we will keep track of the PT -symmetry for the interested reader.
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for the electric field amplitudes Ek, which change along the propagation direction x,
reads

i
d

dx

E1

E2

E3

 =

N1 + iP1 −κ12 0
−κ12 N2 + iP2 −κ23
0 −κ23 N3 + iP3

E1

E2

E3

 , (4.30)

which has the form of a Schrödinger equation.

x

V1 = N1 + iP1

V2 = N2 + iP2

V3 = N3 + iP3

κ23

κ12

incoming
light

pump laser

Figure 4.4: Schematic view of the experimental set-up.

Let us measure intensity and phase relative to channel 2 and consider both cou-
plings equal to

√
2. In the resulting class of operators, we limit ourselves to the

family

H(z, c) =

z + 2i −
√
2 0

−
√
2 0 −

√
2

0 −
√
2 cz − 2i

 , (4.31)

where z is a complex and c a real parameter. The reason for picking this class is that
for c = ±1 one recovers the two normal forms for EPs in 3 dimensional systems in
[22]. It was found that for c = 1 the system has an EP3 at z = 0, while for c = −1
the system has an EP2 at z = 0. Physically, we note that z is up to an offset the
relative potential in channel 1, and c is the ratio (n3 − n2)/(n1 − n2). Observe that
the whole c-axis (z = 0) is mapped to the same operator, which will come back in
the pictures later on.

The parameter space is thusM = C×R, which decomposes into the degeneracies
∆(H) and non-degeneracies N(H) of H. In the figures, we picture M as R3 and
draw the degeneracies inside it, so that all open space is N(H). Clearly, ∆(H) can be
found by calculating the zero set of the discriminant of the characteristic polynomial
of H(z, c). An illustration of M with ∆(H) inside can be found in Fig. 4.5. Here we
also indicated the PT symmetry of the Hamiltonian, where T is complex conjugation
and P swaps channels 1 and 3.

Two main features appear, being a tangent intersection of two lines at (z, c) =
(0,−1) and a meeting point of various lines at (z, c) = (−4i,−1). Both of these lie
in the plane Re(z) = 0, which is drawn separately in Fig. 4.6. Here, all points in
∆(H) are EP2s, except for points on the c-axis which are EP3s, as can be verified
by numerically following the eigenvalues along an encircling loop. Again, we observe
that at the intersection of the degeneracy lines, there is no unambiguous degree of
the EPs. These points manifest as an EP2 or an EP3 depending on the measurement
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4.5. Example of a three channel waveguide

Figure 4.5: EP and PT structure in parameter space; the solid lines are EPs, the
red and blue dashed lines mark broken resp. exact PT symmetry. The picture is
symmetric under Re(z) 7→ −Re(z).

loop. In addition, we see that these two points mark 2 of the 3 PT phase transitions
of the system, the remaining one being at (z, c) = (0, 1), which corresponds to the
EP3 normal form.

Figure 4.6: EP structure in the Re(z) = 0 plane.

It follows that the holonomy group at any point of N(H) is isomorphic to S3.
In other words, any permutation of the energies of any reference Hamiltonian can
be achieved by picking a path encircling the degeneracy lines in an appropriate way.
For example, this can be achieved by paths picking close to the tangent intersection.
Fixing c = −0.9, and focusing on the degeneracy lines meeting at the tangent inter-
section, one can explicitly verify that all permutations can be achieved and follow
the description of the fundamental group. This can be found in Fig. 4.7. There,
we first pick our fundamental paths γ1 and γ2 around the individual EPs, being an
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EP2 and an EP3. We find that both γ2γ1 and γ1γ2 induce 2-cycles in Fig. 4.7c and
4.7d, but that these are different, as we expected from the non-Abelian behavior of
the fundamental group. The deformation invariance is confirmed by the big loop
of Fig. 4.7e. This loop is base homotopic to γ2γ1 in Fig. 4.7c, as can be seen by
pulling the left side of the loop through the area between the EPs, and indeed yields
the same permutation. Finally, we tested a figure 8 loop in Fig. 4.7f. This path is
homotopic to γ̄1γ2, i.e. is built using an oppositely traversed fundamental path, and
indeed yields the expected permutation (23)−1(132) = (23)(132) = (12), where we
order the energies from top to bottom. Clearly, as γ1 induces a transposition, γ̄1
induces the same transposition, even though they are not homotopic.
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4.5. Example of a three channel waveguide

(a) Permutation (23). (b) Permutation (132).

(c) Permutation (13) = (132)(23). (d) Permutation (12) = (23)(132).

(e) Permutation (13). (f) Permutation (12).

Figure 4.7: Loops in the plane c = −0.9 of the parameter space (left panels). All
loops have the same basepoint, marked by a circle. The solid part of the loop is
always traversed first, so before the dashed part of the loop. The orientations of the
loops are indicated by arrows. The EPs are marked by crosses, where the upper one
is an EP2 and the lower one is an EP3. The complex energy planes (right panels)
show the resulting paths of the three eigenvalues, each drawn with its own color and
style. Following Sec. 4.4, we pick our reference tuple to list the eigenvalues from top
to bottom, so that we find the permutations as given in the individual captions.
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4.6 Towards proper definitions of exceptional
points

In this section, we will inspect possible formal definitions of EPs, continuing our
discussion in Sec. 2.3.1. Namely, in spite of intensive studies of various characteristics
associated with EPs, there is so far no established mathematical definition of what an
EP is in the literature. Naturally, we will now reformulate some of these properties
of EPs using the formal covering framework of Spec(H). We will consider again
coalescence and swaps, as well as a definition based on local sections we did not discuss
before. For each definition, we will investigate its ‘advantages and disadvantages’. We
also comment on the definition of diabolic points (DPs), and finish with a discussion.

4.6.1 Coalescence definition

Let us start with a definition of an EP in terms of coalescence of eigenstates. The
idea is that at a degeneracy not only the energies, but also the eigenstates coin-
cide. In order to discuss this more rigorously, it is convenient to not talk about
the eigenstates, but about the eigenspaces. The reason is the technical remark that
eigenstates are defined up to a phase, and for an exact coalescence of two states this
phase difference should also vanish. In other words, coalescence refers to a drop in
eigenspace dimension that accompanies the drop in the number of distinct energies
(the ‘spectrum dimension’). That is, if we inspect the energy E0 of the degenerate
Hamiltonian H(x0), we say there is coalescence of states if the geometric multiplicity
of E0 is strictly less than its algebraic multiplicity. In the complementary case, where
the multiplicities are equal, E0 is said to be a semi-simple eigenvalue of H(x0) - it is
like a simple eigenvalue, but now the corresponding eigenspace may have dimension
greater than 1. The coalescence definition of an EP can thus be stated concisely
by requiring E0 to be non-semi-simple. We note that we must specify which energy
we consider in this argument; no claim is made on the other eigenvalues of H(x0).
Hence, in order to obtain a definition for only the point x0 in parameter space, we
simply ask that the previous holds for at least one energy. The exact coalescence
definition we use can then be summarized as follows.

Definition 4.6.1 (EP - Coalescence). A point (x0, E0) ∈ Spec(H) is an EP if E0 is a
degenerate non-semi-simple eigenvalue of H(x0). That is, the geometric multiplicity
of E0 is strictly less than its algebraic multiplicity. We also say that x0 is an EP if
the above holds for at least one of the energies of H(x0).

This definition has several convenient properties. Firstly, it only considers the
operator at the point x0, i.e. we need not consider H on a neighborhood of this
point. Secondly, this definition is compatible with the pull-back by H. In order to
explain this, let us apply the definition to the model projection Spec(V ) → End(V ).
This means H(A) = A, i.e. we parametrize an operator A ∈ End(V ) by the operator
A itself, which means that the phrase ‘A is an EP’ can be true in this specific context.
According to the coalescence definition, we find that A is an EP if and only if A is
non-diagonalizable. The set of non-diagonalizable operators is obviously a subset of
the degenerate operators, hence we write it as ∆non−diag(V ). By compatibility with

60



4.6. Towards proper definitions of exceptional points

the pull-back, we then mean that the set of EPs of H is simply the pre-image under
H of the EPs of the abstract model.

Some of the disadvantages of this definition are the following. As already re-
marked in Sec. 2.3.1, because of its point-like nature, the coalescence definition does
not guarantee any non-trivial behavior of the energies around an EP. At the same
time, coalescence is not required for a non-trivial topology, as illustrated in the fol-
lowing example.

Example 4.6.2. Let us consider the Hamiltonian family

H(x, y, z) =

(
x y + iz

y + iz −x

)
, (4.32)

with (x, y, z) ∈ R3. By restricting the parameters to be in specific planes in the
parameter space, this family can reduce either to the standard EP2 or the standard
DP Hamiltonian. In the plane z = 0, the Hamiltonian is Hermitian and we obtain the
standard DP Hamiltonian, with the DP located at (0, 0, 0). The other case occurs in
the plane x = 1, where obtain the standard EP2 example, so that EP2s are located
at (1, 0,±1). Of course, these are not the only degeneracies of the Hamiltonian. The
energies are

E±(x, y, z) = ±
√
x2 + (y + iz)2, (4.33)

which are degenerate if and only if y = 0 and x2 − z2 = 0. This means that the
degeneracies form two intersecting lines, as illustrated in Fig. 4.8. All degeneracies
except the origin are EPs according to the coalescence definition. However, at the
origin H is diagonalizable, meaning there is no coalescence, but the energies still have
a non-trivial topology in any open neighborhood of it. We remark that the origin
is also an example of a degeneracy with ambiguous degree; as a DP it has degree 1,
while as an EP2 it has degree 2.

4.6.2 Topological or swap definition

An alternative to the definition above is to take the non-trivial topology around the
EP as the defining characteristic. This we have discussed using the swaps of energies
so far, but one can obtain it from a more general topological argument. In some
sense, this topological definition will interpret EPs as the ‘charges of the non-trivial
topology’.

To start, we note that it is a special property that we can associate the non-trivial
topology of the energy bands to specific points, and so localize this phenomenon in
some way. We observe that this is due to the ‘bundle-inside-projection’ structure.
That is, Spec(V ) → N(V ) is a bundle whose map is a restriction of the projection
Spec(V ) → End(V ), which provides a kind of ambient space for the bundle. Obvi-
ously, the same situation arises after pull-back by a Hamiltonian family H. Because
of this, it is a well-defined question to ask at which points in the complement of N(H)
in M - the discriminant set ∆(H) containing the degeneracies - are ‘responsible’ for
the bundle Spec(H) → N(H) to be non-trivial (at least for simply-connected M ,
which is the typical case). In explicit terms, this brings us to propose the following
definition of an exceptional point.
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Figure 4.8: Degeneracies in the parameter space of the Hamiltonian family in
Ex. 4.6.2, indicated by the black lines. The standard DP is located at the ori-
gin, indicated in red, and also a standard DP path is indicated in red. Similarly, the
standard EP2 is indicated in blue, as well as a standard EP2 path.

Definition 4.6.3 (EP - Topological). A point x0 ∈ M is an exceptional point of
the Hamiltonian family H if, for every open neighborhood U of x0 in M , the bundle
Spec(H) is non-trivial over U ∩N(H).

It is now a straightforward verification that this definition is equivalent to requir-
ing swaps of energies. The reason is that Spec(H) is a covering space, or better, that
the fibers are discrete. When stating this claim, it is convenient to use the notion of
a permuting loop, by which we mean a loop in N(H) whose lift to Spec(H) yields
a non-trivial permutation. As stated below, in the topological perspective, x0 is an
EP if and only if there is a permuting loop arbitrary close to x0. We will hence also
use the name swap definition for the topological definition.

Lemma 4.6.4 (Swap definition of EP). A point x0 ∈ M is a topological EP of the
Hamiltonian family H if and only if, for every open neighborhood U of x0 in M , one
of the following equivalent statements holds:

1. the monodromy action of Spec(H)|U∩N(H) is non-trivial.

2. there exists a permuting loop inside U ∩N(H).

Proof. Obviously, the monodromy action of a trivial covering is trivial. Hence, if the
monodromy action of Spec(H)|U∩N(H) is non-trivial, then Spec(H)|U∩N(H) must be
non-trivial. On the other hand, if the monodromy action is trivial, then, by taking
U small enough, Spec(H)|U∩N(H) consists of n distinct path-components, so that
it must be trivial as a bundle as well. Hence the topological EP requirement is
equivalent to the first statement here. Finally, the monodromy action is non-trivial if
and only if at least one loop has a non-trivial lift, so if and only if there is a permuting
loop.
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Clearly, x0 can only be an EP if H(x0) is degenerate. Some other results are
presented in the following.

Proposition 4.6.5. The following statements are true given Def. 4.6.3 of an EP.

1. If Spec(H) is trivial, then there are no EPs.

2. EPs form codimension 2 subsets.

3. If x0 is a branch point singularity of the eigenvalues, then x0 is an EP.

Proof. For 1, if Spec(H) is trivial, then no restriction of it can be non-trivial, hence
there cannot be an EP. For 2, in the definition, as we may assume U to be connected
while U ∩N(H) is not simply-connected, the EPs must form structures that can be
encircled, i.e. they must form codimension 2 structures. Finally, in the case of 3,
Spec(H) is the graph of a multi-valued function, hence non-trivial around the branch
point.

A final advantage of the swap definition we wish to highlight is that it relates
closely to what can be observed in an experiment. That is, if one follows the energy
in an adiabatic way, then an EP in the above sense is a guarantee that a suitable path
results in a non-trivial permutation measurement. Moreover, this measurement would
be topologically robust. An example of this is actually the original experimental
verification reported in [24].

Let us then turn our attention to the peculiarities of the swap definition. Firstly,
for a higher-dimensional parameter space, this definition does not really single out a
single point. As seen in both the waveguide example and Ex. 4.6.2, with a permuting
loop one does not probe the properties of a particular degeneracy, but rather of a line
segment of the degeneracies. Secondly, Spec(H) can be non-trivial withoutM having
a single EP. This easily happens for parameter spaces that are not simply-connected,
which is however quite uncommon in practice.

Another point we wish to make is that the swap definition allows for EPs where
the operator is diagonalizable. An explicit example we saw in Ex. 4.6.2; the origin
is an EP according to the swap definition, but for these system parameters the
Hamiltonian is obviously diagonalizable. This is a generic phenomenon; the topology
around degenerate diagonalizable operators (or blocks) is the same as around non-
diagonalizable ones. To explain this, let us write

∆(V ) = ∆non−diag(V ) ⊔∆diag(V ), (4.34)

where ∆diag(V ) is the space of all degenerate diagonalizable operators. The disjoint
union only holds on the level of sets; topologically these spaces are not disjoint. We
observe that ∆non−diag(V ) is much larger than ∆diag(V ). That is, although they both
subdivide according to the possible spectra, it is ∆non−diag(V ) which provides more
ways in which a given spectrum can be realized. We can illustrate this in the 2×2 case.
There, a non-diagonalizable operator is specified by the eigenvalue and the frame of
eigenvector and generalized eigenvector. In contrast, a diagonalizable operator in
this case must be of the form λI, hence is specified only by the eigenvalue; all frames
will yield the same operator in the end. Also in general, the non-diagonalizable
operators dominate the degenerate operators, as formalized in Lemma 4.6.6. Hence,
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the swap definition will not distinguish between (degenerate) diagonalizable and non-
diagonalizable operators, in contrast to the coalescence definition.

Lemma 4.6.6. For n ≥ 2, the subspace ∆non−diag(V ) is dense in ∆(V ).

Proof. Pick some A ∈ ∆diag(V ), let f̃ be an eigenframe of A. Observe that conju-
gation with the map Sf̃ : C

n → V , as introduced in Sec. 3.2, is a homeomorphism
between End(V ) and the space of n × n complex matrices. That is, using an arbi-
trary eigenframe of A, we obtain a homeomorphism to a space of matrices, so that
we obtain a normal form for A. This normal form contains a block B = diag(λ0, λ0).
Now, consider the operator A(ϵ) obtained by perturbing the block B to

B(ϵ) =

(
λ0 + iϵ ϵ
ϵ λ0 − iϵ

)
. (4.35)

We see that A(ϵ) is a degenerate non-diagonalizable operator for all ϵ ̸= 0, and is
only O(ϵ) away from A with A(0) = A. Hence A lies in the closure of ∆non−diag(V ),
and as A was arbitrary the density claim follows.

Our next remark has a similar nature. This concerns the EPs of the abstract
model Spec(V ) → End(V ). As proven below in Lemma 4.6.7, it holds that any
degenerate operator constitutes an exceptional point in this context. This means that
the swap definition relates differently to pull-back than the coalescence definition.
Indeed, whereas any degeneracy in End(V ) is an EP, the pre-image under H consists
of all degeneracies of H, but not all of them need be EPs. Thus, the property of
being an EP can disappear when taking the pull-back along H. The intuition behind
this is clear. In N(V ), there is no additional restriction on the operator besides being
non-degenerate, and permuting loops exist for all degeneracies. However, not all of
these loops can be achieved by varying the parameters of the family H. Hence, the
more restrictive H is, the more loops become unavailable, which implies that more
degeneracies are no longer EPs. A well-known example is that a Hermitian H will
not have any EPs at all.

Lemma 4.6.7. According to the swap definition, any degenerate operator in End(V )
is an EP.

Proof. Proceed by cases. First, let us consider A ∈ ∆non−diag(V ), and go to its
Jordan normal form as in the previous proof - now using a frame that also contains
generalized eigenvectors. In the normal form, pick a non-trivial Jordan block B.
Then, define the path Aϵ(t) in End(V ) by replacing the subblock B of A by

B(ϵ, t) =


λ0 1 0 0 . . . 0
0 λ0 1 0 . . . 0

0 0 0 . . . λ0 1
ϵeit 0 0 . . . 0 λ0

 , (4.36)

where t ∈ [0, 2π], and perturbing all other blocks by O(ϵ) so that they become non-
degenerate. Then for all ϵ > 0, Aϵ(t) is a loop in N(V ) that induces a swap of the
eigenvalues, and is only O(ϵ) away from A. Hence A is an EP.
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In the other case, where A is diagonalizable, we can work similarly. Using the
normal form of A, consider a subblock B of the form diag(λ0, λ0), and define the
loop Aϵ(t) as the path obtained by changing this block to

B(ϵ, t) =

(
λ0 0
0 λ0

)
+ ϵ

(
i+ eit 1

1 −i− eit

)
(4.37)

and perturbing all others blocks by at most O(ϵ) such that they become non-
degenerate. Again, for any ϵ > 0, Aϵ(t) will be a loop in N(V ) permuting some
energies, while it is at most O(ϵ) away from the original operator A. Hence A is also
an EP in this case.

As a side remark, we observe that the loops found in Eqs. (4.36) and (4.37) differ
in a subtle way. Namely, the ‘center of the loop’ in Eq. (4.36) is the original operator
A, whereas in Eq. (4.37) this actually is another operator which is O(ϵ) away from the
original. The center of the loop is a non-diagonalizable operator in both cases, which
may suggest that only the non-diagonalizable operators lead to swaps. However, we
then remark that the ‘center of a loop’ is not invariant under reparametrization of
the space. Hence, in general, one can deform the degeneracies and loops so that the
loop will have the desired ‘center’.

4.6.3 Local section definition

We also comment on identifying a degeneracy by the local sections of the projection
Spec(H) → M . This relates to the multi-valued nature of the energies near the
EP. That is, around an EP, the energy bands cannot be described as a graph of a
single function, and instead a multi-valued function is used. If one were to stick with
ordinary single-valued functions, then it is not possible to describe the energy band
around the EP in a continuous way. To see this, imagine we have a small open subset
in N(H) near the EP, define a local energy function on it, and then encircle the EP
while continuously extending the chosen energy function. Clearly, upon returning,
the energy function would need to jump, i.e. become discontinuous (we remark that
Kato [9] used this method to obtain the energy permutations). Of course, the trouble
comes from the center of the spiral staircase that is traversed, which is then the
EP. If such a staircase would not be there, we would obtain a continuous energy
function, i.e. a local section of Spec(H), which can even be continuously extended
to the degeneracy. Hence, one can also regard EPs as the points that render such
continuous local sections impossible.

Definition 4.6.8 (EP - Local sections). A point (x0, E0) in Spec(H) is an exceptional
point if the projection Spec(H) → M does not admit a (continuous) local section
through (x0, E0). We also say that x0 is an EP if the above holds for at least one of
the energies of H(x0).

The first remark we make about this definition is that it restricts to a subclass of
the topological/swap EPs.

Lemma 4.6.9. Assuming N(H) is dense in M ; if a point x0 is a local section EP,
then it is also a topological EP.
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Proof. Let us show the contrapositive. If x0 is not a topological EP, then for a
neighborhood U of x0 in M , one has a local trivialization of Spec(H) over U ∩
N(H). This local trivialization consists of n local sections, and all of them extend
continuously to U under the assumption that N(H) is dense. Hence through every
energy there is a continuous local section of the projection Spec(H) →M , and so x0
is not a local section EP.

The converse is not true. Despite the fact that also the local section definition
has a topological nature, it is slightly less involved than the swap definition, which
also makes it vulnerable. Namely, if the energy in question also lies on another
energy band that has no non-trivial topology, then the local section definition can
be ‘misled’ and not see the EP. The easiest example is to consider an EP2 and add
a third energy band given by Enew(x), which is any smooth function of x such that
it coincides with the energy of the EP at x0. Then there does exist a local section,
necessarily describing this constant band only and missing the EP2 staircase, and
the point would no longer be considered an EP. The local section EPs thus do not
exhaust the swap EPs. As this trick of ‘adding a special energy level’ does not depend
on the Jordan normal form of the operator, there is no additional relation with the
coalescence definition, and we find a schematic relation between the three definitions
as in Fig. 4.9.

coalescence swaplocal section

Figure 4.9: Schematic diagram of the overlap of the three formal EP definitions we
consider. The local section EPs are inside the swap EPs, but do not exhaust any of
the regions given by coalescence and swap EPs. The coalescence and swap definition
have non-empty overlap, but neither is contained in the other. As we consider the
definitions on the level of the parameter space, DPs are present in all subsets (see
Sec. 4.6.4), and coalescence reduces to the Hamiltonian being non-diagonal.

One could try to fix the local section definition with regard to this issue. To
explain this, let us take a different perspective. Effectively, the local section definition
states that (x0, E0) is an EP if it does not lie on the graph of any local eigenvalue
function, which is defined on an open subset of M (not just N(H)). The issue with
the definition then becomes quite clear; if an additional smooth band just happens to
pass through this exact point, it is not an EP any longer. One can fix the local section
definition by taking a complementary viewpoint; instead of requiring a specific point
(x0, E0) to lie on the graph of a local eigenvalue, one requires that all such graphs
do not exhaust the energy bands over a neighborhood of x0. In other words, pick a
neighborhood U of x0 and consider the energy bands restricted to U , i.e. the subspace
Spec(H)|U . Any piece of this space that equals the graph of a local eigenvalue defined
on all of U you are allowed to take out; this we consider to be trivial. The question
is then whether any pieces remain, which then contain the non-trivial features of the
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energy bands in the vicinity, see also Figure 4.10. This leads to the following ‘graph
definition’ of EPs.

Definition 4.6.10 (EP - Graph). A point x0 ∈M is an EP if there is no open neigh-
borhood U of x0 such that Spec(H)|U is the union of the graphs of the continuous
local sections of Spec(H) on U . That is, writing Γ0(U) for the continuous sections
of Spec(H)|U , x0 is an EP if for any neighborhood U of x0 one has⋃

s∈Γ0(U)

Graph(s) ⊊ Spec(H)|U . (4.38)

Figure 4.10: Illustration of how the graph definition works. Plotted are the (real parts
of the) energy bands, where the Hamiltonian is the standard EP2 one from Ex. 4.2.2
augmented with an additional level (green band). We focus on the degeneracy marked
by the red dot. The local section definition would be misled by the green level; now
the point does lie on a graph, so it would not be an EP anymore. However, the
graph definition recognizes that this band has trivial topology, and so discards it
in the search for EPs. The original EP2 staircase cannot be removed as it is not a
graph, and so ‘contains’ the non-trivial topology.

It is a quick check that this graph definition is, for all practical purposes, equiva-
lent to the topological definition, see Lemma 4.6.11 below. Hence, the graph axiom
can be considered as another perspective on EPs, characterizing them by the fact
that, locally, the energy band cannot be described by a continuous (single-valued)
function.

Lemma 4.6.11. Assuming N(H) is dense in M , being a graph EP is equivalent to
being a topological EP.

Proof. Assume x0 is not a topological EP. Let U be a neighborhood of x0 in M .
Then by picking U small enough, we may assume that above U ′ = U ∩ N(H) the
bundle Spec(H) is trivial, i.e. there are n local energy functions Ei defined on U ′

with distinct graphs. These functions extend continuously to U as N(H) is dense,
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let us write Ēi for the extension of Ei. We claim that any energy E0 of H(x0) is
in the graph of at least one Ēi. Indeed, Spec(H) is everywhere dense in Spec(H),
hence there is at least one index i such that the graph of Ei comes arbitrarily close
to a given point (x0, E0) above x0. It follows that (x0, E0) lies inside the graph of
Ēi. Clearly, this argument also applies to any other degeneracy present in U . Hence
the union of the graphs of the Ēi is all of Spec(H)|U , meaning x0 is not a graph EP.

Conversely, suppose x0 is a topological EP. Then given a neighborhood U of x0,
there is a permuting loop γ inside U ∩N(H) by Lemma 4.6.4. We write x1 for the
basepoint of γ, and E1 for a particular initial energy that is swapped. We claim that
(x1, E1) cannot lie in the graph of local energy function in Γ0(U). Namely, suppose
for contradiction that it is in the graph of the local energy E, i.e. E(x1) = E1. Then
E ◦ γ is a path in Spec(H), which should be the lift of γ through (x1, E1) according
to covering theory. As γ is a loop, E ◦ γ should return to its initial point, but by
assumption of γ its lift does not, which yields a contradiction. It follows that the
graphs of local energy functions do not exhaust Spec(H)|U , hence x0 is a graph
EP.

4.6.4 Comments on diabolic points

Let us then treat how DPs can be added to this discussion. The standard definition,
from the coalescence picture, is the following.

Definition 4.6.12 (Diabolic point - Coalescence). A pair (x0, E0) ∈ Spec(H) is a
DP if E0 is a degenerate semi-simple eigenvalue of H(x0). We also say that x0 is a
DP if the above holds for at least one of the energies of H(x0).

We could also try to define a DP in the line of the topological or local section
definition. However, we find significant problems with these approaches. Let us
start with a topological perspective on DPs, considering a definition that only needs
information on the eigenvalues. In that case, one only has the diabolo shape of
the energy bands to generalize. However, clearly the exact diabolo shape is not
invariant under reparametrizing the Hamiltonian. In addition, the diabolo shape of
the eigenvalues is not exclusive to diagonalizable operators. For instance, consider
the family

H(x, y) =

(
x 1
y2 −x

)
(4.39)

with (x, y) ∈ R2. The eigenvalues are E±(x, y) = ±
√
x2 + y2, which form a diabolo-

like shape, butH(0, 0) is not diagonalizable. One could then try to use the continuous
yet non-differentiable aspect of the apex. This brings us to a local section approach.
At the standard DP, one does have a continuous local section, but this is not differ-
entiable. This leads to the following definition.

Definition 4.6.13 (Diabolic point - Local section). A pair (x0, E0) ∈ Spec(H) is a
DP if any continuous local section through (x0, E0) is not differentiable at (x0, E0).
We also say that x0 is a DP if the above holds for at least one of the energies of
H(x0).
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A problem with this definition we again find in Ex. 4.6.2. Namely, in higher
dimensional parameter spaces, the candidate DP is likely connected to EP structures.
Hence, in general, there will not be any continuous local section to start with. In
other words, the local section definition of a DP would miss a considerable amount
of DPs in higher-dimensional parameter spaces.

4.6.5 Discussion

We have reviewed three EP definitions, based on coalescence, non-trivial topol-
ogy/swaps and local sections. The coalescence definition is the only one that concerns
the Hamiltonian family at a single point. This makes it relative simple - only a single
operator needs to be studied - but it also means that it does not describe the Hamil-
tonian family in the vicinity of the EP. The opposite is true for the swap definition,
where the local behavior of the energies is captured but no claim on the coalescence
of the eigenstates can be made. The local section definition is a restriction of the
swap definition, and can be seen as a simplification. It can thus be misled, most
notably using the additional energy level trick, although it will still work for most
Hamiltonian families used in practice. None of these definitions separate EPs and
DPs on the level of M , but the coalescence and local section definitions can do this
on the level of Spec(H). In the light of the swap definition, a DP is often a special
case of an EP, despite the fact that this is not so for planar parameter spaces.

We thus reach the following conclusion. In defining the concept of an exceptional
point, there are presently two major characteristics, being the coalescence of eigen-
states and the occurrence of energy swaps. However, the formal definitions based
on these are not equivalent. In this section we did not want to choose between the
coalescence and swap definition; both of these properties are studied in experiments.
Instead, we wanted to give an overview of the consequences of choosing for one or the
other. Again, this difference is more clear in the case of higher-dimensional Hamil-
tonians and parameter spaces, while it is not really manifest in the 2-dimensional
2-parameter Hamiltonian families that are most often studied.

Finally, we note that we only considered finite-dimensional Hamiltonians. The
spectrum of an infinite dimensional Hamiltonian is in general not finite, and need not
even be discrete. In addition, the standard idea of restricting an infinite dimensional
Hamiltonian to just the states of interest is not always applicable; in [41] it was found
that one of the isolated energies corresponding to these states can actually disappear
into the continuum when the eigenstates coalesce.

4.7 Summary

We set out to study the geometry that describes how eigenvalues depend on the
operator. We started in Sec. 4.1 by considering local eigenvalues λ = λ(A) as the
local sections of a bundle. For this, one needs the union of spectra

Spec(V ) =
⊔

A∈N(V )

Spec(A)

= {(A, λ) | λ an eigenvalue of A,A non-degenerate} ,
(4.40)

69



Chapter 4. A topological model for the swaps of energies

which we hence called the spectrum bundle. That is, it consists of all pairs (A, λ)
of ‘operator-eigenvalue’ with A non-degenerate. We verified that Spec(V ) is an n-
fold covering space of N(V ), hence obtaining a rigorous geometric perspective on
eigenvalues.

In Sec. 4.2, we continued by focusing on a specific Hamiltonian family H. We
found that the change of instantaneous energy due to the varying of system parame-
ters could be described as the lift of the path in parameter space to the energy bands.
Writing N(H) for the subspace of parameter values where H is non-degenerate, the
energy bands are formally described by the space

Spec(H) =
⊔

x∈N(H)

Spec(H(x))

= {(x,E) | E an energy of H(x), H(x) non-degenerate} .
(4.41)

This bundle is the pull-back of Spec(V ) along H, implying that Spec(V ) can be seen
as an abstract model for the energy bands of any Hamiltonian family on V .

The formal framework of covering theory allowed us to study the dependence of
the change in energy on the path. That is, fixing some reference parameter values,
defining the point x0 ∈ N(H), following the energies around a loop based at x0 will
induce a permutation of the spectrum of H(x0). We demonstrated in Sec. 4.3 that
this is described by the monodromy action of the covering Spec(H). The permuta-
tions follow an action of the fundamental group of π1(N(H), x0), which provides a
clear proof of the topological nature of the permutation. By using orderings of the
spectrum, these permutations could be expressed using explicit elements of Sn, as
we demonstrated in Sec. 4.4.

In Sec. 4.5, we proposed a possible experiment based on a coupled waveguide
set-up. We identified explicit paths in the parameter space for an experiment, and
demonstrated how the non-Abelian nature of the permutations would be observable.

Finally, we took another look at the definition of an exceptional point (EP) in
Sec. 4.6. We found that the coalescence and the swap definitions are not equivalent.
We then introduced a formal, topological definition of an EP using the theory of
Spec(H), which is in line with the swap definition. We also considered a definition
using local sections, but found this one to be easy to mislead, and fixing it brought
us back to the topological definition. When looking at diabolic points, we found
that these do not separate from EPs in a topological way for non-planar parameter
spaces.
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Chapter 5

The eigenvector bundle

In this chapter, we will see how the topological model behind the eigenvalues extends
to a geometric model for the eigenvectors. We will first study eigenvectors in more
detail. There we find that a non-standard geometry appears, which we then explore
in more detail. This will bring us to the concept of a semi-principal bundle and
G-connections, which extends the usual model of geometric phase to a model that
incorporates non-cyclic states in a natural way. The material of this chapter has
appeared in [32, 42].

5.1 The shape of the eigenvector space

A first step in introducing the geometry behind the evolution of eigenstates is to
study the symmetry of the space of eigenvectors of an operator A on V . Let us start
by settling on some notation. Given an eigenvalue λ of A, the space of all eigenvectors
of A corresponding to this eigenvalue we denote as

Eigλ(A) = {v ∈ V \ {0} | Av = λv} = ker(A− λI) \ {0}. (5.1)

We call this the eigenvector space of A corresponding to λ. If we want to consider all
eigenvectors of A, so not fixing any particular eigenvalue they should correspond to,
we obtain the space

Eig(A) =
⊔

λ∈Spec(A)

Eigλ(A). (5.2)

We call this the (total) eigenvector space of A. Please note that we deliberately avoid
the term eigenspace here. The reason is that one does not consider the zero vector
to be an eigenvector, and so it never is an element of Eigλ(A) or Eig(A). Hence,
neither of these spaces will ever be a linear subspace, in contrast to the concept of
eigenspace.

This leaves the question to what class of spaces Eigλ(A) and Eig(A) do belong to.
The answer is given by the elementary observation that any eigenvector multiplied by
a non-zero scalar is again an eigenvector. Formally, we say that there is a C×-action
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on Eig(A) given by

C× × Eig(A) → Eig(A)

z · v = zv
(5.3)

which restricts to any of the subspaces Eigλ(A). Of course, the minimal invariant
subspaces are the eigenrays of A. This action is clearly continuous, hence we can say
that both Eig(A) and Eigλ(A) are C×-spaces; they are topological spaces endowed
with a continuous C×-action. In fact, Eigλ(A) is even a C×-manifold. The same need
not be true for Eig(A), as this need not be a manifold; the Eigλ(A) partition Eig(A)
into its connected components, but these components can have different dimensions
as not all eigenvalues need to have the same geometric multiplicity.

As before, we can also consider all operators together. This brings us to the space
of triples ‘operator-eigenvalue-eigenvector’ given by

Eig(V ) := {(A, λ, v) ∈ End(V )× C× V \ {0} | Av = λv} (5.4)

which we call the eigenvector space of V . This space has the remarkable property
that we can view it in two closely related but yet different ways. Namely, one can
build it either using the Eig(A) or using the Eigλ(A);

Eig(V ) =
⊔

A∈End(V )

Eig(A) =
⊔

(A,λ)∈Spec(V )

Eigλ(A). (5.5)

Geometrically, these perspectives corresponds to two different projections. The first
disjoint union corresponds to the projection

πλv : Eig(V ) → End(V )

(A, λ, v) 7→ A,
(5.6)

where the fiber above A is Eig(A). The second disjoint union then corresponds to
the projection

πv : Eig(V ) → Spec(V )

(A, λ, v) 7→ (A, λ),
(5.7)

where the fiber above (A, λ) is Eigλ(A). Obviously, the two projections above are
related via the projection πλ : Spec(V ) → End(V ). Indeed, πλv = πλ◦πv, as summa-
rized in the following commutative diagram, where on the left the text at the arrows
indicates the fibers, while on the right the names of the maps are listed along the
arrows.

Eig(V ) Spec(V ) (A, λ, v) (A, λ)

End(V ) A

Eigλ(A)

Eig(A) Spec(A)

πv

πλv πλ

(5.8)

It is a natural follow-up to ask whether or not these new projections πλv and
πv realize Eig(V ) as a fiber bundle. The answer is again no. Concerning πλv, we

72



5.1. The shape of the eigenvector space

encounter the same issue as with πλ and Spec(V ) in Sec. 4.1; as not all operators
have the same amount of distinct eigenvalues, the number of connected components
of the fibers Eig(A) varies, and so there is no model fiber. Concerning πv, this issue
does not play a role, but we do find another problem. Namely, we observe that the
geometric multiplicity of an eigenvalue varies, so that the fibers Eigλ(A) do not all
share the same dimension, hence again no model fiber exists. From these observations
it also follows that Eig(V ) is not a smooth manifold. In conclusion, we can only say
that Eig(V ) is a C×-space, to which we associate the two C×-invariant projections
πλv and πv, but neither of these is a fiber bundle.

The solution is again to restrict to non-degenerate operators. The space that we
obtain this way is of such importance that we introduce it in a definition.

Definition 5.1.1 (Eigenvector bundle). Given the vector space V , define its eigen-
vector bundle to be the space

Eig(V ) := Eig(V )|N(V ) = {(A, λ, v) ∈ N(V )× C× V \ {0} | Av = λv} . (5.9)

In this definition, we already used the term bundle. The remarkable property of
Eig(V ) is that it is a bundle in two different ways. Indeed, both of the projections
πλv and πv restrict to non-degenerate operators, yielding πλv resp. πv as given in
Diagram (5.10), and both of these define a fiber bundle.

Eig(V ) Spec(V ) (A, λ, v) (A, λ)

N(V ) A

πv

πλv πλ
(5.10)

The bundle property of πv is straightforward. Namely, if we assume A ∈ N(V ),
then any Eigλ(A) consists of only a single eigenray. It is then a special kind of group-
space, known as a torsor; the group-space is diffeomorphic to the group, but unlike
the group it has no distinguished element. Indeed, any ray in V is diffeomorphic
to the scale group C×, and the absence of a distinguished vector is another way
of expressing the gauge freedom of choosing a reference vector. Hence, πv realizes
Eig(V ) as a union of C×-torsors, and this hints at a principal C×-bundle structure.
This is indeed so; one can argue that πv coincides with the group quotient and use
that the action is free and proper, or use other arguments as we will do later on.

The story for πλv is a bit different. What is similar is that also Eig(A) has a rigid
structure for A ∈ N(V ); it consists of n separate eigenrays, and so it is a disjoint
union of C×-torsors. However, this does not imply that Eig(A) itself is a torsor, as
for a torsor only a single copy of the group is allowed. Of course, we can resort to
saying that Eig(A) is just a C×-manifold, but that does not cover the specific shape
we just found. Hence, we wish to consider a special subclass of the group-spaces
as follows. Namely, we simply consider all group-spaces that are a disjoint union
of torsors (for the same group), as we formalize in the definition below. Because
of this decomposition, we like to call such objects semi-torsors. It is equivalent
to regard these as free group-spaces which need not have one but countably many
orbits. Clearly, every torsor is a semi-torsor, and Eig(A) is a C×-semi-torsor whenever
A ∈ N(V ).
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Definition 5.1.2. Let G be a topological group and F a G-space. Then F is a
semi-torsor if it is a topologically disjoint union of G-torsors, or equivalently, F is
free and F/G is discrete.

As a final note, one could ask why we do not simply use only the projection
Eig(V ) → Spec(V ) and abandon the projection Eig(V ) → N(V ). The reason lies
in the relation to non-cyclic states, in particular the situation where the quantum
Hamiltonian is restored but the state returns with a different energy. This means
that the path in N(V ) will be a loop, while the path in Spec(V ) will not be. We
prefer to work with the loop, lying in N(V ) and so requiring the more elaborate
projection, for a couple of reasons. To start, the lifting of loops brings one to the
mathematics of holonomy. In other words, only the second projection will yield a
holonomy interpretation of non-cyclic states. In addition, the loop represents the
physical picture of the Hamiltonian returning to itself. Finally, if we work with paths
in N(V ), then we do not need to specify the evolution of the energy beforehand,
whereas this is necessary for paths in Spec(V ) by definition of Spec(V ). Hence, in
order to study eigenvectors and adiabatic quantum theory, we must study the class
of bundles that generalizes the principal bundles.

5.2 Introducing a generalization of the principal
bundle

It turns out that there is a natural way of defining bundles of semi-torsors. To see
this, we start with the general idea of fiber bundles. By definition, the key property
of any fiber bundle is its local triviality. It is this property that allows one to endow
the fiber with additional structure, which then lifts to a structure on the entire
bundle. Let us take the fiber in a category C whose objects are topological spaces
with additional structure and whose morphisms are continuous maps preserving this
additional structure. A fiber bundle with fiber in C consists of the data (π,B,M,F ),
where F is an object of C called the model fiber, B and M are topological spaces
and π : B → M is a continuous surjection. This tuple is subject to the defining
property that every point x ∈ M has a neighborhood U and a homeomorphism
ϕ : U × F → π−1(U) such that

• π ◦ ϕ = prU ,

• ϕ|{u}×F is an isomorphism in C, for all u ∈ U .

Hence B, or more precisely each fiber Bx, should be equipped with the structure
as given by C, in such a way that a continuous structure on B is obtained. Mor-
phisms of fiber bundles follow the same general structure. Namely, a morphism
from (π1, B1,M1, F1) → (π2, B2,M2, F2) is a pair f = (f1, f2) of continuous maps
f1 : B1 → B2 and f2 : M1 → M2 such that π2 ◦ f1 = f2 ◦ π1 and, for all x ∈ M1,
f1|(B1)x : (B1)x → (B2)f2(x), viewed in local trivializations, is a map in C. In the
following we will only consider the case where f2 is identity, so we only specify f1
and simply write f : B1 → B2.

As both torsors and semi-torsors are special types of group-spaces, let us consider
the above with the category C to be the category of group-spaces and equivariant
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maps. We remark that the category of group-space bundles should not be confused
with the category of group bundles. In the latter case, the fiber is a group, and the
bundle has very different properties. The interested reader can find a demonstration
of this in Appendix 5.A.

Definition 5.2.1 (Group-space bundle). Let G be a topological group and F a
G-space. A G-space bundle with model F is a fiber bundle (π,B,M,F ) such that

• each fiber of B is a G-space. That is, there is a bundle map

A : G×B → B

(g, b) 7→ gb
(5.11)

such that (Bx, A|G×Bx) is a G-space for all x ∈M .

• each point x ∈ M has a neighborhood U and a homeomorphism ϕ : U × F →
π−1(U) such that π◦ϕ = prU , and for each u ∈ U the map ϕ|{u}×F : {u}×F →
Bu is an isomorphism of G-spaces.

If B is a G-space bundle and B′ a G′-space bundle, then a map of group-space bundles
f : B → B′ is a bundle map such that f |Bx : Bx → B′

x is ξ-equivariant for all x ∈M ,
i.e. f(gb) = ξ(g)f(b) for all g ∈ G and b ∈ B, where ξ : G→ G′ is a homomorphism.

It is an easy check that the category of principal bundles is the restriction of the
category of group-space bundles to those bundles where the model fiber is a torsor.
No more restriction is needed, which can be phrased as the following claim.

Lemma 5.2.2. The principal bundles are a full subcategory of the group-space bun-
dles.

Proof. As a G-torsor is a G-space, any principal bundle is a group-space bundle. In
addition, any map of principal bundles is a map of group-space bundles. This proves
the subcategory claim. It is full as any group-space bundle map between principal
bundles is an equivariant bundle map, hence a map of principal bundles.

We can obtain the notion of a semi-principal bundle in a similar way. That is,
take the general structure of group-space bundles, and simply require the fiber to
be a semi-torsor. As any torsor is a semi-torsor, this new class of bundles will be
a specific extension of the principal bundles. We call these bundles semi-principal
bundles; this follows the semi-torsor terminology, and in addition the bundles locally
look like a sum of principal bundles. A schematic overview of how these bundles
relate to group-spaces and other classes of bundles can be found in Fig. 5.1.

Definition 5.2.3. Given a Lie group G, a semi-principal G-bundle is a group-space
bundle π : B →M where the model fiber F is a G-semi-torsor. That is, B is endowed
with a fiber-preserving G-action, local trivializations of B are G-equivariant, and the
model fiber F is a free G-manifold such that F/G is discrete.

Let us compare some properties of principal, semi-principal and general group-
space bundles. First, let us consider the transition functions. For principal bundles,
these can be considered to take values in the structure group G. This is not so for
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group-spaces

free

transitive

torsor

semi-torsor

group-space
bundles

free

homogeneous

principal

semi-principal

Figure 5.1: Correspondence between classes of group-spaces and the classes of group-
space bundles having these as fibers. We focus on the gray parts, i.e. the semi-torsors
and semi-principal bundles, which extend the torsors and principal bundles.

the other bundles. In general, one can only say that the transition functions take
values in the automorphism group Aut(F ), i.e. the group of invertible group-space
maps F → F . In the case of principal G-bundles, the fiber F may be taken to
be the G-torsor G, and the left-equivariant invertible maps are exactly the right-
translations, hence Aut(F ) ∼= G. This means that the group G faithfully describes
all relevant changes in the fiber. This is not so for general group-spaces F . Intuitively
speaking, if F is not free then G has redundant elements, and if F is not transitive
then G is too small. The case where F is a semi-torsor lies in between. Following our
more in depth investigation of Aut(F ) given in Appendix 5.B, in that case Aut(F )
is the wreath product G ≀ (F/G). That is, the automorphisms are a combination of
individual translations of the group orbits and reshuffling of these orbits. We will
frequently encounter this symmetry group when dealing with semi-torsors.

Another difference is the following. Unlike principal bundles, the projection map
π : B → M of a semi-principal bundle need not coincide with the action quotient
Q : B → B/G, where B/G is endowed with the unique smooth manifold struc-
ture such that Q becomes a surjective submersion. Indeed, when taking the action
quotient, the fiber F is reduced to F/G, which need not consist of a single point.
Nevertheless, this new fiber is a discrete space, and as proven below B/G forms a
covering ofM . As Q will still define a principal bundle, the following result says that
any semi-principal G-bundle is a principal G-bundle on top of a covering space.

Proposition 5.2.4. Let π : B →M be a semi-principal G-bundle with model fiber F ,
set X = F/G. The map Q : B → B/G defines a principal G-bundle. Moreover, the
quotient space B/G is itself an X-bundle over M , i.e. a regular |X|-fold covering.
This bundle is defined by the reduced map π/G : B/G → M given by the relation
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5.2. Introducing a generalization of the principal bundle

π = π/G ◦Q, i.e.

B B/G

M

π

Q

π/G

(5.12)

is a commutative diagram of semi-principal bundles.

Proof. As π is G-invariant, it is constant on the fibers of Q. As Q is a smooth
submersion, the map π/G is a well-defined smooth map. To see the local forms of
Q and π/G, let us use a G-equivariant local trivialization ϕ : U × X × G → B|U
of π. One can reduce ϕ to orbits, and as (B|U )/G = (B/G)|U this results in the
commutative diagram

U ×X ×G U ×X

B|U (B/G)|U

U

ϕ

prU×X

ϕ/G

Q

π π/G

(5.13)

where all solid arrows are smooth.
Let us consider the induced map ϕ/G. It is smooth as Q ◦ ϕ is a smooth map

that is constant on the fibers of the smooth submersion prU×X . In fact, ϕ/G is
a diffeomorphism. Being the quotient of a bijection, it is bijective. Its inverse is
smooth as well; prU×X ◦ ϕ−1 is a smooth map that is constant on the fibers of the
smooth submersion Q. Hence ϕ/G is a local trivialization of π/G provided that
π/G ◦ ϕ/G = prU . The latter can be deduced from

(π/G◦ϕ/G)(u, x) = (π/G◦Q◦ϕ)(u, x, g) = (π◦ϕ)(u, x, g) = prU (u, x, g) = u, (5.14)

where g ∈ G may be chosen arbitrarily because of G-equivariance. Hence π/G is an
X-bundle over M , and as X is discrete this is a covering.

Shifting our attention to Q : B → B/G, using the same maps one can find a local
trivialization for Q. This is ϕ ◦ ((ϕ/G−1 × idG) : (B/G)|U × G → B|U , ([b], g) 7→
ϕ((ϕ/G)−1([b]), g). This diffeomorphism is G-equivariant as ϕ is, and satisfies

Q ◦ ϕ ◦ (ϕ/G−1 × idG) = ϕ/G ◦ prU×X ◦ (ϕ/G−1 × idG)

= ϕ/G ◦ ϕ/G−1 ◦ pr(B/G)|U

= pr(B/G)|U ,

(5.15)

hence is a local trivialization of Q. This implies Q is a principal G-bundle.

This result clearly reveals two special cases of semi-principal bundles. Naturally,
one case is where the bundle is actually principal, which means that π and Q coincide.
The other special case is that π and π/G coincide, which happens if and only if G is
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trivial. Here the definition of semi-principal bundle reduces to that of a fiber bundle
with discrete fiber, i.e. a particular kind of covering space.

Let us now give a simple example of a semi-principal bundle in Ex. 5.2.5 below.
Here we consider the trivial principal U(1)-bundle over the circle S1, i.e. the torus,
but we wind it around multiple times to obtain a coil-like object. The resulting
projection is no longer a principal bundle, but it does remain semi-principal. We will
repeatedly build upon this example to illustrate new results.

Example 5.2.5 (Winding torus). Let us consider the torus T 2 = S1 × S1, endowed
with the standard U(1)-action on its second factor. The projection π : T 2 → S1 on
the first factor then realizes the torus as a trivial principal U(1)-bundle over the circle.
However, we can also view T 2 as a semi-principal bundle over S1 in the following way.
Consider the map sk : S

1 → S1, with k ≥ 1 an integer, given by winding the circle k
times around, i.e. z 7→ zk for z on the unit circle in C. Then Πk := sk ◦ π : T 2 → S1

winds the torus k times around the circle. The picture to have in mind is illustrated
in Fig. 5.2 for the case k = 2. Clearly, Πk defines a semi-principal U(1)-bundle with
model fiber ⊔kS1, i.e. k disjoint circles. For k > 1, so that Πk ̸= π, the bundle Πk
is non-trivial, as can be deduced using topology. The trivial semi-principal U(1)-
bundle over S1 with model fiber ⊔kS1 is given by the projection S1 × (⊔kS1) → S1

on the first factor, in particular the total space consists of k disjoint tori. As the
total space of Πk is always a single torus, it follows that Πk is non-trivial for k > 1.
As a final comment, imagine we want to obtain Πk by gluing the end fibers of the
bundle [0, 1]× ⊔kS1 over the interval [0, 1]. This would mean that we glue different
circles together. We observe that such a gluing cannot be described using an element
in U(1), if k > 1.

Figure 5.2: Illustration of the total space of Π2 in Ex. 5.2.5. This space is topologically
a torus, but the projection Π2 indicates that it winds twice around its base circle.
Points with the same color are projected to the same point in S1.

Having introduced the class of bundle we expect πλv : Eig(V ) → N(V ) to belong
to, let us prove this rigorously. We start by showing that Eig(V ) is a smooth manifold.
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5.2. Introducing a generalization of the principal bundle

Clearly, Eig(V ) is the zero set of

P : Spec(V )× V \ {0} → V

(A, λ, v) 7→ (λI −A)v,
(5.16)

and using this function we obtain the following structure on Eig(V ).

Proposition 5.2.6. The space Eig(V ) is a closed algebraic C×-submanifold of
Spec(V ) × V \ {0} of complex dimension n2 + 1. Moreover, the projection map
πλv is smooth.

Proof. Pick a point (A0, λ0, v0) ∈ Eig(V ) and pick local coordinates (A, λ) on
Spec(V ) around (A0, λ0); this implicitly defines λ = λ(A) with λ(A0) = λ0. Consider
now the differential

dP = (λ(A)I −A)dv + d(λ(A)I −A)v. (5.17)

As P is constant on the C×-orbits, dP has rank at most n−1. On the other hand, the
term (λ(A)I−A)dv has the same rank as λ(A)I−A, which is n−1 by non-degeneracy.
Hence dP has constant rank n− 1, and so by the Constant Rank Theorem [43] the
fibers of P are closed submanifolds of (complex) dimension (n2+n)−(n−1) = n2+1.
The map πλv is then a restriction of a smooth projection to a submanifold, hence
smooth.

The model fiber for πλv : Eig(V ) → N(V ) is clear. Any fiber Eig(A) consists of n
eigenrays, which is isomorphic as C×-spaces to the standard semi-torsor C× × In. It
remains to prove the equivariant local triviality of the bundle, for which we prepare
ourselves with the following extension property. We use the language of smooth
maps, but they may be taken to be algebraic.

Lemma 5.2.7. For every point A0 ∈ N(V ), there is an open neighborhood U ⊂ N(V )
of A0 and n eigenvector functions v1, . . . , vn : U → V which constitute an eigenframe
at each point of U . Moreover, this moving eigenframe can be chosen to extend any
eigenframe of A0.

Proof. The local eigenvector functions exist by Cor. 3.2.5. The eigenframe they form
at A0 can be changed to any given eigenframe of A0 by acting with the appropriate
group element in C× ≀ In, as we did in the proof of Lemma 3.2.3.

Alternatively, one can use the following argument. Let us start from the given
eigenframe at A0, which we also denote by (v1, . . . , vn). Consider a neighborhood
W ⊂ N(V ) on which Spec(V ) is trivial, so that we have local eigenvalue functions
λ1, . . . , λn following the eigenvectors. For A ∈W , one can define the operator

Pi(A) =
∏
j ̸=i

A− λj(A)I

λi(A)− λj(A)
(5.18)

which depends smoothly (and algebraically) on A. For each i, define the extension

vi(A) = Pi(A)vi. (5.19)

This gives a local eigenvector, which is indeed non-zero on a neighborhood Ui ⊂ W
of A0 by continuity. Hence, on the open U = ∩ni=1Ui, we have a local eigenframe
extending the given eigenframe of A0.
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Theorem 5.2.8. The map πλv : Eig(V ) → N(V ) defines a semi-principal C×-bundle
with model fiber C× × In.

Proof. Pick A0 ∈ N(V ), let U ⊂ N(V ) be a neighborhood of A0 and for i = 1, . . . , n
let vi : U → V be a local eigenvector corresponding to eigenvalue λi(A0), according
to Lemma 5.2.7. One has a map

Φ: U × In × C× → Eig(V )|U
(A, i, z) 7→ (A, λi(A), zvi(A))

(5.20)

which is smooth and clearly intertwines the C×-actions. Its inverse is

(A, λ, v) 7→ (A,#(A, λ), [v/v#(A,λ)(A)]), (5.21)

which satisfies the same properties. Here # is the local labelling, and the last entry
denotes the scalar z such that v = zv#(A,λ)(A) which depends smoothly on its argu-
ments (see also Appendix A). It follows that Φ is a C×-equivariant local trivialization,
hence the bundle property follows.

We observe that πλ and πv are closely tied to πλv. In fact, these maps form a
decomposition as stated in Prop. 5.2.4; any G-bundle decomposes naturally into a
principal G-bundle and a covering space. These maps form exactly such a decompo-
sition. In that way, one can consider πλv to be the main map, with πλ and πv being
derived maps.

Proposition 5.2.9. The rule πλv = πλ◦πv is the decomposition of πλv in a principal
bundle projection followed by a covering map.

5.3 Connections compatible with a group action

We have reached the point that we know that the eigenvectors form a semi-principal
bundle over the non-degenerate operators. This means we have found a suitable
space for describing adiabatic quantum mechanics, but we still miss an important
ingredient. Namely, we need a connection in order to define parallel transport from
one fiber to another, which will correspond to the adiabatic equations of motion. For
principal bundles, there is the theory of principal connections, which are compatible
with the group action as they yield equivariant parallel transport maps. We will see
that, without much effort, this theory can be extended to semi-principal bundles,
and that Eig(V ) has a natural connection.

First, our main message concerning principal connections is that they do not really
need the principal bundle structure. Instead, they need only be compatible with the
group action, i.e. the G-manifold structure. Indeed, one way of writing the axioms
for a 1-form ω to be a principal connection is by assuming two relations involving
the G-action on the manifold. This motivates us to use the following definition, for
which we use notation as follows. The action map we write as A : G × F → F ,
where acting with g is denoted as Lg := A(g,−) : F → F . One can also consider
a specific point f ∈ F , and restrict A to Af := A(−, f) : G → F . The differential
af = (dAf )e : g → TfF , where g denotes the Lie algebra of G, is known as the
infinitesimal action at f . Using this notation, we can state the following.
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Definition 5.3.1. Let G be a Lie group with algebra g and let F be a (left) G-
manifold. A g-valued 1-form ω on F is called a G-connection 1-form, or just G-
connection, if

• ωf ◦ af = idg for all f ∈ F

• (Lg)
∗ω = Adg(ω) for all g ∈ G.

Clearly, the above two axioms are those of a principal connection, i.e. a principal
connection is just the special case of a G-connection on a principal bundle. We see
that the definition of G-connection also makes sense for semi-principal bundles, and
hence can be considered an adequate extension. We consequently use the name G-
connection to avoid confusion and to emphasize that it is really the G-action which
is in the lead rather than the principal bundle structure. We do note that a G-
connection need not exist on any G-manifold. Namely, the left-inverse axiom of ωf
implicitly states that af will be a right-inverse, hence af must be injective for all
f ∈ F . In other words, the action has to be free on a local level.

We can now take the next step by inspecting G-connections on G-semi-torsors.
This turns out to be a special case, namely, then F admits exactly one G-connection.
The key observation is that if the infinitesimal action is invertible, then the G-
connection is fixed.

Proposition 5.3.2. Any G-semi-torsor F has a natural G-connection ω given by

ωf = a−1
f . (5.22)

Moreover, this is the only G-connection on F .

Proof. As the action is free, af is injective for all f ∈ F . As F/G is discrete,
dim(F ) = dim(G), hence af is a linear isomorphism. Hence the condition ωf ◦ af =
idg uniquely specifies ωf = a−1

f . To verify that ω is a G-connection, it remains to
check the equivariance. Using the relation dLg ◦af = agf ◦Adg, this is easily verified:

(L∗
gω)f (X) = a−1

gf (dLg(X)) = Adg(a
−1
f (X)) = Adg(ωf (X)). (5.23)

This 1-form can be considered as an extension of the usual canonical 1-form on
G. This canonical 1-form is known as the Maurer-Cartan form, which - for the left-
action on G - is given by (dRg−1)g with Rg denoting right multiplication by g. The
form ω reduces to the Maurer-Cartan form on G in case F is G viewed as a (left)
G-torsor. Namely, then Ag = Rg, and one obtains

ωg = a−1
g = (dAg)

−1
e = (dRg)

−1
e = (dRg−1)g. (5.24)

However, looking again at the form ω, we observe the that ω does not need any
identification of (a part of) F with G.

Another perspective on this connection involves the division map [−/−] : F ×q
F → G, sending (f ′, f) to the unique element [f ′/f ] ∈ G such that f ′ = [f ′/f ]f . It
allows one to track the group element relating points in F . Its derivative will thus
yield an infinitesimal generator, which yields again the unique G-connection on F in
the following way.
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Proposition 5.3.3. The canonical G-connection on a G-semi-torsor F can alterna-
tively be written as

ωγ(0)(γ̇(0)) =
d

dt

∣∣∣
t=0

[γ(t)/γ(0)], (5.25)

where γ : (−ϵ, ϵ) → F is a curve in F .

Proof. As dim(F ) = dim(G), γ(t) and γ(0) always lie in the same orbit, hence the
stated division is well-defined. It suffices to check the G-connection axioms, in fact
the left-inverse property alone is already sufficient by Prop. 5.3.2. Taking f ∈ F and
Y ∈ g, this verification reads

ωf (af (Y )) =
d

dt

∣∣∣
t=0

[exp(tY )f/f ] =
d

dt

∣∣∣
t=0

exp(tY ) = Y. (5.26)

The equivariance can also be verified using the identity [gf ′/gf ] = g[f ′/f ]g−1 =
Cg([f

′/f ]);

(L∗
gω)γ(0)(γ̇(0)) =

d

dt

∣∣∣
t=0

[gγ(t)/gγ(0)] =
d

dt

∣∣∣
t=0

Cg([γ(t)/γ(0)]) = Adg(ωγ(0)(γ̇(0))).

(5.27)

We have the following two remarks on this result. Firstly, the semi-torsor as-
sumption cannot be omitted; the points γ(t) and γ(0) should be in the same orbit
for any path γ, hence the dimensions of F and G should be equal. Of course, here
we still assume the action to be free, otherwise the division would be ill-defined.
Hence F can only consist of separated copies of the standard G-torsor, meaning F
is a G-semi-torsor. Our second remark is that, again, this notation reduces to (the
left-action version of) the Maurer-Cartan form in case F is the G-torsor G. This
time, the key relation is [−/g] = Rg−1 , so for a curve γ such that (γ, γ̇)(0) = (g,X)
it holds that

ωg(X) =
d

dt

∣∣∣
t=0

[γ(t)/g] =
d

dt

∣∣∣
t=0

Rg−1(γ(t)) = dRg−1(X). (5.28)

Nevertheless, the division map does not need to employ a right translation, hence is
more general.

Let us move from semi-torsors to semi-principal bundles. A first check is that a G-
connection on a semi-principal G-bundle induces a G-equivariant parallel transport.
In other words, we wish to show that this result on principal bundles extends to
all semi-principal bundles. One can prove this result in various ways. One way is
to use the observation that a semi-principal bundle locally looks like the projection
U × G ×X → U , which locally looks like the projection U × G → U , hence allows
for a similar argument as in principal bundle theory. Alternatively, one can use the
result on principal bundles and extend it using the decomposition from Prop. 5.2.4.
Let us employ the latter method in the following proof. Here we recall that a path
is horizontal if its tangent is horizontal at all times, which in turn means that the
tangent vanishes under the connection form.
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Proposition 5.3.4. Let π : B → M be a semi-principal G-bundle and ω a G-
connection on B. Given any piece-wise smooth curve γ : [0, 1] → M and an initial
point b ∈ B above γ(0), there is a unique horizontal lift Γ: [0, 1] → B through b,
specified by π ◦ Γ = γ and Γ(0) = b. Moreover, the parallel transport maps are
G-equivariant; the lift of γ starting from gb is gΓ.

Proof. By Prop. 5.2.4, the semi-principal bundle π : B → M decomposes as a prin-
cipal G-bundle B → B/G and a covering B/G→M . Lifting the curve γ from M to
a curve γ̄ in B/G with initial point [b] = Gb then follows from covering theory. Now
ω is a G-connection, hence a principal connection concerning the principal G-bundle
B → B/G. As b lies above Gb, one can lift γ̄ to a unique curve Γ in B such that
Γ(0) = b. Hence any curve γ in M lifts to a unique curve Γ in B given an initial con-
dition and the 1-form ω. If the starting point would be gb, then only the lifting from
B/G to B changes. However, as B → B/G is a principal bundle the lift becomes gΓ,
as claimed.

This statement is very natural if we again take a categorical perspective. Given
a path γ, the induced parallel transport map Pγ on the fibers is equivariant, hence a
map in the category of G-spaces. Parallel transport on semi-principal bundles thus
shares the same framework as for other fiber bundles with a connection. That is,
the parallel transport defines a functor from the path category of the base to the
category of the fibers, as stated in Theorem 5.3.5 below.

Theorem 5.3.5. Given a semi-principal G-bundle π : B →M with G-connection, its
parallel transport is a functor from the path category Path(M) of M to the category
of G-spaces, given by

γ : x0 ⇝ x1 7→ Pγ : Bx0 → Bx1 (5.29)

Having introduced G-connections and having showed that these define equivariant
parallel transport on semi-principal bundles, let us return to the case of Eig(V ). We
will now find an explicit canonical C×-connection on it, which will be compatible
with both the semi-principal projection πλv and the principal projection πv. To do
this, we recall the result of Lemma 2.1.2, saying that a point (A, λ, v) ∈ Eig(V )
specifies a unique covector θ, namely the left-eigenvector θ of A with eigenvalue λ
scaled such that θ(v) = 1. This correspondence shows that the scaling action on
Eig(A) corresponds to inverse scaling on the eigencovector space Eig∨(A), i.e. we
obtain the C×-action on Eig∨(A) given by

z · θ = θz−1. (5.30)

The bijection Eig(A) → Eig∨(A) is then an isomorphism of C×-manifolds. Taking
this all together; a triple (A, λ, v) ∈ Eig(V ) defines a unique θ, and we are free to
augment the triple to (A, λ, v, θ), where θ scales inversely under the action. This
will be a convenient notation when defining maps on Eig(V ), such as the connection
1-form we seek at the moment. On the other side, we will occasionally omit λ to
shorten notation.

We are now set to describe the connection 1-form on Eig(V ). By definition, this
1-form is a left-inverse of the infinitesimal action, which is specified by the vector
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field

∂

∂v

∣∣∣
(A,v)

:=
d

dt

∣∣∣
t=0

exp(t) · (A, v) = d

dt

∣∣∣
t=0

(A, etv) (5.31)

which can be thought of as a unit vector field pointing along the eigenray of A through
v. Hence, given a path Γ(t) = (A(t), λ(t), v(t), θ(t)) in Eig(V ), the connection should
measure the component of v̇ along v. This cannot be done with the vector space
structure of V alone, but given the operator this is possible. Indeed, the eigenrays of
A(t) provide a natural decomposition of V at time t. According to this choice, the
coefficient of v̇ along v is simply θ(v̇).

Let us describe this argument formally. To obtain the quantity v̇ from Γ̇, we can
use the differential of the projection prV : Eig(V ) → V , (A, λ, v) 7→ v. Technically,
this will take values in the tangent space T(A,v)V , but this can be identified with V
in a canonical way. Let us write dv for (prV )∗ with the image viewed in V . This
map can be followed up with θ, which yields the connection 1-form.

Proposition 5.3.6. The 1-form ω ∈ Ω1(Eig(V ),C) given by

ω = θdv (5.32)

is a C×-connection.

Proof. As C× is commutative, the equivariance of ω reduces to invariance. This holds
by the opposite scaling of θ and v: for z ∈ C×, (Lz)

∗ω = (θz−1)(d(zv)) = θdv = ω.
The left-inverse property of ω follows as ω(∂v) = θdv(∂v) = θ(v) = 1.

For future reference, we also remark that this induces the global curvature form
K on Eig(V ) in the standard way, i.e. K := dω + 1

2 [ω, ω] = dω. In coordinates it
reads K = dθ ∧ dv, where dθ is defined similar to dv. As C× is commutative, the
curvature K is invariant under the group action. Hence it admits push-forward along
the quotient map πv to Spec(V ), resulting in the following.

Lemma 5.3.7. The curvature form K on Eig(V ) reduces to a unique 2-form k ∈
Ω2(Spec(V ),C), which satisfies K = π∗

v(k).

5.4 The eigenstate bundle of a Hamiltonian family

We will now show that the connection ω yields the geometric phases in adiabatic
quantum mechanics in a natural way. That is, Eig(V ) provides a geometric model
for the geometric phase. This is also applicable to non-cyclic states, which appear in
the presence of EPs of non-Hermitian Hamiltonian families.

An argument similar to the one that led us from Spec(V ) to Spec(H) in Sec. 4.2
holds here. Namely, the space Eig(V ) can be seen as a general abstract model, which
can be adjusted for a specific Hamiltonian family using pull-back by H. This pull-
back of Eig(V ) along the Hamiltonian family H yields the eigenstate bundle of H,
given by

Eig(H) = {(x,E, ψ) ∈ Spec(H)× V \ {0} | ψ ∈ EigE(H(x))} . (5.33)
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Here we changed the notation from λ to E and from v to ψ to emphasize that we
are working with energies and eigenstates now. We observe that the pull-back con-
struction of this space immediately guarantees various properties of Eig(H). Clearly,
Eig(H) is a smooth manifold. One can also write an element as (x,E, ψ, χ), where
χ is the unique left-eigenstate of H(x) corresponding to E so that χ(ψ) = 1. Sim-
ilarly, one may omit E from the tuple. The projection πHλv : Eig(H) → N(H) is a
semi-principal C×-bundle, and the projection πHv : Eig(H) → Spec(H) is a princi-
pal C×-bundle. The latter bundle confirms that also Eig(H) can have non-trivial
topology arising from the permutations around the EPs of H.

The local sections of πHλv are in correspondence with local eigenstates. Here, a
local eigenstate is a smooth function ψ : U → Eig(H), with U ⊂ N(H) open, such
that ψ(x) is an eigenstate of H(x). Clearly, this fixes a local eigenvalue E(x). This

data is summarized in the corresponding local section ψ̂ as

ψ̂ : x 7→ (x,E(x), ψ(x)). (5.34)

Observe that for each x ∈ U , knowing E(x) and ψ(x) fixes a unique left-eigenstate
χ(x) of H(x), which depends smoothly on x. Hence we can include χ(x) as the fourth

component of the local section ψ̂, following our earlier remark on the notation for
elements of Eig(H).

The space Eig(H) also inherits a connection, which we write as ωH . Again, for
any family H, the smoothness and other properties of Eig(H) are immediate from
the pull-back construction. It is now easy to verify that parallel transport w.r.t. this
connection is equivalent to studying the geometric phase. Namely, using the local
section ψ̂, we can express ωH locally as

ψ̂∗ωH = χdψ. (5.35)

This is indeed the expression reported by Garrison &Wright [12] as the generalization
of the Berry connection1, cf the derivation in Sec. 2.2. That is, the parallel transport
on Eig(H) defined via the horizontal lifts w.r.t. ωH is equivalent to the calculation
of geometric phase, for both Hermitian and non-Hermitian Hamiltonians. Another
way to obtain this is via the ‘gauge potential’ approach to geometric phase. This is
built on the fact that a local section ψ also induces local ‘gauge coordinates’, defined
by the map

ψ̆ : U × C× → Eig(H)|U
(x, z) 7→ (x,E(x), zψ(x), χ(x)z−1).

(5.36)

In these coordinates, our initial point (x0, E0, ψ0) reads (x0, 1), and ωH becomes

ψ̆∗ωH = (χz−1)d(zψ) =
dz

z
+ χdψ. (5.37)

Consequently, the lift of γ can be written as (γ(t), z(t)) for a specific function z(t).
We obtain this function by equating Eq. (5.37) to zero and using the initial condition

1In fact, [12] also reported another phase, which is based on a cyclic property and does not need
the adiabatic approximation. We discuss the geometry behind this phase in Sec. 5.5.3, which the
reader will likely appreciate better after reading Sec. 5.5.2 on the Aharonov-Anandan phase.
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z(0) = 1. This yields

z(t) = exp

(
−
∫ t

0

χ(γ(t′))
dψ(γ(t′))

dt′
dt′
)

= exp

(
−
∫
[0,t]

γ∗(χdψ)

)
. (5.38)

We retrieve the familiar form of a path-ordered exponential integral, which in this
case is simply the exponent of a standard line integral. That is, Eig(H) also yields
the gauge theoretic approach to the geometric phase, confirming again that we may
study geometric phases by studying the space Eig(H).

For example, the connection ωH on Eig(H) can be flat, in which case the geometric
phase is actually of a topological nature. By this we mean that the geometric phase
due to a loop γ is invariant under continuous deformation of γ, which is equivalent
to vanishing of the curvature KH of Eig(H). Hence, only non-contractible loops can
yield a non-trivial geometric phase. Flatness is also of practical relevance, as the
following result shows.

Proposition 5.4.1. The connection ωH on Eig(H) is flat in case

• the Hamiltonian family H is an analytic function in a single complex variable.

• H(x) is a symmetric matrix w.r.t. a fixed basis of V for all x ∈ N(H). Explic-

itly, if a local eigenstate ψ is such that ψTψ = 1, then ψ̂∗ωH = 0.

Proof. If H = H(z) is analytic, we can find an analytic local eigenstate ψ(z). Con-

sequently, ψ̂∗ωH = f(z)dz for some analytic function f . Using coordinates z and z̄

for the parameter space, ψ̂∗KH is proportional to ∂f(z)
∂z̄ . As this derivative vanishes,

it follows that KH = 0.
In the symmetric case, ψT is a non-zero multiple of the left-eigenstate χ cor-

responding to ψ. Hence the function ψTψ is non-vanishing, and one may always
(locally) scale ψ so that ψTψ = 1, implying χ = ψT. By partial integration,

ψ̂∗ωH = 1
2 (χdψ − dχψ) = 1

2 (ψ
Tdψ − dψTψ) = 0. Alternatively, observe that for

non-scaled ψ one has ψ̂∗ωH = 1
2d ln

(
ψTψ

)
, revealing that the connection is locally

exact (‘pure gauge’), and that the lift is obtained by imposing ψTψ to be constant.

In the complex analytic case, the deformation invariance is readily found using
the Residue Theorem, see Ex. 5.4.2 below. This example also demonstrates that van-
ishing curvature need not imply vanishing geometric phase. Indeed, non-contractible
loops may still have non-trivial holonomy if the connection is flat, and the geometric
phase can in principle take any value.

Example 5.4.2. We consider an example from [13], which considers the (non-
Hermitian) Hamiltonian family

H(z) =

(
αz 1

(β2 − α2)z2 −αz

)
, (5.39)

where z ∈ C, and the quantities α, β are arbitrary but fixed non-zero complex num-
bers. The eigenvalues are given by the globally defined functions λ±(z) = ±βz,
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which degenerate only at z = 0. Let us focus on the λ+ level. One can define a
global section of Eig(H) as

ψ(z) =

(
1

(β − α)z

)
, χ(z) =

1

2β

(
α+ β 1

z

)
(5.40)

for which the connection 1-form becomes

χdψ =
1

2

(
1− α

β

)
dz

z
. (5.41)

Clearly the curvature KH = d(χdψ) vanishes. Nevertheless, the geometric phase for
any loop that encloses z = 0 once in positive direction equals

γgeo =

(
α

β
− 1

)
π (5.42)

as follows from the Residue Theorem. This clearly shows the topological character
of the ‘geometric’ phase in case Eig(H) is flat.

Calculating the lift via an ansatz

An explicit calculation of the lift of a path to Eig(H) can be done using an ansatz
technique. For this technique, it does not matter if the path lies in N(H) or Spec(H).
Indeed, if a path γ in N(H) and an initial eigenstate ψ0 of H(x0) is chosen, then
ψ0 has an energy E0, and covering theory yields the corresponding path γ̄(t) =
(γ(t), E(t)) in Spec(H). Conversely, any path γ̄ in Spec(H) projects to a path in
N(H), which obviously lifts to γ̄ when given the right initial condition.

The ansatz technique here is simply the application of the usual one to the parallel
transport equation. Consider at first the path γ in N(V ) and the initial state ψ0.
This data fixes a unique lift to Eig(H), which we denote by Γ and which is given by

Γ(t) = (γ(t), E(t),Ψ(t)), (5.43)

where Ψ(t) is the adiabatically evolved eigenstate at time t, up to dynamical phase
(see Sec. 2.2). Naturally, this lift is also given as (γ̄(t),Ψ(t)) in the perspective of
lifting a path γ̄ from Spec(V ) to Eig(V ).

In practice, one would not calculate Ψ(t) directly, but instead approach this prob-
lem using reference instantaneous eigenstates ψ(t). That is, for each t, one finds an
eigenstate ψ(t) of H(t) with energy E(t), or ψ(t) ∈ EigE(t)(H(t)) for short. For
example, ψ(t) can be obtained by explicitly calculating an eigenstate of H(γ(t)),
and then letting t vary. We may assume that t 7→ ψ(t) is differentiable and satis-
fies the initial condition ψ(0) = ψ0. These instantaneous eigenstates define a path
Γ0(t) = (γ(t), E(t), ψ(t), χ(t)) in Eig(H), where χ(t) is the path of accompanying
left-eigenstates.

Of course, Γ0 does not need to be equal to the lift Γ, as equivalently ψ(t) does
not need to be equal to the actual state Ψ(t). However, Γ0 can function as an ansatz
to calculate Γ explicitly. Indeed, both ψ(t) and Ψ(t) must lie in EigE(t)(H(t)), and

so differ only by a scale factor ef(t). That is, one has

Γ(t) = ef(t) · Γ0(t) = (γ(t), E(t), ef(t)ψ(t), χ(t)e−f(t)) (5.44)
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with f(t) some differentiable complex-valued function satisfying f(0) = 0. This f
depends solely on the ansatz ψ by imposing the lift condition

0 = (ωH)Γ(t)(Γ̇(t)) = χ(t)e−f(t)
d

dt

(
ef(t)ψ(t)

)
= ḟ(t) + χ(t)ψ̇(t). (5.45)

Solving for f(t), we thus find the actual state from the ansatz by application of the
scale factor ef(t);

Ψ(t) = exp

(
−
∫ t

0

χ(t′)ψ̇(t′)dt′
)
ψ(t). (5.46)

This is the general expression for a state ψ0 that undergoes parallel transport
along a path γ or γ̄, also in the non-Hermitian case, expressed using an ansatz. The
integral can be related to the geometric phase only if the state is cyclic. Otherwise,
it is just a correction factor of no physical significance, which could take any value
by varying the ansatz. Indeed, it merely yields how much our ansatz ψ(t) was away
from being the lift Ψ(t).

We will consider the state evolution in more detail in the following. We will
distinguish between the cyclic and the non-cyclic case. The approach is summarized
in Diagram (5.47) below, which is the pullback of Diagram (5.10) along H. Namely,
we see that the projection πHλv : Eig(H) → N(H) can be considered as the main
bundle to model the evolution of states. Indeed, given any loop in N(H), it will
certainly induce a holonomy operation on Eig(H), regardless of the state being cyclic
or non-cyclic. In contrast, if one considers the bundle πHv : Eig(H) → Spec(H), then
one only has a holonomy interpretation for cyclic states. Indeed, loops in Spec(H)
correspond to cyclic evolution only2. However, as this bundle is principal, it has the
advantage that its holonomies are easier to describe. In conclusion, for cyclic states
it is preferable to use πHv , while πHλv is the natural choice for non-cyclic states. We
also emphasize that the calculation of Ψ(t) above can be used in both cases.

Eig(H) Spec(H) (x,E, ψ) (x,E)

N(H) x

cyclic states

non-cyclic states energy swaps

πHv

πHλv πHλ

(5.47)

5.4.1 The cyclic case

Let us start with the cyclic case. As said, this concerns the bundle πHv : Eig(H) →
Spec(H). We remark that the only difference between a path in N(H) and a path
in Spec(H) is that the latter not only specifies the change in system parameters, but
also which energy level is of interest. Moreover, as we have seen, fixing an initial
energy E0 uniquely specifies a path in Spec(H) given a path in N(H). It is thus
natural to consider a loop γ̄ in Spec(H) as the input data for cyclic evolution.

Let us now consider the evolution of the eigenstates. Denote the basepoint of
γ̄ again by (x0, E0), and assume γ̄ returns to this point at time t = T . The state

2In an adiabatic setting, with cyclic we also assume that the system parameters are restored.
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evolution is then described by the parallel transport map Pγ̄ , e.g. Pγ̄(ψ0) = Ψ(T )
following the previous calculation. As πHv defines a principal bundle and ωH is a
principal connection, Pγ̄ follows from standard holonomy theory. That is, Pγ̄ is an
automorphism of the C×-torsor EigE0

(H(x0)), and thus amounts to scaling by a
unique element in C×. This element is clearly the geometric phase factor that any
state in EigE0

(H(x0)) acquires due to following γ̄. As we allow for non-Hermitian
Hamiltonians, this phase factor need not be unitary. We hence obtain a definition of
(generalized) geometric phase from holonomy as follows.

Definition 5.4.3 (Geometric phase). Let γ̄ be a loop in Spec(H) based at (x0, E0).
The geometric phase γgeo due to γ̄ is defined, modulo 2π, via

Pγ̄ = eiγgeo · idEigE0
(H(x0)). (5.48)

It now remains to calculate γgeo explicitly. For this, we can use the earlier result
from the ansatz technique. As usual, one only has to compare the phase differ-
ence between the final state Ψ(T ) and the initial state ψ0, i.e. Ψ(T ) = Pγ̄(ψ0) =
exp(iγgeo)ψ0. We thus consider the unique non-zero complex scalar [Ψ(T )/ψ0] such
that Ψ(T ) = [Ψ(T )/ψ0]ψ0. Equating exp(iγgeo) = [Ψ(T )/Ψ(0)] and substituting our
expressing for Ψ(t) in terms of our ansatz ψ(t), we find the expression

γgeo = i

∫ T

0

χ(t)ψ̇(t)dt− i ln([ψ(T )/ψ0]), (5.49)

where the logarithm term yields the usual modulo 2π of a phase. By construction
this is invariant under both replacing ψ0 with another state in the same ray and
picking another ansatz ψ.

We see two terms of different nature in Eq. (5.49). The integral term is clearly
the usual integral for the geometric phase, and corrects for changes of ψ along its own
direction. The logarithm term is a correction for ψ not closing on itself. Observe that
only the two terms together are invariant under changing the choice of the ansatz ψ.
The logarithm term vanishes whenever ψ(1) = ψ(0), which happens e.g. if ψ is built
using a local eigenstate. On the other hand, the integral term vanishes e.g. when ψ
is chosen to be the lift Ψ, in which case the integrand is identically zero. In this case
γgeo can be computed using the end points only, see Ex. 5.4.4 below for an explicit
example.

Example 5.4.4. Let us consider a typical system with a diabolic point (DP). Let
us pick V = C2 with standard basis (e1, e2), in which the Hamiltonian family reads

H(x, y) =

(
x y
y −x

)
, (5.50)

where x, y are real numbers, i.e. M = R2. The energy bands are given as λ±(x, y) =

±
√
x2 + y2, which have a single degeneracy at the origin. This is located at the apex

of the diabolo, and is the DP of this system.
Let us show how the geometric phase integral can be seen as a correction factor.

Therefore, let us traverse the unit circle using the path γ(t) = (cos(t), sin(t)) with
time interval [0, 2π], and consider the λ+ level (λ− is similar). By looking atH(γ(t))−

89



Chapter 5. The eigenvector bundle

λ+(γ(t))I, one readily finds an ansatz ψ(t) for the evolution of the eigenstate, together
with a left-eigenstate path χ(t), as

ψ(t) =
1

2

(
1 + cos(t)
sin(t)

)
, χ(t) =

1

1 + cos(t)

(
1 + cos(t)
sin(t)

)T

. (5.51)

The factor 1/2 is introduced to have ψ(0) = e1. Note that ψ and χ are defined only
for t ∈ [0, π); being a (left-)eigenstate, they are not allowed to vanish. We will thus
start by calculating the lift of γ(t) starting at e1 for these times - the lift will extend
in a straightforward way to the whole time-interval [0, 2π].

We can correct the ansatz ψ(t) following Eq. (5.46). We thus evaluate the geo-
metric phase integral, whose integrand is

χ(t)ψ̇(t) =
− sin(t)

2(1 + cos(t))
=

1

2

d

dt
ln(1 + cos(t)). (5.52)

Hence we find the lift of γ starting at e1 to be

Ψ(t) =

√
1

2(1 + cos(t))

(
1 + cos(t)
sin(t)

)
=

(
cos(t/2)
sin(t/2)

)
. (5.53)

As the scale factor is real, we can interpret it as a length correction. This length
interpretation clearly shows that our original ψ(t) was varying along itself.

Note that our final expression of Ψ(t) can be extended to arbitrary times, hence
yields the full lift of γ. Consequently, it is now convenient to obtain the geometric
phase via Ψ(t). For lifts, only the logarithm term in Eq. (5.49) contributes, and we
find the phase (modulo 2π)

γgeo = −i ln([Ψ(2π)/ψ0]) = −i ln([−e1/e1]) = −i ln(−1) = π. (5.54)

In the perspective of loops in Spec(H), the above concerns the loop γ̄+(t) :=
(γ(t), λ+(γ(t))) = (γ(t), 1), revealing that Pγ̄+ = −id. A similar argument shows that
the loop γ̄−(t) = (γ(t),−1), i.e. considering the other energy band, yields Pγ̄− = −id
as well.

In some situations, one can express the geometric phase alternatively as a curva-
ture integral. A standard argument is as follows. Let U ⊂ N(H) be a neighborhood
on which a local eigenstate ψ = ψ(x) is defined, which has as partner the local left-
eigenstate χ. If γ is a loop in U that forms the boundary of a surface S also contained
in U , then the geometric phase is given by

γgeo = i

∫
γ

χdψ = i

∫
∂S

ψ̂∗ωH = i

∫
S

ψ̂∗(dωH) = i

∫
ψ̂(S)

KH . (5.55)

We see that the assumption of γ being a boundary is essential. If γ is a loop but
not a boundary, then the geometric phase is not given by a curvature integral. This
motivates us to consider homology theory.

In order to do this, it is convenient to work on Spec(H) instead. Indeed, the
integral above can be rewritten as an integral over kH , which is the reduced curvature
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on Spec(H). Clearly, the local eigenstate ψ(x) defines an energy function E(x). The
map Ê : U → Spec(H), x 7→ (x,E(x)) is then a local section of Spec(H). Moreover,

as Ê = πHv ◦ ψ̂, where πHv is the projection Eig(H) → Spec(H), we have

γgeo = i

∫
S

ψ̂∗(KH) = i

∫
S

ψ̂∗((πHv )∗(kH)) = i

∫
S

Ê∗(kH) = i

∫
Ê(S)

kH . (5.56)

Let us interpret this result. First, we remark that the integral over kH is mani-
festly independent of the chosen local eigenstate ψ. More precisely, only the energy
bands matter, not the exact eigenstates. In addition, we now consider surfaces in
Spec(H), hence the above argument can be used whenever our path γ̄ is a boundary.
We thus find that the homology of Spec(H), i.e. the homology of the energy bands,
plays a key role in the relation of geometric phase to curvature. Moreover, in case
Eig(H) is flat, the homology theory allows one to see the topological nature of the
geometric phase in an explicit way, as shown in the following.

Proposition 5.4.5. Let γ̄ be a loop in Spec(H). If γ̄ is the boundary of a surface
Σ in Spec(H), then the geometric phase acquired by traversing γ̄ equals i

∫
Σ
kH .

Corollary 5.4.6. If Eig(H) is flat, then the geometric phase due to a loop in Spec(H)
only depends on the class of the loop in the first homology group H1(Spec(H)).

Example 5.4.7. Let us continue Ex. 5.4.4. As H is symmetric, by Prop. 5.4.1
the connection is flat. Hence the geometric phases only depend on the homology of
Spec(H), and thus are of topological nature. Clearly, Spec(H) is the diabolo minus
the DP, which is homeomorphic to two punctured planes. Hence H1(Spec(H)) ∼= Z2,
generated by (the classes of) the images of the unit circle under λ+ and λ−. It thus
suffices to know the phase due to each generator, which is π following our earlier
calculation in Ex. 5.4.4. This confirms that the famous minus phase is only due to
a Möbius band topology of the eigenstates along a non-trivial loop in the diabolo.
Indeed, it cannot be the curvature, as it vanishes identically.

We would then like to add one more perspective on the standard DP. Namely,
observe that for A ∈ N(V ) and X ∈ End(V ), there is a path γ in N(V ) given by
A(t) = etXAe−tX . Its lift through (A, λ, v, θ) ∈ Eig(V ) can be calculated using the
ansatz technique, and yields

Γ(t) = (etXAe−tX , λ, e−(θXv)tetXv). (5.57)

Let us now pick

A =

(
1 0
0 −1

)
and X =

(
0 −1
1 0

)
, (5.58)

so that Spec(A) = {±1}, with eigenvectors v+ = e1 and v− = e2. The exponential
etX is the usual rotation Rt counterclockwise, and the path γ in N(V ) is given by

A(t) =

(
cos(2t) sin(2t)
sin(2t) − cos(2t)

)
, (5.59)
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which yields the standard path of the DP example. As θXv = 0 for both of v±, the
vectors change only by rotation over an angle t, and hence the lifts to Eig(V ) are

Γ±(t) = (A(t),±1, Rtv±), (5.60)

which are clearly 2π-periodic. However, obviously A(t) already returns to A at t = π.
At this time Rt = −I, so that we recover the minus sign that both eigenvectors
acquire. In this perspective, this phase only appears due to a ‘early return’ of the
operator.

It is now straightforward to recognize the bundles introduced by Simon [7] (see
also Chapter 1) in the bundle Eig(H) → Spec(H). According to Cor. 4.2.4, for
Hermitian H the bundle Spec(H) → N(H) is trivial, i.e. Spec(H) separates into
n distinct energy bands. Let us label these energy bands by 1, . . . , n and write
Speck(H) for energy band k, and similarly Eigk(H) for the subbundle over Speck(H).
Then Eigk(H) → Speck(H) is a principal C×-bundle, which is the bundle used by
Simon for energy level k adapted to our language. It is thus geometrically clear
why this approach does not apply to non-Hermitian Hamiltonians; in that case the
energy bands in Spec(H) need not be separated but connected via ‘spiral staircase’
like structures. If this is the case, i.e. if non-cyclic states appear, then the bundle
Eig(H) → Spec(H) can still model these states by parallel transport, but as the path
γ̄ is then not a loop this does not fit in the framework of holonomy.

We finish by stating the formal mathematical nature of the geometric phase.
Namely, the geometric phase can be seen as a functor. The idea is that, when
concatenating two loops with the same basepoint, the geometric phase of the resulting
loop will be the sum of the individual geometric phases. That is, the map association
to a loop in Spec(H) its geometric phase turns concatenation into addition. This can
be phrased as a functor from the loop category of Spec(H) to the group C/2πZ,
which we view as a category with a single object and whose whose arrows are the
group elements. The exact statement is Theorem 5.4.8 below.

Theorem 5.4.8 (Geometric phase is a functor). Associating to a loop in Spec(H)
its geometric phase defines a functor

γgeo : Loop(Spec(H)) → C/2πZ
γ 7→ γgeo(γ).

(5.61)

Proof. As Eig(H) → Spec(H) is principal, the parallel transport functor is a functor
Path(Spec(H)) → TorC× , with TorC× the category of C×-torsors and equivariant
maps. The holonomy functor can be written as a functor Loop(Spec(H)) → C×.
That is, we restrict to loops and identify a parallel transport map with a group
element. We then extract the phase from this group element by composing with the
group isomorphism C× → C/2πZ, x 7→ ln(x)/i.

5.4.2 The non-cyclic case

Let us now demonstrate how non-cyclic states do have a holonomy description when
using the other projection, i.e. the bundle πHλv : Eig(H) → N(H). Here, holonomy
is to be understood in the context of a semi-principal bundle. Similarly to the case
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above, parallel transport along a loop γ in N(H) based at x0 induces the parallel
transport map Pγ , which is an automorphism of the C×-semi-torsor Eig(H(x0)). Here
we recall that an automorphism of a semi-torsor is simply an invertible equivariant
map - the requirement that distinct orbits should remain distinct follows from the
invertibility. The set of all Pγ for a fixed base point x0 then defines the holonomy
group

Hol
Eig(H)
N(H) (x0) = {Pγ ∈ Aut(Eig(H(x0))) | γ ∈ Loop(N(H), x0)} . (5.62)

However, these automorphisms are harder to describe. Whereas we could previously
identify a map Pγ̄ with an element in C×, this need not be for Pγ . In particular, by
definition a non-cyclic state does not return to the same group orbit, i.e. the initial
eigenray, hence no element in C× can relate the initial and final states. Instead,
one must find how the eigenrays are transported individually, as illustrated in the
following example.

Example 5.4.9. Let us consider a standard EP2 example, using the Hamiltonian
family of Ex. 4.2.2. We take x0 = 0 again as our reference point, and from there we
encircle the EP at x = +i in positive direction by following a path γ. One can take
γ to be a circular path, but as the connection is flat by Prop. 5.4.1, the exact shape
of γ does not play a role.

The evolution of the states due to traversing γ is captured by the map
Pγ : Eig(H(0)) → Eig(H(0)). Clearly, Eig(H(0)) is the disjoint union of the two
eigenrays, i.e.

Eig(H(0)) = C×e1 ⊔ C×e2, (5.63)

where e1 = (1, 0)T and e2 = (0, 1)T are the standard basis vectors. Hence, an element
of Eig(H(0)) is of the form ze1 or ze2 with z ∈ C×. We emphasize that Eig(H(0))
is a semi-torsor and not a vector space; linear combinations of e1 and e2 are not
present, as these are not eigenstates of H(0). Accordingly, Pγ is equivariant and not
linear.

We can now calculate Pγ as follows. First, it is sufficient to know Pγ(e1) and
Pγ(e2) due to equivariance; Pγ(zek) = zPγ(ek) for k = 1, 2. That is, it is sufficient to
follow e1 and e2 around the EP. This can be done using an explicit parametrization of
Spec(H). One can easily find eigenstates depending on x, and following Prop. 5.4.1
we ‘normalize’ them so that no geometric phase will appear3. Hence we arrive at the
expressions

ψ±(x) = ∓ 1√
2(1 + x2 ∓

√
1 + x2)

( −x
1∓

√
1 + x2

)
, (5.64)

where we remark that ψ+ has a removable singularity at x = 0; the limit reads
limx→0 ψ+(x) = e1. Hence at x0 = 0, ψ+(0) = e1 and ψ−(0) = e2 as desired. The
lifts of these states to Eig(H) can thus be found by inspection of ψ±(x). Encircling

3Note that this uses flatness of the connection. In the non-flat case the geometric phase depends
on the exact shape of γ and so cannot be expressed using local eigenstates. One should then use
e.g. the ansatz method instead.
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the EP in positive direction swaps the ± signs, and in addition the overall root in
the denominator obtains a factor of i. Thus, after following ψ±(x) around the EP,
we return with i−1ψ∓(x). At our reference x0 = 0, this rule becomes e1 7→ −ie2,
e2 7→ −ie1. This information is enough to specify Pγ , which we thus find to be given
by

Pγ : ze1 7→ −ize2, ze2 7→ −ize1. (5.65)

In order to study Pγ , let us consider the following statement showing how a
general automorphism of a semi-torsor can be studied by its invariant subspaces. We
remark that the same idea underlies the theory of diagonalizing a matrix in linear
algebra.

Proposition 5.4.10. Let G be a Lie group, F a G-semi-torsor and ϕ : F → F
an automorphism. Then F = ⊔i∈I′Fi, for some index set I ′, decomposes F into
minimal ϕ-invariant subspaces, i.e. ϕ(Fi) = Fi for all i. Moreover, if G is Abelian
and a particular Fi consists of k < ∞ orbits, then (ϕ|Fi)k equals translation by an
element of G.

Proof. Clearly, the index set I ′ is the original orbit space modulo the relation that
orbits mapped into one another by ϕ are identified. If Fi consists of k orbits, then by
minimality (ϕ|Fi)k preserves the orbits in Fi. Picking f ∈ Fi, we find ϕk(f) = g(f)f
for some g(f) ∈ G. If G is Abelian, then g(f) is constant on the orbit through f .
In addition, as equivariance yields ϕk(ϕ(f)) = g(f)ϕ(f), we see ϕ(f) is scaled by the
same element. It follows that g(f) is constant on the subspace Fi.

For the map Pγ , it is clear that a minimal subspace is any minimal union of eigen-
rays whose energies are permuted upon traversing γ. The element of C× associated
to such a minimal union is a phase factor. Indeed, if there are k rays in the union,
then a ray first returns to itself by following γ exactly k times, after which is has
obtained precisely this phase factor. Again, if k > 1 the state is non-cyclic and there
is no definite phase between an initial state ψ0 in the union and its transport Pγ(ψ0).
We come back to this in Chapter 6, where we treat how Pγ can be expressed via
a holonomy matrix. Of course, if k = 1, i.e. ψ0 is cyclic, then we do recover the
geometric phase. We summarize these findings in the following.

Corollary 5.4.11. Given a loop γ, the invariant subspaces of Pγ are the minimal
unions of eigenrays. If a union consists of k eigenrays, then the characteristic phase
of the union equals the geometric phase obtained by traversing the loop γ̄k, where γ̄
is the lift of γ to Spec(H) with an energy corresponding to any of the eigenrays in
the union.

One may now be inclined to define the geometric phase of a non-cyclic state of
order k > 1 to be the geometric phase due to γ̄k divided by k. However, this is
problematic for various reasons. Firstly, as any phase is defined modulo 2π, dividing
a geometric phase by k will not yield a well-defined phase. Secondly, as we will
further explore in Chapter 6, even when a way of distributing the geometric phase
due to γ̄k is chosen, it is not gauge invariant.

It is also clear that Pγ contains the information of the underlying permutation
pγ of the energies. This is formally expressed by πHv being a bundle map that is
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equivariant w.r.t. the collapsing quotient homomorphism C× → 1. As πHv maps
Eig(H) to Spec(H), this quotient reduces Pγ to pγ .

Proposition 5.4.12. For any path γ : x0 ⇝ x1 in N(H), the maps pγ and Pγ are
related by the following commutative diagram.

Eig(H(x0)) Eig(H(x1))

Spec(H(x0)) Spec(H(x1))

Pγ

πHv πHv

pγ

(5.66)

5.4.3 Including the dynamical phase

The geometric properties of adiabatic dynamics for non-degenerate operators, Her-
mitian or non-Hermitian, can be described on Eig(V ) using the connection ω. This
leaves out an important non-geometrical property, namely the dynamical phase. Nev-
ertheless, Eig(V ) does support a calculation of the dynamical phase. This builds on
a particular complex-valued function, which simply extracts the eigenvalue from the
elements in Eig(V ), i.e.

E : Eig(V ) → C
(A, λ, v) 7→ λ.

(5.67)

Given a lift Γ in Eig(V ), the corresponding dynamical phase is then the integral

γdyn = − i

ℏ

∫
E(Γ(t))dt. (5.68)

It is even possible to put the dynamical phase explicitly in the lift. Clearly, the
lift Γ without dynamical phase vanishes under the covariant derivative

D = d+ ω. (5.69)

If one modifies this to

Dadia = d+ ω +
i

ℏ
E (5.70)

and calculates the lift Γadia of γ given by DadiaΓadia = 0, then Γadia is the adiabatic
path of the eigenstate, including the dynamical phase, assuming γ is parametrized
by physical time.

5.5 Further relations of the eigenstate bundle

We will now show in more detail how the space Eig(V ) is related to the geometry
of directions in the state space V . A first hint we already found when discussing
the connection, as θdv measures how much v changes along itself, according to the
eigendirections of the operator A. We will start by introducing the necessary back-
ground, state the exact claims afterwards, and finish by using these results to discuss
how also the Aharonov-Anandan phase and the non-adiabatic Garrison-Wright phase
are related.
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5.5.1 Geometry of state space decomposition using rays

The motivating idea is that the essential information of the connection on Eig(V ) is
contained in the way that each A ∈ N(V ) specifies n directions in the space V . Note
that this is more basic than knowing lengths or angles in V , and we will not need
e.g. an inner product to discuss this. To describe the space of possible n directions
to choose, let us start with the space of frames Fr(V ) of V . Clearly, each frame
specifies n directions, but also chooses lengths and phases of vectors and an ordering
of the directions. The choice of lengths and phases disappears by looking at the rays
defined by the frame elements, which brings us the space PFr(V ) = Fr(V )/(C×)n of
‘basis inducing rays’ we encountered already in Sec. 3.3. This still carries an ordering
which we must quotient out, which results in the space

Dir(V ) :=
PFr(V )

Sn
=

Fr(V )

C× ≀ In
(5.71)

of all unordered sets of n independent directions in V . It can also be thought of
as the set of decompositions of V using 1-dimensional subspaces. Namely, given a
decomposition V = V1 ⊕ · · · ⊕ Vn, pick a non-zero vector vi in Vi for each i, and
consider the element [(v1, . . . , vn)] ∈ Dir(V ). Clearly, then the decomposition can be
retrieved from this element, up to the order of writing the subspaces. However, this
order we do not consider to be part of the decomposition data, so that Dir(V ) indeed
describes all decompositions of V using 1-dimensional subspaces.

The relation between Dir(V ) andN(V ) can be described as follows. Namely, given
A ∈ N(V ), we know that V decomposes according to the eigenspaces of A, which are
all 1-dimensional. As just explained, this yields an element of Dir(V ). Another way
to see this is by remarking that elements of Dir(V ) can be seen as subsets of V . In
this perspective, associating to A its eigendirections is expressed by the map sending
A to its eigenvector space Eig(A). Hence, let us write Eig : N(V ) → Dir(V ) for this
map. It is indeed smooth; we already know from Sec. 3.2 that Ξ: Fr(V )×Cn → N(V )
admits local sections, and projecting these to Dir(V ) shows that Eig is locally smooth,
hence smooth. Alternatively, one can use the projector perspective on Dir(V ) in
combination with the explicit projectors from Eq. (5.18).

However, more is true. We observe that we have two maps defined on N(V ),
being Spec: N(V ) →

(C
n

)
from Sec. 3.3 and Eig : N(V ) → Dir(V ), which focus on

eigenvalues and eigenvectors, respectively. Again, by the Spectral Theorem, knowing
the eigenvalue-eigenvector combinations fixes an operator uniquely. Our claim is
that N(V ) is some kind of product on Dir(V ) and

(C
n

)
. Behind this is the following

general construction. Let X and X ′ be topological spaces, whose elements are n
element subsets of the spaces Y and Y ′, respectively. Then one can define the
‘mixing product’ as follows. Namely, given {x1, . . . , xn} ∈ X and {x′1, . . . , x′n} ∈ X ′,
consider all possible ways to pair the elements. That is, one obtains the set

X×mixX ′ :=

{
{(x1, x′1), . . . , (xn, x′n)} ∈

(
Y × Y ′

n

) ∣∣∣∣∣ {x1, . . . , xn} ∈ X,

{x′1, . . . , x′n} ∈ X ′

}
. (5.72)

Equivalently, one can define the space X! of all tuples that order an element of X,
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and observe that

X ×mix X ′ =
X!×X ′!

Sn
, (5.73)

where one uses the usual direct product and takes the diagonal action quotient. This
yields the manifold structure on X ×mix X ′ being inherited from Y and Y ′. As(C
n

)
! = Cn and Dir(V )! = PFr(V ), one obtains(
C
n

)
×mix Dir(V ) =

Cn × PFr(V )

Sn

= {{(λ1, [v1]), . . . , (λn, [vn])} | λi distinct, [ṽ] ∈ PFr(V )}
= N(V ).

(5.74)

In retrospect, we see that in Chapter 4 we investigated what could be built on top
of the

(C
n

)
factor, which resulted in finding Spec(V ). We now show that one can also

build on the Dir(V ) factor, and that this naturally yields Eig(V ).
In order to do this, let us start with demonstrating that Dir(V ) has a natu-

ral covering space. The idea is the same as with
(C
n

)
; as the elements are sub-

sets, we obtain a bundle by following particular elements. In this case, given
S = {[f1], . . . , [fn]} ∈ Dir(V ), we can pick a particular ray [fi] as our ray of in-
terest. There are n choices, and this yields an In-bundle over Dir(V ). That is, one
obtains the total space

Dir•(V ) = {(S, [f ]) ∈ Dir(V )× P (V ) | [f ] ∈ S} , (5.75)

with the projection (S, [f ]) 7→ S, i.e. the fiber above S is simply S. One can observe
that Dir•(V ) = PFr(V )/Sn−1, where Sn−1 acts only on, say, the last n− 1 entries of
the tuples in PFr(V ), and from this the local triviality of Dir•(V ) → Dir(V ) follows
via Lemma 4.1.4.

We then observe that Dir•(V ) itself is the base of a canonical ray bundle. This is
basically the same argument behind the tautological line bundles of projective spaces;
each element of Dir•(V ) lists a specific ray, and we simply attach this ray. We thus
obtain

Dir/(V ) := {(S, [f ], v) ∈ Dir•(V )× V \ {0} | v ∈ [f ]}
= {(S, v) ∈ Dir(V )× V \ {0} | [v] ∈ S} . (5.76)

Here we included a second way to write Dir/(V ), revealing that it can also be seen
as a bundle over Dir(V ). Namely, writing Eq. (5.76) using disjoint union notation -
and using that [f ] in an element or a (sub)set depending on the context - leads us to

Dir/(V ) :=
⊔

(S,[f ])∈Dir•(V )

[f ] =
⊔

S∈Dir(V )

{v ∈ V \ {0} | [v] ∈ S} . (5.77)

The first projection indeed yields a principal C×-bundle; the canonical ray bundle
argument is essentially defining Dir/(V ) → Dir•(V ), to be a pull-back of the pro-
jection V \ {0} → P (V ). The second projection, i.e. Dir/(V ) → Dir(V ) given by
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(S, [f ], v) 7→ S, is a semi-principal C×-bundle with model fiber C× × In. This can be
verified by direct check, or using that Dir/(V ) ∼= Fr(V )/C× ≀ In−1. We thus have the
following diagram of bundles, where we indicated the fibers of the bundles along the
arrows.

Dir/(V ) Dir•(V ) (S, [f ], v) (S, [f ])

Dir(V ) S

C×

C××In In
(5.78)

We finish our exploration of Dir/(V ) by discussing the canonical C×-connection
it carries. For this it is convenient to describe the horizontal and vertical subspace
decomposition of its tangent space. Pick a point (S, [f ], v) ∈ Dir/(V ). Then (S, [f ])
fixes a decomposition of V as V = span(f)⊕V ′, where V ′ is the span of all directions
in S omitting [f ]. Given a tangent vector in T(S,[f ],v) Dir/(V ), one can regard the
change in v to lie in V . The connection on Dir/(V ) is then fixed by declaring the
tangent to be horizontal if there is no change in the span(f) part according to the
decomposition V = span(f)⊕ V ′. This can be written using a connection 1-form as
follows. Notice that (S, [f ], v) not only fixes the decomposition V = span(f) ⊕ V ′,
but also the covector θ(S,[f ],v) : V → C that is defined to vanish on V ′ and is fixed
on span(f) by the condition θ(S,[f ],v)(v) = 1. Writing the change in v coordinate,
regarded as a vector in V , by dv, clearly the connection 1-form is θ(S,[f ],v)dv.

The similarity between Diagram (5.78) and Diagram (5.10) containing Eig(V ),
Spec(V ) and N(V ), as well as the similarity between the connections of Dir/(V )
and Eig(V ), is now obvious. Both the bundle structure and the connection of Eig(V )
follow from taking the pull-back along the map Eig : N(V ) → Dir(V ), i.e. by focussing
solely on the eigendirections of an operator. We can then summarize all pull-backs
we encountered in the following diagram, which consists entirely of pull-back squares.
Here we remark that the other eigenvector space association, i.e. (A, λ) → Eigλ(A),
appears in the induced map Spec(V ) → Dir•(V ).

Eig(V ) Dir/(V ) V \ {0} (A, λ, v) (Eig(A),Eigλ(A), v) v

Spec(V ) Dir•(V ) P (V ) (A, λ) (Eig(A),Eigλ(A)) Eigλ(A)

N(V ) Dir(V ) A Eig(A)
Eig

(5.79)

To finish, we wish to highlight that the above argument proves that the connection
ω is actually a canonical connection on Eig(V ), a fact we expected but for which we
had not yet found a formal explanation. An advantage of this perspective we already
used as well, namely, in order to reduce to normalized states one only has to consider
the space Dir/(V ) and inspect how this pulls-back to Eig(V ).
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5.5.2 Relation to Aharonov-Anandan

We now wish to relate the theory of adiabatic evolution on Eig(V ) to the general
Hermitian formalism pioneered by Aharonov and Anandan in [8] (see also the elab-
oration in [44]). To this end, let us first summarize the theory of [8], rephrasing it in
line with our approach to Eig(V ). First, the state space V is now assumed to be a
Hilbert space, i.e. V should be equipped with a Hermitian inner product ⟨ | ⟩. This
allows one to define the unit sphere S1(V ) inside V by restricting to norm 1 states -
note that the subscript denotes the radius and not the dimension. As norm 1 fixes
a state up to a U(1)-phase, S1(V ) is naturally a U(1)-manifold, and the quotient is
the projective space P (V ) of V . This quotient defines the principal bundle

U(1) S1(V ) P (V ) (5.80)

which is the central object in the formalism. The base P (V ) can be viewed as the
space of rays in V , but also as the set of projectors projecting to a line. That is,
the ray through |ψ⟩ ∈ S1(V ) can be identified with the projection operator |ψ⟩ ⟨ψ|.
The metric on V obtained from the inner product ⟨ | ⟩ induces a metric tensor on
S1(V ), and hence a connection 1-form. When evaluated on the tangent of the path
|ψ(t)⟩ in S1(V ) at time t, this connection yields ⟨ψ(t)|ψ̇(t)⟩. If one lifts a loop from
P (V ) to S1(V ), it follows that the final state must lie in the same ray as the initial
state, i.e. the state is cyclic. If the path |ψ(t)⟩ satisfies |ψ(1)⟩ = |ψ(0)⟩, then the

obtained Aharonov-Anandan (AA) phase is given by the integral i
∫ 1

0
⟨ψ(t)|ψ̇(t)⟩dt.

This coincides with the adiabatic Berry phase if |ψ(t)⟩ evolves adiabatically. The AA
phase is thus regarded as a generalization of the Berry phase from adiabatic state
evolution to any cyclic evolution of states, i.e. as a not per se adiabatic generalization.

Of course, the AA formalism enters Diagram (5.79) by restricting the bundle
V \ {0} → P (V ) on the right to the normalized states. However, the more intricate
observation concerns the connection that is used. First, we observe that V \ {0} has
no canonical connection on it. That is, only after settling on an inner product can
we endow it with one, and different inner products will yield different connections on
V \ {0}. Namely, at v ∈ V \ {0}, identifying the tangent space with V in the usual
way, the vertical subspace is span(v), while the horizontal subspace is the orthogonal
complement (span(v))⊥. From this we find our main claim: the AA formalism is
a reduction of Eig(V ) restricted to operators with orthogonal eigendirections, i.e.
normal Hamiltonians. In the remainder of this section, we will prove this claim in a
rigorous way.

To start, it is convenient to see how an inner product reduces the bundle over
Dir(V ). Here, the reasoning is straightforward. Given an inner product, one would
like to restrict the elements of Dir(V ) to those that contain n orthogonal directions.
Let us write this subset as Dir⊥(V ). The space Dir•(V ) reduces accordingly without
problem; we just restrict to its subbundle over Dir⊥(V ). Concerning Dir/(V ), we
would like to restrict not only to orthogonal directions, but also to normalized states.
This is a straightforward operation concerning the underlying sets, but on the level
of the connection one should then check that parallel transport preserves the norm.
This is the content of the following two results, which guarantee that the middle
column does indeed reduces to a semi-principal U(1)-bundle of normalized states
over Dir⊥(V ).
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Lemma 5.5.1. Let ⟨ | ⟩ be an inner product on V , let (S, v) ∈ Dir/(V ), where the
dual covector of v is θ. Then ⟨v| ∝ θ if and only if the direction of v is orthogonal to
all other directions in S w.r.t. ⟨ | ⟩.

Proof. We saw that θ was defined using the decomposition V = span(v) ⊕ V ′ with
V ′ the span of the remaining n − 1 directions. It suffices that ⟨v| vanishes on V ′,
which happens if and only if V ′ = (span(v))⊥.

Corollary 5.5.2. Above Dir⊥(V ), parallel transport in Dir/(V ) is length preserving.

In particular, Dir/(V ) admits a restriction to normalized states over Dir⊥(V ), and
the connection reduces to a U(1)-connection.

Proof. Say v(t) undergoes parallel transport, i.e. θ(v̇) = 0 at all times. By the

previous lemma, then also ⟨v|v̇⟩ = 0 at all times. However, then d
dt

(
∥v∥2

)
= ⟨v|v̇⟩+

⟨v̇|v⟩ = 2Re(⟨v|v̇⟩) = 0. Hence ∥v(t)∥ is preserved by parallel transport. Thus, the
connection restricts to the U(1)-subbundle of normalized states.

The applications of these results to the Eig(V ) formalism are immediate. Namely,
given the pull-back structure, parallel transport will be norm preserving over the
subset of N(V ) consisting of the operators with orthogonal eigendirections. This
subset consists of the normal non-degenerate operators, which we write as Nnormal(V )
- the dependence on the chosen inner product we leave implicit. Note that we do
not need to restrict to Hermitian operators, as the additional assumption of having
a real spectrum did not enter our argument at any time. From the perspective of
the mixing product in Eq. (5.74), we only need to restrict Dir(V ) to Dir⊥(V ), and
we observe that

Nnormal(V ) =

(
C
n

)
×mixDir⊥(V ), while NHerm(V ) =

(
R
n

)
×mixDir⊥(V ), (5.81)

where NHerm(V ) is the space of Hermitian non-degenerate operators on V . We can
summarize this implication for normal non-degenerate operators as follows. This
result pairs up with Cor. 4.2.4, which showed that Hamiltonian families with only
real eigenvalues have trivial energy bands. We thus observe that the restriction from
normal to Hermitian is only needed to guarantee the triviality of the energy bands,
so that no energy permutations occur.

Corollary 5.5.3. If the Hamiltonian family H is normal with respect to some fixed
inner product on V , then parallel transport is length preserving w.r.t. this inner prod-
uct. In particular, Eig(H) can be reduced to a U(1)-bundle of normalized states, and
all geometric phases are real.

We have thus shown that also Eig(V ) can admit length preserving parallel trans-
port. Using this, we can make the final step and explicitly reduce the Eig(V ) for-
malism to the AA formalism. Formally speaking, the bundle Eig(V ) → Spec(V )
including connection, after restricting to normalized states and normal4 operators,
admits a push-forward to the AA bundle S1(V ) → P (V ), via the standard maps as

4In our earlier work [32] we restricted to NHerm(V ), but the argument already works over
Nnormal(V ).
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indicated in Diagram (5.79). We need only check if the connection on Eig(V ) be-
comes the connection on S1(V ). However, this is simply checking that the covector θ
becomes the bra ⟨v|, with v a normalized vector, as then θdv indeed becomes ⟨v|d |v⟩.
It is here that we find the restriction to normal operators to be the solution. Indeed,
given any normal operator, the eigencovector corresponding to v is simply ⟨v| - one
does not need to know the exact operator A or eigenvalue λ for this. We can thus
state the relation between the present theory and the AA formalism as follows.

Proposition 5.5.4. The projection Eig(V ) → Spec(V ), after restricting to normal
operators and normalized states, admits a push-forward to the bundle S1(V ) → P (V ).
This includes the connection ω = θdv, which becomes the standard U(1)-connection
⟨v|d |v⟩ as used for the AA phase.

We conclude that the above reduction allows us to translate the general theory
of Eig(V ) to more specific results, enabled by a Hermitian inner product. Although
notationally this amounts to replacing θ by ⟨v|, the broad picture contains more.
For example, Eig(V ) is locally partitioned according to eigenvalues, while this is
completely absent in S1(V ).

5.5.3 Geometry of the non-adiabatic Garrison-Wright phase

The last related topic we wish to discuss is the non-adiabatic phase reported by
Garrison and Wright [12], and compare this to the Aharonov-Anandan phase and
the eigenvector bundle theory of this thesis. We will start with passing over the
original argument, rewritten in a style facilitating the comparison.

Consider a time-dependent Hamiltonian H(t), and let ψ(t) be a state evolving
according to H(t). Here we do not assume that ψ(t) is an eigenstate. Assume that
at some time t = T , the state ψ(t) aligns again with ψ(0), i.e. ψ(T ) and ψ(0) are
in the same ray in V . Then one can talk about the scalar [ψ(T )/ψ(0)], which is
the unique non-zero complex number so that ψ(T ) = [ψ(T )/ψ(0)]ψ(0). We observe
that this is invariant under scaling of ψ(0), as ψ(T ) would obtain the same scaling.
Hence, parametrizing this phase as [ψ(T )/ψ(0)] = exp(iϕ), we thus want to calculate
the phase ϕ. Note that, as we do not assume H(t) to be Hermitian, ϕ is generally
complex-valued.

The calculation can be done as follows. Define ψ′(t) = exp(−if(t))ψ(t), where
f(t) is a complex-valued function of time so that f(T ) − f(0) = ϕ. Hence ψ′(T ) =
ψ′(0), that is, ψ′(t) provides a reference that returns to itself at time t = T . As
iℏ∂tψ = Hψ, we find

−ḟψ + ieif∂tψ
′ =

1

ℏ
Hψ. (5.82)

Let χ(t) be any time-dependent covector satisfying −iℏ∂tχ = χH. Then

iℏ∂t(χψ) = χHψ − χHψ = 0, (5.83)

so that χψ is constant, say equal to 1. Note that χ(t) need not be an in-
stantaneous left-eigenstate of H(t) at any time. Projecting with χ and defining
χ′(t) = exp(if(t))ψ(t), one finds

−ḟ + iχ′∂tψ
′ =

1

ℏ
χHψ. (5.84)
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and as the phase ϕ equals the integral of ḟ , one obtains

ϕ = −1

ℏ

∫ T

0

χHψdt+ i

∫ T

0

χ′ ∂ψ
′

∂t
dt. (5.85)

One recognizes a dynamical contribution and a geometric contribution to this
phase. The dynamical contribution depends only on the Hamiltonian, but the geo-
metric contribution however does not depend on the Hamiltonian. Indeed, the term
uses ψ′, which is simply our reference, and need not follow the evolution determined
by H(t), similar for χ′. Conversely, given a path ψ(t) in V , there is a time-dependent
Hamiltonian so that ψ(t) is a solution to the corresponding Schrödinger equation.
One thus finds that the (complex-valued) non-adiabatic Garrison-Wright phase [12],
or GW-phase, given by

ϕGW = i

∫ T

0

χ′ ∂ψ
′

∂t
dt (5.86)

is a geometric quantity, i.e. depending only on the traversed path.
Our main question is how this phase has a holonomy interpretation. A key obser-

vation is that not only ψ(t), but instead the combined pair (χ(t), ψ(t)) must be cyclic
- this forms the start of the argument in [12]. However, in the geometric picture,
where we have discarded the Hamiltonian, neither χ(t) nor its ray in V ∨ is fixed
uniquely by ψ(t). It may be possible that ψ(t) returns at t = T , but that χ(T ) did
not return to the ray of χ(0). In other words, if ψ(t) is cyclic, the pair (χ(t), ψ(t))
need not be. This is a significant difference w.r.t. the AA-phase, where only ψ(t)
needs to be cyclic.

The relevant spaces are then as follows. Clearly, a priori a pair (χ(t), ψ(t)) lies
in V ∨ × V for each t. However, from the argument we see that χ(ψ) equals 1 at all
times, and so (χ(t), ψ(t)) defines a path in

A(V ) := {(θ, v) ∈ V ∨ × V | θ(v) = 1} . (5.87)

The pairs of rays thus lie in the space

B(V ) := {([θ], [v]) ∈ P (V ∨)× P (V ) | θ(v) ̸= 0} . (5.88)

Now, B(V ) is the quotient of A(V ) under the C×-action

z · (θ, v) = (θz−1, zv) (5.89)

and there is a principal bundle

C× → A(V ) → B(V ). (5.90)

Indeed, note that B(V ) is the (C×)2-quotient of {(θ, v) ∈ V ∨ × V | θ(v) ̸= 0}, while
A(V ) is obtained by quotienting out the diagonal action. The integrand then points
to the C×-connection on A(V ) given by

ω = θdv = −(dθ)v. (5.91)

102



5.6. Formalizing the quantum geometric tensor

We then observe that the condition of a cyclic pair is tautological to having a loop
in B(V ), whose holonomy in A(V ) then yields the GW-phase.

The relation with the AA-phase and the eigenvector bundle theory are straight-
forward. The connection ω is notationally the same as on Eig(V ), and we indeed have
the following pull-back square, where we use the projector perspective for Eig(V ),
Spec(V ) and the projective spaces.

Eig(V ) A(V ) (A,Pλ, v, θ) (θ, v)

Spec(V ) B(V ) (A,Pλ) (Pλ, Pλ)

(5.92)

That is, we pull-back by inserting the same information twice in B(V ). This reflects
the fact that in adiabatic theory, both vector and covector change according to the
same operator. Note that Dir/(V ) → Dir•(V ) is also a pull-back by essentially the
same argument. For the AA-phase the following story holds. The diagram is now,
writing Pψ for the projector |ψ⟩ ⟨ψ|,

S1(V ) A(V ) |ψ⟩ (⟨ψ| , |ψ⟩)

P (V ) B(V ) Pψ (Pψ, Pψ)

(5.93)

which similarly inserts the same projector twice. Indeed, the covector is simply the
bra of the vector. We remark that this diagram is not a pull-back diagram by the
minor detail that on the left we restricted to normalized states.

We thus conclude the following. The geometry of the GW-phase brings one to the
subspace A(V ) of the product V ∨×V . It is the most general phase we have treated,
as both the AA-phase and the generalized adiabatic geometric phase can be derived
from it. However, the setting for the GW-phase allows for considerable freedom in
the covector, which is not needed in the other cases. Other physical applications
of the GW-phase would then need a description of how this covector evolves. In
particular, one would want a guarantee if the pair is cyclic, i.e. one obtains a loop in
B(V ).

5.6 Formalizing the quantum geometric tensor

We will show that the covariant derivatives naturally define a tensor on Eig(V ),
which is a straightforward generalization of the quantum geometric tensor. We also
consider its reduced version on Spec(V ). Before we discuss the tensor itself, we first
introduce convenient bases of tangent spaces of Eig(V ) and Spec(V ). Afterwards we
comment on a relation between the geometric phase and distance.

5.6.1 Bases for tangent space of spectrum and eigenvector
bundles

Let us formulate (complex) bases for the tangent spaces T(A,λ,v) Eig(V ) and
T(A,λ)Spec(V ). The idea is that we pass the v, λ and A components one-by-one.
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Chapter 5. The eigenvector bundle

In this way, both tangent spaces can be described in a similar way.
Let us start with the eigenvector part. Clearly, the main difference between the

two tangent spaces is that T(A,λ,v) Eig(V ) has a tangent along the eigenray Eigλ(A).
This direction is naturally spanned by the fundamental tangent vector ∂v originating
from the scaling action. An advantage of picking ∂v is that we may pick the remaining
tangent vectors in T(A,λ,v) Eig(V ) to be horizontal. These tangent are then the
horizontal lifts of unique tangents in T(A,λ)Spec(V ), which means we cover both
tangent spaces simultaneously.

We continue with the eigenvalue part. Obviously, a change of eigenvalue must be
accompanied by a change of operator. Hence, let us change the operator only by what
is absolutely necessary. Writing P = vθ for the eigenprojector of A corresponding to
λ, a shift in λ is then given by the tangent

∂λ =
d

dt

∣∣∣
t=0

(A+ tP, λ+ t, v, θ). (5.94)

We must then find n− 1 other tangent vectors for the other eigenvalues of A. These
can be obtained via paths of the form (A + tP ′, λ, v, θ), with P ′ the corresponding
eigenprojector. Note that λ is constant as we vary another eigenvalue, but still
consider tangents at (A, λ, v). The combination of these n tangent vectors defines
the tuple ∂λ̃, where we pick an ordering of Spec(A). Writing the coefficients of these

vectors as ∆λ̃, again following the ordering, we obtain the linear combination ∆λ̃∂λ̃.
The corresponding tangents in T(A,λ)Spec(V ) are similar.

It thus remains to describe all changes in operator and eigenvector, where the
eigenvector should not change along itself. As we should now avoid to change the
spectrum of A, let us use similarity transformations. That is, we conjugate by the
operator eitX , where iX ∈ End(V ) can be viewed as a generator; the extra i is for
later convenience. We then obtain the infinitesimal conjugation action (extending
Eq. (3.22)), which we view as the linear map End(V ) → T(A,λ,v) Eig(V ) given by

iX 7→ d

dt

∣∣∣
t=0

(eitXAe−itX , λ, eitXv, θe−itX). (5.95)

As is, this parametrization of T(A,λ,v) Eig(V ) is not compatible with our earlier
choices. For instance, if iX = P we retrieve ∂v, and for other eigenprojectors the
obtained tangent vanishes. Hence we require X to be free of eigenprojectors of A,
which means that the matrix of X w.r.t. any eigenframe of A has zero diagonal. In
this case, we say X is A-free. Note that the obtained tangent is horizontal if and
only if θXv = 0, which is automatically satisfied for A-free X.

In summary, we may express a general element v ∈ T(A,λ,v,θ) Eig(V ) as

v = iX +∆λ̃∂λ̃ + z∂v, (5.96)

where for T(A,λ)Spec(V ) the first two terms suffice. This is a basis if we impose X
to be A-free, in which case the terms span a subspace of dimension n2 − n, n and 1,
respectively. The values of dv and dθ then read

dv(v) =
d

dt

∣∣∣
t=0

eitXetzv = (iX + z)v, dθ(v) = −θ(iX + z). (5.97)
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5.6. Formalizing the quantum geometric tensor

We finally remark that it is possible to not impose X to be A-free; the map to
T(A,λ,v) Eig(V ) is then still surjective, but no longer injective. This can be convenient
in practice; X can play the role of a Schrödinger Hamiltonian, which need not be
A-free. We will keep this in mind when describing the tensors in the following.

5.6.2 Generalized quantum geometric tensor

On the space Eig(V ) there is a canonical tensor which in the Hermitian case reduces
to the quantum geometric tensor (QGT). This QGT was first reported in [45], where
it was found by looking at infinitesimal distance between states. The physical inter-
pretation of this result, in particular the relevance of the tensor to geometric phases,
has been discussed in [46]. We now show that Eig(V ) supports a more general ten-
sor, which relates directly to covariant derivatives. Moreover, this generalized tensor
makes no reference to an inner product.

Let us start from the standard expression. Fixing local coordinates on N(H) and
a local normalized eigenstate |ψ⟩ = |ψ(x)⟩, the QGT is given by

Tij = ⟨∂iψ| (1− |ψ⟩ ⟨ψ|) |∂jψ⟩ . (5.98)

We regard this to be the pull-back of a more abstract tensor G on Eig(V ). Clearly,
this G is simply given by

G(A,v,θ)(v1, v2) = dθ(v1)(1− vθ)dv(v2), v1, v2 ∈ T(A,v,θ) Eig(V ). (5.99)

Because of this straightforward generalization from the Hermitian case to Eig(V ),
we refer to G as the (generalized) quantum geometric tensor. In addition, G is a
natural tensor on Eig(V ) in the following sense. Observe that the projector 1− vθ is
naturally obtained by taking the covariant derivative, as

∇v(v) = dv(v)−ω(v)v = dv(v)−θ(dv(v))v = (1−vθ)dv(v), v ∈ T(A,v,θ) Eig(V ),

(5.100)

and similarly ∇θ = dθ(1− vθ). We thus observe that G is the natural combination

G(A,v,θ)(v1, v2) = ∇θ(v1)(∇v(v2)), v1, v2 ∈ T(A,v,θ) Eig(V ), (5.101)

which directly displays its scale invariance.
We can write G more explicitly using our description of the tangent space

T(A,λ,v,θ) Eig(V ). Introducing labels 1 and 2 according to the two tangent vectors,
this yields

G(A,v,θ)(v1, v2) = θ(X1X2)v − (θX1v)(θX2v). (5.102)

One can also write this using scale invariant quantities only. Writing points of Eig(V )
as (A,P, v, θ), with P the eigenprojector of A corresponding to λ, we find

G(A,P,v,θ)(v1, v2) = tr(PX1X2)− tr(PX1) tr(PX2). (5.103)

This also provides an explicit form of the reduced QGT defined on Spec(V ). We
observe that in these expressions we need not impose the Xi to be A-free. This
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Chapter 5. The eigenvector bundle

is similar to correcting for a non-zero mean in probability theory; the second term
provides a correction that vanishes for A-free Xi. Hence we choose not to impose the
A-free condition, and instead keep the second term.

In the Hermitian case, the QGT is the sum of a symmetric tensor, known as the
quantum metric, plus an anti-symmetric part proportional to the Berry curvature
[46]. We find a similar decomposition here. The anti-symmetric, or alternating, part
of G is readily seen to be K/2, as

Galt
(A,v,θ)(v1, v2) = θ

[X1, X2]

2
v =

1

2
dθ ∧ dv(v1, v2) =

1

2
K(A,v,θ)(v1, v2). (5.104)

We may also write this as tr
(
P [X1,X2]

2

)
, which in addition yields an explicit form

of the reduced curvature k. The symmetric part M := Gsym of G is then a tensor
on Eig(V ) generalizing the standard quantum metric tensor (QMT). Hence we will
refer to M using the same name. A scale invariant explicit form is

M(A,P,v,θ)(v1, v2) = covP (X1, X2) := tr

(
P
{X1, X2}

2

)
−tr(PX1) tr(PX2), (5.105)

where covP is the covariance of non-commutative operators w.r.t. the density P . We
hence obtain a decomposition similar to [46, Eq. (30)], but now for the generalized
tensors on Eig(V ).

Proposition 5.6.1. The QGT on Eig(V ) decomposes as a linear combination of the
QMT and the curvature as

G = M+
1

2
K, (5.106)

which is the decomposition of G into its symmetric and anti-symmetric part, respec-
tively.

Notable properties that do not generalize from the Hermitian case are the follow-
ing. Clearly M and K are complex rather than real-valued tensors, and no longer
the real resp. imaginary part of G. In addition, M is not positive-(semi)definite,
hence does not follow a standard metric interpretation. Moreover, both M and K
are degenerate, as both vanish along the span of ∂v. We also wish to comment on
reducing the QMT to a ‘metric’ on parameter space. In the Hermitian case this can
be done for each energy band separately. That is, for a fixed energy band, one can
define a global eigenstate and so obtain a metric on N(H) by pull-back of M. In
the non-Hermitian case, or better, whenever Spec(H) is non-trivial, this need not be
possible as a global eigenstate could be unavailable.

5.6.3 Relation between geometric phase and distance

Let us comment on a relation between geometric phase and distance. This was
pointed out in [47] for the Hermitian case, but was also considered for the non-
Hermitian case in [48]. The idea is to compare two distance functions defined on
normalized states. Let us first review the Hermitian case, based on the bundle
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5.6. Formalizing the quantum geometric tensor

S1(V ) → P (V ) from Sec. 5.5.2. Given an inner product on V , one obtains a norm and
thus a metric, which upon restricting to the unit sphere S1(V ) defines the function
L(ψ1, ψ2) = ∥ψ1 − ψ2∥. This metric on S1(V ) reduces to the ray space P (V ) in a
straightforward way; if [ψ1] and [ψ2] are two rays, then their distance d is the minimal
distance between any two points from the individual rays according to L. One finds
the following explicit formula for this metric.

Lemma 5.6.2. The metric L on S1(V ) reduces to a metric d on P (V ) given by

d([ψ1], [ψ2]) = min
vi∈[ψi]

∥v1 − v2∥ =
√

2− 2|⟨ψ1|ψ2⟩|. (5.107)

Proof. First, a point in [ψi] is of the form ziψi for some zi ∈ U(1), i = 1, 2. We
observe that

L(z1ψ1, z2ψ2) = ∥z1ψ1 − z2ψ2∥ = ∥z2∥ ·
∥∥∥∥z1z2ψ1 − ψ2

∥∥∥∥ = ∥zψ1 − ψ2∥, (5.108)

where z = z1/z2. That is, we need only vary a single state to find a minimum of L.
Following a standard stationary point argument then yields the claimed formula.

To relate to the geometric phase, we note that d pulls-back to a ‘metric’ D on
S1(V ), which is given by the same formula. However, in this way L measures total
length, whereas D only measures the underlying change of rays. Their difference is
then related to movement along the ray, and should thus be related to the geometric
phase. To make this concrete, one works infinitesimally. Setting ψ1 = ψ and ψ2 =
ψ + ψ̇dt+ 1

2 ψ̈dt
2 + . . . and keeping terms up to dt2 only, one finds

dL2 = ⟨ψ̇|ψ̇⟩dt2 and dD2 = [⟨ψ̇|ψ̇⟩+ ⟨ψ|ψ̇⟩2]dt2. (5.109)

Hence dL2 − dD2 = (i⟨ψ|ψ̇⟩dt)2, so that the geometric phase integrand equals√
dL2 − dD2, which is one of the main results in [47]. It is tempting to write “dγgeo”

for i⟨ψ|ψ̇⟩dt, but we refrain from doing that: following the discussion after Eq. (5.46),
there is no definite rate at which a geometric phase is acquired, although the contrary
is suggested by such notation. There is also no need to introduce more notation; the
tensor field corresponding to this quantity is simply iω.

We now generalize to the non-Hermitian setting of Eig(V ). First, the distances L
and D do not carry over. Concerning L, we see L2 = 2− ⟨ψ|ψ′⟩ − ⟨ψ′|ψ⟩ generalizes
to the function 2 − θ1(v2) − θ2(v1) on Eig(V ), but its square root would be multi-
valued on Eig(V ), meaning that L itself does not generalize. Similar issues appear
for D2 = 2−2

√
⟨ψ|ψ′⟩⟨ψ′|ψ⟩. Nevertheless, the tensor fields dL2 and dD2 do have a

generalization to Eig(V ). One can check that dD2 is actually M for the Hermitian
case, see also [48, 49], hence M is its natural generalization. Concerning dL2, one has
various choices. For example, along a path one should have an infinitesimal squared
length of θ̇v̇dt2, or one differentiates the generalized L2 we just mentioned. Both
routes will yield the same tensor field, being

L(A,λ,v,θ)(v1, v2) : = (dθdv)sym(v1, v2) =
1

2
[dθ(v1)dv(v2) + dθ(v2)dv(v1)]

= θ
{X1, X2}

2
v − z1z2 − iθ(z1X2 + z2X1)v.

(5.110)
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Again, the last term of the final expression vanishes if the Xi are A-free, which is
reminiscent of going to an orthogonal basis. In contrast, the z1z2 term we cannot
remove, which reflects that L is not invariant under scaling. We observe that L is
the non-covariant counterpart of M. The relation between L, M and ω is readily
found from Eq. (5.99); first rewriting this to

G = dθdv + (−dθv)⊗ (θdv) = dθdv + ω ⊗ ω (5.111)

and then taking the symmetric part yields

M = L+ ω ⊗ ω. (5.112)

This is thus an equality of tensor fields on Eig(V ), generalizing the relation “dD2 =
dL2 − dγ2geo”.

We end by noting a relation of the QGT with the (generalized) uncertainty prin-
ciple [50] (translated and annotated in [51]). This relation, for Hermitian operators
X,Y and a pair v, θ - in this case ket and bra - reads(

θ
{X,Y }

2
v − (θXv)(θY v)

)2

−
(
θ
[X,Y ]

2
v

)2

≤ Var(v,θ)(X)Var(v,θ)(Y ) (5.113)

with Var(v,θ)(X) = cov(v,θ)(X,X), similarly for Y . We note that the second square
will be negative; the commutator is skew-Hermitian and so has imaginary expectation
value. The first term is positive; the anti-commutator yields again a Hermitian
operator, hence has real expectation value. We readily recognize M and K inside
these expressions, see also [52], and indeed the inequality can be written as

G(A,v)(X,Y )G(A,v)(Y,X) ≤ G(A,v)(X,X)G(A,v)(Y, Y ). (5.114)

In other words, in the Hermitian case the uncertainty relation is equivalent to a kind
of Cauchy-Schwarz inequality on the QGT.

5.7 Summary

In this chapter we sought a parallel transport description for the adiabatic evolution of
the eigenstates of Hamiltonian families, including non-Hermitian ones. We started in
Sec. 5.1 by looking at the space of eigenvectors Eig(A) of a non-degenerate operator
A. Here we found the first hint at non-standard geometry. Namely, each Eig(A)
decomposes in the eigenrays Eigλ(A), according to the eigenvalues λ ∈ Spec(A).
Each eigenray is the orbit of the canonical C×-scaling action, but this action is not
transitive on Eig(A). This means that eigenvector bundle, by which we mean the
space

Eig(V ) =
⊔

A∈N(V )

Eig(A) = {(A, λ, v) | v is an eigenvector of A with eigenvalue λ} ,

(5.115)

could not be a principal bundle overN(V ). In addition, we observe the remarkable re-
sult that Eig(V ) could also be seen as a bundle via Eig(V ) =

⊔
(A,λ)∈Spec(V ) Eigλ(A).
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This one is principal, but it cannot yield a holonomy description for non-cyclic states
as permutations are not present in the structure group.

We thus set out to find a generalization of the notion of principal bundle in
Sec. 5.2. This brought us to define semi-principal bundles. These also carry a (free)
action, but the fibers need not consist of a single orbit. Instead, the fibers may consist
of a discrete union of disjoint orbits, i.e. the fiber was allowed to be a disjoint union
of disjoint torsors, spaces we thus started calling semi-torsors. With this definition,
we could show that Eig(V ) → N(V ) defined a semi-principal C×-bundle.

The next task was to prove that also semi-principal bundles admit a theory of
parallel transport. In Sec. 5.3, we showed that essentially the same argument as
for principal bundles holds. The axioms for a principal connection can be written in
terms of the group action alone, and hence extend verbatim to semi-principal bundles,
leading to the generalized notion of G-connections. We showed that a G-connection
on a semi-principal G-bundle is sufficient to define G-equivariant parallel transport.
By studying the axioms in the case of Eig(V ), we readily obtained the connection ω
on Eig(V ), which measures how much an eigenstate changes along itself.

We showed this connection to underlie the generalized geometric phase in Sec. 5.4.
Given a Hamiltonian familyH, one can pull-back Eig(V ) to obtain the bundle Eig(H)
of tuples (x,E, ψ), i.e. ‘parameter-energy-eigenstate’. Its local sections correspond
to local eigenstates ψ = ψ(x), and with respect to such a local eigenstate one obtains
exactly the results of Garrison and Wright. In other words, Eig(H) was found to be
the natural mathematical space behind the generalized geometric phase, one of the
main results of this thesis. We showed that the principal bundle Eig(H) → Spec(H)
was a natural generalization of Simon’s argument to the non-Hermitian case, and
that the holonomy theory of Eig(H) → N(H) includes non-cyclic states.

In Sec. 5.5 we discussed additional relations of the eigenstate bundle to other for-
malisms. We began by demonstrating the relation with the geometry of directions in
a vector space. This proved the canonical nature of the connection ω on Eig(V ), and
allowed for a direct comparison with the Aharonov-Anandan formalism for geometric
phase. We also compared with the non-adiabatic phase reported by Garrison and
Wright, for which we reported the underlying geometry.

We finished in Sec. 5.6 by demonstrating that the quantum geometric tensor
has a rigorous footing on Eig(V ) using covariant derivatives. After finding explicit
coordinates on the tangent space, we could write the quantum geometric tensor in an
explicit way. Finally, we demonstrated how it relates geometric phase and distance
in the non-Hermitian case.

5.A Elementary properties of group bundles

In this appendix we review some elementary properties of group bundles, to show
that these differ significantly from group-space bundles, in particular the principal
bundles whose fibers are diffeomorphic to a group but carry no multiplication. This
theory has appeared previously in [42].

In the main text, we arrived at the definition of group-space bundles by taking
the general fiber bundle concept and specifying it for the case where the category
C from which we take the model fiber was the category of group-spaces. We now
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arrive at the definition of group bundles by taking C to be the category of topological
groups instead. This results in the following.

Definition 5.A.1. Let G be a topological group. A group bundle with model fiber
G is a fiber bundle (π,B,M,G) such that

• each fiber of B has a group law. More precisely, writing B ×M B for the fiber-
wise product bundle {(b, b′) ∈ B ×B | π(b) = π(b′)} over M , there is a bundle
map

µ : B ×M B → B

(b1, b2) 7→ b1b2
(5.116)

such that (Bx, µ|Bx×Bx) is a group for all x ∈M . Moreover, the corresponding
inverse map B → B should be continuous.

• each point x ∈ M has a neighborhood U and a homeomorphism ϕ : U × G →
π−1(U) such that π◦ϕ = prU , and for each u ∈ U the map ϕ|{u}×G : {u}×G→
Bu is an isomorphism of groups.

A map of group bundles is a bundle map f : B → B′ such that f |Bx : Bx → B′
x is a

morphism of groups for all x ∈M . The group bundles and these maps together form
the category of group bundles.

This definition is in line with e.g. [53, p. 330] and [54, Def. 2.8]. Here, we explicitly
require that the group multiplications of the fibers fit together in a continuous bundle
map. In addition, we also demand local triviality of the projection. Observe that
vector bundles are a special case of group bundles; a vector bundle is a group bundle
with a commutative model group and compatible scalar multiplication. It follows
that all non-trivial vector bundles provide non-trivial group bundles, proving that
not all group bundles are trivial.

We now wish to illustrate general group bundles by going over some basic results
and examples. First, observe that transition functions take values in the group
Aut(G). This clearly distinguishes group bundles from principal bundles, as the
latter’s transition functions take values in G, which is in general not isomorphic to
Aut(G).

Lemma 5.A.2. The transition functions of a group bundle with model G take values
in the automorphism group Aut(G) of G.

Proof. Let us consider local trivializations ϕi : Ui ×G→ B|Ui , i = 1, 2 such that the
overlap U := U1 ∩ U2 is non-empty. For u ∈ U , the maps ϕi|{u}×G : G → Bu are

isomorphisms of groups. Hence the transition map ϕ21 = ϕ−1
2 ϕ1 : U ×G→ U ×G is

identity on the U component, hence restricting to any u ∈ U yields an automorphism
of G.

Another property of group bundles is the existence of a global section. Given
the fiber-wise group law axiom, each fiber Bm, with m ∈ M , is a group, hence in
particular it has a unit em := eBm . This gives rise to the map 1 : M → B, m 7→ em,
which is a section of π, hence we call it the unit section of the group bundle. In
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the case of vector bundles, this section is known as the zero section, and provides
an embedding of the base space M in B. For general group bundles, there is the
following statement.

Proposition 5.A.3. Given a group bundle (π,B,M,G), the unit section 1 : M → B
is an embedding. Moreover, if G is discrete, then B can be topologically partitioned
into the image of 1, which is homeomorphic to M , and the complement of this image.

Proof. Clearly 1 is injective. Locally on U ⊂ M , 1 looks like the embedding U →
U×G, u 7→ (u, e), which shows that 1 is an embedding. If G is discrete, then U×{e}
is closed and open in U ×G. Hence the image of 1 is locally disjoint from other parts
of B, hence is so globally as 1 is global.

Again we emphasize a significant difference between group bundles and principal
bundles. It is well-known that a principal bundle admitting a global section must be
trivial. Here we see that group bundles always admit a global section, but this does
not imply triviality of the bundle. Indeed, any non-trivial vector bundle provides a
counterexample, but we will now go over some other examples. We will take M to
be the circle S1. In this case, we may view a group bundle B with model group G
as a quotient of the trivial group bundle [0, 1]×G by gluing {0}×G and {1}×G by
an automorphism of G.

Example 5.A.4 (Z3-bundles over the circle). Let us view Z3 as the additive group
of remainders modulo 3, whose elements are 1̄, 0̄ and −1̄. The group Aut(Z3) consists
of 2 elements, namely id and −id. Naturally, gluing via id will yield the trivial bundle
over S1, i.e. the bundle B is isomorphic to the group bundle S1×Z3. The unit section
traces out the subspace S1×{0̄}, which is indeed well separated from its complement
and homeomorphic to the base S1.

Gluing along −id means that 1̄ and −1̄ are exchanged upon returning, hence
return to themselves after a second round. We may thus picture them to traverse
the boundary of a Möbius band. The element 0̄, which follows the unit section, will
again trace out a circle. Hence the total space of this bundle consists of a circle and
the boundary of a Möbius band, hence is homeomorphic to 2 disjoint circles. It thus
cannot be homeomorphic to the trivial bundle, as this consists of 3 disjoint circles.
Compare the illustrations of the bundles in Fig. 5.3.

Figure 5.3: Representatives of the two non-isomorphic classes of Z3-bundles over the
circle, see Ex. 5.A.4. The shaded cylinder and Möbius band are visual aids. In both
cases, the unit section traces out the middle circle, whereas the other group elements
follow the boundary.
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Observe that this example treats the most elementary non-trivial group bundle.
Indeed, the circle requires at least 1 automorphism to be specified, and the smallest
group possessing non-trivial automorphisms is Z3. Naturally, if G is trivial, then
B ∼=M is trivial as the fiber has only 1 point. In case G = Z2 the bundle will also be
trivial; one can use Lemma 5.A.2 to conclude that all transition functions are trivial,
or alternatively use Prop. 5.A.3 to remark that B consists of two disjoint copies of
M , hence is trivial.

The argument in Ex. 5.A.4 holds for any group G with Aut(G) ∼= Z2. Indeed, the
identity map in Aut(G) yields the trivial bundle S1 ×G, while the non-identity map
yields a non-trivial bundle. For instance, picking G = Z similarly yields infinitely
many copies of the boundaries in Fig. 5.3, which can be envisioned to lie on the
infinite cylinder resp. infinite Möbius band. The choice G = U(1) reproduces the
familiar picture of a cylinder whose edge circles are glued to obtain a torus resp. a
Klein bottle. As Z4 is naturally a subgroup of U(1), the case G = Z4 can again
be viewed as lines on a surface, where the surface is now given by a U(1)-bundle.
Pictorially, one places 4 equidistant points on a circle, which become straight lines
on a cylinder, and by gluing the edge circles of this cylinder one finds all lines coming
back to themselves on the torus resp. 2 lines coming back and 2 lines exchanging on
the Klein bottle.

A final remark is that the (isomorphism class of) a group bundle over the circle
may be the same for different automorphisms of G. For one, if the automorphisms can
be connected by a path, then the resulting bundles are isomorphic. As an example,
if G = R, then Aut(R) = R× ∼= R>0 × Z2, and the class of the obtained bundle
only depends on the Z2 part. In addition, conjugate automorphisms of G also yield
isomorphic bundles. This we illustrate in Ex. 5.A.5.

Example 5.A.5 (Z2 × Z2-bundles over the circle). Let us consider G = Z2 × Z2
∼=

{1, a, b, c}, where a2 = 1, ab = ba = c and similarly for the cyclic permutations of
these equations. The elements a, b and c thus satisfy identical relations, and indeed
the automorphisms are given by permuting a, b and c amongst themselves. Hence
Aut(G) is isomorphic to S3.

Although this group has 6 elements, there are less isomorphism classes. Let us
go over all permutations in Aut(G). Naturally, the identity permutation will yield
the trivial group bundle S1 × G. All the transpositions will yield another class, as
do the 3-cycles.

Take (ab) for instance. This means that we glue the 4 intervals in [0, 1]×G such
that the intervals of a and b form a single circle, whereas the intervals of 1 and c
will each form a separate circle. For (bc) and (ca) one will get essentially the same
picture, revealing that the obtained bundles are isomorphic. For (abc) and (acb) a
similar argument holds; now the intervals of a, b and c are connected to a single circle,
and the only difference between the two gluings is the order in which the pieces of
the circle are traversed.

We thus see that the obtained bundle class is the same for automorphisms in
the same conjugacy class of Aut(G). Moreover, each conjugacy class yields another
class of group bundles; the obtained spaces are homeomorphic to 4, 3 and 2 circles
respectively.

112



5.B. The automorphism group of a group-set

5.B The automorphism group of a group-set

In this appendix we show that the wreath product G ≀ X and the automorphism
group Aut(G×X) of the model free G-set G×X are isomorphic. We first show that
Aut(F ) fits in a special short exact sequence (SES), following the semi-direct product
structure of the wreath product. Afterwards, we treat an explicit isomorphism, which
can be derived using an argument similar to that of dual spaces.

In both parts, we will use the following notation. Observe that any two bases
f̃ , f̃ ′ ∈ Fr(F ) are related by a unique element [f̃ ′/f̃ ] ∈ Aut(F ) specified by the
equality

f̃ ′ = [f̃ ′/f̃ ]f̃ (5.117)

of maps X → F . This yields [f̃ ′/f̃ ] = ϕf̃ ′ ◦ ϕ−1

f̃
, which is a composite of G-

isomorphisms, hence [f̃ ′/f̃ ] lies indeed in Aut(F ). This notation is compatible with
the more general division in the main text; the division here corresponds to viewing
Fr(F ) as an Aut(F )-torsor.

5.B.1 Short exact sequence using quotient map

To start, let us examine the group Aut(F ) for F a free G-set. A first observation is
that an element of Aut(F ) must induce a bijection on the orbit space F/G. That is,
the following holds.

Lemma 5.B.1. For any map ψ ∈ Aut(F ), there is a unique map Cq(ψ) such that
the diagram

F F

F/G F/G

ψ

q q

Cq(ψ)

(5.118)

commutes. This association defines a map of groups

Cq : Aut(F ) → Sym(F/G)

ψ 7→ Cq(ψ).
(5.119)

which admits sections.

Proof. The map Cq(ψ) is well-defined as q ◦ ψ is G-invariant and so constant on the
fibers of q. If also ψ′ ∈ Aut(F ), then by combining two of the above squares one can
deduce Cq(ψ

′ψ) = Cq(ψ
′)Cq(ψ), i.e. Cq is a homomorphism. As Cq(idF ) = idF/G,

it follows that all images of Cq are invertible, hence Cq has image in Sym(F/G). To

show that Cq admits sections, let us argue using a section f̃ of q. Then for each
σ ∈ Sym(F/G) one has a map

ψσ := [f̃σ/f̃ ] = ϕf̃ (idG, σ)ϕ
−1

f̃
: hfx 7→ hfσ(x). (5.120)
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This map is basis dependent, but nevertheless invertible and G-equivariant, hence
an element of Aut(F ). If one only varies the permutation σ, one obtains a map of
groups

sf̃ : Sym(F/G) → Aut(F ), σ 7→ ψσ. (5.121)

To check that this is a section of Cq, observe that Cq(ψ) = qψf̃ as f̃ is a section of
q. A computation then shows

Cq(sf̃ (σ)) = qψσ f̃ = q[f̃σ/f̃ ]f̃ = qf̃σ = σ. (5.122)

As Cq admits sections it must be surjective, hence let us consider its kernel. This
is readily seen to be the subgroup

Aut(q) := {ψ ∈ Aut(F ) | q ◦ ψ = q} (5.123)

i.e. the group of orbit-preserving automorphisms. In other words, it is the group
of deck transformations of q, hence the notation Aut(q). One thus arrives at the
following SES, which can be considered a corollary of the previous lemma. The used
notation highlights that this sequence is obtained by considering the automorphisms
of the objects in “q : F → F/G”.

Corollary 5.B.2. Let F be a free G-set. The group Aut(F ) fits in the short exact
sequence

1 Aut(q) Aut(F ) Sym(F/G) 1
Cq

(5.124)

which is right-split.

This result need not hold for a general G-set F . In that case, Cq is still a
homomorphism with kernel Aut(q), but it need not be surjective, let alone admit
sections. That is, only the part

1 Aut(q) Aut(F ) Sym(F/G)
Cq

(5.125)

is exact. This sequence need not extend to the right as the image of Cq need not be
normal in Sym(F/G). Any ψ ∈ Aut(F ) may only shuffle orbits of the same shape,
hence a counterexample is any F where at least two orbits differ but also two orbits
are isomorphic. This does not happen in case F is free, in which case the sequence
closes to a SES. There are other assumptions one can place on F , but we will not
study these in this paper.

5.B.2 Autmorphism group of the quotient map

We now wish to rewrite Aut(q) in a more explicit form. The elements of this group
act on the fibers of q, which are isomorphic to G, hence they can be specified using
an element of G for each orbit. To describe this, we use a division operation on
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F , which is not to be confused with the previous division (on Fr(F )). That is, for
(f ′, f) ∈ F ×q F we denote by [f ′/f ] ∈ G the unique group element satisfying

f ′ = [f ′/f ]f. (5.126)

Here, we view F as a G-semi-torsor by viewing a set as a discrete space, hence also
this division is in line with the main text. However, we wish to state the following
familiar rules for this division [−/−] : F ×q F → G.

Lemma 5.B.3. Assume F is a free G-set, let (f1, f2) ∈ F ×q F . The following rules
hold

1. inverse: [f2/f1]
−1 = [f1/f2].

2. cancellation: for any f ∈ F in the same orbit as f1 and f2, one has [f2/f1] =
[f2/f ][f/f1].

3. scaling: for any g1, g2 ∈ G, one has [g2f2/g1f1] = g2[f2/f1]g
−1
1 . In particular,

for g1 = g2 = g, one has [gf2/gf1] = Cg([f2/f1]).

4. invariance: if ψ ∈ Aut(F ), then [ψ(f2)/ψ(f1)] = [f2/f1].

Observe that the division is ‘covariant’ with respect to Aut(F ) in its right slot,
whereas in its left slot it is ‘contravariant’. By this we mean that for ψ1, ψ2 ∈ Aut(F )
and f ∈ F one has

[f/ψ1ψ2(f)] = [f/ψ1(f)] · [ψ1(f)/ψ1ψ2(f)] = [f/ψ1(f)] · [f/ψ2(f)] (5.127)

such that the order is preserved, whereas for the other slot it is reversed as

[ψ1ψ2(f)/f ] = [ψ1ψ2(f)/ψ1(f)] · [ψ1(f)/f ] = [ψ2(f)/f ] · [ψ1(f)/f ]. (5.128)

We can now specify an isomorphism Aut(q) → GF/G. Let us use again a section
f̃ of q; in this way each f̃(x) lies in the orbit x, so no shuffling of orbits will happen
in what follows. The idea is that each ψ ∈ Aut(q) translates the orbit by a group
element, which can be found as

g̃ψ,f̃ (x) = [f̃(x)/ψ(f̃(x))] = [ψ(f̃(x))/f̃(x)]−1. (5.129)

One thus has the map

Aut(q) → GF/G

ψ 7→ g̃ψ,f̃
(5.130)

which is a homomorphism as the division on F is covariant in its right slot. As one
can reconstruct ψ from g̃ψ,f̃ given f̃ , this map is invertible, hence an isomorphism.
We thus find the following result.

Lemma 5.B.4. If F is a free G-set, then Aut(q) ∼= GF/G.
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We wish to place some remarks here. First, this isomorphism depends on the
chosen section f̃ ; picking another section f̃ ′ of q, one has f̃ ′(x) = hxf̃(x) for some
elements hx ∈ G and finds

g̃ψ,f̃ ′(x) = [hxf̃(x)/ψ(hxf̃(x))] = hx[f̃(x)/ψ(f̃(x))]h
−1
x = Chx(g̃ψ,f̃ (x)). (5.131)

This means that, if one restricts to bases which are sections, the identification
Aut(q) ∼= GF/G is unique up to inner automorphism of GF/G. In particular, the
identification is canonical if and only if G is commutative. A second remark is that
instead of g̃ψ,f̃ (x) being the element mapping f̃(x) to ψ(f̃(x)), it is actually the in-
verse of this. An intuitive answer why this is can be found in the pairing argument
we discuss below.

Combining Lemma 5.B.4 with the SES in Cor. 5.B.2 shows that the group Aut(F )
is isomorphic to the semi-direct product GF/G ⋊ Sym(F/G), which is the wreath
product G ≀ (F/G). We now wish to discuss this more explicitly in the following.

5.B.3 Wreath product as model automorphism group of a
semi-torsor

Let us specify an explicit isomorphism G ≀X → Aut(G×X). Here we also allow G
to be a topological group or a Lie group, and require automorphisms to respect this
additional data. To do this, we assume that X as the orbit space is again discrete,
such that G×X is a model G-semi-torsor. An explicit map is given by

I : G ≀X → Aut(G×X)

g̃ 7→ [(g, x) 7→ (g[g̃(x)]−1, x)]

σ 7→ [(g, x) 7→ (g, σ(x))]

(5.132)

such that a pair is mapped to

I(g̃, σ) = [(g, x) 7→ (g[g̃(σ(x))]−1, σ(x))]. (5.133)

Lemma 5.B.5. The map I : G ≀X → Aut(G×X) is an isomorphism.

Proof. Let us check that this map is well-defined. First, we note that the returned
functions are indeed (left) G-equivariant; GX acts by right-translation and Sym(X)
does not touch the G-slot. These maps are also bijective and continuous, or even
smooth, hence lie in Aut(G ×X). A quick check shows that I is a homomorphism,
hence it remains to show that I is invertible.

Take ψ ∈ Aut(G × X). First, note that Cq returns the underlying unique per-
mutation Cq(ψ) = σψ ∈ Sym(X) of ψ, so only the GX -element remains to be found.
For this purpose, observe that ψ ◦ (idG, (σψ)−1) is identity on the X factor. Hence,
one may define g̃ψ uniquely by the requirement

ψ((h, σ−1
ψ (x))) = (hg̃ψ(x)

−1, x) (5.134)

or in function form

ψ ◦ (idG, σ−1
ψ ) = r−1

g̃ψ
. (5.135)
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Note that both sides contain left-equivariant maps. The map ψ 7→ (g̃ψ, σψ) is the
inverse of I. As we will see now, it is a homomorphism as well. The combination
ψ′ψ clearly has σψ′ψ = σψ′σψ, and the similar rule for the GX -element follows from

ψ′ψ ◦ (idG, σ−1
ψ σ−1

ψ′ ) = ψ′(ψ ◦ (idG, σ−1
ψ )) ◦ (idG, σ−1

ψ′ )

= ψ′(idG, σ
−1
ψ′ )(idG, σψ′)(r−1

g̃ψ
) ◦ (idG, σ−1

ψ′ )

= r−1
g̃ψ′ ◦ r−1

g̃ψ◦σ−1

ψ′
= r−1

g̃ψ′ (g̃ψ◦σ−1

ψ′ )

(5.136)

such that g̃ψ′ψ equals g̃ψ′(g̃ψ ◦ σ−1
ψ′ ). The latter is exactly the G-component in the

multiplication of the wreath product. Hence I is an isomorphism of groups.

The form of I can actually be deduced by an argument similar to that of dual
spaces. In particular, this argument explains why g̃ enters via an inverse (in fact σ
also has an inverse w.r.t. previous equations). A motivating argument is as follows.
Fix some f ∈ F , let f̃ be a basis with basis index set X. Then there is a unique pair
(g, x) ∈ G×X such that

f = gf̃(x), (5.137)

so the pair (g, x) can be seen as the coordinates of f . Let us change basis by acting
with g̃ on f̃ . Then f is given as

f = g[g̃(x)]−1(g̃(x)f̃(x)), (5.138)

so in the new basis the point f has coordinates (g[g̃(x)]−1, x). Hence, the inverse on
the group element can be found by looking for the map on coordinates induced by
the change of basis.

We discuss this in terms of a pairing map. This map is canonical; it takes coordi-
nates (g, x) and a basis f̃ and returns the element that this pair describes, i.e. gf̃(x).
More formally, for the G-set F this is the map defined as

⟨ , ⟩ : (G×X)× Fr(F ) → F

((g, x), f̃) 7→ ϕf̃ (g, x) = gf̃(x).
(5.139)

The key observation is the following invariance argument.

Lemma 5.B.6. Any (g̃, σ) ∈ G ≀ X induces a unique map ψg̃,σ ∈ Aut(G × X) via
the invariance condition

⟨ψg̃,σ(g, x)), (g̃, σ) · f̃⟩ = ⟨(g, x), f̃⟩, ∀(g, x) ∈ G×X, ∀f̃ ∈ Fr(F ). (5.140)

This assignment (g̃, σ) 7→ ψg̃,σ defines a homomorphism G ≀X → Aut(G×X).

Proof. We recall that the ϕf̃ are G-isomorphisms for any basis f̃ . The invariance
condition reads

ϕ(g̃,σ)·f̃ (ψg̃,σ(g, x)) = ϕf̃ (g, x), or ψg̃,σ(g, x) = ϕ−1

(g̃,σ)·f̃ ◦ ϕf̃ (g, x). (5.141)
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Hence ψg̃,σ = ϕ−1

(g̃,σ)·f̃ ◦ ϕf̃ , provided the latter is independent of f̃ . This can verified

by a direct check, but also by the following argument. Let us use the map [f̃ ′/f̃ ]
and observe that it commutes with the G ≀X-action, as it lies in Aut(F ). Moreover,
ϕ[f̃ ′/f̃ ]f̃ = [f̃ ′/f̃ ]ϕf̃ cf Lemma 6.1.3. Hence, in the basis f̃ ′ one gets

ψ′
g̃,σ = ϕ−1

(g̃,σ)·f̃ ′ ◦ ϕf̃ ′ = ϕ−1

(g̃,σ)·[f̃ ′/f̃ ]f̃
◦ ϕ[f̃ ′/f̃ ]f̃ = ϕ−1

[f̃ ′/f̃ ](g̃,σ)·f̃ ◦ ϕ[f̃ ′/f̃ ]f̃

= ϕ−1

(g̃,σ)·f̃ [f̃
′/f̃ ]−1[f̃ ′/f̃ ]ϕf̃ = ϕ−1

(g̃,σ)·f̃ϕf̃ = ψg̃,σ.
(5.142)

Hence ψg̃,σ is a well-defined map. As the ϕ’s are G-isomorphisms, so is ψg̃,σ, hence
it lies in Aut(G×X). The homomorphism claim readily follows from the invariance
condition and uniqueness of the counteracting map.

Given the description ψg̃,σ = ϕ−1

(g̃,σ)·f̃ ◦ϕf̃ , one can explicitly compute the induced

homomorphism. We then quickly recognize the map I as

ψ(g̃,id) = ϕ−1

g̃·f̃ ◦ϕf̃ : (g, x) 7→ gf̃(x) = g[g̃(x)]−1(g̃(x)f̃(x)) 7→ (g[g̃(x)]−1, x) (5.143)

and analogously

ψ(id,σ) = ϕ−1

σ·f̃ ◦ ϕf̃ : (g, x) 7→ gf̃(x) = gf̃(σ−1(σ(x))) 7→ (g, σ(x)). (5.144)

We remark that a similar argument can be phrased for vector spaces. In partic-
ular, one may consider the map

Rn × Fr(Rn) → Rn

((ci), (vi)) 7→
n∑
i=1

civi.
(5.145)

Note that this explicitly pairs coordinates and bases to describe a certain element.
In this case GL(n,R) acts on Fr(Rn), and the induced map GL(n,R) → Aut(Rn) ∼=
GL(n,R) is given by the contragredient map A 7→ A−T .

5.C Permutation action on a semi-principal bundle

In this appendix we show that a semi-principal bundle B with index set X will
in general not support a faithful Sym(X)-action. For simplicity, we will consider
the reduced bundle B/G, or taking another perspective, we assume G is the trivial
group. For the ease of the example, we take X to be finite. Hence F ∼= X = In :=
{1, 2, . . . , n} for some natural number n, and B is a regular covering space.

Some motivation to consider this is to check if an faithful Sn-action can be defined
already on B. If that would be the case, one may wonder if the step to Fr(B) may be
avoided. Concerning the individual fibers there is no problem; choose a bijection to
In and transfer the action of Sn = Sym(In) on In via conjugation. However, it is this
choice of bijection that might not be possible on a global scale; it is not guaranteed
that all the local choices glue together to form a global Sn-action.
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Let us check if such a bijection is needed. The case n = 1 is trivial. The case
n = 2 is also not a problem; one simply declares that the permutation (12) exchanges
the only 2 objects in each fiber, which certainly forms a global action. However, in
case n ≥ 3 one does not obtain a well-defined action in general. Informally, this is
because now one really needs to know the labels of fiber elements. Indeed, to specify
the action of e.g. (12) when there are 3 objects, it is necessary to know which of
the objects is labelled by 3. Hence, specifying the action of (12) is equivalent to
specifying which of the objects is labelled by 3. This observation leads us to the
following result.

Lemma 5.C.1. Let A be a set with n elements, where 3 ≤ n < ∞. A faithful
Sn-action on A, or in other words an isomorphism Sn ∼= Sym(A), induces a unique
equivariant bijection A ∼= In.

Proof. Pick i ∈ In, consider the subgroup Hi of permutations of Sn that leave i
fixed, i.e. the stabilizer of i in Sn. Then there is at least one element ai ∈ A that
is fixed by Hi; otherwise Hi would contain a permutation affecting all elements of
In, including i, which is a contradiction. This element is unique for n ≥ 3, as Hi

then contains permutations moving every element of In except i. Hence there is a
well-defined map In → A, i 7→ ai. This map is equivariant; pick i ∈ I and σ ∈ Sn,
then for any τ ∈ Hσ(i) one has σ−1τσ ∈ Hσ−1(σ(i)) = Hi. Hence σ−1τσai = ai, or
τ(σai) = σai. As τ ∈ Hσ(i) was arbitrary, σai is fixed by Hσ(i), hence σai = aσ(i),
showing equivariance. It remains to show that i 7→ ai is a bijection. It suffices
to show that all ai are distinct. This follows from the observation that at least n
distinct objects are needed to have a faithful Sn-action. As one can explicitly find
the bijection A ∼= In in the above way, it is unique.

We may use this result per fiber in the bundle theory. In essence, the global
Sn-action is equivalent to specifying a global labelling, which in turn provides a
trivialization of the bundle.

Proposition 5.C.2. Let π : B → M be an In-bundle, where 3 ≤ n < ∞. There is
an faithful fiber-preserving Sn-action on B if and only if B is trivial.

Proof. The ‘if’ statement is clear. For the ‘only if’, define ϕ : B → M × In fiber-
wise; for m ∈ M , b ∈ Bm is mapped to the pair (m,#(b)), where #(b) is the index
obtained by applying Lemma 5.C.1 on the Sn-space Bm. Hence ϕ is a bijection as
it is so at each fiber. Using local triviality of B and continuity of the Sn-action, it
follows that #: B → In is locally constant, hence ϕ = (π,#) is a homeomorphism.
That is, B is trivial.

Ironically, this means that one may work with an Sn-action on B only if no
permutation will appear in parallel transport. The reason why a frame does not
have this problem is clear; in that case not a locally defined label but instead the
globally defined location in the ordered tuple matters.
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Chapter 6

The frame bundle formulation
of adiabatic state evolution

In this final chapter, we consider a change of perspective. Namely, instead of focusing
on the evolution of single eigenstates, one can also consider the evolution of entire
eigenframes. This will enable us to recast the theory of the previous two chapters
in a more explicit form. Indeed, so far we described non-cyclic states only using
an equivariant map of semi-torsors, which is still quite abstract. For instance, the
information on the explicit phase differences between states, which are to be measured
in an experiment, is contained in these maps, although the exact values are not
immediately clear. We will show how eigenframes can be used to list these phases in
holonomy matrices. Furthermore, we will demonstrate a formal argument behind this
method, namely that every semi-principal bundle has a well-defined frame bundle.
We will finish by discussing additional applications of the frame bundle, such as
providing a geometric model for the off-diagonal phases found by Manini and Pistolesi
[14]. Most of the material in this chapter has appeared in [32, 42].

6.1 Using bases of a group-set to obtain explicit
matrices

Let us start with demonstrating how the holonomy maps, i.e. the parallel transport
maps Pγ where γ is a loop, can be turned into holonomy matrices. To start, we
remark that there is the following option. Namely, as Pγ is a bijection of eigenspaces
that span V , it extends to a linear map on V in a straightforward way, and one can
write this linear map using a matrix in the usual manner of linear algebra by choosing
a basis. However, we observe that this argument will not tell us all we want to know
about the holonomy matrices. The main point here is that we will only wish to use
the eigenframes of the Hamiltonian, as these are needed in order to obtain the desired
form of a generalized permutation matrix. We will find that this naturally emerges
from the matrix-representation theory for equivariant maps between semi-torsors we
will discuss now.
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6.1.1 The definition of a basis of a group-set

Similar to the notion of basis of a vector space, one can define the basis of a G-set
F . Intuitively speaking, such a basis should be a tuple (fx)x∈X of elements of F ,
where X is the indexing set, such that any point in F can be ‘reached’ using these
points in a unique way, and that a G-map from F to any other G-set is specified
once the images of the fx are known. We will use that a tuple (fx)x∈X is equivalent
to a function f̃ : X → F by the relation f̃(x) = fx. Here we continue our convention
that tilde notation indicates a tuple.

Let us first discuss how this ‘reaching of points’ can be phrased in a formal way,
staying in close analogy to vector spaces. In linear algebra, if V is a real vector space,
then given a tuple ṽ := (v1, . . . , vm) of vectors in V , there is the associated map from
coefficients to the vector space as

ϕṽ : Rm → V

(c1, . . . , cm) 7→
m∑
i=1

civi.
(6.1)

As this map is already linear, it is an isomorphism of vector spaces if and only if it is
bijective. This question is usually subdivided in the properties of linear independence
and spanning set. That is, the tuple ṽ is linearly independent if and only if ϕṽ is
injective, and similarly the tuple is a spanning set if and only if ϕṽ is surjective.
If V admits a finite basis, then all bases of V have the same number of vectors,
and the dimension of V is defined to be this finite number. If not, then V is called
infinite-dimensional.

This argument can almost fully be copied once we agree on the specific G-map
induced by a tuple (fx)x∈X of G-set elements. Of course, in this case no addition +
is available, but there is some sort of scaling given by the group action; (g, f) 7→ gf .
It is now straightforward to extend this map to tuples; we define this map below and
also extend the definition of a basis to G-sets. Here we agree on the canonical G-set
structure on G×X given by the action g(h, x) = (gh, x).

Definition 6.1.1. Let X be an index set, and consider the set FX of functions
f̃ : X → F , or equivalently the set of ordered tuples (fx)x∈X with fx ∈ F for all
x ∈ X. Given such a tuple, we define its associated map to be the G-map

ϕf̃ : G×X → F

(g, x) 7→ g · fx = g · f̃(x).
(6.2)

A tuple f̃ is called a basis of F if the associated map ϕf̃ is an isomorphism of G-sets.

The subset of FX consisting of all bases of F we denote as Fr(F ).

Before discussing the existence of these bases, let us first consider the following.
Namely, the scaling of vector spaces may differ in a crucial way from the group action
used here. If one wants to preserve some idea of linear independence, it is important
that g1f = g2f implies g1 = g2. However, this need not hold for a general group
action; it holds only for free actions. Hence, one may expect that the idea of a basis
only matches intuition when F is free. This is indeed sufficient; the map ϕf̃ is an
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isomorphism if and only if it is bijective, so we need both injectivity and surjectivity.
The map ϕf̃ is surjective if and only if every orbit contains at least one of the fx, and
if F is free, then ϕf̃ is injective if and only if the fx lie in different orbits. This indeed
mimics the properties of linear independence and spanning set in the case of vector
spaces. In fact, having a basis and being free is equivalent, as stated in the following
lemma. We also prove the intuitive statement that all bases of a given G-set have
the same cardinality; this ‘dimension’ is now the number of orbits |F/G|, which can
be infinite.

Lemma 6.1.2. A G-set F has a basis if and only if F is free. Moreover, for a free
G-set F the index set X is unique up to bijection, in particular X ∼= F/G.

Proof. If F has a basis, then F ∼= G × X as G-sets. As the latter is free, so is F .
Conversely, assume F is free. Then every orbit in F is bijective to G. We only need
to specify base points for each orbit; these base points will form the basis. That is,
for each orbit x ∈ F/G, pick a point in this orbit and denote it by s(x). This defines
a section s of the quotient map q : F → F/G. To check that s is a basis of F , we
consider its induced map ϕs : G × F/G → F given by (g, x) 7→ gs(x). This has an
explicit inverse

f 7→ ([f/s(q(f))], q(f)), (6.3)

where [f/s(q(f))] ∈ G is the group element such that f = [f/s(q(f))]s(q(f)). This
element is well-defined; it exists as f and s(q(f)) lie in the same orbit, and it is
unique as F is free. Hence s is a basis of F with index set X = F/G.

Assuming F is free, pick two bases f̃1 and f̃2 with index sets X1 resp. X2. Then
ϕ−1

f̃2
ϕf̃1 : G ×X1 → G ×X2 is a G-isomorphism. Hence the orbit sets are bijective,

which yields X1
∼= X2. Hence all index sets of the G-set F are bijective. We just saw

that F/G is always an index set, hence any other index set X must be bijective to
F/G.

Given this result, we will restrict ourselves to free F from now on. Also, we take
X = F/G, but sometimes still write X for clarity. In addition, one may observe that
in the previous proof one does need s to be a section; an orbit may be sent to a point
in another orbit, as long as all orbits are visited exactly once. We like to emphasize
this freedom at certain places by not using the quotient notation.

We remark that ϕf̃ has an interesting interpretation concerning the model of a
G-set. Given a finite-dimensional real vector space V , one often identifies it with Rm
for some m using a linear isomorphism. In this way, the vector spaces Rm, m ∈ N,
provide models for real (finite-dimensional) vector spaces. One may then ask what
the model space is in case of G-sets, and the above indicates that this is G×X. This
is valid for free G-sets, as any free F is isomorphic to G× F/G, hence of the correct
form. The bases are then the labels of such isomorphisms F ∼= G×X.

We finish this inspection of individual bases with the following statements on
G-maps in relation to bases. Again, we emphasize the similarity with the theory of
vector spaces.

Lemma 6.1.3. Let F, F ′ be G-sets and α : F → F ′ a G-map. Then:

1. for any f̃ ∈ FX , one has ϕα(f̃) = α ◦ ϕf̃ ,
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2. if F is free, the map α is fully determined by its values on a basis,

3. if both F and F ′ are free, then α is an isomorphism if and only if α sends a
basis to a basis.

Proof. For the first, observe ϕα(f̃)(g, x) = gα(fx) = α(gfx) = α ◦ ϕf̃ (g, x), which
indeed yields ϕα(f̃) = α ◦ ϕf̃ . For the second, assume β : F → F ′ is another G-map

that coincides with α on a basis f̃ of F . Pick any f ∈ F ; it is related to the basis f̃
via f = hfx for some h ∈ G and x ∈ X. Using this decomposition, one finds

α(f) = α(hfx) = hα(fx) = hβ(fx) = β(hfx) = β(f) (6.4)

and as f was arbitrary, α = β. The third then follows as well; given that ϕf̃ is a
G-isomorphism, then α is a G-isomorphism if and only if ϕα(f̃) is, i.e. if and only if

α(f̃) is a basis of F ′.

6.1.2 Describing an equivariant map using a matrix

With the concept of a basis of a group-set at our disposal, let us demonstrate how
it can be used to write any equivariant map α : F → F ′ between semi-torsors using
a matrix. For simplicity, assume F and F ′ have finitely many orbits, n and m
respectively, and we write the index sets as In and Im. Pick a basis f̃ of F and
a basis f̃ ′ of F ′. As α applied to a specific element of f̃ will end up in a specific
orbit in F ′, one has α(fi) = gif

′
σ(i) for some unique coefficients gi and a function

σ : In → Im relating the index sets. The coefficients form a m × n-matrix α̂f̃ , or
just α̂ if the frame is clear, formed by placing gi in position (σ(i), i) and declaring
all other entries to vanish. Viewing tuples as column vectors, α is then described by
ordinary matrix-vector multiplication as α̃(f̃) = α̂f̃ .

Lemma 6.1.4. Concerning α̂;

1. every column has a single non-trivial entry.

2. every row has at least 1 non-trivial entry if and only if α is surjective.

3. every row has at most 1 non-trivial entry if and only if α is injective.

Proof. For the first, the non-trivial positions are given by (σ(i), i) only. Alternatively,
this property reflects that every element of f̃ is mapped to a single element of F ′.
For the second, every row has at least 1 non-trivial entry if and only if every orbit
is reached by f̃ , which, as f̃ is a basis, is equivalent to α being surjective. Dually,
every row has at most 1 non-trivial entry if and only if every orbits is reached by at
most 1 element of f̃ , which is then equivalent to α being injective.

Example 6.1.5. Let us consider the example of two ordinary sets F and F ′, which
are naturally semi-torsors under the trivial group action, and any function is equiv-
ariant. In particular, let F = I3 and F ′ = I2, with frames (1, 2, 3) resp. (1, 2).
The functions α : I3 → I2, of which there are 23 = 8 many, then correspond to the
matrices - in which 1 is just the unit of the trivial group -(

1 1 1
)
,

(
1 1

1

)
,

(
1 1

1

)
,

(
1

1 1

)
, (6.5)
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6.1. Using bases of a group-set to obtain explicit matrices

plus their row-exchanged versions. For example, the first matrix corresponds to the
function which maps all elements of I3 to 1 ∈ I2, while its row-exchanged version
maps everything to 2 ∈ I2. In addition, in this case the matrix has an empty row,
and indeed their corresponding functions are not surjective. Clearly, no function can
be injective in this case, which is reflected by each matrix having a row with at least
two non-trivial entries.

Of course, more can be said if F ′ = F , f̃ ′ = f̃ and α is invertible. In that case,
each row and column of α̂ will have a single non-trivial entry, which means that α̂ is
a generalized permutation matrix.

We verify that the usual rule of matrix multiplication holds in the following result.

Lemma 6.1.6. Let α : F → F ′ and β : F ′ → F ′′ be morphisms of G-semi-torsors,

let f̃ be a frame of F and f̃ ′′ a frame of F ′′. The matrix β̂α w.r.t. these bases equals
β̂α̂, where we use some basis f̃ ′ of F ′, provided G is commutative.

Proof. Say β(f̃ ′i) = g′if̃
′′
σ′(i). The matrix β̂α has at position (σ′σ(i), i) the element

gig
′
σ(i) as

β(α(fi)) = β(gif
′
σ(i)) = giβ(f

′
σ(i)) = gig

′
σ(i)f

′′
σ′σ(i). (6.6)

If G is commutative, this equals g′σ(i)gi. Going over all i, we find the n non-trivial

elements of β̂α, and these coincide with those obtained from the multiplication β̂α̂.

Let us then apply this theory to our spaces of interest, the spectrum Spec(A)
and the space of eigenvectors Eig(A) of a non-degenerate operator A. Concerning
Spec(A), we remark that the method of turning a map pγ of a spectrum into a
permutation from Sec. 4.4 follows this theory of frames exactly. For the eigenvalues,
we see that Spec(A) is a set containing n points, hence is trivially a semi-torsor with
G the trivial group. Each eigenvalue is thus an orbit by itself, and a frame is thus
any tuple λ̃ = (λ1, . . . , λn) listing all elements of Spec(A) once. These are exactly
the tuples we considered before in Sec. 4.4, i.e. we conclude

Fr(Spec(A)) = Spec(A)!. (6.7)

For the eigenvectors, we consider the space Eig(A), which we already found to be a
C×-semi-torsor. The orbits in this case are the eigenrays, and hence a frame of Eig(A)
is a tuple f̃ = (f1, . . . , fn) of eigenvectors such that each eigenray is represented
exactly once. That is, f̃ should be an eigenframe of A. Writing EigFr(A) for the
space of all eigenframes of A, we thus find that

Fr(Eig(A)) = EigFr(A). (6.8)

It is in this way that the eigenframes of A get the special role we aimed for at the
start of this section. We can now straightforwardly extract a generalized permutation
matrix from a given map Pγ by simply considering a frame tuple as a column vector
and finding the matrix that acts in the same way that Pγ affects the components.
Let us demonstrate this in the following example.
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Example 6.1.7. In case of the EP2, we obtain standard permutation matrices when
describing the permutations of the energies. Namely, following Ex. 4.2.2 where we
obtained pγ , we find w.r.t. the frame (E+, E−) that(

pγ(E+)
pγ(E−)

)
=

(
E−
E+

)
=

(
0 1
1 0

)(
E+

E−

)
, (6.9)

that is, the usual transposition matrix appears. Going to the eigenvectors, we found
Pγ in Ex. 5.4.9. With respect to the eigenframe (e1, e2) of H(0), this yields the

generalized permutation matrix (P̂γ)(e1,e2) via(
Pγ(e1)
Pγ(e2)

)
=

(
−ie2
−ie1

)
=

(
0 −i
−i 0

)(
e1
e2

)
. (6.10)

The more famous phase factors 1 and −1 are obtained by picking e.g. (ie1, e2) as the
reference frame;(

Pγ(ie1)
Pγ(e2)

)
=

(
e2

−ie1

)
=

(
0 1
−1 0

)(
ie1
e2

)
. (6.11)

We conclude that this method yields us matrices describing the holonomies of
interest, in particular the matrices describing the maps Pγ using a generalized per-
mutation matrix filled with the phase factors acquired by adiabatic evolution. We
will show in the following section that these matrices also follow naturally from the
symmetry group of the frames, which straightforwardly generalizes to a frame bundle
approach.

6.2 The operation of taking frames

We will now continue with the technical details behind the fact that taking frames
of a semi-principal bundle yields a well-defined frame bundle. The main results we
will obtain are:

1. the set of frames Fr(F ) of a semi-torsor F has a natural torsor structure, the
group being the wreath productG≀X = GX⋊Sym(X) withX = F/G. Given an
automorphism of F , its matrix with respect to a basis follows a representation1

of this wreath product.

2. taking frames extends to the bundle level. That is, given a semi-principal
bundle B → M , one obtains a principal G ≀X-bundle Fr(B) := ⊔m∈MFr(Bm)
over M . Moreover, if B is equipped with a G-connection, then this becomes a
G ≀X-connection on Fr(B).

3. taking frames is a natural operation, i.e. Fr can be phrased in terms of a functor.

Each of these results will be derived in its own subsection. It then follows that
Spec(H) and Eig(H), for any Hamiltonian family H, can be recast as principal
bundles. The reader with more interest in the physical applications than in the
proofs of the aforementioned results can proceed to Sec. 6.3.

1Here we view a representation as a homomorphism from a group to a space of matrices, so
without specifying the vector space on which the group acts.
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6.2. The operation of taking frames

6.2.1 The space of bases of a group-set

In the following we will study properties of the bases of F as a whole, i.e. we study
Fr(F ). This we do using a kind of basis criterion in terms of the quotient map
q. Basically, we pose the question when a candidate basis f̃ , i.e. any element in
FX = {f̃ : X → F} for a chosen index set X bijective to F/G, lies in Fr(F ).

The basic observation is that the invertibility of ϕf̃ from Eq. (6.2), as it is equiv-
ariant, can be deduced by just knowing how the elements fx are distributed over the
orbits of F , i.e. by knowing the map q ◦ f̃ : X → F/G. More explicitly, q ◦ f̃ fits in
the commutative diagram

G×X F

X F/G

ϕf̃

prX q

q◦f̃

(6.12)

which indicates that q ◦ f̃ is ϕf̃ reduced to orbits. This yields the following short yet
convenient criterion for bases.

Lemma 6.2.1. Let F be a free G-set. Then f̃ ∈ FX is a basis if and only if q ◦ f̃ is
bijective.

Proof. First, observe that ϕf̃ is injective if and only if f̃ reaches every orbit at most

once. In other words, every fiber of q contains at most one element of the basis f̃ .
This is equivalent to q ◦ f̃ being injective. Dually, the map ϕf̃ is surjective if and
only if every orbit is reached at least once. In other words, every fiber of q contains
at least one element of the basis f̃ . This is equivalent to q ◦ f̃ being surjective.

Hence, the question whether a particular f̃ ∈ FX lies in Fr(F ) can be answered
by inspecting whether q ◦ f̃ is bijective. We are thus inclined to look at the map
f̃ 7→ q ◦ f̃ , which we formally write as

qX : FX → XX

f̃ 7→ q ◦ f̃ .
(6.13)

In other words, this map is the X-fold product of q. We may thus write Lemma 6.2.1
as the following pre-image statement.

Corollary 6.2.2. Let F be a free G-set, set X = F/G and denote by Sym(X) the
group of bijections of X. The set Fr(F ) inside FX is the pre-image of Sym(X) under
qX .

We remark that the set Sym(X) is a special subset of XX ; the latter has a natural
monoid multiplication given by composition, and Sym(X) is the set of units of this
monoid.

We will now start to take topology into account; we assume G is a topological
group and F is a G-space. The set F/G thus inherits the quotient topology, such
that q is continuous. For any set X, FX inherits the product topology and the map
qX is continuous. In this setting, Cor. 6.2.2 could be used to deduce topological
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properties of Fr(F ). This requires us to consider the topology of X, which should
be homeomorphic to the topology of F/G given the bijectivity from Lemma 6.1.2.
We will restrict ourselves to discrete X, i.e. F should be a semi-torsor; this preserves
the index set intuition and guarantees that previous results on G-sets are still valid.
Pictorially, this means that the orbits inside F form a partition of F into open and
closed subsets. Under this assumption, the following holds.

Corollary 6.2.3. If F is a G-semi-torsor, then Fr(F ) is open and closed in FX .

Proof. As X is discrete, so is XX (with the product topology). Hence Sym(X)
is an open and closed subset of XX . As qX is continuous, the claim follows from
Cor. 6.2.2.

In case G is a Lie group and F is a G-manifold, this corollary implies that Fr(F )
is an open and closed submanifold of FX . We assume G to be finite-dimensional,
but as we allow for infinite X, the manifold FX can be infinite-dimensional.

We remark that the similar version of Cor. 6.2.3 for vector spaces need not hold.
For V a real vector space of finite dimension n, this statement would be that the set
Fr(V ) inside V n is open and closed. However, Fr(V ) is only an open subset of V n.
This can be proven by observing that Fr(V ) inside V n is similar to GL(n,R) inside
the space of all real n × n matrices. Now GL(n,R) is the pre-image det−1(R \ {0})
and so open. It is not closed; there are sequences of invertible matrices that converge
to a non-invertible matrix. This argument does not hold in the case of G-spaces, if
we assume that the orbits are disjoint. Given a sequence f̃k of bases, look at the
induced sequence q ◦ f̃k of orbit-representatives in X. As X is discrete, a sequence in
X converges if and only if it becomes constant. That is, if the original sequence f̃k
converges, then the basis elements settle in particular orbits, which must be different.
As the orbits are disjoint, also the limit of the f̃k has basis elements in different orbits.
That is, the limit of the bases f̃k is itself a basis.

Let us go over some examples. First, suppose G is the trivial group and F is a
finite set. We will find that the set of bases is the set of tuples listing all elements
exactly once. This means that |Fr(F )| = |F |!, and because of this we will sometimes
use factorial notation for induced maps on frames later on. We also continue Ex. 5.2.5
of the torus winding around multiple times.

Example 6.2.4. Let F be a finite set. We may label its elements such that F =
{F1, . . . , Fn}, where n = |F |, which implicitly means that we chose the index set
X = In := {1, . . . , n}. Any set can be viewed as a group set under the action by
the trivial group, and indeed In is bijective to the quotient set. The quotient map
q : F → In can be written as the map Fi 7→ i.

A candidate basis f̃ ∈ FX is a map In → F . Hence q ◦ f̃ maps i ∈ In to the
label j defined by f̃(i) = Fj . As we have seen, f̃ is a basis if and only if this map

is bijective. This means that the f̃(i) should be a permutation of the Fj , in other

words, f̃(i) is a tuple that list all elements of F exactly once. The set of these tuples
is commonly denoted as F !, where |F !| = |F |!.

Example 6.2.5. Let us continue Ex. 5.2.5 on the winding torus, defined by the
map Πk : T

2 → S1. In particular, let us consider the frame space of its model fiber.
We found this model fiber to be ⊔kS1, but let us view it now as S1 × Ik, i.e. we
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pick an arbitrary ordering of the circles for our convenience. A frame of S1 × Ik is
a tuple ((zj , ij))

k
j=1, with zj ∈ S1 and ij ∈ Ik, such that j 7→ ij is a permutation

of Ik. Concerning its topological properties, we see that varying the zj yields a

k-dimensional torus T k :=
∏k

S1. Furthermore, one obtains such a torus for any
permutation of Ik, i.e. the tori can be indexed by Sym(Ik) = Sk. This means that
Fr(S1 × Ik) is homeomorphic to T k × Sk, i.e. k! many tori of dimension k.

In preparing the claim that the frame bundles with model fiber of the form Fr(F )
are principal bundles, it is natural to show that Fr(F ) is a torsor. Intuitively speaking,
this will describe how one can construct a new basis from a given one. This reasoning
is similar to arguing that GL(n,R) can turn any basis of a real n-dimensional vector
space V into another, which is captured by its action on the set of bases Fr(V ). An
important property of this action is that the precise vector space V need not be
known; the existing basis vectors are just mixed in such a way that a new basis is
obtained. This observation is crucial in defining the frame bundle of a vector bundle,
and in some sense we will show a G-space equivalent here.

Let us start with the action on tuples of G-set elements, i.e. the action on the set
of functions FX = Hom(X,F ). A first symmetry is that any element of the tuple
may be scaled independently from the others. This is given explicitly by the action

GX × FX → FX

(g̃, f̃) 7→ g̃ · f̃ ,
(6.14)

where g̃ · f̃ is the function defined by point-wise multiplication; (g̃ · f̃)(x) = g̃(x) · f̃(x).
Of course, this is the natural GX -set structure on FX inherited from F .

Another symmetry of FX is to change labels, or in the tuple view, to rearrange
positions. More algebraically; as FX is a function space, it has a natural action by
Sym(X) given by pre-composing with the inverse permutation:

Sym(X)× FX → FX

(σ, f̃) 7→ f̃ ◦ σ−1.
(6.15)

These actions of GX and Sym(X) on FX merge into a single action by the wreath
product G ≀ X := GX ⋊ Sym(X) of G and X. This group we already encountered
in Sec. 3.2 in the case G = C×, and additional details on the general case can be
found in Appendix A.2. The action of this group on FX is straightforward; a pair
(g̃, σ) ∈ GX ⋊ Sym(X) acts by first acting with σ and then acting by g̃. When
thinking of the wreath product in terms of generalized permutation matrices, this
action resembles matrix-vector multiplication by viewing f̃ as a column vector. The
torsor property follows from inspecting this action, as stated in the following.

Proposition 6.2.6. The map

G ≀X × FX → FX

((g̃, σ), f̃) 7→ g̃(f̃ ◦ σ−1).
(6.16)

defines a G ≀X-action on FX . Moreover, Fr(F ) is an invariant subset, even a G ≀X-
torsor.
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Proof. Let us check that the proposed map indeed defines a G ≀ X-action. Clearly
the identity element of G ≀X fixes any f̃ , and for the homomorphism property one
checks

(g̃, σ)[(g̃′, σ′)f̃ ] = (g̃, σ)[g̃′(f̃σ′−1)] = g̃(g̃′σ−1)(f̃σ′−1σ−1) = [g̃(g̃′σ−1), σσ′)]f̃ . (6.17)

So indeed (g̃, σ)[(g̃′, σ′)f̃ ] = [(g̃, σ)(g̃′, σ′)]f̃ , hence the above map defines a G ≀ X-
action.

To check the restriction to Fr(F ), we check the criterion of Lemma 6.2.1. If
f̃ ∈ Fr(F ), then qf̃ is invertible and hence

q((g̃, σ)f̃) = q(g̃(f̃σ−1)) = qf̃σ−1 (6.18)

is invertible. Hence (g̃, σ)f̃ ∈ Fr(F ), implying that the action restricts to Fr(F ).
Concerning the last claim, pick two frames f̃ and f̃ ′. Then qf̃ and qf̃ ′ are invertible,
hence one obtains a permutation σ = (qf̃ ′)−1qf̃ . It follows that σ · f̃ and f̃ ′ have
the same underlying permutation as q(σ · f̃) = qf̃σ−1 = qf̃(qf̃)−1qf̃ ′ = qf̃ ′. Hence
for each x ∈ X, the elements (σ · f̃)(x) and f̃ ′(x) lie in the same G-orbit, and as F
is free they are related by a unique group element g̃(x). This means that σ · f̃ and
f̃ ′ are related by a unique element of GX . Hence any two frames can be related by
a unique element of G ≀X, i.e. the action is free and transitive.

Example 6.2.7. We already saw that Fr(S1 × Ik) is homeomorphic to T k × Sk in
Ex. 6.2.5. The action of U(1) ≀ Ik on this space is clear; U(1)k rotates the angles in
T k, and Sk permutes both factors of T k × Sk. Indeed, T

k × Sk is a U(1) ≀ Ik-torsor.
One can now ask how a matrix representing an equivariant map α forms a rep-

resentative2 of an element in G ≀X. Naturally, as group elements are invertible, we
must assume α is an automorphism of F . If then f̃ is the basis of F we wish to use,
we obtain both the matrix α̂, determined via α̃(f̃) = α̂f̃ , and in addition the group
element (g̃, σ) ∈ G ≀X, determined via α̃(f̃) = (g̃, σ) · f̃ . We observe that obtaining
α̂ from (g̃, σ) proceeds according to the usual rules of the row representation for
(generalized) permutation matrices, if one treats f̃ as a column vector.

Example 6.2.8. Let us continue the EP2 example 6.1.7. First, we see that the
method in Sec. 4.4 to describe a map pγ using a group element follows exactly the
torsor structure we just found. Then, in Ex. 6.1.7, we found the map pγ swapping
E+ and E− is described by the usual 2 × 2 transposition matrix, which is indeed a
representation of the group element (12) we already found in Ex. 4.4.1.

Moving to the eigenstates, we encounter usual complex permutation matrices.
Considering Pγ with respect to the basis (e1, e2), we find

P̃γ(e1, e2) = (Pγ(e1), Pγ(e2)) = (−ie2,−ie1) = ((−i,−i), (12)) · (e1, e2) (6.19)

leading us to the group element ((−i,−i), (12)) ∈ C× ≀I2. This would then correspond
to the matrix

M((−i,−i),(12)) =

(
−i 0
0 −i

)(
0 1
1 0

)
=

(
0 −i
−i 0

)
, (6.20)

2Again, we consider a representation to yield a subgroup of matrices, so without specifying the
vector space on which is acted.
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which is indeed the matrix (P̂γ)(e1,e2) we found in Ex. 6.1.7. In the other basis
(ie1, e2), one finds

P̃γ(ie1, e2) = (e2,−ie1) = ((1,−1), (12)) · (ie1, e2), (6.21)

and again, this group element yields the matrix we found earlier:

M((1,−1),(12)) =

(
1 0
0 −1

)(
0 1
1 0

)
=

(
0 1
−1 0

)
=M(ie1,e2). (6.22)

We wish to finish by making a technical remark on the choice of group. Observe
that the symmetry group of the basis Fr(F ) can also be argued to be Aut(F ). Indeed,
given any two basis f̃ and f̃ ′, the map ϕ′

f̃
ϕ−1

f̃
is an element of Aut(F ), even the unique

element which brings f̃ to f̃ ′. It follows that this action on Fr(F ) is also free and
transitive. Hence one could pick either G ≀X or Aut(F ) as the symmetry group of
F . However, there is a subtle yet significant difference between the two.

Let us illustrate this difference in the more familiar setting of a real vector space
V of dimension n. Clearly, Fr(V ) has a natural action by GL(n,R); a matrix A =
(Aij) ∈ GL(n,R) acts on a basis as

A · (v1, . . . , vn) = (A1ivi, . . . , Anivi), (6.23)

where repeated indices are summed over. However, one may argue that the symmetry
group of Fr(V ) is GL(V ), as this is the automorphism group of V . The action of
ϕ ∈ GL(V ) on a basis is

ϕ · (v1, . . . , vn) = (ϕ(v1), . . . , ϕ(vn)). (6.24)

This is again free and transitive, similar to the GL(n,R)-action. Of course, GL(V )
is isomorphic to GL(n,R). However, let us try to use these actions to define new
actions, but now on Fr(V ′), where V ′ is another real vector space of dimension n. We
see that the GL(n,R)-action can be copied verbatim; A acting on a basis (v′1, . . . , v

′
n)

of V ′ is simply (A1iv
′
i, . . . , Aniv

′
i). This is not so for the GL(V )-action; ϕ ∈ GL(V )

takes elements of V and not of V ′. Even in the case V = Rn this subtle issue arises.
In this notation, under the GL(n,R)-action every vector in the new basis depends
on all the old ones, whereas under the GL(Rn)-action every new vector depends only
on the previous one. In particular, if one perturbs only one of the basis vectors,
then this may change all vectors under the GL(n,R)-action, but only one under the
GL(Rn)-action. As a final remark, we note that this difference is also significant
when defining the frame bundle of a vector bundle. Regarding a vector bundle as
a smooth family of vector spaces, for the frame bundle it is crucial that a global
GL(n,R)-action can be defined, despite the fact that every fiber involves a different
vector space. For G-sets we find a similar argument; instead of using Aut(F ) we will
use G ≀X. This will be important when we discuss bundles involving G-spaces later
on. A more detailed exploration of Aut(F ) and how it is isomorphic to the wreath
product G ≀X is given in Appendix 5.B.

6.2.2 The frame bundle of a semi-principal bundle

We will now use the results on the frames of a semi-torsor to introduce the frame
bundle of a semi-principal bundle. After proving that this is a principal bundle,
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Chapter 6. The frame bundle formulation of adiabatic state evolution

we will show how a connection on a semi-principal bundle carries over to its frame
bundle, resulting in a standard (principal) connection.

To start, let us show how the definition of a frame can be applied fiber-wise to a
semi-principal bundle and results in a frame bundle. We will stay close to the earlier
argument, following that Fr(F ) is a special subspace of FX , where again X is an
index set bijective to F/G. For this analogy, we need the X-fold fiber-wise product
bundle π⊙X : B⊙X →M of B. It is convenient to realize B⊙X as a pull-back of the
X-fold direct product bundle

FX BX MX .πX (6.25)

As B is a G-space, clearly BX is a G ≀X-space by a similar argument as we used for
FX in Prop. 6.2.6. Likewise, MX is a Sym(X)-space, and πX is equivariant for the
canonical group map G ≀X → Sym(X). Moreover, πX admits G ≀X-equivariant local
trivializations. Indeed, let ϕ : U ×F → B|U be a local G-equivariant trivialization of
B. This induces the map

ϕX : UX × FX → BX |UX
(u(x), f̃(x)) 7→ ϕ(u(x), f̃(x)),

(6.26)

which is a local trivialization of BX . It is G ≀ X-equivariant; the GX -equivariance
is by construction, and the Sym(X)-equivariance is immediate, cf the verification in
the proof of Lemma 6.2.14.

Let us move to B⊙X . Obviously, tuples in BX may contain elements from different
fibers of B, and we obtain the fiber-wise product by demanding that they come from
a single fiber. This can be expressed geometrically using the constant/diagonal map
c : M → MX sending m ∈ M to the constant function [x 7→ m]. This realizes the
fiber-wise product bundle B⊙X as a pull-back, whose corresponding diagram is

B⊙X BX

M MX

π⊙X πX

c

(6.27)

so that both bundles have model fiber FX . In this way the topology and manifold
structure of B⊙X are clear, and π⊙X is smooth. Moreover, as the image of c is
Sym(X)-invariant, it follows that B⊙X inherits a G ≀X-action from BX that leaves
π⊙X invariant. A local trivialization ϕ of B induces the local trivialization ϕ⊙X of
B⊙X given by

ϕ⊙X : U × FX → B⊙X

(u, f̃(x)) 7→ ϕ(u, f̃(x)),
(6.28)

which is G ≀X-equivariant. We thus obtain the following result.

Proposition 6.2.9. Given a semi-principal G-bundle π : B →M with index set X,
then the fiber-wise product bundle FX → B⊙X → M is canonically a G ≀ X-space
bundle.
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6.2. The operation of taking frames

We can now view the frame bundle Fr(B) of B as the subspace of B⊙X where
the elements define bases, as done formally in the following definition. Given the
previous result, it is only a minor step to prove the bundle property of Fr(B), as we
do directly afterwards.

Definition 6.2.10. Given a semi-principal G-bundle π : B → M , its frame bundle
is defined as the bundle

Fr(B) =
{
b̃ ∈ B⊙X

∣∣∣ b̃ is a basis of the corresponding fiber of B
}
=
⊔
m∈M

Fr(Bm).

(6.29)

Theorem 6.2.11. If π : B →M is a semi-principal G-bundle, then its frame bundle
Fr(B) is an open subbundle of B⊙X , and forms a principal bundle

G ≀X Fr(B) M. (6.30)

Proof. Given Prop. 6.2.9, it suffices to verify that Fr(F ) is locally an open subbundle
of B⊙X . Let U ⊂ M be a trivializing open subset of B, and consider the induced
local trivialization ϕ⊙X : U × FX → B⊙X |U . As Fr(F ) is open and closed in FX by
Cor. 6.2.3, the map ϕ⊙X restricts to a G ≀X-equivariant isomorphism from U×Fr(F )
onto its image. This image is Fr(B)|U as for each u ∈ U the map ϕ establishes
an isomorphism F → Bu of G-spaces. Hence Fr(B) is an open subbundle of B⊙X

with model fiber Fr(F ). As Fr(F ) is a G ≀ X-torsor by Prop. 6.2.6, the bundle is
principal.

We place the following comment concerning the notation Fr(B). This notation
makes explicit reference to the G-manifold B, but implicitly uses the bundle map π
as well. As seen in Ex. 6.2.12 below, different projection maps may yield different
frame bundles, yet the total space of these projection maps is the same G-manifold.
We thus write Fr(B) with the understanding that B is short for the entire bundle
structure.

Example 6.2.12 (Frame bundle of winding torus). In Ex. 6.2.5 we saw that Fr(S1×
Ik) is the U(1) ≀ Ik-torsor T k × Sk. The frame bundle of the bundle Πk can be
envisioned as these k! tori moving along the circle, where each torus takes the place
of its (1 2 . . . k) shifted version (assuming the labels follow the order from Πk). In
other words, the gluing needed to obtain the frame bundle of Πk from [0, 1]×(T k×Sk)
can be expressed using the group element (idU(1)k , (1 2 . . . k)) ∈ U(1) ≀Ik, as we may
assume the angles to match. The total space of the frame bundle thus consists of
(k−1)! components, where each component is a concatenation of cyclically permuting
tori. We observe that the total space of each Πk is the torus T 2, yet the obtained
frame bundles are different.

Another example is the following, which we will use later on.

Example 6.2.13. We saw in Chapter 4 that
(C
n

)
has a canonical covering

( C
1,n−1

)
→(C

n

)
. This is a semi-principal bundle, and hence has a frame bundle. Clearly, the

frames are again orderings of the fiber, and it readily follows that the frame bundle is
simply the canonical projection Cn →

(C
n

)
. In fact, we see that this argument holds

with C replaced by any other Hausdorff space.
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6.2.3 Functoriality of taking frames

We have now seen that taking frames turns semi-torsors into torsors, and more gener-
ally, semi-principal bundles into principal bundles. These association can be phrased
as a functor, as we demonstrate in this section. We will first consider this on the
semi-torsor level, to extend this to semi-principal bundles afterwards.

To phrase a functor claim, we should know the source category. In the case of Fr,
considering only semi-torsors for now, obviously the semi-torsors are the objects of
this category. To determine its arrows, we arrive at the question which equivariant
maps α : F1 → F2 will induce a map on frames Fr(F1) → Fr(F2) in the canonical way
f̃ 7→ α ◦ f̃ . As we assume that F1 and F2 are free, this can be answered by looking
at orbits only. We first show that α induces a unique map on the quotients, and that
invertibility of this map is equivalent to the posed question.

Lemma 6.2.14. Let Fi be Gi-semi-torsors with orbits spaces Xi = Fi/Gi for i = 1, 2.
Let α : F1 → F2 be a ξ-equivariant map. Then α descends to a unique map on
orbits α/ : F1/G1 → F2/G2. That is, there is a unique arrow such that the following
diagram commutes.

F1 F2

F1/G1 F2/G2

α

q1 q2

α/

(6.31)

Moreover, an equivariant map α : F1 → F2 lifts to a map α! : Fr(F1) → Fr(F2) if and
only if α/ : X1 → X2 is a bijection, i.e. if α is a bijection on orbit level. In this case,
and after identifying X1 and X2 with X for simplicity, α! is equivariant w.r.t. the
group map ξ! = (ξX , idSym(X)) : G1 ≀X → G2 ≀X.

Proof. By equivariance, α maps a G1-orbit in F1 inside a single G2-orbit in F2. That
is, the map q2 ◦ α is G1-invariant. Hence α/ exists as a function. More generally, as
the Xi are discrete, this map is also continuous. Let us thus consider the induced
maps on bases. The statement is trivial in case X1 and X2 are not bijective; then
bases of F1 and F2 have unequal cardinality, but also α/ cannot be a bijection.
Hence we treat the case X1

∼= X2
∼= X. In this case, there is a well-defined function

αX : FX1 → FX2 given by f̃ 7→ α ◦ f̃ . To check that α ◦ f̃ is a basis of F2 whenever f̃
is a basis of F1, we use the criterion in Lemma 6.2.1. This concerns the invertibility
of

q2 ◦ α ◦ f̃ = α/ ◦ q1 ◦ f̃ . (6.32)

From this equation it follows that for q2 ◦α ◦ f̃ to be invertible whenever q1 ◦ f̃ is, it
is both necessary and sufficient that α/ is a bijection. Concerning equivariance, note
that αX is ξX -equivariant. Moreover, αX is also Sym(X)-equivariant as

σ(αX(f̃)) = σ(αf̃) = αf̃σ−1 = αX(f̃σ−1) = αX(σf̃). (6.33)

That is, αX is equivariant with respect to both ξX and idSym(X), which implies that
αX is equivariant w.r.t. the map ξ! : G1 ≀ X → G2 ≀ X given by (ξX , idSym(X)). As
the actions restrict to the frames, the restriction α! of αX to the frames is again
equivariant w.r.t. ξ!.
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6.2. The operation of taking frames

The requirement in this result is not automatic; there exist equivariant maps of
semi-torsors that are not a bijection on orbit level. A simple example is mapping
G⊔G to G via identity maps. Hence, taking the frame space can only form a functor
from semi-torsors to torsors if the maps α between semi-torsors are restricted to those
where α/ is a bijection. Let us thus define the following categories.

Definition 6.2.15. Define STor to be the category whose objects are semi-torsors
and whose maps are equivariant morphisms α so that α/ is a bijection. Given a
Lie group G, write STorG for the restriction of STor to G-semi-torsors and idG-
equivariant morphisms.

By restricting the category of group-spaces to torsors, one obtains the category
Tor of torsors, and also the category TorG by requiring the group to be G and
morphisms to be idG-equivariant. It is clear that Tor is a full subcategory of STor.
Taking the frame space then defines a retract in the following sense.

Theorem 6.2.16. The assignment

F 7→ Fr(F )

α 7→ α!,
(6.34)

defines a covariant functor STor → Tor. Moreover, this functor is (essentially)
constant on Tor.

Proof. Observe that the source is a well-defined category; any identity map triv-
ially satisfies the condition of Lemma 6.2.14, and composition of maps preserves this
condition; if α and β are composable maps which satisfy that α/ and β/ are bijec-
tions, then as (αβ)/ = α/β/ also αβ does. By Prop. 6.2.6 and Lemma 6.2.14, the
assignment is well-defined on objects resp. maps. Given the explicit form of α! in
Lemma 6.2.14, it follows that idF ! = idFr(F ) and (αβ)! = α!β!. Hence the assignment
is a functor. As Fr(F ) is a G ≀ X-torsor and α! is equivariant, this functor takes
image in the category of torsors. If F is already a torsor, then X consists of a single
point and the condition of Lemma 6.2.1 is vacuous, so Fr(F ) = FX ∼= F . Hence, the
functor is (essentially) constant on the torsors.

If one fixes the structure group G, then one can say more. The image of STorG
consists of torsors whose structure groups are of the form G ≀X. Given a particular
torsor in this image, up to isomorphism the original semi-torsor can be recovered by
taking a quotient. The idea is that a semi-torsor F can be recovered from Fr(F ) by
considering all elements that appear in any particular position x ∈ X in the tuples.
This position we may chose ourselves, e.g. we only consider the first position. This
is equivalent to quotienting Fr(F ) by the subgroup G ≀ (X − x) of all group elements
that do not touch position x. This yields a method applicable to any G ≀X-torsor,
and we obtain an equivalence of categories. In order to show this, it is convenient
to first treat the following lemma. This shows that the model G ≀ X-torsor, being
the space G ≀ X viewed as a torsor, indeed reduces to G × X, which we expect as
Fr(G×X) is isomorphic to G ≀X (as torsors). The action we will use can be obtained
by viewing elements of G ≀X as generalized permutation matrices, and (h, x) ∈ G×X
as a column vector consisting of all zeros, except for h at place x.
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Lemma 6.2.17. There is an action of G ≀X on G×X defined by

(g̃, σ) · (h, x) = (g̃(σ(x))h, σ(x)). (6.35)

The stabilizer of (h, x) is the subgroup G ≀ (X − x). Moreover, the induced map
G≀X

G≀(X−x) → G×X, where the quotient is endowed with the G-action on slot x, is an

isomorphism in STorG.

Proof. To check the action property, observe that

[(g̃, σ)(h̃, τ)] · (z, x) = (g̃(στ(x))h̃(τ(x))z, στ(x))

= (g̃, σ) · (h̃(τ(x))z, τ(x)) = (g̃, σ) · [(h̃, τ) · (z, x)].
(6.36)

Furthermore, (g̃, σ) lies in the stabilizer of (h, x) if and only if σ(x) = x and g̃(x) = 1.
That is, the place indexed by x is not touched. Hence the stabilizer is canonically
identified with G ≀ (X − x). Viewing G ≀ X as a G-space as indicated, the orbit
map G ≀X → G×X is G-equivariant, and so the quotient yields an isomorphism of
G-semi-torsors.

An equivalence of categories can now be obtained as follows. To avoid confusion
concerning the class of all discrete topological spaces, we restrict to the finite case.

Proposition 6.2.18. For a fixed Lie group G, the frame functor induces an equiv-
alence of categories

STor<∞
G →

∞∐
n=1

TorG≀In , (6.37)

where the superscript <∞ indicates the restriction to finite index sets.

Proof. Let us show that this restricted functor is both fully faithful and essentially
surjective. Given a G ≀ In-torsor T , so that T is isomorphic to the space G ≀ In
viewed as torsor, by Lemma 6.2.17 one has Fr (T/(G ≀ (In − 1))) ∼= G ≀ In ∼= T , and
hence the functor is essentially surjective. To show it is fully faithful, let F, F ′ be
two G-semi-torsors with equal index set In. Let ᾱ : Fr(F ) → Fr(F ′) be any map of
G ≀ In-torsors. Pick any frame f̃ ∈ Fr(F ). Using its image frame ᾱ(f̃), define the
map α := ϕᾱ(f̃) ◦ ϕ−1

f̃
: F → F ′, which does not depend on our choice of f̃ . Clearly,

α is the unique morphism F → F ′ satisfying Fr(α) = ᾱ. Hence the functor is also
fully faithful, and the equivalence follows.

With this we finish our argument concerning semi-torsors, and shift our attention
to semi-principal bundles. Hence, we must again find the right source category, where
now obviously the objects are the semi-principal bundles. The admissible maps will
not be all equivariant bundle maps; inspecting a single fiber brings us back to semi-
torsors, and Lemma 6.2.14 then prescribes that a map should be a bijection on orbits.
In other words, this condition readily lifts to the level of bundles, and is a sufficient
condition to obtain an induced map on the frame bundles as proven below.

136



6.2. The operation of taking frames

Lemma 6.2.19. Let α : B1 → B2 be an equivariant bundle map of semi-principal
bundles over M , where the map on groups is ξ : G1 → G2, and X1

∼= X2
∼= X.

Then α descends to a fiber-wise map on orbits α/ : B1/G1 → B2/G2. That is, in the
following diagram the lower arrow exists and is a bundle map.

B1 B2

B1/G1 B2/G2

α

Q1 Q2

α/

(6.38)

Moreover, α induces a map of bundles

α! : Fr(B1) → Fr(B2)

b̃ 7→ α ◦ b̃
(6.39)

if and only if α/ : B1/G1 → B2/G2 is a bundle isomorphism. In this case, α! is
equivariant w.r.t. the map ξ! = (ξX , idSym(X)) : G1 ≀X → G2 ≀X, so in particular α!
is a map of principal bundles.

Proof. As α is equivariant α/ exists as a function, which is fiber-preserving as the
action is so. To prove it is smooth, one can look locally over a trivializing open or
use that Q1 is a surjective submersion. Hence α/ is a well-defined bundle map. As
α is a bundle map, so is its product α⊙X : B⊙X

1 → B⊙X
2 . The restriction of α⊙X is

also a bundle map, as Fr(B1) is an open subbundle of B⊙X
1 by Theorem 6.2.11. This

restriction takes image in Fr(B2) if and only if ∀m ∈M the map αm : (B1)m → (B2)m
maps bases to bases. By Lemma 6.2.14, this is if and only if α/m : (B1/G1)m →
(B2/G2)m is a bijection for allm. However, as α/ is a bundle map this is equivalent to
α/ being an isomorphism. The equivariance of α readily follows; a similar derivation
as in Lemma 6.2.14 applies. Hence α⊙X restricts to the map α! : Fr(B1) → Fr(B2)
if and only if α/ is a bundle isomorphism, in which case α! is a map of principal
bundles.

This result tells us that the frame functor is not applicable to the full subcate-
gory of group-manifold bundles obtained by restricting the fibers to semi-torsors but
retaining all possible maps of group-manifold bundles. To obtain a genuine frame
functor, we must restrict the maps α to those which satisfy that α/ is a bundle isomor-
phism. Again, this will yield a subcategory; idB/ = idB/G is always an isomorphism,
and a composition of admissible maps is again admissible as (αβ)/ = α/β/. Because
of its interest in the frame bundle construction, we wish to list this category in a
definition.

Definition 6.2.20. The category of semi-principal bundles over a base M , denoted
SPrin(M), is defined to have as objects the semi-principal bundles over M and as
morphisms all equivariant bundles maps α such that α/ is an isomorphism. Given
a Lie group G, write SPrinG(M) for the restriction of SPrin(M) to semi-principal
G-bundles and idG-equivariant maps.

Clearly, as we deliberately discard some maps by the orbit condition, SPrin(M) is
a subcategory but not a full subcategory of the group-manifold bundles over M . On
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the other hand, the principal bundles and their morphisms are still contained in the
semi-principal bundles. Let us write Prin(M) for the category of principal bundles,
and PrinG(M) for the restriction to principal G-bundles and idG-equivariant maps
with G a Lie group. We then find that SPrin(M) can be seen as a specific extension
of Prin(M).

Lemma 6.2.21. The category Prin(M) is a full subcategory of SPrin(M). That is,
all principal bundles are semi-principal and HomPrin(M)(P, P

′) = HomSPrin(M)(P, P
′)

whenever P and P ′ are principal bundles over M .

Proof. All principal bundles are semi-principal bundles as any torsor is a semi-torsor.
Pick a principal G-bundle P and a principal G′-bundle P ′ over M , and consider an
equivariant bundle map α : P → P ′. As P/G ∼=M and P ′/G′ ∼=M and α/ preserves
fibers, one has α/ = idM up to isomorphism. That is, the condition that α/ is an
isomorphism is automatically satisfied. As this is the only axiom that distinguishes
between morphisms in Prin(M) and SPrin(M), it follows that HomPrin(M)(P, P

′) =
HomSPrin(M)(P, P

′).

We finish this exploration of the category SPrin(M) with the following results on
its morphisms.

Lemma 6.2.22. Let α : B1 → B2 be a morphism in SPrin(M), equivariant w.r.t. a
group map ξ : G1 → G2. Then α can be expressed locally as

ζ = (idU , ξ, idX) : U ×G1 ×X → U ×G2 ×X (6.40)

where U ⊂M is a trivializing open of both B1 and B2.

Proof. For i = 1, 2, let ϕi : Ui×Gi×Xi → Bi|Ui be local trivializations of Bi, where
U = U1 ∩U2 is non-empty. As α/ is an isomorphism, it follows that X1

∼= X2, hence
call them both X. Restricting the ϕi to U and identifying Xi

∼= X, one has the map
ζ = ϕ−1

2 αϕ1. This is a bundle map, hence the idU follows. It is also equivariant, hence
a G1-orbit {u}×G1×{x} is mapped inside the G2-orbit {u}×G2×{x′}. The induced
map x 7→ x′ on orbits is a bijection by assumption, hence by identifying X2 with X
differently if needed one may assume x′ = x for all x ∈ X, which proves the idX
part. The middle map thus remains. Here, note that equivariance reads ζ(u, g1, x) =
ξ(g1) · ζ(u, e1, x), such that ζ is fixed by the points ζ(u, e1, x) = (u, g2(u, x), x).
This defines a smooth function g2(u, x), which can be translated to be constant e2
by absorbing it in the G2-part of ϕ2 (which does not interfere with the choice for X
earlier). However, then ζ(u, g1, x) = ξ(g1)·ζ(u, e1, x) = ξ(g1)·(u, e2, x) = (u, ξ(g1), x),
meaning ζ equals the proposed map.

Corollary 6.2.23. The map α is injective/surjective if and only if ξ is. Moreover,
in case it is surjective α defines a principal ker(ξ)-bundle.

Proof. It follows that ζ as above is injective/surjective if and only if ξ is. Hence α is
injective/surjective if and only if ξ is. Finally, as ker(ξ) is a closed normal subgroup
of G1, if ξ is surjective there is the principal bundle ker(ξ) → G1 → G2. Hence ξ
locally looks like prV : V ×ker(ξ) → V , where V is a trivializing open in G2. Hence ζ
can be restricted to the map ζ ′ = (idU ,prV , idX) : U×(V ×ker(ξ))×X → U×V ×X,
which is clearly ker(ξ)-invariant. As any point in B2 has a neighborhood of the latter
form, it follows that α defines a principal ker(ξ)-bundle whenever it is surjective.
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This latter result is the remarkable observation that maps of semi-principal
bundles may themselves be principal bundles. We observe that the quotient map
Q : B → B/G in Prop. 5.2.4 provides an example.

Back to the frame bundles, one may observe that taking the frame bundle maps
SPrin(M) to its full subcategory Prin(M). This association is functorial, and can
be interpreted as a kind of retract. The formal statement is the following theorem,
which is the bundle equivalent of Thm. 6.2.16.

Theorem 6.2.24. The assignment

B 7→ Fr(B)

α 7→ α!
(6.41)

defines a covariant functor SPrin(M) → Prin(M). Moreover, this functor is (essen-
tially) constant on Prin(M).

Proof. By Theorem 6.2.11 this functor is well-defined on the objects, and by
Lemma 6.2.19 it is also well-defined concerning morphisms. It is easily seen that
identity maps and compositions are preserved, hence the map is a (covariant) func-
tor. Also, if B is a principal bundle, i.e. X is a point, then the basis condition is
vacuous and Fr(B) = BX ∼= B.

Example 6.2.25. An remarkable application of this result is the quotient map
Q : B → B/G. Indeed, this is a morphism in SPrin(M), where we view B/G as
an semi-principal bundle with trivial structure group. The corresponding bundle
map diagram is

B B/G

M

G

F X
(6.42)

with model fibers indicated. Applying the functor results in the bundle map diagram

Fr(B) Fr(B/G)

M

GX

G≀X Sym(X)

(6.43)

where each arrow is a principal bundle with the indicated structure group.

As with the semi-torsors, also the frame bundle functor induces an equivalence
of categories if one fixes the structure group G. The proof also provides an easy
verification of the fact that a frame bundle is trivial if and only if the original semi-
principal bundle was trivial.

Proposition 6.2.26. For a fixed Lie group G and base manifoldM , the frame bundle
functor induces an equivalence of categories

SPrin<∞
G (M) →

∞∐
n=1

PrinG≀In(M), (6.44)

139



Chapter 6. The frame bundle formulation of adiabatic state evolution

where the superscript <∞ indicates the restriction to finite index sets.

Proof. This follows Prop. 6.2.18 on semi-torsors; quotienting by G ≀ (In − 1) for
each n individually yields again an inverse functor, as can be verified using local
triviality.

Corollary 6.2.27. A semi-principal bundle B is trivial if and only if Fr(B) is.

Let us finish this study of the functoriality of Fr by showing that it extends to semi-
principal bundles with connection, i.e. one obtains a natural (principal) connection
on the frame bundle. This procedure is straightforward as Fr(B) is a submanifold of
B⊙X . The latter has a canonically induced connection by stating that a curve

Γ(t) = (Γx(t))x∈X (6.45)

in B⊙X is horizontal if and only if the curves Γx in B are horizontal for all x ∈ X.
Equivalently, in the 1-form formalism, the bundle B⊙X is naturally endowed with
the GX -connection 1-form ω⊙X ∈ Ω1(B⊙X , gX) defined by

(ω⊙X)b̃ := (ωbx)x∈X =
∏
x∈X

ωbx . (6.46)

We note that this formally leads to infinite dimensional groups and algebras in case
X is infinite, but as seen in the curve picture it is well-defined. A connection ω!
on Fr(B) is obtained by restriction of ω⊙X to Fr(B), i.e. one takes the pull-back of
ω⊙X along the inclusion i : Fr(B) → B⊙X . This induced 1-form is indeed a G ≀ X-
connection. A proof of this requires knowledge of the adjoint representation of G ≀X,
hence we inspect this first.

Lemma 6.2.28. The adjoint representation Ad: G ≀ X → GL(gX) is given by the
rules

Adg̃ =
∏
x∈X

Adg̃(x)

Adσ = [X̃ 7→ X̃σ−1].

(6.47)

Proof. As (g̃, σ) = (g̃, idX)(ẽ, σ), it suffices to compute the two listed maps. The
relevant conjugation maps are

Cg̃(h̃, τ) = (Cg̃(h̃), τ) = ((Cg̃(x)(h̃(x))x∈X , τ)

Cσ(h̃, τ) = (h̃σ−1, Cσ(τ)).
(6.48)

The first one recalls that the Ad of GX is X copies of the Ad of G. The second
immediately shows that derivatives follow the same permutation as the tuple.

Proposition 6.2.29. Let B be a semi-principal G-bundle with G-connection ω. The
1-form

ω! := i∗ω⊙X ∈ Ω1(Fr(B), gX) (6.49)

is a G ≀X-connection on Fr(B). In particular, ω! is a principal connection.
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6.2. The operation of taking frames

Proof. To start, ω! indeed takes values in the algebra gX , which is the algebra of
G ≀X. The condition that ω! is a left-inverse for the infinitesimal action on Fr(B) is
satisfied as it is so per copy, i.e. for each x ∈ X independently. To check equivariance
of ω, let us consider the GX - and Sym(X)-actions separately. The GX -action can
again be inspected per x ∈ X, and reduces to the equivariance of ω. Concerning the
permutations, fix σ ∈ Sym(X). Then (Lσ)

∗ω! =
∏
x∈X ωσ−1(x) = Adσ(ω!). Hence ω!

is a G ≀X-connection.

This statement is a hint that the frame bundle functor extends to bundles with
connection, which indeed holds according to the upcoming theorem. The intuition
is that the connection information on B and Fr(B) is in essence the same; the latter
consists of copies of the first, compare the equivalence in Prop. 6.2.26. However, the
connection ω! has the convenient property that its holonomy can be written more
explicitly, namely using elements of G ≀X.

Theorem 6.2.30. Let πi : Bi →M be a semi-principal Gi-bundle with Gi-connection
ωi for i = 1, 2. Let α : B1 → B2 be a ξ-equivariant morphism compatible with
the connections, i.e. α∗ω2 = ξ∗ω1. Then α! is compatible with the frame bundle
connections ω1! and ω2!. That is, the frame bundle functor extends to semi-principal
bundles with connection.

Proof. The compatibility of α! can be verified entry-wise. Writing ik : Fr(Bk) →
B⊙X
k , k = 1, 2, for the inclusions, and using i2 ◦ α! = α⊙X ◦ i1;

(α!)∗ω2! = (α!)∗i∗2ω
⊙X
2 = i∗1(α

⊙X)∗ω⊙X
2 = i∗1(α

∗ω2)
⊙X

= i∗1(ξ∗ω1)
⊙X = i∗1(ξ

X)∗ω
⊙X
1 = (ξ!)∗ω1!

(6.50)

and so the claim on the frame bundle functor follows.

Another convenient property of the frame bundle functor is that it commutes
with taking a pull-back.

Proposition 6.2.31. Given a semi-principal bundle B →M and a function f : N →
M , then f∗Fr(B) = Fr(f∗B). In other words, taking the frame bundle commutes with
taking pull-backs. This also extends to semi-principal bundles with connection; if ω
is a G-connection on B, then f∗(ω!) = (f∗ω)!.

Proof. Writing an element of Fr(B) as (m, f̃), and using the fibered product realiza-
tion of the pull-back;

f∗Fr(B) =
{
((m, f̃), n) ∈ Fr(B)×N

∣∣∣ m = f(n)
}

=
{
(n, f̃)

∣∣∣ n ∈ N, f̃ ∈ Fr(Bf(n))
}

= Fr(f∗B).

(6.51)

Concerning connections, both options are equal to f∗(ωb1)⊕ · · · ⊕ f∗(ωbn).

Example 6.2.32. The frame functor applied to the map Dir/(V ) → Dir•(V ) of
semi-principal bundles over Dir(V ) yields the map Fr(V ) → PFr(V ) of principal
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Chapter 6. The frame bundle formulation of adiabatic state evolution

bundles over Dir(V ), as illustrated in the diagram below. Concerning the bundles,
this is a special case of Ex. 6.2.25 as Dir/(V ) → Dir•(V ) is a quotient to the trivial
group. We also observe that the canonical connection of Dir/(V ) becomes that of
Fr(V ), as expected.

Dir/(V ) Dir•(V ) Fr(V ) PFr(V )

Dir(V ) Dir(V )

C×

C××In In

(C×)n

C×≀ In Sn
(6.52)

We end this section with the remark that a morphism of semi-principal bundles
can be used to transfer a connection from one bundle to another. We observe that
this statement will also place one in the context of the previous theorem.

Proposition 6.2.33. Let πi : Bi → M be semi-principal Gi-bundles for i = 1, 2
with equal index set X. Let α : B1 → B2 be a ξ-equivariant morphism. Then any
G1-connection ω1 on B1 induces a unique G2-connection ω2 on B2 satisfying

α∗ω2 = ξ∗ω1. (6.53)

Proof. As semi-principal bundles locally look like principal bundles, similarly for the
maps between them, one can use the same argument as for principal bundles, e.g.
[55, Prop. II.6.1].

A trivial example is the quotient map Q : B → B/G; any connection on B gets
reduced to the lifting of a curve through a covering map. Another example can be
phrased on the winding torus as follows.

Example 6.2.34. Let us consider the semi-principal bundle Πk : T
2 → S1 from

Ex. 5.2.5. Define the U(1)-connection ω1 on T 2 by declaring the horizontal subspaces
to be the lines orthogonal to the vertical bundle, where the metric is obtained via
the usual embedding in R3. Observe that ω1 only needs to be compatible with
the group structure; the projection need not be taken into account. Indeed, the
usual embedding of T 2 in R3 corresponds to Π1, but the obtained U(1)-connection
is compatible with any Πk.

Consider the map α : T 2 → T 2 which winds the torus twice along the fibers,
which is equivariant for the group map ξ : U(1) → U(1) taking the square. This is a
bundle self-map with respect to Πk, for any k. The new connection ω2 will again be
a U(1)-connection on T 2. In fact, ω2 = ω1 as the new horizontal subspaces coincide
with the old ones (they are doubly covered by α∗). In terms of the formula, we
observe that both α∗ and ξ∗ introduce a scaling by 2, hence cancel.

6.3 Physics on the frame bundle

We will now look into the applications of the frame bundle technique to adiabatic
quantum mechanics. We will start by demonstrating how the matrices representing
the holonomy can now be related to standard (principal) holonomy theory. After-
wards, we move on to describing the parallel transport of non-closed paths, which
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6.3. Physics on the frame bundle

can also be described using matrices in a similar fashion as for closed paths. Fi-
nally, we comment on how the adiabatic approximation can be seen as a reduction
of connection forms on the frame bundle.

6.3.1 Holonomy interpretation on the frame bundle

With our preparation done, it is now straightforward to show how the matrices
representing maps pγ and Pγ follow a standard holonomy. We will proceed in the
familiar pattern of first dealing with only the eigenvalues and afterwards extending
this to eigenstates.

Frame bundle of the spectrum bundle

The adiabatic evolution of energies is given by parallel transport on Spec(H), which
comes from the model space Spec(V ). These are In-bundles, hence semi-principal
bundles, and thus the frame functor yields well-defined frame bundles. Concerning
the abstract model Spec(V ), writing E(V ) for Fr(Spec(V )), one finds

E(V ) =
⊔

A∈N(V )

Spec(A)!

=
{
(A, λ̃) ∈ N(V )× Cn

∣∣∣ λ̃ ordering of eigenvalues of A
}
,

(6.54)

i.e. the union of all ordering sets we encountered earlier. Given a specific Hamiltonian
family H, one can consider Fr(Spec(H)), which we write as E(H) and is equal to

E(H) =
⊔

x∈N(H)

Spec(H(x))!

=
{
(x, Ẽ) ∈ N(H)× Cn

∣∣∣ Ẽ ordering of energies of H(x)
}
.

(6.55)

This is also equal to the pull-back of E(V ) by H, as Fr commutes with pull-back. In
addition to this, recall that we found Spec(V ) to be a pull-back of

( C
1,n−1

)
→
(C
n

)
,

as was summarized in Diagram (4.13). The frame functor turns this diagram into
Diagram (6.56) below, consisting entirely of pull-backs of principal Sn-bundles, where
we used Ex. 6.2.13 saying that Fr(

( C
1,n−1

)
) = Cn.

E(H) E(V ) Cn (x, Ẽ) (H(x), Ẽ) Ẽ

N(H) N(V )
(C
n

)
x H(x) Spec(H(x))

πHλ ! πλ!
q

H Spec

(6.56)

Getting the holonomy matrices is now straightforward; as the frame bundles
are principal Sn-bundles, the holonomy of a loop at a chosen frame is an explicit
permutation σ ∈ Sn, and the matrix is simply the (column) representation of this
group element following our findings in the previous part. In more detail, the element
σ is obtained as follows. Fix a loop γ in N(H) based at x0, and let Ẽ be an
ordering of Spec(H(x0)). Observe that the picking of the ordering Ẽ = (E1, . . . , En)
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Chapter 6. The frame bundle formulation of adiabatic state evolution

of Spec(H(x0)) is equivalent to picking the point (x0, Ẽ) in the fiber of E(H) above
x0. This point (x0, Ẽ) fixes a unique lift of γ to E(H). Physically, this lift traces
all of the energies simultaneously and in a particular order. In fact, we observe that
such lifts play the main role in the merging loop method for EP detection, which we
reviewed in Sec. 2.3.2. The group element, i.e. some permutation σ, now naturally
appears via the holonomy theory of principal bundles; the end point of the lift is
σ(x0, Ẽ), which fixes σ uniquely. One can alternatively argue by means of holonomy

groups. We already found that pγ lies in the holonomy group Hol
Spec(H)
N(H) (x0). Clearly,

pγ extends to a map p̃γ on frames by applying pγ on each frame element separately,

and so p̃γ is an element of Hol
E(H)
N(H)(x0). Both of these groups are based on a point in

the base space, and so consist of ‘abstract’ fiber automorphisms. An explicit group
element is obtained by considering the holonomy group at a point in the total space.
In this case, we move to the holonomy group at (x0, Ẽ) defined as

HolE(H)(x0, Ẽ) =
{
σ ∈ Sn

∣∣∣ (x0, Ẽ) ∼ σ(x0, Ẽ)
}
, (6.57)

where the equivalence relation ∼ holds if and only if the two points can be con-

nected by a path. The groups are related by the isomorphism Hol
E(H)
N(H)(x0) →

HolE(H)(x0, Ẽ), p̃γ 7→ [p̃γ(Ẽ)/Ẽ], where [−/−] denotes the unique group element
translating the right entry to the left one. We summarize these findings in the fol-
lowing.

Lemma 6.3.1. Given a loop γ in N(H) based at x0, the permutation σ expressing
pγ w.r.t. the ordering Ẽ of Spec(H(x0)) is the holonomy element at the point (x0, Ẽ)
in the frame bundle E(H). The holonomy matrix is then the (column) representation
of σ.

It follows that we should consider σ to lie in the group HolE(H)(x0, Ẽ). This
automatically accounts for the change in σ if we choose another ordering Ẽ′. Geo-
metrically, we see this amounts to picking a different reference point in E(H), namely
(x0, Ẽ

′) instead of (x0, Ẽ). Hence, the permutation σ′ obtained w.r.t. Ẽ′ lies in

HolE(H)(x0, Ẽ
′) rather than HolE(H)(x0, Ẽ). We observe that the relation between σ

and σ′ is given by the usual conjugation relation between holonomy groups. Namely,
there is a unique τ ∈ Sn such that Ẽ′ = τẼ, and consequently σ′ = τστ−1. Note that
the frame dependence of σ can also be regarded as a gauge dependence. The gauge
freedom is then in the choice of frame of Spec(A), and different gauges are related by
an Sn-symmetry. Of course, the gauge invariant quantity behind the permutations
σ and σ′ is the map of eigenvalues pγ , or equivalently its frame version p̃γ .

Using the framework of holonomy groups, we can be more explicit on how per-
mutations arising from different loops γ are related, as we also studied in [21]. Like
Spec(H), also E(H) is a covering space of N(H), and so the permutations are pre-
scribed by the monodromy action. With respect to the ordering Ẽ of Spec(H(x0)),
this is captured by the homomorphism

π1(N(H), x0) → HolE(H)(x0, Ẽ)

[γ] 7→ [p̃γ(Ẽ)/Ẽ].
(6.58)

144



6.3. Physics on the frame bundle

Clearly this homomorphism is surjective, and its kernel consists of all classes whose
paths induce a cyclic change of eigenvectors. In addition, it shows how the holonomy
matrix of a complicated loop can be decomposed according to the holonomy matrices
of more elementary loops. This present argument hence improves on a previous proof
of this fact given in [21], which did not proceed via covering theory but instead took
a longer road by using the parallel transport of the eigenstates.

Let us briefly compare the holonomy groups of E(V ) and E(H). For E(V ), every
holonomy group exhausts all of Sn as all possible paths are present. Indeed, the
bundle πλ! : E(V ) → N(V ) does not admit a reduction of the structure group. How-
ever, E(H) can have smaller holonomy groups, and admit a reduction of the structure
group. In an extreme case, e.g. if the Hamiltonian family is always Hermitian w.r.t. a
given inner product on V , then by Cor. 6.2.27 the bundle E(H) is trivial as Spec(H)
is3, and the structure group can be reduced to the trivial group 1. Intermediate
cases are also possible, and express in what way the energy bands are connected. For
example, if k energy bands are disconnected from the remaining n − k, clearly the
structure group Sn can be reduced to Sk × Sn−k. Practically, this can be achieved
by restricting to tuples Ẽ in which these k energy bands appear only in the first k
entries.

Example 6.3.2. Let us continue the study of the standard EP2 system as we de-
scribed in Ex. 4.2.2. We found N(H) = C \ {±i}, which means π1(N(H), 0) has
two generators. Define generators a± to wind once around ±i in positive direc-
tion. Clearly, both generators exchange the eigenvalues. Let us label the spectrum
Spec(H(0)) = {±1} as (+1,−1). Then the permutations arising from the EPs are
expressed by the homomorphism

π1(N(H), 0) → HolE(H)(0, (+1,−1))

a± 7→ (12).
(6.59)

This confirms that a permutation occurs if and only if a loop decomposes into an
odd number of a±. As seen in Ex. 4.4.1, if an extra level is present, the exact form of
the permutation does indeed depend on the labelling. In addition, we observe that
for the extended system H ′ presented there, the principal S3-bundle E(H ′) reduces
to an S2-bundle, which is isomorphic to E(H).

We note that the space E(V ) has appeared in previous papers. We already re-
marked that [36] mentioned the relevance of the monodromy action in the theory of
EPs. The covering used there is of the form E(H), using the one-to-one correspon-
dence between eigenvalues and eigenprojectors for non-degenerate operators. We

also recognize E(V ) as the space M̃ defined in [13]. However, where [13] views E(V )
primarily as an extended parameter space, we consider it rather as the bundle over
N(V ) which yields the explicit Sn-permutations due to EPs by its holonomy.

Frame bundle of the eigenvector bundle

Let us now proceed with the eigenstates. That is, we consider the frame bundle of
πλv : Eig(V ) → N(V ), which is a semi-principal C×-bundle by Theorem 5.2.8 and

3An alternative argument: if the energies of H are real, then E(H) is a pull-back of Rn →
(R
n

)
,

hence trivial by Prop. 4.2.3.
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Chapter 6. The frame bundle formulation of adiabatic state evolution

endowed with the C×-connection ω as in Prop. 5.3.6. Applying the frame functor
then yields the following.

Proposition 6.3.3. The frame bundle of Eig(V ) → N(V ) is the principal C× ≀ In-
bundle

EigFr(V ) =
⊔

A∈N(V )

EigFr(A) =
{
(A, f̃) ∈ N(V )× Fr(V )

∣∣∣ f̃ is an eigenframe of A
}
,

(6.60)

where the element (A, f̃) can also be written as (A, λ̃, f̃) with λ̃ listing the eigenvalues
of A in the order of f̃ . The C× ≀ In-action on EigFr(V ) reads

(z̃, σ) · (A, λ̃, f̃) = (A, σλ̃, z̃(σf̃)) (6.61)

and the corresponding projection to N(V ) is (A, λ̃, f̃) 7→ A. Furthermore, EigFr(V )
is naturally endowed with the C× ≀ In-connection

ω!(A,λ̃,f̃) = ω(A,λ1,f1) ⊕ · · · ⊕ ω(A,λn,fn). (6.62)

Recall that we already found the principal C× ≀ In-bundle Ξ: Fr(V )×Cn → N(V )
in Sec. 3.2. We observe that Ξ and πλv! are reformulations of each other, i.e. they are
canonically isomorphic bundles, as proven in Lemma 6.3.4 below. This result also
yields explicit descriptions of the spaces EigFr(V ) and E(V ).

Lemma 6.3.4. The map

EigFr(V ) → Fr(V )× Cn

(A, λ̃, f̃) 7→ (f̃ , λ̃)
(6.63)

is a canonical isomorphism of bundles over N(V ). Hence, in particular, EigFr(V ) is
canonically isomorphic to Fr(V )×Cn as a C× ≀ In-manifold, and consequently E(V )
is canonically isomorphic to PFr(V )× Cn as an Sn-manifold.

One may now wonder how the above relates to the alternative projection
πv : Eig(V ) → Spec(V ). Namely, when regarding πv as a bundle on its own, Fr
will do nothing as the bundle is principal. This corresponds to viewing πv as an
object in the category SPrin(Spec(V )). One can interpret this statement as say-
ing that if one works over Spec(V ), i.e. when one studies cyclic states, then Eig(V )
has already enough structure to define the geometric phase. On the other hand,
one can also consider πv as a map of semi-principal bundles over N(V ), i.e. as
a morphism in SPrin(N(V )). In this case, Fr turns πv : Eig(V ) → Spec(V ) into
πv! : EigFr(V ) → E(V ), so that we retrieve the frame bundles we just introduced. It
is this perspective that is needed in order to work with non-cyclic states.

Again, given a Hamiltonian family H, it is more natural to study the pull-back
bundle. Clearly, the frame bundle of Eig(H) yields the space

EigFr(H) =
⊔

x∈N(H)

EigFr(H(x))

=
{
(x, ψ̃) ∈ N(H)× Fr(V )

∣∣∣ ψ̃ is an eigenframe of H(x)
}
,

(6.64)
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whose elements we also write as (x, Ẽ, ψ̃), with Ẽ following the order of ψ̃. The
obtained connection on EigFr(H) we write as ωH !. Again, this bundle can be equiv-
alently be regarded as the pull-back of EigFr(V ) under H, and similarly for the
connection. Of course, given more information on the Hamiltonian, EigFr(H) may
admit a reduction of the structure group. For example,

• if H is normal, the group reduces to U(1) ≀ In by restricting to orthonormal
frames,

• if H is Hermitian, the group reduces to U(1)n by restricting to orthonormal
frames that follow the order of, say, increasing energy.

The bundle Eig(V ) → N(V ) itself was also a pull-back, namely of the direction
bundle Dir/(V ) → Dir(V ), as was summarized in Diagram (5.79). Applying the
frame functor, we find that EigFr(V ) is a pull-back of the bundle Fr(V ) → Dir(V ),
which is the frame bundle as we found in Ex. 6.2.32. In fact, using Fr, Diagram (5.79)
yields the following diagram of pull-back squares.

EigFr(H) EigFr(V ) Fr(V ) (x, Ẽ, ψ̃) (H(x), Ẽ, ψ̃) ψ̃

E(H) E(V ) PFr(V ) (x, Ẽ) (H(x), Ẽ) ([ψ1], . . . , [ψn])

N(H) N(V ) Dir(V ) x H(x) {[ψ1], . . . , [ψn]}

πHv ! πv!

πHλ ! πλ!

H Eig

(6.65)

The holonomy can again be obtained in a straightforward way. As EigFr(H) is a
principal C× ≀ In-bundle, a holonomy element (z̃, σ) lies inside this group, and the
holonomy matrix is obtained via the natural (column) representation of this group
by generalized permutation matrices. The group element follows from the standard
argument. Again, we fix a loop γ in N(H) based at some reference x0. We then pick
an eigenframe ψ̃ of H(x0), which fixes the tuple Ẽ of corresponding energies. That
is, we pick a point (x0, Ẽ, ψ̃) in the fiber of EigFr(V ) above x0. This point fixes a
unique lift of γ to EigFr(V ), which traces all states in the tuple ψ̃ simultaneously.
The end point of this lift then equals (z̃, σ)(x0, Ẽ, ψ̃), where (z̃, σ) ∈ C× ≀ In we
obtained as before. Hence it lies in the holonomy group

HolEigFr(H)(x0, Ẽ, ψ̃) =
{
(z̃, σ) ∈ C× ≀ In

∣∣∣ (x0, Ẽ, ψ̃) ∼ (z̃, σ)(x0, Ẽ, ψ̃)
}
, (6.66)

where the equivalence relation ∼ means that the points can be connected by a hor-
izontal path in EigFr(H), or equivalently, that there is a path in N(H) whose lift
to EigFr(H) through one point ends at the other. Again, we consider the holonomy
group at a point in the total space rather than in the base space.

Clearly, σ is the same permutation as we would find when looking only at
the energies. This we already found in Prop. 5.4.12, which is based on the map
πv : Eig(V ) → Spec(V ). However, we can also phrase this on the frame bundles as fol-
lows. Again, viewing πv as a map of semi-principal bundles overN(V ), the frame bun-
dle functor turns it into the bundle map πv! : EigFr(V ) → E(V ), (A, λ̃, f̃) 7→ (A, λ̃).
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Chapter 6. The frame bundle formulation of adiabatic state evolution

This map is equivariant w.r.t. the canonical quotient C× ≀ In → Sn, and is compatible
with the connections. Fixing a point (A, λ̃, f̃), this quotient reappears as a map on

holonomy groups HolEigFr(V )(A, λ̃, f̃) → HolE(V )(A, λ̃). This map simply extracts σ,
which confirms that σ is the holonomy from E(V ). We summarize the above findings
as follows.

Lemma 6.3.5. Given a loop γ in N(H) based at x0, the element (z̃, σ) expressing Pγ
w.r.t. the eigenframe ψ̃ of H(x0) is the holonomy element at the point (x0, ψ̃) in the
frame bundle EigFr(H). The holonomy matrix is the generalized permutation matrix
representing (z̃, σ). Writing Ẽ for the corresponding ordering of Spec(H(x0)), σ is
the permutation representing pγ w.r.t. Ẽ.

The element (z̃, σ) thus lies in the group HolEigFr(H)(x0, ψ̃). We can view the
picking of ψ̃ as a gauge freedom, just like the picking of Ẽ earlier. A change of gauge
thus corresponds to switching holonomy group, which is accompanied by the usual
similarity transformation of the holonomy matrix. The underlying gauge invariant
in this case is the map Pγ . Indeed, Pγ is defined without using any gauge, hence is
trivially independent of gauge.

6.3.2 The phase group

We just saw that the map πv! : EigFr(V ) → E(V ), (A, λ̃, f̃) 7→ (A, λ̃) is equivariant
w.r.t. the canonical quotient C× ≀ In → Sn, (z̃, σ) 7→ σ, and this map of groups

induces a map on holonomy groups HolEigFr(V )(A, λ̃, f̃) → HolE(V )(A, λ̃). In fact,
the holonomy groups are isomorphic to C× ≀ In resp. Sn, as all possible changes to
the operator are available. However, if we consider a specific Hamiltonian family,
this is no longer the case.

This leads to an additional group that capturing certain properties of the family
H. Namely, we can consider the kernel of the map on holonomy groups. This
will consist of all changes to the eigenframe that do not permute the states, i.e. it
consists of solely (complex) phase changing operations. We hence call it the phase
group, formally defined as

Phase(x0, Ẽ, ψ̃) = ker(HolEigFr(H)(x0, Ẽ, ψ̃) → HolE(H)(x0, Ẽ)), (6.67)

where we recall that the group HolE(H)(x0, Ẽ) is an explicit identification of the Λ-
group of energy permutations with a subgroup of Sn, as we found in Sec. 4.3. As
the map on holonomy groups is always surjective, one obtains a short exact sequence
(SES) of groups, where the image of one map is the kernel of the next one. The
sequence here we like to call the adiabatic SES, and reads

0 Phase(x0, Ẽ, ψ̃) HolEigFr(H)(x0, Ẽ, ψ̃) HolE(H)(x0, Ẽ) 0. (6.68)

Clearly, this SES injects into the SES of the wreath product given by 0 → (C×)n →
C× ≀ In → Sn → 0. From this it follows that the phase group is isomorphic to a
subgroup of (C×)n, and in particular that the phase group is commutative.

This adiabatic SES can be used to describe properties of degeneracies, and so
allows some kind of classification. Let us consider some isolated degeneracies in
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planar parameter space, where we assume we restricted parameter space to just
a neighborhood of the degeneracy containing no other degeneracies. Let us start
with the standard EP2. Because this has a flat connection, HolEigFr(H)(x0, Ẽ, ψ̃) is
generated by a single matrix, which we may assume to have the standard form

(P̂γ)ψ̃ =

(
0 1
−1 0

)
, (6.69)

but exact phase factors will not influence our findings. This matrix has order
4, i.e. at minimum 4 iterations are needed to return to identity, meaning that
HolEigFr(H)(x0, Ẽ, ψ̃) ∼= Z/4Z. The underlying permutation has order 2, hence

HolE(H)(x0, Ẽ) ∼= Z/2Z. The phase group consists of all diagonal matrices in

HolEigFr(H)(x0, Ẽ, ψ̃), which are −I and I. Hence the phase group is isomorphic
to Z/2Z, and we find the adiabatic SES of the standard EP2 to be

0 Z/2Z Z/4Z Z/2Z 0. (6.70)

In a similar fashion, given the generating matrix of other types of EPs, one can
calculate their adiabatic SESs. For example, in [22] the EPs of n = 3 symmetric
complex analytic Hamiltonians were found to subdivide into 2 classes, and the adia-
batic evolution of the eigenstates was calculated. The first case is the standard EP3
permuting all 3 levels, which has a generating matrix given by

MEP3 =

0 1 0
0 0 1
1 0 0

 . (6.71)

This has order 3, and as there is no phase factor present the adiabatic SES of this
degeneracy is

0 0 Z/3Z Z/3Z 0. (6.72)

The other class describes an EP2 in 3D, where the additional level goes unpermuted.
Its generating matrix can be written as

MEP2 in 3D =

0 1 0
1 0 0
0 0 −1

 . (6.73)

Clearly, both holonomy groups have order two. Concerning the phase group, we see
that the only diagonal matrix appearing is the identity, and so we find the adiabatic
SES of this EP to be

0 0 Z/2Z Z/2Z 0. (6.74)

This means we lost the information on the minus sign in the third level, demonstrating
that the adiabatic SES need not capture every property of an EP. Of course, it is
also possible to have a trivial Λ-group but a non-trivial phase group. An example is
the standard DP, whose holonomy group is generated by

MDP =

(
−1 0
0 −1

)
. (6.75)
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This matrix is diagonal, hence the phase group is all of the middle holonomy group,
and we find the adiabatic SES

0 Z/2Z Z/2Z 0 0. (6.76)

In all of these examples the groups were discrete as the connection was always flat.
However, this still allows for groups of infinite size, namely if the characteristic phase
is an irrational multiple of 2π. We saw such a case in Ex. 5.4.2, which has the SES

0 Z Z 0 0. (6.77)

Moreover, if in addition the phase is real, the phase group is dense in U(1), i.e. it is
not an isolated set.

The adiabatic SES, as given in Eq. (6.68) resembles the SES of the monodromy
group (see Appendix A.4), which in this case is

0 Hol
EigFr(H)
N(H),0 (x0) Hol

EigFr(H)
N(H) (x0) Mon

EigFr(H)
N(H) (x0) 0. (6.78)

Indeed, the groups in the middle coincide, up to fixing the eigenframe ψ̃. However,
they need not be isomorphic, for the simple reason that it can be that an element in
the phase group is only obtained using non-contractible loops. Indeed, an example is
the standard EP2, where contractible loops yield no change, and it takes two turns for
both states to return with a minus phase. Of course, a contractible loop will always

yield a holonomy in the phase group, hence Hol
EigFr(H)
N(H),0 (x0) injects into Phase(x0, ψ̃),

and consequently Mon
EigFr(H)
N(H) (x0) surjects onto HolE(H)(x0, Ẽ). For the standard

EP2, putting the monodromy group SES on top of the adiabatic SES, we find the
following diagram.

0 0 Z/4Z Z/4Z 0

0 Z/2Z Z/4Z Z/2Z 0

=
(6.79)

6.3.3 Non-closed paths

It is also the case that the theory of EigFr(V ) provides a geometric model for the off-
diagonal phases reported by Manini and Pistolesi [14], and extends the generalized
permutation matrices found by Tanaka, Cheon and Kim [56]. The generalization of
their work to non-Hermitian Hamiltonians can be obtained from EigFr(H) in the
following way.

First, let us clarify that there are 3 main classes of paths that are considered in
this theory. In the above, we considered loops γ only, i.e. the final point equals the
initial point x0. In contrast, [14] starts by considering general paths, so that the final
point x1 need not equal x0. They then consider a more special case, which is also
treated in [56] and there called an ‘adiabatic loop’. This term refers to a path γ for
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which x1 need not equal x0, but still Eig(H(x0)) = Eig(H(x1)) - as subsets of V ,
strictly speaking not as fibers of Eig(H). We thus observe that an ‘adiabatic loop’
need not be a ‘loop’ in the sense we use, and forms an intermediate subset:{

loops;

x0 = x1

}
⊂
{

‘adiabatic loops’;

Eig(H(x0)) = Eig(H(x1))

}
⊂
{

general paths;

no relation x0, x1

}
. (6.80)

Let us now demonstrate that EigFr(V ) also describes the theory of the general
paths, so that we obtain the ‘adiabatic loops’ as a special case. Let γ be any path
in N(H), so belonging to the most right set in the above comparison. Lifting to
EigFr(V ), it induces the parallel transport map

P̃γ : EigFr(H(x0)) → EigFr(H(x1)). (6.81)

More explicitly, given an initial eigenframe ψ̃ of H(x0), one obtains a lift Γ̃ of γ
starting at ψ̃, and the final frame is ψ̃′ = P̃γ(ψ̃). However, as ψ̃′ and ψ̃ are (generally)
not in the same fiber, the two frames cannot be compared using the bundle structure
of EigFr(H). The solution is to consider the frames by themselves; one neglects the
fact that they are associated to different values of the system parameters. Clearly,
any two frames of V are related by a unique matrix; in this case there is a unique
U ∈ GL(n,C) such that

ψ̃′ = Uψ̃. (6.82)

Mathematically, this argument is captured by employing the canonical projection
EigFr(V ) → Fr(V ), and using that Fr(V ) is a GL(n,C)-torsor. We also remark that
if both ψ̃ and ψ̃′ are orthonormal w.r.t. some inner product, then U is indeed unitary,
and can be calculated by taking inner products between the states, as used in [14].

Of course, the matrix U is not unique; if we change ψ̃ to Gψ̃, with G ∈ C× ≀ In
a generalized permutation matrix, then ψ̃′ = P̃γ(ψ̃) becomes P̃γ(Gψ̃) = GP̃γ(ψ̃) =

Gψ̃′, and so U becomes GUG−1. That is, U is unique up to conjugation by C× ≀ In.
When looking for invariants, if we write G = (g̃, τ), we may set τ = id; non-trivial τ
simply rearrange the elements of U . It follows that Uij becomes giUijg

−1
j . Hence, one

obtains an invariant quantity for each cycle in Sn by taking the corresponding prod-
uct, e.g. (12) yields the invariant U12U21 and (123) yields the invariant U12U23U31,
in addition to the diagonal elements Ukk which are also invariant. Whenever such
a product is non-zero, its argument is a gauge-invariant phase, as reported in [14].
When the path is a loop, such that U is a generalized permutation matrix, such an
invariant product is either zero or a characteristic phase factor. The latter is the case
for the invariant products whose cycle follows the permutation of the eigenstates, as
we illustrate in the following example. Of course, for paths that are not a loop, in
general all invariant products are non-zero and hence non-trivial.

Example 6.3.6. Consider the standard EP2, which corresponds to the matrix

U =

(
0 1
−1 0

)
. (6.83)

We observe that U11 = U22 = 0, while U12U21 = −1 is the characteristic phase factor
of the holonomy map. All of these are indeed independent of the chosen reference
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eigenframe. In case of the standard EP3, for which

U =

0 1 0
0 0 1
1 0 0

 , (6.84)

we observe that U12U23U31 = 1 while U13U32U21 = 0. As there is only a 3-cycle in
the permutation of the eigenstates, all other invariant products vanish.

The ‘adiabatic loops’ are then the most general case for which U is a generalized
permutation matrix, as was studied further in [56]. The similarity of this case with
our study of the holonomy on EigFr(V ) is straightforward to explain; in both cases
EigFr(H(x0)) = EigFr(H(x1)), so that we are studying an automorphism of a semi-
torsor. The method above, based on the matrix U , then reduces to the argument of
Sec. 6.1, and invariant phases follow from Prop. 5.4.10.

6.3.4 Connection form perspective on the adiabatic approxi-
mation

Let us comment on how the adiabatic approximation can be seen as an operation
on connection forms. That is, if we disregard dynamical phases, there is a geometric
way to express that the adiabatic approximation discards mixing terms.

The idea is that the adiabatic approximation forces diagonal evolution with re-
spect to instantaneous eigenstates. In our derivation in Sec. 2.2, after writing out the
Schrödinger equation using an instantaneous eigenstate basis and projecting on a par-
ticular coefficient but not yet performing the adiabatic approximation, we obtained
Eq. (2.17), which for the present argument we write as

ċl +

n∑
k=1

ei(θk−θl)ckχ
l(ψ̇k) = 0. (6.85)

If we remove dynamical phases, this becomes

ċl +

n∑
k=1

(χlψ̇k)ck = 0. (6.86)

This is again a parallel transport equation, where the connection matrix (χlψ̇k) is
not diagonal in general. Clearly, this matrix is related to the infinitesimal change of
basis at a particular time.

This parallel transport on EigFr(V ) comes from a canonical connection. This fol-
lows straightforwardly from Lemma 6.3.4, where we saw that EigFr(V ) is canonically
isomorphic to Fr(V )×Cn. Clearly Fr(V ) has a natural GL(n,C)-action given by tak-
ing linear combinations of basis vectors, and with this action it is a GL(n,C)-torsor.
Hence, by Prop. 5.3.2, it has a natural GL(n,C)-connection η′ given by inverting
the infinitesimal action. Hence η′ yields the infinitesimal change between two bases.
This connection pulls back to EigFr(V ) via the projection prFr(V ) to Fr(V ). Let us
state this observation as the following result.
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Proposition 6.3.7. The space EigFr(V ) has a natural GL(n,C)-connection η :=
(prFr(V ))

∗η′. The horizontal paths are the paths for which the Fr(V )-component is
constant.

We thus have two connection 1-forms on Fr(V ) × Cn; the adiabatic C× ≀ In-
connection ω! and the ‘static frame’ GL(n,C)-connection η. Clearly, they correspond
to different actions, hence cannot both be used on the same bundle. Nevertheless,
they are closely related as ω! is the diagonal part of η. To write this formally, define

resdiag : gl(n,C) → Cn (6.87)

as the map sending a matrix to its diagonal, which is viewed as an element of Cn.
Now gl(n,C) and Cn are Lie algebras, but resdiag is not a Lie algebra homomorphism
as it does not preserve brackets. Still, it is linear, hence a 1-form post-composed
with resdiag will again be a 1-form. Hence, in some sense, the change of geometry
due to performing the adiabatic approximation is captured by the map resdiag. Of
course, this is not considering dynamical phases, but concerning frames we have the
following rigorous statement.

Proposition 6.3.8. The static frame connection η ∈ Ω1(Fr(V ) × Cn, gl(n,C)) and
the adiabatic connection ω! ∈ Ω1(Fr(V ) × Cn,Cn)) are related by restriction to the
diagonal;

ω! = resdiag ◦ η. (6.88)

This comparison can also be done at the level of curvature. We observe that the
curvature Kη of η vanishes. This follows from the frame being constant for any path,
hence there is no change when walking around a closed surface, which in the limit of
an infinitesimally surface yields a vanishing generator. Alternatively, the connection
matrix can be written as ηji = θjdvi, and so (omitting wedge signs)

(Kη)
j
i = dθjdvi+(θjdvk)(θ

kdvi) = dθjdvi−(dθjvk)(θ
kdvi) = dθj(I−vkθk)dvi = 0

(6.89)

as vkθ
k = I due to the dual basis property. Of course, the curvature K! of ω! does

not vanish as the curvature K of ω does not. The matrix of K! is again diagonal,
and we find its ith entry to be

(K!)i = dθidvi+(θidvi)(θ
idvi) = dθidvi− (dθivi)(θ

idvi) = dθi(I−Pi)dvi, (6.90)

where Pi = viθ
i is again an eigenprojector. One can also write this quantity as

(K!)i =
∑
j ̸=i

dθiPjdvi. (6.91)

In this way, we can interpret the curvature K! as a measure of how much ‘non-mixing
of eigenstates’ is happening.
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6.3.5 Note on the degenerate case

Finally, let us also make a remark about degenerate Hamiltonians, working towards
the Wilczek-Zee evolution [17]. Namely, for a fully degenerate Hamiltonian, all dy-
namical phases are equal, and Eq. (6.86) is actually the real equation of motion, even
without the need for an adiabatic approximation. From the static frame argument,
we then immediately deduce that the eigenstates will be constant in time (up to
dynamical phases), even though the corresponding group is GL(n,C). That is, all
geometrical calculations simply return the change of the used reference, telling us
that it should not have changed at all. We see this also in the Hermitian case; the
equation becomes

ċl +

n∑
k=1

⟨ψl|ψ̇k⟩ck = 0, (6.92)

the matrix (⟨ψl|ψ̇k⟩)lk is anti-Hermitian, i.e. in the Lie algebra u(n), hence the group
is U(n), but again the states do not change.

The key to obtaining a non-trivial evolution is to consider a degenerate subspace
of the Hamiltonian. Here, we encounter a remarkable observation; the change of
states is due to what is not in the equation. Namely, the change can only come from
the various degenerate subspaces ‘moving around each other’, just as the eigenrays
do in the non-degenerate case. The above case of full degeneracy is then simply the
extreme case where the state space is a single degenerate subspace, leaving no room
for change4. The case of multiple degenerate subspaces brings us to the Wilczek-Zee
argument [17]. There, one assumes that the Hamiltonian is Hermitian, and that
its (degenerate) energies do not cross at any time. The adiabatic approximation
now does not discard all mixing terms, but only those mixing different degenerate
subspaces, i.e. mixing states with different energy. Hence a subspace of dimension
N will have a U(N)-symmetry, and an eigenframe - both of the subspace and of the
entire state space - will return according to a unitary operation.

For the geometric picture, let us restrict to frames where the states are grouped
according to their energy. This leads to a U(N1) × · · · × U(Nk)-symmetry, with
N1, . . . Nk the dimensions of the degenerate subspaces. The adiabatic connection
likewise becomes an element of u(N1) ⊕ · · · ⊕ u(Nk), given in each subspace by the
above argument. In the general non-Hermitian case, the geometric picture becomes
more intricate. Of course, the unitary groups become general linear ones, but also
swaps can appear, which already happens for normal Hamiltonians. Namely, if Ni =
Nj , then in principle a swap can occur between the subspaces i and j. In any case,
we observe that also degenerate evolution can be investigated geometrically using
(subbundles of) EigFr(V ) and the static frame connection η, where each case comes
with a corresponding symmetry and way in which η is reduced.

4In the Schrödinger equation, as H(t) = E(t)I, only dynamical phases appear, without any need
for an adiabatic approximation.
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6.4 Summary

In this chapter, we discussed the eigenframe approach to adiabatic state evolution.
We started with the basic theory of a basis of a group-space in Sec. 6.1. A basis of a
group-set is any tuple of elements of the group-set, such that any orbit is represented
exactly once. Any equivariant map can be written using a matrix of group elements
along the same line as one expresses a linear map with respect to a basis in the
case of vector spaces. In the case of the group-space Eig(A) of eigenvectors, a frame
coincides with the usual definition of an eigenframe from linear algebra. The space
of all the frames of Eig(A) we thus denoted by EigFr(A).

In Sec. 6.2, we showed how this definition of a basis of a group-set can be used
to associate a frame bundle to any semi-principal bundle. We subdivided this into
3 claims. The first states that, for a G-semi-torsor F , the set of frames Fr(F ) has a
natural torsor structure, the group being the wreath product G ≀X = GX ⋊ Sym(X)
with X = F/G. The second claim was that, when one defines the frame bundle
fiber-wise, that this leads to a smooth principal G ≀ X-bundle. This included that
any G-connection would turn into a G ≀X-connection on the frame bundle. The last
claim was that taking the frame bundle is a functorial operation, a property that
would aid us in later proofs.

We finished by discussing the physical applications of this theory in adiabatic
quantum mechanics in Sec. 6.3. We showed that the explicit permutations describing
the evolution of energies can be formally obtained via the holonomy theory of the
bundle

E(H) =
⊔

x∈N(H)

Spec(H(x))!

=
{
(x, Ẽ)

∣∣∣ Ẽ an ordering of Spec(H(x))
}
,

(6.93)

which is the frame bundle of Spec(H). Likewise, the holonomy matrices describing
the evolution of eigenstates can be formally obtained via the holonomy theory of the
eigenframe bundle

EigFr(H) =
⊔

x∈N(H)

EigFr(H(x))

=
{
(x, Ẽ, ψ̃)

∣∣∣ ψ̃ an eigenframe of H(x) following Ẽ
}
,

(6.94)

which is the frame bundle of Eig(H). We then investigated the group of non-
permuting holonomies, which we called the phase group. We found that this group,
together with the holonomy group of the frame bundles, defines a short exact se-
quence which can classify degeneracies to some degree. We found EigFr(H) to also
be the appropriate space behind the off-diagonal phases reported by Manini and Pis-
tolesi; these appear when looking at the lifts of non-closed paths in the parameter
space. Then, we found a formal way to express the idea that the adiabatic approxi-
mation forces diagonal evolution with respect to instantaneous eigenstates. Finally,
we also discussed how EigFr(V ) could be adjusted to suit the degenerate Wilczek-Zee
case.
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Summary

The adiabatic theorem states that the Schrödinger evolution of quantum states can
in certain cases be approximated so that instantaneous eigenstates are preserved.
Although this has been known since the 1920s [1], it was only in the 1980s that a
special phase appearing in adiabatic dynamics was discovered. Berry [3] reported
that, when a Hermitian Hamiltonian undergoes a cyclic evolution, each eigenstate
acquires an additional phase on top of the dynamical phase. This additional phase
depends only on the way that the eigenrays of the Hamiltonian change, hence the
phase is also known as the geometric phase. Even before Berry’s paper was published,
Simon [7] reported a parallel transport interpretation of this geometric phase. When
the system parameters return to their original values, so that one obtains a loop in
parameter space, the geometric phase is the holonomy of this loop upon lifting it to
a bundle of eigenstates.

The geometric phase has also been studied in non-Hermitian Hamiltonian families.
A geometric phase for such Hamiltonians was reported by Garrison and Wright [12].
This phase can be complex-valued and is not calculated using an inner product like
in the Hermitian case, but instead using the left-eigenstates of the Hamiltonian. An
additional phenomenon - not considered by Garrison and Wright - appearing for
non-Hermitian Hamiltonians, but absent for Hermitian ones, are non-cyclic states.
These are states that end up in another ray in state space, usually because they come
back with a different energy, and so they cannot be described by a phase difference.
Such non-cyclic states are related to special degeneracies known as exceptional points
(EPs) [9, 57], which reveal where the energy bands interconnect in a spiral staircase
topology. In the vicinity of an EP, the energy bands allow a state to move to another
level. In this thesis, we introduced a rigorous parallel transport model that can
cope with both the complex-valued geometric phase and exceptional points, for any
finite-dimensional non-degenerate Hamiltonian family. Moreover, this theory can be
applied to related adiabatic phenomena and can be generalized to specific infinite-
dimensional cases.

We started with an investigation of non-Hermitian Hamiltonians in Chapter 2.
The first step was to identify algebraic methods to study a Hamiltonian in an inner
product independent way. Instead of using an inner product, we saw that one can
use dual bases, and that non-Hermiticity can also stem from an inadequate choice of
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inner product. We then revisited the adiabatic approximation, showing how this can
be done without the need for an inner product, so that the argument generalizes to
any finite-dimensional non-degenerate Hamiltonian family. Here we also highlighted
some formal issues that are usually overlooked, but which we would solve in later
chapters. We finished with an introduction to the field of EPs, with a special interest
in their characterizations.

Because of their important role in the study of non-Hermitian Hamiltonians,
we studied non-degenerate operators further in Chapter 3. Here, we studied the
space N(V ) of all non-degenerate operators on a complex vector space V of finite
dimension n. We discussed a parametrization of N(V ) built on the fact that any
non-degenerate operator is diagonalizable. This parametrization we wrote as the
map Ξ: Fr(V ) × Cn, which paired a basis of V with a tuple of n distinct complex
numbers to an operator with this input data as eigenframe and eigenvalues. This also
was our first encounter with the wreath product C× ≀ In := (C×)n⋊Sn, expressing the
underlying symmetries of scaling the eigenframe and the simultaneous reordering of
eigenvectors and eigenvalues. We continued by studying the association of a spectrum
to an operator. Here, we used that a general spectrum does not come with an ordering
of the eigenvalues, and so must be considered a subset of n points in C, i.e. an element
of the space which we denote as

(C
n

)
. Taking the spectrum is then a smooth map

Spec: N(V ) →
(C
n

)
, and even a fiber bundle, where the fiber describes the possible

combinations of eigenprojectors.
In Chapter 4 we studied the topology of the energy bands. We started considering

local eigenvalues; locally defined smooth functions λ = λ(A) so that λ(A) is an
eigenvalue of the operator A. These functions we wanted to regard as local sections
on some bundle. This we found to be the spectrum bundle

Spec(V ) =
⊔

A∈N(V )

Spec(A) = {(A, λ) ∈ N(V )× C | λ an eigenvalue of A} , (7.1)

i.e. the union of all spectra, labelled by the operators they came from. The local
eigenvalues then indeed correspond to the local sections of the In-bundle Spec(V ) →
N(V ), (A, λ) 7→ A, where In = {1, . . . , n}. This can be interpreted as the model
space for energy bands. Namely, given a specific Hamiltonian family H on a manifold
of system parameters M , one can pull-back this model to obtain the energy bands
of H. That is, writing N(H) for the subset of M of parameters for which H is
non-degenerate, the pull-back results in the space

Spec(H) =
⊔

x∈N(H)

Spec(H(x)) = {(x,E) ∈ N(H)× C | E an energy of H(x)} ,

(7.2)

which is a covering over N(H). The change of instantaneous energy is then described
by lifting the path in parameter space to Spec(H). That is, the energy evolution can
be described using standard covering theory. In particular, this implies that the per-
mutations of a spectrum Spec(H(x0)) induced by following loops based at x0 ∈ M
is described by the monodromy action of π1(N(H), x0) on Spec(H(x0)). By choos-
ing an ordering of this spectrum, one can write these permutations using explicit
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elements from Sn. We then gave an explicit example of a three channel waveguide
set-up, which demonstrated that the non-Abelian nature of the permutations is ob-
servable. We finished the chapter by using the formal framework of Spec(H) to take
another look at possible definitions of an exceptional point. We reviewed the coa-
lescence definition, and found that it was not sufficient to guarantee the presence of
paths that exchange energies. Hence, we introduced a formal topological definition
of exceptional point, based on the space Spec(H), that does guarantee the existence
of such paths. Moreover, for non-planar parameter spaces, we found the degree of
an exceptional point to be ambiguous, and that diabolic points are also exceptional
points from a topological perspective.

We introduced an extension of the theory to eigenstates in Chapter 5. We first
considered the space Eig(A) of all eigenvectors of an operatorA and the space Eigλ(A)
of all eigenvectors of A belonging to the eigenvalue λ. We found that these spaces
should be regarded as C×-spaces, coming from the elementary symmetry that a scaled
eigenvector is again an eigenvector. This naturally led us to the eigenvector bundle

Eig(V ) =
⊔

A∈N(V )

Eig(A) =
⊔

(A,λ)∈Spec(V )

Eigλ(A) = {(A, λ, v) | v ∈ Eigλ(A)} . (7.3)

That is, Eig(V ) is a bundle in two different ways. As a bundle over Spec(V ) it is
principal, but over N(V ) this is not so; the fiber consists not of one but of multiple
eigenrays. However, in the latter case, Eig(V ) still has the C×-action, and so we set
out to find a suitable class of bundles generalizing the principal bundles. This class
we found to be the semi-principal bundles, which differ only from principal bundles
by allowing the fibers to consist of multiple disjoint orbits instead of just one. We
demonstrated that such bundles also support equivariant parallel transport, paving
the way for describing adiabatic evolution as parallel transport on Eig(V ). We found
a canonical connection on Eig(V ), given by

ω(A,λ,v,θ) = θdv, (7.4)

where dv yields the change in v seen as an element of V , and θ is the unique eigen-
covector of A corresponding to λ such that θ(v) = 1. Geometrically, the parallel
transport equation arising from this connection says that v is not allowed to change
along its own eigenray. Like the spectrum bundle Spec(V ), also Eig(V ) can be
pulled-back by a specific Hamiltonian family H, resulting in the bundle

Eig(H) = {(x, ψ) ∈ N(H)× V | ψ an eigenstate of H(x)} (7.5)

overN(H). Its local sections correspond to local eigenstates, which are locally defined
smooth functions ψ = ψ(x) such that ψ(x) is an eigenstate ofH(x). Using such a local

section ψ̂ : x 7→ (x, ψ(x)), the inherited connection ωH on Eig(H) can be expressed
as

ψ̂∗ωH = χdψ, (7.6)

where χ(x) is the local left-eigenstate corresponding to ψ(x). That is, we obtained the
integrand of the Garrison-Wright phase from a connection, so that parallel transport
on Eig(H) describes the adiabatic evolution of the eigenstates of H. Indeed, we
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even found that the dynamical phase can be incorporated by extending the covariant
derivative using the energy function. Which projection of Eig(H) to use, we found
to depend on the type of state one wishes to describe, i.e. cyclic or non-cyclic. Of
course, the projection to N(H) works for all states, but in the cyclic case it is more
convenient to use the projection to Spec(H). We found the following subdivision:

Eig(H) Spec(H) (x,E, ψ) (x,E)

N(H) x

cyclic states

non-cyclic states energy swaps

πHv

πHλv πHλ

(7.7)

We found that the holonomy description of the geometric phase introduced by Simon
is straightforwardly generalized by the principal bundle Eig(H) → Spec(H). The
formalism of Aharonov and Anandan [8] we could also relate to Eig(V ) in an explicit
way. Both can be related to the geometry of directions in V , where we found Eig(V )
to be the specification towards adiabatic arguments, whereas Aharonov and Anandan
is a reduction of this geometry using an inner product. We finished by showing that
the quantum geometric tensor also has a canonical and rigorous footing on Eig(V ).
This tensor was pioneered by Provost and Vallee [45], and its relevance to adiabatic
quantum mechanics was pointed out by Berry [46]. We demonstrated that this tensor
follows directly from the covariant derivative on Eig(V ).

Instead of focusing on the evolution of single eigenstates, one can also consider
the evolution of entire eigenframes, using that every semi-principal bundle has a
well-defined frame bundle. This is the contents of Chapter 6. For this we used
the concept of a frame of a G-space. That is, one picks a representative point for
each orbit, such that every point in the G-space is only a translation away from a
unique representative. In the case of eigenvectors, a frame coincides with the usual
definition of an eigenframe from linear algebra. These frames allow one to represent
an equivariant map as a matrix. We showed that taking frames can be extended to
the bundle level and is functorial. Hence, instead of considering the semi-principal
bundles Spec(H) and Eig(H), one may equivalently consider their frame bundles
E(H) and EigFr(H). Concerning E(H), this is a principal Sn-bundle, and allows one
to express the permutation of a spectrum using explicit elements of Sn, as we already
saw earlier. Moving to EigFr(H), i.e. moving to the eigenframes, this is a principal
C× ≀ In-bundle, where C× ≀ In is the wreath product we encountered earlier. Here, it
appeared as the symmetry group of the eigenframes, and the holonomy matrices are in
fact a representation of this group. We finished by investigating other constructions
on EigFr(V ). The most prominent of these was a geometric explanation for the
off-diagonal phases found by Manini and Pistolesi [14], which concern the adiabatic
evolution of states along non-closed paths, where we also showed how these extend
to the case of non-Hermitian Hamiltonians.
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Nederlandse samenvatting

De adiabatische stelling stelt dat de Schrödinger evolutie van kwantumtoestanden in
bepaalde gevallen kan worden benaderd zodat instantane eigentoestanden behouden
blijven. Alhoewel dit reeds bekend was in de jaren 20 van de vorige eeuw [1], is pas
in de jaren 80 een speciale fase in deze adiabatische dynamica gevonden. Berry [3]
meldde toen dat, als een Hermitische Hamiltoniaan een cyclische evolutie ondergaat,
elke eigentoestand een extra fase bovenop de dynamische fase krijgt. Deze extra fase
hangt enkel af van de manier waarop de eigenstralen van de Hamiltoniaan veran-
deren, en dus wordt de fase ook wel de geometrische fase genoemd. Zelfs voordat
Berry’s artikel gepubliseerd was vond Simon [7] een parallel transport interpretatie
van deze geometrische fase. Wanneer de systeem parameters terugkomen op hun
oorspronkelijke waardes, zodat men een lus in de parameterruimte verkrijgt, is de
geometrische fase de holonomie van deze lus na het optillen naar een bundel van
eigentoestanden.

De geometrische fase is ook bestudeerd voor families van niet-Hermitische Hamil-
tonianen. Een geometrische fase voor deze Hamiltonianen is beschreven door Gar-
rison en Wright [12]. Deze fase kan complexwaardig zijn, en wordt niet berekend
met een inproduct, zoals in het Hermitische geval, maar met behulp van de link-
ereigentoestanden van de Hamiltoniaan. Een ander fenomeen - niet behandeld door
Garrison en Wright - dat wel voorkomt bij niet-Hermitische Hamiltonianen maar
niet bij Hermitische, is een non-cyclische toestand. Dit zijn toestanden die in een
andere straal van de toestandsruimte terechtkomen, vaak omdat ze bij terugkomst
een andere energie hebben, en dus niet met een faseverschil beschreven kunnen wor-
den. Dergelijke non-cyclische toestanden zijn gerelateerd aan speciale ontaardingen
die ‘uitzonderlijke punten’ (exceptional points - EPs) [9, 57] worden genoemd, die
tonen waar de energiebanden samenkomen in een wenteltrap vorm. Rondom een EP
zijn de energiebanden dus zo dat een toestand naar een andere band kan bewegen.
In dit proefschrift hebben we een rigoreus parallel transport model gëıntroduceerd
dat zowel de complexwaardige geometrische fase als EPs tegelijkertijd kan beschri-
jven, voor elke eindig-dimensionale niet-ontaarde Hamiltoniaan familie. Bovendien
kan deze theorie ook worden gebruikt voor gerelateerde adiabatische fenomenen en
kan het gegeneraliseerd worden naar specifieke oneindig-dimensionale gevallen.

We begonnen met het onderzoeken van niet-Hermitische Hamiltonianen in Hoof-
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stuk 2. Onze eerste stap was het vinden van algebraische methoden om Hamiltonia-
nen te bestuderen onafhankelijk van een inproduct. We zagen dat een duale basis in
plaats van een inproduct gebruikt kan worden, en dat niet-Hermitisch zijn kan komen
door een inadequate keuze van het inproduct. We keken opnieuw naar de adiabatis-
che benadering, en lieten zien hoe deze zonder inproduct kan worden gedaan, zodat
het argument generaliseert naar elke eindig-dimensionale niet-ontaarde Hamiltoniaan
familie. Hier benadrukten we ook enkele formele problemen die vaak ongenoemd bli-
jven, maar welke we konden oplossen in latere hoofdstukken. We eindigden met een
introductie in het onderzoeksveld van EPs, waar we in het bijzonder gëıntereseerd
waren in hun karakterisaties.

Vanwege hun belangrijke rol in het bestuderen van niet-Hermitische Hamiltonia-
nen, bestudeerden we niet-ontaarde operatoren verder in Hoofdstuk 3. We bestudeer-
den de ruimte N(V ) van alle niet-ontaarde operatoren op een complexe vectorruimte
V van eindige dimensie n. We beschreven een parametrisatie van N(V ) gestoeld
op het feit dat elke niet-ontaarde operator diagonaliseerbaar is. Deze parametrisatie
beschreven we met de afbeelding Ξ: Fr(V ) × Cn → N(V ), welke een basis van V
en een tupel van n verschillende complexe getallen samenvoegt tot een operator die
deze invoer als eigenbasis en eigenwaarden heeft. Dit was ook onze eerste ontmoeting
met het vlechtproduct C× ≀ In := (C×)n ⋊ Sn, die de onderliggende symmetrieën
van het schalen van de eigenbasis en het gelijktijdige herordenen van eigenvectoren
en eigenwaarden uitdrukt. Vervolgens bestudeerden we het associëren van een spec-
trum met een operator. We gebruikte dat een algemeen spectrum geen ordening op
de eigenwaarden heeft, en dus gezien moet worden als een deelverzameling van C
met n punten, oftewel, als een element van de ruimte die we

(C
n

)
noemen. Het ne-

men van een spectrum is dan een gladde afbeelding Spec: N(V ) →
(C
n

)
, en zelfs een

vezelbundel, waar de vezel de mogelijke combinaties van eigenprojectoren beschrijft.
In Hoofdstuk 4 bestudeerden we de topologie van de energiebanden. We begonnen

met lokale eigenwaarden; lokaal gedefinieerde gladde functies λ = λ(A) zodat λ(A)
een eigenwaarde van de operator A is. Deze functies wilden we opvatten als de lokale
secties van een bundel. Dit bracht ons tot de spectrumbundel

Spec(V ) =
⊔

A∈N(V )

Spec(A) = {(A, λ) ∈ N(V )× C | λ een eigenwaarde van A} ,

(8.1)

oftewel, de disjuncte vereniging van alle spectra, gëındexeerd door de operatoren
waar ze vandaan komen. De lokale eigenwaarden zijn dan inderdaad de lokale secties
van de In-bundel Spec(V ) → N(V ), (A, λ) 7→ A, waar In = {1, . . . , n}. Deze kan
worden gezien als de modelruimte voor de energiebanden. Namelijk, gegeven een
specifieke Hamiltoniaan familie H met variëteit van systeemparameters M , kan men
de terugtrekking van dit model nemen om zo de energiebanden van H te verkrijgen.
Schrijven we N(H) voor de deelruimte van M van de parameterwaarden waarvoor
H niet-ontaard is, dan geeft de terugtrekking de ruimte

Spec(H) =
⊔

x∈N(H)

Spec(H(x)) = {(x,E) ∈ N(H)× C | E een energie van H(x)} ,

(8.2)
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wat een overdekking van N(H) is. De verandering van de instantane energie wordt
dan beschreven door het optillen van het pad in de parameterruimte naar Spec(H).
Dit betekent dat de energie evolutie kan worden beschreven met behulp van de stan-
daard theorie van overdekkingen. In het bijzonder impliceert dit dat de permutaties
van een spectrum Spec(H(x0)) verkregen door het volgen van lussen aan x0 ∈ M
beschreven worden door de monodromie werking van π1(N(H), x0) op Spec(H(x0)).
Na het kiezen van een ordening van dit spectrum kunnen deze permutaties worden
beschreven met behulp van expliciete elementen van Sn. We gaven een voorbeeld met
een driekanaals golfgeleider opstelling, die laat zien dat de niet-Abelse natuur van de
permutaties observabel is. We eindigden het hoofdstuk met het kijken naar mogeli-
jke definities van een uitzonderlijk punt, gebruikmakende van het formele kader van
Spec(H). We bekeken de samensmeltingsdefinitie, en vonden dat deze onvoldoende
garantie gaf voor het bestaan van paden die energieën verwisselen. We introduceer-
den dus een formele definitie van uitzonderlijk punt op basis van de ruimte Spec(H)
dat wel het bestaan van dergelijke paden garandeerd. Daarbij vonden we ook dat,
voor niet-vlakke parameterruimten, dat de graad van een uitzonderlijk punt ambigu
is, en dat diabolische punten ook uitzonderlijke punten zijn vanuit dit topologische
perspectief.

We introduceerden een extensie van de theorie naar eigentoestanden in Hoofd-
stuk 5. We begonnen met het kijken naar de ruimte Eig(A) van alle eigenvectoren
van een operator A en de ruimte Eigλ(A) van alle eigenvectoren van A horende bij de
eigenwaarde λ. We vonden dat deze ruimtes gezien moeten worden als C×-ruimtes,
vanwege de elementaire symmetrie dat een geschaalde eigenvector opnieuw een eigen-
vector is. Dit bracht ons op natuurlijke wijze tot de eigenvector bundel

Eig(V ) =
⊔

A∈N(V )

Eig(A) =
⊔

(A,λ)∈Spec(V )

Eigλ(A) = {(A, λ, v) | v ∈ Eigλ(A)} . (8.3)

Nu is Eig(V ) een bundel op twee verschillende manieren. Als bundel over Spec(V ) is
het een hoofdvezelbundel, maar over N(V ) is dat niet zo; een vezel bestaat dan niet
uit één maar uit meerdere eigenstralen. Toch heeft Eig(V ) in het laatste geval nog
steeds de C×-werking, en dus zochten we naar een geschikte klasse van bundels die de
hoofdvezelbundels generaliseren. Deze klasse bleek die van de semi-hoofdvezelbundels
te zijn, welke alleen verschillen van hoofdvezelbundels door het toestaan dat de vezel
uit meerdere banen in plaats van één enkele mag bestaan. We demonstreerden dat
deze bundels ook equivariant parallel transport ondersteunen, wat de basis legt voor
een beschrijving van adiabatische kwantummechanica door middel van parallel trans-
port op Eig(V ). We vonden een canonieke verbinding op Eig(V ), gegeven door

ω(A,λ,v,θ) = θdv, (8.4)

waar dv de verandering in v geeft, gezien als een element van V , en θ de unieke
eigencovector van A is behorende bij λ en zodanig dat θ(v) = 1. Geometrisch gezien
zegt de parallel transport vergelijking voortvloeiend uit deze verbinding dat v niet
mag veranderen langs zijn eigen eigenstraal. Net als de spectrumbundel Spec(V ) kan
ook Eig(V ) worden teruggetrokken met een specifieke Hamiltoniaan familie H, wat
resulteert in de bundel

Eig(H) = {(x, ψ) ∈ N(H)× V | ψ een eigentoestand van H(x)} (8.5)
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over N(H). Diens lokale secties corresponderen met lokale eigentoestanden, wat
lokaal gedefinieerde gladde functies ψ = ψ(x) zijn zodat ψ(x) een eigentoestand van

H(x) is. Volgens zo’n lokale sectie ψ̂ : x 7→ (x, ψ(x)) kan de gëınduceerde verbinding
ωH op Eig(H) worden geschreven als

ψ̂∗ωH = χdψ, (8.6)

waar χ(x) de lokale linkereigentoestand horende bij ψ(x) is. We hebben dus de
integrand van de Garrison-Wright fase verkregen met behulp van een verbinding,
zodat parallel transport op Eig(H) een beschrijving is van de adiabatische evolutie
van de eigentoestanden van H. Daarbovenop vonden we dat ook de dynamische
fase kan worden meegenomen door het uitbreiden van de covariante afgeleide met
de energiefunctie. Welke projectie van Eig(H) dan moet worden gebruikt hangt af
van het soort toestand dat men wil beschrijven, namelijk of deze cyclisch of non-
cyclisch is. Natuurlijk is de projectie naar N(H) geschikt in beide gevallen, maar in
het cyclische geval is het handiger om de projectie naar Spec(H) te gebruiken. We
vonden de volgende onderverdeling:

Eig(H) Spec(H) (x,E, ψ) (x,E)

N(H) x

cyclisch

non-cyclisch energie wisselingen

πHv

πHλv πHλ

(8.7)

De holonomie beschrijving van de geometrische fase door de hoofdvezelbundel
Eig(H) → Spec(H) is een rechtstreekse generalisatie van Simon’s methode. Het
formalisme van Aharonov en Anandan [8] konden we ook expliciet relateren aan
Eig(V ). Beide hangen namelijk samen met de geometrie van richtingen in V , waar
Eig(V ) de specialisatie naar het adiabatische is, en Aharonov-Anandan een reductie
van deze geometrie is met behulp van een inproduct. We eindigden met het laten
zien dat de kwantum geometrische tensor ook een canoniek en goed-gedefinieerd ten-
sorveld op Eig(V ) is. Deze was als eerste gevonden door Provost en Vallee [45], en
diens relevantie voor adiabatische kwantummechanica was aangewezen door Berry
[46]. We demonstreerden dat deze tensor direct volgt uit de covariante afgeleide op
Eig(V ).

In plaats van het focussen op de evolutie van individuele eigentoestanden kan
men ook kijken naar de evolutie van gehele eigenbases, gegeven het feit dat elke
semi-hoofdvezelbundel een framebundel heeft. Dit behandelden we in Hoofdstuk 6.
Hiervoor gebruikten we het concept van een basis van een G-ruimte. Namelijk, men
kiest een vertegenwoordigend punt in elke baan, zodat ieder punt in deG-ruimte enkel
een translatie van een unieke vertegenwoordiger afligt. In het geval van eigenvectoren
komt deze definitie overeen met de gebruikelijke definitie van een eigenbasis in lineaire
algebra. Met deze bases kan een equivariante afbeelding gerepresenteerd worden
door een matrix. We lieten zien dat het nemen van bases uitbreidt naar het bundel
niveau en functoriaal is. Dus, in plaats van de semi-hoofdvezelbundels Spec(H)
en Eig(H) kan men ook op equivalente wijze hun framebundels E(H) en EigFr(H)
nemen. De bundel E(H) is een Sn-hoofdvezelbundel, waarmee permutaties van een
spectrum in termen van expliciete elementen van Sn kunnen worden geschreven. Wat
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betreft de bundel EigFr(H) van eigenbassisen, dit is een C× ≀ In-hoofdvezelbundel,
waar C× ≀ In opnieuw het vlechtproduct is. Hier is het de symmetriegroep van de
eigenbases, en de holonomie matrices vormen een representatie van deze groep. Aan
het eind bekeken we andere constructies op EigFr(V ). De meest prominente van deze
was een geometrische verklaring voor de niet-diagonale fases gevonden door Manini
en Pistolesi [14], wat gaat over de adiabatische evolutie van toestanden langs niet-
gesloten paden, waar we ook lieten zien hoe deze generaliseren naar het geval van
niet-Hermitische Hamiltonianen.
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Appendix A

Basic methods from topology
and geometry

In this appendix we state some background on the mathematical constructions we
use in the main text. Here, we assume some familiarity with differential geometry
as found in standard textbooks, e.g. [43]. We will start with basic category theory,
to then review some terminology of group actions, followed by the main results in
covering and parallel transport theory.

A.1 Category theory

Category theory is famous for providing a universal language across many areas of
mathematics. In this thesis, we will only use the basic concepts of category and
functor, which we briefly review here for completeness. For more on category theory,
we refer to [58].

During mathematical education, one first learns about sets and functions. Later,
one learns more intricate objects such topological spaces and continuous maps, or
groups and homomorphisms. Clearly, the notion of bijection, homeomorphism and
group isomorphism are very similar; one requires that f has some inverse map f−1

such that both f ◦ f−1 f−1 ◦ f are identity maps. In particular, we only need to
know composition of maps and an identity for composition. This brings one to the
definition of a category.

Definition A.1.1 (Category). A category C consists of:

• a class Ob(C) of objects,

• for two objects X,Y , a class of morphisms Hom(X,Y ), whose elements are
called morphism/maps/arrows,

• a composition law, so that for X,Y, Z ∈ Ob(C) there is an association

Hom(X,Y )×Hom(Y, Z) → Hom(X,Z), (f, g) 7→ g ◦ f, (A.1)
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such that

• the composition is associative, i.e. h ◦ (g ◦ f) = (h ◦ g) ◦ f ,

• each object X ∈ Ob(C) has an identity morphism idX ∈ Hom(X,X), satisfying
idX ◦ f = f ◦ idX = f for any f ∈ Hom(X,X).

Examples are

• the category of groups, whose objects are groups and whose arrows are group
homomorphisms. Similarly, other algebraic structures like rings, fields and
algebras form categories.

• the category of topological spaces, whose objects are topological spaces and
whose arrows are continuous maps. Similarly, there is the category of manifolds
and smooth maps, or the category of graphs with maps on the vertices mapping
edges to edges.

• each partially ordered set is a category. The objects are the elements of the set,
and there is a (single) arrow from a to b if and only if a ≤ b, and composition is
‘extending the arrow’. Examples are the natural numbers ordered using norm
or divisibility, or subsets/subgroups/subspaces of a fixed ambient spaces under
inclusion.

One may find that one category is ‘contained’ in another. For example, the
category of manifolds lies inside the category of topological spaces, which lies in the
category of sets. This leads to a definition of subcategory as follows.

Definition A.1.2 (Subcategory). Given a category C, a subcategory S of C is a
subcollection Ob(S) of Ob(C) and a subcollection of morphisms of C between objects
in Ob(S) such that Ob(S) with these morphisms and the inherited composition of C
is a category in its own right.

We see that a subcategory involves a restriction of objects as well as morphisms.
However, it is clear that, given the objects we want to restrict to, there is a maximal
collection of morphisms, namely all morphisms in the larger category between these
objects. A subcategory obtained in this way is called a full subcategory.

Definition A.1.3 (Full subcategory). A subcategory S of C is a full category if S
has all morphisms from C between its objects, i.e. for X,Y objects in S, one has

HomS(X,Y ) = HomC(X,Y ). (A.2)

Clearly, the category of manifolds is not a full subcategory of the category of
topological spaces; not every continuous map between manifolds is smooth. On
the other side, the category of Abelian groups is a full subcategory of the category
of groups; there is no additional requirement imposed for homomorphisms between
Abelian groups.

Some associations bring one from one category to another. For example, any Lie
group G has some Lie algebra g, and given a morphism ϕ : G→ H of Lie groups, there
is the induced map ϕ∗ : g → h. Similarly, every manifold M has a tangent bundle
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TM , and a smooth map f : M → N induces the bundle map df : TM → TN . That
is, we associate to an arrow between objects in one category a new arrow between
new objects in another category. Such associations are known as functors.

Definition A.1.4 (Functor). Given two categories C,D, a functor F : C → D is a
rule assigning

• for any X ∈ Ob(C) an object F (X) ∈ Ob(C)

• for any arrow f ∈ Hom(X,Y ), an arrow F (f) ∈ Hom(F (X), F (Y )),

such that

• F (idX) = idF (X) for any X ∈ Ob(C),

• either F (g ◦ f) = F (g) ◦ F (f) (covariant functor) or F (g ◦ f) = F (f) ◦ F (g)
(contravariant functor).

Clearly, the data of a functor F is notationally summarized by writing
F (f) : F (X) → F (Y ). The above examples concerned covariant functors, e.g.
d(g ◦ f) = dg ◦ df . An example of a contravariant functor is taking sections. Given
a fiber bundle B →M , let C be the category of open sets in M ordered by inclusion,
and D the category of sets. Denote by Γ(U) the section of the bundle over the open
subset U of M , e.g. these are the vector fields on U . Then, if V ⊂ U , given a local
section s ∈ Γ(U), its restriction s|V belongs to Γ(V ). This defines a restriction map
res : Γ(U) → Γ(V ), so that V and U appear in opposite order. It follows that Γ is a
contravariant functor.

A.2 Group-space theory

Definition A.2.1. Let G be a group with unit e. A G-set is a tuple (F,A) where
F is a set and A is a left action of G on F , i.e. a map

A : G× F → F, (g, f) 7→ gf (A.3)

such that ∀f ∈ F and ∀g1, g2 ∈ G one has g1(g2f) = (g1g2)f and ef = f . For
convenience, we will simply refer to the G-set as F , which we understand as a set
endowed with a left action A by G. In case G is a topological group, F a topological
space and the action map A is continuous, F is called a G-space. Similarly, if G is a
Lie group, F is a manifold and the action map A is smooth, then F is a G-manifold.

A function α : F → F ′ between a G-set F and a G′-set F ′ is called ξ-equivariant,
where ξ : G→ G′ is a homomorphism, if

α(gf) = ξ(g)α(f), ∀f ∈ F,∀g ∈ G. (A.4)

In particular, a G-map is a function between two G-sets that is idG-equivariant, i.e.
α(gf) = gα(f). In case F and F ′ are G-spaces or G-manifolds, the map α is also
required to be continuous resp. smooth. Moreover, the category formed by G-sets and
G-maps is called the category of G-sets. Similarly, one has the category of G-spaces
and G-manifolds.
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Given an element f ∈ F , the set Gf = {gf ∈ F | g ∈ G} of all translates of f is
called the orbit through f . A G-set is called free resp. transitive if the action is free
resp. transitive, which is equivalent to the map

G× F → F × F

(g, f) 7→ (gf, f)
(A.5)

being injective resp. surjective. Denoting the action quotient map as q : F → F/G,
the image of the above map, i.e. all pairs of elements in the same orbit, can be written
as

F ×q F = {(f ′, f) ∈ F × F | q(f) = q(f ′)} . (A.6)

If F is both free and transitive, then F is called a principal homogeneous space for
G, or G-torsor.

Let us consider the smooth case, i.e. both G and F are manifolds and the action
is smooth. It follows that the map

G× F → F ×q F
(g, f) 7→ (gf, f)

(A.7)

is always surjective by the choice of image. For a free action, this map is also injective,
and an inverse function exists. This is an invertible map; the dimensions of source
and target space coincide, and the differential has full rank. The inverse is thus
smooth, and can be written as

F ×q F → G× F

(f ′, f) 7→ ([f ′/f ], f).
(A.8)

Here, [−/−] : F ×q F → G is the smooth map sending (f ′, f) to the unique element
[f ′/f ] ∈ G such that f ′ = [f ′/f ]f .

Wreath product

There are multiple constructions known under the term wreath product [59], but we
will only use a specific form. In practice, this group is encountered by its represen-
tation by generalized permutation matrices, which are permutation matrices where
non-zero entries are replaced by non-zero (real or complex) numbers. More formally,
a generalized permutation matrix is a matrix A ∈ GL(n,C) of the form

A = DP (A.9)

where D is diagonal and P is a standard permutation matrix.
For the definition of the wreath product as we use it, we only need the information

that G is a group and X is a set. The key ingredient is the canonical (left) action
of Sym(X) on GX given by σ · g̃ = g̃ ◦ σ−1, i.e. again shuffling the tuple g̃ according
to σ. Namely, as Sym(X) acts via automorphisms of the group GX , the action
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defines a map Sym(X) → Aut(GX), and so a semi-direct product GX ⋊ Sym(X)
with multiplication given as

(g̃, σ) · (g̃′, σ′) = (g̃(g̃′σ−1), σσ′). (A.10)

This group is known as a wreath product and written as G ≀X Sym(X). This notation
allows for other groups than Sym(X) to act on X, notably subgroups of Sym(X),
but as we will only use Sym(X) we simply denote this group by G ≀X. We thus have
the short exact sequence

0 GX G ≀X Sym(X) 0. (A.11)

A representation (V, ρ) of G, where V is the used vector space and ρ : G→ GL(V )
the action map, naturally induces a representation (V X , ρ≀X). One takes the X-fold
product, which yields a representation of GX , and extends this to a representation of
G ≀X using the canonical representation of Sym(X) on V X . Using this construction,
generalized permutation matrices arise naturally; one picks G = F×, i.e. G is the
unit group of a field F, and X = In, and the natural scaling representation of F×

on F. The n-fold product then gives the diagonal representation of (F×)n on Fn
by diagonal matrices, which is then extended using standard permutation matrices.
The explicit representation is (g̃, σ) 7→ diag(g1, . . . , gn)Pσ, where Pσ is a standard
permutation matrix.

Some other properties or the wreath product are immediate. If G is a topolog-
ical/Lie group, then G ≀ X is as well via the semi-direct product realization. The
connected subgroup of G ≀ X is that of GX . Hence, in case G is a Lie group with
algebra g, the algebra of G ≀X is gX , which we view as the space of functions X → g.
It follows that dim(G ≀ X) = dim(G)|X|, so for infinite X and non-discrete G one
formally obtains an infinite dimensional object. However, because G ≀X locally looks
like separate copies of G and we assume G to be finite dimensional we do not dwell
on this.

A.3 Covering theory

Let X be a topological space. By a path in X, we mean a continuous map γ : [0, T ] →
X, where T is the running time. If γ(0) = x0 and γ(T ) = x1 are the endpoints, we
write γ : x0 ⇝ x1. Clearly, if the final point of one path is the starting point of
another, one can concatenate the paths. That is, if γ1 and γ2 are paths in X with
running times T1 resp. T2 such that γ1(T1) = γ2(0), then there is the concatenation
γ2γ1 : [0, T1 + T2] → X defined by

[γ2γ1](t) =

{
γ1(t) if 0 ≤ t ≤ T1

γ2(t− T1) if T1 ≤ t ≤ T1 + T2
. (A.12)

In addition, given a path γ : x0 ⇝ x1, there is a reversed path γ̄ : x1 → x0 defined by
γ̄(t) = γ(T − t).

This data of all paths in X is naturally organized in the path category Path(X)
of X. This is the category whose objects are the points of X, and whose morphisms
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are the paths γ between the points. The composition law of Path(X) is given by
the above concatenation of paths. The identity morphism for x ∈ X is the zero-time
path {0} → X, 0 7→ x. The reversal γ 7→ γ̄ is then a (contravariant) involution of
Path(X).

A path γ is called a loop if its initial and final point coincide. If this point is
x0, then the loop is said to be based at x0. The set of loops in X based at x0 ∈ X
we write as Loop(X,x0). We regard this set to be endowed with the concatenation
operation, in terms of Path(X) one has Loop(X,x0) = EndPath(X)(x0). It thus
becomes a monoid; concatenation is associative with the zero-time path at x0 being
the identity, but as we do not shorten the time-interval inverses are not available.
One thus also obtains the category Loop(X) of (based) loops in X, which is simply
Path(X) restricted to the self-maps.

If Y is another topological space, we say that two continuous maps f, g : X → Y
are homotopic, denoted f ∼ g, is there exists a continuous map H : X × [0, 1] → Y
such that, writing Ht = H(−, t), H0 = f and H1 = g. We say f, g are homotopic
relative to a subset A of X, denoted f ∼A g, if H can be chosen such that Ht(a) is
constant in time for all a ∈ A (so that necessarily f |A = g|A). It follows that both
∼ and ∼A define equivalence relations on the set of maps from X to Y .

In the case γ is a path, we write [γ] for the equivalence class of all paths that
are homotopic to γ relative to its endpoints, where we also deform the time-interval
to the standardized time-interval [0, 1]. In case we consider loops based at x0, these
classes form a group, known as the fundamental group π1(X,x0). The product is
given by [γ2][γ1] = [γ2γ1]. In categorical language, one defines the fundamental
groupoid Π1(X) of X to be the category whose objects are the points of X, and
whose morphisms are paths up to endpoint preserving homotopy. The fundamental
group is then the automorphism group at x0, i.e. π1(X,x0) = AutΠ1(X)(x0). This
group is non-Abelian in general; [γ2][γ1] and [γ1γ2] = [γ1][γ2] need not be equal as
γ2γ1 and γ1γ2 need not be homotopic relative to x0, see Figure A.1.

××γ1 γ2

(a) Two paths, each encircling
a hole.

××

(b) Deformed γ1γ2.

××

(c) Deformed γ2γ1.

Figure A.1: In caseX is the plane minus two points (crosses), one finds a non-Abelian
fundamental group. The deformed γ1γ2 and γ2γ1 resemble each other, but are not
homotopic relative to the base point (dot).

Let us now turn to covering spaces.

Definition A.3.1. A covering is a continuous map p : C → X so that any point
x ∈ X has a neighborhood U so that p−1(U) is homeomorphic to a disjoint union
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∐
I U for some index set I. In this case, C is called the covering space, and p the

covering map. We write Cx for p−1({x}).

A famous property of covering spaces is that they allow to lift paths. Namely,
given a path γ : [0, T ] → X starting at x0 and a point c ∈ C above x0, there is a
unique path Γγ,c : [0, T ] → C such that p ◦ Γγ,c = γ and Γγ,c(0) = c. The following
statements then hold:

• for fixed γ : x0 ⇝ x1, the map Pγ : c 7→ Γγ,c(T ) is a bijection Cx0 → Cx1 , the
inverse given by following γ̄.

• if γ1 and γ2 can be concatenated, then Pγ2γ1 = Pγ2 ◦Pγ1 . Lifting of paths thus
defines a functor

Path(X) → Set

γ : x0 ⇝ x1 7→ Pγ : Cx0
→ Cx1

.
(A.13)

• the final point Γγ,c(T ) of a lift of γ is invariant under deforming γ relative to
its endpoints. That is, Pγ only depends on [γ], and the above functor reduces
to a functor on Π1(X).

After fixing x0 ∈ X, one may ask which bijections of Cx0
can be achieved via

lifting of paths (which are then necessarily loops). We thus obtain a map sending a
loop and initial point to the final point;

Loop(X,x0)× Cx0
→ Cx0

, (γ, c) 7→ Γγ,c(T ). (A.14)

As Pγ is invariant under deformation of γ, we only need to consider [γ], and we
obtain the map

π1(X,x0)× Cx0
→ Cx0

, ([γ], c) 7→ Γγ,c(T ). (A.15)

This is actually an action of π1(X,x0) on Cx0
, known as the monodromy action.

A.4 Parallel transport

We state some basics of parallel transport theory; proofs are either a direct check or
can be found in [55].

In the context of a bundle, parallel transport is a way to lift a path in the base
space to a path in the total space passing through a designated point. The finding
of such a lift is usually done using a connection. A connection can be defined in
many equivalent ways, but the most geometric one is via the horizontal subspaces. If
π : B →M is a fiber bundle, then V := ker(dπ) is a subbundle of TB consisting of all
tangent vector that ‘point along the fiber’. Such a collection of tangent subplanes is
called a distribution. For parallel transport, one wishes to move ‘from fiber to fiber’,
so along ‘horizontal’ tangents. However, although the vertical subbundle V of TB is
canonical, the choice of a horizontal subbundle is not. A connection is then such a
choice.
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Definition A.4.1. If π : B → M is a fiber bundle, then a connection on B is a
distribution of horizontal subspaces of TB. That is, one has a subbundle H of TB
such that for every b ∈ B

TbB = Hb ⊕ Vb (A.16)

as vector spaces. Equivalently, a connection is a projection map vert : TB → V
whose kernel is a distribution H as above.

The horizontal distribution tells us how to pass over the fibers, and we obtain
parallel transport from a connection as follows.

Definition A.4.2. Given a connection on π : B → M , a path Γ in B is called
horizontal if Γ̇ lies in H at all times.

In case the fiber bundle B → M is a principal G-bundle, this connection data is
required to be equivariant. That is, the horizontal subspace should transform with
the group action, i.e.

Hgb = dLg(Hb), ∀g ∈ G, b ∈ B, (A.17)

where Lg : B → B, b 7→ gb is acting by g. In addition, in this case the connection
data is usually described by a 1-form, hence called the connection 1-form. The key
ingredient comes from the infinitesimal action. Let us write Ab : G → Bb, g 7→ gb
for the action at b ∈ B, with Bb the fiber of B containing b. Its derivative is the
infinitesimal action

ab : g → TbB, X 7→ d

dt

∣∣∣
t=0

exp(tX)b. (A.18)

As the action is free and fiber-wise transitive, it follows that ab establishes a linear
isomorphism g → Vb, let us denote the inverse by a

−
b : Vb → g. The connection 1-form

ω corresponding to the given connection is then the g-valued form

ω := a−b ◦ vert : TB → g. (A.19)

The conditions on the connection can be reformulated in terms of ω and the group
action, which yields the following definition. A generalization is stated in Def. 5.3.1.
In Sec. 5.4, we also give an explicit example of how such 1-forms correspond to gauge
fields.

Definition A.4.3. Given a principal G-bundle B → M , a principal connection
1-form on B is a 1-form ω ∈ Ω1(B, g) such that

• ωb ◦ ab = idg for all b ∈ B,

• L∗
gω = Adg(ω) for all g ∈ G.

Some standard results about parallel transport on a principal G-bundle are the
following.

Proposition A.4.4. Given a principal G-bundle B →M with principal connection
ω:
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• a path Γ is horizontal if and only if ω(Γ̇) = 0,

• given a path γ : x0 ⇝ x1 in M and a point b above x0, there is a unique
horizontal path Γγ,b above γ such that Γγ,b(0) = p, called the lift of γ through
b,

• if γ1 and γ2 can be concatenated, then Pγ2γ1 = Pγ2 ◦ Pγ1 ,

• for a fixed path γ : x0 ⇝ x1 with time-interval [0, T ], the end point of the lift
depends on the initial point in a equivariant way. That is, if we denote by
Pγ : Bx0

→ Bx1
the parallel transport map b 7→ Γγ,b(T ), then Pγ is equivariant.

Equivalently, associating to a path its parallel transport map defines a functor

P : Path(M) → G-spaces

γ : x0 ⇝ x1 7→ Pγ : Bx0 → Bx1 .
(A.20)

Properties of parallel transport can be studied by considering the holonomy
groups. Given m ∈ M , the holonomy group at m is defined as the group of all
parallel transport maps arising from loops based at m, i.e.

HolBM (m) = P(Loop(M,m)) = {Pγ ∈ Aut(Bm) | γ ∈ Loop(M,m)} . (A.21)

It is convenient to express each Pγ by an element of G instead. For this, one fixes a
point b ∈ B, and identifies each Pγ with the unique element [Pγ(b)/b] ∈ G satisfying
Pγ(b) = [Pγ(b)/b]b. This brings one to the more explicit holonomy group

HolB(b) = {g ∈ G | g and gb are connected by a horizontal path} . (A.22)

This does not make reference to M , hence we did not make reference to it in the
notation. Clearly, HolB(b) is a subgroup of the structure group G. However, the
exact subgroup obtained may depend on b, and the explicit group element [Pγ(b)/b]
representing Pγ is unique up to conjugation.

One can also study only those parallel transport maps that are obtained by con-
tractible loops. Denoting the contractible loops based at m by Loop0(M,m), we
obtain

HolBM,0(m) = P(Loop0(M,m)) = {Pγ ∈ Aut(Bm) | γ ∈ Loop0(M,m)} . (A.23)

It holds that HolBM,0(m) is a normal subgroup of HolBM (m). Moreover, HolBM,0(m)

is even the connected subgroup of HolBM (m), and hence their quotient is a discrete
group, This group is known as the monodromy group, written as

MonBM (m) := HolBM (m)/HolBM,0(m), (A.24)

which fits in the short exact sequence of groups

0 HolBM,0(m) HolBM (m) MonBM (m) 0. (A.25)
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