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CHAPTER 4: Applications 
 

In this chapter I present three detailed applications of the ideas introduced in the last 

chapter. I analyze three cases of aesthetic judgement in mathematics, which also serves to 

clarify some details and address some of the issues related to the specific topics, like 

elegance or the role of the unexpected. In the final section I revisit some of the issues 

introduced in Chapter 1 to assess my proposal.  

Before turning to our concrete analyses a brief summary of the ideas I have just 

developed is in order. My theory is that aesthetic episodes always occur as interrelated 

elements of a system I call an aesthetic-process. The notion of the aesthetic can be 

understood in terms of aesthetic-process: something is ‘aesthetic’ if it plays a relevant, 

non-contingent role in an aesthetic-process. I call this interpretation the-aesthetic-as-a-

process. 

Aesthetic experience is a process in which an individual interacts intellectually 

and affectively with a stimulus (which can be cognitive). In the case of mathematics, this 

process is characterized by the presence of AMIOs. AMIOs constitute a class of 

intentional objects: the mathematical ‘flavour’ of aesthetic forms. The role of these 

intentional objects is to unify the experience by serving as focus of attention and inducing 

affective reactions. 

Aesthetic value is a relation between sets of properties of objects and subjective 

reactions. Its role is to regulate evaluations. Its dynamics, mirroring the dynamics of 

preferences and aesthetic criteria, are governed by constrained aesthetic induction (CAI). 

Aesthetic judgements are expressions of subjective states. The role of passing a 

judgement is to encourage articulation (and, eventually, exchange) of experiences in the 

aesthetic-process. 

Things like judgements, pleasure, experience, etc. can be qualified as aesthetic if 

they participate as necessary elements in an aesthetic-process, and they are characterized 

by their specific features and their role in the process. 
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I now present three interpretations of instances of aesthetic judgement> before 

doing so, though, it may be wise to alert the reader to the fact that Gian-Carlo Rota has 

warned us against presenting instances of mathematical beauty as ‘isolated pearls’: 

[...] despite the fact that most proofs are long, despite our awareness of the need for an extensive 

background in order to appreciate a beautiful theorem, we think back to instances of mathematical 

beauty as if they had been perceived by an instantaneous realization, in a moment of truth, like a 

light-bulb suddenly being lit [....] 

[…] Following this mistaken conviction, several attempts have been made to string together 

beautiful mathematical results, and to present them in the form of books bearing such attractive 

titles as “The one hundred most beautiful theorems of mathematics”. Such anthologies are seldom 

to be found on any mathematician’s bookshelf. The fact is that the beauty of a mathematical 

theorem is best observed when the theorem is presented as the crown jewel within a context of 

results of a theory. When instead mathematical theorems from disparate areas of mathematics are 

strung together and presented as “pearls”, then they lose their relevance, and are likely to be 

appreciated only by those who are already familiar with them. (Rota, 1994, pp. 179-180) 

 

Rota correctly establishes that a great deal of the appreciation of mathematical 

beauty is about mathematical understanding. I agree with Rota. However, while he claims 

that mathematical beauty is merely about understanding, I claim that understanding is just 

part of the modality of aesthetic experience in mathematics. Mathematical knowledge is a 

dimension of phenomenological spaces of AMIOs. Mathematical understanding is an 

‘appreciation condition’, something without which we cannot ‘see’ the object of 

appreciation. Just as a deaf person cannot listen to music or an illiterate person cannot 

read a poem, a person unfamiliar with mathematics cannot appreciate it. Rota is right to 

warn us that the theoretical context is necessary to understand any piece of mathematics 

and to see its mathematical beauty. This entails a problem if we want to present isolated 

cases of mathematical beauty, since they seem to require the presentation of a wide 

theoretical context. That is why Rota dismisses works of the “One Hundred most 

Beautiful Mathematical Formulas” type. I believe that works devoted to the presentation 

of beautiful mathematical results fail to clarify what mathematical beauty is, as they are 

often merely anecdotal presentations. However, I am not committed to a beauty-as-

enlightenment approach. In my approach to mathematical understanding as an 

appreciation condition, once we are provided with a theoretical framework, those 
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anecdotes can serve as points of departure to offer a more substantive interpretation. 

Thus, despite Rota’s warning, I intend to use some ‘isolated pearls’ to exemplify how my 

theory can interpret them. 

 

1. Case 1, Beauty: y=e
x
, Basic Appreciation Phenomena 

A very elementary instance of beauty in mathematics is suitable to address cases of basic 

appreciation phenomena. Le Lionnais presents the following example (the function y=ex) 

of, according to him, ‘classical’ mathematical beauty: 

Who has not been amazed to learn that the function y=e
x, like a phoenix rising again from its own 

ashes, is its own derivative? (Le Lionnais, 2004, p. 126) 

 

1) Experience 

In my model, aesthetic experience is a process that includes a shift in the focus of 

attention, a focusing on aesthetically relevant properties, and an affective response. The 

process is started by an ‘input’ that has the qualities needed to focus our attention in an 

aesthetically relevant way. The most relevant feature of y=e
x here46 is not that the 

mathematical item refers to a set of properties of the object ex, but rather that it manages 

to involve our attention in a process that leads to an affective reaction47. 

Our object of attention is located in a phenomenological space the dimensions of 

which are properties of y=ex. There are two kinds of dimensions: background 

understanding and aesthetically relevant dimensions. In the present case the background 

knowledge consists in mathematical analysis. Analysis provides us with the 

understanding that allows us to ‘see’ the function. However, the aesthetic significance of 

the function depends not only on ‘seeing’ a mathematical object and its relations, but also 

in evaluating it affectively; the function possesses features we appreciate. Of course, the 

reasons why we appreciate certain properties can be practical or of another kind, but 

among those reasons there is one that is aesthetically significant: a class of properties that 

                                                 
46 The function y=e

x is the object of our evaluation. The fact that its derivative, y', is the same function, 
y'=y, is what makes it beautiful. I use the expression y’=y=e

x to emphasize this fact. 
47 As we shall soon see, not all properties of the object are responsible for retaining our attention and 
eliciting a reaction. It is a collection of ‘extra’ properties, the aesthetically relevant properties, that manages 
to do so. 
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tend to elicit affective reactions. Affective reactions play an important role in our 

preferences for symmetry, for example. These properties are often used to explain beauty, 

as in Hutchenson or Shaftesbury, who explain beauty based on ‘single-principles’. 

Explanations based on properties cohere with my model since these properties become 

part of the experience content as dimensions of its phenomenological space. Symmetry, 

for example, can be seen as an aesthetic principle that explains why we have a positive 

autonomic response. The problem is that this explanation does not account for aesthetic 

experience. In my model, aesthetic experience is a process in which aesthetic properties 

have a particular role, but experience itself is constituted by all the events and relations in 

the process. Aesthetic principles are useful to justify our appreciation, but not to account 

for aesthetic experience: aesthetic episodes are complex systems of relations among 

individuals, their natural propensities, cultural influence, social interaction and objects. 

Aesthetic experiences should be explained in the context of these relations; showing that 

an episode can be interpreted employing the theoretical framework of aesthetic-processes 

allows us to do that. 

Now, the very first event in our aesthetic-process is the occurrence of a triggering 

input, y=e
x, to which Le Lionnais draws our attention, pointing out that y=e

x is its own 

derivative, that is, y'=y=e
x. This last fact further draws our attention, helps us to focus it 

and, eventually, to elicit a reaction. The focus of our attention is not an instance of the 

formula, but rather some features of it. But in order to understand the interesting property 

that the derivative of ex is itself ex, it is necessary to understand its theoretical context; we 

need to understand notions like function, derivative, e, etc. All these facts can be 

addressed as elements of an aesthetic experience: the background understanding of 

analysis is the basic, enabling dimension of the phenomenological space in which our 

intentional object is located. We can establish this dimension by introducing the 

interpretation of our background understanding dimension: 

 

Background-Understanding-Analysis= the feature of being understandable only if 

analysis has been understood 
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Background knowledge enables us to ‘see’ the intentional object, and furthermore it also 

affects which properties are visible in the space. For example, a result that is simple if we 

understand analysis is not necessarily simple if we understand only arithmetic. Now, 

aesthetic appreciation requires something extra, just as seeing colour or hearing sounds 

are not enough for aesthetic appreciation of paintings or symphonies. This extra consists 

in some of the properties we find in our object of attention: once we understand that 

y'=y=e
x, we focus on the fact that there is a repetition of the term e

x , “like a phoenix 

rising again from its own ashes”. Furthermore, as we understand that the term ex is the 

result of applying the derivative operation (once), we also know it will appear again as 

the result of the derivative operation, regardless of how many times we apply it48. Now, 

there is a relevant phenomenon to which we immediately relate repetition: symmetry. 

Visual symmetry, bilateral symmetry, for example, consists in the repetition of the visual 

properties of one side of the object on the other side in such a way that both sides would 

match if the object were folded. The important fact about symmetry here is that we like 

symmetric objects. We experience a positive reaction to symmetrical objects; we polarize 

objects with the property of symmetry on the ‘liking’ side of the valence polarity liking-

disliking. Symmetry occurs not only at the perceptual level. There are more ‘abstract’ 

forms of symmetry. Palindromes, for example, can take forms that are not recognizable at 

first sight; “A man, a plan, a canal, Panama” reads the same when read backwards. To 

address these more abstract cases of symmetry a more general definition can be 

employed; for example, an object is symmetric with respect to an operation, if the object 

remains unchanged after the application of the operation (Livio, 2006, pp. 5-9; 

McWeeny, 2002, pp. 4-7). We can use this idea to represent the kind of symmetry we 

intuitively see in the repetition of ex. 

In our aesthetic-process, our attention shifts from attending the general properties 

of the function y=e
x to an attention focused on its aesthetically relevant properties. In this 

case, the property on which our attention focuses is a type of symmetry. The dimensions 

of our phenomenological space are thus analysis as background understanding, and a type 

                                                 
48 The same is true for the case of the integral operation: the term ex appears repeatedly.  Application of an 
integral operation renders ex +c, however, since we must add a constant c (the derivative of a constant is 0 
and any function f can be expressed as f+0). Subsequent applications of the integral yields even more 
polynomial terms, which makes the repetition less “clean” than in the case of the derivative. 
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of symmetry. We can introduce the dimension of symmetry (with respect to 

differentiation) with the following interpretation: 

 

Symmetry= the feature of remaining unchanged under application of differentiation   

 

With these two dimensions we can now interpret y=e
x as an AMIO that appears in 

the phenomenological space with analysis and symmetry as dimensions. Analysis allows 

us to see the object; symmetry makes the experience aesthetic. By changing our attention 

from y=e
x as a mere mathematical object to an object in which our attention focuses on 

symmetry, the content of attention becomes an aesthetic mathematical intentional object 

(AMIO). Our AMIO appears in a bi-dimensional space whose dimensions are analysis 

and symmetry. Symmetry contributes to elicit an affective response. Perceptual symmetry 

and our conceptual symmetry are able to elicit affective responses49. 

The understanding of y'=y=e
x strikes us as pleasurable in a fashion similar to the 

way visual symmetry strikes us. As Rota speculates, we very likely enjoy symmetry in 

this case because it comes as an extra in our difficulties with understanding analysis: our 

response stems in part from the fact that symmetry is neither necessary nor expected in 

our formulas or objects. Symmetry is an aesthetic property by itself, but the fact that we 

need to undergo all the difficulties of learning analysis in order to be able to ‘see’ this 

kind of symmetry enhances its effect. Compare the case of polynomial functions; the 

functions y=x
2
+c and y'=2x hold all the relations that allows us to interpret them as a 

function and its derivative; they are as hard to understand as y'=y=e
x. Knowledge of 

analysis is necessary to ‘see’ them, but even if we focus our attention on y=x
2
+c and 

y'=2x we shall fail to see any obvious symmetry, as the terms x2 and c are not preserved 

under differentiation . This derivative-symmetry is not a general characteristic of 

derivatives and there is nothing in the notion of derivative that makes it so. 

Since our attention on y=e
x is not focused merely on mathematical objects and 

relations, but rather on qualities relevant in the phenomenological space analysis-

symmetry, we can call the content of our attention:  

                                                 
49 Interestingly, aesthetic principles like Shaftesbury’s order or Hutchenson’s unity amidst variety are, I 
believe, not completely alien to symmetry. 
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analysis-symmetry-AMIO-y=e
x.  

 

The process of shifting our attention to this intentional object, the intentional object itself, 

the fact that it induces an affective reaction, and the affective reaction itself constitute our 

aesthetic experience.  

Now, this example of mathematical beauty is very simple, and I believe it is not 

too bold to propose that the way the content analysis-symmetry-AMIO-y=e
x relates to its 

affective response is similar to the way perceptual symmetry induces an affective 

response: it is an autonomic (invoked) response. Since the repetition of the term ex is 

explicitly ‘visible’ in the derivative, the content of our experience does not involve 

further activities – following the steps of an argument or looking for patterns in them – 

hence the appreciation phenomenon cannot be formal. And since the content does not 

evoke but rather invoke an affective response, it cannot be canonical. The appreciation 

phenomenon involved in the experience is of the basic type. 

Now regarding the development of the aesthetic-process, we have so far covered 

nodes 1 to 4. Node 1 is the triggering ‘stimulus’ (although there is no actual perceptual 

stimulus). Node 2 consists in changing the way our attention is focused. In our 

interpretation this corresponds to establishing the relevant analysis-symmetry dimensions 

for the AMIO and interpreting our object y=e
x as the intentional object: analysis-

symmetry-AMIO-y=e
x. An affective reaction, node 3, is invoked by passive 

contemplation of this AMIO. Since the affective reaction is positive, our response <P,N> 

is one of pleasure; we experience an affective evaluation; this takes us to node 4, 

evaluation, and into the realm of aesthetic value.  

 

2) Value 

I have defined aesthetic value as a relation between (sets of) properties and responses. 

The notion of pleasure-relation introduced in Chapter 3 can now be identified. The 

passive content of our experience is the aesthetic form analysis-symmetry-AMIO-y=e
x. 

There is no active content. The content invokes a pleasure reaction. However, according 

to our formalization, the outputs of a pleasure-relation consist of ordered pairs <x,y> 
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where x and y are affective responses. In the case of basic aesthetic relations the 

coordinate y is set to a No-response constant since there is no active content. The output 

of our pleasure-relation can thus be expressed as50:  

 

f(analysis-symmetry-AMIO-y=ex )=<P,N> 

 

Dynamics 

Multiple factors are at work in the dynamics of value. McAllister’s aesthetic induction 

already involves complex social and historical elements. My approach is even more 

complicated due to the introduction of critical adequacy and robustness. In order to 

illustrate their application I shall try to keep this interpretation as simple as possible. It is 

not impossible that I shall neglect actual factors, like some relevant aesthetic properties 

besides symmetry, or perhaps the actual history of the changing opinions on ex. However, 

by doing so it is possible to present a nearly ideal case in which a single aesthetic 

dimension is at work, allowing us to see more clearly how my aesthetic theory works. 

Now, we have established that symmetry is responsible for our affective response. 

In terms of value it means that the pair <{symmetry},<P,N>> consisting of the set 

containing the property symmetry and the pleasure response <P,N>, is an element of the 

value-set for mathematics: the property set of symmetry possesses a positive aesthetic 

value. 

The dynamics of this particular value (the element in the value-set) must be 

analyzed in terms of constrained aesthetic induction. The only evidence we have to 

support the existence of experiences or values51 is the public judgement available 

regarding the beauty of y=e
x: the text offered by Le Lionnais. The text can be seen as 

evidence that there is some kind of aesthetic criterion governing the passage of his 

judgement. Of course, these criteria are not necessarily held explicitly or consciously by 

                                                 
50 I employ the functional notation f(x)=y to emphasize that in the context of particular aesthetic experience 
there is an actual assignment of a particular output  y (an affective response) to an the input x (the 
intentional object).  
51 The interpretation of experience offered above can be justified only by the evidence of an actual 
judgement. But that is the case for all kinds of experiences. Thus the interpretation of aesthetic experience 
offered above and of value in this section is, in a strict sense, theoretical. 
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the person who passes the judgement; rather, aesthetic criteria are useful devices that 

allow us to utilize the publicly available information to track the otherwise private and 

inaccessible values. The criterion at work in this case corresponds to something like: 

 

‘If symmetry appears in object O, attach more aesthetic value to O’. 

 

The strength of this criterion co-varies with the strength of its associated preference and 

value. In other words, this criterion is the ‘cognitive’ side of an affective preference in the 

person who passes the judgement and it tracks the value-element <{symmetry},<P,N>>. 

Now, in our constrained version of aesthetic induction, two features play a key role: 

critical adequacy and critical robustness. Critical adequacy represents the inductive, or a 

posteriori, character of our judgements; robustness represents the autonomic, or a priori, 

character. It is true that appreciation of symmetry can be affected by learning and 

experience, but symmetry has a rather natural character. Visual symmetry, for example, 

does not require any special training or experience to be appreciated positively. 

Furthermore, the historical evidence of positive reactions to symmetric items, from art in 

antiquity to contemporary judgements in mathematics, seems to testify that positive 

judgements regarding symmetry possess a high degree of robustness. This evidence 

means that the preferences for symmetric items do not necessarily depend on, or are at 

least relatively immune to experience. Furthermore, our judgement concerning the beauty 

of y=e
x needs a good deal of mathematical background to allow us to see the symmetry 

involved in our criterion, but it does not depend on previous experiences with symmetry. 

We can conclude that the aesthetic value of ‘symmetry’ (more precisely 

<{symmetry},<P,N>>) will remain high despite changes in other parts of aesthetic value 

induced by experience. The preference for symmetry is quite stable; it reflects a natural 

preference, and thus its corresponding criterion (ideally) does not seem to depend on 

experience, it is a priori. As this criterion is responsible for our evaluation, this 

evaluation is also a priori. This takes us to the issue of aesthetic judgement. 
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3) Judgement 

For convenience, I assume that the sentence ‘y=e
x is beautiful’52 summarizes the 

judgement presented by Le Lionnais in his text. I have characterized an aesthetic 

judgement as an aesthetic description that expresses a subjective state in an aesthetic-

process. ‘y=ex is beautiful’ is such a description; it expresses the state resulting from 

evaluating and articulating our aesthetic experience in contemplating y=e
x. Aesthetic 

descriptions are sentences that include correctly applied aesthetic predicates. As we have 

seen, there are multiple possibilities to map affective reactions (the possible outputs of 

our pleasure-relation, the set E8JOYME8T) to collections of linguistic labels (schemata). 

We have established that the pleasure-relation is of the basic type, thus there are only two 

possibilities; pleasure, P, and displeasure, D. Our E8JOYME8T set is: 

 

E8JOYME8T ={<P,N>, <D, N>} 

 

The term ‘beautiful’ can easily be mapped into the sole pleasure reaction <P,N>. Hence, 

the actual output of our pleasure-relation is <P,N>. Now, although it is simple to map the 

pleasure response to the label ‘beautiful’, that mapping conveys the mapping of the whole 

set of possibilities {<P,N>,<D,N>} to an appropriate schema, for example {‘beautiful’, 

‘ugly’}. The mapping is accompanied by the reorganization of the extensional domain to 

which the expression ‘y=ex’ refers; the domain of mathematical functions (objects that 

are not AMIOs but mathematical objects simpliciter). This reorganization of the domain 

is something that occurs subjectively; it is a change in our (or Le Lionnais’) point of 

view, and it is something we do not necessarily undergo consciously. Despite this 

subjectivity – and this is very interesting – the metaphor Le Lionnais employs, comparing 

the function to a phoenix, testifies to the fact that such a subjective reorganization does 

occur. Metaphors reorganize the new referential domain where a metaphorical label is 

applied. In the metaphor that compares y=e
x to a phoenix the domain of mathematical 

functions is reorganized to match the ‘phoenix’ schema (the schema of real and 
                                                 
52 “y'=y=e

x is beautiful” is perhaps an option for expressing the judgement, but Le Lionnais refers to the 
function y=e

x as an object that happens to be beautiful, and he then explains that its beauty is the result of 
the fact that y'= e

x. In other words y=e
x is the subject matter of our judgement and y'= e

x is the justification 
of our judgement. I believe that ‘y=e

x is beautiful’ better expresses the idea that our object of attention is a 
contemplative, non-active content. 
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imaginary birds or animals). This metaphor should not be interpreted as an explanation of 

the beauty of y=e
x, but rather as a way to draw our attention to the fact that a 

reorganization of the domain of mathematical functions is occurring in our appreciation 

of the beauty of the function. I believe this is also the function of some metaphors in art 

criticism: metaphors draw our attention to the fact that a reorganization of the domain 

helps us to articulate the aesthetic experience. The reorganization of any domain can be 

carried out in several ways; for example, the domain of functions or other abstract objects 

can be organized according to the structure of the domain associated with the schema of 

birds (including the phoenix). The metaphor only tries to illustrate the characteristic 

reorganization involved in articulating an experience. 

In order to distinguish metaphorical from correct aesthetic use we can address the 

two roles of aesthetic judgements; articulation and exchange. Roughly speaking, 

articulation consists of three things: 1) mapping, 2) reorganizing, and 3) locating our 

state. The mapping establishes assignments of outputs of our basic pleasure-relation, 

{<P,N>, <D, N>}, to the label family {‘beauty’, ‘ugly’}. This mapping can be naturally 

accomplished by assigning ‘beautiful’ to pleasure <P,N> and ‘ugly’ to displeasure 

<D,N>. The second element consists in reorganizing the referential domain of 

mathematical functions. The actual reorganization underlying Le Lionnais’ judgement 

seems to consist in having the mathematical functions domain divided into beautiful, ugly 

and aesthetically-neutral functions. There are several ways of reorganizing the domain, 

since the adequacy of labels depend on context and habit. To exemplify this, we can think 

of two alternatives. As we have discussed above, in the domain of mathematical functions 

some elements exhibit symmetry with respect to differentiation, y=e
x, while others are 

non-symmetric, y=x
2
+c, for example. By reorganizing the domain of mathematical 

functions in terms of derivative-symmetry we can have a second way to relate items in 

this domain to labels in the original schema {‘beautiful’, ‘ugly’}; at the same time, we 

have an explanation for our affective reaction. The other alternative is to reorganize the 

domain of mathematical functions using the phoenix metaphor, in which only one kind of 

animal is reborn from its ashes, just as only y=e
x remains  the same under 
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differentiation53. Of the two alternatives, the first has the advantage of offering clearer 

points of reference which agree with the way we actually deal with mathematical 

functions. The second schema, as in the case of the colour schema, has a domain whose 

structure has very few points of reference to reorganize functions other than the phoenix 

in relation to y=ex. But what kind of functions can we associate with birds like the eagle 

or the pigeon? These two possible reorganizations show that the process of articulation 

depends on many factors, and that, in general, ‘choosing’ a correct reorganization is a 

skill that must be developed.  

The mapping and reorganization provide us with a ‘chart’ of the possible aesthetic 

experiences; the third element necessary to articulate our experience is, of course, the 

‘coordinates’ that tell us ‘where’ on this chart we are. The actual output of our pleasure-

relation, f(AMIO-y’=y=e
x)=<P,N>, gives us these coordinates:  it spots a specific output, 

which is mapped to the label ‘beautiful’ (or another label depending on our choices). 

Hence, the aesthetic judgement ‘y=e
x is beautiful’ is the result of our articulation.  

Now, the need for a linguistic expression is what encouraged articulation in the 

first place; the need to express our subjective state <P,N> in a linguistic form encourages 

us to choose a schema, a label, a mapping and to undergo a domain reorganization. It 

must be emphasised that non-aesthetic judgements like  ‘y=e
x is derivative-symmetric’, 

cannot play the role of encouraging articulation, since they do not express our subjective 

state and they can be interpreted straightforwardly without the need for any 

reorganization of the referential domain. 

It is very easy to account for the role of exchange. In its exchange role the 

judgement ‘y=e
x is beautiful’ serves to convey information; this function is obviously 

performed, as is clear from the fact that we can read Le Lionnais’ text witnessing the 

existence of the judgement. The judgement helps us to focus our attention on ‘y=ex’ and 

                                                 
53 Functions like sin x and cos x appear again after the application of two sequential derivative operations. 
In that sense y=e

x
 is not completely unique. Furthermore the function y=ce

x
 also have the quality of 

repeating itself . However, these kinds of repetition are less appealing than the immediate and more obvious 
repetition of ex. In addition, even if the function is not unique in that respect, our focus in this interpretation 
is on the fact that the affective reaction is autonomically elicited by the presence of symmetry; this fact is 
independent of whether or not e

x is the sole symmetric object. We appreciate visual symmetry because 
symmetry naturally ‘moves’ us, not because symmetry is rare. Rarity can enhance our appreciation, but first 
we need something to be enhanced. 
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then encourages us to undergo the appropriate experience: the judgement plays a role in 

further aesthetic-processes, our own aesthetic-process when we read Le Lionnais. 

Now, since the judgement is (ideally) a priori, even if in principle it can 

participate in an aesthetic inductive process it would have little effect in shaping future 

experiences by means of aesthetic induction. Thus, since the judgement does not lead to 

further conclusions or actions, we can conclude that it is (again, ideally) not only locally 

terminal but also Kivy-terminal. 

 

Development of the Process 

With all these elements we can summarize how this aesthetic-process develops: 

The formula y=e
x and Le Lionnais’ remarks focus our attention on the function y=e

x 

(node 1), our attention shifts focus by concentrating on analysis-symmetry-AMIO-y=e
x, 

instead of on y=e
x simpliciter (node 2). The intentional object analysis-symmetry-AMIO-

y=e
x invokes a pleasure reaction, <P,N>. This reaction is an affective evaluation (node 4) 

and it is the result of the preference encoded in the a priori criterion ‘If symmetry appears 

in object O, attach more aesthetic value to O’ which tracks the value-element 

<{symmetry},<P,N>>. The resulting subjective state needs to be expressed in a 

judgement, thus encouraging the articulation of our experience (node 5). This judgement 

is expressed linguistically as ‘y=e
x is beautiful’ (node 6), and it can result in further 

aesthetic experiences, but it is not very likely these will alter the aesthetic value. 

 

2. Case 2, Elegance: Cantor’s Diagonal Proof -Method 

I shall now use Cantor’s diagonal proof of the non-denumerability of the real numbers R, 

to illustrate formal and canonical aesthetic phenomena and the use of the term ‘elegance’. 

In Chapter 3 I claimed that the appreciation of many mathematical proofs falls under the 

category of formal aesthetic appreciation phenomena. This proof allows us to illustrate 

formal phenomena. To illustrate canonical phenomena, I use the technique derived from 

Cantor’s diagonal proof, sometimes called diagonal method or diagonal argument. I 

approach the same mathematical item, the diagonal proof, by giving two interrelated 

interpretations of the proof. The first interpretation focuses on the series of individual 

steps of the proof; this interpretation allows us to see the proof as a formal appreciation 
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phenomenon. The second interpretation focuses on how we construct a new object of 

attention with each step of the proof. This allows us to see the proof as a general method 

and as an instance of canonical appreciation phenomena. 

 

1) Experience  

In 1891 Cantor presented a proof that the set of real numbers R is non-denumerable 

(Cantor, 1891). The following is a transcription of Buckner’s translation into English 

(Buckner 2005) of Cantor’s original proof (the signposts for elementary steps  D1), D2), 

D3), etc. are mine). 

“On a property of a set of all real algebraic numbers” (Journ. Math. Bd. 77, S. 258), there 

appeared, probably for the first time, a proof of the proposition that there is an infinite 

manifold, which cannot be put into a one-one correlation with the totality [Gesamtheit] of 

all finite whole numbers 1, 2, 3, …, v, …, or, as I am used to saying, which do not have 

the power (Mächtigkeit) of the number series 1, 2, 3, …, v, ….  From the proposition 

proved in § 2 there follows another, that e.g. the totality (Gesamtheit) of all real numbers 

of an arbitrary interval (a ... b) cannot be arranged in the series 

w1 w2, …, wv, … 

However, there is a proof of this proposition that is much simpler, and which does not 

depend on considering the irrational numbers. 

 D1) 

Namely, let m and n be two different characters, and consider a set [Inbegriff] M of 

elements 

E = (x1, x2, … , xv, …)  

which depend on infinitely many coordinates x1, x2, … , xv, …, and where each of the 

coordinates is either m or w.  Let M be the totality [Gesamtheit] of all elements E.   

D2) 

To the elements of M belong e.g. the following three:  

EI  = (m, m, m, m, … ), 

EII = (w, w, w, w, … ), 

EIII = (m, w, m, w, … ). 

 D3) 

I maintain now that such a manifold [Mannigfaltigkeit] M does not have the power of the 

series 1, 2, 3, …, v, …. 

 This follows from the following proposition:  

D4) 
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"If E1, E2, …, Ev, … is any simply infinite [einfach unendliche] series of elements of the 

manifold M, then there always exists an element E0 of M, which cannot be connected 

with any element Ev." 

 D5) 

For proof, let there be 

 E1 = (a1.1, a1.2, … , a1,v, …) 

E2 = (a2.1, a2.2, … , a2,v, …) 

Eu = (au.1, au.2, … , au,v, …) 

…………………………. 

where the characters au,v are either m or w.  Then there is a series b1, b2, … bv,…, defined 

so that bv is also equal to m or w but is different from av,v. 

 D6) 

Thus, if av,v = m, then bv = w. 

D7) 

Then consider the element 

E0 = (b1, b2, b3, …) 

D8) 

of M, then one sees straight away, that the equation 

E0 = Eu 

cannot be satisfied by any positive integer u, otherwise for that u and for all values of v. 

bv = au,v 

and so we would in particular have 

bu = au,u 

 D9) 

which through the definition of  bv is impossible.  From this proposition it follows 

immediately that the totality of all elements of M cannot be put into the sequence 

[Reihenform]: E1, E2, …, Ev, … otherwise we would have the contradiction, that a thing 

[Ding] E0 would be both an element of M, but also not an element of M. 

 

Now, our object of attention is not the theorem itself, that R is non-denumerable, but the 

argument that allows us to establish it. Our attention focuses on the different steps 

proposed by Cantor, and on the way they take us from the premise (that there are 

elements of the type E = (x1, x2, … , xv, …) that can be arranged in a list)  to the 

conclusion (R is non-denumerable).  

The diagonal method can be identified as the passages D4 to D9 presented above; 

more specifically the proof of D4:  
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“If E1, E2, …, Ev, … is any simply infinite series of elements of the manifold M, then 

there always exists an element E0 of M, which cannot be connected with any element Ev.” 

 

It is often argued that Cantor’s diagonal proof is remarkably simple; I believe the passage 

above shows us this simplicity. Now, in the following I concentrate only on the diagonal 

method, and not on the specifics of the non-denumerability of R.  

 

The proof consists of a sequence of steps that takes us from the premise “E1, E2, 

…, Ev, … is any simply infinite series of elements of the manifold M”  to the conclusion 

“there always exists an element E0 of M, which cannot be connected with any element 

Ev”. I call the interpretation focused on the individual steps the step-series interpretation. 

I call the interpretation focused on how the steps are just elements of a general method 

the single-object interpretation. This interpretation sees the proof as a single object; in a 

fashion similar to a procedure or an algorithm, which is instantiated in different 

mathematical proofs. 

Now, in general, a mathematical proof requires a different kind of attention from 

items like mathematical objects, formulas or theorems. Formulas, for example, are single 

statements, but a proof is an argument that involves the unfolding of our attention through 

a series of statements. The steps of the proof, in this sense, constitute a ‘narrative’ 

structure, an unfolding of events that lead logically to other events. This narrative and the 

aesthetically relevant properties are responsible for our affective reaction to Cantor’s 

proof.  

Cantor’s proof is aesthetically interesting not because it proves the non-

denumerability of R: as a matter of fact, that result had been already proven by Cantor 

himself in 1874. Cantor’s proof is aesthetically interesting thanks to the quality of the 

narrative, the method introduced. Gian-Carlo Rota was skeptical of the fact that the 

unexpected (Rota, 1997, p. 172) may play a role in mathematical beauty, but I think it is 

plausible that the unexpected plays a role in the beauty of this proof. Now, in general, the 

conclusion of a proof is already known from the beginning of the proof. Thus, the 

conclusion of the proof itself is not unexpected.  If anything, the unexpected must be 
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located on the procedure, in the narrative of the proof. This is why it is important first to 

interpret the proof as a series of steps. 

 

1.1) Step-series Interpretation 

The first task in our analysis of the beauty of Cantor’s proof is to establish how attention 

is focused. Each step is a single statement, analogous to a formula; background 

knowledge should be required to ‘see’ each step. Cantor employed an informal set theory 

(naïve set theory), but we can assume that a basic understanding of set theory (ST) is 

necessary to understand the proof (the difference between naïve set theory and ST is not 

relevant here). Now, understanding each new step in the proof requires an understanding 

of the previous steps, thus, in a sense, every previous step in the proof becomes part of 

the background understanding. The proof stops when we reach the conclusion we were 

looking for, in this case that element E0 is different from any element Ev. 

The procedure and the ideas involved in the steps are fairly simple, but 

nonetheless conclusive. The whole procedure consists of very few steps, D4 to D9; and 

we can reduce it to just two general steps plus one concluding step. The two general steps 

are, I) to establish the diagonal (in an infinite list of terms consisting of infinite 

coordinates), and, II) to construct a new term consisting of the coordinates that are 

complementary to the coordinates in the diagonal. The concluding step consists in 

realizing that the new term is not in the list and thus that there exists a non-denumerable 

manifold. Since this last step is specific to this particular proof I shall concentrate only on 

the two general steps and consider that the concluding step should be trivially adapted to 

the proof at hand. These steps are very simple operations. The brevity and simplicity of 

the proof offers the advantage of making it very transparent and reliable, since not many 

details are involved and there is small probability of something going wrong. This brevity 

and simplicity, as is often remarked, makes the proof a very elegant one. 

All these things constitute our intentional object. Our phenomenological space is 

constituted by a set theory (ST) background-understanding dimension. The most salient 

aesthetic property is simplicity. Simplicity often appears as explanation of our taste for 

scientific theories; McAllister has shown there are several ways in which simplicity is 

interpreted in science (McAllister, 1996, Ch. 7). I believe that simplicity in this example 
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can be consistently interpreted in two different ways: first as a ‘transparency’ quality, a 

quality that facilitates understanding and reduces the possibility of error. We enjoy this 

simplicity in the same fashion as we find the lack of complications pleasurable. Second, a 

proof is simpler if it has fewer steps; we can call this type of simplicity step-parsimony. 

The diagonal method, as I have summarized it, has only two steps. We can introduce 

these properties with the following definitions: 

 

Simplicity=the feature of facilitating understanding and reducing the possibility of error 

 

Step-Parsimony= the feature of consisting of a small number of steps 

 

Step Parsimony (or parsimony for short) will play a central role in the single-object 

interpretation, but for now let us concentrate on the individual steps. The steps of the 

proof appear in a space with the dimensions ST (set theoretical background-

understanding) and simplicity. 

Now, an interesting and characteristic feature of proofs is that our attention is 

actively involved. For example, the second step of Cantor’s proof, constructing the 

complementary element, depends on the first step. Reaching our conclusion depends on 

understanding both steps. That is, in order to understand the proof we must understand 

each step and how they depend on each other. When our attention shifts to a new step in 

the proof, the former step becomes a necessary supporting part of the new step. The shift 

of attention means that our attention must be constantly changing and performing certain 

tasks with the object of our attention. For instance, in the first step of Cantor’s proof we 

must establish the diagonal by ‘taking’ the first coordinate of the first element of the list, 

the second coordinate of the second element of the list, the nth coordinate of the nth 

element of the list. Our object of attention, the diagonal of the first step of the proof, does 

not just passively appear in the phenomenological space; it requires active attention to 

become part of the proof. And as it develops into a new step, our attention is developing 

new background understanding for the next step, since each previous step is needed to 

understand the new step. The content of our experience in the step-series interpretation 

consists of a series of interrelated AMIOs in the space ST-Simplicity. We can call them 
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ST-Simplicity-AMIO-Step-I and ST-Simplicity-AMIO-Step-II. Each AMIO requires the 

performance of some specific intellectual activity, and the attention shifts its focus from 

the first to the second AMIO.  

 

1.2) Single-Object Interpretation 

To see the proof as a single object we must construct this object using the steps of the 

proof as building blocks. My model of AMIO allows the building of new objects in the 

phenomenological space. The construction of an object is not arbitrary; it is constrained 

by the dimensions of the space and the conditions of conservativism and relevance of the 

operations we employ to construct the new object. In the case of Cantor’s diagonal proof, 

the theoretical frameworks of logic and set theory determine which implicit and meta-

intentional operations are allowed. A condition for constructing new objects in our 

phenomenological space is that the resulting object must remain an AMIO. Now, the 

operation of adding new steps to a proof results in new objects of attention, and in the 

case of Cantor’s proof the steps remain simple even if we establish their connection to 

other steps. The operation of adding steps is in this case consistent and simplicity-

conservative. This means that the object resulting from adding steps in Cantor’s proof 

exists in the same ST-simplicity phenomenological space as the steps. We can thus think 

of logical consequence (├), which is allowed by logic and set theory, as an implicit 

operation in our phenomenological space for the orderly connection of steps to each 

other. For example, the first step of the proof, establishing the diagonal, is a single 

independent object for which only background understanding is necessary. The second 

step, constructing E0, is an object of attention that depends on the same background 

understanding and on an understanding of the first step of the proof. The proof as a single 

object of attention is the final object of attention ‘there is an element E0’ resulting from 

the previous two steps and the logical consequence operation. 

An interesting feature of this new object is that the property of step-parsimony is 

now visible in it, as we can count the number of steps involved in the object. Since step-

parsimony is relevant to our appreciation, the respective step-parsimony dimension must 

now be introduced in our phenomenological space. The new space has the dimensions ST, 
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simplicity and step-parsimony. The resultant single object is a new object that can be 

called AMIO-diagonal-method. 

Seeing the proof as a single object also provides us with a way to characterize 

different mathematical proofs as instances of the application of the diagonal method. 

Cantor’s theorem54, and the first of Gödel’s incompleteness theorems, have been proved 

by diagonalization. The single-object interpretation allows us to incorporate this inter-

field application of the method in our aesthetic experience. It must be noticed that this 

interfield-application of the method plays a role in mathematicians’ appreciation of the 

diagonal method. I believe the reason for this appreciation has to do with the desirability 

of theoretical and methodological unification: it is desirable to have a common theoretical 

foundation for mathematics in set theory; by the same token the existence of common 

mathematical methods is desirable. The diagonal method possesses a very desirable 

method-unifying power. This desirability is not exclusive to mathematics – unity is not 

unknown in aesthetics; the appreciation of method-unifying power can be seen as a 

variation of Hutchenson’s aesthetic principle of unity amidst variety. Now, in order to 

incorporate this property in our experience we need to incorporate the fact that the 

method is applicable to other problems. But, in principle, those other problems are not 

visible in the original phenomenological space of the proof. I proposed the meta-

intentional operations precisely to cope with this kind of problems.  

We have established that the AMIOs can be constructed not only by means of 

implicit operations but also by external meta-intentional operations. Each instance of 

application of diagonalization can be seen as a different intentional object existing in their 

corresponding phenomenological space. In order to see the unifying power of the method 

within our space we need to introduce the unifying-power dimension. The best way to 

accomplish this is by allowing a meta-intentional operation, which  are operations that are 

not allowed by the implicit features of the dimensions of the space and that are relevant 

(in the sense of allowing us to ‘see’ additional aesthetic features) and conservative with 

respect to the aesthetic characteristics of our space. In the case of the diagonal method, 

one such operation is simply the operation: 

 

                                                 
54 For every set S the power set of S, P(S), has a strictly greater cardinality than S itself. 
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‘Apply the same method to a different instance’. 

 

Let us call this meta-intentional operation the external re-application operation.  

For example, if we focus on the proof by reductio ad absurdum, known to the 

ancient Greeks, that the square root of 2 is irrational, we can construct an intentional 

object that possesses all relevant steps and properties of the proof. If we concentrate only 

on the relevant properties of the method employed, to suppose a premise and then obtain 

from it a conclusion that contradicts it, we obtain the method of proof by contradiction, or 

reductio ad absurdum. Now, reductio ad absurdum is applicable in many instances but 

this ‘applicability-to-many-instances’ is not a property that is visible in the proof’s 

original phenomenological space. With the operation introduced above, however, if we 

apply the operation  ‘Apply the same method to a different instance’ we can account for 

the application of reductio ad absurdum in, say, the instance of the proof of the infinity of 

primes. The resultant object of attention is the same method but employed in a different 

instance. Now, this new object is different from the original in that it has the property of 

having been applied to other instances. The property of ‘being-applicable-to-many-

instances’ is now visible in our phenomenological space. 

Similarly, the diagonal method remains the same when we apply the external re-

application operation. And in this case the aesthetically relevant characteristics of the 

proof, simplicity and parsimony, are preserved; because if we added any new steps or 

changed the simplicity of the assumptions in the steps, the new method would no longer 

be an instance of diagonalization. Thus, the external re-application is simplicity and 

parsimony conservative. We can apply the external re-application operation to the 

AMIO-diagonal-method to obtain a different intentional object: re-applied-AMIO-

diagonal-method. 

This new AMIO possesses not only the properties of being transparently and 

parsimoniously simple, but also of being method-unifying, and thus it exists in a space 

constituted by the dimensions ST, simplicity, step-parsimony, and the new dimension of 

method-unification.  Method-unification that can be defined as follows: 
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Method-unification= the feature of providing a general procedure that can be applied to 

multiple problems in different fields. 

 

 

Once we have established how our attention is focused and what the objects of attention 

are, we should establish that the experience of those objects is an aesthetic experience, 

that is, there is a relation between the presence of the objects and our affective reactions. 

The step-series interpretation allows us to elaborate on the details of the activities and the 

change of attention in the proof. The single object interpretation allows us to take the 

unifying power of the method inot account. As we shall see below, these interpretations 

also exemplify formal and canonical aesthetic appreciation phenomena, respectively. 

 

1.3) Affective Response in Step-Series Interpretation 

When our attention is focused on an individual step of the proof, there are two ways an 

affective response can arise autonomically: passively by mere contemplation; or actively 

by means of the intellectual activities performed in the step. In the cases of Euler’s 

formula and the function y=e
x the presence of aesthetically relevant properties, like 

simplicity or symmetry, invokes affective reactions. Simplicity is an aesthetically 

relevant property of steps I and II (the concluding step can be regarded as trivial) of the 

diagonal proof, thus their passive contemplation can elicit a positive affective reaction. 

Although passive contemplation does have affective significance, I believe that in this 

proof the most significant part of the affective response comes from the active content: 

we not only passively focus our attention on the properties of the steps, we also actively 

imagine and evaluate what is being presented to us. In step I, for example, we have to 

figure out that terms En can be arranged following the order of natural numbers, that the 

coordinate of each element can also be arranged in that manner, that we can then take the 

first coordinate of the first element, the second coordinate of the second, and so on. These 

tasks are simple tasks; they are easy to perform. In addition to the intellectual activities 

performed in ‘following’ the proof, there is the activity of keeping track of the 

development of the proof. We know that each step is not presented to our attention 

arbitrarily, but rather that their purpose is to lead us somewhere else, and, ultimately, to 
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the desired conclusion: we see each step as a section of a ‘story’ that develops to reach a 

conclusion; we actively check for coherence between steps, that is, that one step 

consistently leads to another. By establishing step I of the proof (the diagonal in the list of 

elements) we have also presented the basis for step II, since step II consists in using the 

coordinate n from element n as proposed in step I to build a new element with all its 

coordinates complementary with respect to the diagonal. We can see that step II naturally 

develops the ‘story’ introduced in step I. 

Now, we also know that the conclusion we are trying to reach is about an infinite 

manifold. At first sight, we could expect a rather complicated story (it is about infinity, 

after all). The fact that the story takes only two very simple and coherent steps and it 

takes us to the conclusion we wanted to reach, strikes us as completely unexpected. As I 

have mentioned before, the conclusion of the proof is not unexpected at all; we knew it 

from the beginning; but the fact that two simple steps are enough to prove something 

about infinite sets is certainly an unexpected outcome. Now, unexpectedness can elicit an 

affective reaction. In emotions, for example, an affective reaction is triggered in response 

to changes in the environment. Different kinds of change in the environment result in 

different kinds of affective reactions. The kind of change in the diagonal proof is that of 

unexpected success. This unexpected success, coupled with the simplicity of the 

intellectual activities performed, results in an affective reaction associated not with the 

passive content of an individual step, but with the active performance of intellectual 

activities in each step to reach the conclusion. In a sense, the proof is a story with a happy 

ending, but most proofs have happy endings. The happy ending is less relevant than the 

‘narrative’, the way the story is told: the most ‘moving’ element in this ‘story’ is that we 

reach the ending as an unexpected success. 

Now, unlike simplicity or symmetry, unexpected success is not a property of the 

proof, it is not a quality we can see in it; rather, it is a type of outcome of our actions. 

This is one of the reasons why passive and active affective responses cannot be reduced 

to each other. Another reason for this is that passive contents elicit reactions by means of 

contemplation of properties. Aestheticians like Hutchenson or Shaftesbury were dealing 

with this kind of pleasure when they proposed their aesthetic principles of order and 

unity. Active contents, by contrast, elicit responses as the result of performing certain 
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tasks or obtaining certain outcomes. This is the kind of pleasure that Kivy’s formalism 

deals with by means of the hypothesis game and the game of hide and seek. If unexpected 

success were not a type of outcome of our actions but a property, there would be no 

reason to distinguish between passive and active contents. 

Now, even if the passive contemplation of the simplicity of each step of the proof 

already elicits an affective response, the active ‘performance’ of intellectual activities 

involved in the proof, due to their unexpected success, elicits an even more definite 

affective response. 

In summary, the aesthetic experience of the diagonal proof consists of a passive 

content, the AMIOs corresponding to each step, and an active content, which results in 

unexpected success. Both components result in a pleasure response; the total, composed 

response is <P,P>. Since we have an active content, our appreciation phenomenon is 

formal. The value of the pleasure-relation can be expressed as: 

 

f([step1, step2], [Activities-step1, Activities-step2, Story-Development])=<P, P> 

 

An interesting result can be drawn from this example: unexpectedness sometimes plays a 

role in mathematical beauty. Rota was skeptical about this perhaps because he confused it 

with a property of objects. Unexpectedness, at least in cases like the one analyzed here, as 

an explanation of mathematical beauty seems to be primarily suited to items that involve 

active attention (proofs or derivations, for example), since in mere passive contemplation 

there are no changes in our focus of attention and, thus, it cannot result in expected or 

unexpected developments. Due to the dynamic nature of unexpectedness, its role is more 

prominent in instances of active attention. 

  

1.4) Affective Response in the Single-Object Interpretation 

The proof as a single object is the result of a meta-intentional operation. We use the steps 

of the proof to form a larger single object. This object can be a further subject of the 

operator ‘external-application’. 

In the single-object interpretation of the method, the objects and intellectual 

activities involved in the proof must be seen in a particular way. The steps of the proof 
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should not be seen as separate objects of attention, but rather as the building blocks of the 

constructed object AMIO-diagonal-method. Similarly, the activities performed in each 

step and in the supervision of the proof development must be seen as the activity of 

internally organizing this new object. 

In addition to these activities we have seen that in order to see the property of 

method-unification we need to apply a meta-intentional operation external re-application. 

Applying this operation constitutes another kind of activity. More specifically, it would 

consist in checking that the relevant steps of the diagonal proof are applied in a 

recognizable way in another instance – to prove Cantor’s theorem, for example. The 

result of these activities is the object: 

 

AMIO-diagonal-method-external-application 

 

This object is the passive content of our experience. The active content consists in the 

activity of ‘constructing’ the object and in applying the method externally. These 

activities, except for the external application, are basically the same set of activities as in 

the step-series interpretation, and thus we can also conclude that they elicit a positive 

affective response, due to its ‘constructive’ unexpected success. 

There is, however, an important difference between the two interpretations: the 

passive content in the single-object interpretation has the additional aesthetic property of 

method-unification. While simplicity is ‘visible’ in the step-series interpretation, 

unification is not. Both properties are visible in the single-object interpretation, though. In 

the single-object interpretation the proof is not only simple and parsimonious but also 

method-unifying. Method-unification is a property of the proof and thus is part of the 

passive content of our experience; for this reason the passive content fares better in 

eliciting pleasure. 

Our appreciation of method-unification, however, depends not only on our current 

experience of the proof, but also on the different experiences of application of the proof. 

If the pleasure associated with method-unification is experience-dependent we have 

reasons to think that aesthetic induction can play a role. The possibility exists that the 

pleasure resulting from the active content can be evoked rather than invoked. For the sake 
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of argument, let us assume it does. The composed response, although still a full-pleasure 

response as in the step-series interpretation, is different in that it includes an evoked, Ep, 

pleasure response: <Ep,P>. The experience is thus characterized by a canonical aesthetic 

appreciation phenomenon. If we represent the activities that result in the new intentional 

object by the term Construction-Activities, the pleasure-relation can be expressed as 

follows: 

 

f(diagonal-method-AMIO, Construction-Activities)=<Ep,P> 

 

 

Development of the Process so Far 

Regarding the development of our aesthetic-process, we have so far covered node 1, in 

which perceptual stimuli play no significant role. In node 2 we focus our attention on 

simplicity and step-parsimony, which establish the dimensions ST-simplicity-parsimony 

for the respective step-AMIOs. We also devote attention to ‘following the proof’, that is, 

we concentrate on performing the activities we are required to carry out the proof, node 3. 

Affective reactions, node 4, are invoked by the presence of the step-AMIOs, due to our 

natural responses to simplicity. The active content renders an unexpected-success 

outcome, which turns our experience into a formal one. In the single-object interpretation, 

however, the reaction can be affected by previous experiences and thus the passive 

response may be evoked rather than invoked and the experience may thus be canonical. 

 

2) Value 

The step-series interpretation corresponds to the experience we undergo when we 

encounter the proof for the very first time, with no knowledge of whether this method is 

applicable to other proofs. The single-object interpretation incorporates the effect that 

applying the method to other proofs has on our appreciation of it. For the sake of brevity 

let us call the experience associated with the step-series interpretation just diagonal-proof 

experience, and the experience associated with the single-object interpretation, diagonal-

method experience. 
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In the step-series interpretation the content results in a full pleasure <P, P> 

response. This response is an affective ‘evaluation’, resulting from our preferences for 

simple stimuli and from the satisfying feeling of unexpected success.  

Simplicity and unexpected success are responsible for the autonomic affective 

response, however only simplicity appears as a dimension in our space. In terms of value 

(the relation between sets of properties and responses) this means that 

 

<{simplicity}, <P,P>> ∈VM 

 

(the ordered pair above is an element of the aesthetic value-set for mathematics). The 

dynamics of this value-element must be analyzed in terms of constrained aesthetic 

induction. Now, Cantor’s proof has often been qualified as elegant (Leron, 2004). The 

public judgements stating the elegance of the proof are the sole evidence we have to 

support our claim that the ordered pair presented above is in the value-set. 

Mathematicians’ judgements testify that there is some kind of aesthetic criterion 

governing their use of the description ‘Cantor’s diagonal proof is elegant’. These criteria 

are not necessarily explicitly held by the person who passes the judgement; rather, they 

are the ‘cognitive’ interpretation of preferences. The criterion at work in our example is 

(ideally) the following: 

 

‘If the property of simplicity appears on object O, attach more aesthetic value to O’ 

 

This criterion expresses a preference of mathematicians. Its dynamics are governed by 

constrained aesthetic induction which involves critical adequacy and critical adequacy 

robustness. Aesthetic induction models how the appreciation of simplicity is affected by 

experience. Robustness models simplicity’s ‘natural’ character. This natural character is 

evident in our appreciation of, for example, the regularity of visual stimuli in an object 

with a single colour, which does not require any special experiences to be appreciated 

affectively. We can attribute a high degree of critical adequacy and robustness to 

simplicity. This means that the preferences for Cantor’s diagonal proof depend only to a 

small degree on experience, especially when we encounter the proof for the very first 
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time. In order to describe the evolution of its aesthetic value let us first concentrate on the 

diagonal-proof as it is encountered for the first time. 

Calling the diagonal proof elegant comes as no surprise; elegance is an aesthetic 

property usually related to the lack of complication. The judgement of the diagonal 

proof’s elegance summarizes the fact that the proof works in an unexpectedly simple 

way; just two steps. Even if one has little experience with other mathematical proofs, two 

steps is a very small number. This means that step-parsimony plays a significant role in 

our initial appreciation of the diagonal proof, independently of our previous experiences. 

In an ideal first encounter with the proof, the aesthetic dimensions of simplicity, step-

parsimony, and our preference for success are at work and are responsible for eliciting the 

full-pleasure response <P,P>. In our first appreciation of the proof the aesthetic value of 

simplicity is thus high and does not seem to depend on previous experience. The value is 

not (yet) inductively determined. The aesthetic criterion  

 

‘If the property of simplicity appears on object O, attach more aesthetic value to O’  

 

can be (initially) considered a priori. The judgement resulting from this criterion can be 

considered a priori too. 

However, this value is not static in time. Although our very first reaction to the 

proof reflects a natural preference, this preference (as any other) can be affected by 

experience, depending on its degree of robustness. Furthermore, in the single object 

interpretation, we can incorporate method-unification; the appreciation of this property 

depends on experience. We can have a remarkable experience the first time we encounter 

the method, but when we discover that the method can be used to prove other results, our 

initial experience is enhanced. I believe, however, that this enhancement can be explained 

without aesthetic induction. Aesthetic induction is based solely on the reinforcement 

effect that the recurrent presence of properties has in our preferences (for the sake of 

argument I am neglecting robustness). I do not believe we appreciate the diagonal method 

just because it appears many times in different proofs. Rather, I think we appreciate the 

fact that, in addition to its initial elegance, the method has the extra quality of being 

applicable to many problems. Our aesthetic experience is enhanced by further 
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experiences as a result of adding a new appreciable quality (method-unification) to our 

set of qualities and not by changing the strength (weighting) of the criterion.  

Thus, the diagonal-method experience has two differences from our first time 

diagonal-proof experience: first, the criterion that expresses our preference in the single-

object interpretation is different, namely: 

 

‘If the set of properties {simplicity, parsimony, method-unification} appear on object O, 

attach more aesthetic value to O’. 

 

 Second, the ordered pair that represents the value of the diagonal method involves a 

different set of properties, which includes method-unification, namely: 

 

<{simplicity, parsimony, method-unification}, <Ep,P>>  

 

These differences allow us to distinguish cases of genuine aesthetic induction from cases 

where the aesthetic experience is altered in some other way. In genuine aesthetic 

induction the criterion ‘If the property of simplicity appears on object O, attach more 

aesthetic value to O’ would modify its strength, but the criterion would remain the same. 

Now, the major change involved in this example is that we have a new experience, a new 

criterion and a new value. We are not tracking the same value and thus we cannot claim 

that the enhancement of our appreciation of the diagonal method is the result of aesthetic 

induction. 

Now, this explanation of the enhancement of our appreciation does not rule out 

aesthetic induction. I believe that the property of method-unification gains strength as we 

repeatedly encounter the method. In such a case our preference is determined by the 

robustness of the properties involved and the number of times it has appeared in different 

proofs: the weighting of the criterion changes according to constrained aesthetic 

induction. Thus, it cannot any longer be regarded as a priori, and neither can the 

judgements resulting from it. 

It is not only that our preference (and thus its associated aesthetic value) for the 

diagonal method changes with repeated appearances of the proof, but also that the 
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experience itself changes once we realize the method’s generality and power. We have 

two different aesthetic experiences; one when we meet the proof for the very first time 

and another when we realize that the method can be applied to different proofs. Thus, 

even if aesthetic induction can model actual changes of aesthetic value derived from 

frequent encounters with the diagonal method, I believe that in order to better understand 

the significance of this change we need to consider the changes in the very content of the 

experience. A systemic approach like the aesthetic-process model endorsed here is better 

suited to model changes in value and experience; it allows us to consider both the 

dynamics resulting from aesthetic induction, and the dynamics resulting from the change 

in the nature of the experience. 

 

3) Judgement 

The use of the term ‘elegant’ to qualify Cantor’s proof provides us with an opportunity to 

further examine some nuances of my idea of aesthetic judgements. 

I assume that the sentence ‘Cantor’s diagonal proof is elegant’ (‘DP is elegant’, 

for short) summarizes the judgements that are often used to qualify it. 

Let us first focus on the characteristics of aesthetic judgements. Although the 

step-series and single-object interpretations correspond to formal and canonical 

appreciation phenomena, respectively, the processes by which they are articulated are 

very similar. It thus suffices to concentrate on the most general case, the single-object 

interpretation.  

The conditions of application (existence of a mapping and reorganization) 

determine whether a term is an aesthetic term.  We must make sure that the use of the 

term ‘elegant’ complies with them.  

Now, the application of the term ‘elegant’ is not an isolated assignment of labels: 

it entails the use of the whole schema to which it belongs, the reorganization of the new 

referential domain, and a mapping from the possible outputs to the schema. Concerning 

the mapping of the schema, since our example involves canonical appreciation 

phenomena, the pleasure-relation has sixteen possibilities, and there are three different 

full-pleasure combinations. We need a rich schema to map those combinations. A 

suitable schema is, for instance:  
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{‘beautiful’, ‘ugly’, ‘elegant’, ‘inelegant’, ...} 

 

Unlike the case of the simpler schema employed for y=e
x, the terms of this schema offer 

more possibilities for assignment to subjective states. Of course, the most natural way to 

map these possibilities is by mapping corresponding ‘poles’ of the canonical pleasure-

relation to ‘poles’ in this schema. For example, a full-pleasure response may be mapped 

to ‘beauty’, a full-displeasure response to ‘ugly’, and so on. The problem is that in our 

canonical relation there are three different full-pleasure (<Ep,Ep>, <Ep,P>, <P,Ep>) and 

three full-displeasure (<Ed,Ed>, <Ed,D>, <D,Ed>) combinations. I have established that 

in order to achieve an appropriate mapping, we the mapping and the accompanying 

domain’s reorganization to be carried out in a consistent and (relatively) non-arbitrary 

way. Our new referential domain is the domain of mathematical proofs; these are the 

kinds of objects to which we now refer to by the labels ‘beautiful, ‘ugly’, ‘elegant’, etc. 

The domain of mathematical proofs is reorganized according to the organization of the 

original schema’s domain. The original domain is the domain of aesthetically qualified 

objects, the domain consisting of beautiful objects, ugly objects, elegant objects, etc. In 

this domain, an object is elegant if it is pleasurable and simple, for example; an object is 

beautiful if it is very pleasurable regardless of its complexity or simplicity; an object is 

inelegant if it is complicated and not pleasurable, baroque if it is complicated but 

pleasurable, etc. This original organization is imposed on the new domain of 

mathematical proofs: the domain of proofs is reorganized in such a way that now our 

objects are divided following the divisions of the domain of aesthetically qualified 

objects; hence some proofs are beautiful; some others are ugly, elegant, inelegant and so 

on. This reorganization is not an objective reorganization, it is just a change in our point 

of view, and thus the reorganization can be carried out in many ways. Although there is 

no unique way of reorganizing the domain, we intuitively perceive that some 

reorganizations better suit the mapping of our subjective states. In this case reorganizing 

the domain of proofs in terms of aesthetically qualified objects rather than, for example, 

in terms of colours, better articulates our experience, since the possibilities of our 

experience have better referents than in the case of colour. We experience pleasure or 
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displeasure due to the simplicity or the complexity of an object, for example. This fact 

gives us a reference to associate our experience with objects that elicit pleasure or 

displeasure; the domain of aesthetically qualified objects offers us such references, but 

the domain of coloured objects does not. Distinguishing between a beautiful and an ugly 

proof, for example, can be done by relating them to their respective reaction of pleasure 

or displeasure; but what kind of referents can we use to distinguish between a yellow and 

a green proof? ‘Yellow’ or ‘green proofs’ can only be metaphors precisely because their 

schema does not allow a non-arbitrary mapping of our internal reactions; although they 

allow a reorganization of the domain, such reorganizations are always trivially possible in 

metaphors. Aesthetic application of terms requires both reorganization and mapping of 

our responses. Furthermore, since our experience is no longer a two-possibilities, basic 

experience, we need not only a schema of aesthetic labels, but also a schema that offers 

us different options for mapping our multiple possibilities in formal or canonical 

experiences; a schema such as the one presented above. 

Let us now move to the roles of aesthetic judgements. Our experience is 

articulated by mapping our canonical pleasure-relation into the schema {‘beautiful’, 

‘ugly’, ‘elegant’, ‘inelegant’, …} and reorganizing the domain of proofs according to the 

structure of the original domain of this schema.  

By choosing one of the labels in the schema above to express our actual 

subjective state we commit to the whole schema. This commitment also involves the 

structure of the original domain of our schema: beautiful objects are pleasurable 

regardless of the other properties, but elegant objects involve a lack of complication (they 

are ‘pleasurably simple’), for example. Our schema affords more options to choose and 

compare in order to better express our subjective experience than a simpler schema like 

{‘beauty’, ‘ugly’}. 

Mathematicians often remark on the simplicity of the diagonal proof, so in this 

case our experience of Cantor’s diagonal proof is more accurately expressed using the 

label ‘elegant’ than the more general label ‘beautiful’. The application of the term 

‘beautiful’ is possible but we intuitively feel that ‘elegant’ better expresses our state, 

since simplicity plays a role in it. Consider, in contrast, the articulation of the experience 

of y=e
x.  ‘y=e

x is beautiful’ appropriately articulates our basic-type experience. But let us 
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consider the description ‘y=e
x is elegant’. This last description sounds odd, the reason 

being that it fails adequately to incorporate the particularities involved in the relations of 

‘elegant’ to other terms. The pleasure-relation for y=e
x is of the basic type, which allows 

few possibilities for domain reorganization. While the use of the term ‘beautiful’ makes it 

clear that the reorganization involved depends mainly on the poles beautiful-ugly, the use 

of ‘elegant’ raises the question of how exactly the domain should be reorganized. For 

example, in what sense can a mathematical function (like y=x
2) be inelegant? Formal 

aesthetic experiences possess more complicated pleasure-relations and they allow us to 

map more complicated label schemata whose domain can, in turn, mirror the qualities of 

the domain of proofs. If these ideas are correct, they provide a natural explanation of why 

mathematicians describe the diagonal proof as elegant.  

The conditions of application can be summarized simply: when we read the 

judgement ‘DP is elegant’ we intuitively realize that if there is an elegant proof, there 

must also exist inelegant proofs, plainly ugly proofs, and so on. The conditions of 

application depend only on subjective states, which agrees with the fact that realizing that 

the existence of ugly or inelegant proofs is subjective. This amounts to a reorganization of 

the domain of proofs and a mapping to our subjective state. Our aesthetic judgement is 

characterized by the aesthetic description ‘DP is elegant’, which expresses our subjective 

state. The need for an aesthetic description is what encourages the articulation of our 

aesthetic experience.  

Let us now examine the second role of aesthetic judgements. In its exchange 

function, the statement ‘DP is elegant’ conveys information. But unlike a more general 

description like ‘DP is beautiful’, the use of the term ‘elegant’ draws our attention to the 

simplicity-grounded particularities of the subjective experience of the proof. The 

aesthetic judgement ‘DP is beautiful’ not only helps us start new aesthetic-processes by 

focusing our attention on the aesthetic quality of the proof, it also helps us refine our 

aesthetic appreciation of it by  implicitly establishing that the term ‘elegant’, rather than 

‘beautiful’, expresses more accurately our experience of the proof. 

Now, regarding the terminality of the judgement we must consider its role in 

leading to further changes. In our first encounter with the proof, our aesthetic judgement 

is a priori. But, as we experience subsequent encounters and different instances of its 
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application, the experience and value associated with the proof change. Since the 

judgement can lead to further changes, it is not Kivy-terminal but only terminal in the 

local context of aesthetic processes; locally terminal. The judgement represents the 

closure of an individual subjective process, but it can lead to further development of its 

aesthetic value and to further aesthetic-processes in other individuals. 

 

Development of the Process in Summary 

Our aesthetic-process runs roughly as follows: we start by focusing our attention on 

Cantor’s original 1891 paper, node 1. In its aesthetic appreciation our attention focuses on 

ST-simplicity-parsimony-AMIO diagonal method, node 2. We engage passive and 

actively with this AMIO, node 3. This results in an affective response <Ep,P> which can 

be interpreted as an affective evaluation node 4. This response is determined by our 

preferences expressed as criteria that track corresponding values, node 7. The aesthetic 

value of the proof changes due to both a change in our experience and aesthetic 

induction, node 8. The aesthetic experience eventually leads to a judgement ‘Cantor’s 

diagonal proof is elegant’, node 6, which articulates the experience, node 5, and results in 

further aesthetic experiences and in ulterior changes in aesthetic value, nodes 7 and 8, 

again. 

 

3. Case 3, Ugliness: Computer-Assisted Proof of the Four Colour Theorem 

In the following case I focus on negative judgements to show that aesthetic induction has 

limitations to explain changes in appreciation of mathematical beauty. Appel and 

Haken’s computer-assisted proof of the four colour theorem provides us an interesting 

case of mathematical ‘ugliness’. As Paul Nahin remarks, this proof “is almost always 

what mathematicians think of when asked ‘What is an example of ugly mathematics?’ ” 

(Nahin, 2006, p. 5) 

Appel and Haken themselves recall the reaction of a mathematician friend of 

theirs when he learned of the computers’ assistance in the proof: he “exclaimed in horror, 

‘God would never permit the best proof of such a beautiful theorem to be so ugly’.” 

(Nahin, 2006, p. 5). The four colour theorem itself ranks number nine in David Wells’ list 

of the most beautiful theorems (Wells, 1990), but its computer-assisted proof has been 
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poorly welcomed. Mathematician’s unenthusiastic reception of the proof has been subject 

to debate. McAllister (McAllister, 2005) himself conjectures that aesthetic induction 

might eventually alter this negative reception. The history of the concept of number 

serves McAllister to substantiate the idea that aesthetic induction can be applied to the 

standards of mathematical beauty  

[…] evidence that conceptions of mathematical beauty evolve under the influence of the aesthetic 

induction is provided by the gradual acceptance of new classes of numbers in mathematics, such 

as negative, irrational, and imaginary numbers. Each of these classes of numbers had to undergo a 

gradual process of acceptance: whereas initially each new class of numbers was regarded with 

aesthetic revulsion, in due course—as it demonstrated its empirical applicability in mathematical 

theorizing—it came to be attributed growing aesthetic merit (McAllister, 2005, p. 29). 

 

McAllister argues that what mathematicians accept as a valid proof has changed over 

time and that in recent decades two new kinds of proofs have appeared and gained 

relevance, long proofs and computer-assisted proofs. Computer-assisted proofs are 

controversial in several respects, but McAllister focuses on their aesthetic character. He 

shows that beauty in mathematical proofs has changed over time, and he draws an 

analogy with physics to support the idea that aesthetic standards in mathematics may 

depend on the acceptability of the proofs, just as scientific beauty depends on empirical 

adequacy. Mathematical beauty may well evolve by aesthetic induction and this can help 

us to deal with the following problem: 

[...] many mathematicians have argued that computer assisted proofs do not deliver understanding 

in the sense in which classical proofs do. Some mathematicians have also claimed that, partly in 

consequence of the foregoing, computer-assisted proofs cannot be beautiful. Mathematicians are 

thus faced with a conundrum: how does one regard and respond to computer-assisted proofs? 

(McAllister, 2005, p. 24) 

 

Assuming that aesthetic induction exists, McAllister offers a conjecture to answer this 

question: 

[...] the criteria that determine whether a theory is deemed to provide an understanding of 

phenomena may evolve in response to the empirical success of theories, in accord with the 

aesthetic induction. If this is true, a deep link exists between the concept of scientific 

understanding and conceptions of the beauty of scientific theories. On the basis of the reception of 
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computer-assisted proofs, I conjecture that the evolution of aesthetic criteria applied to 

mathematical proofs is also governed by the aesthetic induction (McAllister, 2005, pp. 28-

29). 

 

I believe that aesthetic induction is not the only element at work in the case of computer- 

assisted proofs; the nature of the aesthetic experience also plays a role. Hence, I also 

believe that McAllister’s question should very probably be answered in agreement with 

‘conservative’ mathematicians: computer-assisted proofs cannot be beautiful. My reasons 

for this will be clear by the end of the following analysis. 

 

1) The Proof 

The following is the original introduction of the proof presented in 1976 by Appel and 

Haken (Appel and Haken, 1976): 

The following theorem is proved. 

THEOREM . Every planar map can be colored with at most four colors. 

As has become standard, the four color map problem will be considered in the dual sense as the 

problem of whether the vertices of every planar graph (without loops) can be colored with at most 

four colors in such a way that no pair of vertices which lie on a common edge have the same color. 

The restriction to triangulations with all vertices of degree at least five is a consequence of the 

work of A. B. Kempe. Over the past 100 years, a number of authors including A. B. Kempe, G. D. 

Birkhoff, and H. Heesch have developed a theory of reducibility to attack the problem. 

Simultaneously, a theory of unavoidable sets has been developed and the fusion of these has led to 

the proof. 

A configuration is a subgraph of a planar triangulation consisting of a circuit (called the 

ring) and its interior. A configuration is called reducible if it can be shown by certain standard 

methods that it cannot be immersed in a minimal counterexample to the four color conjecture.  

(For details, see [3] or [4].) A set of configurations is called unavoidable if every planar 

triangulation contains some member of the set. From the definitions, it is immediate that the four 

color theorem is proved if an unavoidable set of reducible configurations is provided. 

The most efficient known method of producing unavoidable sets of configurations is 

called the method of discharging. This method treats the planar triangulation as an electrical 

network with charge assigned to the vertices. Euler’s formula is used to show that the initial 

charge distribution, giving positive charge to vertices of degree five and negative charge to 

vertices of degree greater than six, has positive total charge.... 

 



 

225 
 

Appel and Haken report that by studying different discharge algorithms (with the help of 

computer programs) they were able to choose an algorithm that produced a set of fewer 

than 2000 configurations (I assume 2000 for the sake of brevity); each configuration was 

proved, with the assistance of a computer program, to be reducible. That is, the theorem 

was proved by dividing the proof into around 2000 cases (the different configurations) 

that were tested by a computer program.  

The proof is an instance of proof by exhaustion; this type of proof consists in 

analyzing and documenting every instance of an assertion in a case-by-case fashion. 

Proofs by exhaustion are often qualified as cumbersome, clumsy, inelegant, or even ugly. 

This kind of proof represents the opposite case to elegant, parsimonious proofs, such as 

Cantor’s diagonal method. Many cases means lack of simplicity and lack of unity. 

Despite this, the analysis of the experience of a proof by exhaustion is analogous to the 

analysis of Cantor’s proof: the space has simplicity and step parsimony as dimensions, 

since these are the relevant properties involved in eliciting a (negative) affective 

response. The difference is that proofs by exhaustion have ‘negative’ scores on simplicity 

and parsimony. 

There are other differences between proofs by exhaustion and elegant proofs 

which are also related to the involvement of multiple cases. One difference is that a proof 

by exhaustion can be interpreted as a series of steps but each case of the proof is 

independent of the others (otherwise we would reduce the related cases to each other) and 

thus each case requires its own ‘small proof’. This means that there is no ‘narrative’ 

connection between cases; rather, each case is an independent story. A proof by 

exhaustion, as an intentional object, consists of multiple disconnected experiences, each 

with its own series of steps. 

The case of computer-assisted proofs further worsens this scenario, since the 

proof itself only offers a general description of the cases to prove and we have to trust 

that the computer has ‘documented’ the truth of each case. In terms of intentional objects 

this means that the computer-assisted proof does not even offer a complete object on 

which we can focus our attention. In order to see this more clearly let us analyze the 

experience in more detail. 
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2) Experience 

Our aesthetic-process begins by focusing our attention on the four colour theorem, and, 

more importantly, on its proof. Before we can appreciate the theorem or the proof we 

must be able to ‘see’ them. The appropriate background understanding is necessary. Let 

us suppose that the appropriate background is graph theory (GT). Our phenomenological 

space has GT as a dimension, defined as follows: 

 

GT= the feature of being understandable only if graph theory has been understood 

 

With this background we actively follow the introductory reasoning proposed by the 

authors, in a fashion similar to a step-series interpretation of the proof. Each step 

becomes an object of attention. We perform certain activities; we check for ‘story 

development’ in order to accept the next step. We eventually arrive at the 2000 maps to 

be discharged; these maps constitute the cases necessary to prove the theorem by 

exhaustion. At this point, a regular proof would involve another 2000 small proofs. At 

this point the authors tell us only that every case was checked by means of a computer. 

This last step is peculiar in the sense that it does not allow us to focus our attention 

actively (which is characteristic of proofs as intentional objects). Rather, it offers only the 

passive acceptance of the computer’s results. The proof offers only the outputs of ‘black 

boxes’. 

Now, one of the explicit arguments mathematicians offer for their dislike of 

computer-assisted proofs is their fallibility, the possibility of error in the proof 

(McAllister, 2005, p. 23-24). Error, however, will not result in an experience of ugliness; 

rather, it entails that the proof is not really a proof or that the theorem is not really a 

theorem, and hence that any experience of it would be bogus. Error does not amount to an 

ugliness-experience but rather to no experience. The problem with fallibility, however, is 

only ‘skin-deep’; there are more fundamental problems. 

For the sake of argument let us assume that computers and programmers make no 

mistakes. Even so, our experience of the 2000 steps of the proof is that of mere 

acceptance of the results. In these last 2000 steps we are not even offered a passive object 

of attention. Our experience is occurring in a space whose first dimension is background 
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understanding; but a result from a computer does not need any special understanding: we 

only need to accept it. The nature of the results generated by a computer does not allow 

us to interpret them as intentional objects in our phenomenological space. Unlike the 

steps of a regular proof the results of computer programs do not require the active 

attention characteristic of the experience of a proof (a formal experience); the steps do 

not play the role of engaging us in intellectual activity to elicit pleasure. Now, this fact 

does not turn our experience into a negative experience; it turns it into an incomplete 

experience. 

If this interpretation is correct, it is very plausible that mathematicians do not 

appreciate computer-assisted proofs simply because they do not offer anything (or they 

offer very little) to be appreciated: even if we know and understand the kind of operation 

the computer performs, we cannot actually have the experience of following the last 2000 

steps of the proof; we do not perform any intellectual activities ourselves and we do not 

even have an object to passively appreciate. Accepting results, in computer-assisted steps, 

prevents us from having objects of attention and thus they prevent us from having 

complete aesthetic experiences. 

One might argue that, in principle, we know the kind of operations and processes 

a computer performs. This knowledge can constitute an experience in the same way a 

mathematical item does, but I believe that the introduction of knowledge of computer 

programming is still a problem, for two reasons. First, the knowledge involved in 

knowing what the program does is different from our background knowledge. This 

knowledge is about the principles of the working of a computer, or about programming 

principles, or even about the exact computer code employed; but it is not our background 

understanding knowledge GT. There is a kind of ‘interruption’ of our original 

mathematical experience; we suddenly jump in the middle of our proof from our GT 

phenomenological space to another, computer-programming space. Second, 

mathematicians do not see themselves as computer programmers, code writers or 

debuggers. By introducing computer-programming events, mathematicians, in a sense, 

are forced into alien territory. It is true that all these activities can be seen as beautiful, 

but it would be a different kind of beauty – computer-programming beauty. Computer-

programming beauty may have its own principles and types of experience in a manner 



228 
 

similar to how mathematical beauty has its types of experience and principles; but it is 

still an alien kind of beauty in relation to our original mathematical beauty. When we 

suddenly introduce computer-related knowledge in the midst of a traditional 

mathematical argument we interrupt the original experience and switch to an experience 

of computer-programming items. Although this is not the same as an incomplete 

experience, my argument still holds, since the interruption turns the original experience 

into something else. The introduction of computer-programming events as the focus of 

attention alienates our mathematical experience. The cases of an incomplete experience 

and a switch of attention to a computer-programming item experience (we can call it an 

alienated experience) can be understood in similar terms: in both cases we are not 

provided with experiences that are characteristically mathematical. For the sake of 

brevity, I focus on incomplete experience. 

Now, in the computer-assisted proof of the four colour theorem the content of the 

experience is similar to a proof by exhaustion, except for the last 2000 steps, which are 

absent from our experience. If we extend the analogy between following proofs and 

following stories, our experience of the proof is similar to the experience we would have 

if someone told us a story that resulted in 2000 other stories, except the author would not 

tell us those 2000 stories; rather, he would ask us to accept that all those stories have 

happy endings. The result of this incomplete aesthetic experience may be a feeling of 

frustration. Let us recall that it is not only properties that can elicit affective responses; 

performing activities also plays a role, cf. the unexpected success in Cantor’s proof. The 

feeling of frustration does not come from the properties of the proof, but from the 

outcome of our activities. In summary, the content of experience can be interpreted as an 

intentional object similar to the AMIO of a proof by exhaustion, except for the fact that 

the last steps are missing: our ‘intentional object’ is a ‘semi-AMIO’ and the affective 

response of displeasure is perhaps due to the unsatisfactory way the ‘story’s’ conclusion 

is reached. Since we have an incomplete object of attention it is not likely that the passive 

content of the experience will elicit an affective response, so the response of frustration, 

caused by the active content, plays the most significant role. Hence, the output of the 

pleasure-relation for this proof can be expressed as:  
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f(semi-AMIO-4colour, incomplete activities)=(N, D) 

 

3) Value 

Appel and Haken’s proof was discussed by McAllister in the context of showing that our 

aesthetic preferences for proofs are governed by aesthetic induction. I believe that within 

an unconstrained model of aesthetic induction it makes sense to conjecture that computer-

assisted proofs, as their acceptance grows, may one day be regarded as beautiful. 

However, my constrained model of aesthetic induction renders a different result, as we 

shall soon see. 

In the case of Cantor’s proof we have seen that in addition to aesthetic induction 

an aesthetic experience can be enhanced by a change in the nature of the experience 

itself. Thus, in our model, we have two possibilities for a change in the aesthetic value of 

the computer-assisted proof: constrained aesthetic induction and change in experience. 

Let us analyze these two cases. 

  

3.1) Case 1:  Change by Aesthetic Induction 

Let us suppose that the acceptance of computer-assisted proofs grows. Mathematicians no 

longer argue about the fallibility of the results generated by computers and they no longer 

complain about any of their drawbacks. Our proof of the four colour theorem would be 

just a perfectly valid proof by exhaustion. However, proofs by exhaustion have been 

regarded as a good and acceptable method since they first appeared, and the method is as 

old as mathematics itself. There has never been shortage of proofs by exhaustion and 

every mathematician is very familiar with the method. But this familiarity has not 

resulted in an increase in mathematician’s preference for proofs by exhaustion. It seems 

thus that the properties associated with proofs by exhaustion exhibit negative robustness: 

their appreciation tends to stay negative. The set of properties associated with proofs by 

exhaustion (lack of simplicity, lack of parsimony) exhibits low or negative critical 

adequacy and a high degree of robustness. Proofs by exhaustion are not aesthetically 

appreciated, and that fact seems to remain stable. Now, the assistance of computers does 

not entail anything that may affect those aesthetic properties in any relevant way. We thus 

have reason to think that proof by exhaustion will remain negatively judged and it seems 
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to me very implausible that, one day, computer-assisted proofs by exhaustion will be 

judged positively, despite the fact that normal proofs by exhaustion will be judged 

negatively. 

 

3.2) Case 2:  Change in the nature of our experience 

Here we can draw an analogy with our discussion of the diagonal method, where we 

established that our first experience of the proof is different from our experience when we 

are aware of the method’s unification power. Once the diagonal method has become 

widely applicable, the property of method unification plays a significant role in 

enhancing our appreciation. Let us suppose that something similar happens to computer-

assisted proofs; they become so powerful and acceptable that they begin to appear in 

different kinds of proofs. The content of our aesthetic experience is no longer the original 

content associated with our first computer-assisted proof by exhaustion of the four colour 

theorem. We now have a new property to consider, method unification, which can result 

in our improving our judgement of computer-assisted proofs in general. However, the 

assistance of the computer remains in all instances of experiences of computer-assisted 

proofs. This means that at least one part of the proof consists in accepting results 

generated by the computer. This acceptance of the results cannot result in an intentional 

object (or at least in a non-alienated object), and it also prevents us from performing any 

(non-alienated) activities in that specific step. This is analogous to having many different 

ways of telling stories, all of them sharing the feature that at some point we are asked to 

pretend that something just happened that is convenient for the story. 

Even if the computer-assisted-proof method is ubiquitous and method unification 

is important, it remains the case that our experience’s content is an incomplete content (or 

an alienated content) because that is the very nature of accepting results from a computer: 

the computer-assisted steps translate into skipping experience steps (or into shifting to a 

computer-programming experience): accepting results is equivalent to bypassing 

mathematical experience. 

The problem with computer-assisted proofs is not acceptability (as it is in the case 

of aesthetic induction), but rather that the computer-assisted steps of the proof only give 

us something to accept and not something to appreciate (at least, not without alienating 
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our mathematical experience). Acceptability can be settled by addressing the relevant 

epistemic issues of the assistance of computers. If I were trying to establish the validity of 

a certain theorem, accepting a result is correct insofar as there are no epistemic problems 

with that acceptance. But this acceptance still does not give us something to appreciate 

(that is, something to contemplate or some task to perform); and having something to 

appreciate constitutes the very basis of aesthetic experience. Acceptability is not 

appreciablility.  For aesthetic evaluation, having something to ‘see’ is a precondition, and 

accepting results is just bypassing this condition. Acceptance does not even need 

background understanding: we do not need to understand anything in order to accept a 

result. For example, not everyone can understand what it means for a differential equation 

to have a solution; only people with an adequate background can understand that. But 

everyone can accept that y=e
x is the solution of y'=y if someone with authority, a 

university professor, for example, tells him to do so. Accepting results is something very 

different from experiencing mathematics. 

In the experience and enjoyment of doing mathematics, a mathematician becomes 

engaged in understanding assertions, or in performing intellectual activities. In aesthetic 

experience this engagement is further deepened by changing the way our attention is 

focused and by undergoing affective responses. This is what aesthetic experience is; 

mathematical engagement plus affective-appreciation engagement. In any aesthetic 

experience I want to ‘see’ something, I want to engage in appreciation. But accepting a 

result is not ‘seeing’ or ‘doing’; it is avoiding experience. If someone covered my eyes in 

front of a painting and I was not able to see it, I could still believe the painting is there 

and it has certain characteristics – if, for example, I accepted the testimony of someone I 

considered reliable. But if I were asked about my experience of the painting I would be 

able to answer only that I have none, because I cannot see the painting. The same occurs 

with computer-assisted steps of proofs. 

A computer-assisted proof will always give us an incomplete experience, 

something we cannot fully appreciate, despite the fact that the proof is a perfectly 

acceptable and widespread method. For this reason it is not very plausible that we shall 

come to regard computer-assisted proofs as beautiful. 
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My model thus establishes a clear difference from McAllister’s approach. In my 

view, aesthetic experience can play a role in modifying the value of particular items, 

since changes in the nature of experience affect the outcome of our evaluations. In 

addition, my model of the dynamics of value is a constrained version of aesthetic 

induction. As we have seen, both factors – the nature of aesthetic experience and the 

influence of robustness in aesthetic induction – seem to indicate that the emergence of 

beauty in computer-assisted proofs is not very likely. 

 

 

4. Revisiting Issues of Mathematical Beauty 

With the application of the aesthetic-process theory to the three concrete cases presented 

in this chapter, we are now in a position to recapitulate and further discuss some of the 

insights and problems regarding mathematical beauty signalled in Chapter 1. 

McAllister’s model of aesthetic induction has been one of our main inspirations 

for dealing with the historicity of aesthetic value. We identified a drawback to this 

approach: it renders a purely a posteriori view on aesthetic judgements. We have 

corrected that drawback by introducing critical adequacy and robustness, and by 

presenting a constrained version of aesthetic induction. Case 1 and the step-series 

interpretation of Case 2 served us to illustrate that in spite of the existence of aesthetic 

induction, not all aesthetic judgements in mathematics are a posteriori. Judgements based 

on aesthetic experience in which symmetry or unexpected success play central roles, for 

example, are the result of affective evaluations that require no previous experience. 

Regarding Gian-Carlo Rota’s approach we identified the following insights: 

mathematical beauty is socio-historical, properties like shortness or unexpectedness play 

a role in mathematical beauty, and familiarity with mathematics is necessary for 

appreciating mathematical beauty. We identified the following drawbacks: Rota does not 

explain the role of properties like brevity (the shortness of steps in proofs, for example), 

which he cites as associated with mathematical beauty; nor does he explicate the nature 

and role of ugliness or the relation between that and enlightenment.  
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Let us first address Rota’s insights. Mathematical beauty depends on social and 

historical context – this is true and it has been incorporated not only by means of 

aesthetic induction, but also, as I have shown in the three examples above, by showing 

that context plays a decisive role in allowing us to see the object of appreciation. 

Historical and social context are part of the background knowledge that is required in our 

interpretation of AMIOs. However, I must stress that the dependence on context and 

history is not a feature that comes along with or results from the aesthetic. Rather, I 

believe this dependence on context and history of the aesthetic in mathematics is the 

result of the dependence on context and history of understanding in mathematics. 

Now, aesthetic principles based on single properties like order, uniformity or 

simplicity, play a role in mathematical beauty. We have seen that the role of properties 

like simplicity, or step-parsimony, which are related to brevity and shortness, is to 

provide ‘extra’ characteristics on which our attention focuses so they are able to elicit 

affective responses. It must be noticed that these properties are not part of the necessary 

background understanding of mathematical items, but rather contingent ‘virtues’ (or 

defects) that we perceive in addition to the necessary characteristics of mathematical 

items. For example, the property we defined as derivative-symmetry is not a property of 

every function, or of the notion of derivative. The derivative of y=ex must have all 

properties of derivatives, but that this function is symmetric with respect to differentiation 

is an extra quality. Similarly, simplicity is not a necessary characteristic of proofs; that 

Cantor’s diagonal proof is simple is an extra that we appreciate, an extra to which we 

react affectively. I believe similar ideas underlie the explanations of beauty in 

Shaftesbury or Hutchenson. 

Finally, the need for familiarity with mathematics can be addressed in my model 

by the condition of a background-understanding dimension in phenomenological spaces. 

In this sense, familiarity with mathematics is necessary to locate, to see, our objects of 

attention in the space. This does not mean that familiarity is trivial for aesthetic response; 

rather, the background understanding is what determines the particularity of mathematical 

aesthetic experience; it is what makes aesthetic experience a mathematical aesthetic 

experience. Just as seeing and hearing makes experiences of painting and music 

particular, background mathematical knowledge makes our aesthetic experience  of 
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mathematics particular. The background knowledge necessary for every mathematical 

aesthetic experience determines the modality of these experiences. 

Let us now turn to the drawbacks: Rota does not explain the role of properties like 

shortness of steps in mathematical proofs. The second step of Cantor’s diagonal proof 

(constructing the element complementary to the diagonal) is a good example of a short 

step in a proof. Shortness, in the context of an aesthetic experience of a proof, an 

experience that involves active content, facilitates the performance of activities and the 

supervision that steps are related to each other, as in the case of Cantor’s proof. In 

addition, properties like simplicity allow us to focus our attention more efficiently, and to 

have a more complete picture of an otherwise complex experience. These facts result in a 

more pleasurable performance of activities in our experience. In my model, the function 

of short steps in proofs can thus be accounted for by the roles played by such steps: they 

make a proof simpler, and they facilitate the active pleasure response. 

The second problem we spotted in Rota’s view was the lack of an explanation of 

the nature of mathematical ugliness. Rota explained that negative aesthetic judgements of 

mathematical items, especially proofs, frequently result in further mathematical work: 

mathematicians keep working, looking for a more aesthetically acceptable proof. In our 

model, the use of aesthetic terms depends on the relations to their family of terms. The 

use of terms like mathematical beauty is linked to the use of the entire family of 

interrelated terms (ugliness, elegance, etc.), since their correct use requires articulation. In 

addition, aesthetic judgements are locally terminal and they can participate in further 

aesthetic developments. The preferences held by a person or a community become public 

by uttering or publishing aesthetic descriptions. These aesthetic judgements can serve as a 

guide for further developments, telling us what is aesthetically correct and what not. If we 

try to develop more elegant proofs, for example, judgements of the elegance of other 

proofs can show us which instances of proof are regarded as elegant. In a sense, 

mathematical aesthetic judgements can be compared to art criticism: they not only 

describe states of affairs regarding artworks, but also articulate processes in which 

personal preferences and social values interact with each other. Judgements of beauty or 

elegance, due to their term-family interdependence, establish paradigms of beauty and 

elegance, and, by the same token, they also establish corresponding ‘negative’ paradigms. 
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Thus, in encouraging further mathematical developments, paradigms of beauty (to be 

followed) are as valuable as paradigms of ugliness (to be avoided). Thus ugliness, as well 

as beauty and other interrelated aesthetic terms, have a ‘pedagogical’ role; they set 

examples to be followed or avoided. 

The use of different kinds of aesthetic terms (‘elegant’ instead of ‘beautiful’, for 

example) also helps us to refine our paradigms of aesthetic evaluation. Our model permits 

complex processes of articulation. In the case of Cantor’s proof, for instance, we have 

seen that while the use of the term beauty is possible, the term elegant is more accurate. 

Aesthetic judgements that include ‘more accurate’ terms provide us with paradigms of 

articulation and thus with paradigms of more refined uses of terms. The use of terms like 

‘elegant’ provides us not only with paradigms of elegance, but also with paradigms of 

aesthetic articulation. This richness in the role of aesthetic terms is absent in Rota and 

McAllister, and it coheres with aesthetic approaches like those of Hungerland and Kivy. 
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