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F L U I D D Y N A M I C S O F I N F I N I T E S C H O O L S1

Abstract

Several studies have shown fish may save energy by travelling in groups. How

these benefits arise has not yet been demonstrated experimentally however,
because empirically studying the hydrodynamics of schooling fish is difficult.
Theoretical predictions suggest that for optimal efficiency, fish should position

themselves in a rigid diamond-shaped structure in two-dimensional layers, with

specific inter-individual distances. However, these theoretical predictions

concern infinitely large schools and ignore effects of several factors such as

of viscosity and of the shape of the fish. For this computer models can be of

great help, because in them forces and flows can be directly calculated, and

the position and movement of the fish can be imposed. Especially particle-based

models of hydrodynamics (where hydrodynamics arise from local interactions

between particles that represent the fluid) are useful here because they greatly

simplify the interactions between multiple fish and the fluid. In the present

paper we study infinitely large schools at a moderately high Reynolds number

(1000-1400) in a particle-based model, i.e. the Multiparticle Collision Dynamics

method. We investigate four different configurations of infinite schools, namely

a diamond-shaped lattice, a rectangular lattice, and (in order to separately

determine the effects of lateral and longitudinal neighbours) an infinitely long

line and an infinitely wide phalanx. We vary the distance among individuals

and we compare of the different school structures and of a single fish the

efficiency, swimming speed, thrust and “wasted” lateral power. In our model,
fish swim more efficiently when in a school than when alone. Unexpectedly,
swimming in an intact wake of a predecessor increases both speed and efficiency.
Having lateral neighbours increases efficiency, but at a cost of swimming speed.
Remarkably, the benefits are lowest for the specific diamond configuration that

was predicted to be optimal.

4.1 introduction

The majority of fish species ‘school’ (that is, they aggregate in groups displaying coordinated,
directed movement) at some point in their life history (Shaw, 1978). The prevalence of
schooling behaviour indicates that it is likely to confer evolutionary benefits. Suggested

1 SUBMITTED TO JOURNAL OF THE ROYAL SOCIETY INTERFACE AS: D. A .P. REID, H. HILDENBRANDT, J.
T. PADDING, C. K. HEMELRIJK – “A TWO-DIMENSIONAL MODEL OF HYDRODYNAMICS OF INFINITELY
LARGE SCHOOLS OF FISH”
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fluid dynamics of infinite schools

benefits include improved success in foraging, defence against predators and increased
hydrodynamical efficiency (Krause and Ruxton, 2002). In the present paper we focus on
hydrodynamical efficiency. Empirically the hydrodynamics of schooling fish have so far not
been studied, due to the extraordinary effort it would involve to measure it through methods
such as Digital Particle Image Velocimetry (Stamhuis et al., 2002). Thus, computer models
can be of great use because all kinds of spatial configuration and swimming kinematics can
be explored in detail, and be used to theoretically predict how fish in schools might benefit
hydrodynamically.

Regarding the hydrodynamical efficiency of schooling, Weihs has made several predictions
based on an inviscid theory of hydrodynamics (Weihs, 1973). The first prediction is that for
optimal efficiency groups of fish should adopt regular, fixed positions relative to one another,
forming two-dimensional layers of diamond-like lattice structures. The lateral distance
between neighbours should be two times the width of their wake, and the longitudinal
distance between rows (measured from tail to nose) should be at least 0.7 fish lengths (Weihs,
1973, 1975). The second prediction is that lateral neighbours increase an individual’s
efficiency, and the third that in the diamond lattice structure, lateral neighbours should beat
their tails in antiphase to one another. Although his theory raised great interest (having
been cited over 70 times according to the ISI Web of Knowledge), empirical evidence is
lacking (Partridge and Pitcher, 1979; Abrahams and Colgan, 1985). Nevertheless, fish have
been shown to exploit others’ wakes to reduce their swimming effort, e.g. individuals in a
school consumed less oxygen than single ones and those at the rear of the school had lower
tailbeat frequency than those at the front (Belyayev and Zuyev, 1969; Herskin and Steffensen,
1998). Further, schooling individuals preferred positions behind others (Svendsen et al.,
2003). Fish have also been shown to exploit the wake behind a pillar both actively through
adoption of a special gait (Liao et al., 2003b) and passively, in that dead but flexible fish
generated thrust when tethered behind the pillar (Beal et al., 2006).

Weihs’ theory is based on simplified hydrodynamics that ignore viscosity and the shape of
the fish. The increase of computational power enables modern computer methods to model
such features. So far his prediction that the optimal configuration is that of a diamond lattice
have not been tested in a computer model that fully models hydrodynamics. To date only a
few theoretical studies have investigated hydrodynamical interactions between swimming
fish. The spatial arrangements studied were a single fish swimming between the wakes of
two predecessors (Deng and Shao, 2006), two and three fish swimming side by side (Zhang
and Eldredge, 2010) and an infinitely wide phalanx of side-by-side fish (Dong and Lu, 2007).
These studies each found an increase in efficiency for three specific configurations, firstly
two side by side fish swimming in anti-phase (Deng and Shao, 2006), secondly a third fish
swimming between the wakes of two preceding ones at a longitudinal distance larger than
half a body length (Zhang and Eldredge, 2010), and third an infinite phalanx swimming in
phase (Dong and Lu, 2007). However, two of the studies were not parametrised biologically,
making the value of their results unclear (Deng and Shao, 2006; Zhang and Eldredge, 2010).

None of these theoretical studies investigated specifically the prediction of optimal ef-
ficiency of diamond lattice structures (Weihs, 1973). Therefore we do so here. Because
no general solution of the Navier-Stokes equations of hydrodynamics has been found, all
computer models of them must discretise reality in some way. There are two main methods
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of doing so, namely discretising space by means of a grid, and discretising the fluid by
representing it as particles. To represent smooth biological shapes in a grid-based method
requires continual adaptation of the grid, or a complex coupling between the organism
and the grid-based fluid (Gilmanov and Sotiropoulos, 2005; Sui et al., 2007). Therefore we
here use the recently-introduced Multiparticle Collision Dynamics method (Malevanets and
Kapral, 1998, 1999). In it, particles move in real space (i.e. not on a grid) and exchange
momentum in a collision step, resulting in hydrodynamics consistent with the Navier-Stokes
equations Malevanets and Kapral (1999); Kikuchi et al. (2003); Padding and Louis (2006). We
have verified it against experimental data for static shapes (Reid et al., 2009) and confirmed
that simulation of flapping and undulating airfoils at higher Reynolds numbers yielded
results resembling experimental data of insect wings and swimming fish (Reid et al., 2011).
In the present study we apply Multiparticle Collision Dynamics to the investigation of the
hydrodynamical advantages of schooling. We compare the efficiency of several spatial con-
figurations in infinitely large schools of undulating fish and that of a fish swimming alone.
We investigate different spatial configurations: one where an individual’s neighbours-ahead
are at an angle (the diamond lattice structure proposed by Weihs) and one where they
are straight ahead (a rectangular lattice structure). We do so for different lateral distances
between neighbours. In order to determine the effects of neighbours in different directions
(lateral and longitudinal), we compare results to those when there are only neighbours ahead
(an infinitely long line) or to the sides (an infinitely wide phalanx). Although later work of
Weihs (1975) suggests that lateral neighbours should swim in antiphase, it was impossible to
study this on our available hardware because it requires double the computational effort.
Therefore in the present paper we investigate only the case of lateral neighbours swimming
in phase.

We measure swimming speed, efficiency, forwards thrust and lateral power of the fish.

4.2 methods

We here describe a) the hydrodynamical model of the fluid, b) the fluid’s interaction with
the fish, c) the experimental setup, and d) the measurements.

4.2.1 The model

We extend our previous implementation of the Multiparticle Collision Dynamics model with
fishlike shapes (Reid et al., 2009, 2011). Below we briefly describe the method (for more
details see Reid et al. (2011)), followed by its adaptations for schooling.

The model consists of a rectangular area filled with fluid in which the fish undulate. The
environment is two-dimensional, homogeneous, contains N identical particles of mass m
and has width W and length Lbox (Fig. 4.1). The positions xi and velocities vi of the particles
are two-dimensional vectors of continuous variables. Every time step ∆t the particles first
move (the streaming step) and then collide with each other (the collision step). Moving leads
to new positions xi according to the motion equation xi(t+∆t) = xi(t) + vi(t)∆t.

To efficiently simulate collisions between particles, in the collision step both time and
space are coarse-grained by using a square lattice to temporarily partition the simulation
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into cells of size a0. All particles that are in a particular cell during the collision step are
considered to have collided with each other at some moment in the preceding movement
step, during which the particles moved in continuous space. To simulate collision, in each
lattice cell all particles change their velocities according to vi = v +Ω · (vi − v). Here v is
the mean velocity of the particles in the grid cell and Ω is a stochastic rotation matrix that
rotates the velocities by either +α or -α (where α is a fixed system parameter), with equal
probability. The rotation direction at a specific moment in time is the same for all particles
within a cell but it may differ between time steps. To ensure Galilean invariance we use the
method of Ihle and Kroll (2001) and displace the lattice every time step by a vector whose x-
and y-components are randomly selected from the uniform interval [0,a0).

The fish-like shapes in our simulations are represented by polygons and thus composed
of a finite series of lines, so-called edges, which meet at points called vertices. We simulate
the undulation of the fish by the motion of the vertices each time step ∆t according to the
undulation equation (Eq. 4.3). We use Euler integration, therefore during a time step the
displacement of the vertices is equal to their velocity. The local velocity of any point on the
object’s surface is calculated by interpolating the velocities of the two adjacent vertices. To
determine whether the particles collide with the undulating body during streaming we use
a ray–ray intersection algorithm (Appendix A in (Reid et al., 2011)).

The fluid and fish interact during both the collision and the streaming step. These
interactions exchange momentum between the fluid and organism, and ensure that there is
no slip at the interface. For these interactions we choose two methods that have been shown
to ensure minimum slip, i.e. the fake-particle rule during the collision step (Lamura et al.,
2001), and the random-reflect rule during the streaming step (Inoue et al., 2001; Padding and
Louis, 2006). The fake-particle rule is applied to cells which are partially filled by the fish
and partially by the fluid. Because the fish excludes particles the density of particles in these
cells is often lower than average. To prevent this and represent the mass of the fish in these
cells we include sufficiently many fake particles that the number of particles in each cell
at least equals the mean density ρ. The velocities of these fake particles are drawn from a
Maxwell-Boltzmann distribution with temperature kBT and a mean velocity which is equal
to the local velocity of the organism. The random-reflect rule implies that particles that hit
the organism get a new randomly chosen velocity. The new velocity consists of a tangential
component vt and normal component vn relative to the surface, drawn from the following
distributions (Inoue et al., 2001; Padding and Louis, 2006):

P(vt) ∝ e−βv
2
t (4.1)

P(vn) ∝ vne−βv
2
n , (4.2)

with β = m
2kBT

.
The force which the fluid exerts on the fish during a time step ∆t is the opposite of the

sum of the change in momenta of all particles that collide with it during that time step,
divided by the length of the time step ∆t. Note that both during the streaming step (as
described above), and during the rotation step (through the fake particle rule) particles may
collide with the body. The velocity of the fish is affected by the summed hydrodynamical
force on it according to Newtonian mechanics. In the diamond configuration, in order to
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keep the position of the fish in the school constant, i.e. in a rigid lattice structure (Weihs,
1973), we apply to each fish the average of the hydrodynamical force of the school.

To represent the movement of fish through infinite space, we move the simulation box
along with them. We do so as follows: Whenever the centre of gravity of the fish (or school)
has moved one cell a0 away from its original position within the box, we move the box
centre towards that of the fish by one simulation unit a0 (either vertically, horizontally or
both). We shift only by distances of at least one simulation unit, because smaller shifts may
cause floating point rounding errors to accumulate.

Figure 4.1.: System overview for the spatial configurations. A) diamond lattice, B) Rectan-
gular lattice, C) line and D) phalanx. The light gray outline indicates the actual
simulation box and damping areas are indicated in dark gray. Lateral distance
dy and forwards distance dx between neighbours depend on the width W and
length LBox of the simulation box.

Parametrisation, initial condition and simulation setup

We choose to simulate a mullet (Chelon labrosus) for three reasons: first, because it is an
obligate schooler, second, because it swims at a steady cruising speed by undulating its body
without using its pectoral fins (Videler, 1993), and third, because its swimming kinematics
and wake structure have been reported in detail (Müller et al., 1997). We simulate the
undulation of a horizontal cross-section of a mullet, traced from the body contours presented
by them (Müller et al., 1997). We represent the body as a polygon. To ensure that the
curvature at the head is smooth, we use shorter polygonal edges at the head than at the tail.
We describe the characteristics of the propulsive wave along the body of the fish in terms of
the lateral movement of its central, longitudinal axis, or spine.

We consider the spine of the straight fish to have an y-value of 0 (Fig. 4.2). We scale the
fish in terms of fractions of its body length L, so that x = 0 at the front of the fish and x = 1
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Figure 4.2.: Schematic overview of the deviation from the central axis of the spine of an
undulating mullet.

at its rear. For each point x along the spine of the fish, its lateral deviation from the central
axis over time is given by

y(x, t) = θ(x) sin(kLx−ωt). (4.3)

θ(x) = θ0 + θ1x+ θ2x
2, (4.4)

Here kL = 2π
λ is the angular wave number, which is based on the length λ of the propulsive

wave, ω = 2πf is the angular velocity for the tailbeat frequency f, and θ(x) is the amplitude
envelope function. We use a quadratic function fitted to the experimental results of Videler
and Hess (1984), with the amplitude of the wave being smallest behind the head. Note that
the undulation of our simulated fish is not influenced by the flow around it.

Our fish are parametrised following the experimental data of a mullet by Müller et al.
(1997) as regards length and tailbeat frequency (Table 4.1). Our model of a fish is 900a0
long, because this was the maximum that was computationally feasible on our hardware.
We fix the units of space and time to the experimental data (Müller et al., 1997). As regards
space, the simulation unit of distance a0 equals the ratio between the length of the real fish
(0.126m) and of the simulated fish (900a0), thus a0 = 0.126

900 = 1.4 · 10−4m.

Parameter name Value
Length 0.126 m
Time step 0.00015 s

Tailbeat frequency 3.8 s−1

Table 4.1.: Parametrisation of the fish in SI units, after results of Müller et al. (1997).

We use the ratio between the swimming speed of the simulated fish and the real one
to calculate the length of the simulation time step ∆t. We parametrise the simulations so
that the swimming speed of the fish in the model Usim remains below 0.22a0∆t−1 so as to
minimise Mach number effects such as shockwaves (Lamura et al., 2001; Padding and Louis,
2004). The real mullet swims at 0.176m/s. Therefore ∆t = 0.2 · 1.4 · 10−4/0.176s = 1.5 · 10−4s
(Table 4.1).

We simulate infinite schools of individuals in four different spatial configurations: a
diamond lattice, a rectangular lattice, an infinitely long line and an infinitely wide phalanx.
In all cases, the simulation consists of a rectangular area of width W and length LBox
with either one or two (in the case of the diamond lattice) fish in it (Fig. 4.1). We use
periodic boundary conditions to simulate infinity, thus infinitely duplicating the contents
of the box, resulting in a torus topology. To simulate different configurations, we vary the
number and positions of fish in the simulation box as well as the boundary conditions.
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In case of the diamond and rectangular lattice flow travels freely in all directions, i.e.
none of the boundaries is scrambled. In case of the line and phalanx configuration, flow
travels freely only across the boundaries that are perpendicular or parallel to the swimming
direction, respectively, and we place so-called scrambling zones along the other boundaries
(Fig. 4.1C, D). These scrambling zones re-set the velocity of particles to those of random
thermal noise and thus remove flow phenomena such as vortices. We used such scrambling
zones previously in our simulations of single fish (Reid et al., 2011). Note that we actually
simulate only a single fish in the line, phalanx and rectangular lattice, and that therefore
the undulation of all fish in those configurations is necessarily in phase. In the case of the
diamond lattice we simulate two fish, in the maximum simulation size possible on our
hardware. Therefore in the diamond lattice lateral neighbours necessarily swim in phase,
and due to time constraints we do not examine the case of diagonal neighbours swimming
in antiphase in the present paper. We study schools for different longitudinal distances (dx,
measured from the tail of the preceding fish to the nose of the one behind it) between the
fish in the line, and different lateral distances (dy, measured between the centres of gravity
of two neighbouring fish) in all other cases (Fig. 4.1).

For consistency with the literature on schooling, we describe the inter-fish distances
nondimensionally in terms of fish lengths (Weihs, 1973, 1975; Zhang and Eldredge, 2010).
In the phalanx and lattice configurations we keep the longitudinal distance fixed at 1 fish
length L, because this is the average distance reported for roach (Svendsen et al., 2003). As
lateral distances we investigate the one predicted to be optimal for wake exploitation by
Weihs (1973) (ie. twice the width of the wake of a fish, which equals 0.4 fish lengths L for our
tailbeat amplitude) as well as double and quadruple that. For the line we test longitudinal
distances of 1, 2, and 3 fish lengths.

We start the simulations without directional flow, initialising all particles with random
velocities drawn from a Maxwell-Boltzmann distribution of mean 0 and temperature kBT (Ta-
ble 4.2). Thus, all directional flow in the simulation is caused by the movement of the fish.
We run the simulation until the swimming speed and surrounding flow of the fish reach
the steady state. Note that, because undulatory swimming is a periodic phenomenon,
equilibrium is reached on average per tailbeat cycle, not from moment to moment. The
swimming speed reaches steady state within ten tailbeats, and flow reaches a steady state
after approximately forty tailbeats.

The simulations are implemented in a combination of C++ and OpenGL Shading Language.
We use "Single Instruction, Multiple Data" instructions to exploit the inherent data parallelism
caused by spatial sorting of the particles, and OpenMP for shared memory multiprocessing
on a multi-core CPU. Flow field calculations such as convoluting it with a Gaussian kernel
for smoothing and calculating the Jacobian are executed on the graphical card. Because of
the limited floating point precision of the graphical card used (Nvidia 8600GT) the actual
particle dynamics are calculated entirely on the CPU (Intel Core2 Q6600). We expect an
significant performance increase on more recent GPUs that offer the required precision. On
the current hardware available, a single run of the largest system (3̃0 million particles) took
approximately 5 days.
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Fluid
Temperature kBT 1.0
Lattice cell size a0 1.0
Collision rotation angle α π

2

Particle mass m 1.0
Particles per cell (average) ρ 8

Time step length ∆t 1.0
Boundary width B 30 a0
Dynamic viscosity µ 1.15 m/(m∆t)

Fish
Length L 900.0 a0
Number of edges NE 1024

Wave number kL 1.8π
Tailbeat frequency f 5.7 · 10

−4∆t−1

Tailbeat amplitude A 90 a0
Undulation amplitude coefficient 0 θ0 0.02

Undulation amplitude coefficient 1 θ1 0.08

Undulation amplitude coefficient 2 θ2 0.16

Table 4.2.: Parameter values used. All values are in simulation units.

Measurements

Thrust and lateral power are measured as parts of the total body force F as follows. The
total forward force F at any moment t is calculated by a summation of the force over the
skin edges of the fish (Fig. 4.3):

F(t) =
∑
i

Fi · ef =
∑
i

(
Fin · ef + Fit · ef

)
, (4.5)

where Fi is the force on the skin at edge i, Fin = (Fi · n)n is the force vector perpendicular
to the skin on that edge, Fit = Fi − Fin is the force vector tangential to the skin and ef is a
forwards-pointing unit vector. The summations of the perpendicular and tangential elements
in the last expression thus represent the contributions of pressure and viscosity, respectively,
to the forward force. It should however be noted that if the tangential speed varies strongly
around the body the viscous forces may have a small normal component.

Because the forwards thrust (T ) and rearwards drag (D) operate in opposite directions the
total forwards body force F will tend to 0 during steady swimming at equilibrium speed:

F(t) = T(t) −D(t). (4.6)

To estimate thrust and drag nonetheless, we separate them out spatially along the body by
following the method by Borazjani and Sotiropoulos (2008). When summing the force over
the body surface, the force on each edge is counted as thrust (T ) when it is positive or drag
(D) when it is negative:

T(t) =
∑
i

[
Fin · efH(Fin · ef) + Fit · efH(Fit · ef)

]
(4.7)
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Figure 4.3.: Decomposition of the force Fi on the skin of the fish into pressure (Fn) and
viscous (Ft) components (see Methods). The surface normal is indicated as n
and the unit vectors pointing forwards and sideways are labelled ef and es.

D(t) = −
∑
i

[
Fin · efH(−Fin · ef) + Fit · efH(−Fit · ef)

]
, (4.8)

where H is the Heaviside step function. Thus, for each edge, for both the perpendicular
(pressure Fn) and tangential (viscous Ft) force on it, we add the forward component of the
force to the thrust if it is positive, and to the drag if it is negative.

We calculate per time step ∆t the lateral power Pl which the fish exerts:

Pl(t) =
∑
i

Fi · esViside, (4.9)

where es is a unit vector in the lateral direction 4.3, and Viside is the lateral velocity of edge
i.

From these forces, we determine the swimming efficiency. Following Tytell and Lauder
(2004) and Borazjani and Sotiropoulos (2008), we use a modified version of the Froude
efficiency:

η =
T̄ Ūnet

T̄ Ūnet + P̄l
, (4.10)

where T̄ is the mean thrust over a tailbeat cycle, ¯Unet is the mean net forwards speed of the
fish and P̄l is the mean lateral power it exerts over a tailbeat cycle. We use the speed from
the perspective of the fish Unet = Uflow −Ufish. Here, Uflow is the speed of the oncoming
flow ahead of it (averaged over an area) and Ufish is the speed of the fish in the global
frame. Note that, since the fish swims in the negative x-direction, the speeds of flow and
fish are subtracted rather than summed. The Froude efficiency η expresses the percentage of
the total power which is converted into forwards speed.

The relative importance of inertia to viscosity of an organism of length L moving with
speed U through a fluid of density ρ and dynamic viscosity µ is characterised by the
dimensionless Reynolds number Re:

Re =
ρUL

µ
, (4.11)
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For oscillatory motion such as that of a beating fish tail with frequency f and amplitude
A, the amount of oscillatory effort relative to the achieved velocity is characterised by the
Strouhal number St:

St =
f2A

U
(4.12)

For our simulations only U varies (as a consequence of different spatial configurations)
between 0.16 and 0.225a0∆t−1. Hence the Reynolds number lies between 8 · 0.16 · 900/1.15 =
1001 and 1409 and the Strouhal number lies between 5.7 · 10−4 · 180/0.16 = 0.64 and 0.46
(Table 4.2).

4.3 results

Compared to single fish, infinitely large schools in our model are more efficient (Fig. 4.4)
and faster (except for the most dense diamond lattice) (Fig. 4.5). The increase in efficiency is
due to a reduction of both forwards thrust and lateral “wasted” power, while swimming
speed is equally high or higher than that of the single fish (Figs. 4.6, 4.7).

Figure 4.4.: Efficiency η of infinitely-large schools of fish at tailbeat frequency 3.8 Hz. For
comparison, the efficiency of a single swimming fish with the same tailbeat
frequency is indicated in a gray horizontal line. A): Rectangular and diamond-
shaped lattice, with several different distances dy between lateral neighbours. B):
Phalanx and line formation, with different inter-fish distances; lateral distance
dy for the phalanx and forwards distance dx for the line.

Having neighbours in any direction, be it lateral or longitudinal, appears to be hydro-
dynamically beneficial for fish. Effects of flow due to individuals ahead become apparent
by comparing the line configuration to single fish. Exploiting the wake of a preceding
fish increases efficiency (Fig. 4.4B) and swimming speed (Fig. 4.5B), and it decreases thrust
(Fig. 4.6B) and lateral power (Fig. 4.7B). This arises because the jet of their predecessor’s
wakes mostly passes fish laterally (Fig. 4.8). Consequently, fish mostly swim next to the
jet. This lowers their thrust, probably because the flow is not laminar, making propulsion
more difficult, and lowers their lateral power, which may be due to the decreased pressure
in the jet. The effects of lateral neighbours can be inferred from the comparison between the
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phalanx and the single fish. An individual profits from the flow of its lateral neighbours
in efficiency (by reduced thrust and lateral power), but does not profit in swimming speed,
which is reduced (Figs. 4.4B–4.7B). This speed reduction is probably due to an increase in
resistance of the whole school to oncoming flow because of the close proximity of lateral
neighbours.

Figure 4.5.: Forwards swimming speed U of infinitely-large schools of fish at tailbeat fre-
quency 3.8 Hz. For comparison, the swimming speed of a single swimming
fish with the same tailbeat frequency is indicated in a gray horizontal line. A):
Rectangular and diamond-shaped lattice, with several different distances dy
between lateral neighbours. B): Phalanx and line formation, with different inter-
fish distances; lateral distance dy for the phalanx and forwards distance dx for
the line.

In the diamond lattice larger lateral distances result in an increase in the efficiency,
swimming speed, thrust and lateral power (Figs. 4.5–4.7). This increase in efficiency is
associated with the encounter of a more intact wake structure left by the preceding fish.
At smaller lateral distance the neighbours diagonally-ahead disturb the wake structure,
both by beating their tails and by compressing the wake between their bodies (Fig. 4.9A,
B). In the rectangular configuration there is no such disturbance, and each fish encounters
the reverse von Kármán street produced by the preceding fish (Fig. 4.9C). This holds for
all lateral distances. Thus, the results of the rectangular lattice are similar at all different
lateral distances. Whether the diamond or rectangular lattice configuration is most efficient
depends on the lateral distance between neighbours (Fig 4.4A).

In both the rectangular and diamond lattice configurations, the combined hydrodynamical
effects of forwards and lateral neighbours are greater than the sum of the separate effects
observed in the line and phalanx. For instance, regarding speed, at a lateral distance of
0.8L lateral neighbours cause others to slow down to the same degree as neighbours ahead
cause them to speed up (Fig. 4.5). Therefore, one might expect individuals in the rectangular
lattice to travel at the same speed as a single fish. Instead, they appear to be faster than a
single fish. This synergy also holds for efficiency, thrust and lateral power. In the diamond
lattice a similar pattern is apparent.

In the line, the rectangular lattice and the loosely-spaced diamond lattice, fish encounter
the wake of their predecessor on their nose. This wake includes a jet counter to the swimming
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Figure 4.6.: Average thrust T̄ of infinitely-large schools of fish at tailbeat frequency 3.8 Hz.
For comparison, the thrust of a single swimming fish with the same tailbeat
frequency is indicated in a gray horizontal line. A): Rectangular and diamond-
shaped lattice, with several different distances dy between lateral neighbours. B):
Phalanx and line formations, with different inter-fish distances; lateral distance
dy for the phalanx and forwards distance dx for the line.

Figure 4.7.: Lateral power Ps of infinitely-large schools of fish at tailbeat frequency 3.8 Hz.
For comparison, the lateral power of a single swimming fish with the same
tailbeat frequency is indicated in a gray horizontal line. A): Rectangular and
diamond-shaped lattice, with several different distances dy between lateral
neighbours. B): Phalanx and line formations, with different inter-fish distances;
lateral distance dy for the phalanx and forwards distance dx for the line.
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Figure 4.8.: Variability of the structure of the wake in the rectangular lattice, shown over
several consecutive tailbeats. Arrows indicate flow direction, and the thickness
of the arrow that represents the jet indicates local flow speed.

direction. Remarkably, these formations are faster and more efficient than a single fish
because the fish swim besides the jet stream of the wake most of the time. This is remarkable
because the fish in our model do not actively attempt to exploit the flows. Their lateral drift
is an unintentional consequence of the lateral forces of the wake combined with the lateral
undulation: the jet passes by the fish on one side, increasing the fluid’s velocity on that side
compared to the other side of the fish, hence lowering the pressure there. This causes the
fish to drift laterally towards the side with faster flow and lower pressure, and appears to
lower the required lateral effort of swimming. This effect is especially apparent in the line
formation, where the jet can only have an effect in one lateral direction due to the lack of
lateral neighbours. Interestingly, for the line formation there is also a net overall drift due to
the direction of the initial tail beat (left or right, Fig. 4.10).

4.4 discussion

In our model, groups of fish swim faster and more efficiently than single fish, except in
a diamond lattice configuration when too closely-packed. From the comparison between
phalanx, line and the lattice configurations, a positive effect of having both lateral and
longitudinal neighbours on swimming speed and efficiency is apparent that is greater than
the sum of the effects of having neighbours in only one direction. In other words, the lateral
and forwards effects reinforce each other. Note that the distribution of forces on the skin of
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Figure 4.9.: Flow of the infinitely large schools for several configurations. A) Diamond lattice
with small lateral distance, B) diamond lattice with large lateral distance and C)
rectangular lattice with small lateral distance. Lines are truncated streamlines,
with longer lines indicating higher local flow speed. Note the areas ahead of
each fish, indicated with a black rectangle. Videos of these configurations can be
found at http://www.rug.nl/biol/hemelrijk
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Figure 4.10.: Lateral drift (in fish lengths) over time of the line formation for two different
initial conditions of tailbeat phase (left and right). Small inset figures indicate
the direction where the jet of the oncoming wake passes each individual at that
point in time.

swimming fish is identical in infinitely-large schools to those we previously reported for
single fish (see Figs. 13, 14 in Chapter 3).

Our model confirms some of Weihs’s predictions and refutes others. It confirms that
individuals benefit in efficiency from their lateral neighbours and that a low-velocity area
arises between the wakes of lateral neighbours at the lowest lateral distance of 2 times the
width of the wake. However, it contradicts the prediction that this particular configuration of
a diamond lattice is optimally efficient (Fig. 4.4A). This is especially unexpected because the
flow pattern that is supposed to cause this formation to be optimally efficient is present in the
model. Indeed, an area of low-velocity fluid occurs ahead of each fish, and the drag-reducing
outer edges of each wake pass close by the sides of fish that follow (Fig. 4.9A). The difference
in efficiency from Weihs’ prediction may be caused by our inclusion of viscosity and the
interactions of wakes. This causes for instance the wakes to be compressed as they approach
each row of fish and stretched as they pass between the fish. From comparison with the
rectangular lattice it is apparent that close lateral proximity alone cannot account for the
reduction in efficiency of the dense diamond lattice (Fig. 4.4A). We give three explanations
for the lower efficiency of the dense diamond lattice. First, it may be due to the increased
drag of the school as a whole, due to each subsequent row in the diamond lattice obstructing
the flow that passes through the gap between the preceding fish (Fig. 4.9). In contrast, this is
not the case in the rectangular lattice, where flow can pass more freely through subsequent
rows. Second, it may arise because individuals are prevented from exploiting the wake of
their direct predecessor, due to its disruption by their neighbours diagonally-ahead. Third, it
may be caused by lateral neighbours swimming in phase. Weihs suggested that this should
cause a strong lateral component to the wakes which would rotate the following individuals,
and increase their drag. In our model individuals cannot rotate, and thus drag does not
increase in the manner predicted. In fact, drag and thrust are low in the dense diamond
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lattice (Fig 4.6A). To shed more insight on this, a diamond lattice with neighbours swimming
in antiphase should be studied in the model on better hardware.

At higher lateral distance among individuals, results of the diamond lattice resemble
those of the rectangular one (Figs. 4.4A–4.7A). This is because the flow structure is also
similar: individuals in both lattices encounter the reverse von Kármán wake of their direct
predecessor (Fig. 4.9B).

Our results appear consistent with those of previous models of hydrodynamical interac-
tions between swimming fish. The increase of efficiency compared to a single fish of our
phalanx formation fits results of Dong and Lu (2007) and Zhang and Eldredge (2010). Our
finding that the diamond lattice increases efficiency but only when lateral distances are
higher than 0.4L fits with the results of the model of Deng and Shao (2006).

Unlike in the simulations of Deng et al. (2007), our results do not oscillate when the
longitudinal distance between fish changes. This due to two reasons. First, in their results
the oscillations were only strong at Strouhal numbers of 0.6 and higher. In our simulations
the Strouhal number tends to be relatively low (0.5 on average). Second, in our model, in all
settings where fish encounter a wake, the interaction between fish and wake varies strongly
from one tailbeat to the next (Fig. 4.8). For a strong distance-dependent oscillation of the
dynamics, it would be necessary for the relation of wake and fish to be consistent across
tailbeats.

Our model (and that of Weihs) deviates from reality in several ways, e.g. the schools
are represented by lattices that are rigid, infinite and two-dimensional. We expect the
rigidity to cause an overestimation of forces and swimming speed, because in our previous
work we showed that constraints on the acceleration of a fish cause its forces and speed
to resemble those of an unconstrained fish with a higher tailbeat frequency. The infinite
size of our schools implies that our model is only applicable to the inner part of a school.
In our infinite schools flow patterns indicate that fish only interact hydrodynamically with
their direct neighbours, because the nearest neighbour disrupts the influence from those
further away. Further, because we show that fish profit more from having neighbours in both
longitudinal and lateral directions than from having neighbours in either direction alone,
real fish should prefer to be in the inner area or at the rear of the school rather than at the
front and sides. This inhomogeneous distribution of hydrodynamical benefit is also found in
V-formations of flocks of large birds such as geese and pelicans, where the individual at the
tip of the ‘V’ spends more energy than those behind (Weimerskirch et al., 2001; Andersson
and Wallander, 2004). This inhomogeneity may reinforce the manner in which individuals in
real fish schools are continually changing their positions within the school (Huth and Wissel,
1994). As regards the two-dimensionality of our model, so far results of two-dimensional
hydrodynamical models of fish on a qualitative level remarkably resemble results of 3D
models as well as empirical data of real fish (Sui et al., 2007; Reid et al., 2009; Borazjani and
Sotiropoulos, 2008; Reid et al., 2011). However, in a model it was shown that quantitatively
aspects such as the achieved swimming speed of the fish change significantly when the
dimensions are changed Kern and Koumoutsakos (2006). Our 2D simulations can therefore
only serve as a qualitative prediction of flow in real fish schools.

From our model we may derive an explanation of how an individual can benefit from
the wake of another when their undulation frequencies differ, which is apparent in real
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fish schools from the lower tailbeat of trailing individuals (Belyayev and Zuyev, 1969;
Herskin and Steffensen, 1998; Svendsen et al., 2003). The ability to exploit a wake without
synchronisation is indicated in our model both for the line formation by the absence of an
effect on exploitation of longitudinal distance (Figs. 4.4B-4.7B) and in the line and rectangular
formations by the variation of the encountered wake structure from one tailbeat to another
(Fig. 4.8). In both cases fish exploit the wake by swimming just besides the jet of the
predecessor.

Our model simplifies reality, for instance the undulation and position of individuals
relative to their neighbours is fixed, whereas real fish adapt their gait to exploit vortex
wakes (Liao et al., 2003b). Future improvements will involve more natural swimming of
individuals, by making their bodies undulate in response to the flows, as well as making
them sense flows and dynamically adjust their undulation to optimally exploit them, for
example by using the Kármán gait (Liao et al., 2003b). Social responses, such as the
common avoidance, alignment and attraction rules (Hemelrijk and Kunz, 2005; Hemelrijk
and Hildenbrandt, 2008) will be added to create schooling behaviour that is more natural.

Our results are an important step towards understanding the hydrodynamics of schooling
of fish. Unexpectedly, it is beneficial to swim directly behind another fish, as a consequence
of the curving of the wake of the predecessor around the follower. Since these benefits of
efficiency and speed arise even when the fish are not actively trying to exploit the wake, the
benefits of schooling are easier to attain than previously thought, requiring neither precise
spacial positioning nor modification of behaviour, for instance by tuning the frequency of
undulation.
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