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ITRODUCTIO 
Mathematicians often refer to certain pieces of mathematics using words like beautiful, 

elegant, cumbersome, or ugly. Such references appear in discussions, in teaching contexts 

and in the literature, especially the non-technical literature. However, serious, more 

rigorous investigation of ‘mathematical beauty’ is much less common; it even seems that 

mathematicians are mostly off-duty when they speak of mathematical beauty. Here I 

intend to adopt a ‘serious’ approach: the aim of this work is to develop an aesthetic 

theory that accounts for aesthetic judgements in mathematics. In this work I do not 

attempt to underline the importance of mathematical beauty or to show the reader 

instances of it1. Nor do I attempt to justify the fact that the use of terms like ‘beautiful’ or 

‘elegant’ coincides with the general precepts of the mathematical discipline. I believe that 

when mathematicians talk about mathematical beauty they are still being ‘serious’ 

mathematicians. Assuming this is no simple matter, however. 

When mathematicians employ the word ‘beauty’ to qualify a theory, for example, 

people unacquainted with mathematics can surely find this usage strange. Beauty in 

mathematics seems to differ from the beauty we encounter in our everyday life. In these 

circumstances, we are perfectly justified to ask: what do mathematicians mean when they 

talk about beauty? I intend to answer this question. I intend to defend the position that 

judgements of beauty in mathematics are genuine aesthetic judgements. How I intend to 

defend this position is more complicated: I shall develop a theoretical framework that 

accounts for mathematical aesthetics in the same fashion as it account for ‘regular’ 

aesthetics. My answer to the question above is thus almost trivial: what mathematicians 

do when they talk about beauty is to express genuine aesthetic reactions. To ground this 

answer I interpret aesthetic terms as follows: the term ‘beautiful’ (and other aesthetic 

terms), in addition to referring to the property of being beautiful, has the function of 

                                                 
1 In Chapter 4 I analyze three examples of mathematical beauty. However, the purpose of that analysis is to 
show how the theory proposed in Chapter 3 can be applied, not to show the beauty of those items.  There is 
a large body of literature that accomplishes the display of mathematical beauty much better than this work. 
A few examples are: Nahin (1998), Nahin (2006), Le Lionnais (2004), Wells (1990). 
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elucidating to ourselves and to our interlocutors the subjective state caused in us by the 

object qualified as beautiful2.  

Hence, I shall defend the more specific claim that aesthetic judgements are 

characterized by two things: their conditions of application and their role in our 

experiencing objects and properties. The conditions of application depend on the person’s 

subjective state. The role, or rather the roles, that aesthetic judgements play are to 

elucidate subjective experience and to communicate the results of this elucidation. For 

example, when a mathematician qualifies a proof as beautiful, his description ‘this proof 

is beautiful’ conveys the information that the proof possesses the property of being 

beautiful. But more importantly, the uttering of this description helps the mathematician 

to clarify and identify his subjective state as an affective state similar to the states we 

experience in normal occurrences of beauty. Chapter 3 is devoted to an explication of all 

this in detail. 

The broad aim of this thesis is thus to provide an interpretation of aesthetic terms 

(words like beautiful, elegant, ugly, etc.) and judgements which accounts for their use in 

mathematics in the same manner as it accounts for their ‘normal’ use: the aim is to justify 

the literal interpretation of mathematical aesthetic judgements. 

My central proposal is that the key to this interpretation is to approach the subject 

of aesthetics from a systemic perspective: from this perspective, things like aesthetic 

pleasure, aesthetic experience or aesthetic judgements, are elements that interact with 

each other, forming a larger system. This system is an aesthetic-process and its 

development involves objects, subjects, social interaction and historical and cultural 

influences. The idea of aesthetic-process serves to flesh out an aesthetic theory. 

Now, non-literal approaches to aesthetic terms in mathematics, approaches that 

re-interpret the term ‘mathematical beauty’, can be found in the literature, and they 

illuminate important aspects of mathematical beauty. Metaphorical uses of aesthetic 

terms exist. Sometimes mathematicians (or scientists in general) intend to emphasize the 

heuristic or practical importance of certain pieces of mathematics by using references to 

beauty. In these cases the word beauty is a metaphor that refers to a general kind of 

virtue, not necessarily an aesthetic quality. Richard Feynman, for example, has referred to 

                                                 
2 I call this function of aesthetic terms articulation. 
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Euler’s formula3 as “the most remarkable formula of mathematics – our jewel” 

(Feynman, Leighton and Sands, 1963, p. 23). Although an aesthetic interpretation of this 

statement is possible, I believe that a different, non aesthetic, interpretation of it is equally 

plausible. Euler’s formula has enormous repercussions in fields like engineering or 

applied physics. The word ‘jewel’ can refer, so to speak, to the ‘economic’ value of a 

jewel. We can contrast this with a more obvious and explicitly literal use of aesthetic 

terms by Bertrand Russell: “Mathematics, rightly viewed, possesses not only truth, but 

supreme beauty — a beauty cold and austere, like that of sculpture” (Russell, 2004, p. 

47). 

The distinction between literal and non-literal approaches is more evident when 

seen from our 21st century point of view. Earlier historical periods, however, did not 

distinguish so sharply between what we nowadays know as scientific and artistic 

disciplines. It is well known that for Pythagoreans the harmonic nature of the world was 

clearly manifested in numbers as well as in music. Without a distinction between 

harmony in numbers and music, distinguishing between literal or non-literal 

interpretations of the term ‘harmony’ makes no sense; the same can be said, I believe, of 

the term ‘beauty’. During the middle ages, scientific education also incorporated this 

relationship: music, along with arithmetic, geometry and astronomy formed the 

quadrivium: the group of scientific subjects taught in mediaeval universities, after the 

literary education of the trivium which consisted of grammar, dialectic (logic) and 

rhetoric. The inclusion of music among the scientific disciplines was not arbitrary; it was 

grounded on a conception of knowledge. The Greek philosopher Proclus Lycaeus (412-

485) dealt with the subjects of the quadrivium by explicating them based on the notion of 

quantity; for Proclus the quadrivium’s subjects were mathematical subjects (Gow, 2004). 

By dissociating discrete from continuous quantity, Proclus believed that an arithmetical 

fact had its analogue in geometry and vice versa; and that a musical fact had its analogue 

in astronomy and vice versa. The subjects were characterized as follows: Arithmetic is 

                                                 
3 In technical works the expression eiπ

=cos x +i sin x is referred to as Euler’s formula and the special case 
e

iπ
=-1, or equivalently eiπ

+1=0 , is referred to as Euler’s identity (Weisstein 2003, p. 952). However, in 
their papers on mathematical beauty David Wells and Francois Le Lionnais call  eiπ

=-1  Euler’s formula. 
Since Wells and Le Lionais are frequently cited here, providing examples of mathematical beauty, I follow 
their convention and I refer to eiπ

=-1 as Euler’s Formula. I shall reiterate this clarification when needed. 
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discrete quantity at rest. Geometry is continuous quantity at rest. Music is continuous 

quantity in motion. Astronomy is discrete quantity in motion (Gow, 2004, pp. 71-72). 

The 6th century philosopher Anicius Manlius Severinus Boethius (ca. 480–524 or 

525) was the one who introduced the word ‘quadrivium’, which means four-fold path 

(Marenbon, 2003, p.14). He translated Euclid and Ptolemy’s texts that were used in the 

teaching of the quadrivium in mediaeval universities. Boethius wrote his own treatise on 

music, the “Principles of Music”. He distinguished three types of music: instrumental, 

human and cosmic, all of which involved the study of harmonic ratios. Boethius was not 

concerned with the practice of music but with its principles, something roughly similar to 

what we call music theory nowadays, except that these principles embodied “ideal 

structures of the world” (Marenbon, 2003, p.15). Boethius believed that human beings 

find a natural joy in music, and he linked this fact to Plato’s view that the world is 

structured according to musical intervals. He also endorsed Plato’s view of the power that 

music has to change people’s moods and behaviour. As to Proclus, music to Boethius is a 

mathematical subject, and yet music is characterized by the same features we attribute to 

it today: the power to deliver enjoyment and affect our emotions. To Boethius there 

seems to be no conflict, but rather a natural link between beauty and mathematics. There 

was no need for a re-interpretation of mathematical beauty. 

The gap between music and mathematics deepened as the systems of arts and 

sciences began to develop into the two contrasting fields we know today. The 

Renaissance and Modernity granted less importance to the aesthetic aspects of 

mathematics. At the same time, aesthetic problems began to be seen as independent of 

cognitive activities; the birth of modern aesthetics is characterized by the introduction of 

the view that the phenomena related to our perceptions of beauty are independent of any 

practical or cognitive concerns (Guyer, 2004). As the empirical component of knowledge 

gained importance in science and its power of description and prediction was notably 

enhanced by mathematics, mathematics became more closely linked to the other sciences. 

Mathematics’ old relationship with music lost relevance. By the end of the 19th century 

the epistemic problems were at the centre of the philosophical debate on mathematics 

(Colyvan, 2003). 
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The relation between mathematics and beauty would not be investigated for some 

time. The peculiarities of mathematics, a formal discipline with no relation to empirical 

events and governed solely by logic, posed the most serious difficulties for philosophers 

at the end of the 19th century. Gottlob Frege, for example, considered that arithmetic and 

games of chess were very alike: 

An arithmetic with no thought as its content will also be without possibility of application. Why 

can no application be made of a configuration of chess pieces? Obviously because it expresses no 

thought. Why can arithmetic equations be applied? Only because they express thoughts. How 

could we possibly apply an equation which expressed  nothing and was nothing more than a group 

of figures, to be transformed into another group of figures in accordance with certain rules? Now, 

it is the applicability alone which elevates arithmetic from a game to the rank of science. So 

applicability necessarily belongs to it (Frege, 1903, p. 291). 

 

A purely formalist approach to mathematics does not allow us to justify the place of 

mathematics among the sciences. This is a worrying picture for anyone who regards 

mathematics as a serious discipline. Frege concluded that it is applicability which 

elevates arithmetic from a game to a science. 

Mathematical beauty seems a frivolous concern when urgent issues like the 

scientific status of mathematics are at hand. If mathematical beauty is to be addressed, a 

serious mathematician should address it in such a way that it does not compromise the 

scientific character of mathematics; this concern, I believe, would explain why 

contemporary mathematicians might be interested in interpreting mathematical beauty in 

terms of scientific precepts. Gian-Carlo Rota (Rota, 1997), offers a notorious example of 

a scientific-character-preserving approach to mathematical beauty. Rota believes that 

when a mathematician employs the term ‘mathematical beauty’, he is actually referring to 

the objective property of being enlightening, of giving us a deeper understanding: 

mathematical beauty is still a ‘serious’ business. 

However, another trend gained appeal during the 20th century: the divide between 

scientific and aesthetic concerns began to be questioned; we witnessed attempts to make 

reason and beauty meet again. Nelson Goodman (Goodman, 1968), for example, 

proposed that cognitive processes play an important role in aesthetic appreciation. Susan 

Langer (Langer, 1942) addressed music by analyzing topics like language, abstraction, 
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and knowledge. Some authors in the philosophy of science have also shown an interest in 

the topic of beauty in science. James McAllister (McAllister, 1996) developed a 

rationalist picture of scientific change based on the evolution of aesthetic canons through 

a mechanism that he called aesthetic induction. Theo Kuipers (Kuipers, 2002), when 

further developing the idea of aesthetic induction, explored the idea that beauty can play a 

role in the scientific search for truth. 

A rapprochement between aesthetics and mathematics can also be found among 

mathematicians. François Le Lionnais (Le Lionnais, 1948), for example, resorts to the 

history of art to illustrate different kinds of mathematical beauty. He considers that 

beauty appears in every branch of knowledge but nowhere with more force than in 

mathematics. Le Lionnais endorses a literal approach to mathematical beauty: “Has not 

the Western world confirmed the opinion of ancient Greece which up to the time of 

Euclid considered mathematics more an art than a science?” (Le Lionnais, 2004, p. 121). 

He presents an interesting list of authors who enthusiastically expressed their aesthetic 

views on mathematics. But, even more importantly, Le Lionnais recognizes the need to 

deal with the subject in a more rigorous manner, not just by remarking and showing the 

existence of mathematical beauty: 

If some great mathematicians have known how to give lyrical expression to their enthusiasm for 

the beauty of their science, nobody has suggested examining it as if it were the object of an art –

mathematical art– and consequently the subject of a theory of aesthetics, the aesthetics of 

mathematics (Le Lionnais, 2004, p. 122). 

 

Le Lionnais emphasizes that there is much work to do to accomplish an aesthetics of 

mathematics; his own study “has no intention of establishing [an aesthetics of 

mathematics]; it aspires only to prepare the way for it” (Le Lionnais, 2004, p. 122). Le 

Lionnais is not only a supporter of a literal interpretation of mathematical beauty; he also 

favours the development of a more rigorous approach to an aesthetic theory, not just 

resigning ourselves to pre-theoretical displays of enthusiasm. If we take Le Lionnais 

seriously, then an aesthetics of mathematics must not only address mathematical beauty 

in a literal way, but also in a fully theoretical way.  

Now, pre-theoretical approaches cannot be considered as accounts of 

mathematical beauty, but they can illuminate aspects of it. For example, Russell’s 
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analogy comparing mathematical beauty to sculpture gives us the rough idea that 

mathematical beauty is contemplative, related, perhaps, to the static character of abstract 

mathematical objects. Many pre-theoretical approaches are just brief remarks 

accompanying non-technical works. Paul J. Nahin (Nahin, 2006), for example, comments 

very briefly that he considers mathematical beauty as related to the fact that mathematics 

is disciplined reasoning:  

The reason I think that Einstein’s theory is still beautiful (despite currently being replaced by 

quantum-mechanics-compatible equations), is that it is the result of disciplined reasoning. Einstein 

created new physics.., but [his] work was done while satisfying certain severe restrictions ... a 

theory that satisfies such a broad constraints must, I think, be beautiful. (Nahin, 2006, p. xix). 

 

Le Lionnais’s ideas are more theoretically developed. He distinguishes between 

‘classical’ and ‘romantic’ (Le Lionnais, 2004) beauty in mathematical propositions and 

methods. According to Le Lionnais a piece of mathematics possesses classical beauty 

“when we are impressed by its austerity or its mastery over diversity, and even more so 

when it combines these two characteristics in a harmoniously arranged structure” (Le 

Lionnais, 2004, p. 124). Regularity is the property more clearly associated with Le 

Lionnais’ classical beauty. He thinks that the geometry of the triangle, cycloids and the 

logarithmic spiral exemplify classical beauty. In contrast, a piece of mathematics 

possesses romantic beauty when its beauty consists in the “glorification of violent 

emotion, non-conformism and eccentricity” (Le Lionnais, 2004, p. 130). The notion of 

asymptote, complex numbers, and Cantor’s notion of infinity are some examples of 

romantic beauty. Le Lionnais’s approach in terms of the art-historical distinction between 

classical and romantic4 beauty is certainly interesting and more theoretically developed; 

but I believe it has important limitations: it deals with mathematical beauty not by 

offering an explication of aesthetic phenomena in mathematics, but by dealing with 

mathematics as an art; it resorts to the history of art rather than to an aesthetic theory. The 

distinction between classical and romantic art refers to a difference in style; it does not 
                                                 
4 Western art movements are customarily classified by periods. Three of the most conspicuous pre-20th 
century periods are the Baroque, the Rococo or “Classical”, and the Romantic. Le Lionnais adopts the 
standard distinction between classical and romantic movements in history of art, but the baroque is missing 
from his discussion. He does not give a reason for that, thus, Le Lionnais’s approach seems to leave some 
room for us to ask about the existence of “baroque” mathematical beauty and how should it be 
characterized.  
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refer to the nature of the aesthetic phenomenon but to some differences among classes of 

objects that embody that phenomenon. 

I think that the question of how to interpret what mathematicians mean when they 

use aesthetic expressions is best addressed in the context of an aesthetic theory that deals 

with more fundamental and general issues. Approaching mathematics as if it were an art 

seems to me a little like rushing matters. Perhaps it is better to start by addressing basic 

issues. This is precisely my intention: I shall develop the basis of an aesthetics of 

mathematics. To address this task it is a good idea to focus further on our problem and 

clarify the conceptual apparatus that will be employed to tackle it. 

Let us identify our task: I shall address the problem of giving a literal 

interpretation of aesthetic judgements in mathematics. Furthermore, I shall address this 

problem from the point of view of contemporary mathematical practice. This means that 

the mathematical beauty that is our subject matter is not the beauty that the discipline as a 

whole possesses, as a result of, for example, mathematics being a rigorous or disciplined 

endeavour. Rather, I shall deal with the phenomena involved in mathematician’s 

judgements, like ‘Cantor’s notion of infinity is beautiful’ or ‘proofs by exhaustion are 

cumbersome’. I accept mathematicians’ judgements and assume that beauty, ugliness, 

elegance, etc. are properties of some pieces of mathematics. Some pieces are beautiful, 

but some others are ugly, elegant, aesthetically neutral, etc. Hence, in addition to beauty, 

things like ugliness or elegance are also part of the subject matter of this work. 

Let us now clarify the conceptual apparatus that will be employed. Two elements 

are relevant here: the theoretical tenets that will be endorsed and the methodologies that 

will be employed. I consider that a healthy trend in contemporary philosophy and 

aesthetics is that they no longer distance themselves from natural science. My approach 

will thus cohere as much as possible with empirical findings. I aim to be consistent with 

science, and, when no scientific results are available, to employ a scientifically informed 

common sense. Philosophically, this work sympathizes with analytic philosophy’s 

commitment to precision, thoroughness and conceptual rigour, and thus with methods 

like formalization and conceptual analysis. Despite this, due to the fact that mathematical 

aesthetic experience will be addressed here in a detailed way for the very first time (as far 

as I know), it remains difficult to achieve its theoretical development or to engage in 
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rigorous analytic discussion. My approach to aesthetic experience is thus descriptive 

(after all, any theory or discussion must start somewhere). 

Within this framework I shall tackle the task of providing a literal interpretation of 

aesthetic judgements in mathematics by proposing an aesthetic theory that allows us to 

interpret mathematical aesthetic judgement as bona fide aesthetic judgements. The 

aesthetic theory I propose interprets aesthetic events as elements of aesthetic processes. 

The working of such processes will be explicated by presenting accounts of three central 

topics: aesthetic experience, aesthetic value and aesthetic judgement. 

Now, the ideas that help to develop this theory have been borrowed from several 

sources. Insights, concepts and theories of authors working in aesthetics, philosophy of 

mathematics and philosophy of science will be employed in various ways: Peter Kivy’s 

account of musical appreciation and Jenefer Robinson’s theories on emotion and 

expression have provided inspiration for my approach to aesthetic experience and the 

aesthetic as aesthetic-process. Gian-Carlo Rota’s insights about mathematical beauty are 

incorporated as part of my interpretation of aesthetic mathematical intentional object. 

James McAllister’s account of the evolution of aesthetic preferences has been borrowed 

to develop my account of the evolution of aesthetic value. The theoretical aesthetic 

approaches of Isabel Hungerland and Peter Kivy on aesthetic terms, Nelson Goodman on 

metaphor and Alan Goldman on aesthetic value are used to develop my theoretical 

accounts of aesthetic terms, descriptions, judgement and value in the context of an 

aesthetic-process. In particular, Kivy and Robinson’s works provide a valuable 

perspective from the point of view of aesthetics and, more importantly, inspiration on 

how to address some issues (Kivy’s formalism inspires my analysis of experience and 

Robinson’s emotions-as-processes theory inspires my idea of aesthetic-process). Rota’s, 

McAllister’s and Hungerland’s ideas are incorporated into my approach in a more direct 

way, as their accounts of the role of knowledge, the dynamics of preferences, and the role 

of aesthetic terms form the point of departure of my own accounts. Perhaps a broader 

picture of this work is in order; the following is a summary of the chapters. 
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Summary of Chapters: 

Chapters 1 and 2 present background discussions and surveys: there we find valuable 

insights into topics like beauty in mathematics and science, musical formalism, emotions 

and expression in art. Chapter 3 is the core of the work, it contains my proposal for an 

aesthetic theory for mathematics; Chapter 4 tests the theory by applying it to concrete 

examples. 

In Chapter 1 I examine theoretical approaches to beauty in mathematics and 

science. I begin by surveying the work of two early 18th century authors: Lord 

Shaftesbury (Shaftesbury, 1711) and Francis Hutchenson (Hutchenson, 1738). 

Shaftesbury addresses beauty in numbers using the idea that order is the principle of 

beauty. For Hutchenson beauty is an idea that is aroused in our minds by the property of 

uniformity amidst variety; this principle accounts for the beauty of theorems.  The 

common problem with these accounts is that they lead one to conclude that every 

mathematical item is beautiful. However, mathematicians would agree that there is ugly 

mathematics; there are elegant as well as clumsy proofs, for example. Although 

illuminating, Shaftesbury’s and Hutchenson’s approaches do not really address the notion 

of mathematical beauty as it is employed by mathematicians. I thus turn to the ideas of 

the mathematician Gian-Carlo Rota (Rota, 1997), who claims that ‘mathematical beauty’ 

is a term mathematicians employ to refer to the enlightenment provided by some pieces 

of mathematics. I discuss some of the shortcomings of Rota’s non-literal approach. For 

example, this approach cannot account for the fact that mathematicians (experts in 

employing and introducing exotic terms and meanings) choose to employ the term 

‘beauty’ rather than a less confusing term. After listening to mathematicians I then turn to 

philosophy of science with a survey of James McAllister’s ideas (McAllister, 1996). 

McAllister interprets scientific change in terms of aesthetic canons rather than in terms of 

Kuhnian paradigms. McAllister’s most attractive insight is the idea of the aesthetic 

induction, which accounts for historical changes in aesthetic preferences: preferences for 

certain properties of scientific theories increase as a scientific community witnesses 

recurrent appearances of those properties in empirically adequate theories. Theo Kuipers 

(Kuipers, 2004) further substantiates aesthetic induction by interpreting it in terms of the 

mere exposure effect; which consists in the unconscious development of preferences for 
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familiar stimuli rather than for unfamiliar ones. The problem with aesthetic induction in 

the work of both authors is that it renders a purely a posteriori view of aesthetic 

judgements. In such a picture all preferences seem to depend on past experiences. This 

approach neglects autonomic affective responses that do not depend on a process of 

‘learning’ responses; in emotions, for example. There are some other theoretical 

shortcomings to aesthetic induction; I use the work of the aestheticians Isabel Hungerland 

(Hungerland, 1962) and Peter Kivy (Kivy, 1975) on the problem of aesthetic terms to 

highlight the limitations of aesthetic induction as an aesthetic theory. This makes it clear 

that a consistent notion of aesthetic judgements in mathematics is in order (a subject to be 

addressed in Chapter 3).  

Chapter 2 surveys two central and complementary ideas in aesthetics: form and 

(the expression of) emotions. This chapter is less critical than Chapter 1; its main aim is 

to collect ideas and, especially, inspiration. The first part of the chapter is devoted to 

Peter Kivy’s musical formalism; the second part to Jenefer Robinson’s theories of 

emotions and expression. 

As we have seen, mathematics and music have enjoyed an old and close 

relationship; philosophy of music is thus a good place to look for clues as to how to 

address aesthetics in the highly formalized discipline of mathematics. Peter Kivy’s 

musical formalism5 (Kivy, 2002) is a rich source of ideas. Musical formalism is the view 

that the aesthetic value of music is determined by its form. In Kivy’s view, purely 

instrumental music consists in sound structures that can be seen as plots without content. 

He establishes an analogy between music and following a story; the active involvement 

of our intellect is central in the experience of music. The survey of Kivy’s ideas provides 

insights that I employ to develop my own approach: first, the very idea that form, rather 

than emotive content, plays a central role in musical experience6. For Kivy, music is the 

object that occupies the attention of the listener and the formal properties of this object is 

what characterizes music. Second, in musical experience intellectual activity plays an 

important function. Some of our pleasure in listening to music comes from the 

intellectual activities performed in the grasping of sound structures. In addition to Kivy’s 

                                                 
5 Kivy himself believes that the term ‘formalism’ is ill-chosen, but he accepts it, so I do, too. 
6 I propose my own interpretation of formalism, better suited to my approach: the function of form is to 
unify our aesthetic experience by providing a focus for our attention and causing affective reactions. 
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ideas, Rogers Scruton’s view on the ontology of music, that music occurs in a special 

kind of space, helps to inspire my treatment of mathematical items as intentional objects 

in a phenomenological space. 

Formalism is an approach that reacts to the idea that the expression of emotions is 

the aim of art. In order to complete our picture of aesthetic experience, in the second part 

of Chapter 2 I will survey Jenefer Robinson’s approach to expression of emotions in art. 

Jenefer Robinson’s (Robinson, 2004) theories of emotion and expression employ ideas 

from philosophy, cognitive psychology, and neurophysiology, offering an attractive 

synthesis of philosophical and empirical results. Robinson conceives of emotions as 

processes which involve psychological, physiological and behavioural events; this theory 

of emotion enables her to propose a theory of expression in art, which is that expression 

elucidates and individuates emotions in an imaginary character, a persona
7: an object 

expresses an emotion when it can be interpreted as being deliberately designed to appear 

as evidence of the presence of an emotion. The survey of Robinson’s ideas has provided 

the following insights: her attention to empirical results in emotional phenomena provides 

some background to constrain (or, rather, to inform) my approach to aesthetic experience. 

Robinson’s theories serve to ground a useful relation between cognition and aesthetics by 

acknowledging the role of judgements and knowledge in emotion and its expression. 

Robinson’s approach to emotion as process integrates aspects of cognitive and non-

cognitive approaches to emotion; I borrow this process-approach to develop my aesthetic-

process approach, which attempts to integrate different aspects of the aesthetic in 

mathematics. Finally, the emphasis of Robinson’s expression theory on elucidation and 

individuation inspires my account of aesthetic judgements as articulators of aesthetic 

experience.  

The insights gained in chapters 1 and 2 lay the foundation for the development of 

my own account. Chapter 3 presents my proposal for an aesthetics of mathematics. Since 

mathematics is not a traditional subject of aesthetics, the best way of making up for this 

absence of a tradition is to offer a theoretical justification for the aesthetic character of 

mathematical aesthetic judgements, and to further substantiate the theory with an a 

posteriori justification by applying it to concrete cases. In Chapter 3 I propose the basics 

                                                 
7 Robinson does not attribute emotions to any concrete individual but to this imaginary person, the persona. 
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of an aesthetic theory which allows us to understand mathematical aesthetic judgements 

as literal aesthetic judgements. In short, my proposal is to see the different kinds of 

aesthetic things – such as aesthetic experience, aesthetic value, aesthetic descriptions, etc. 

– as related by the fact that they all are elements of a process in which objective 

properties, subjective reactions and social influences and contexts interact with each 

other; I call this process an aesthetic-process. This idea allows me to interpret the notion 

of ‘the aesthetic’ as a predicate that is applied meaningfully to the kinds of things that 

characteristically participate in aesthetic-processes. Aesthetic events should not be 

understood in isolation but as part of a process, of a system that develops by following 

different paths over different times. Among the events involved in an aesthetic-process I 

interpret three central ones: aesthetic experience, aesthetic value and aesthetic 

judgements. 

Aesthetic experience is interpreted as a process that involves changes in the focus 

and content of our attention and the eliciting of affective responses. Aesthetic experience, 

due to the very nature of experience, is a particularly difficult issue to address. Aesthetic 

judgements in mathematics can be identified by the public use of aesthetic terms, and 

aesthetic value can be inferred and (as we shall see in Chapter 3) ‘tracked’ by using 

public aesthetic judgement. But aesthetic experiences are private; this fact perhaps 

explains the absence of an analysis of it. As a result, my approach to aesthetic experience 

is almost completely descriptive rather than theoretical or analytical. 

Aesthetic value is interpreted as a relation between sets of properties and 

subjective reactions; its evolution is governed by a mechanism similar to aesthetic 

induction (I call it constrained aesthetic induction). Aesthetic judgements are interpreted 

as expressions of subjective states, characterized by the application of aesthetic terms, the 

role of which is to articulate aesthetic experience and to share the result of such 

articulation. 

This theory allows us to address the question ‘what do mathematicians mean 

when they talk about beauty?’ Mathematicians, as I anticipated, employ aesthetic terms in 

a literal sense, but their use is closer to the way aesthetic terms are used by specialists, 

critics or artists, rather than by a person in the street. Appreciation depends profoundly on 

a great deal of background mathematical knowledge. The theory allows us to reach our 
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final aim of interpreting aesthetic judgements in mathematics as follows: mathematical 

aesthetic judgements are articulated expressions of subjective states (aesthetic 

experiences) which result from an affective engagement of our attention to a 

mathematical item. The affective reaction reflects our preferences (our aesthetic values), 

which in turn are modulated by our natural tendencies and cultural influences 

(constrained aesthetic induction). 

Chapter 4 examines three examples of mathematical beauty. These examples 

serve to show how the theory developed in Chapter 3 can be applied. The first example 

addresses mathematical beauty by means of a very basic example proposed by Le 

Lionnais: the function y=ex. The second example addresses a more refined judgement. I 

analyze an elegant proof: Cantor’s diagonal argument. This example allows us to see how 

my ideas of aesthetic experience and articulation can account for the nuances involved in 

the application of the closely related notions of beauty and elegance. Finally, I address 

mathematical ugliness; by doing so we will have covered all the most relevant aesthetic 

terms employed in mathematics. I discuss the case of the computer-assisted proof of the 

four colour theorem. This example also serves to display the advantages of my systemic 

approach, since we shall see that aesthetic judgements in mathematics depend not only on 

inductive changes in value but also on changes in the nature of our experience. I also 

show that my theory is able to make predictions: I conjecture that computer-assisted 

proofs have little chance of being regarded as beautiful in the future, as has been 

conjectured by James McAllister (McAllister, 2005 pp. 28-29). 

I have also included five appendices which include complementary material that 

furthers the discussion of musical formalism and theories of emotion and expression in 

Chapter 2. Such appendices are not necessary to understand the main ideas of this work, 

but the curious reader can find interesting information in them. Appendices 2 and 5, in 

particular, are devoted to addressing the problem of providing a clearer notion of musical 

form, in a spirit similar to my idea of aesthetical mathematical intentional objects. 

Although these appendices are interesting as samples of earlier stages in the development 

of the ideas I endorse here, they are not necessary to understand them.  
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CHAPTER 1:  Beauty in Mathematics and 

Science 
 

This Chapter presents discussions that concern beauty in mathematics and science. It 

serves to further focus the problem addressed in this work and to gain insights about the 

nature of mathematical beauty. I have stated that the focus of this research is aesthetic 

judgements in mathematics, and that I endorse their literal interpretation. This chapter 

further clarifies the details of such a focus and the disadvantages of a non-literal 

approach. The works of Shaftesbury, Hutchenson, Rota, McAllister, Kuipers, Hungerland 

and Kivy provide valuable insights and conceptual strategies and methodologies that I 

shall use used later in my own interpretation of beauty in mathematics.  

1. Mathematical Beauty  

There are two strategies for addressing mathematical aesthetic judgements: we can 

interpret them literally or non-literally. In a non-literal approach we re-interpret the 

aesthetic terms used to qualify mathematical results or proofs in terms of the precepts, 

methods and aims of mathematics, and then explain how this new interpretation is related 

to the ordinary interpretation. This is the implicit strategy of Gian-Carlo Rota (Rota, 

1997), whose work is addressed later in this chapter. The alternative is to take aesthetic 

language in mathematics at face value, just as we would with any other aesthetic 

description in ordinary language, and account for its peculiarities. James McAllister 

(1996), in the broader context of science, prefers this second strategy. 

If we adopt the re-interpretation strategy we must find an interpretation of 

aesthetic judgements that is consistent with mathematical practice; and we also have to 

explain why mathematicians choose to employ aesthetic terms. If we take a face-value, or 

literal, interpretation of aesthetic judgements in mathematics we can consider them as 

aesthetic judgements without further re-interpretation, but this entails two things, as 

discussed in the Introduction: first, that mathematical aesthetic judgements must be 

understood in terms of an actual theory and not only in terms of pre-theoretical 

interpretations. Second, mathematics is not usually the subject of aesthetic theory; this 

means that any literal aesthetic interpretation will require a justification for considering 
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mathematics as a legitimate subject of aesthetics. Thus, a literal interpretation of 

mathematical aesthetic judgements should be considered as a project in aesthetics, as well 

as a project in philosophy of mathematics. No one would doubt that explicating aesthetic 

judgements concerning a musical piece or a painting is the subject matter of aesthetics. 

But in explicating aesthetic judgements concerning a mathematical theorem, we first have 

to show that such subjects are subjects of aesthetics, since mathematics is not 

traditionally (at least in our current tradition) regarded as belonging to the same category 

as painting or music. Thus, discussions and revisions of concepts can be expected in both 

fields, aesthetics and philosophy of mathematics. 

Now, mathematical beauty is mostly disregarded by contemporary aesthetics, but 

this disregard has not always obtained. Pre-modern aesthetics seems to address beauty in 

science and mathematics in a natural fashion, for which reason, early 18th Century 

aesthetics will be our first stop. 

 

2. Eighteenth Century 

The early 18th Century offers examples of fully theoretical aesthetic approaches to beauty 

in science and mathematics. I shall survey two approaches from that period before 

moving to the discussion of contemporary approaches. 

In 1735 Alexander Gottlieb Baumgarten introduced the term aesthetics to 

describe the discipline that we now consider as the philosophical approach to beauty and 

art; this event is considered by some as the birth of modern aesthetics (Guyer, 2004, p. 

15), and it had two consequences (adverse, perhaps) that are relevant to mathematical 

beauty: first, aesthetics devoted itself to articulating a philosophy of art; it focused on the 

disciplines we now call the fine arts, which became its distinctive subjects of discussion.  

Second, a sharper distinction between aesthetics and other philosophical disciplines was 

introduced. Moral issues, knowledge and beauty were conceived as independent from 

each other. As a matter of fact, the first characterizations of aesthetic response were made 

by distinguishing it from cognition and volition (Guyer, 2004, p. 16-17). All this seems to 

explain the divorce between mathematics and aesthetics. However, the precursors of 

modern aesthetics, more specifically Shaftesbury and Hutchenson, our representatives of 

18th Century aesthetics, saw mathematics as a bearer of beauty. 
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Shaftesbury 

Anthony Ashley Cooper, third Earl of Shaftesbury, introduced for the first time the idea 

of disinterestedness as characteristic of aesthetic response, which would become a central 

tenet of modern aesthetics. Shaftesbury characterizes aesthetic response as disinterested 

pleasure in the order and proportion manifested to our senses. Since order and proportion 

are features that are clearly represented in numbers and other mathematical entities, one 

can expect that, once disinterest is provided, they are capable of eliciting an aesthetic 

response. Shaftesbury himself points this out: 

Nothing surely is more strongly imprinted in our minds or more closely interwoven with our souls 

than the idea or sense of order and proportion. Hence all the force of numbers and those powerful 

arts founded on their management and use! What a difference there is between harmony and 

discord, cadence and convulsion! What a difference between composed and orderly motion and  

that which is  ungoverned and accidental, between the regular and uniform  pile of some noble 

architect  and a hip of sand and stones, between an organized body and a mist or cloud driven by 

the wind! (Shaftesbury, 1711, pp. 272) 

 

The ‘sense of order’ mentioned by Shaftesbury is a feature that human beings 

characteristically possess. Shaftesbury further identifies order with design and he claims 

that what we love in order is the designer: the mind or intelligence responsible for that 

order; the source of order. For Shaftesbury the ultimate source of order is God; our moral 

and aesthetic senses have thus the same source, they seem to be just different modalities 

of one and the same virtue. Numbers and their application are paradigmatic cases of 

order; hence the beauty of numbers, but this order is not completely independent; the true 

source of beauty is the designer behind that order. Order in numbers is just another 

manifestation of God. 

Shaftesbury’s account of beauty in numbers links moral, ontological and aesthetic 

matters. However, I believe it disagrees with the way mathematicians use aesthetic 

descriptions in mathematics. A certain mathematical theory can be very useful, and thus a 

very good theory; but it still can be considered as having little aesthetic appeal. 

Numerical algorithms to solve equations or proofs by exhaustion are examples of useful 

mathematical items that are almost never considered beautiful, and are sometimes even 
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regarded as ugly. The beauty and the ‘goodness’ (virtues like truth, or applicability) of 

mathematics might be related, but the existence of good pieces of mathematics that are 

not beautiful tells us they must be different phenomena. 

 

Hutchenson 

Francis Hutchenson argues that the qualities of objects are distinct from and causes of 

‘ideas’, which are the sole materials of sensory awareness. Beauty is one of these ideas 

and it occurs in the mind caused by particular qualities of external objects. The quality 

that causes ideas of beauty is uniformity amidst variety. Hutchenson represents a further 

‘modernization’ of aesthetics, as he endorsed a more explicit conception of aesthetics as 

independent from volition and cognition. His idea of aesthetic response can be 

summarized as: 

consisting in an immediate gratification in perceptual form that is free of the influence of all other 

forms of thought and value (Hutchenson, 1738, p. 11). 

 

For Hutchenson, the way we perceive beauty is different from any of our faculties of 

cognition and volition. He argues, for example, that knowledge does not affect our 

perception of beauty and concludes that our response to beauty can only be a sense: 

This Superior Power of Perception is justly called a Sense, because its affinity to the other Senses 

in this, that the Pleasure is different from any Knowledge of Principles, Proportions, Causes, or of 

the Usefulness of the Object, we are struck at the first with the beauty; nor does the most accurate 

Knowledge increase this Pleasure of Beauty (Hutchenson, 1738, 11). 

 

Hutchenson classifies the objects for this ‘sense of beauty’ into three main types, which 

can be seen as referring to natural, conceptual and artistic beauty. Possessing the quality 

of ‘unity amidst variety’ is the unifying principle behind all these types of objects and 

thus the characteristic feature of all beauty. Mathematical theorems figure among 

Hutchenson’s examples of conceptual beauty: uniformity amidst variety in perceptual 

forms is the source of “Original or Absolute Beauty” (Hutchenson, 1738, p. 16); 

uniformity amidst variety in conceptual contents is the source of the “Beauty of 

Theorems” (Hutchenson, 1738, p. 30), and ‘Relative or Comparative Beauty’, which is 

“that which is apprehended in any Object, commonly considered as an Imitation of some 
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Original and our pleasure in this beauty too is founded on a Conformity or a kind of 

Unity between the Original and the Copy” (Hutchenson, 1738, p. 39). 

Hutchenson’s ‘sense of beauty’ is not a cognitive faculty, but there is room in it 

for mathematical theorems. This is possible because in theorems we find unity amidst 

variety; our pleasure in beauty of theorems does not have to do with the content of the 

theorems, but simply “with the most exact Agreement [of] an infinite Multitude of 

particular Truths” in a theorem (Hutchenson, 1738, p. 30). 

I believe that Hutchenson’s application of the principle of unity amidst variety 

renders too strong a view of beauty in theorems. I think that the abstract nature of a 

mathematical truth implicitly includes the quality of conceptually unifying a variety of 

particular contents: mathematical statements do not refer to particulars but rather to 

generals, or, even worse, to abstract entities. The abstract nature of mathematics is thus 

the reason why theorems are suitable objects for our sense of beauty. Now, Hutchenson 

distinguishes these conceptual objects for our sense of beauty from original and 

comparative objects. From Hutchenson’s definitions given above we can see that the 

difference between original and conceptual beauty lies just in the kind of object: 

perceptual and conceptual objects, respectively. In both cases the defining principle of 

beauty is the same: unity amidst variety. Now, this fact entails, I believe, a very important 

fact concerning theorems: in the first class, which concerns concrete objects, beauty is a 

contingent property. Sensorial objects are objects for our sense of beauty only if they 

possess the quality of unity amidst variety. However, in the case of theorems, this unity 

amidst variety corresponds to the “Agreement of an infinite Multitude of particular 

Truths” in the theorem. But this “Agreement of an infinite Multitude of particular Truths” 

inheres in the very nature of mathematics, an abstract discipline. Beauty is thus in the 

abstract nature of theorems. And since mathematical theorems are characteristically 

abstract, beauty in theorems cannot be a contingent property, but rather a necessary one. 

This contradicts the way mathematicians deal with mathematical beauty. Mathematicians 

would distinguish among theorems some they regard as beautiful, some as elegant, and 

even some they regard as insipid or ugly. But an ugly theorem is still a theorem; abstract 

in nature and representing, thus, the “Agreement of a Multitude of particular Truths”. 
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Hutchenson’s theory renders every theorem a necessarily beautiful theorem. This is not 

the sense in which mathematicians use the idea of mathematical beauty. 

Despite the fact that Shaftesbury and Hutchenson’s approaches do not quite match 

our focus on mathematical judgements as employed by mathematicians, they have 

provided interesting insights concerning the roles of order and uniformity in 

mathematical beauty. I agree with them that order and uniformity play a role in 

mathematical beauty. However, I also believe that accounts based on the idea that a 

single property is the origin of beauty (I call such accounts single-principle accounts) are 

insufficient to account for the actual use of the word ‘beauty’ by mathematicians. I do not 

believe we should dispose of the single-principle accounts just reviewed; rather, I believe 

they should be incorporated in a more comprehensive account. In Chapter 3 I suggest a 

way to incorporate them. I propose a different role for single properties: they are 

‘dimensions’ of the space of our aesthetic experience.  

Hutchenson and Shaftesbury’s single-principle approaches illuminate some 

aspects of the nature of mathematical beauty, but they are too permissive compared to the 

way mathematicians use the term mathematical beauty. Our second stop is contemporary 

mathematicians, which allows us to see how they deal with this topic. 

3. Rota’s Approach  

One of the most interesting attempts to tackle the issue of mathematical beauty was that 

of Gian-Carlo Rota in his 1997 paper “The Phenomenology of Mathematical Beauty” in 

which he attempts to accommodate the use of the term ‘mathematical beauty’ to the 

precepts of mathematical practice. In short, Rota concludes that when mathematicians use 

the term ‘beauty’ they are actually referring to the enlightenment that a certain piece of 

mathematics provides; Rota’s approach is thus a non-literal interpretation of 

mathematical beauty. Enlightenment is a kind of understanding consisting of realizing the 

role of a certain piece of mathematics in a wider theoretical context. The concept of 

enlightenment, according to Rota, admits of degrees; and the reason why mathematicians 

employ the term ‘beauty’ instead of ‘enlightening’ is because they are not willing to deal 

with the vagueness of enlightenment. A summary of Rota’s discussion should help to 

understand why he prefers a non-literal approach.  
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Although mathematics is concerned with truth, there is an ambiguity in 

mathematical practice. This is manifest when mathematicians claim that “beauty is the 

raison d’être of mathematics, or that mathematical beauty is the feature of the 

mathematical enterprise that gives mathematics a unique standing among the sciences” 

(Rota 1997, p. 180). Understanding mathematical beauty is thus central to a full 

understanding of mathematics. Rota focuses on understanding the term mathematical 

beauty, his explicit purpose being “to try to uncover the sense of the term ‘beauty’ as it is 

currently used by mathematicians” (Rota, 1997, p.171). He begins by identifying five 

kinds of mathematical items as objects often qualified as beautiful: “Theorems, proofs, 

entire mathematical theories, a short step in the proof of some theorem, and definitions 

are at various times thought to be beautiful or ugly by mathematicians” (Rota, 1997, p. 

171). Rota mentions that properties like the shortness of a step in a proof is sometimes 

associated with its beauty. Shortness is also associated with the beauty of mathematical 

items like proofs, theorems or definitions. He doubts that other common properties 

sometimes associated with beauty may play a role: the unexpectedness of an argument, 

for example, since we can find examples of unexpected arguments that are not regarded 

as beautiful. Furthermore, Rota points out that mathematical beauty depends on context: 

[…] the beauty of a piece of mathematics is strongly dependent upon schools and periods of 

history. A theorem that is in one context thought to be beautiful may in a different context appear 

trivial. [...] Undoubtedly, many occurrences of mathematical beauty eventually fade or fall into 

triviality as mathematics progresses. (Rota, 1997, 175) 

 

Despite this dependence on context, Rota thinks that beauty is an objective property in 

the same fashion as mathematical truth or falsehood are objective properties (Rota, 1997, 

p. 175). Mathematical beauty does not consist merely in the subjective feelings of a 

mathematician. The distinction between beauty and truth is not the distinction between 

subjective and objective properties: they are both objective, they are equally observable 

characteristics of mathematical items. The truth of a theorem does not possess a greater 

degree of objectivity than its beauty; rather, they are different in the sense that they are 

different “phenomena in an objective world” (Rota, 1997, p. 175). Rota seems 

determined to defend the objectivity of mathematics and seems worried by the fact that 

beauty seems to imply subjectivity and his way to alleviate this subjectivity is to 
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reinterpret beauty in terms of another concept. In Chapter 3 I propose another way of 

dealing with subjectivity: by integrating it in a more complex objective process, an 

aesthetic-process. 

Rota stresses that the search for beauty plays an important role in encouraging 

mathematical work. A cumbersome (ugly) proof, for example, might encourage the 

development of alternative, more aesthetically appealing proofs. Mathematical ugliness is 

not infrequent and it is a powerful motivation for further mathematical research. Rota 

thinks that lack of beauty is linked to lack of definitiveness. Often, a beautiful proof 

becomes the definitive proof. A beautiful theorem, Rota argues, is not often improved or 

generalized (Rota, 1997, p. 178).  

Rota points out that, in addition to context, many instances of mathematical 

beauty depend on familiarity and comparison; they depend on background knowledge 

and an acquaintance with similar instances of mathematics. In general, familiarity with a 

large amount of background material is a precondition for understanding any piece of 

mathematics. And in order to appreciate the beauty of a piece of mathematics we need to 

contrast it with other pieces: “Very frequently, a proof is viewed as beautiful only after 

one is made aware of previous clumsy and longer proofs” (Rota 1997, p. 170).  

Rota links this fact to what he calls the “Light bulb mistake” (Rota, 1997, pp. 179-

180), which is instrumental in his account of mathematical beauty. We manage to 

understand a piece of mathematics only after having gone through all the associated 

difficulties needed to acquire a huge background understanding of mathematics. But in 

our recollection of instances of mathematical beauty we remember them as “if they had 

been perceived by an instantaneous realization, in a moment of truth, like a light-bulb 

suddenly being lit” (Rota, 1997, p. 180). Once we have understood a theorem, for 

example, we forget about all the effort we invested in the background understanding 

required to understand its proof; the difficulties we encountered seem to disappear; our 

recollection retains only an “image of an instant flash of insight, of a sudden light in the 

darkness” (Rota, 1997, p. 180). 

It is against this background that Rota presents his interpretation of mathematical 

beauty. He argues that mathematicians often show their disapproval of a certain piece of 

mathematics by asking the question ‘What is this good for?’ The question shows they do 
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not see the point, for example, of re-stating something that has already been logically 

verified to be true. Rota points out that logical verification alone does not enable us to see 

“the role that a statement plays within the theory. It does not explain how such a 

statement relates to other results, nor make us aware of the relevance of the statement in 

various contexts” (Rota, 1997, pp. 181). Logical truth does not enlighten us about the 

deep sense of a mathematical statement. When mathematicians ask the question ‘What is 

this good for?’ they are not looking for truth but for enlightenment. Enlightenment is 

what drives the mathematical enterprise, Rota argues, and what distinguish mathematics 

from other scientific disciplines. 

Enlightenment, however, is not explicitly acknowledged by mathematicians. Rota 

gives two reasons for this: First, enlightenment is not easily formalized. Second, 

enlightenment, unlike truth, does admit degrees; some mathematical results of proofs are 

more enlightening than others. Rota argues that mathematicians “universally dislike any 

concepts admitting degrees, and will go to any length to deny the logical standing of any 

such concepts” (Rota, 1997, p. 181). ‘Mathematical beauty’ is the term that 

mathematicians “have resorted to in order to obliquely admit the phenomenon of 

enlightenment, while avoiding to acknowledge the fuzziness of this phenomenon” (Rota, 

1997, p. 181).  

Thus, in Rota’s non-literal approach to mathematical beauty, when 

mathematicians say a theorem is beautiful they really mean that the theorem is 

enlightening. Similarly they say a proof is beautiful when it “gives away the secret of the 

theorem, when it leads us to perceive the actual, not the logical inevitability of the 

statement that is being proved” (Rota, 1997, p. 182).  

3.1 Comments 

Rota’s work offers us valuable insights:  

Mathematical beauty is not merely subjective feeling; it is rather an objective property. 

Mathematical beauty depends on historic-social context. 

Mathematical beauty depends heavily on background knowledge and experience. 

Aesthetic considerations play a role in encouraging mathematical development. 
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Although we are not offered a single-principle account of mathematical beauty, 

Rota recognizes that properties like brevity (shortness) play a role in certain instances of 

mathematical beauty. 

Despite these valuable insights, I believe Rota’s account has some issues that can 

be discussed further. First, Rota’s view that beauty is free of degrees. Second, the fact 

that Rota’s account does not actually account for his own example of “a short step in the 

proof of some theorem”. Third, the role of the property of shortness is not clear. Fourth, 

Rota speaks of ugliness as the opposite of beauty; rather, he links ugliness to non-

definitiveness but this does not explain how mathematical ugliness is related to beauty as 

enlightenment. And finally, perhaps the most important issue, Rota claims that 

‘mathematical beauty’ means enlightenment but I find his account of why mathematicians 

choose the term ‘beauty’ to talk about enlightenment unsatisfactory. I shall now develop 

these issues. 

 

3.1.1 Degrees 

Rota argues that when mathematicians use the term ‘beauty’ they actually mean 

enlightenment. Rota’s explanation of why mathematicians use ‘beauty’ instead of 

‘enlightenment’ is that beauty is a concept that does not admit degrees while 

enlightenment is a concept with degrees. I disagree with Rota. The predicate ‘beautiful’ 

can be employed very naturally in comparative judgements; there is nothing wrong with 

sentences like ‘A is more (or less) beautiful than B’. Furthermore, I believe that some 

theorems can be regarded as more beautiful than others, and I am not alone in this: David 

Wells (Wells, 1991) even offers a ranking of some of the most beautiful theorems, based 

on a poll among the readers of the Mathematical Intelligencer. In general, beauty seems 

to be a concept that does admit degrees. One might reply that Rota has warned us that his 

point is precisely that the way in which mathematicians employ the term ‘beauty’ is not 

the same as it is employed by non-mathematicians. The introductory section of the paper 

states that the mathematicians’ use of aesthetic judgement differs from artists’: 

Professional artists are more likely to stress the technical rather than the aesthetic aspects 

of their work. Mathematicians, instead, are fond of passing judgment on the beauty of 

their favored pieces of mathematics. Even a cursory observation shows that the 
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characteristics of mathematical beauty are at variance with those of artistic beauty (Rota, 

1997, p. 171). 

 

Even if Rota is correct in endorsing a non-literal approach, the reason he gives for the use 

of the term beauty by mathematicians is that mathematicians dislike terms that admit 

degrees. If that is true, the problem persists that we can pass comparative judgements on 

beauty; mathematicians should also dislike the term ‘beauty’. 

 

3.1.2 Short Steps 

The idea of explaining beauty as meaning enlightening seems less plausible when we 

think of Rota’s own example of beauty in “a short step in the proof of some theorem” 

(Rota, 1997, p. 171). The property of being enlightening is the property of being able to 

bring understanding of the role of a certain piece of mathematics in a more general 

context (the role of a theorem in a theory, for example) or understanding of the relation of 

a certain statement to other similar statements. In the case of steps in a proof it is not easy 

to see how a short step can be enlightening in this sense. In my experience, a single step 

in a proof is too small a piece of information to be credited with being enlightening by 

itself. Furthermore, steps in proofs often depend on information or results from previous 

steps in the same proof. A proof is a way of going from certain premises to a certain 

conclusion; a way of connecting premises and conclusion. A step in a proof is just an 

element bridging premises and conclusion. These steps do not always need to have 

meaning by themselves (the substitution of a logical formula for an equivalent one, for 

example) and as such they are very unlikely to be able to bring understanding, in the 

sense of showing the role of the step in a more general context. One could reply that 

steps, being the links that bridge premises and conclusion, actually help to relate the 

mathematical item premise to the mathematical item conclusion; and as such, the steps in 

a proof help us understand the relation between premises and conclusion. But if we grant 

this interpretation we must accept that all steps in a proof help us understand the larger 

premises-conclusion relation. In that case, every step in a proof should be qualified as 

enlightening and thus beautiful in Rota’s sense. Certainly, mathematicians do not qualify 
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all steps in proofs as beautiful. Some steps are regarded as beautiful, but most of them are 

not, and some others are even considered ugly. 

Now, Rota focuses on short steps instead of just steps. Perhaps the additional 

property of shortness may be the key to beauty, but he did not develop the idea. It is not 

difficult to imagine that properties like simplicity, brevity, order, uniformity (as we have 

seen above), etc., can play a role in mathematical beauty. But without an explication of 

what that role is, we cannot substantiate the idea that mathematical beauty is 

enlightening, or actual beauty, or even something else. 

 

3.1.3 The Property of Shortness  

Rota points out that the shortness of a proof, theorem or definition is sometimes 

associated with beauty. The first interesting fact that strikes me regarding this idea is that, 

in sharp contrast to enlightenment, shortness is a very crude and concrete property of 

mathematical items. Shortness, brevity, refers to the size of things; it is difficult to think 

of simpler properties than the properties that assess the size of something, such as large, 

small, long, short, etc. If we have doubts about the shortness of a certain proof, for 

example, we can devise the simplest of methods, like counting the number of its steps, 

the number of its assumptions, objects, etc., to gauge its size. Shortness, of course, is not 

enough to qualify a piece of mathematics as beautiful. But perhaps shortness might be 

related to enlightenment because sometimes the shortness of a proof or statement allows 

us to bear more elements in mind and thus to construct a larger, more general, picture of 

the statements or theories in question. Shortness can be seen as contributing to the 

property of enlightenment of certain mathematical items, because it contributes to 

shaping ‘the whole picture’ in our minds. In this way, not every step in a proof is 

enlightening; only short steps, for example. A similar argument can be used to understand 

the beauty of proofs, derivations or definitions, but the quality of enabling us to ‘have the 

whole picture’ is not necessarily related to enlightenment; we can think of other reasons 

why this is related to beauty. Shortness contributes to simplicity, for example, to order or 

to unity, and as we have seen, these properties are interpreted as origins of beauty. Rota 

does not address the specifics of how we should interpret shortness and thus we can think 

of several interpretations (it contributes to simplicity, order, unity, etc.). I believe an 
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explanation of the role of shortness can be achieved without the need for a non-literal 

interpretation of mathematical beauty. In Chapters 3 and 4 (especially in my discussion of 

Cantor’s diagonal proof) I propose that the importance of shortness can be explained by 

its help in constituting our aesthetic experience (especially in ‘active’ experiences) by 

contributing to properties like the simplicity of a proof, for example. 

Now, although Rota seems to admit that properties like shortness play a role in 

mathematical beauty, he is more critical of the ‘unexpectedness of an argument’. I think 

that this can be contested, though. Sometimes an unexpected move that directs our proof 

towards the right direction strikes us as a beautiful step. The beauty of such steps seems 

to be related to the fact that they were unexpected and that, despite that unexpectedness, 

the steps fit perfectly in the context of a proof, in the sense that it accomplishes the 

function of directing the string of steps towards the completion of the proof8. 

Furthermore, I believe that, by an argument analogous to the one regarding shortness, the 

property of unexpectedness can be seen as playing a role in enlightenment. For example, 

one may think that unexpectedness contributes to the feeling of sudden understanding in 

the light-bulb mistake. The role of the property of unexpectedness is in this sense similar 

to that of shortness. I believe the real problem here is not to find out which properties 

play a role and which do not, but rather, to find a consistent way to understand the role of 

those properties. By endorsing a different, literal, approach to mathematical beauty, in 

Chapter 3 I propose that our experience occurs in a space, the parameters of which 

consist in certain types of properties. The role of these properties is to constitute the space 

of our experience. But, right now, let us return to Rota. 

 

3.1.4 Ugliness 

Rota deals with ugliness as the opposite of beauty. We may expect the opposite meaning 

for ugliness; ugliness should mean something like ‘non-enlightenment’. But how does 

this non-enlightening character relate to the encouragement to improve proofs that he 

discusses? And, even more generally, how does it relate to enlightenment?  

                                                 
8 This kind of beauty seems less related to enlightenment and more to the formal expectation phenomena 
that occur in music or in the plot of a literary story, as we shall see in Chapter 2. 
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There is a gap between the conception of beauty as enlightenment, which implies 

that something ugly is non-enlightening, and Rota’s findings about mathematical ugliness 

as encouraging further mathematical development. 

If ugliness is just the absence of the property of being enlightening, or non-

enlightening, then every non-enlightening piece of mathematics must be regarded as ugly. 

There are many mathematical items whose main purpose is a practical application, such 

as numerical analysis. Interpolation algorithms and algorithms to numerically 

approximate the value of the roots of polynomials find natural applications in physics and 

engineering. The results offered by a simple linear interpolation, or the approximate value 

of the root of a complex polynomial, can be very useful to an engineer, but they offer 

little enlightenment to a mathematician. These kinds of mathematical items are not 

devised to be clarifying or enlightening. According to Rota, enlightenment is an objective 

property, like truth: some mathematical items possess the property and some others do 

not. Should we regard all these examples of non-enlightening, ‘practical’ mathematics as 

ugly? If so, mathematical ugliness should be much more common than it actually is. 

There are many mathematical items which function is completely differently from 

conferring understanding. However, these items are not considered ugly in general; our 

aesthetic judgement of them is relatively neutral. Some numerical algorithms, for 

instance, are simpler and more powerful than others; one might even say that they are 

more ‘elegant’ than other algorithms. 

I think that a characterization of ugliness as just the opposite of beauty, in terms 

of its being non-enlightening, needs to be explored further. Rota argues that ugliness can 

encourage mathematical development. This seems to indicate that ugliness has its own 

role. Perhaps we may characterize ugliness in positive terms; as an encourager of 

development, rather than just the ‘opposite of beauty’. Rota, for example, characterizes 

an ugly proof of a theorem as a non-definitive proof. But there is nothing in the concept 

of enlightenment that entails definitiveness. If a proof P is enlightening in some respect it 

is still possible that some other proof Q can be as enlightening as P in a different respect. 

P’s being enlightening does not necessarily mean P’s being definitive. Furthermore, Rota 

makes it clear that enlightenment admits of degrees; thus, it is possible that P and Q are 

proofs that are enlightening in the very same way, but one of them can be more 
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enlightening than the other. These degrees of enlightenment can encourage 

mathematicians to look for a new, even more enlightening proof; but in this case 

enlightenment as well as lack of enlightenment might encourage development. It is not 

clear how a non-enlightening mathematical item characteristically results in the 

encouragement of further development. 

I believe the source of the problem is that ugliness cannot be characterized just as 

the opposite of beauty. Ugliness should be considered as one of many possibilities of 

aesthetic evaluation.  

A focus on the two terms ‘beauty’ and ‘ugliness’ alone can be misleading, since 

aesthetic judgements can employ many terms (elegant, clumsy, cumbersome, etc.). Even 

non-aesthetic concepts can be used in aesthetic descriptions, as we shall see later in this 

chapter. Rota’s strategy of focusing on the use of the term ‘beauty’ has the advantage of  

allowing a detailed discussion, but it has the drawback that it disregards the fact that 

‘beauty’ is better understood if we locate it in the broader semantic context of aesthetic 

terms. I believe we can still take advantage of Rota’s idea of focusing on the use of the 

term ‘beauty’ if we broaden our attention to the more general context of aesthetic terms. 

When I address the topic of aesthetic judgement I use an idea proposed by Nelson 

Goodman to understand ugliness as part of a family of terms which organizes the domain 

of objects of appreciation. Right now let us turn to the main problem with Rota’s non-

literal approach. 

 

3.1.5 Why ‘Beauty’? 

For Rota, mathematical beauty is something that does not necessarily have to do with 

aesthetics; mathematicians and non-mathematicians use the term beauty in different 

ways: 

Theories that mathematicians consider to be beautiful seldom agree with the mathematics 

thought to be beautiful by the educated public. For example, classical Euclidean geometry 

is often proposed by non-mathematicians as a paradigm of a beautiful mathematical 

theory, but I have not heard it classified as such by professional mathematicians […] 

(Rota, 1997, p. 172). 
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Rota does not see mathematical beauty as an instance of natural or artistic beauty; 

mathematical beauty is something related to enlightenment, to the understanding the 

theoretical place and relations of mathematical results, theories, proofs, etc. 

Mathematicians use the term beauty because it does not admit of degrees. But this 

account, I believe, cannot tell us why mathematicians choose the term beauty and not any 

other degree-free term. 

One can claim that there are not really many terms on offer from which we can 

choose, and this is why mathematicians have chosen the term ‘beauty’. I believe there are 

at least some terms on offer: elegance or clumsiness, for example. Mathematicians seem 

to use those terms correctly to express the nuances of their aesthetic judgements. 

Furthermore, a lack of terms has never been a problem for mathematicians. It is well 

known that mathematicians never stop just because of a terminological shortage: if a term 

exists, they are not afraid to use it in a slightly different technical sense (set, group, class, 

for example), and if the term does not exist, they are not afraid to invent a new one 

(cardioid, n-dimensional, radian, cardinality, for example). It is very strange that 

mathematicians, who are very comfortable with all kinds of strange terms and meanings, 

are only incapable of thinking up a better, less confusing term to name enlightenment. 

The oddness of the selection of the term ‘beauty’ as a name for enlightenment is 

further underlined by the fact that any normal person is familiar with the use of the term 

‘beauty’. It would be difficult to conceive of any normal person making mistakes in the 

application of the term ‘beauty’. Given that most people know how to use the term 

‘beauty’ properly, it seems there must be a relation between the use of the term beauty by 

normal speakers and the reason why mathematicians choose to borrow it. 

The only explanation Rota offers for choosing ‘beauty’ is to avoid the reference to 

enlightening: “Mathematicians universally dislike any concepts admitting degrees, and 

will go to any length to deny the logical standing of any such concepts” (Rota, 1997, p. 

181). This argument only tells us that mathematicians will avoid terms like 

‘enlightenment’, but that is just pointing in a very vague direction. Unless ‘going to any 

length’ means going to the opposite extreme and unless ‘beauty’ somehow represents the 

opposite extreme to enlightening, it seems that mathematicians have no reason to choose 

the term ‘beauty’. 
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My guess here is that mathematicians choose to use the term beauty because the 

experience of mathematical beauty is not so very different from the experience of non-

mathematical beauty. Mathematicians do not make metaphorical use of the term; rather, 

they make literal use of it: when they employ terms like ‘beautiful’ or ‘elegant’ they 

mean beautiful or elegant. The fact that references to mathematical beauty do not seem to 

agree with references to artistic beauty, for example, can be explained by the fact that 

there are different ways to apply the term ‘beauty’, and the way we apply it also depends 

on the context. In the context of art criticism, calling a painting which intends to convey a 

conceptual message ‘beautiful’ does not help us elucidate its most interesting aesthetic 

qualities. But calling a theorem ‘beautiful’ helps us elucidate a quality we are not 

necessarily expecting to find in theorems. Furthermore, the ‘beauty’ in ‘a beautiful 

melody’ is certainly different from the ‘beauty’ in ‘a beautiful garden’. The fact that the 

concept of beauty in these two examples refers to different modalities of experience does 

not mean there is a mistake or a metaphorical use in its application. It simply indicates 

that beauty is a complex concept. I believe we have reason to believe that mathematicians 

are using the term beauty in a literal sense, but Rota does not seem to find a way to 

reconcile a literal use with the objectivity of the discipline. When I develop my 

interpretation of aesthetic judgements, in Chapter 3, I shall present a way to reconcile the 

subjectivity of aesthetic terms and the objectivity of the descriptions they warrant: 

aesthetic terms help to articulate subjective experiences by reorganizing objective 

domains. For now let us conclude our survey of Rota and move on to beauty in science. 

 

4. Philosophy of Science; McAllister’s Aesthetic Induction 

Mathematics is a formal science; this suggests our next line of inquiry. The most 

extensive and sound attempt to give an account of beauty in science was presented by 

James McAllister in his book “Beauty and Revolution in Science” (1996) and further 

developed by Theo Kuipers in his paper “Beauty, a Road to the Truth” (2002). Unlike 

Rota, McAllister is willing to endorse a literal approach: instead of asking about the ‘true’ 

meaning of the term ‘beauty’ in science, he is devoted to exploring its role in the 

development of science. In particular, McAllister thinks that the evolution of beauty in 

science is related to the dynamics of scientists’ preferences. Even if McAllister’s and 
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Kuipers’ approaches are more closely related to aesthetic matters, we must bear in mind 

that they are concerned with subjects that are not primarily aesthetic. McAllister is 

interested in the role of aesthetic judgement in the wider context of scientific change. 

Kuipers is interested in the role of beauty in relation to, or as an indicator of, scientific 

truth. 

McAllister argues that aesthetic criteria, in addition to empirical criteria, play a 

role in the evaluation of scientific theories. The set of scientists’ preferences, their 

aesthetic canon, is modulated by a mechanism that McAllister calls aesthetic induction. 

Perhaps the strongest claim in McAllister’s book is that aesthetic criteria play a central 

role in scientific revolutions. Here I focus only on the part of his discussion dealing with 

scientific beauty and not on its general relevance to science. 

McAllister does not try to find some ‘true’ meaning for aesthetic judgements in 

science. Rather, he is concerned with how we can identify aesthetic judgements in 

science; he proposes two ways: he regards a property as an “aesthetic property if 

scientists in the relevant disciplines react to it publicly as aesthetic” (McAllister, 1996, p. 

36). The scientists’ reaction consist in a declaration which attaches aesthetic value to a 

theory by using aesthetic descriptions or applying aesthetic terms such as ‘beautiful’,  

‘elegant’ , ‘pleasing’, or ‘ugly’. McAllister also regards a property as aesthetic “if in 

virtue of possessing that property, a scientific theory is liable to strike beholders as 

having a high degree of aptness” (McAllister, 1996, p. 37). McAllister justifies this 

second criterion by resorting to the fact that in some philosophies of art, the beauty of an 

object is understood as the aptness of its elements. 

In addition to identifying judgements, McAllister endorses further tenets which 

allow him to place scientific aesthetic judgements in the broader context of aesthetic 

phenomena. The question of where value is located and the debate between objectivism 

(which holds that value is available in the world to observers) and projectivism (which 

holds that value is projected into the world by observers) occupies one of the  central 

places in McAllister’s discussion. McAllister endorses a projectivst approach; beauty is 

projected into objects by the beholder. (McAllister, 1997, pp. 31-32). Hutchenson’s 

account of conceptual beauty (beauty of intellectual constructs) plays a role in 

McAllister’s discussion. As we have seen, Hutchenson believed that beauty is an idea 
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caused by the quality of uniformity amidst variety. Beauty in scientific theories occurs 

because they possess uniformity amidst variety to a high degree (McAllister, 1996, p. 21). 

For McAllister, Hutchenson accounts for the most relevant issues of beauty: Hutchenson 

tells us what beauty is; he distinguishes between the beauty of a theory and the beauty of 

other phenomena; he describes the relevant properties that lead scientists to regard a 

theory as beautiful. However, McAllister finds his account untenable because he does not 

believe there is any property that all scientists throughout history recognize as ensuring 

beauty in theories (McAllister, 1996, pp. 22-23). Although McAllister sympathizes with 

Hutchenson’s ideas, for McAllister beauty is a dynamic rather than a static concept. 

 

4.1 Aesthetic Canon 

The most important notions that McAllister proposes to understand the ‘dynamics of 

beauty’ are the aesthetic canon and the aesthetic induction. The aesthetic canon 

summarizes the preferences of a scientific community in an exhaustive (perhaps infinite) 

collection of non-empirical properties of theories, with an associated weighting that 

assesses the strength of their preference. The aesthetic canon can thus be conceptualized 

as a set of ordered pairs formed by a property and its weighting. Let us now survey the 

antecedents of this idea. 

McAllister interprets beauty in a projectivist way. Scientists are moved to “project 

beauty into a theory as a consequence of his or her holding to one or more aesthetic 

criteria, which attach aesthetic value to properties of the theory” (McAllister, 1996, pp. 

34-35). McAllister proposes that for every possible property exhibited by a theory, we 

can conceive a corresponding aesthetic criterion. For example, a property P might have 

an associated criterion of the type: 

 

‘If a theory has P, attach more aesthetic value to it than, if other circumstances are equal, 

it did not.’ 

 

These aesthetic criteria offer us evaluations; they represent theory assessments and, more 

importantly, they can be used to choose among theories. Ideally we can assume that a 

scientist holds to as many aesthetic criteria as properties to which he responds 
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aesthetically. The collection of these aesthetic criteria constitutes the scientist’s aesthetic 

canon.  

The different aesthetic criteria that constitute a canon can be assumed to possess 

associated weightings which assess the relative worth the scientist attributes to the 

property involved in the criterion, and assesses the influence of the criterion in theory 

choice. Some properties are better regarded than some others; their associated weightings 

should reflect this fact. In other words, one criterion might weigh or be worth more than 

another criterion within the canon. 

In order to express an aesthetic criterion fully, in addition to the criterion 

expressed as a rule we must refer to both the property and its associated weighting. 

McAllister represents fully expressed criteria by means of pairs of items of information: 

the property P, and its associated weighting WP. A fully expressed canon can be 

represented by a collection of such pairs, as follows: 

P, WP 

Q, WQ 

R, WR 

. 

. 

. 

 

An aesthetic canon may be conceived as comprising an infinite number of entries, 

one for each possible property of scientific theories to which aesthetic value could be 

attributed. Most of the criteria will carry a weighting of zero, as scientists typically value 

only a few properties of theories and are indifferent to the rest. Any change in the canon 

can be represented as a change in the weightings of the criteria (McAllister, 1996, pp. 34-

35). 

 

4.2 Aesthetic Induction 

Aesthetic preferences are subject to change. This change is the result of the recurrent 

appearance of certain properties associated with empirically successful theories. 

McAllister calls this phenomenon aesthetic induction. The notion of aesthetic induction is 
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crucial to understanding the role of aesthetic judgements in scientific change and it allows 

McAllister to propose a model of scientific revolution in which scientific schisms can be 

interpreted as tensions between old and new aesthetic canons (rather than between old 

and new Kuhnian paradigms). Scientific change as explained by McAllister will not be 

discussed here. 

McAllister’s explains that “A community compiles its aesthetic canon at a certain 

date by attaching to each property a weighting proportional to the degree of empirical 

adequacy then attributed to the set of current and recent theories that have exhibited that 

property” (McAllister, 1996, p. 78). The application of the community’s empirical criteria 

for theory evaluation determines the degree of empirical adequacy of a theory. McAllister 

calls this mechanism “the aesthetic induction” (McAllister, 1996, p. 78). 

McAllister sees the aesthetic induction as an instance of inductive projection, 

since “it amounts to consulting the properties of past good theories to determine which 

future theories should be expected to be good” (McAllister, 1996, p. 79). When a certain 

theory becomes a notable, empirically successful theory it contributes to determining 

which theories will later be welcomed by the scientific community. This type of inductive 

projection is particular in that the properties involved in past and future theories are not 

empirical properties but aesthetic properties of theories. In summary, the recurrent 

appearance of aesthetic properties in successful empirical theories increases our 

preference for them. 

To further support his ideas, McAllister (1996, Ch. 9) shows that the dynamics of 

preferences in art (at least in architecture) seem to be governed by aesthetic induction. He 

presents the example of cast iron in architecture. Cast iron structures were increasingly 

used in buildings due to their structural advantages. Eventually they gained the 

appreciation of architects and the public. A property that appeared in buildings due to 

structural success gained a preference on its own merit; this is aesthetic induction at work 

in art. 

 

4.3 Aesthetic Canon and the Extensional Approach to Value and Judgement 

The aesthetic canon is a set of criteria. The criteria themselves represent the different 

preferences for non-empirical properties. An aesthetic canon embodies or summarizes the 
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‘taste’ of a certain scientific community; scientific taste is expressed explicitly in an 

aesthetic canon. Something I find interesting in McAllister’s approach is that, rather than 

presenting a concept of beauty, he employs the aesthetic canon to make explicit the 

content of the ‘taste’ of a certain scientific community. This explicit nature of the 

aesthetic canon provides a way to establish the causal link between preferences and 

aesthetic judgement; the link is simple: the larger the weighting associated with a 

property P the more likely that theories with P will appear in positive aesthetic 

judgements. Thus, McAllister’s proposal of using an aesthetic canon can be analyzed, I 

believe, as having two functions: the first is to represent the content of the concept of 

taste. The second function is to serve as a causal explanation for aesthetic judgement. 

Two of the concerns of aesthetic theory, aesthetic value and aesthetic judgement, can thus 

be partially addressed using the aesthetic canon. The aesthetic canon provides us with 

what we can regard as the extension of the concept of beauty. An aesthetic canon includes 

all possible non-empirical properties of theories and their respective weightings; this list 

of criteria makes explicit the universe of preferences. Beauty would consist in the subset 

of criteria associated with positive judgements. 

An aesthetic canon can be seen as the extension of aesthetic value only for a 

specific scientific community in a certain historic period. As the aesthetic canon is 

modified by aesthetic induction, the extension of aesthetic value represented by the canon 

is modified, too. Updating the aesthetic canon consists in changing the values W of the 

pairs <P,W> that constitute the canon. In this way the extensional representation affords a 

simple way to model the dynamics of aesthetic value. Now, aesthetic judgement can be 

seen as a linguistic and behavioural expression of aesthetic value in scientific 

communities, which seems to be the most important way of dealing with it in 

McAllister’s theory. This is explicit on his first criterion for identifying an aesthetic 

property: 

 I shall judge a property of a theory to be an aesthetic property if scientists in the relevant 

disciplines react to it publicly as aesthetic, for example by declaring that they attach 

aesthetic value to it, by citing it in an act of theory evaluation that they describe as 

aesthetic, or by applying to it standard terms of aesthetic appreciation… (McAllister, 

1996, p. 36) 
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The aesthetic cannon summarizes the grounds on which an explanation of aesthetic-

judgement-passing behaviour is based. The explicit information in an aesthetic canon can 

be used, in principle, to predict the sorts of judgements that a specific scientific 

community would produce. Aesthetic induction can be seen as a way to draw conclusions 

in the form of aesthetic judgements, since it is responsible for modulating the strength of 

preferences and, thus, the likelihood that judgements related to those preferences will be 

expressed in judgements. In principle, the aesthetic canon could be used to ‘predict’ or 

explain aesthetic judgements (or at least aesthetic judgements as behavioural and 

linguistic expressions). To summarize, in regard to aesthetic value and judgement, 

McAllister’s theory does not offer criteria, definitions, or characterizations but, in 

contrast, thanks to its concrete, extensional, treatment of the concept of beauty, it offers a 

flexible way to model the dynamics of beauty and draw useful consequences, despite the 

slippery nature of the concept. An important lesson to be drawn from McAllister is that 

there are different ways of dealing with aesthetic value and judgement besides explicit 

definitions of concepts, and that the extensional treatment of the concept of beauty allows 

us to introduce and model its dynamics. The extensional use of concepts is especially 

useful in the case of dynamic, constantly changing concepts. It allows us to model 

changes and incorporate the concept into a larger framework of theoretical descriptions, 

like McAllister’s account of scientific revolutions. Although this treatment does not offer 

us an insight into the intension of the concept of scientific beauty, it offers a clear 

instrumental advantage: we can model and explain the evolution of aesthetic value and 

the passing of aesthetic judgements. Modelling the dynamics of aesthetic value is the 

main focus of my discussion of aesthetic value in Chapter 3, where I use McAllister’s 

extensional approach plus minor revisions of his ideas of aesthetic canon and aesthetic 

induction in my modelling. 

 

4.4 Kuipers’ Interpretation of McAllister  

Theo Kuipers, in his 2002 article “Beauty a Road to the Truth”, is concerned with 

aesthetic judgement as an indicator of truth. In this paper Kuipers interprets aesthetic 

induction as a special case of the psychological phenomenon known as the mere-

exposure effect (MEE). The mere-exposure effect refers, roughly speaking, to the fact that 
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people unconsciously prefer familiar stimuli rather than unfamiliar ones. Kuipers furthers 

McAllister’s ideas in two ways: first, he offers the mere-exposure effect as an explanation 

of aesthetic induction. Second, he offers a refined analysis of aesthetic induction, 

decomposing it into ‘proper aesthetic induction’ and ‘cognitive meta-induction’. This 

analysis, together with his theory of truth approximation, allows him to identify the cases 

in which beauty can be seen as a fallible ‘signpost to the truth’ (Kuipers, 2002, p. 294). 

Although Kuipers’ proposal is fascinating, it is mainly concerned with the formal 

and empirical relations between beauty and truth. It is a further development of 

McAllister’s ideas, but not in the direction of deepening our understanding of the nature 

of beauty in science; that is, he does not intend to produce an aesthetic theory of science. 

For McAllister one of the open questions regarding beauty in science is the relation 

between beauty and truth. McAllister claims that this relation is a contingent, a 

posteriori, relation, and that its existence must be corroborated by empirical evidence. 

Kuipers addresses the nuances of relation between beauty and truth in science. Here I 

focus only on the ideas presented by Kuipers that are relevant to this work. 

Kuipers follows McAllister in assuming that an aesthetic canon embodies relevant 

facts related to aesthetic judgements in science, but Kuipers sees aesthetic induction as “a 

reinforcement variant on the mere-exposure effect” (Kuipers 2002, p. 299). Aesthetic 

induction can thus be seen as having a psychological basis; as a natural phenomenon. 

This proposal is interesting because it allows us to account for certain peculiarities which 

McAllister does not address. For example, Kuipers reminds us of the ‘inverse U’ shape 

effect in the evolution of our preferences: 

one observes not only first a phase of monotone increasing aesthetic appreciation with the 

number of confrontations, but also a second phase of decreasing appreciation, together 

producing the so-called ‘inverse U’ shape. (Kuipers, 2002, p. 297) 

 

Kuipers seems implicitly to acknowledge the fact that the treatment of aesthetic canons as 

an extensional embodiment of aesthetic value needs conceptual improvement and 

empirical support. The introduction of MEE seems a very straightforward solution to this. 

However, I believe, Kuipers’ treatment of the subject makes clearer and reinforces an 

idea implicit in aesthetic induction: that aesthetic judgements in science are a posteriori; 
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that is, they are contingent and depend on past experience. This is no surprise, since in 

aesthetic induction preferences increase with recurrent appearances of properties in 

empirically successful theories, that is, with our previous experiences with empirically 

successful theories. If aesthetic judgements were a priori they would not depend on 

experience. MEE9 only emphasizes the a posteriori quality of aesthetic judgements, since 

the preferences of the subjects seem to depend only on the record of exposure to arbitrary 

stimuli; the only constraint involved seems to be familiarity with the stimulus. The 

preferences that drive aesthetic judgements seem to have no other source than our 

contingent past experience. I believe that this strong a posteriori quality of aesthetic 

induction clashes with many instances in which preferences (for things like order, or 

symmetry, for example) do not seem to depend on experience; this gives us an excuse to 

see how compatible McAllister’s ideas are with some contemporary approaches to 

aesthetics. 

4.5 Comments 

In my opinion McAllister has correctly identified one of the phenomena involved in the 

behavioural patterns that lead scientists to pass aesthetic judgements. He presents a very 

strong case in favour of the existence of the aesthetic induction. Kuipers presents further 

empirical evidence in support of McAllister’s idea and he further refines and analyzes it. 

Concerning McAllister’s contribution to this work, at least three valuable insights can be 

identified: first, that aesthetic value in science is dynamic rather than static (which also 

agrees with Rota’s findings on mathematical beauty). Second, the idea of the aesthetic 

canon as an extensional representation of value. Third, the aesthetic induction as the 

mechanism that governs the evolution of aesthetic canons. An extensional treatment of 

aesthetic value will be central to my own approach to aesthetic value in Chapter 3. 

Despite contributing greatly to clarifying the mechanism underlying the evolution 

of beauty (an evolution which is pointed out, but not accounted for, by Rota), I believe 

there are some issues that need to be addressed. 

                                                 
9 I must point out that this interpretation of MEE can be disputed. The mere-exposure effect can be 
understood in a different way. For example, in the study of emotions the MEE is used to show that 
propositional memory and emotional memory function independently of each other. Moreover, there is 
strong evidence in support of the idea that emotions have a large number of innate and conditioning-
autonomous characteristics. For a longer discussion of these empirical results, see Appendix 3, section 8. 
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In McAllister’s approach, aesthetic judgements seem to be a posteriori, since they 

are determined by past experience via aesthetic induction. The aesthetic induction well 

suits historical episodes like the adoption of cast iron in architecture. However, other 

phenomena are less suitable. In music, for example, one of the sources of pleasure is the 

active play with expectations. Repeated experiences with pieces of music seem to have 

different effects depending not only on inductive projection, but also on the type of 

musical events experienced and on the listener’s technical knowledge of music10. 

Preferences are governed by aesthetic induction to some extent, but there are other factors 

involved in our appreciation. A more accurate picture should identify and address such 

factors. In a later section I shall address the factors that have to do with aesthetic terms 

and judgements; in Chapter 2 I present a discussion concerning formal and emotive 

factors. These discussions, along with the ideas presented above, will form the basis for 

the development of an aesthetics of mathematics. 

Now, if we turn to the theoretical tenets endorsed by McAllister we can spot some 

more limitations to his approach. We have seen that Rota’s approach, by reinterpreting 

the meaning of the term ‘beauty’, raises the question of why mathematicians specifically 

choose the term ‘beauty’. McAllister’s theory does not raise this question since it does 

not ask for a reinterpretation of aesthetic terms. Aesthetic judgements passed by scientists 

are just the result of scientists’ aesthetic preferences. McAllister trusts scientists’ 

aesthetic judgements but, as we mentioned in the Introduction, a serious approach to an 

aesthetics of mathematics cannot rest content with a pre-theoretical approach; our trust in 

scientists’ judgements should be justified by explaining that those judgements are literal 

aesthetic judgements. 

I believe that the best way to address both this concern with McAllister’s 

approach and Rota’s focus on the term ‘mathematical beauty’ is by addressing the 

problem of aesthetic terms (which is related to issues like aesthetic properties, aesthetic 

descriptions and judgements). This will also allow us to start to broaden our search for 

ideas to contemporary aesthetics. 

                                                 
10 A more detailed discussion can be found in the first part of Chapter 2, and in Appendix 1.  
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5. Hungerland and Kivy on Aesthetic Terms 

The ideas of Isabel Hungerland and Peter Kivy on aesthetic terms represent a good point 

of reference for discussing some of the issues that can be improved in McAllister’s and 

Rota’s ideas. Hungerland and Kivy represent contrasting approaches to aesthetic terms, 

which makes their discussion even more attractive since it gives us the opportunity to 

survey a wider range of approaches.  

5.1 Hungerland’s Approach 

Isabel C. Hungerland (Hungerland, 1962 and 1968) proposed that aesthetic terms must be 

approached by focusing on their linguistic and logical properties. I omit the excessively 

technical linguistic details to focus on her general ideas. According to Hungerland, 

aesthetic terms are part of a distinctive class of terms that differs from non-aesthetic 

terms. These two classes differ in their type of criteria of application (Hungerland, 1962, 

pp. 43-44). Let us consider the non-aesthetic term ‘strong’ and the aesthetic term 

‘elegant’. According to Hungerland, the application of aesthetic terms (A-terms) is 

governed in a different way from the application of non-aesthetic terms (N-terms).  

Specifically, when non-aesthetic or aesthetic terms are used in descriptions, they differ in 

the following respect: 

N-terms, non-aesthetic terms, can always be used meaningfully in sentences of the 

following two types: 

(1) ‘John is strong’ 

and 

(2) ‘John looks strong but he is not’ 

In contrast, A-terms, cannot be used meaningfully in the way indicated in (2).  

 

For example, there is little or no difference when an aesthetic term like elegant is used in 

either way: ‘John is elegant’ or ‘John looks elegant’. But the use of the same aesthetic 

term in type (2) sentences like ‘John looks elegant but he is not’ seems to make little or 

no sense. 

For any non-aesthetic term N there is a difference between being and looking N 

(Hungerland, 1962, pp. 52-54). Something can look N but it may not be N. In contrast, 

for aesthetic terms there is no such is-looks distinction. This, Hungerland argues, is 
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because aesthetic terms are terms devised precisely to talk about how things may look 

(given a set of normal circumstances in the subject and environment) to the observer; that 

is, the application criteria for aesthetic terms depend entirely on the internal, or subjective 

experience of the person who makes use of them (Hungerland, 1962, pp. 63-65). In 

contrast, in the application of an non-aesthetic term like ‘strong’ there are several external 

or objective criteria that can be used to correct the initial application of such a term. For 

example, let us suppose we have just said that John was strong (perhaps he looked strong 

to us). Then someone may tell us that John is very ill, or we may convince ourselves that 

John is actually a weak person (perhaps by observing his failure to lift something). We 

can then, after the corroboration of the weakness of John, correct our statement to the 

new statement ‘John is not strong’, or ‘John looks strong, but he is not’. We have external 

reasons that allow us to correct from ‘John is strong’ to ‘John looks strong but he is not.’ 

The reason why this correction is possible is because the application of the term ‘strong’ 

is governed by external, objective criteria. The correct use of both sentences that include 

the term strong –’John is strong’ and ‘John looks strong but he is not’– depends on 

external, objective circumstances and the correct application of the term ‘strong’ is thus 

governed by external, objective criteria. In contrast, there are no external or objective 

criteria to correct the application of aesthetic terms. If John looks elegant to us and we 

say that John is elegant, no external criteria can induce us to then say that John looks 

elegant but he is not. This last sentence simply makes no sense. 

In summary, aesthetic and non-aesthetic terms differ in two main respects: first, in 

that the distinction is-looks does not apply in the case of aesthetic terms. Second, in that 

the correct application of aesthetic terms is not governed by external, objective 

circumstances. Let us now see if these ideas are compatible with Rota’s and McAllister’s 

approaches to beauty in mathematics and science. 

Rota’s view of aesthetic descriptions in mathematics fails to avoid the is-looks 

distinction. Consider a mathematical proof that is qualified as beautiful: Cantor’s 

diagonal proof, for example. In Rota’s approach we should think that ‘Cantor’s diagonal 

proof is beautiful’ amounts to a qualification of the proof as enlightening. However, due 

to the characteristic fuzziness of enlightenment, as Rota himself proposes, this proof 

might later be shown to provide no enlightenment at all. After all, according to Rota, 
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enlightening is an objective property, just like truth. Rota himself argues that entire fields 

of mathematics can cease being regarded as beautiful; this is the reason why he claims 

that mathematical beauty depends heavily on schools and historical periods. Thus, we can 

correctly think of situations in which a proof can seem enlightening (beautiful) and, later 

on, it turns out that the proof is not really enlightening. The interpretation of 

mathematical beauty in terms of enlightenment fails to meet the first characteristic 

proposed by Hungerland. 

Now, McAllister’s approach faces a similar problem. Let us suppose that the 

property of ‘possessing a mechanical model’ is a highly valued property in our aesthetic 

canon. Now, our judgements concerning the possession of a mechanical model can (or, as 

a matter of fact, must) be corrected using external or objective criteria: in order to claim 

that theory T possesses a mechanical model one must show the mechanical model in 

question or show a method for constructing one. Furthermore, aesthetic induction, the 

very mechanism that governs the development of an aesthetic canon, is an external 

mechanism. Aesthetic induction does not work on the grounds of subjective internal 

criteria; rather, it depends on the empirical success of the theories with which the 

property in question is associated and empirical success is an external criterion. 

McAllister’s interpretation of aesthetic judgements in science fails to meet the second 

characteristic of aesthetic terms, being governed by non-objective criteria, as proposed by 

Hungerland. 

5.2 Kivy’s Terminal Approach  

Peter Kivy has proposed an alternative approach to aesthetic terms (Kivy, 1975), which I 

here call the terminal approach. One of the problems with Hungerland’s approach is that 

it divides terms into two categories: A-terms and N-terms (aesthetic and non-aesthetic 

terms). Kivy draws our attention to the fact that when we create aesthetic descriptions we 

make use of aesthetic and non-aesthetic terms (Kivy, 1975, p. 198). We can describe a 

certain work as ‘heavy’ (not referring to its actual weight), or the work of an artist as 

‘solid’. It seems that what characterizes aesthetic terms is not the inherent logical and 

linguistic criteria that govern their application. A more accurate view can be achieved if 

we look at the characteristic role of aesthetic descriptions rather than at the logico-
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linguistic features of the terms. Kivy argues that aesthetic terms should be characterized 

as being terminal: 

Aesthetic terms, then, are those that, characteristically, occur in descriptions which seem 

to be ends rather than beginnings. They are not, as many seem to think, terms that we can 

supply no logically compelling criteria for applying. But they are terms that do not 

provide the reasons for anything else (Kivy, 1975, p. 211). 

 

For Kivy, there is no specific set of terms that can be labelled aesthetic; rather, the 

aesthetic quality of terms comes from their playing a role in aesthetic descriptions. For 

Hungerland, the division between N-terms and A-terms is based on the existence of an is-

looks distinction for N-terms and the lack of one for A-terms. For Kivy that division into 

two classes is questionable, as both A-terms and N-terms can be used in aesthetic 

descriptions. The characteristic property of aesthetic terms is not to be found in the 

contrast between N-terms and A-terms; or in the contrast between the presence and 

absence of an is-looks distinction. Rather, the characteristic difference is between non-

terminal and terminal roles: non-aesthetic terms, when used in a description, serve as a 

“prelude to something else: the premise of an argument or a call to action” (Kivy, 1975, 

p. 210). Instead of resorting to the is-looks distinction, the distinction between non-

terminal and terminal terms can be clarified by establishing a contrast between moral and 

aesthetic terms: 

[…] the fact that aesthetic descriptions are “terminal,” that they lead nowhere, distinguishes them 

sharply from moral descriptions, which often are preludes to action. To conclude that a course of 

action is right is to provide some reason for pursuing that course of action in the future. To 

conclude that a man is greedy is to provide some reason for future actions, or attitudes towards 

that man. To conclude that a novel is “unified,” a painting “garish,” a poem “sentimental,” a 

symphonic movement “sad,” however, provides no reason for anything except continued 

contemplation, or an end to it. (Kivy, 1975, p. 211) 

 

Kivy’s terminal approach, I believe, modernizes Hutchenson’s view that our sense of 

beauty is independent of volition and cognition. Kivy’s approach characterizes aesthetic 

terms by their role in descriptions which, unlike moral or objective descriptions, have no 

further consequence. Let us now see how Rota and McAllister fare in view of these ideas. 
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In Rota’s approach, aesthetic descriptions should be construed as descriptions that 

refer to the enlightenment provided by the proof. Here we must investigate whether or not 

such descriptions are terminal; we must inquire about the reasons we have when we utter 

this kind of description. Let us first consider sentences like ‘P is a correct proof’, ‘T is a 

consistent theory’, or ‘S is a true theorem’. All these sentences can naturally lead to 

further conclusions or future actions. For example, we can use theorem S to prove 

another theorem, and then ‘S is a true theorem’ can be used as part of our argument. 

Now, sentences like ‘P is a correct proof’, ‘T is a consistent theory’, or ‘S is a true 

theorem’ are similar in the sense of their being descriptions of epistemic virtues of 

mathematical items. Descriptions that qualify the ability of a proof to provide 

understanding are similar to descriptions of other epistemic virtues of a proof, in the 

sense that all of them summarize certain relations and properties relevant to their status as 

knowledge. Providing understanding is clearly a virtue, an epistemic virtue. We have no 

reason to believe that sentences like ‘P is enlightening’ are different in this respect: they 

are also about an epistemic virtue. And, in principle, they thus can be used to lead to 

further conclusions about epistemic virtues or to change our cognitive attitudes to other 

items related to P. Thus, under Rota’s interpretation, aesthetic descriptions in 

mathematics are non-terminal and they should better be treated as epistemic descriptions. 

Let us now turn to McAllister’s proposal. McAllister’s view is based on the idea 

that a set of preferences, summarized in an aesthetic canon, drives scientists to pass 

aesthetic judgements. We shall concentrate here only on the fact that these judgements 

are also aesthetic descriptions of the type ‘T is B’ (‘Einstein’s theory is beautiful’, for 

example). It is true that, as the utterance of these descriptions is driven primarily by a 

person’s preferences, such descriptions are not meant to lead to further conclusions (in 

the sense of being part of an argument); that is, they cannot be assimilated into epistemic 

descriptions. However, aesthetic induction introduces some complications. The use of an 

aesthetic description is the result of a process of aesthetic induction; since the utterance is 

grounded on personal preferences and these preferences are modified by aesthetic 

induction. Now, aesthetic induction is a process that is constantly modifying preferences, 

aesthetic descriptions are not only the final results of the aesthetic induction, but also part 

of a constant inductive process; they are ‘inductive premises’ of the next induction. The 
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role of aesthetic descriptions as inductive premises already violates terminality; but there 

are still more problems. Aesthetic descriptions play a role not only in the process of 

aesthetic induction, but also in scientific progress. This is very visible when scientists 

choose to endorse a certain theory based on aesthetic criteria. In McAllister’s view, 

theory choice can be the result of aesthetic judgement. For example, McAllister argues 

that differences in aesthetic preferences can be used to explain the tension between 

revolutionary and conservative scientists in scientific revolutions. Aesthetic descriptions 

play a role in theory choice and thus they can be considered as leading to further actions: 

the choice of a theory. In this sense, I believe, McAllister’s resembles the moral 

descriptions which Kivy uses to exemplify non-terminal terms: to conclude that a theory 

T is beautiful is to confirm our preference for a certain non-empirical property P of T, in 

agreement with our aesthetic canon. The preference for P can lead to the endorsement of 

a future theory F which also possesses P. To conclude that a theory is beautiful, thus, is to 

provide a reason for pursuing a course of action in the future; namely, to choose theories 

with similar properties. And even if no choice is made, the future attitudes towards 

theories would be altered. In McAllister’s approach this change of attitude is not a 

random event, but rather part of the working of the aesthetic canon itself. Since aesthetic 

descriptions are in this sense analogous to moral descriptions, they are not terminal. 

5.3 Comments 

The survey of Hungerland and Kivy’s ideas reveals the limitations of Rota’s and 

McAllister’s approaches. In Rota’s approach, aesthetic descriptions are similar to 

epistemic descriptions and thus aesthetic terms resemble epistemic terms. McAllister’s 

view supplies an interpretation in which aesthetic terms resemble moral terms. We must 

remember, though, that they are not trying to develop an aesthetics of mathematics or 

science. Rota is interested in the relevant epistemic features related to aesthetic 

descriptions in mathematical practice. McAllister’s project is a defence of a rationalist 

image of science; he articulates a model of scientific change that accounts for subjective 

aesthetic consideration in a way that is consistent with a rationalist view of science. 

Rota’s approach reinterprets mathematical beauty, so it is no surprise that it did 

not fare well. The clash between McAllister’s model and Hungerland and Kivy’s ideas is 

not the result of a misconception of scientific beauty but, rather, of the fact that the model 
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is too narrow to encompass the particularities of general aesthetic phenomena. In 

McAllister’s model there is no reference to the origin of the elementary characteristics 

that would make an aesthetic canon aesthetic, for example. Any non-empirical property 

of theories would seem to be a good candidate as an aesthetic feature and to figure in 

aesthetic judgements, insofar as aesthetic induction happens to promote it. There are no 

constraints on the selection of non-empirical properties and no constraints on the results 

of aesthetic induction. 

Aaesthetic judgements are always a posteriori; they seem to be completely 

determined by aesthetic induction (since no other mechanism is presented to constrain the 

passing of aesthetic judgements). McAllister’s picture of a dynamic system of aesthetic 

criteria seems to neglect an important fact about preferences. Sensorial perception and 

some of the ways in which we react to them are grounded in our biological makeup. 

Hungerland’s analysis is a way to incorporate some of our ways of dealing with sensorial 

perception into the semantics of aesthetic terms. The analysis of Kivy, on the other hand, 

stresses the independence of aesthetic matters. 

Although McAllister’s model of the dynamics of preferences represents a valuable 

insight, I believe that the model can benefit from the introduction of more constraints, 

especially constraints associated with non-a-posteriori mechanisms. Affective and 

emotive responses seem to me good candidates for those mechanisms. It is true that 

Kuipers supports McAllister’s model with the mere-exposure effect (MEE); but in the 

larger picture MEE can be interpreted in different ways11.  

To conclude this section I must emphasize that the approaches to beauty in 

mathematics and science offered by Rota and McAllister certainly offer valuable insights. 

However, they seem to need further revision before we can count them as ‘aesthetics’ in a 

wider sense. 

 

6. Chapter Summary  

We have surveyed ideas in three fields that have been concerned with mathematical 

beauty: aesthetics, mathematics and philosophy of science. Modern aesthetics seems 

almost completely to neglect the discussion of beauty in mathematics, and in science in 
                                                 
11 For a longer discussion of this, see the second part of Chapter 2 and Appendix 3. 
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general. However, this situation was not always so. Late pre-Baumgarten aesthetics 

seems to welcome a kind of ‘intellectual beauty’. ‘Order’ for Shaftesbury and ‘unity 

amidst variety’ for Hutchenson are properties that articulate their aesthetic theories, 

which can explain beauty in mathematics (and in general in science). For our purposes, 

there are two prominent problems with pre-Baumgarten aesthetics. First of all, the way it 

deals with mathematical beauty; this differs greatly from the way mathematicians 

approach mathematical beauty. For mathematicians only certain pieces of mathematics 

are regarded as beautiful; descriptions of mathematical items in terms of ugliness exist in 

mathematical practice. According to Shaftesbury and Hutchenson, all mathematics seems 

to comply with the features that characterize beauty; furthermore, we have seen that to 

Hutchenson – although this is only my interpretation – mathematical beauty seems to be a 

‘necessary’ property (perhaps ‘analytic’ would be a better term), in the sense that it is 

entailed by the definition of beauty and the nature of mathematics. 

Mathematics was represented by Gian-Carlo Rota, whose approach has some 

drawbacks. First, his approach seems insufficient to explain ‘short steps in proofs’, which 

is one of the examples he himself presents as one of the items regarded as beautiful. 

Second, the notion of enlightenment cannot explain the notion of mathematical ugliness. 

Furthermore, it cannot account for the role of ugliness in encouraging further 

development in mathematics. Third, it cannot explain why mathematicians choose 

specifically the term ‘beauty’ to deal with the concept of enlightenment. Despite its 

problems, Rota’s work presents important insights that we must bear in mind:  

First, Rota identifies some features of mathematical beauty; mathematical beauty 

depends heavily on historic and social context. Some concrete properties, shortness, for 

example, seem to be linked to beauty. Familiarity with a large amount of background 

knowledge is necessary to appreciate mathematical beauty.  

Second, Rota makes implicit use of some methodological strategies that are 

inspiring: focusing the discussion on terms and not on the nature of qualities or subjective 

experience, allowed a more detailed identification of problems, discussion and proposal.  

Third, Rota realizes that related aesthetic terms, like ugliness, are relevant to 

understand the role of beauty in mathematical practice. In my opinion this is one of 
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Rota’s unintended lessons, since one of the weaknesses of his proposal is that it does not 

explore the relation of beauty to other related aesthetic terms. 

McAllister and Kuipers represent the approaches in philosophy of science. 

McAllister’s most important contributions are the ideas of the aesthetic canon and the 

aesthetic induction. Both are very sound ideas, especially given the aims of these authors, 

and they become especially robust once Kuipers shows that it is possible to offer 

empirical support for them. There is a generic problem with this aesthetic induction 

approach, however. The ideas involved in it do not comply with the conceptual standards 

of contemporary aesthetics, as was made clear in the last section. Aesthetic terms in 

judgements based on aesthetic induction turned out to be governed by external criteria; 

thus contradicting Hungerland’s characterization. If we focus on aesthetic descriptions, it 

turns out that they are similar to moral judgements, in the sense that they lead us to 

further actions and changes of attitude. Aesthetic induction-governed descriptions are not 

terminal: they are part of an induction chain that promotes attitudes and actions that 

become manifest in the choices scientists make.  

In spite of these problems, a relevant lesson can be learnt from this model: 

aesthetic value is a dynamic concept, but that does not mean its theoretical treatment is 

impossible. The extensional treatment of aesthetic value, embodied in the idea of the 

aesthetic canon, allows us to develop models to deal with its dynamics.  

The ideas summarized above are worth keeping in mind when seeking to develop 

an aesthetic theory for mathematics, especially the strategies, methods and principles that 

underlie them. In the next chapter I continue the search for ways to deal with 

mathematical beauty. This time I survey contrasting ideas coming from philosophy of 

music and the expression of emotions in art. 
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CHAPTER 2: Formalism, Emotions and 

Expression. 
In this Chapter I present the ideas of three authors who provide us with insights and 

inspiration that I employ in my own theory. Peter Kivy’ formalist approach to musical 

appreciation, Roger Scruton’s ideas on the ontology of music, and Jenefer Robinson’s 

theories of emotion and expression are surveyed, since they supply a multitude of 

insights, which will be pointed out as they appear in the text. I start the search for clues as 

to how to understand mathematical beauty by turning to music, the ancient companion of 

mathematics. 

1.  Philosophy of Music  

Music and mathematics have a long history of appearing together. The historical 

categorization of music beside mathematics and other sciences, and some intrinsic 

relations between them (which I do not discuss here) suggest that music and mathematics 

may be related in a deeper, non-trivial, way. Exploring this relation, unfortunately, is not 

the topic of this work, but we still can take advantage of this relation, whatever it is, to 

look for clues, directions and inspiration about how to approach mathematical beauty. 

The topic of music appreciation is particularly useful in this respect. I have found that 

Peter Kivy’s approach provides ideas with great potential for exploitation in mathematics. 

I do not intend, however, to apply a Kivy-like theory to interpret mathematical beauty. 

Rather, Kivy’s way of approaching musical appreciation, which gives a relevant place to 

apprehending structures in intentional objects and to intellectual activities in dealing with 

these structures, inspires my approach to aesthetic experience. The intellectual activity 

proposed by Kivy, I believe, has an analogue in the appreciation of pieces of mathematics 

that involve active episodes of attention, like following a mathematical proof. But that is 

addressed in the next chapter. For now, let us begin our survey. 

1.1 Formalism 

Kivy’s approach is characterized as a type of musical formalism. Romantic theories of art 

considered emotions and their expression as central to art (Robinson, 2005, p. 259-260). 
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Historically, formalism arose as a reaction to Romantic theories (Alperson, 2004, p. 257). 

The traditional debate on music involves two rival positions: on the one hand, 

emotivism12, which claims that the aim of music is the arousal or the expression of 

emotions. On the other hand, formalism, which claims that music has no content (other 

than music itself) and that musical value is determined by musical form. Kivy finds the 

term ‘enhanced formalism’ (Kivy, 2002, pp. 88-90) suitable for his approach, since it 

does not deny a role to emotions, as we shall see later. I do not further discuss here the 

traditional debate between formalist and emotivist approaches, or the development of 

formalism13.  There is, however, one point I regard as worth mentioning: formalism’s 

opposition to Romantic emotivist theories represented an expansion in the reach of 

aesthetics. In this sense formalism shares the spirit of this work, which also hopes to 

expand aesthetics to the alien realm of mathematics. The inception of formalism by 

Eduard Hanslick in his 1854 book “On the Beautiful in Music” is linked to the emergence 

and proliferation of purely instrumental music, which is a late development in the history 

of music. Most music is nowadays, and always has been, sung music. Emotivist 

aesthetics is able to account for music with text or a dramatic set up in a relatively simple 

fashion: The content associated with the text or the dramatic set either refers to or arouses 

emotions. Sung music has an explicit content, and its purpose seems to be to convey that 

content, which then can lead to an emotional response. Sung music can thus be 

understood in the same fashion as other representational arts like theatre or literature. But 

how should we understand purely instrumental music, which has no explicit content? 

Formalism gives us an answer: it is musical form and not content that characterizes 

music. An interesting feature of formalism is that it addresses music in its most general 

way. The issue of the beauty of purely instrumental music is a more general issue than 

that of text-accompanied music, since any answer we give to account for it will also 

account, at least partially, for the instances in which music is accompanied by content. 

The way formalism addresses instrumental music represents an expansion of aesthetics 

                                                 
12 Emotion-based theories are called “emotivism” by authors like Kivy (Kivy, 1991) or Alperson (Alperson, 
2004); although some many authors prefer the term “Romantic”.  I use the term “emotivism”, since it is 
more explicit and establishes a better contrast with formalism. It also puts the issue of emotions on the 
other side of the theoretical spectrum, which is convenient since we deal with emotions in the second part 
of this chapter. 
13 For a summary of the development of formalism, see Appendix 1. 
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beyond the realm of emotive representations. The formalist approach to instrumental 

music is thus an example of how to address a new phenomenon in aesthetics, and this is 

encouraging since our subject, mathematical beauty, is a newcomer to aesthetics. 

Let us now see what Kivy’s formalism looks like. First of all, Kivy claims that 

calling his approach formalism is a little inaccurate since he does not claim that musical 

form is the only aspect relevant to the appreciation of music. His position is more 

moderate. The word ‘form’ can be misleading, since it evokes visual forms. Kivy stresses 

the difference between musical and visual forms: visual forms are static and spatial while 

musical forms are “temporal patterns of sound” (Kivy, 2002, p. 68). Kivy interprets 

formalism as the view that purely instrumental music “has neither representational nor 

semantic content” (Kivy, 2002, p. 68), but musical forms are not the only things of 

interest in music; elements like individual notes, or chords, which have no form, can be 

beautiful or artistically appreciated, in a similar fashion to the way we appreciate form-

less visual elements like colours. Kivy admits that we enjoy the sensuous, non-formal, 

properties of music. But the question for a formalist approach is “what do we enjoy in our 

apprehension of musical structure?” (Kivy, 2002, p. 69). 

Kivy’s answer to this question is grounded in many insights gained during the 

evolution of formalism14, but it can be summarized very briefly: what we enjoy is the 

unfolding of events, of purely musical events (Kivy, 2002, p. 69).15 

This short answer makes better sense if we add some details. Kivy establishes an 

analogy between the unfolding of musical events and the unfolding of fictional events in 

a narrative. In following an unfolding of events, the listeners or readers engage in a sort 

of puzzle. In reading a novel or watching a film, for example, we are held captive in the 

story because we want to know how it develops, how things turn out. Our engagement in 

fiction is not passive contemplation; much of our pleasure comes from wondering what is 

going to happen, from making conjectures, and from discovering if our conjectures are 

correct or not. We enjoy narratives by trying to solve the riddles posed by them (Kivy, 

2002, pp. 78-79). The narrative-like character of our listening to absolute music suggests 

                                                 
14 See footnote 13. For a survey of this evolution, see the final section of  Appendix 1. 
15 We shall see in Chapter 3 that we also enjoy mathematical items, like proofs of theorems, that unfold 
“mathematical events”, but the reasons for this are interpreted differently from Kivy. 
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that the character of musical forms themselves should be interpreted in a narrative-like 

fashion. Musical forms are plot-like structures: “The forms of absolute music are plots 

without content” (Kivy, 2002, p. 79). 

This characterization of musical forms intends to emphasize that narratives and 

music both play with expectations; they pose ‘questions’ and then answer them. Musical 

plots may develop in surprising ways, just as narratives. They also present events that we 

enjoy: narrative plots present fictional events, musical ‘plots’ present musical events. 

(Kivy 2002, p. 79).  The general way we deal with the puzzles posed by a plot is by 

generating expectations. In listening to music, experiencing two kinds of events plays a 

role in shaping our expectations; Kivy calls them ‘syntactical events’ and ‘formal events’. 

Syntactical events are those ‘small’ events that take place within the musical structure: 

notes, melodies, chords, chord progressions, etc. These events are governed by the ‘rules’ 

of musical grammar, that is, the rules that tell us, for example, which chords follow which 

other chords, depending on the specific musical context16. Formal events are the large 

events of musical structure, the appearance of one musical section after another. They 

include, for example, the internal structure of entire works of music, the arrangement and 

type of movements included in a symphony or concerto. A person who listens to music 

will expect syntactical as well as formal musical events. 

Now, expectations are conditioned by our previous experiences17, either with 

narratives or with music (Kivy, 2002, p. 70). Musical expectations, of course, concern 

musical events; and what kind of musical events are expected by the listener depends on 

the events he has previously experienced. The expectation effect can be of long or short 

term, so Kivy divides expectations of musical events into external (which, as I interpret 

them, seem to be the result of long-term previous experiences) and internal (which seem 

to be the result of short-term previous experiences) (Kivy, 2002, pp. 73-74). When one 

listens to a musical work, one brings expectations about music that are already formed; 

these are the external expectations. In addition, the work itself, due to its inner way of 

                                                 
16 Music is a highly organized phenomenon; many of the qualities of this organization can be described in a 
fashion similar to the way we describe grammatical rules. Music theory is a detailed description of music in 
terms of the ‘rules’ that govern musical organization at different levels. The most basic of these levels has 
to do with this ‘musical grammar’. 
17 Kivy follows Leonard B. Meyer’s ideas in this respect. For more details on Meyer, see Appendix 1. 
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working, generates new expectations; these are the internal expectations. External 

expectations are the expectations one acquires quite naturally, without being aware of it, 

as one grows up in a specific musical environment. Western music, with its musical 

scales, harmonic progressions and stylistic ways of arranging parts in whole works, 

shapes our external expectations. The composer assumes these expectations are present in 

the listener and the composer’s craft consists in playing with the expectations. At the 

same time, part of the listener’s pleasure consists in becoming involved in this playing. 

According to Kivy, a musical work is a structure of sound events ranging from expected 

to a high degree to unexpected to a high degree. A good musical work must maintain a 

balance between the expected and the unexpected. 

Kivy poses two questions that we should ask regarding this expectation-based 

account of musical works. First, to what extent is the process of expectation (including 

the responses of surprise or fulfilment of expectations) a conscious process? Second, how 

can the process of expectation work at all when we listen to a musical piece with which 

we are perfectly acquainted and that holds no surprises because we have listened to it 

many times before? (Kivy, 2002, pp. 74-75).  

Concerning the first question, Kivy thinks that the process is both unconscious 

and conscious. According to him, when we consciously listen to a musical work there is, 

always, an unconscious process in which musical expectations are aroused, fulfilled and 

frustrated. He offers no further explanation of the unconscious process, but the conscious 

process plays a major part in his theory. The conscious process involves the listener’s 

playing of what Kivy calls the ‘hypothesis game’ which is described as follows: a person 

who attentively listens to a musical work is “thinking about the musical events taking 

place, is framing hypotheses about what is going to happen, and is sometimes surprised, 

sometimes confirmed, in his or her expectations” (Kivy, 2002, p. 75). 

The second question concerns what Kivy calls the problem of re-hearing music. 

According to the expectation-based account of musical works, we derive joy from 

musical expectations, their arousal, fulfilment and surprising outcomes. But once we have 

heard a certain piece of music we know how this piece will unfold in the next hearing. 

Thus, if we re-hear a piece we already have heard, the musical events we experience will 
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not give place to any useful expectations for playing the hypothesis game. The reason for 

this is simply that there will be no hypothesis in our re-hearing, for we already know how 

the music will unfold. Once we have heard the music we know, we are certain, what the 

music will do. Thus, it makes no sense to say that our expectations have been either 

fulfilled or frustrated. Kivy gives a simple solution to this problem. He thinks that the 

normal listener of music can remember only a few details in any interesting musical 

composition. He thinks that even with repeated hearings of a complex composition during 

a normal lifetime, a listener will never acquire a sufficiently detailed recollection that 

prevents him from having expectations. Kivy argues that even if one knows the 

forthcoming musical events, one keeps reacting in a fashion similar to the first surprising 

time: one just cannot help it. In Kivy’s own words “it is rather like knowing someone is 

going to lunge at you, but, nevertheless, involuntarily flinching when it happens” (Kivy, 

2002, p. 77). The problem of rehearing music does not represent a serious problem for 

Kivy18. He thinks that we can keep playing the hypothesis game even with music that we 

have heard several times before. 

Kivy adds a second ‘game’ to his account of our appreciation of musical works; 

the “game of hide and seek” (Kivy, 2002. p. 77-78). Kivy stresses that his discussion 

concerns only classical music, in which melody plays a central role. An important fact 

about melody in classical music is that it has been almost always embedded in a complex 

musical structure; that is, melody in classical music is accompanied melody. Furthermore 

the principle that governs the composition of standard musical forms like rondos, sonatas, 

theme and variation, etc. is that the listener’s task is to recognize, to find the melody or 

melodies that constitute the work. Repetition also plays a central role since the standard 

musical forms involve the recurrence of themes within a piece. The listener’s task is to 

recognize when these themes occur. Part of the satisfaction that listeners derive from 

listening to this kind of music comes from finding their way in a musical form, from 

playing the game of hide and seek (Kivy, 2002, p.78). The composer also plays a role in 

                                                 
18 Although I agree with Kivy’s answer, I also believe that this is only a partial answer. I think that the span 
of cognitive phenomena involved in our reactions to music we already know includes more than just 
memory. Perhaps the phenomenon is related to how information is processed by other systems, related to, 
for example, affective responses. However, I shall not discuss this topic further here. 
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the game since “It is the composer’s task to vary [the] melodies, hide them, alter them, 

dismember them, and generally give the listener puzzles to solve” (Kivy, 2002, p. 78). 

I believe the idea of the game of hide and seek summarizes the fact that the 

listener is trying to find a simple and coherent musical pattern amongst the complexity of 

the simultaneous musical events; he is actively trying to find patterns in a temporal 

structure. Although this metaphor cannot be directly applied in mathematics, it draws our 

attention to the fact that our involvement in trying to make sense of temporally unfolding 

structures produces satisfaction. I believe that similar phenomena occur when we follow a 

mathematical proof. This idea is exploited when we analyze aesthetic experience in 

mathematics. 

Now, Kivy began by employing an analogy between narrative and musical plots. 

Kivy suggests that the forms of purely instrumental music are “plots without content” or 

“purely musical stories” (Kivy, 2002, p. 79). But the game of hide and seek seems to 

clarify an important difference between them: repetition of themes is characteristic of 

music, but it is not characteristic of fiction. Music is characteristically repetitive. Musical 

forms resemble fictional narratives in a limited sense. Although Kivy does not explain 

why we enjoy repetition, for him it is clear that its importance is a consequence of the 

facts that patterns are characteristic of music: 

The reason we enjoy this repetition, at least to a point, is not altogether clear. What is 

clear is that, because music is pattern without content, the repetition plays the same role 

in music as it does in abstract visual patterns. Indeed, as should be plain, you couldn’t 

have pattern without repetition. That is what pattern is (Kivy, 2002, 79). 

 

The most attractive feature of Kivy’s account in this sense is the importance of 

intellectual activity.  Kivy very insightfully remarks that, in narratives as well as in 

musical forms, “we are not completely passive observers […]”. Just as when we follow a 

story we are not intellectually passive, when following the unfolding of music we are 

intellectually active, and we enjoy it. I believe a similar idea can be exploited in 

mathematics. Things like mathematical proofs unfold presenting mathematical events, 

and depending on how the proof unfolds we can enjoy our intellectual engagement in 
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following the ‘mathematical story’. This idea is used later to characterize aesthetic 

experience in mathematics (when I deal with formal appreciation phenomena in Chapter 

3). 

Concerning the origin of the joy that these games generate, Kivy thinks that 

playing games is an enjoyable activity in itself and thus much of the joy we derive from 

playing the hypothesis game and the game of hide and seek is of a similar nature. 

However, Kivy admits he cannot explain why we enjoy playing games. 

Now, our involvement in the hypothesis game and the game of hide and seek 

requires very attentive listening; Kivy claims that they are characteristic only when the 

listener occupies his mind solely with listening to the music, when a person attends to 

musical sound events with “a mind occupied with the music” (Kivy, 2002, p. 81). Such a 

person can be described as thinking about the musical event to which he is attending. 

Music, in this kind of listening, “may not serve as a soothing background” (Kivy, 2002, 

p. 81); rather, music is the listener’s object of attention, it is his intentional object. Kivy 

interprets an intentional object as an object perceived under certain descriptions, giving 

the following example:  

You and I might both be looking at a man. I believe the man to be a well-known actor. You don’t 

know him at all: he is just a tall, good-looking man to you. The ‘intentional object’ of my gaze is a 

‘tall, good-looking man who is a well-known actor, famous for his Hamlet.’ Your ‘intentional 

object’ is merely ‘a tall, good-looking man.’ We both see the ‘same man’; but, depending upon 

what we know, or believe about the man, we see ‘different men’; we see different ‘intentional 

objects.’ (Kivy, 2002, p. 81) 

 

1.2 Intentionality and Musical Appreciation 

Kivy’s account of musical appreciation is a ‘cognitive’ one not only in the sense that 

intellectual activity is one of the sources of pleasure, but also in the sense that “music is 

an intentional object of the listener’s attention” (Kivy, 2002, p. 81). In this sense, the 

music to which a person listens depends on the listener’s knowledge and beliefs about 

music; it depends on his musical knowledge and listening experience. A person 

acquainted with the difference between major and minor chords thus perceives a 
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‘different music’ than a person with no such knowledge; just as the person who knows an 

actor recognizes him as a “well-known actor, famous for his Hamlet”. A person with 

more musical knowledge can deliver a richer description of music. The more knowledge 

and experience the listener has, the larger his intentional object, since more knowledge 

means more elaborate descriptions, finer discriminations, and in general a more detailed 

appreciation of music. The listener’s knowledge allows him to ‘see’ more features in the 

music; its intentional object possesses more features to appreciate (Kivy 2002, p 81). 

Kivy concludes that “increasing in musical knowledge will tend towards increase in 

musical appreciation or enjoyment; since increasing musical knowledge enlarges the 

intentional object” (Kivy, 2002, pp. 81-82). 

Knowledge and beliefs thus play a relevant role in determining music as an 

intentional object. If we endorse Kivy’s interpretation then music depends on the ability 

of the listener to describe the musical events to which he is listening. This idea may 

sound a little too technical, but Kivy believes that it is part of what occurs in serious 

musical appreciation. For the purpose of this work, the idea that knowledge plays a role 

in appreciating beauty is very interesting, since in mathematics knowledge of a great deal 

of mathematics is crucial to understand almost any particular piece of mathematics. 

Kivy’s interpretation in terms of intentional objects allows us to give knowledge a role in 

constituting the object of our appreciation. This idea is exploited later, in Chapter 4, when 

I propose interpreting pieces of mathematics as intentional objects, objects determined in 

their most basic sense by background mathematical knowledge. 

Despite agreeing with Kivy, I believe that some remarks can be made regarding 

his account. First, his account of the role of knowledge, though inspiring, seems to me to 

offer room for expansion. For Kivy more knowledge means a larger intentional object; 

this account focuses on the size of the intentional object. But we may ask also about the 

changes in complexity and quality of the intentional object. We could ask, for example, 

what would be the result of bringing specific cognitive attitudes into the listening. 

Furthermore, it seems that the explanation depends on an implicit agreement that the 

music we are listening to is in itself an enjoyable or appreciable intentional object in the 

first place. Enlarging an intentional object does not turn the object into an enjoyable 

object. In order to get ‘more to appreciate or enjoy’ in an enlarged object we need, first, 
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an enjoyable original object. As well as an original enjoyable object, we need its 

enlargement to result in an enjoyable enlarged object, preserving the enjoyable quality of 

the original. Thus, we could also ask for an explanation of how the enlargement by 

bringing musical knowledge into our musical intentional object preserves the enjoyable 

quality of the object. In this respect Kivy’s explanation needs to be more precise. Kivy is 

concerned with accounting for the phenomena related to the appreciation of formal 

musical events (musical forms, repetition, etc) and he intentionally leaves aside issues 

like the beauty of the simplest musical events (musical sounds, chords, specific chord 

progressions, etc.); for that reason Kivy does not offer an explanation of the enjoyable 

quality of the original object, for it would be an explanation of the beauty of non-formal 

musical events. Kivy is very explicit in this respect: “I have posed the question: What do 

we enjoy or appreciate in [purely instrumental] music. And I have answered: Musical 

plots, in something like the way we enjoy fictional stories, except of course that the 

musical plots are merely sequences of musical sound events, not stories about fictional 

events” (Kivy, 2002, p. 84). Answering why we enjoy these plots is out of the reach of a 

philosopher of music like Kivy. He does, however, think that the problem of beauty (even 

of non-formal events) is the central problem of aesthetics: unfortunately, it is a problem 

that cannot be tackled by philosophical analysis alone.  

 

1.3 Emotions and Formalism 

Kivy warns us that the word ‘formalism’ is perhaps an “ill-chosen word” (Kivy, 2002, p. 

67) to describe his approach, since he believes that form is not the only relevant element 

in the appreciation of music. The traditional debate concerning music involves two rival 

positions: one that holds that the central element is form; the other holds that the central 

element is emotion (either its expression or arousal). The traditional approaches to 

emotion in music are 1) interpreting sad music, for example, in a dispositional way, 

music makes listeners sad; or 2) in a representational way, music represents sadness. 

Kivy introduces a third option: “music is sad in virtue of possessing sadness as a heard 

property, the way a billiard ball possesses roundness and redness as seen properties” 
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(Kivy, 2002, p. 89). Kivy, rather than antagonizing emotions in music, gives them a 

role19. Kivy thinks that this way of viewing emotions is compatible with his approach. 

If emotive properties – sadness, for example – are heard properties of music, they 

can be accounted for in the same way as any other property of the structure of sound 

events. In this sense, calling a passage of music sad “is no more to describe it in semantic 

or representational terms than to describe it as turbulent or tranquil” (Kivy, 2002, p. 89). 

Calling a passage of music ‘tranquil’ or ‘turbulent’ does not mean it represents 

tranquillity or turbulence. It merely means the passage is tranquil or turbulent. Similarly, 

calling a passage ‘sad’ merely means it is sad (Kivy, 2002, p. 90). 

The most important roles of emotive properties, according to Kivy, are related to 

their function in structure and ‘syntax’.  Concerning their function in structure, Kivy 

assumes that emotive properties are “inherently interesting properties” (Kivy 2002, p 91). 

Representing emotions, arousing them, or perceiving emotional heard properties in music 

have some artistic value in themselves, just as representing objects or arousing emotions 

by means of drawings and colours do. Now, emotive properties help, by means of 

repetition and contrast, to constitute the sonic pattern. Kivy extends his ideas about 

musical events to musical emotions: certain events occur at certain places in order to fit 

into a pattern. Emotive properties occur at certain places in a sound structure to establish 

or complete a pattern; they are structured according to the recursive nature of music. He 

stresses this by drawing an analogy with visual patterns: 

Aesthetic properties of music [including emotive properties]… help constituting the sonic pattern. 

Patterns, whether sonic or visual, are a matter of repetition and contrast. Thus, if, in observing a 

visual pattern, a fine Persian rug, for example, you ask, Why is this square figure just here?, I 

might reply, Because this rug is a pattern of squares and ovals, and a square is what is required 

here if the pattern is to be consistent. But why, you then ask, is it a red square?, and my reply then 

might be, Well, it is for contrast, since the oval next to it in the pattern is black (Kivy, 2002, p. 

91). 

The role of emotive properties in terms of repetition and contrast suggests they 

can be interpreted in a deeper sense, in terms of syntax. Kivy seems to interpret syntax in 

music as a sort of formal system in which we have a sound vocabulary (musical sounds) 
                                                 
19 Following the ideas and developments of Leonard Meyer, see Appendix 1 for more details. 
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and structural rules that govern the formation and unfolding of musical events20. Kivy 

warns us that a complete interpretation in syntactical terms is an incipient research 

project, but he believes that the basics of such an interpretation are related to the idea of 

resolution: 

One of the most prominent and most often written about ‘syntactical’ features of the kind of music 

we are concerned with is what is usually described as ‘resolution’. In very general terms, the 

music of which we speak moves from moments of rest, to moments of tension, or instability, and 

then resolves tension or instability into stability or rest (Kivy 2002: p 93). 

 

Resolution is a historic-culturally determined notion. For example, a simple instance of 

resolution is the movement from dissonance to consonance, but the functions of chords as 

consonance or a dissonance are relative. Minor chords were once considered dissonant in 

the sense that one should not end a musical piece by ‘closing’ it with a minor chord. But 

nowadays resolution to minor chords is a common and accepted practice. In Kivy’s 

words: “Musical closure is a syntactic concept, and syntax in music, as in natural 

language, changes with time” (Kivy, 2002, p. 95). Resolution is the movement from 

tension to rest. ‘Tension’ and ‘rest’ are not states the listener himself experiences. Similar 

to emotive properties, tension and rest refer to heard properties of the sound structure 

(Kivy, 2002, pp. 95-97). For Kivy, tension, release and resolution could be seen as falling 

in the category of the emotional:  

[…] it would be no surprise that, when tension, release, resolution occur in musical works, the 

other garden-variety emotions are involved as well. After all, when tension, release, and resolution 

occur as mental states in human beings, the garden-variety emotions occur along with them. I am 

angry, and my anger ‘resolves’ into forgiveness. Or I have an enormous reservoir of pent-up anger 

and it is ‘released’ in an outburst of abusive language. And so on. (Kivy, 2002, pp. 97-98) 

 

Kivy draws our attention to the fact that there is a traditional relation between major 

modes and cheerful emotions and minor modes and sombre emotions. The resolutions 

                                                 
20 Although the reference to formal systems is by no means common in musicology, it is not difficult to 
establish the analogy when one focuses on music theory (an elaborate description of music in terms of 
abstract representation of musical events). 
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and contrast between major and minor modes is often perceived as an emotional 

movement from cheerful to sombre. This fact allows Kivy to finally sketch the role of 

emotions in musical syntax: resolution from darker to the lighter emotions is a stronger 

resolution than a resolution from dissonance to consonance or from an active chord to a 

stable one, since it represents a more definite closure. The movement from dark to a 

bright, emotive tone, represented by minor and major chord, respectively, is a movement 

from tension to rest itself (Kivy, 2002, p. 98-99) 

The syntactical role of emotions is thus to establish or stress resolutions. In the 

context of the tonal structure, the alternation of sombre and bright emotive events 

represents alternation between tension and rest in a way similar to alternations of 

dissonance and consonance. Emotive properties of music “have a purely structural role to 

play in the musical works in which they occur” (Kivy, 2002, p. 99). This interpretation of 

emotions is compatible with formalism, since emotions play a structural role. Claiming 

that emotions bear a semantic relation to music has no basis and, furthermore, even if 

there were a semantic relation, it would play no relevant aesthetic role in the syntactical 

function of emotive properties. 

Kivy’s ideas play a role later in my analysis of aesthetic experience in 

mathematics, as they serve to inspire a cognitively-active approach to experience. 

Relevant to this inspiration is the role played by the ideas that in such a type of 

experience the item being appreciated does not serve merely as a background; rather it is 

the object of our attention, our intentional object, and that knowledge contributes to 

constitute such an intentional object. These elements are incorporated in my own 

interpretation of mathematical items as intentional objects (determined by knowledge and 

other ‘dimensions’) which are the objects of our active (in the most general case) 

attention. A summary of some elements in Kivy’s theory may be helpful.  

Kivy’s formalism (in the absence of a better term) interprets purely instrumental 

music as a structure of sound events, without content, but with syntax-like qualities. 

When seriously listening to music the listener derives joy from two sources: first, from 

musical events, that is, from the beauty of simple musical elements: the beauty of a 

sound, a note, a chord, a chord progression, and so on. Second, from an active cognitive 
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processing of musical events in two ways: by playing with the expectations generated by 

the music, the hypothesis game; or by trying to find melodies hidden in the music, the 

game of hide and seek. 

Intentionality and sound patterns play important roles in Kivy’s account. Music is 

an intentional object, an object perceived under a certain description, and as such musical 

knowledge affects the kind of object a listener ‘hears’. Contrast and repetition in a pattern 

explain the ‘necessity’ of the occurrence of certain musical events at certain places in a 

musical piece. A more elaborate, syntactical, version of this idea helps to explain in part 

the syntactical role of emotions in music: emotions are heard properties of music; they 

play the same role as other musical properties; they emphasize resolution. Emotive 

properties unfold following the pattern of resolution; from rest to tension to rest. The 

notions of resolution, tension and rest are, just as syntax in natural language, culturally 

relative. 

 

1.3 Ontology and Experience 

Formalism removes emotive content from the central place in the appreciation of music. 

Musical form, syntax, patterns, contrast, repetition and other surface qualities take centre 

stage. This focus on surface, ‘visible’, properties makes formalism a promising point of 

departure for understanding aesthetic phenomena in formal disciplines. 

There is a particular feature of musical formalism that makes it even more 

interesting for a project on aesthetics of mathematics: musical form differs from form in 

other arts, such as visual form. Kivy himself has stressed this (Kivy, 2002, p. 68). Form 

in painting, sculpture or architecture refers to the concrete proportions and relations 

present among concrete properties (shapes, colours, textures) in a specific work. In 

music, the structure of the work, especially in its most basic level, is determined by 

employing notions that leave aside concrete features: properties like the pitch, the texture 

or intensity of a sound, are concrete properties of the sound, but notions like note, chord, 

and cadence, for example, are not specific features of the sound; they have more in 

common with abstract relations. A minor chord is the simultaneous occurrence of notes 

with specific intervals between them. The notion of interval is an abstract notion itself, as 
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it is the ‘distance’ between notes regardless of their pitch. The fact that these notions are 

not concrete is further testified to by the fact that their ontology is an issue of philosophy 

of music. 

Although surveying the problems of musical ontology is beyond the reach of this 

work, there is one useful insight, presented by Roger Scruton (Scruton, 1997), which I 

borrow. We shall see that musical events can be interpreted as occurring in a 

phenomenological space; this idea is interesting here since mathematical objects are not 

concrete objects and thus their contemplation can occur only in a sort of ‘space of the 

experience’. I shall develop this idea further21, but first let us survey Scruton’s ideas. 

Roger Scruton (Scruton, 1997) draws a very interesting conclusion from the fact 

that musical phenomena are not concrete physical phenomena. Scruton argues that 

sounds are not objects, and he wonders if sounds could be rather regarded as properties, 

in the same fashion as colours. He concludes that they are not properties either, since 

objects do not possess sounds in the same fashion as they possess colours; rather, objects 

emit sounds. Now, an important characteristic of sounds is that they can be detached from 

their cause. To stress this fact he employs a term used by Pierre Schaeffer (Schaeffer, 

1966) to describe sound in the context of musical experience: 

In listening [music], Schaeffer argues, we spontaneously detach the sound from the circumstances 

of its production, and attend to it as it is in itself. Schaeffer calls this experience the ‘acousmatic’ 

experience of sound (Scruton, 1999, p. 2). 

 

According to Scruton, “the acousmatic experience of sound is precisely what is exploited 

by the art of music” (Scruton, 1997, p. 3). The history of music makes explicit the 

importance of the acousmatic experience, since this history “illustrates the attempt to find 

ways of describing, notating, and therefore identify sounds, without specifying a cause of 

them” (Scruton, 1997, p. 3). 

For Scruton, sounds could be viewed as occurring in a space in which there are no 

causes; Scruton calls this space a sound-space. Physical space is irrelevant to musical 

experience; music can only happen in a phenomenological space, a space we experience. 
                                                 
21 For my proposal for the phenomenological space, see the section on experience in Chapter 3. 
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He claims that musical experience, musical perception, is not only sound perception but 

also the internal experience that allows us to recognize musical contexts and musical 

events within them. Sounds are thus peculiar phenomena since they are neither objects 

nor properties, but musical phenomena are even more peculiar as they seem to belong to 

a phenomenological category. 

Now, when Scruton discusses the acousmatic space he is concerned with general 

ontological and practical topics about music. My conceptual concern with the notion of 

form forces me to go further than Scruton. I believe that identifying musical events not 

only conveys detachment of causes, as Scruton correctly emphasizes, but also detachment 

of the specific instance of sound. The musical experience of sound involves recognizing 

the sound as a part of a larger and structured whole, as the pieces that constitute a pattern. 

For example, recognizing the pitch of a sound as a musical note involves a comparison of 

the way the sound is perceived in relation to other notes, sounds with different pitch. 

Musical events only make sense if we can relate them to other musical events22. Musical 

events, I believe, exist only in the context of music itself. 

If a cause-detached space is necessary for musical sound, an instance-detached 

space is necessary for understanding musical phenomena. These detachments, I believe, 

are implicit in formalist positions like Kivy’s. Aesthetic musical experience occurs in our 

engagement as we recognize some type of musical structure. Just as musical sound is 

detached from its cause, a musical event is detached from any particular experience of 

that event, that is, the event is detached from its instances. A symphony, for example, is 

neither the sound nor the experience, but rather the structure exhibited by experiences and 

sounds. I believe, thus, that musical events occur in an even more abstract space than 

Scruton’s acousmatic space. More importantly, though, I believe that the idea of an 

abstract space, independent of cause and instance, can be employed to understand 

aesthetic experience in mathematics as an occurrence in an abstract space. This idea is 

developed in Chapter 3. 

 

                                                 
22The notion of resolution, for example, is viewed by Kivy as essential to an understanding of the function 
of musical features, and resolution is a way to relate different musical events, chords in a progression, 
motifs in a piece, and so on. 
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2.  Emotions  

We have just surveyed Peter Kivy’s ideas on music. Kivy reluctantly accepts the word 

formalism to describe his approach. One of the reasons for this reluctance is that Kivy 

assigns a syntactic function to emotions. For our purposes the acceptance of the word 

formalism is fortunate since it establishes a contrast with emotivism. Emotivism, the 

traditional rival position holding that the expression or arousal of emotions is the aim of 

music and art in general, seems to be little suitable to understanding aesthetic phenomena 

in mathematics, since emotions play no role (at least as far as I know) in mathematical 

results. However, the study of emotions can illuminate certain aspects of aesthetic 

reactions in general. Jenefer Robinson’s approach, which she describes as a Romantic 

approach to the expression of emotion in art is based on ideas and results from cognitive 

psychology and neurophysiology, and it offers a suitable complement to our survey of 

Kivy’s ideas. In addition, Robinson’s way of approaching the subject provides 

inspiration, she understands emotions as processes; it will be useful to understand, in an 

analogous way, the relation between aesthetic experience, value and judgements in 

mathematics23. For these reasons I survey in this section Robinson’s theories of emotion 

and expression, with the hope that we shall gain an insight into the subject, complement 

our survey of formalism and discover a valuable source of inspiration. 

Robinson’s book “Deeper than Reason” (Robinson, 2005) is a very impressive 

piece of research which, unfortunately, is too rich and complex to be summarized here24, 

but the relevant theoretical insights it offers can be summarized as follows: first, there is 

empirical evidence for the existence of non-cognitive, innate, affective responses. 

Second, emotions can be interpreted in a systemic way, as processes. Third, the 

elucidation and individuation of emotions play a relevant role in their expression. Let us 

now take a closer look at Robison’s ideas. 

 

2.1 Cognitive and on-Cognitive 

Robinson places her emotion theory in the context of the debate between cognitive and 

non-cognitive approaches to emotion. Cognitive or judgemental approaches hold, roughly 

                                                 
23 The whole of Chapter 3 is devoted to developing this idea. 
24 For a summary of the background theories that Robinson utilizes, see Appendix 3. 
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speaking, that emotions consist in or are caused by a judgement or a similar cognitive 

content. Non-cognitive approaches explain emotions as consisting of something else, 

such as feelings, physiological changes, instances of behaviour, or tendencies to behave 

in certain ways. Robinson’s theory of emotions is a non-cognitive theory, which does, 

however, accept that emotions involve judgements; it does not claim that emotions are 

physiological changes or states or instance of behaviour; rather it interprets emotions as 

consisting of several elements, linked to each other and developing in a non-linear way: 

emotions are processes that involve judgements, non-cognitive assessments of the 

environment, physiological and bodily changes, behavioural changes and even 

evaluations in recollection. Robinson’s idea has its roots in many insights and data from 

philosophy and empirical science, but the most directly related ideas are from Joseph 

LeDoux’ theory, which interprets fear reactions in rats as two-path processes. 

2.1.1 Joseph LeDoux’ Ideas 

The work of the neurophysiologist Joseph LeDoux on fear supports the existence of two 

different systems involved in fear reactions. Based on this evidence, LeDoux supports a 

non-cognitive theory of emotions (or at least fear); according to his theory  emotions are 

not single phenomena; rather, they consist of a variety of systems present in ‘higher’ and 

‘lower’ species (Robinson, 2005, p. 48-51). 

Basic emotions, like fear or anger, are special adaptive forms of behaviour that are 

crucial to survival. LeDoux’ hypothesis is that “different classes of emotional behaviour 

represent different kinds of functions that take care of different kinds of problems for the 

animal and have different brain systems devoted to them” (LeDoux, 996, p. 126-127). In 

emotions there is a rough mechanism for computing the affective significance of stimuli 

(the ‘core’ of emotion) and also more refined mechanisms involving higher cognitive 

processing (LeDoux, 1989, p. 271). 

LeDoux’ ideas are grounded on results from experiments with rats. Fear responses 

were conditioned in rats (LeDoux, 1996, p. 163-165) so they exhibited the physiological 

changes associated with fear in response to specific, non-emotional sounds. It was found 

that there is a neural pathway running from the thalamus (the structure that acts as the 

relay station, distributing incoming signals to different parts of the brain) to the auditory 

cortex (where auditory signals are ‘cognitively’ processed) and then to the amygdala 
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(which is a small, almond-shaped structure in the limbic system; the limbic system is 

where most cognition-autonomous processes involved in emotions take place). However, 

in addition to sending a signal to the cortex, the thalamus sends a bypassed signal directly 

to the amygdala. In rats, the acoustic bypassed stimulus reaches the amygdala in about 12 

milliseconds, but the signal returning from the cortex takes almost twice as long. Both 

pathways converge in the lateral nucleus of the amygdale; the signal is then sent to the 

central nucleus of the amygdale, which controls the characteristic physiological fear 

response (freezing, release of stress hormones, cardiovascular and muscular changes, 

changes in skin conductance, etc.). 

In other experiments, with rabbits, two similar tones were used, one of them 

conditioned to shock and the other not. The cortical pathway was severed so the cortical 

signal was absent (LeDoux, 1996, p.162). The results showed that the fear response was 

triggered not only when the original conditioned stimulus was presented, but also when a 

similar non-conditioned sound was presented. This shows that the amygdala is capable 

only of crude discriminations, since it cannot distinguish between the original 

conditioned stimulus and one that merely resembled it. More refined discrimination 

would need a more complex, cortical processing. It also showed that fear responses can 

be rapidly initiated by the crude properties of a stimulus prior to any higher cognitive 

processing of it. 

LeDoux’ findings are incompatible with cognitive approaches to emotions; for 

cognitive theories, an emotion is a special kind of (or the causal result of) cognitive 

evaluation of the environment. For LeDoux, cognition does not start the emotional 

response, but only confirms (if appropriate) the response initiated by the thalamo-

amygdala: “the cortex’ job is to prevent the inappropriate response rather than to produce 

the appropriate one” (LeDoux, 1996, 164).  

The evidence presented by LeDoux supports the existence of multiple emotion 

systems; each system is processed through separate neural paths and they play different 

roles in emotive reactions. The thalamo-amygdala system corresponds to a crude but 

rapid assessment of the environment that elicits an emergency reaction (physiological 

changes) and prepares the body for further action (bodily and behavioural changes). The 

preparation of the body is often visible (freezing, for example) and functions as a signal 
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system for other members of the species and, through a ‘physiological feedback’ system, 

for the organism itself. The cortical system makes a slower, refined assessment of the 

situation and in turn reinforces or inhibits the reaction initiated by the amygdala. This 

configuration of quick and slow assessments represents an adaptive advantage: accurate 

evaluations are, of course, necessary to elicit the appropriate response, but many times a 

slow response can compromise the wellbeing of the organism. The cost of a rapid 

response to a fictional threat is always less than that of an accurate response to a real 

threat that comes too late. 

2.1.2 Puzzles of Cognitive Theories  

The results on fear reactions surveyed above show that a crude assessment of the 

environment precedes a more refined evaluation: affection precedes cognition in emotion. 

These findings agree with some ‘puzzles’ (as Robinson calls them: Robinson, 2005, p. 

57) of emotions. For example, it is consistent with the fact that emotions seem to have a 

different rationality than judgements or beliefs; the propositional content of an emotion 

does not need to be believed, it just needs to be held in mind; unlike judgements, 

emotions are resistant to summing up and qualification; we can have inconsistent 

emotions, as when we experience mixed feelings. The reason for these facts may be that 

there are multiple independent assessment systems in emotion and, furthermore, as in the 

case of fear, the basic affective appraisal system is capable only of a crude, non-cognitive 

assessment of the environment. 

Cognitive approaches to emotions have the advantage that they allow us to 

distinguish between closely related emotions. Shame and embarrassment, for example, 

are very similar; it is the content, the judgements associated with those emotions, that 

distinguishes them. Difference in judgements, according to cognitive approaches, 

amounts to the subtle differences of emotions. Now, the rapid, crude assessments of 

affective appraisals postulated by Ledoux cannot play the same role as judgements in 

distinguishing emotions since propositional content is crucial to distinguish nuances in 

emotions. A second fact in favour of cognitive approaches is that emotions can 

sometimes be triggered by mental contents, thoughts, rather than stimuli in the 

environment. For example, the thought that ‘the stock market is about to collapse and I 

might lose my money’, can induce fear in a person. This is consistent with the idea that 
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emotions are, or can be caused by cognitive content.   For a non-cognitive theorist like 

Robinson, two paradoxes are thus posed: cognitive evaluations seem necessary to 

distinguish closely-related emotions and cognitive evaluations seem to actually cause 

emotions. Robinson argues that affective, non-cognitive, rapid assessments like the ones 

found in rats cannot account for such phenomena. She believes that LeDoux’ model can 

account for simple episodes of emotion, but a generalization is necessary to account for 

emotions in human beings. Robinson proposes such a generalization in her model of 

emotion as process which involves both rapid affective appraisal and ‘full’ cognitive 

judgements, and in which cognition has feedback paths that involve physiological and 

psychological changes. 

2.2 Robinson’s Theory of Emotions 

In addition to LeDoux, Robinson grounds her theory of emotions in many other results 

and ideas25 from philosophy and empirical research. A summary will help us understand 

Robinson’s proposal.  

Some emotions, basic emotions like fear or anger, show distinct patterns of 

physiological changes: changes in heart rate, for example, changes in the autonomic 

nervous system activity, and bodily changes, especially facial expressions. However, the 

patterns of change and activity do not allow us to identify emotions; there is no fixed 

‘profile’ for specific emotions. Evaluative judgements are necessary to distinguish 

between closely related emotions, like shame and embarrassment. Cognitive evaluations, 

thoughts, can cause emotions, for example fear of a long economic recession. 

Experimental results show that, at least in rats, emotional responses are triggered by ‘non-

cognitive appraisals’. The physiological response that follows the triggering involves 

autonomic nervous system changes, changes in facial and vocal expressions, and action 

tendencies. The non-cognitive, affective appraisals occur very quickly and automatically, 

and seem designed to focus attention on and deal with events in the environment that are 

perceived as significant to the organism’s life or wellbeing. The non-cognitive appraisals 

are crude assessments; they do not involve fine discriminations of stimuli and they are 

shared by ‘lower’ species. Non-cognitive, affective appraisals cannot account for the fact 

that thoughts can cause emotional responses. 
                                                 
25 For a longer summary, see Appendix 3. 
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Now, LeDoux’ model of emotions suggested to Robinson a solution to this 

problem. LeDoux’ model portrays emotions as simple processes: the affective evaluation 

is followed by autonomic, physiological and motor changes, action tendencies and 

behaviour, and cortical (more refined cognitive evaluation) processing further confirms or 

inhibits the response. Robinson generalizes this ‘cortical confirmation’ and calls this part 

of the “cognitive monitoring” process. Robinson thus proposes her theory of emotions as 

follows: in an emotion episode there is 

(1) an initial affective appraisal of the situation that focuses attention on its significance to the 

organism and causes (2) physiological responses of various sorts –specially ANS [autonomous 

nervous system] activity and changes in the facial musculature– and motor responses, which get 

the organism dealing with the situation as very broadly appraised by the affective appraisal, and 

which gives way to (3) a further more discriminating cognitive appraisal or monitoring of the 

situation. In other words, emotion is not a thing or a response or a state or a disposition; it is a 

process, a sequence of events. An affective appraisal draws attention to something in the 

environment significant to me or mine and gets my body ready for appropriate action. Then 

immediately cognitive evaluation kicks in, checks the affective appraisal to see if it is appropriate, 

modifies autonomic activity, and monitors behaviour. More complex cases of emotion in human 

beings might involve affective responses not to a perception but to a thought or belief, and the 

cognitive monitoring may be correspondingly sophisticated, but at the core of emotion will always 

be physiological responses caused by an autonomic affective appraisal and followed by cognitive 

monitoring (Robinson, 2005, p. 59). 

 

Robinson suggests that we can envisage a similar process, one with a ‘less cognitive’ 

monitoring function, at work among lower organisms; in this way, Robinson’s theory is 

consistent with empirical results as well as the insights supplied by cognitive approaches 

to emotions. Cognition is responsible for the complexity of emotional arousal, since 

emotions can be triggered by external stimuli as well as internal beliefs, the nuances 

(difference between embarrassment and shame, for example) and plasticity (we can 

acquire emotional responses and we can further modify them) of human emotions. 

An important aspect of this theory is that it involves sub-processes that can be 

identified with phenomena characteristic of emotions. Psychological, physiological, 

bodily and behavioural changes occur at different stages of the process and their sequence 

is not fixed. In agreement with empirical results, some sub-processes may overlap or can 
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develop relatively independent of each other. For example, the hormonal response (part 

of the physiological changes) triggered by fear or anger can leave hormones that remain 

in the blood for hours or days. In this way, the response persists even if our cognitive 

monitoring tells us that there is nothing to be afraid of or angry at. 

Robinson’s idea of emotion as process with a non-fixed sequence of sub-

processes reconciles insights from cognitive and non-cognitive approaches. Although 

Robinson’s theory is very interesting in itself, for us the idea of reconciling insights from 

cognitive and non-cognitive approaches by integrating them in a process is even more 

interesting. My interpretation of the aesthetic as process is inspired by this idea; 

furthermore, her interpretation of how cognition is involved in emotions inspires my 

interpretation of articulation in aesthetic judgements. In this respect, the most important 

aspect of Robinson’s theory is the effect of naming and labelling emotions. This effect 

plays a relevant role in Robinson’s theory of expression, as it allows her to explain how 

art expresses emotions. The effect of naming or labelling is related to the role of higher 

cognition in emotion, especially their role in triggering emotions. A survey is thus in 

order. 

 

2.2.1 Cognitive Triggering and Cognitive Monitoring 

According to Robinson’s model of emotion, an initial affective, non-cognitive appraisal 

triggers physiological changes and action tendencies; subjective feelings call attention to 

our physiological state or to the evaluations we are making; the changes and action 

tendencies can be modified by further, properly cognitive, appraisals. 

In addition to the initial “rough and ready” (Robinson, 2005, p. 58) assessments of 

stimuli in the affective appraisal, which are instinctive, adaptive mechanisms, emotions 

can also be triggered by internal, cognitive processes. Sometimes human beings show the 

same non-cognitive, affective appraisal to a complex cognition as they do to an 

environmental stimulus. Robinson uses fear as an example. We feel fear when we see a 

vague shadow in the dark, which seems a natural reaction; but we can also feel fear when 

we realize, after a long study of the situation, that our finances could be endangered by a 

sudden collapse of the stock market. Fear can be caused by environmental stimuli or a 

complex cognition. The reason why, Robinson suggests, a cognition can trigger an 
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emotion is because the brain categorizes diverse phenomena in the same fashion; for 

example, shadows moving in the dark and a fall in the stock market are both categorized 

as threats. She finds evidence to support her idea in the existence of an emotional 

memory system (Robinson, 2005, p. 70). 

According to some empirical results (Robinson, 2005, pp. 70-71), memory is not 

a single system; there is a system dedicated to declarative memory and a different system 

dedicated to emotional memory. The emotional system is independent of the declarative 

one. Robinson cites the example, provided by Edouard Claparede, an early-20th-century 

medical doctor, of a woman who was unable to remember the face or name of the doctor 

but who was able to ‘emotionally’ remember that he had once painfully pinched her hand 

with a hidden tack. Robinson thinks the existence of an emotional memory can explain 

emotional reactions that are triggered even when our cognitive assessment of the situation 

would indicate that such response has no reason. For example, we can easily evaluate that 

an old, toothless dog represents no threat and, even so, be afraid of the dog. In this case 

our conscious evaluation of a toothless dog is based on our declarative memory. But our 

fear response can be based on our emotional memory, imprinted with past experiences 

with actually threatening dogs, since emotional memory puts any dog stimulus in the 

same category. 

Robinson suggests that the fear response could be stored in the motor memory 

(Robinson, 2005, p. 72), together with the non-declarative memories of how to swim or 

ride a bicycle. Robinson cites results by the neuroscientist Antonio Damasio that seem to 

support this hypothesis (Robinson, 2005, p. 72): Damasio found that in impaired subjects 

different skills, instances of what he calls ‘procedural memory’, seem to be stored as 

different motor memories. Thus, it is possible that emotional memories are memories of 

the motor responses associated with and produced by different affective appraisals. 

Normal emotional functioning requires the categorization of learnt stimuli as having an 

emotional significance. This ‘significance’ is stored in bodily reactions; Robinson 

suggests this, too, can be interpreted as the significance being stored in the affective 

appraisals that cause bodily reactions. Zajonc’s results seem to show that people classify 

scenarios as bad or good in a way that is immediately registered in the body (Robinson, 

2005, p. 74). A very important feature of this phenomenon is that these bodily 
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‘classifications’ can be acquired by learning: “The brain is able to classify scenarios as 

harmful or beneficial, based on past experiences with such scenarios, and it does this by 

marking these categories of scenarios in a bodily, somatic, way, which we access by 

means of the feelings of body change” (Robinson, 2005, p. 73). Robinson proposes that 

an emotional memory may consist in the juxtaposition of a type of scenario (a situation 

perceived in a general but distinguishable way) with a particular set of bodily responses. 

In this way, we react emotionally not only to stimuli that are innately ‘pre-wired’ as 

affective triggers (the view of something that looks threatening, for example), but also to 

stimuli that have been ‘affectively’ categorized by experience (financial crises can be 

harmful, for example). 

Robinson’s use of the emotional memory to explain the plasticity of emotions 

with respect to cognition is very interesting and, for our purposes, it offers a very 

interesting possibility of interpreting a posteriori aesthetic phenomena, like McAllister’s 

aesthetic induction. I do not present such an interpretation here, but I do employ 

Robinson’s ideas as an inspiration to interpret a type (canonical) of aesthetic experience, 

which can be linked to a McAllister-type approach to aesthetic value in the next chapter. 

For now, though, let us return to Robinson’s work on naming emotions. 

A very salient cognitive event in Robinson’s approach, as I have mentioned 

above, is the naming or labelling of emotions. The way she addresses the effect of 

‘cataloguing’ emotions allows her to establish a direct link between her theory of 

emotions and her (Romantic, as she calls it) theory of expression in art. 

  

2.2.2 Cataloguing Emotions 

Robinson draws our attention to the fact that one of the important ways to deal with 

emotions in everyday life is by attempting to explain our physiological state or behaviour 

by naming our emotional episodes. Robinson thinks that expression in art shares the same 

principles and motivations as naming emotions, since both are attempts to elucidate 

emotions (although art is capable of a better articulation and individualization). 

According to Robinson, labelling emotions can affect the development of 

emotions themselves. For example, thinking that I am sorrowful instead of ashamed will 

lead to sorrowful behaviour and this behaviour will feed back into the emotional process, 
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resulting in an actual change in other components of the process, leading eventually to a 

change in the emotion itself. 

Robinson reports evidence in support of the claim that our posture, vocal and 

facial expressions, and action tendencies tend to change our emotion-physiology and the 

way we feel (Robinson, 2005, p. 83). She cites Paul Ekman, who has shown that 

changing the posture of facial muscles can induce changes in the physiological states and 

self-reports of subjects (reports about the subject’s emotional state). In the same way, 

naming an emotion (naming it ‘sorrow’, for example) may induce the behaviour and 

bodily states appropriate to that emotion.  

Another result Robinson presents is the much cited experiment by Schachter and 

Singer (Schachter, 1962) which concludes that an apparently appropriate cognition plays 

a role in determining an otherwise ‘vague’ emotion. Emotional states may be considered 

a function of a state of physiological arousal and of a cognition appropriate to this state of 

arousal (Robinson 2005, p. 83). For example, one of Schachter and Singer’s experiments 

showed that subjects in a state of artificially induced physiological arousal, and with no 

or a misleading explanation for this arousal, tend to evaluate their state as an emotional 

state, but this evaluation depends on what they were made to believe. In the experiment a 

state of physiological arousal was induced in the subjects by an adrenaline injection; in 

this condition they were exposed to one of two possible scenarios: they were given an 

insulting questionnaire and were left in the room with a person (a stoolpidgeon) who 

seemed increasingly annoyed by the questionnaire; or, alternatively, they were given 

nothing and left in the room with a person who seemed amused and playful. When the 

subjects were asked about their emotional state the people in the questionnaire group 

tended to report anger while the people in the other group tended to report happiness. 

Robinson interprets the experiment as a counter-example to the theory that emotions are 

always set off by an automatic affective appraisal and as showing that cognitions as 

naming or labelling an emotion can modify the emotion-process: the way we catalogue 

our emotional responses influences the development of the emotion process itself. 

Thoughts, beliefs, and other ‘ways of seeing situations’ may appear in the causal chain 

that leads to an affective appraisal. Robinson speculates that in the cases of ‘cognitively 

triggered emotions’ there must be a meta-appraisal that ‘evaluates’ or appraises the 
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thoughts or beliefs in a similar way as we would appraise an environmental situation 

(Robinson, 2005, p.91). In summary, the cognitive event of attaching a label to an 

emotional episode can feed back into the emotion process and turn it into the correct 

emotion that corresponds to the label. Naming an emotion seems to be interpreted by 

Robinson as a cognitive analogue of behavioural events like assuming a facial posture, or 

at least as a possible link in the causal chain of an emotion process. 

Robinson’s emotion theory seems very sound and her idea of incorporating 

labelling emotions is very promising in understanding the expression of emotion. Before 

moving on to present her theory of expression, I need to pause briefly to clarify the 

significance of Robinson’s ideas for this project. Although I do not directly employ 

Robinson’s theory to explain aesthetic events in mathematics, I do resort to a similar 

strategy to Robinson’s. Robinson’s account of the effect of labelling emotions is 

interesting, but we must also pay attention to Robinson’s strategy in proposing this idea: 

she has generalized from including perceptual, physiological and behavioural events to 

including cognitive events in the causal chain of affective reactions. I believe the same 

strategy can be applied to understand the role of aesthetic judgements in relation to 

aesthetic experiences. Aesthetic experiences, like emotional ones, involve affective 

reactions, the causes of which include not only perceptual but also cognitive events. My 

strategy consists in incorporating the passage of aesthetic judgements into the ‘causal 

chain’ of aesthetic experience as an event that can feed back into an ‘aesthetic-process’. 

How this feedback occurs will be the topic of the section on aesthetic judgement. Now, in 

my account of aesthetic judgements the idea of articulation of aesthetic experiences is 

central, and this idea is, once again, inspired by Robinson’s ideas on expression. Thus, a 

survey of her expression theory is in order. 

 

2.3 Expression  

Romantic theories of art conceptualize art as aiming to express emotions. Musical 

formalism emerged as a response to Romantic approaches in the 19th century. Robinson 

calls her theory of expression a Romantic Theory of Expression. Thus, in addition to 

providing inspiration, a survey of her ideas complements our perspective on aesthetic 

theories. 



86 
 

 

2.3.1 Traditional Expression Theory 

Since Plato and Aristotle, the experience of art has been linked to emotions, but the idea 

that the relation between art and emotions is the relation of expression was developed by 

Romantic artists and theorists. Robinson points out that The Romantic Movement 

changed the status of the artist (Robinson, 2005, p. 232). For the Romantics the artist was 

no longer just a skilled craftsman able to represent reality in paint, words, or tones; the 

artist was a genius, a person with a special insight into certain aspects of human reality 

and human nature. This change in the concept of the artist was the result of developments 

in idealist philosophy. Kant, for example, stressed the importance of the imagination, of 

genius, in art: a genius was somebody who, through his imagination, was able to come up 

with ‘aesthetic ideas’, that is, metaphors or pictorial images that suggest a ‘rational idea’. 

Hegel developed Kant’s ideas by identifying art as a particular mode of consciousness in 

which ideas are presented in sensuous form rather than through myth, theology or 

conceptual thought. 

Romantic artists pictured themselves as devoted to expressing their emotions, and 

they considered that the works they produced were the result of an act of expression. This 

change in the images of art and the artist pushed the artist and his inner life into the centre 

of aesthetic concerns. The notion of a specific mode of consciousness, of presenting 

ideas, can be seen as a precursor to the notion of expression. The notion that this mode of 

consciousness is not conceptual, but rather sensuous, can be simplified as referring not to 

cognition but to emotion. By the middle of the 19th century the idea that the task of art is 

to express the artist’s emotions was one of the tenets of Romanticism. 

Romantic ideas were also very influential in the 20th century. Among the theorists 

who held a romantic view on art were John Dewey, Leo Tolstoy, and Robin George 

Collingwood. Robinson’s approach to expression can be seen as scientifically grounded 

instalment of this intellectual tradition, since her theory of emotions plays an important 

role in her theory of expression. In addition to her theory of emotions, two other theories, 

those of George Collingwood and Bruce Vermazen, have been influential in Robinson’s 

approach. 
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In the following I present Collingwood’s ideas. Collingwood, a British historian, 

archaeologist and philosopher of history and art, offered a very articulate, romantic 

theory of expression. Robinson refers to Collingwood’s theory as “Classic Expression 

Theory” (Robinson, 2005, p. 234), which she summarizes as follows: “art is an 

expression of the artist’s emotions in the sense that it is the elucidation and articulation of 

the artist’s emotional state. Expression is an imaginative activity, the production of an 

‘imaginative vision’, and it is the expression of emotion in this imaginative vision that 

marks the true work of art, not skill and technique alone” (Robinson, 2005, p. 235). 

Expression of emotion in Collingwood’s sense must be distinguished from Aristotelian 

‘catharsis’, description, arousal and ‘betrayal’ (mere display) of emotion.  

Expression is conscious and deliberate; it must not be confused with Aristotelian 

catharsis, which is a purge of emotion that makes the emotion disappear from the mind. 

In expression the emotion remains in the mind but is alleviated by our becoming 

conscious of it. Description of emotions, as interpreted by Robinson (Robinson, 2005, p. 

236), seems to consist in labelling, categorizing, an emotional episode using names of 

emotions, such as ‘sadness’ or ‘anger’, as used in everyday life. Although description is 

conscious and deliberate it differs from expression: expression achieves the 

individualization of the emotions, it consists in becoming conscious not only of a generic 

anger, but of the particularities of the anger I am feeling here and now, of the emotions of 

a particular person for a particular reason. An artwork is an expression of the artist’s 

emotions; he individualizes and specifies his emotional states. The process of expression 

is achieved by the artist’s imaginative experience. Now, the emotions expressed by the 

artist are not obscure, unattainable emotions, but rather emotions which artist and 

audience share; the artist’s task is to elucidate emotions that the audience cannot elucidate 

on its own. Understanding an expression in art, thus, is accurately to reconstruct the 

artist’s imaginative experience. By the same token, expression should not be confused 

with the task of arousing emotions. A person arousing emotions affects the audience 

without necessarily being affected himself, but a person expressing emotions treats 

himself and the audience in the same way: he makes his emotions clear to the audience. 

The concept of expression to Collingwood is thus a technical notion; its meaning 

is not the same as the meaning in everyday use. Labelling an emotion, ‘I am sad’, for 
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example, is a paradigmatic example of the expression of emotions in the everyday sense, 

but not for Collingwood. For Collingwood, ‘I am sad’ or ‘I am glad’ are mere instances 

of description. True expression individualizes the emotion; attaching a label to our 

sadness does not reveal any of the subtleties that make the emotion particular. 

The technical character of Collingwood’s notion is further manifested in his 

distinguishing the expression from the “betrayal” of emotions (Robinson, 2005, p. 237). 

Betrayal is “the exhibition of symptoms” of emotion (Robinson, 2005, p. 237). The 

exhibition of symptoms of emotion also seems to be instances of expression of emotion 

in the everyday sense. In our everyday dealing with the world we see facial gestures, for 

example, as ways by which our organism expresses its inner state, even in a more reliable 

way than with mere words. For Collingwood, a sad face, clenching one’s fists and 

reddening in anger or turning pale and stammering out of fear are not expressions of 

emotion, since a person exhibiting those symptoms does not necessarily become 

conscious of the quality of his emotion. The display of symptoms accompanies emotion 

but it does not make us conscious of our emotion. 

Finally, another important feature of expression is that expression occurs in a 

‘language’. Expression occurs in musical tones, paint, stone, gestures, words, or some 

other symbolic medium. The artist elucidates his emotion by creating an artwork, and the 

specificity of the work (a specific sequence of tones, a specific structure of line and 

colours) corresponds to the specificity of the work. According to Robinson “emotion and 

expression are one” (Robinson, 2005, p. 239). 

 

2.3.2 Bruce Vermazen 

Bruce Vermazen’s theory of emotions has a direct influence on Robinson’s theory. 

Collingwood presented a rather technical concept of expression. Robinson turns to Bruce 

Vermazen’s concept of expression, which is closer to the common usage of the term and 

provides very insightful ideas (Robinson 2005, pp. 258-259). For Vermazen an 

expression is an object or utterance that provides evidence for the presence of an emotion, 

in the same fashion as the facial expressions of a subject are evidence for the presence of 

a particular emotion in that subject. However, what is expressed in an artistic expression 

is some emotion in a persona. A persona is a fictional character that acts as the utterer of 
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the artist’s expressions. Robinson cites Vermazen’s definition of expression: “An object 

expresses a mental property if and only if the object is evidence that an imagined utterer 

of the object has that mental property” (Robinson, 2005, p. 259). This idea, unlike 

Collingwood’s, mirrors the way the exhibition of symptoms expresses emotions. Facial 

expressions or certain muscular configurations, or instances of behaviour, are evidence of 

certain emotions: a gloomy face is evidence of sadness or misery, for example; but a 

gloomy face is not evidence of happiness or love. The inclusion of mental properties as 

the things being expressed on one side of Vermazen’s definition of expression, and of the 

utterance by an imaginary person on the other side, narrows the definition so that it 

covers only artworks. 

 

2.4 Robinson Revisits Vermazen 

Robinson recognizes several advantages to Vermazen’s theory: First, the theory can 

easily be extended to understand not only the expression of emotions, but also the 

expression of thoughts, desires, beliefs, and points of view. All such expressions are 

covered by Vermazen’s definition, since they can easily be interpreted as mental 

properties. Second, expression is not confined to a specific medium, but rather different 

media possess their own means to provide evidence of internal states, so the theory can 

account for expression across the various arts. Third, its emphasis on artistic expression 

as the expression of psychological states in an imaginary utterer, a persona, avoids the 

problems of attributing what is expressed in a work directly to the author of the work. 

Since the implied author of an artwork is partly constructed by the interpreter, author and 

interpreter in interaction determine what the work expresses. Finally, Vermazen’s theory 

captures the idea that expression in art is fundamentally the same kind of phenomenon as 

expression in everyday life (Robinson, 2005, pp. 260-261). 

Jenefer Robinson proposes an account of expression that incorporates Vermazen’s 

ideas while remaining committed to elements of classic Romantic theory, which she 

considers crucial to understanding expression in art. 

Robinson thinks that the artist expresses his own psychological states in an 

artwork in the way he manipulates a medium and describes, portrays, or characterizes its 

content. She stresses that it is by means of manipulating a medium that the artist 
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expresses himself and not by imparting expressive qualities to the work. Robinson, 

however, recognizes that expressive qualities play a role in art, since some properties 

(like the major or minor character of a chord) bring a certain emotional quality to the 

work: “The intention to express an emotion is an intention to articulate, elucidate, and 

individuate an emotion, and in individuating an emotion in an artwork, artists make use 

of emotionally charged material” (Robinson, 2005, p. 268). Robinson recognizes that 

what makes a work of art appear sad, for example, are its expressive properties, rather 

than some psychological process in the artist. She accepts that expressive qualities (like 

the sadness of a melody) are emergent properties that depend on non-aesthetic, 

observable qualities (like the pitches of the musical notes in a chord). However, Robinson 

argues, the classic expression theory is not concerned with the nature of expressive 

qualities (the question of how expressive qualities are grounded in non-aesthetic 

properties), but rather, it is interested in what artistic expression is and how it is achieved 

(Robinson, 2005, p. 250). 

Although Robinson sympathizes with Collingwood’s theory, she spots a 

drawback (Robinson, 2005, 239-244): expression elucidates and individuates emotional 

states in the artist; however, there is no clear mechanism to infer the existence of those 

private emotional states from his public work of art (239-244). In this respect, 

Vermazen’s theory provides a solution: instead of attributing the emotional states to the 

artist they can be attributed to a persona; the inference mechanism is provided by the 

evidence relation. Robinson thus believes Collingwood’s ideas can be improved and 

proposes four modifications: first, the Expression Theory should be concerned only with 

expression in art, and not with the problem of offering a characterization of art in general. 

Second, the emotions expressed in art are not emotions in the artist, but rather emotions 

in an imaginary character, a persona. Third, exploring emotions, as many bad or amateur 

artists claim to do, is not enough for expression. Expression is an achievement. Only good 

works of art succeed in elucidating and articulating an emotion through a medium. 

Finally, the emotions articulated or elucidated are not necessarily emotions that the artist 

experienced during the making of the artwork; they can be past emotions or emotions that 

the artist remembers. It is against this background that Robinson presents her “New 

Romantic Theory of Expression” (Robinson, 2005, Ch. 9).  
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2.5 Robinson’s Theory of Expression 

Robinson presents her theory of expression as follows: 

If an artist expresses an emotion in a work of art, then 

1. the work is evidence that a persona (which could but need not be the artist) is 

experiencing/ has experienced this emotion; 

2. the artist intentionally puts the evidence in the work and intends it to be perceived as 

evidence of the emotion in the persona; 

3. the persona’s emotion is perceptible in the character of the work; 

4. the work articulates and individuates the persona’s emotion; and 

5. through the articulation and elucidation of the emotion in the work, both artist and 

audience can become clear about it and bring it to consciousness. (Robinson, 2005, p. 

270) 

 

For Robinson, expression is something intentionally brought about by an artist. 

Expression is an activity of the artist in which the expressive character of an artwork 

manifests and elucidates a persona’s emotional state. The expression is such that the work 

provides evidence for the persona’s emotional state, and the character of the work 

communicates this state to other people and the artist himself26, in the same way as the 

expressive character of a person’s face, gestures or voice expresses his emotional state. 

“The expression by an artist of an emotion in a work is an intentional act whereby the 

artist articulates and individuates the emotion expressed” (Robinson, 2005, p. 270). A 

successful artistic expression consists in making artist and audience understand what it is 

like to be in the expressed emotional state; successful expression “teaches both artist and 

audience about the emotion expressed” (Robinson, 2005, p. 270). 

The characterization above focuses on the Romantic artist intentionally expressing 

himself, but we usually find expression in artworks rather than in artists. Robinson 

modifies the characterization to arrive at a theory focused on artworks rather than on 

artists as follows: 

If an artwork is an expression of emotion, then 

1. the work is evidence that a persona (which could but need not be the artist) is 

experiencing/ has experienced this emotion; 

                                                 
26 The idea of elucidating and communicating internal states to other people and themselves is exploited in 
my own proposal of the roles of aesthetic judgements. 
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2. the persona’s emotion is perceptible in the character of the work; 

3. the work articulates and individuates the persona’s emotion; and 

4. through the articulation and elucidation of the emotion in the work, the audience can 

get clear about it and bring it to consciousness  (Robinson, 2005, p. 271). 

 

Robinson’s theory is concerned with the question ‘What is expression?’ not with the 

characterization of art. However, there remains a question that is important to address in 

order to understand expression in art: how do works of art achieve expression? Robinson 

resorts to her theory of emotions to answer this question; in particular, the phenomenon 

of labelling and naming emotions. To label an emotion is to summarize the emotion 

process in a word. Robinson draws our attention to two facts: first, that easily nameable, 

well-defined emotional states are relatively rare; and second, that our emotional life 

occurs in changing ‘streams’ in reaction to the environment (Robinson, 2005, pp. 272-

273). Our emotional processes are constantly flowing. The way we recognize our 

emotions is by using folk-psychological terms; ordinary terms like ‘sad’ or ‘angry’. 

Another way we might try to make sense of our emotional experience is by ‘expressing’ 

them in works of art. Art is another way of reflection, of recollecting the emotion process. 

In art, according to Robinson, the expression of emotions takes place in the summarizing 

of a sequence of events that are part of the emotion process (Robinson, 2005, pp. 273-

274). 

Emotion is not a state or disposition but a process in which a person and his 

environment interact. In elucidating an emotion, one can focus on the person or the 

environment. Robinson thus presents two interrelated ways in which a person or 

persona’s emotions can be expressed, one focusing on the environment and the other on 

the person (Robinson, 2005, pp. 272-277). Let me summarize them. 

Expression by focusing on the environment: works of art that describe or 

represent the world express an emotion E by articulating the way the world appears to a 

person in the emotional state E. Let us recall that the emotion process is triggered by a 

non-cognitive evaluation; a quick evaluation, which is an affective way of focusing 

attention, a way of seeing the world. During an emotional interaction with the 

environment the non-cognitive appraisal means that such an environment takes on a 

particular aspect: the environment looks threatening, beneficial, unknown, etc. The work 
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of art depicts a world that does not look like it looks regularly; it depicts the world in the 

way it looks to the person who interacts emotionally with it (Robinson, 2005, 273-274). 

Expression by focusing on the person: in Robinson’s emotion theory, emotions 

are differentiated by a refined intentional aspect, by its cognitive content or judgement. 

The specific system of desires and beliefs involved in different emotions is what 

distinguishes shame from embarrassment, for example27. Thus a way to express (identify 

or  elucidate) an emotion E in a work of art can be achieved by reflecting or articulating 

the thoughts, beliefs, points of view, desires, etc. of the person who is experiencing 

emotion E (Robinson, 2005, 274). 

We must be aware that art is limited in its ability to express emotions. Robinson 

notices that the articulation and elucidation of an emotion in art is not an all-or-nothing 

affair. Some works of art articulate an emotion to some degree but not particularly 

vividly. An emotion can be more-or-less successfully individuated, depending on the 

work of art. 

A relevant feature of Robinson’s theory is that expression depends on 

interpretation; more specifically on contextual interpretation. A good example is 

Robinson’s interpretation28 of the second movement of Carl Nielsen’s Sixth Symphony 

(1925), which, according to some musical critics, is an expression of his bitterness and 

disappointment due to his failure to reach an international audience. However, when one 

listens to the music it sounds very different: instead of bitter or disappointing, it sounds 

playful, humorous, or even buffoonish. Robinson argues that a correct interpretation of 

some works is grounded not only on expressive qualities, but also on extra knowledge, 

such as knowledge of the artist’s life. We can hear Nielsen’s music as an expression of 

bitterness only if we have extra-musical knowledge about the composer. Robinson points 

out that what an artwork expresses may be manifest to us only if we have some 

information about the artist, as in this instance of Nielsen’s musical work. Expression 

depends on the context in which it is viewed. What is expressed by the work may be 

determined by the period and the artist who made it, the style, as well as the artist’s class, 

race, gender, etc. Robinson concludes that “we cannot tell a work is an expression of 

                                                 
27 For a survey of cognitive theories that underlie this idea, see Appendix 3.  
28 Robinson presents this interpretation in a debate with Alan Tormey. For a brief summary , see Appendix 
4. 
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bitterness, disappointment, and exasperation in its author just by paying close attention to 

‘the work itself’ independently of its wider context” (Robinson, 2005, p. 249). 

Robinson also points out that every emotion is a rather complex process in which 

different intensities, degrees, and crossovers (between two or more emotions) are very 

common. Nielsen’s music can be seen as a finely tuned expression of bitterness: an 

expression of sardonic bitterness (Robinson, 2005, pp. 249-250). The historical context 

would tell us that the emotion expressed is bitterness and the ‘sardonic’ nuance would 

explain why the work does not sound ‘bitter’ but rather buffoonish. 

I believe that Robinson’s treatment of expression in art is sound (as well as 

brilliant and elegant). The inclusion of two ways of expressing emotions that reflect the 

two interacting elements, subject and environment, in an emotion process confers on her 

account a very appealing feeling of integration and symmetry. More importantly, 

Robinson’s theory of expression offers two insights for my present project. The first 

consists in Robinson’s strategy: expression as an intentional act relies on manifest 

properties as well as on the elucidation of subjective states. The idea that both publicly 

available features as well as private mental processes must be taken into account in 

expression has inspired my interpretation of aesthetic judgements in which publicly 

available content of a predicate as well as the subjective process of articulation of an 

experience must be taken into account to explain the difference between literal, 

metaphorical and aesthetic judgements. The second insight consists in the fact that 

interpretation of expression depends on extra information (other than the visible 

expressive properties of an artwork). We have seen that in Kivy’s interpretation of 

musical appreciation, knowledge plays a central role, as this knowledge affects what kind 

of intentional object we have. According to Robinson, knowledge about the broader 

context of a work also affects our interpretation. Robinson’s position is not very different 

from Kivy’s, since knowledge of the context contributes to the manifestation of some 

expressive qualities, which would otherwise not be visible. In both cases knowledge 

allows us to ‘see’ some properties. Kivy pointed out that knowledge affects our 

intentional object; Robinson further stresses this point by showing that not only 

knowledge of the internal working of a medium can play this role; contextual knowledge 

can also enable us to see some properties. This further encourages the idea, originally 
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inspired by Kivy, that knowledge can play a role in constituting the object of 

appreciation; an idea that, as I mentioned above, is exploited in my interpretation of 

mathematical items as intentional objects. 

 

3. Final Remarks 

In relation to the present project, several lesson can be learned from the above survey of 

Kivy and Robinson’s ideas. Kivy has proposed an account of aesthetic appreciation in 

which intellectual activity plays a role in our enjoyment of music. Music is an intentional 

object and knowledge plays a role in determining it: the more we know about music, the 

more qualities we can appreciate in it. Knowledge makes our intentional object larger. 

Robinson further points out the role of knowledge, this time in interpretation, which 

enables us to see expressive properties. In addition to being an intentional object for our 

intellectual activities, music seems to occur in a special, cause-independent, 

phenomenological space. The ideas of active appreciation (in addition to passive 

contemplation of events) of an intentional object without emotive content, of the role of 

knowledge in constituting the intentional object, and its occurrence in a 

phenomenological space form part of my account of aesthetic experience in mathematics. 

Robinson’s ideas also play an important role. First, the conceptualization of 

emotions as processes, as systems that integrate psychological, physiological and 

environmental events, is brilliant and powerful. In addition to the inherent virtues of 

Robinson’s theory of emotions, the very idea of integrating apparently contradictory facts 

of cognitive and non-cognitive theories of emotion in a single system is very attractive. I 

use a similar strategy when proposing my own view of aesthetics in Chapter 3: the 

aesthetic as process. Robinson grounds her ideas on empirical results which substantiate 

the idea that there are innate, pre-programmed affective responses (manifest in the 

automatic character of the non-cognitive appraisal, the occurrences of physiological 

changes). This serves to interpret aesthetic experience as a process in which the active 

contemplation of objects of attention can elicit affective responses: the presence of an 

intentional-object-triggered affective reaction constitutes the basis of my idea of aesthetic 

experience. Finally, the notion of expression as individuating and elucidating emotions 

(by means of the evidence present in a medium) serves as inspiration for my own notion 
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of articulation in aesthetic judgements. My notion of articulation, however, is very 

different from Robison’s or Collingwood’s idea of elucidation, as it consists in a process 

of mapping linguistic labels to affective responses, re-organizing points of view and 

individuating subjective states. But that will come in due time. With these elements we 

have most of the background needed to attempt an account of aesthetic judgements in 

mathematics as literal aesthetic judgements. I here conclude my survey of Robinson and 

Kivy. I present my own proposal in the following chapter. 

 

 



 

97 
 

 

 

CHAPTER 3: An Aesthetics of Mathematics 
 

In this chapter I address the main task of this work: to provide a consistent, literal 

interpretation of aesthetic judgements in mathematics. I am not committed to 

reinterpreting mathematical aesthetic judgements nor to interpreting them in pre-

theoretical terms. Since mathematics is not a traditional topic of aesthetics, a justification 

of mathematics as a subject matter of aesthetics is offered in a fully theoretical manner. 

Thus, with the insights gained in Chapters 1 and 2 I shall develop a theory able to provide 

a literal interpretation of mathematical aesthetic judgements. 

Before presenting my proposal let me recapitulate the story so far. We have seen 

that beauty in mathematics was explained on the basis of single principles by Shaftesbury 

as the result of order, and by Hutchenson as caused by uniformity amidst variety. These 

approaches, however, cannot account for mathematical elegance or ugliness. We also 

have seen that for Rota, mathematical beauty’s true meaning is enlightenment; the use of 

the term ‘mathematical beauty’ by mathematicians is their way of avoiding the fuzziness 

of the concept of enlightenment. Rota identified important features of mathematical 

beauty: it depends on historical and social context; furthermore it depends heavily on 

mathematical knowledge. A lack of beauty encourages mathematical developments. 

Rota’s non-literal approach, however, has some shortcomings: he claims that the 

predicate beauty does not admit degrees, which seems inaccurate to me. His approach 

does not account for specific cases of mathematical beauty, like short steps in proofs. 

Furthermore, the role of particular properties like shortness or unexpectedness remains 

obscure. The role of ugliness as an encourager of mathematical development cannot be 

accounted for by the concept of enlightenment. Finally, there is no detailed explanation of 

why mathematicians (experts in the use of novel and exotic terms) choose the term 

‘beauty’ rather than a less confusing one to deal with enlightenment. McAllister 

presented a dynamic view of scientific beauty; his central ideas are the aesthetic canon 

(an extensional representation of preferences) and the aesthetic induction (the mechanism 
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that governs the evolution of the aesthetic canon by consulting old preferences and the 

record of empirical adequacy of their associated theories). One disadvantage of 

McAllister’s approach is that it presents a purely a posteriori view of aesthetic 

preferences. Further shortcomings can be identified when Rota and McAllister’s ideas are 

contrasted with aesthetic theoretical approaches to aesthetic terms; but here I shall 

summarize only the insights gained in the discussion of aesthetic terms: According to 

Hungerland, aesthetic terms differ from non-aesthetic terms in their conditions of 

application, there is no is-looks distinction for aesthetic terms and thus no objective 

change of circumstances can induce a correction in the use of aesthetic terms. Aesthetic 

terms are governed solely by subjective conditions. Kivy, by contrast, proposes that 

aesthetic terms are those that characteristically appear in descriptions that lead to no 

further conclusion, action, or change in attitude; that is, descriptions that are terminal. 

After discussing these approaches to beauty in mathematics and science we 

complemented our survey by looking at Kivy’s philosophy of music and Robinson’s 

theories of emotion and expression. Kivy’s formalism contributed the ideas that aesthetic 

appreciation can occur without involving emotive content in a relevant way; that the 

object of appreciation is an intentional object the main features of which are merely 

formal; that this object is partially constituted by the knowledge of the listener, and that 

intellectual activity (in wondering about and looking for patterns in musical forms) is one 

of the sources of pleasure in listening to music. Scruton made clear that these experiences 

of music occur in a special acousmatic space. Robinson’s theories contributed the ideas 

that emotions are processes in which a person and his environment interact with each 

other in an innate but plastic way. This allows her to reconcile apparently contradictory 

facts of emotions. Cognition plays a central role in emotions and this explains how 

cognitive events like labelling emotions can result in actual emotive reactions. 

Robinson’s theory of expression holds that artworks can be seen as evidence of emotions 

in an imaginary person. Expression of emotions, in a more refined way than the mere 

naming of emotions, is an elucidation and individuation of emotions. Expression is 

achieved either by reflecting the cognitive content of an emotion or by reflecting how the 

world appears to someone experiencing an emotion. Expression depends on 

interpretation, and knowledge of the context of a work is sometimes necessary to 
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perceive some expressive qualities. I interpret this idea as furthering Kivy’s idea that 

knowledge partially constitutes our intentional object. The ideas of integrating diverse 

events in a process, of expression as elucidation of affective events, and of the 

importance of knowledge in the manifestation of properties has inspired similar ideas, to 

be developed in the following sections. 

Now, my concrete proposal is that the aesthetic phenomenon must be understood 

not in terms of single principles that explain beauty or the concept of beauty, but rather in 

terms of aesthetic-processes. When an individual undergoes an aesthetic episode, he 

becomes engaged in a series of events that includes the perception of objective properties, 

the changes in the mental states of the individual, the effect of the individual’s knowledge 

and previous experiences, and the social factors that contribute to shaping our perceptions 

and reactions. An aesthetic episode is not the mere result of our perception of an 

objective property, nor just a private subjective occurrence. Rather, it consists in 

engaging oneself in the development of interrelated events the global roles of which 

contribute to a phenomenon that is characteristically aesthetic. The series of these events 

constitutes what I call an aesthetic-process. The private aesthetic episode as experienced 

by the individual is thus a way in which the individual actively relates to his environment, 

culture, community and his own previous experiences. We shall see that this idea enables 

us to achieve our desired literal interpretation of mathematical beauty. 

This idea also allows us to integrate the diverse insights gained in the previous 

chapters. For example, although I consider that single-property aesthetic principles (or 

single-principle approaches), like Shaftesbury’s beauty-is-order or Hutchenson’s beauty-

is-uniformity-amidst-variety, are not sufficient to explain aesthetic episodes, they play 

significant roles in aesthetic-processes. My approach is not in opposition to single-

principle approaches to mathematical beauty, like Shaftesbury’s or Hutchenson’s, or the 

insights in Rota’s and McAllister’s work; it just claims that a broader framework is 

necessary to give us a coherent understanding of aesthetic episodes. 

Now, in order to ground a comprehensive aesthetics of mathematics I shall 

employ the idea of aesthetic-process to address three central issues: aesthetic experience, 

aesthetic value and, of course, aesthetic judgement in mathematics. Let us begin. 

 



100 
 

 

1. The Aesthetic  

One of the motivations for proposing the integration of diverse aesthetic events into an 

aesthetic-process comes from the fact that the use of the predicate ‘aesthetic’ seems to 

imply the existence of a characteristic aesthetic feature. The predicate ‘aesthetic’ is used 

to qualify different types of things: judgements, experiences, concepts, properties, words, 

etc. An important question about this predicate is whether there is a notion of ‘the 

aesthetic’ supporting its use (Zangwill, 2007). I propose an answer to this question: we 

can make sense of the notion of ‘the aesthetic’ if we interpret the use of the predicate 

‘aesthetic’ to qualify a certain kind of things as indicating that this kind of things plays a 

significant role in the development of an aesthetic-process. 

The notion of ‘the aesthetic’ can thus be understood in terms of aesthetic-

processes. Since in an aesthetic-process the events involved are interrelated, there are 

systemic relations among the different phenomena that are qualified as aesthetic. These 

relations explain the affinity of concepts like aesthetic judgements and aesthetic values. 

An aesthetic concept (pleasure, judgement, values, for example), interpreted in this way, 

is aesthetic because it plays a significant role in one or several stages of an aesthetic-

process. The roles of experience, value and judgements are investigated in this chapter. 

Now, the idea of aesthetic-process was inspired by the process-model of emotion 

in Jenefer Robinson’s work; but precursors of the idea of integrating different aspects of 

the aesthetic can also be found in other approaches. I have identified at least two types of 

approach to integrating various kinds of aesthetic things that can be seen as precursors of 

the-aesthetic-as-a-process approach I endorse here. The first approach interprets all kinds 

of aesthetic things in terms of a single central concept. The second approach interprets 

complex concepts in terms of simpler concepts and their relations. I call the first approach 

the centralist approach; and the second, closer to my systemic proposal, the relational 

approach. 

The approaches I call centralist seem to endorse the idea that the meaning of the 

word ‘aesthetic’ is somehow shared by the different kinds of things qualified as aesthetic. 

Even if we are not offered an explicit definition of the notion of the aesthetic, some 

relations, like reducibility, among different kinds seem to be assumed. Reducibility, for 
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example, is implicit in the fact that different concepts can be interpreted in terms of a 

central one. Centralist approaches take one type of aesthetic things as central – aesthetic 

judgements, for example – and interpret all other aesthetic things – aesthetic properties, 

for example – in terms of the central notion. Peripheral notions are reducible to or defined 

in terms of the central notion. An example of a centralist approach is presented by Nick 

Zangwill; he suggests aesthetic judgement as the central concept:  

The predicate “aesthetic” can qualify many different kinds of things: judgments, experiences, 

concepts, properties, or words. It is probably best to take aesthetic judgments as central. We can 

understand other aesthetic kinds of things in terms of aesthetic judgments: aesthetic properties are 

those that are ascribed in aesthetic judgments; aesthetic experiences are those that ground aesthetic 

judgments; aesthetic concepts are those that are deployed in aesthetic judgments; and aesthetic 

words are those that are typically used in the linguistic expression of aesthetic judgments 

(Zangwill, 2007). 

 

The centralist approach has two problems. First, in practice, some notions, like aesthetic 

value, cannot be satisfactorily accounted for in terms of a central notion. The dynamic 

aspect of aesthetic value, for example, is disregarded by a centralist picture. Second, the 

choice of an item as central seems arbitrary, since we are not usually provided with a 

methodological argument for choosing one or another concept. 

Relational approaches do not rely so much on the idea that aesthetic things and 

concepts are inter-reducible or inter-definable. They approach things like aesthetic value 

not by trying to exploit the fact that the meanings of concepts depend on each other, but 

rather by trying to find the objects, phenomena or ideas involved in the original concept 

and then showing the relations that help constitute the aesthetic thing. In a sense, a 

relational approach depends on both conceptual analysis and theoretical synthesis. The 

particularity of relational approaches is that they address specific concepts by claiming 

that those notions can be understood as relations among other relevant things. Alan 

Goldman, in my view, offers an example of the relational approach. In his 1995 book 

“Aesthetic Value” (Goldman, 1995), Goldman interprets aesthetic values as relations 

between the properties of the object being evaluated and the reactions in the evaluator: 
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evaluative aesthetic properties are constituted ultimately by relations between non evaluative 

properties of artworks, which we call base properties, and positive or negative reactions of certain 

observers (Goldman, 1995, p. 45). 

 

Goldman rejects realist and supervenient accounts of aesthetic value; and he aims to 

present an alternative to the traditional conception of aesthetic value as being either 

purely subjectively attributed by the observer or grounded on the objective properties of 

artworks. His solution is to establish a compromise in the form of a relation between 

subjective reactions and objective properties. More importantly for us here, though, 

Goldman, disappointed by the traditional views of value, does not analyse the meaning of 

the concept ‘aesthetic value’ and its relations of reducibility or its definition in terms of 

other meanings; rather, he introduces the elements he thinks are involved (base properties 

and reactions in observers) and establishes that the relation between them is what 

constitutes value. Goldman is not content just with employing philosophical notions like 

subjectivity or supervenience; rather, he sets himself to analyzing value in more 

elementary components, which he then re-relates to explicate the more complex notion of 

aesthetic value in his own, new terms. 

Now, although relational approaches do not have the methodological limitations 

of centralist approaches, they lack the ability to integrate a wide range of aspects of the 

aesthetic, since careful analysis of individual topics seems to be more demanding than 

establishing reductions. My proposal to interpret ‘the aesthetic’ in terms of aesthetic-

processes instead of in terms of relations, aims precisely to expand the focus of the 

analysis in order to achieve a wider integration. 

Just as Goldman suggests that value cannot be understood solely based on either 

base-properties or subjective responses, my suggestion here is that the different aspects of 

the aesthetic cannot be understood in isolation. Rather, they should be understood as 

elements of a system of complex relations. The affinity of these elements, the fact that 

they all are aspects of ‘the aesthetic’, results from their relation to a single unified system: 

an aesthetic-process. 
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1.1 Development of the Process 

Aesthetic-processes are systems of interrelated events. These events include things like 

contemplating objects, experiencing the pleasure elicited by this contemplation, 

attributing aesthetic value, acquiring new values, passing judgements, etc. Although some 

events are closely related (like hearing music and experiencing the ‘feeling’ it causes in 

us), in general there is no fixed sequence in which these events appear. For example, the 

events related to the formation and acquisition of values occur during long periods of 

time (perhaps including centuries-old traditions) and depend on complex social relations. 

The eliciting of pleasure, on the other hand, sometimes occurs in a very short period of 

time, following, for example, the contemplation of certain properties of objects. Another 

feature that adds to the complexity of aesthetic-processes is that they are mixtures of 

natural and social phenomena. Their development involves natural aspects, like affective 

responses, and social aspects, like learning from our culture. Aesthetic-processes are the 

result of complex interrelations that have evolved from our basic senses, feelings and 

social interactions. Hence, we cannot expect to find ‘aesthetic things’, like aesthetic 

judgements or values at certain fixed points of the process; we can, for example, have the 

experience of a musical piece at a certain time and, based on values acquired long ago, 

immediately articulate the experience in a judgement. But we can also have the same 

experience, but articulate it in a judgement only days or weeks later, once we have 

acquired some new, relevant elements (perhaps by learning music theory) for evaluation. 

Experience, evaluation and judgement do not necessarily occur immediately or one after 

the other or in a fixed sequence. I call this non-fixed-sequence feature the non-linearity 29 

of the process. 

The general development of aesthetic-processes is thus non-linear. However, there 

are subsets of events that appear and develop in a more orderly fashion, for example the 

contemplation of an object and the experiencing of pleasure, or the acquisition and 

development of aesthetic values. These subsets of events constitute sub-processes within 

aesthetic-processes. We can use the organization of events in sub-processes to illustrate 

the idealized development of a typical aesthetic-process. The development involves the 

                                                 
29 This notion should not be confused with the technical meaning of non-linearity in mathematics. Here I 
use the term only in an informal sense. 
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following phases (which I call nodes to emphasize that they represent sequences of 

events): 

Short-term nodes: 

1) Cognitive or Sensorial Input (Trigger) 

2) Formal Object Build-Up 

3) Active Formal Transformations 

4) Affective Evaluation 

5) Articulation  

6) Judgement 

 

Long-term nodes: 

7) Aesthetic Criteria Repository 

8) Value Dynamics 

 

In this survey of the process the first six nodes have been named ‘short-term nodes’ 

because they represent sequences of very closely interrelated events that tend to appear in 

a more linear fashion. Nodes 1 to 4 represent the collection of events that tend to occur in 

that order in individual aesthetic experiences; nodes 4 to 6 are closely related to the 

passing of aesthetic judgements. It must be noticed, however, that passing aesthetic 

judgements does not immediately follow aesthetic experiences. We can have aesthetic 

experience of pure contemplation without necessarily passing a judgement. In the same 

fashion, we can pass aesthetic judgements without currently experiencing an aesthetic 

episode, based solely on our recollection of past experiences, for example. Long-term 

nodes represent events that usually occur over longer periods of time. Nodes 7 and 8 

represent events like the acquisition and change of preferences or values. In the following 

I present an interpretation of how these nodes ideally develop. 

In the most general case, the process starts by being triggered in an autonomic 

way, very much like emotion processes are triggered by stimuli from the environment; 

this is represented by node 1. The very first event of an aesthetic episode in a person 

consists in focusing the attention on an object or a stimulus. For example, when attending 

a concert we listen to the music as soon as it begins. But just before the beginning of the 
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concert, the people in the concert hall can be found talking or walking around. It is only 

when the music starts that everyone remains silent and in their seats: they have focused 

their attention on the music and not on talking or walking. As in the case of emotions, the 

process can be triggered by a cognitive ‘input’. Furthermore, in aesthetic-processes the 

cognitive input is perhaps more important than in emotions, since aesthetic episodes, in 

poetry for example, are often associated with purely cognitive input. This triggering sub-

process includes the engagement of an autonomic response that further focuses the 

attention of the individual on the event in question; this is because in many cases 

affective phenomena similar to those present in emotions also occur in aesthetic-

processes at this stage (listening to musical events, for example, engage us in an affective 

and immediate way). 

After the autonomic response the individual undergoing an aesthetic-process 

focuses his attention on the formal features of the object of attention; this is represented 

by node 2. For example, once we are listening to the music in the concert hall we begin to 

focus on things like the repetition or variation of motifs (as Kivy suggested), the 

arrangement of musical sections, etc. During this stage the initial perceptual or cognitive 

trigger becomes a formal object of attention. The formal aspects of aesthetic experience 

depend heavily on the modality of the experience (we address this when we discuss 

aesthetic experience). 

Node 3 represents the formal activities undergone in the process. Up to node 2 the 

attention of the individual consists in mere passive contemplation, but as we have seen in 

Chapter 2, active intellectual engagement is important to understand aesthetic experiences 

in music or narrative, for example. Furthering our example of listening to a concert; we 

not only recognize simple patterns but we also get engaged in having expectations and 

making predictions about how the music will develop or, as Kivy calls it, we play the 

hypothesis and the hide-and-seek games. In the general case it is true that active attention 

is part of our aesthetic episodes. Node 3 represents the activities that our attention 

performs when dealing with the formal object. Once we have ‘built up’ a formal object of 

attention we engage in an active ‘processing’ of it; our attention starts to ‘play’ (as Kivy 

suggests) with the object. The passive contemplation of the object and this active 
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‘playing’ are responsible for the pleasure associated with aesthetic experience. I discuss 

all this in greater detail in the section on aesthetic experience. 

Following these initial experience nodes there appears an evaluation stage, node 

4. Passive and active attention result in affective reactions; these reactions can be 

construed as affective evaluations of the object of our attention. For example, we can 

enjoy the piece of music and enjoy even more playing the hypothesis game, or if the 

music is not good we can experience displeasure or become bored by the music. This 

enjoyment can be thought of as an expression of our preferences. These preferences, in 

turn, can be conceptualized as evaluation criteria. In a sense, in this stage an ‘aesthetic 

canon’ provides the rules that govern our affective assessments of the contents of 

experience. 

As we shall see, evaluation in an aesthetic-process differs from non-aesthetic 

evaluation; aesthetic evaluations consist in affective responses that must be articulated 

before they can be expressed as judgements. It is only when we have articulated the 

experience as a whole that the affective evaluations can be turned into something 

meaningful in the propositional sense. Thus the evaluation comes only after a phase in 

which we make sense of the process: we articulate the process as a whole and get our 

experience ready to be expressed in propositions like ‘This concert is beautiful’. There 

are several ways of articulating an aesthetic-process, but a very direct way is simply by 

summarizing the affective evaluation of our experience in an aesthetic description: an 

aesthetic judgement. This judgement is different from other cognitive or moral 

judgements in that its primary function does not consist in conveying information about 

states of affairs, but rather of making us aware of the nature of the process we are 

undergoing: it consists in ‘fixing the identity of our internal state’. The specifics of this 

articulation are addressed in the section on aesthetic judgement. 

Aesthetic judgements have a second role: conveying information. The actual 

passing of a judgement takes the form of uttering a description ‘A is B’. For example 

‘Last night’s concert was beautiful’. These descriptions have a definite propositional 

content that carries information. This information-carrying role will be called the 

exchange role and is represented by node 6. 
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Nodes 5 and 6 can also be seen, respectively, as representing private and public 

dimensions of aesthetic judgements. Aesthetic judgements as represented by the events in 

node 6 carry information outside the individual that can be used for non-private purposes. 

In this non-private path of information, aesthetic judgements are significant for the social 

interactions that shape aesthetic preferences and values. People modify and learn their 

preferences and values under the influence of public aesthetic judgements. In social 

interaction, thus, aesthetic judgements are ‘re-cycled’ by a process that, in the long term, 

modifies preferences and values (perhaps by aesthetic induction as McAllister suggests); 

in a sense, public judgements are eventually incorporated into preferences and values. 

Nodes 7 and 8 represent the series of events involved in the evolution of 

preferences and values. For example the acceptance of dissonance in music is now much 

greater than two hundred years ago. Furthermore, our preferences for certain kinds of 

music changes depending on our experiences; atonal music, for example, is something for 

which we have to acquire a taste. We have seen in Chapter 1 that, according to 

McAllister, a process of aesthetic induction plays a central role in this dynamic. Despite 

their long-term quality, events of nodes 7 and 8 determine events in short-term nodes. 

Passing aesthetic judgements and making affective evaluations can be seen as re-entry 

spots of long-term feedback paths between long- and short-term nodes. I assume that 

affective evaluation actualizes preferences, so node 4 can be seen as forming a feedback 

path with node 7. I also assume that aesthetic judgements serve as evidence of the 

presence of aesthetic values, so node 6 can be seen as forming a feedback path with node 

8. Node 8 can be seen as a value ‘repository’ that governs evaluations. The feedback path 

goes from our own and other persons’ past judgements to the long-term repository and 

then back to the evaluation and judgement nodes in an individual’s aesthetic-process. 

Aesthetic experience is characterized mainly by nodes 1 to 4, aesthetic judgement 

by nodes 5 and 6 (although we could also include node 4). Aesthetic preferences and 

value are represented by nodes 7 and 8. 

Now, the survey presented above is of course part of my account of aesthetic 

episodes; some parts of it can be challenged on the grounds that some of them need more 

empirical support, such as the affective engagement at the beginning of the process. I 

agree that many of the claims I present here are to some extent just plausible 
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speculations; I am proposing hypotheses. I believe, though, that they do not contradict the 

scientifically informed common sense I endorsed as part of my methodology in the 

Introduction. My theory should be taken not as a complete description of the aesthetic but 

rather as a plausible point of departure for more developed ideas, and some of the 

development should include further empirical research. We have now a general idea of 

how the events develop in an aesthetic-process, but we must account for the specifics of 

aesthetic experience, value and judgement in order to ground our aesthetic theory. I start 

with aesthetic experience.  

 

2. Aesthetic Experience 

Aesthetic experiences depend heavily on the objects of their attention; musical experience 

is very different from the experience of a painting, for example. Hence, an analysis of 

musical experience is not necessary for an accurate understanding of the experience of 

painting. The same is true for aesthetic experience in mathematics. Different aesthetic 

experiences should be addressed by focusing on their own specifics. In the following I 

concentrate on the specifics relevant to aesthetic experience in mathematics. The nature 

of this kind of experience has almost never been investigated. Because of this, my 

investigation of mathematical aesthetic experience is almost completely descriptive. 

Phenomenology is associated with descriptive investigation of experience, but my aim is 

not to give a phenomenological account in the technical Husserlian sense of describing 

“the structures of the experience as they present themselves to consciousness” (Dreyfus, 

2006, p. 2). My approach here is much more modest: my analysis is merely a descriptive 

account of some intellectual, affective, and objective events and their relations. In order 

to achieve generality some of the description is an idealization, but, I believe, it is not an 

implausible idealization. From my analysis we should therefore not expect the revelation 

of any universal truth; rather, we should see it as a point of departure for further 

theorizing (this account of experience makes more sense when we view it as a part of a 

larger system that includes aesthetic value and aesthetic judgement) and encouraging 

further developments. With this warning in place, let us move to my actual interpretation 

of experience.  
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I interpret aesthetic experience as a collection of interrelated events that unfold in 

time, that is, as a process. But experience is not an independent process; rather, I interpret 

it as a sub-process embedded in a larger aesthetic-process. For example, Euler’s formula, 

or, more technically, Euler’s identity30, eiπ
=–1, is often qualified as beautiful, it has even 

been called the most beautiful formula of mathematics (Le Lionnais, 2004; Wells, 1990; 

Nahin, 2006). The aesthetic experience associated with Euler’s formula, however, 

depends not only on an individual’s events related to contemplating the formula, but 

rather on things like an understanding of mathematics, actualizing preferences, other 

people’s opinions, etc. The aesthetic experience of Euler’s formula is related to events 

that are not necessarily present at the exact moment of the experience but that have an 

influence on it: the process of experiencing Euler’s formula is embedded in a larger 

aesthetic-process. This embedded sub-process consists of nodes 1 to 4. Node 4 includes 

an affective response which I interpret as non-cognitive, affective evaluation. I 

distinguish between affective evaluation and aesthetic judgements, which I consider full-

blown aesthetic evaluations. Affective responses are characteristic of aesthetic episodes; 

this is one of the features that distinguish them from other kinds of judgements. Although 

aesthetic judgements include affective evaluation, they are not mere affective responses, 

but the result of a process of articulation: I develop this idea in the section on aesthetic 

judgement. 

The experience sub-process begins with a cognitive ‘stimulus’, followed by 

focusing attention on the relevant formal features of the stimulus and by a further stage of 

active cognitive processing of the resultant formal object of attention. Let us use Euler’s 

formula to illustrate this. The Mathematical Intelligencer (Wells, 1990) asked its readers 

to evaluate 24 theorems In terms of their beauty: Euler’s formula was on the list and it 

ranked number one with an average score of 7.7, on a scale from 1 to 10. The first event 

in our aesthetic experience of Euler’s formula is an awareness of the formula, by, for 

example encountering it in a textbook or in the Mathematical Intelligencer. However, 

more important than this initial awareness is the focusing of our attention on formal 

properties like its ‘composition’ (it involves the numbers e, i, π, and 1, which are 

                                                 
30 I have established in footnote 3 of the Introduction that why I follow a different convention from the 
convention found in technical works. 
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considered the most important numbers of mathematics), or its simplicity. The formula’s 

occurrence in a book draws our attention, but it is the focusing of our attention in the 

composition and simplicity of Euler’s formula that is important. Euler’s formula is 

qualified as beautiful because our contemplation results in an affective reaction; this is 

what makes the predicate ‘beautiful’, rather than ‘enlightening’, suitable for the ranking 

in the Mathematical Intelligencer. We experience some kind of affective reaction, we like 

or dislike it, triggered by our contemplation of the formula. In the general case, the 

focusing of attention on formal aspects or the active processing of the content of our 

attention results in autonomic responses of pleasure or displeasure. I use the term 

enjoyment to refer to the responses or combination of responses that include either 

pleasure or displeasure; it thus refers to the presence of an affective response. In Euler’s 

formula it is difficult to identify the activities that our attention performs (mathematical 

proofs rather than mere formulas are better suited to that, as we shall see in the following 

sections), but in the general case intellectual activities can also be responsible for eliciting 

enjoyment.  

The events that constitute the aesthetic experience are subjective events; in 

general they include affective events, but in the case of mathematics an emotive content 

is not present (the content and properties of Euler’s or any other mathematical formula do 

not constitute an emotion or an emotive property). Thus, in mathematical aesthetic 

experience we must assume that formal events are central, as in music. I believe there are 

specific ways in which the formal characteristics of the object on which our attention is 

focused trigger responses of pleasure or displeasure for pieces of mathematics. Aesthetic 

experience consists of an intentional object (I refer to it just as the content) and its 

associated enjoyment. In the experience of mathematical items I have identified three 

different ways in which an intentional object can elicit pleasure or displeasure. This 

determines three different classes of experience (which are addressed later). Each of these 

classes is characterized by a specific content-enjoyment relation. I call these 

characteristic relations aesthetic appreciation phenomena or simply appreciation 

phenomena. The experience-process can thus be further detailed by considering them. 

But before doing that I need to clarify how I interpret the intentional objects involved in 

the experience. 
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I propose that the content of the experience should be seen as consisting of a 

formal object of attention and the way we actively deal with it. In aesthetic experience in 

mathematics, perceptual stimuli are of little relevance. When mathematicians pass 

aesthetic judgements they are not referring to perceptual aspects of mathematical items. 

Mathematical beauty does not refer to things like the elegance of the font in which the 

formula eiπ
=-1 appears printed in a book, or to the delicacy of the drawings illustrating a 

theory. The content that is important for aesthetic experience consists in the formal 

relations found in the cognitive representations of mathematical items during the 

aesthetic-process: the fact that Euler’s formula includes the most important numbers and 

that they relate in a simple way. I shall focus on these properties. My proposal is that the 

formal objects with which we are dealing here can be interpreted as a special case of 

intentional objects, that is, of objects perceived under a certain description, namely by 

focusing on a subset of their formal properties and relations. 

An aesthetic form is thus an abstract object determined by a set of relevant 

properties and relations. I have included a ‘formal build up’, node 2, as part of a typical 

aesthetic-process. This represents the fact that in aesthetic experience, attention focuses 

on the relevant properties and relations (properties like simplicity or composition or 

relations like repetition or other  patterns, for example) of the stimulus rather than on the 

whole collection of concrete features. In this experience process our attention shifts from 

a concrete stimulus to a different, formal, object relevant to aesthetic appreciation:  to an 

aesthetic form. In the case of Euler’s formula, we shall see, this consists not of the 

formula eiπ
=-1 but rather the set of the properties’ composition and simplicity. 

 

2.1 Aesthetic Forms 

In my view, it is an intentional object, the content of our attention, which results in the 

affective response involved in an aesthetic-process. This object consists only of the 

relevant features that help to keep our attention focused on it and to elicit an affective 

response. Some features of this intentional object are the result of a natural process of 

abstraction, such as the pitch of the notes in a melody or the number of mathematical 

constants involved in the formula ‘eiπ=-1’. Other properties are the result of learned ways 

of ‘seeing’ an object. Experiences provided by socialization and culture tell us which are 
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the relevant things to look for in an object in aesthetic appreciation: and we 

unconsciously look for those things. For example, in music we naturally look for patterns 

of temporal repetition; due to our experiences we look for the repetitions of sections in a 

sonata. In mathematics we need to understand things like exponentiation, Euler’s number, 

complex numbers, π, etc. in order to understand (let alone appreciate) Euler’s formula. 

Furthermore, familiarity with different kinds of proofs helps us to recognize a good proof. 

We can easily realize that the extent of the ‘formalization’ of the object depends 

on the nature of the experience. Representational painting, for example, requires that the 

object of attention matches the object it depicts. But poetry or conceptual art, by contrast, 

requires us to focus on the content and the intentions of the author. Mathematics usually 

requires a large amount of mathematical knowledge. Culture, via learning and training, 

plays a role in determining the choice of the correct amount of ‘formalization’, as Rota 

has pointed out; familiarity with examples of mathematical beauty play an important role 

in identifying other instances of mathematical beauty. Many times the formalization is 

inherent in the nature of the discipline. Musical appreciation, as we have seen in Chapter 

2, depends on abstract objects of attention and intellectual activity. Similarly, the nature 

of mathematics, highly dependent on structures as it is, determines that the object of 

attention must be an abstract object: there is no such thing as a concrete e or i. 

It is now time to specify the features that characterize this object in mathematical 

experience. 

 

AMIOs 

In my interpretation, aesthetic forms, in general, are abstract objects resulting from a shift 

of attention from a concrete initial stimulus to a subset of its relevant properties. 

Concerning aesthetic forms in mathematics, the first task in seeking to clarify them is to 

avoid confusion between mathematical objects and objects of appreciation. A distinction 

must be established between mathematical objects, mathematical items and intentional 

objects: a mathematical object is an abstract object that appears as a referent in a 

mathematical theory (set, function, number, for example). I call a mathematical item any 

abstract31 item that is characteristically part of mathematical practice32. A mathematical 

                                                 
31 In this way we exclude concrete indispensable items, like brains or mathematicians. 
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intentional object (MIO) is a mathematical item on which the attention of an individual, 

or a group of individuals, is focused. If this attention results in a specific type of affective 

reaction (the type will be characterized below) the item is called an aesthetic 

mathematical intentional object (AMIO). An AMIO is thus a mathematical item that is 

the subject matter, the content, of an aesthetic experience. AMIOs are the aesthetic forms 

involved in mathematical aesthetic experience; in the following I propose a 

characterization of them. 

 

2.2 A otion of Aesthetic Mathematical Intentional Object 

Aesthetic Mathematical Intentional Objects are the aesthetic forms involved in 

mathematical aesthetic experience. Like musical forms, mathematical objects of aesthetic 

appreciation are objects of attention, intentional objects, which are defined by a subset of 

the object’s relevant properties and structural relations. The relevant properties consist in 

a subset of properties that play a role in eliciting an affective reaction in the observer: for 

example, the meaning, simplicity or composition of Euler’s formula. The relevant 

structural relations, the relations between properties that enable our attention to perform 

certain activities, also play a role in eliciting affective reactions. In the case of Euler’s 

formula, and in general in the case of single results like theorems, these relations play a 

negligible role, but the simplicity, brevity or shortness of their steps can play a major role 

in the beauty of proofs and derivations. The geometrical properties of complex numbers, 

for example, allow shorter and more elegant derivations of trigonometric identities. We 

shall see an example when we discuss formal aesthetic phenomena. 

I propose to interpret intentional objects in aesthetic experience as objects existing 

in a phenomenological space, the space of our experience, with multiple dimensions. A 

dimension here is interpreted as a parameter or piece of information necessary to specify 

the ‘location’ of an object. Since our objects exist in a phenomenological space, each of 

the dimensions of the space corresponds roughly to a relevant property of the objects in 

our experience. 

                                                                                                                                                  
32 Although Rota offers no characterization of mathematical items, I believe that the above definition is 
adequate to cover Rota’s five types of mathematical items, which he describes as often being involved in 
claims of mathematical beauty. 
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For example, in the case of Euler’s formula as an object of appreciation, our 

attention must be focused in a specific way; a way in which we concentrate on the ‘extra’ 

properties, properties that are not relevant to understand the formula, but that are 

necessary to appreciate it. Euler’s formula is very simple, but simplicity is not necessarily 

a property of all mathematical results; it is an ‘extra’ that only some results possess. 

Properties like simplicity can be interpreted as dimensions of the space in which our 

formula-as-object-of-appreciation is located. A space with a simplicity-dimension is 

interesting because it allows us to ‘organize’ objects according to its degree of simplicity. 

But in order to allow this organization, we need to understand how the simplicity-

dimension works, that is, which features of the object the dimension summarizes. In a 

manner similar to knowledge in music, which enables us to see a certain intentional 

object, dimensions of phenomenological spaces for mathematical experience can be seen 

as the parameters that determine the different aspects of the objects that exist in the space. 

My proposal is to interpret dimensions as rules for interpreting relevant properties of 

objects: more specifically, as definitions that allow us to deal with the properties in 

question. These rules of interpretation or definitions can be simple declarations of the 

properties that constitute the intentional object. For example, if we need to introduce the 

dimension simplicity, in the phenomenological space in which our Euler’s-formula-

intentional-object is located, we need to define simplicity according to how the property 

is manifest in the object. The definition can be as follows:  

 

Simplicity=the feature of involving a minimum of operations and no non-relevant 

constants. 

 

Euler’s formula is simple in the sense defined above. It also has the very attractive extra 

quality of involving some of the most important constants in mathematics. I have called 

this quality the composition of the formula. We can introduce another dimension into our 

space to account for how attention focuses on this property. We introduce this dimension 

into the space that contains Euler’s formula by specifying the following definition: 
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Composition
33=the feature of being constituted by relevant items that are incorporated in 

a non-ad hoc manner. 

 

In a space with the dimensions of simplicity and composition, mathematical results are 

located in different places, depending on how they fit the definitions of the properties, 

that is, depending on how the dimensions order them. This represents how our attention 

distinguishes and discriminates different mathematical results depending on how simple 

or well composed they are. 

In order to account for the role of knowledge in mathematical appreciation I need 

to postulate a crucial dimension of mathematical phenomenological spaces: background 

understanding. As we have learnt from our discussion of Rota, to understand any piece of 

mathematics we need a great deal of mathematical knowledge. This is no surprise since 

we first need to understand it in order to appreciate any mathematical item. We can 

introduce a dimension that represents the fact that we understand the mathematical item 

(and thus that such an item exists in our experience), simply by referring to the 

background knowledge necessary to understand it. 

For example, in order to understand Euler’s formula we need to understand terms 

like ‘π’, ‘e’ or ‘i’; more formally, we need to understand complex analysis. We can 

introduce a dimension CA corresponding to the property of being understandable only if 

complex analysis has been understood. 

 

CA=the feature of being understandable only if complex analysis has been understood 

 

The dimensions that represent that mathematical understanding is required as background 

to appreciate a mathematical item are called Background-Understanding dimensions. At 

least one of these dimensions is necessary as part of any phenomenological space that 

contains mathematical intentional objects. They are crucial to define the specificity of 

aesthetic experience in mathematics, and are analogous to the specific perceptual abilities 

in other types of aesthetic experience.  

                                                 
33 Although terms like “Well-composedness” might be technically more accurate, I prefer the term 
“Composition” since this terms is more common  in aesthetic descriptions in other fields. 
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A background-understanding dimension is required for our experience to be about 

mathematics. But for our experience to be aesthetic we need properties (like simplicity or 

composition) that allow us to have an actual aesthetic response; properties that play a role 

in eliciting affective responses. To distinguish these properties I call them aesthetically 

relevant properties. In order to have an aesthetic object of attention it is necessary that the 

phenomenological space in which it is located has at least one aesthetically relevant 

dimension. Thus, any phenomenological space must have at least two dimensions, and at 

least one must be aesthetically relevant. For example, the expression x+x=2x, as an 

object of attention, requires background understanding (basic algebra) but it is 

aesthetically irrelevant, as it is not able to raise any kind of enthusiasm, its properties are 

not able to elicit any kind of affective response. Thus, even if we can introduce different 

properties as dimensions of an ‘attention space’, we cannot assign any aesthetic relevance 

to them because the affective character is absent, they do not constitute a 

phenomenological space for aesthetic experience. 

My interpretation assumes that the central element that determines an AMIO 

consists in the dimensions of the phenomenological space in which it is located. The 

second element that determines a mathematical intentional object is the set of relations 

that further constrains the activities that can be performed by our attention in the 

phenomenological space (the dimensions of the space establish the initial constraints, of 

course). For example, the dimension Complex Analysis allows us to understand, to ‘see’, 

Euler’s formula, but it also allows us to follow proofs or derivations involving complex 

functions. The proof of a theorem or the derivation of a result typically involves not only 

the passive ‘seeing’ of  the result; rather, it consists in going through a series of steps and 

checking that the steps validly lead to the final result.  

 

The expression eiπ =-1, for example, is a special case of: 

e
ix=cos x +i sin x   

 

 If we let x=π (radians), 

eiπ =cos π  +i sin π 
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since cos π =-1  and sin π =0, we obtain: 

e
iπ =-1 

which is our good old number-one-ranked Euler’s formula. In this very simple derivation, 

our attention is mainly focused not on the properties of the resulting formula or the other 

individual expressions, but rather on how the successive steps lead us from the initial 

expression to the final one. I do not claim that this derivation has some aesthetic value, I 

am just trying to show that in the general case the experience of mathematical items 

involves not only awareness of properties but also the active involvement of our 

attention. 

Actively following this derivation is enabled by the properties and relations 

inherent in complex analysis, and thus by the background knowledge dimension of our 

phenomenological space. In the general case these properties and relations can be seen as 

rules of combination and transformation for the intentional objects existing in the 

phenomenological space. This set of rules tells us how to ‘infer’ new objects, or how to 

construct new objects out of our original AMIOs. I call these rules transforming 

operations. 

Logic is the most fundamental set of rules of derivation in mathematics. All 

objects in a mathematical phenomenological space must have a background 

understanding dimension and are thus intrinsically regulated by logic. The second most 

important set of rules depends on the implicit relations of our background understanding 

dimension. For example, if our background understanding dimension is complex analysis 

the identities and definitions involved in it are part of our transforming operations. Thus, 

we always have at least the rules of logic and of the particular field of mathematics as 

transforming operations. 

In mathematical appreciation we can have different operations working at 

different levels of appreciation and they are more relevant in ‘active’ mathematical 

intentional objects such as derivations or proofs.  

For example, the introduction of the geometric interpretation of complex numbers 

by Caspar Wessel in 1799 allowed simpler derivations of already known results. 

Regarding Wessel’s geometric interpretation of complex numbers Paul Nahin comments: 
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How beautifully simple is Wessel’s idea. Multiplying by 1−  is, geometrically, simply a rotation 

by 90 degrees in the counter clockwise sense…. Because of this property 1−  is often said to be 

the rotation operator, in addition to being an imaginary number. 

As one historian of mathematics has observed, the elegance and sheer wonderful simplicity of this 

interpretation suggests “that there is no occasion for anyone to muddle himself into a state of 

mystic wonderment over… the grossly misnamed ‘imaginaries.’ ” This is not to say, however, that 

this geometric interpretation wasn’t a huge leap forward in human understanding. Indeed, it is only 

the start of a tidal wave of elegant calculations (Nahin, 1998, pp. 54-55). 

 

In the geometric interpretation “a complex number is either a point a+ib in the so called 

complex plane or the directed radius vector from the origin to that point” (Nahin, p. 48). 

In addition to the representation a+ib, a complex number is sometimes 

represented by the associated length of its radius vector, called the modulus of the 

complex number, and the value of the polar angle tan –1(b/a), called the argument. We 

can express this as follows: 

 

a+ib= √(a2+b
2) ∠  tan –1(b/a) 34

 

 

Nahin’s remarks on the geometric interpretation enthusiastically employ aesthetic 

adjectives, but he also stresses that the geometrical interpretation resulted in elegant 

calculations. He devotes a section of his book to presenting some of these calculations, 

especially trigonometric identities. De Moivre’s theorem is instrumental in many of those 

calculations and it is an example of an elegant derivation itself35: 

With his wonderful deduction of the geometry of 1−  there was now no stopping Wessel with 

even more exotic calculations. For example, if you start with a unit radius vector of direction angle 

θ/m, where m is an integer, then it follows immediately that 

                                                 
34 The angle notation is often used in fields like engineering. It is related to the polar form of complex 
numbers (the equivalent polar notation is (r, φ)), the expression before the angle symbol represents its 
modulus and the expression after corresponds to the argument (or, simply, the angle between the directed 
radius and the real axis). This notation simplifies the visualization of operations; multiplication consists in 
multiplication of modulus and addition of arguments, exponentiation consists in exponentiation of modulus 
and multiplication of arguments. 
35 We shall see later that calculations, derivations or proofs belong to a different class of experience than 
formulas or theorems, since they involve an ‘active’ contemplation. Furthermore, this example involves not 
only active attention but also the fact that experience enables us to see some properties; it belongs to a third 
class, called canonical. 
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This result is not original with Wessel (although this elegantly simple derivation of it 

was), and it is commonly known as “DeMoivre’s theorem” (Nahin, 1998, p. 56). 

 

The derivation of DeMoivre’s theorem presented above is composed of several individual 

expressions, the ‘steps’ of the derivation; in order to see the derivation as single item we 

need to ‘connect’ all those individual expressions. We typically do this by seeing the 

steps of the derivation as resulting from the application of logic or other ‘rules’ implicit in 

complex analysis (or the relevant field). This illustrates that our object of attention is 

determined not only by its visible properties but also by how we actively deal with it. 

Furthermore, Wessel’s geometric interpretation is a single mathematical item that also 

has methodological repercussions: it results in ‘elegant calculations’. The fact that the 

geometric interpretation resulted in simpler derivations contributed to our appreciation of 

the complex numbers. However, the fact that Wessel’s geometric interpretation results in 

elegant calculations is not a property we can immediately ‘see’ in the mere proposal of 

the interpretation. We can ‘see’ that Wessel’s proposal is simple, but to realize that it also 

results in elegant calculations we need to ‘see’ the derivations themselves; the property of 

‘resulting in elegant calculations’ is not immediately apparent by just directing our 

attention to the geometric interpretation. We need to perform further activities to realize 

the role it plays in, for example, the elegant derivation of DeMoivre’s theorem. In other 

words, ‘resulting in elegant calculations’ is not a property ‘visible’ within a 

phenomenological space that includes Wessel’s 1799 geometric interpretation of complex 

numbers. This case is analogous to the case of how biographical context can help us see 

‘invisible’ properties of music. 

The introduction of new transforming operations allows us to address this issue, 

since operations allow us to ‘construct’ new objects like derivations or proofs, and thus to 

‘see’ new properties that are not originally visible on the object from within the 
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phenomenological space. The introduction of further operations enables us to see further 

properties. I call this new type of operations meta-intentional transforming operations. 

The rules implicit in our background understanding are called implicit transforming 

operations. 

Meta-intentional operations allow us to introduce non-intra-spatial (visible within 

the phenomenological space) properties, that is properties that are not visible within the 

phenomenological space. The purpose of these operations is to allow us to see new 

properties in our phenomenological space; thus, these operations must be consistent with 

our space. The new operations are operations that comply with two conditions that I 

propose as follows: first they must be aesthetically-conservative; that is, they cannot 

contradict the internal properties of the dimensions, and they cannot change any of the 

properties responsible for the aesthetic value of the intentional objects in the space. This 

takes care of consistency with our space. For example, meta-intentional operations cannot 

introduce mathematical theorems that contradict the theorem on which our attention is 

focused, because that would amount to introducing an inconsistency, which is against the 

‘rules’ of logic. Second, meta-intentional operations must help, or be relevant to, our 

seeking or finding aesthetically relevant properties or other kinds of patterns in our 

AMIO. This is what enables these operations to see new properties. For example, in the 

case of Wessel’s geometric interpretation we can introduce the operator ‘simplification’ 

by, for example, specifying how operations like multiplication, exponentiation and other 

calculations can be achieved by simpler means. And once we apply the operation 

simplification, we obtain a ‘transformed’ intentional object.  

Let us recapitulate. The derivation of DeMoivre’s theorem presented above is an 

elegant derivation. This has to do with the fact that the theorem can be derived by very 

simple means. But realizing this kind of simplicity depends on different intellectual 

activities than realizing the simplicity of Euler’s formula. In the case of the derivation we 

need to actively supervise that all steps are correct and that they lead to the theorem in a 

natural way. The fact that the derivation involves only a few steps and the steps 

themselves do not involve complicated calculation contributes to our appreciation of the 

derivation as simple. The fact that this simplicity is also connected with the simplicity of 

the geometric interpretation adds further simplicity. The connection between a simple 
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idea and its power is not only practically appealing but also causes an affective reaction 

in us. We express these facts by using aesthetic terms, ‘elegant’, instead of just merely 

descriptive terms like brief or wide-reach resulting. 

 

Aesthetic Mathematical Intentional Object in Summary 

We can summarize the discussion above as follows: 

A) Aesthetic Mathematical Intentional Object (AMIO) 

An Intentional Object is called mathematical when it is an intentional object whose 

content is a mathematical item.  A Mathematical Intentional Object (MIO) is called 

aesthetic when it is determined by a set of aesthetically relevant properties and structural 

relations; more specifically, when its associated phenomenological space (PS) and 

transforming operations (TO) comply with the following characterization: 

 

B) Phenomenological Space (PS) 

A PS is a collection of at least two different properties, referred to as the dimensions of 

the space. 

B.1) A dimension is a property introduced by an explicit interpretation or definition. 

B.2) Every PS has at least one background-understanding dimension. 

B.2.1) A background-understanding dimension is a property that specifies the theoretical 

knowledge necessary to understand the mathematical item that constitutes the AMIO. 

B.3) Every non-background understanding dimension is aesthetically relevant. 

 

C) Transforming Operation (TO) 

A TO is a set of rules that AMIOs follow in order to construct new AMIOs 

C.1) A TO is called implicit when it consists in the rules of logic and mathematical 

background knowledge. 

C.2) A TO is called meta-intentional when it is not an implicit TO, and it is aesthetically 

conservative and intentionally relevant 

C.2.1) A TO is aesthetically conservative in a phenomenological space PS if it is 

consistent with all the rules that define the dimensions of PS. 
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C.2.2) A TO is intentionally relevant if it allows us to establish aesthetically relevant 

properties not present in PS. 

 

 

2.1.2 Formalism and the Role of Form 

The way I have dealt with the notion of ‘aesthetic form’ is different from the way authors 

like Kivy do. My approach to aesthetic experience can be qualified as formalism, in the 

sense that emotive content plays no significant role. Perhaps it is a good idea to see how 

we can interpret my approach as a type of ‘formalism’. 

Aesthetic mathematical intentional objects constitute a particular type of aesthetic 

forms. Their characteristics determine the modality of aesthetic experience in 

mathematics. In general, all kinds of aesthetic forms are profoundly related to the 

modality of the experience involved in an aesthetic-process. The aesthetic form of a 

painting or a sculpture is closely related to its concrete visual or spatial structure; but the 

relation between the form of a poem or of a symphony is less closely related to the 

concrete visual properties of printed words or of heard stimuli. This is perhaps the most 

crucial feature that distinguishes one particular aesthetic experience from another. I 

believe there is no single notion of aesthetic form that can be used to characterize all 

possible aesthetic experiences. However, a significant insight can be gained by 

conducting local analyses of form if we complement it by locating it in the context of a 

wider theoretical framework like the-aesthetic-as-a-process approach. 

Now, if we cannot give a characteristic general notion of form, how should we 

understand formalism as a unified aesthetic approach? 

My proposal is not to try to give a unique notion of form that covers all kinds of 

aesthetic form, but rather to offer a unifying role that form performs in aesthetic-

processes. Even if aesthetic experience is different for different modalities of experience, 

aesthetic form performs the same role in all of them: it serves as the focus and cause of 

the experience.  

Aesthetic experience is constituted by its content and its associated pleasure 

response. Aesthetic form serves as the focus of attention; in this way it confers unity on 

the aesthetic experience. Aesthetic form is also the cause of the enjoyment (pleasure or 
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displeasure) associated with the content of experience; in this way it lends the experience 

its affective, aesthetic character. This, I believe, constitutes a role-based approach to 

aesthetic formalism. 

2.2 Aesthetic Appreciation Phenomena 

I have proposed AMIOs as the characteristic content of mathematical aesthetic 

experience; the peculiarities of these objects distinguish aesthetic experiences in 

mathematics from other kinds of aesthetic experiences. In addition to distinguishing 

mathematical aesthetic experiences from other experiences, we can use the way the 

content of experience, an AMIO, is involved in eliciting an affective response to further 

characterize mathematical aesthetic experiences. As anticipated, I have identified three 

different ways in which content elicits affective reactions. These relations between 

AMIOs and their associated responses introduce a finer characterization of experiences. 

These content-response relations depend on the particular way affective reactions are 

elicited in the way we appreciate them. I call them aesthetic appreciation phenomena. I 

distinguish the different aesthetic appreciation phenomena based on how an affective 

response is elicited. In the first type of aesthetic appreciation phenomena the response is 

elicited by passive contemplation, due to autonomic reactions to a stimulus. In the second 

type the response is elicited by the performance of intellectual activities. In the third type 

the response is elicited by mechanisms related to our acquired preferences, that is, by the 

preferences that have been modulated by tradition and learning. I call these aesthetic 

appreciation phenomena basic, formal and canonical, respectively. Each aesthetic 

appreciation phenomenon characterizes a different type of mathematical aesthetic 

experience, which we can thus call basic, formal or canonical experiences. 

 

2.3 Basic Appreciation Phenomena 

In basic aesthetic appreciation phenomena (or basic phenomena, for short) the affective 

response is the result of autonomic affective responses to ‘passive’ AMIOs, that is, 

AMIOs that do not involve ‘active’ mental contents.  

Affective responses are involved in a wide class of behavioural and psychological 

phenomena besides emotions (Frijda, 1986, Ch. 3; Robinson, 2005, Ch. 1). I employ this 



124 
 

fact to interpret aesthetic appreciation phenomena in mathematics. This, I believe, is 

consistent with Robinson’s theory of emotions, since, in Robinson’s view, events like 

non-cognitive appraisal are shared by higher and lower species and they seem to unfold 

along relatively independent temporal paths (Robinson, 2005, pp. 64-67). We have seen 

in Chapter 2 that, in Robinson’s theory, part of the emotion process consists of complex 

responses involving physiological, psychological and behavioural changes in an 

individual who encounters certain sensorial or cognitive inputs36. The initial stage of an 

emotion process is an affective appraisal of the stimulus (Robinson, 2005, pp. 62-65). 

The coarse, non-cognitive appraisals seem to consist of several elements (Robinson, 

2005, p. 65). For example, non-cognitive appraisals do not classify stimuli as one of our 

well known emotions (fear, anger, shame, etc.); rather, they categorize stimuli in broader 

emotion-like categories or emotion-families. The non-cognitive appraisals make rough 

assessments based on emotion-like families like the fear-family or the anger-family37. For 

instance, a snake-shaped branch lying on the floor can result in an automatic response of 

fear. This is because the non-cognitive appraisal categorizes the stimulus in the fear-

family. Another important component of the appraisal in this example is that the stimulus 

is evaluated not only as relevant to the fear-family but also as threatening. A very 

interesting component of the evaluation of non-cognitive appraisals is that some stimuli 

are classified in terms of positive or negative valences; they are crudely seen as safe or 

threatening, as friend or enemy, familiar or weird, etc. Although the identification of 

specific valence polarity pairs like safe-threatening is a matter of empirical research, I 

believe that a very basic valence polarity pair is the one that classifies stimuli in terms of 

their being pleasing or not, that is, in terms of the reactions ‘I like it’ and ‘I do not like it’. 

This liking-disliking polarity seems to be relevant to emotions that include evaluation of 

the intrinsic pleasantness of the stimuli (Robinson, 2005, p. 65). 

Now, non-cognitive appraisals are just one of the elements of Robinson’s 

interpretation of emotions as processes, and what is characteristic of emotion is the whole 

process, not single events. Non-cognitive appraisals are emotive because they participate 

in an emotion process. In a similar manner, my proposal is that affective reactions in 

                                                 
36 For a summary of results that support this, see Appendix 3. 
37 For a survey of empirical results, see Appendix 3. 
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aesthetic appreciation are characterized by the process in which they participate, namely, 

an experience-process (or, in the larger picture, an aesthetic-process). 

I must emphasize that I do not claim that emotions are the kind of phenomena 

involved in basic aesthetic appreciation phenomena. Rather, I just claim that some 

aspects of the nature of emotions (the fact that there are autonomic affective responses to 

the environment and cognitive stimuli) can be used to inform our common sense to put 

forward a plausible hypothesis regarding basic aesthetic appreciation phenomena.  

The simple autonomic affective responses related to the valence polarity-pair 

liking-disliking offers a means to refine our understanding of aesthetic experience in 

mathematics. For the purpose of characterizing aesthetic experience we can make the 

simple (and, I believe, not implausible) assumption that the affective reactions involved 

in our aesthetic experiences are similar to the non-cognitive appraisals that exhibit the 

valence polarity pair liking-disliking. 

Now, I propose to view the pleasure response in basic phenomena as an affective 

response to a ‘passive’ (not involving shifts of focus) content of our attention. Pleasure 

(or displeasure) is elicited as an autonomic response due to the cognitive input being 

‘classified’ on the liking (or disliking) side of the valence polarity. The mere presence of 

the input ‘stimulus’ results in a ‘good feeling’, a feeling of ‘I like it’. A similar 

mechanism is responsible for displeasure: the initial cognitive input is ‘classified’ on the 

disliking side of the valence polarity; its mere presence results in a ‘bad feeling’, a feeling 

of ‘I do not like it’. 

Basic aesthetic appreciation phenomena thus involve the intentional objects, 

AMIOs, able to elicit the affective responses associated with the valence polarity pair 

liking-disliking. We can characterize the first type of aesthetic experience as the 

experience-processes the content of which involves basic appreciation phenomena. 

 

Definition 1: 

An aesthetic experience is constituted by a basic aesthetic appreciation phenomenon if 

and only if the passive content of experience, its AMIO, can be classified by means of the 

liking-disliking valence polarity. 
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A passive content of experience is a content that does not involve intellectual activities 

that unfold from one item to another. Theorems or formulas are examples of passive 

contents since they are items that can be contemplated without actively shifting attention 

to other items. Derivations or proofs are examples of items that require ‘active’ attention, 

since in order to follow a derivation or a proof we need to shift our attention from one 

step of the derivation or proof to the next. For example, in addition to Euler’s formula, 

David Wells’ list (Wells, 1990), includes theorems like ‘π is transcendental’, ‘the number 

of primes is infinite’ or the four -colour theorem. None of the entries in the list includes a 

reference to a proof. The four-colour theorem is an interesting entry since the theorem is 

well ranked, number nine, it lacks an analytic proof and its computer-assisted proof is not 

considered beautiful. The items in Wells’ list are mainly passive.  

Unlike proofs, theorems require a more ‘purely contemplative’ attention. It is true 

that understanding any piece of mathematics requires a range of different passive and 

active kinds of attention. But in the case of simple results, the appreciation of their extra 

properties does not involve further activities and in many cases the affective response is 

autonomically elicited by the mere content of our attention, which makes them instances 

of basic appreciation phenomena. Let us examine Euler’s formula to exemplify basic 

phenomena. 

Our aesthetic experience of Euler’s formula does not consist in the perception of 

concrete stimuli or the awareness of particular instances of the formula; rather, it consists 

in our awareness of its aesthetically relevant properties. This fact is represented in my 

interpretation by seeing Euler’s-formula-as-object-of-attention as an object existing in a 

phenomenological space the dimensions of which are CA (complex analysis as 

background understanding), simplicity, and composition. Complex analysis allows us to 

‘see’ the object, while simplicity and composition play the role of eliciting an affective 

response (they are the aesthetically relevant dimensions). The mere presence of Euler’s-

formula-as-object-of-attention involves our awareness of its simplicity and composition 

properties. Simplicity and composition are ‘attractive’ properties; we are prone to like 

rather than to dislike these properties. That is, we are prone to affectively classify objects 

that possess these properties on the liking side of the valence polarity; we experience a 
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feeling of ‘I like it’ when we are presented with such properties. There is thus an 

autonomic response associated with the presence of Euler’s-formula-as-object-of-

attention. Now, not all mathematical formulas are simple, nor do they involve almost all 

the important constants in mathematics; Euler’s formula is and does, though, and when 

we contemplate it, when we make it our object of attention, we like it, we respond 

affectively to it. This contemplation does not involve further activities, since making it 

our object of attention (in the aesthetic sense) consists precisely of realizing its simplicity 

and composition.  

We can say that in the case of Euler’s formula, all we need for an autonomic 

affective reaction is ‘passive’ contemplation (in the sense that our attention does not shift 

from item to item), and we can thus say that its experience involves a basic appreciation 

phenomenon. It is important to remember that autonomic reactions caused by passive 

contemplation are characteristic of basic appreciation phenomena; we shall see that 

‘active’ attention is characteristic of formal appreciation phenomena and ‘learned’ 

reactions are characteristic of canonical phenomena. In summary, the content of the 

experience, the AMIO Euler’s-formula-as-object-of-attention, can be classified by 

assigning a side of the liking-disliking valence polarity, the experience is thus of the basic 

type. 

Now, this conception of basic phenomena offers two advantages: first, it is clearly 

related to the affective response associated with having preferences for certain items. 

Affective responses play a central role in our characterization. Second, it differentiates 

basic aesthetic appreciation phenomena from emotions, but, at the same time, it allows us 

to establish an overlap between them. Emotions and aesthetic experiences are not 

completely independent. 

The characterization of basic appreciation phenomena offered here depends on my 

interpretation of some of Robinson’s ideas. Although I believe that my interpretation of 

affective responses in aesthetic experience in mathematics as a type of reaction resulting 

from Robison-type non-cognitive appraisals is not implausible, there remains the fact that 

it depends on empirical findings regarding the nature of specific kinds of valence. 

However, this dependence is not exclusive to my approach. Basic aesthetic responses, in 

non-formal musical events, for example, are traditionally the most difficult topic to 
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analyze by conceptual means. I believe that dependence on empirical findings should not 

be seen as a drawback, but rather as a feature that allows further revisions and 

improvements to f our theories. 

 

A Priori Relation Content-Enjoyment 

Basic appreciation phenomena are characteristically mathematical because the intentional 

objects involved in them, AMIOs, are characteristically mathematical. But if we obviate 

this fact and think in terms of a broader class of intentional objects (music, poems, or 

other ‘cognitive’ objects of attention), some of its features can be discussed in a more 

general fashion. 

If my interpretation is correct, the autonomic affective reactions in basic aesthetic 

appreciation phenomena are closely related to biologically driven responses. Our 

preference for certain visual stimuli, or our aversion for certain sounds, are examples of 

autonomic reactions involved in events of aesthetic appreciation. One of the features of 

these types of experience is that the response is non-cognitive; the response associated 

with the cognitive content (the content of our attention, a theorem or a result) is an 

affective response. Another characteristic of these experiences is that, in the general case, 

even if the responses are elementary and non-cognitive; the ‘inputs’ (the objects of 

attention) that trigger those responses are not necessarily elementary or non-cognitive. A 

green dot is simple in comparison with the sight of a natural landscape with green trees 

and grass; however, the landscape is more likely to trigger an affective response of ‘I like 

it’ than the mere green dot. The ‘basic’ in basic appreciation phenomena does not refer to 

the intentional object; it is the mechanism that triggers the experiences (a non-reducible 

basic mechanism of non-cognitive appraisal) that is referred to as basic. In mathematics 

the experience in our basic phenomena must be triggered by a complex cognitive input; 

an intentional object containing the mathematical item ‘eiπ=–1’, for example. 

Now, by employing autonomic responses as a means of characterizing experience, 

my approach contrasts with McAllister’s account of beauty in science. In McAllister’s 

view, aesthetic preferences are formed via aesthetic induction; this results in an a 

posteriori picture of aesthetic preferences. Basic appreciation phenomena do not entail 

nor need an induction process, since the preferences involved can be explained as the 
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result of a ‘hard-wired’ autonomic mechanism. In this way, past experiences are not 

necessary to explain the preferences associated with basic appreciation phenomena. 

Drawing an analogy with knowledge, we can say that there are preferences that depend 

on experience and preferences that do not; and we can call these last preferences a priori 

preferences. My model allows both types of preferences, a priori and a posteriori, as we 

shall see in the following sections. 

2.4 Formal Appreciation Phenomena 

The second type of aesthetic appreciation phenomena I propose is formal aesthetic 

appreciation phenomena. In formal aesthetic appreciation phenomena (or formal 

phenomena, for short) the affective response is elicited by an active content. The main 

difference from basic phenomena is that in formal phenomena the response is elicited as 

the result of performing intellectual activities that involves the content of attention. I have 

included intellectual activities in my characterization, inspired by Kivy’s formalism; 

hence the term ‘formal’. An active engagement of the listener is central to Kivy’s account 

of what we enjoy in our appreciation of musical structures. Certain mathematical items 

involve an analogous engagement. 

In Chapter 2 we have seen that, according to Kivy, a significant role in our 

pleasure in apprehending musical structures is played by ‘playing’ with patterns (as in the 

‘hypothesis game’ and the ‘game of hide and seek’). This can be generalized as the idea 

that repetition, symmetry and other types of patterns play a role in aesthetic experience 

(or at least in certain modalities of aesthetic experience). We can take Kivy’s idea of 

‘games’ and generalize it to include the intellectual activity or activities consisting of all 

kinds of logic-like expectations used by mathematicians (logical inference or inductive 

projection, for example) and in the recognition of and search for general patterns. This 

generalization allows us to include, I believe, the most relevant ways of dealing actively 

with intentional objects in mathematics. 

By introducing recognition and, especially, search for patterns, the content of our 

aesthetic experience is no longer mere passive contemplation. Intellectual activities are 

now part of the content. If the active part of the content elicits an affective response we 

have a formal aesthetic appreciation phenomenon. Formal aesthetic appreciation 

phenomena characterize aesthetic experiences whose content is active. 
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Patterns thus have aesthetic relevance. My model of AMIO allows the 

introduction of pattern-related activities by means of operations. My model also allows us 

to construct new objects of attention, thus, in addition to search and find patterns, the 

activities in mathematical experience can also include constructing patterns. While 

mathematical results, theorems or formulas are usually passive objects of attention, 

mathematical items like proofs or derivations involve active attention. We have already 

presented an elegant derivation of De Moivre’s theorem. I now present another (more 

standard) version of the theorem involving only integer exponents; I refer to it as De 

Moivre’s formula: 

 

(cos x+sin x)n=cos (nx)+ i sin (nx) 

 

Its derivation from Euler’s identity38 serves us to illustrate the active contents of 

experience: 

Euler’s identity is: 

e
ix=cosx+i sinx   (1) 

 

The exponential law tells us that: 

(eix)n=e
inx   (2) 

 

Rewriting einx  leads to 

e
inx=e

i(nx)   (3) 

 

Substituting in (1) yields 

ei(nx)=cos(nx)+i sin(nx) (4) 

 

In this simple example our attention is focused not on a single item only. Rather, it 

successively shifts from one item to another. We begin by focusing our attention on 

Euler’s identity, then on the exponential law, then on associativity and finally on De 

Moivre’s formula. Performing these activities is necessary to understand how De 

                                                 
38 The reader will recall our non-standard terminology for Euler’s Formula. 
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Moivre’s formula is related to Euler’s identity and thus to understand the derivation as a 

derivation. Theorems or formulas establish certain states of affairs concerning certain 

mathematical objects. Euler’s identity establishes the identity between complex 

exponents and trigonometric functions. But a derivation (or a proof, for that matter) 

establishes the logical relations between different results. Now, the derivation not only 

establishes logical relations, it also helps us understand the results involved: once we 

‘see’ the steps that conduct us from Euler’s identity to De Moivre’s formula we see that 

the appearance of the term n, for example, in different places in the formula (once as an 

exponent and once as an argument of trigonometric functions) is not arbitrary: we 

understand why the term appears in both places. Now, in order to gain this understanding, 

we need to actively follow the steps of the derivation, we must understand what each step 

does, we must check that each step makes sense, that there are no contradictions, that 

there are no errors, etc. The nature of derivations and proofs involves an active 

engagement of our  attention. 

Active attention, of course, turns our experience of the mathematical item into an 

active experience. But aesthetic experience is characterized by an affective response. The 

presence of patterns in mathematical experience coupled with active engagement of 

attention, just as in the case of music, is able to elicit an affective response, and thus to 

turn our experience into an aesthetic experience. 

For example, the derivation of De Moivre’s theorem from Wessel’s geometric 

interpretation39 of complex numbers has been qualified as elegant by Nahin. Let us recall 

that the derivation requires only the geometric interpretation of complex numbers; 

starting with a unit radius vector of direction angle θ/m. 

It follows that 
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Or turning this statement around by taking the mth root, 

                                                 
39 Eulers’ identity was proved in 1714 by Roger Cotes, and published in its current form by Euler in 1748. 
Wessel introduced his interpretation in 1799 in the Royal Danish Academy of Sciences and Letters but it 
remained obscure for some time. 
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Something we notice immediately is that in this derivation our point of departure is more 

fundamental. While Euler’s identity already establishes complicated and non-obvious 

relations, the geometric interpretation establishes a simple way to deal with complex 

numbers. Interestingly, this simple definition of complex numbers results in a shorter 

derivation of De Moivre’s theorem. Now, realizing that the simplicity of the geometric 

interpretation and understanding the derivation above depend on an active engagement of 

our attention, we must compare the interpretation to other possible conceptions, check the 

derivation for coherence, for absence of errors, etc. The simplicity of this derivation 

results in an affective reaction; we like this derivation (or at least Nahin does). However, 

the simplicity involved here is of a different type than the one in Euler’s formula and, 

more importantly, the affective response is not elicited by the merely passive 

contemplation of the definition or of any of the items involved in the derivation, but 

rather by our active engagement in following it. 

This example thus exhibits two differences from Euler’s formula. First, the object 

of attention is different: while in Euler’s formula we have a single object of attention, a 

single AMIO, in this derivation our attention focuses successively on the geometric 

interpretation, on the unit radius, on the first line of the derivation, etc. There is no unique 

AMIO on which our attention focuses; the derivation is rather composed of multiple 

objects that are linked by logic, and, in our experience, by attention shifts. Second, we 

appreciate the brevity of the derivation, but this brevity does not appear as a property of 

any of the individual objects of our attention (the steps of the derivation), it is rather a 

property of the collection of those objects. Since the properties involved in eliciting an 

affective reaction are related to active engagements of our attention, the affective reaction 

cannot thus be elicited by mere ‘passive’ contemplation (the awareness of properties of a 

single intentional object). This testifies to the presence of active aesthetic experiences. 

Active attention is central to the appreciation of derivations, proofs and other 

mathematical items. Mathematical derivations or proofs resemble (like music) stories: 

they consist in a collection of initial ‘events’ that need to be developed in a coherent way 
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in order to arrive at a closure. Now, not all mathematical derivations or proofs are 

regarded as beautiful. The derivation of De Moivre’s formula based on the geometric 

interpretation seems more elegant than the one based on Euler’s identity. Only 

derivations or proofs whose ‘narratives’ are able to elicit affective responses can be 

properly qualified as elegant or beautiful. The geometric interpretation based derivation is 

easy to follow and it has a more fundamental and simpler premise than Euler’s identity-

based derivation, its narrative is more suitable to be qualified as elegant. 

This elegance is related to how the derivation ‘tells’ the story, that is, to how the 

derivation shifts our attention (the ‘plot’ of the derivation) and how it reaches its 

conclusion (the ‘resolution’ of the plot). It is not only the mere presence of an AMIO that 

is responsible for the enjoyment of this experience, but rather the activities involved in 

the plot and resolution of our story-derivation. 

I have proposed two kinds of possible operations in phenomenological spaces40: 

implicit and meta-intentional operations. These operations represent the intellectual 

activities that result in an affective response or allow us to ‘see’ properties that result in 

affective responses. The operations allow us to ‘see’ properties in active experiences 

because they allow us to ‘construct’ new AMIOs in a phenomenological space. For 

example, the derivation of DeMoivre’s theorem from the geometric interpretation 

presented above is qualified as elegant due in part to its simplicity. But we have seen that 

this simplicity is not a property of any of the individual steps of the derivation; rather, it 

is a property of the derivation as a whole. In order to take the effect of this simplicity into 

account, we need to interpret the derivation as a composite AMIO consisting of the 

collection of steps of the derivation. We can use, for example, the notion of logical 

consequence to link each new step to the previous one. This is permitted in our 

phenomenological space since the most basic type of implicit operation consists in the 

rules of logic. By including logical-transformation operations, our experience consists not 

only of successive objects (the steps of the derivation) but also of the object resulting 

from linking all these steps by logical consequence. We can attribute properties, like 

simplicity, to this newly constructed object that we cannot attribute to any of the 

individual steps. We can, for example, proceed as follows: let us think of the number of 

                                                 
40 See section 2.1.2.1. 
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steps involved in the derivation. We can introduce the property of step-parsimony defined 

as the property of consisting of very few steps. Of course, none of the individual steps 

can be qualified as being step-parsimonious (they do not themselves have steps), but the 

composed AMIO resulting from the logical consequence operation can be qualified as 

step-parsimonious. This step-parsimony is one of the reasons why our derivation has been 

qualified as elegant.  

Our ‘active’ experience of the derivation of De Moivre’s theorem occurs in a 

phenomenological space that allows the construction of a composed AMIO via a logical-

consequence-implicit operation (or a similar one). This composed AMIO, due to the 

property of step-parsimony (which is a form of simplicity), elicits an affective response. 

Our new phenomenological space thus includes the following dimensions (the properties 

visible in our experience): algebra and analytic geometry (as background understanding); 

conceptual-simplicity, defined, for example, as being understandable by a single mental 

act and without ad hoc concepts; and step-parsimony. It also includes the operation 

logical-consequence. Such a phenomenological space contains both the single AMIOs for 

each step and the resulting composed AMIO for the whole derivation. In this case the 

simplicity and step-parsimony together elicit an affective response. But it must be noted 

that our appreciation of step-parsimony depends on our active construction of the 

composed AMIO, it is not just passive contemplation. In Chapter 4, I develop these ideas 

further in my analysis of the more complex case of Cantor’s diagonal proof. 

Now, in the previous section I proposed that autonomic affective reactions occur 

in basic appreciation phenomena; here I propose that just as there are autonomic affective 

reactions resulting from the passive contemplation of intentional objects, there are 

affective responses associated with the performance of intellectual activities: just as we 

like or dislike certain stimuli, we like or dislike performing certain activities. It is no 

surprise, for instance, that Kivy calls the activities involved in music ‘games’, since we 

derive amusement and pleasure (or frustration and displeasure) from performing the tasks 

involved in Kivy’s games. 

We can conclude that in addition to the ‘passive’ enjoyment associated with the 

presence of an intentional object, there is an ‘active’ enjoyment associated with the 

activities performed in an aesthetic experience. 
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With this idea we can now characterize the second way content and enjoyment 

relate to each other in aesthetic experience. In formal aesthetic appreciation phenomena 

the objects of attention involved in an active experience elicit an affective response, or 

the performance of the activities elicits an affective response. In other words: 

 

Definition 2: 

An aesthetic experience is constituted by a formal aesthetic appreciation phenomenon if 

and only if 1) The resulting content (either a simple or composed AMIO ‘built’ in our 

experience) can be classified by means of the liking-disliking polarity, or 2) The 

intellectual activities involved in the experience can be classified by means of the liking-

disliking polarity. 

 

Relation Content-Enjoyment of Formal Phenomena 

According to my definition there are two possible sources of enjoyment in active 

experiences: a passive source, resulting from the mere presence of a (newly ‘built’) 

object, and an active source, resulting from actively constructed objects or from the 

performance of the ‘constructive’ operations. The relation between content and 

enjoyment is thus more complex than the relation in basic phenomena. In both cases the 

intentional object elicits an affective response, but in active experiences, the content is 

active and the performed activities themselves can be a source of enjoyment. That is, in 

basic phenomena the only source of enjoyment is the object; in formal phenomena both 

the object and the activities are partially responsible for the enjoyment. 

The enjoyment derived from the activities is different from the enjoyment derived 

from the object. Enjoyment of a game of chess is clearly different from the enjoyment we 

might derive from the objects we use to play the game. We can enjoy the beauty of a fine 

chess board, but we would enjoy the game independently of whether we play it with a 

marble board or with black and white squares drawn on a sheet of paper. Active 

enjoyment is distinct from passive enjoyment and they cannot be reduced to each other. 

Even if constructed objects in formal phenomena could be reduced to basic objects, there 

is a distinctive enjoyment associated with performing the activities that cannot be 
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eliminated or reduced. This results in the distinctive relation between the content and the 

enjoyment of formal appreciation phenomena. 

As in basic appreciation phenomena, the active content of the experience is 

accompanied by a corresponding affective response of pleasure or displeasure. However, 

since I have used an ‘inclusive-or’ in my characterization, in formal phenomena we 

should consider the cases in which one of the elements of content does not elicit a 

response at all. This means that for the passive content the possible responses can be the 

eliciting of pleasure, displeasure or none. The same is true for active content. This results 

in the following possible combinations: 

 

Table 1: Formal Combinations 

Combination Passive Content Response Active Content Response 

1 Pleasure Pleasure 

2 Pleasure Displeasure 

3 Pleasure None 

4 Displeasure Pleasure 

5 Displeasure Displeasure 

6 Displeasure None 

7 None Pleasure 

8 None Displeasure 

9 (Non valid) (Non valid) 

 

Response 9, no affective response at all, is not possible since that would amount to a non-

affective, hence non-aesthetic, experience. The rest of the combinations are ‘composed’ 

responses. We can illustrate a composed response with the case of the derivation of 

DeMoivre’s theorem. In this derivation we experience a response of pleasure caused 

mainly by the parsimony of the derivation. This parsimony is not a property of any single 

step of the derivation but of the derivation as a whole; it is a property of our ‘constructed’ 

object. Of course, there is an active element in the content, related to ‘following’ the 

derivation, but these activities are not necessarily the origin of our affective response, for 

the sake of argument we can assume that this active element results in no response. This 

situation corresponds to combination 3.  
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The best pleasure-eliciting combination is, of course, combination 1; it is a ‘full 

pleasure’ combination in which both the passive object and the active element are 

pleasant. In Chapter 4 I analyze Cantor’s diagonal proof, which is an example of a full 

pleasure response, since it involves both passive and active responses. The important 

issue here is that the possible responses in formal phenomena constitute a more complex 

set of combinations than a mere response of pleasure or displeasure. 

2.5 Canonical Appreciation Phenomena 

The third type of aesthetic appreciation phenomena by which I propose to characterize 

aesthetic experience in mathematics is canonical aesthetic appreciation phenomena. In 

this type of phenomena I consider the fact that preferences can be modified by experience 

and that they change over time, as has been shown by McAllister’s work. In canonical 

aesthetic appreciation phenomena (or canonical phenomena, for short) the passive or 

active character of the content is less relevant. The main feature of canonical aesthetic 

appreciation phenomena is the mechanism responsible for eliciting an affective response. 

In canonical phenomena responses are ‘learnt’. The eliciting of our responses depends on 

previous experiences, in a fashion similar to the way the preferences of an aesthetic canon 

are modified by aesthetic induction in McAllister’s approach, hence the term canonical.  

Basic and formal phenomena are characterized by the fact that their content is able 

to elicit an affective response; the passive or active content of the experience triggers an 

autonomic response, a feeling of pleasure or displeasure. I propose to interpret this 

situation by saying that the content of the experience invokes an affective response. In 

canonical experience, the content does not directly trigger an autonomic response but, 

rather, the content ‘reminds’ us of circumstances which we have learnt to like or dislike. 

This is a ‘learned’ eliciting of enjoyment. In these circumstances; I propose to say that the 

content evokes an affective response. It must be noticed that a learned response may 

become so strongly internalized in us that it may closely resemble an autonomic 

response. 

The case of complex analysis offers interesting cases of canonical appreciation 

phenomena. Imaginary numbers were not fully understood until the 16th century. Its 

introduction was plagued with suspicion, caution and even negative aesthetic attitudes 

(Nahin, 1994, pp. 16-17). But imaginary and complex numbers eventually became part of 
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the basics of mathematics and, as we have seen, a source of many “elegant calculations” 

(Nahin, 1994, pp. 48-55). Now, there are two ways in which the introduction of complex 

numbers can affect the way we appreciate them (we respond to them). First, they allow us 

to achieve shorter, more easily understandable mathematical derivations and proofs. That 

is precisely the case with the introduction of the geometric interpretation that led to a 

more elegant derivation of De Moivre’s theorem presented in a previous section. Second, 

we develop a familiarity with complex numbers and the mathematical items (proofs, 

theorems) that involve them, which eventually results in a change in our preferences. This 

mechanism of changing preferences is closely related to McAllister’s aesthetic induction. 

However, this familiarity does not necessarily result in an increase in our preferences. 

The properties and interpretation of complex numbers can become so familiar that we end 

up finding them unremarkable. This is precisely the case with Le Lionnais: he bears 

witness to the fact that not all mathematicians find our number-one-ranked Euler’s 

Formula so remarkable: 

Euler’s formula […] establishes what appeared in its time to be a fantastic connection between the 

most important numbers in mathematics, [-]1, [i,] π, and e. It was generally considered “the most 

beautiful formula of mathematics.” The brilliance of this expression is due to the nearly perfect 

elimination of every element foreign to the three numbers just cited. Today the intrinsic reason for 

this compatibility has become so obvious that the same formula now seems, if not insipid, at least 

entirely natural. (Le Lionnais, 2004, p. 128) 

 

David Wells’ readers (and Wells himself), who ranked the formula as number one, 

obviously disagree with calling the formula insipid. Furthermore, Wells himself employs 

Le Lionnais’ opinion to show that aesthetic preferences in mathematics change over time 

(Wells, 1990, pp. 38-39). This disagreement also shows that some preferences depend on 

our familiarity and experience with the mathematical item. I say that a certain preference 

has been learnt if that preference has been shaped by our experiences. Le Lionnais’ 

opinion seems to be a case of (negative) learnt preference, and he himself explains this by 

stating that the initial attractive composition of Euler’s formula lost its appeal as we 

accumulated experience with the items and principles involved in the formula. The 

important fact here (if we walk in Le Lionnais’ shoes for a while) is that our response is 

not elicited via a mere autonomic reaction, but by mechanisms that involve past 



 

139 
 

experiences and acquaintances with similar or related items. Until now, the characteristic 

that differentiates basic and formal experiences consisted of the type of content, passive 

or active, that elicited the affective response; in canonical phenomena we focus on how 

the response is elicited. 

To establish the contrast in the way the content of an experience elicits enjoyment, 

I use the terms invoking for autonomic eliciting, and evoking for ‘learnt’ eliciting. I 

interpret the relation of evocation between an intentional object and its associated 

enjoyment as follows: 

 

An affective response (of pleasure or displeasure) is evoked by (properties of) the 

intentional object O if and only if O does not autonomically elicit an affective response 

and there is a collection of experiences with a different object E such that E was able to 

elicit an affective response (of pleasure or displeasure) and O holds a relation of 

similarity to E.  

 

For example, proofs by diagonalization consist in applying a procedure similar to the 

procedure employed by Cantor’s original diagonal proof of the non-denumerability of the 

real numbers. Cantor’s proof is considered a very beautiful proof. One of the reasons is, I 

believe, that it is a very brief proof. Although any proof by diagonalization may be 

different in several respects, they all resemble each other in a characteristic element. In 

Chapter 4 I identify two steps of the proof as the ‘core’ of the diagonal method. Involving 

the core of the diagonal method is characteristic of proofs by diagonalization. Although 

the different proofs by diagonalization themselves can be, for example, a great deal 

longer than Cantor’s original proof and can thus lose the appeal of the brevity of Cantor’s 

original proof, the fact that they still resemble Cantor’s original proof contributes to our 

appreciation of the proofs by diagonalization, and of the diagonal method itself. 

Now, invoked enjoyment consists, of course, of the affective responses evoked by 

the content of the experience. The idea of evoked enjoyment can be seen as a 

generalization of the mechanisms that supports McAllister and Kuipers’ ideas of aesthetic 

induction. In aesthetic induction the preferences of individuals or communities for a 

property P vary depending on the recurrent presence of P in empirically adequate 
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theories. This means that in adequate circumstances the preference for P can increase, 

even if in the beginning the individual or the community does not show a strong 

preference for P. McAllister claims that aesthetic induction is an instance of inductive 

projection. However, inductive projection does not involve an affective reaction that 

would allow us to interpret the experience as an aesthetic event. Kuipers offered an 

explanation of aesthetic induction in terms of the mere-exposure effect, which is the 

tendency to show positive affective responses to familiar stimuli rather than unfamiliar 

ones. Familiarity can be used to generalize inductive projection to accommodate affective 

reactions and the characteristics of the mere-exposure effect (including the saturation in 

the inverse ‘U’ shape effect observed in over-exposures). My proposal for this 

generalization is simple: the exposure to certain stimuli or certain intellectual activities 

can induce a change in the elicitation of our feeling of pleasure (or displeasure) if we are 

able consciously or unconsciously to relate those stimuli or activities to other pleasant (or 

unpleasant) stimuli or activities with which the subject is familiar. The most obvious way 

to relate an unfamiliar stimulus or activity to a familiar one is by means of similarities. 

For example, in the case of Le Lionnais’ response to Euler’s formula, his response has 

been shaped by the familiarity he has with the formula and the results that underlie it, as 

he recognizes himself. But in the absence of familiarity, “in its time” as Le Lionnais puts 

it, the response was very enthusiastic; the formula was considered the most beautiful 

formula of mathematics. This is a case in which familiarity has an adverse effect. The 

existence of the positive effect can be witnessed by phenomena like our current 

appreciation of complex numbers, after a period of suspicion and discomfort following 

their discovery. In general, McAllister’s aesthetic induction bears witness to the existence 

of that positive effect of familiarity. 

The idea of using familiarity to explain preferences is not new in aesthetics; 

variants of it can be found in certain approaches to music that explain its emotional 

impact by arguing that the development of music resembles the development of emotions, 

or the development of life itself. Jenefer Robinson in her theory of representation 

discussed in Chapter 2 also presents a variant of this hypothesis. According to Robinson’s 

theory, an object – a pictorial representation, for example – expresses an emotion if it 
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holds appropriate similarities to the way the world appears to a person experiencing the 

emotion. 

We can now characterize the third way in which content and enjoyment relate to 

each other in aesthetic experiences: Canonical aesthetic appreciation phenomena occur 

when the passive or active content of the experience evokes an affective response. 

 

 

Definition 3 

An aesthetic experience is characterized by a canonical aesthetic appreciation 

phenomenon if and only if 1) The content of the experience can evoke an affective 

response of pleasure or displeasure, or 2) The activities involved in the experience can 

evoke an affective response of pleasure or displeasure. 

 

For example, Euler’s formula seems to elicit a positive affective reaction, except when 

one is too familiar with it. We have seen that the formula as an object of attention exists 

in a phenomenological space with complex-analysis, simplicity and composition as 

dimensions. All these dimensions should be still visible in Le Lionnais’ experience, since 

neither our background understanding nor the complexity (simplicity) or the components 

(composition) of the formula have changed. The properties of the intentional object are 

the same; the object is thus the same: Wells and Le Lionnais experience the formula in a 

similar phenomenological space and their AMIO is similar. But due to Le Lionnais’ 

familiarity with the formula, it appears to him unremarkable or even insipid. The 

difference in this case is not in the passive or active content of the experience, the 

difference is in how past experiences with the content have changed the effect of the 

properties of the object for Le Lionnais. While for Wells and his readers the simplicity 

and composition of Euler’s formula are remarkable, for Le Lionnais they are too natural 

and too obvious. In Le Lionnais’ case, ‘learnt’ responses are more relevant than the 

autonomic response in constituting the experience. This is a case of canonical 

appreciation phenomena, as the passive contemplation of the formula evokes, rather than 

invokes, the reaction of insipidness. 
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In this example it is clear that an important characteristic of canonical 

appreciation phenomena is that they characterize experiences the enjoyment of which 

depends on past experiences. Affective responses in canonical phenomena are related to 

preferences that have been modified through experience. These ‘learned preferences’ 

constitute a category that corresponds roughly to the preferences involved in McAllister’s 

aesthetic induction, and since McAllister groups these preferences in what he calls 

aesthetic canons, aesthetic canonical phenomena can be seen as the experiences related to 

the criteria included in a generalized McAllister-type of aesthetic canon; this is why I 

have chosen the term canonical. By including basic (and to some extent formal) 

phenomena I have taken into account autonomic, a priori preferences and reactions, by 

including canonical phenomena I am taking into account learnt, a posteriori preferences 

and reactions. 

 

Relation Content-Response 

As in the case of formal phenomena, the relation between content and enjoyment in 

canonical phenomena is complex. We can establish an analogy between the way the 

content elicits pleasure or displeasure in formal phenomena and the way the content in 

canonical phenomena elicits a response just by replacing the relation of ‘invoking’ with 

‘evoking’. We can have purely passive content; the experience of Euler’s formula, for 

example, does not involve active content. We can also have active content, in proofs or 

derivations, for example. But, the situation is more complicated than just that: from the 

‘inclusive-or’ used in Definition 3, it follows there are cases in which the passive or 

active component that does not evoke a response, still can invoke a response. In principle, 

we can have a case in which the passive content evokes a response and the active content 

does not evoke a response, but this active component still can invoke a response. Taking 

these facts into account, the possible combinations that constitute the relation between 

content and enjoyment in canonical phenomena can be summarized as shown in the table 

below. Note that the option of invoking a response for a given active or passive content is 

only available if there is no response evoked by that same content, otherwise the 

phenomenon should be considered as formal; I have employed the symbol ‘X’ to 

represent that the respective response in the table  is not possible. For example, a 
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combination of four pleasure responses is absent from the table below because the two 

invoked pleasure responses entail the two evoked responses. Although such a 

combination is possible in principle it is better classified as a formal, rather than a 

canonical combination. 
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Table 2: Canonical Combinations. 

 

Combination Passive 

Content 

Evokes 

Active 

Content 

Evokes 

Passive 

Content 

Invokes 

Active 

Content 

Invokes 

1 Pleasure Pleasure X X 

2 Pleasure Displeasure X X 

3 Pleasure None X None 

4 Pleasure None X Pleasure 

5 Pleasure None X Displeasure 

6 Displeasure Pleasure X X 

7 Displeasure Displeasure X X 

8 Displeasure None X None 

9 Displeasure None X Pleasure 

10 Displeasure None X Displeasure 

11 None Pleasure None X 

12 None Pleasure Pleasure X 

13 None Pleasure Displeasure X 

14 None Displeasure None X 

15 None Displeasure Pleasure X 

16 None Displeasure Displeasure X 

Non valid (None) (None) X X 

 

The case of canonical phenomena is more complicated than the case of formal 

phenomena. It not only has more possible combinations, there are also ‘confusing’ 

combinations. In the case of formal phenomena I pointed out that the ‘full-pleasure’ 

combination (Pleasure, Pleasure) seems to render a clear pleasure reaction even for 

complex active experiences like proofs. However, in canonical phenomena we have three 

different cases, 1, 4 and 12, that render a similar full-pleasure response. The same 

phenomenon occurs with ‘full-displeasure’ responses (Displeasure, Displeasure) in 

combinations 7, 10 and 16. This fact represents the complexity of aesthetic experience 

itself and it has consequences in other elements of aesthetic-processes, as we shall see in 

the following sections. 
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2.6 The Pleasure-Relation 

The discussion above has been mainly descriptive; the only hypothesis I have employed 

is that the affective reactions involved are similar to non-cognitive appraisal with a liking-

disliking valence component. But this descriptive approach will help us to further theorize 

about an aesthetics for mathematics. The first theoretical result I extract is a 

characterization of aesthetic pleasure in aesthetic experience by means of what I call the 

pleasure-relation. 

I have identified basic, formal and canonical appreciation phenomena as the three 

ways in which content and enjoyment relate in mathematical aesthetic experience. We 

have seen that in the case of basic phenomena the relation between the content of the 

experience and its affective reaction is very simple: an object of attention elicits either a 

pleasure or a displeasure response. In formal phenomena (due to its passive and active 

components), the possible response consists of eight combinations. In canonical 

phenomena we have sixteen possibilities. 

We can use these facts to model aesthetic pleasure. It is easy to see that content 

and enjoyment in aesthetic experience have very different constraints. The content of 

experience is relatively independent of the experience itself, since an AMIO is 

determined by a set of properties of the original mathematical item. Pleasure, in contrast, 

is triggered by the passive presence of AMIOs or by an active content. In other words, the 

enjoyment depends on content. We have also determined the possible ways in which 

pleasure is related to the content of experience. All this information can be summarized 

by saying that the content of an experience is an independent variable, and that pleasure 

is a variable that depends on the content. There is a dependence relation between pleasure 

and the content of experience. 

The relation between the intentional object and the affective response resembles a 

function in the sense that it expresses the dependence between two entities. However, as 

we shall soon see, there is an important difference:  a function associates a single output 

with an input, but in the case of the pleasure-relation, the input, an intentional object, can 

result in different outputs, affective responses, depending on the context (the same object, 

Cantor’s proof, for example, can be involved in formal or canonical  phenomena). 
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Several components of an aesthetic-process – the change of value over time, for example 

– play a role in determining the output. Despite this large-scale dependence, the ‘local’ 

dependence of affective response on intentional objects still captures some important 

features (the multiplicity and complexity of the possibilities of response, for example) 

that will help us clarify some issues related to the production of aesthetic judgements. For 

this reason, I devote this section to modelling the local features of the pleasure (or 

displeasure) response. 

Pleasure (an affective response) is caused by, or, more generally, is the result of, 

the content of experience. The content can be seen as a variable with two components: 

the passive and active content. Pleasure, the affective response, can be seen as a variable 

with two components corresponding to the passive and active responses. We can define 

aesthetic pleasure as a relation that maps the content of experience into a set of ordered 

pairs that represent the possible combinations of responses. As before, we can call these 

responses or combinations of responses simply ‘enjoyment’. 

We can thus define enjoyment simply as the set E8JOYME8T of all possible 

combinations of affective responses. This includes the two possibilities pleasure and 

displeasure for basic phenomena; the eight combinations for formal phenomena; and the 

sixteen for canonical phenomena. Aesthetic pleasure in mathematical aesthetic 

experiences can be informally characterized as follows41: 

 

f:  content→E8JOYME8T 

 

2.6.1 Formalization 

The idea of the pleasure-relation can be formalized as follows: 

Let us first define our vocabulary. 

 

PC={Pas | Pas is an AMIO} 

AC={Act | Act is an AMIO related activity} 

PR=AR={P, D, Ep, Ed, N} 

                                                 
41 Although the notation f is usually employed to refer to proper functions, I shall retain it instead of r, for 
example, in order to avoid confusion with other occurrences of the letter ‘r’ in my discussion.  
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Pas: the variable for the passive content of the experience. 

The range of Pas consists of all possible AMIOs; including no content at all, that 

is, no object of attention. 

In this context the symbol ∅ represents empty content, no object of attention. 

Act: the variable for the active content of the experience. 

The range of Act consists of all possible intellectual activities performed by our 

attention, including no activity at all. 

In this context the symbol ∅ represents no activity. 

 

Rp: the variable for the passive affective response. 

Ra: the variable for the active affective response 

The range of Rp and Ra is the set  

PR=AR={P, D, Ep, Ed, N} 

 

P: the set of invoked pleasure response 

D: an invoked displeasure response 

Ep: an evoked pleasure response 

Ed: an evoked displeasure response 

N: Represents no affective response 

 

We can now define all the ways of relating possible contents of experience to possible 

responses. This relation includes contents of attention that are completely empty <∅,∅> 

and responses that have no affective response <N,N>. These cases cannot be categorized 

as aesthetic, since they amount to either an ‘empty’ experience (and in that case we 

cannot talk about aesthetic experience, since there is no content at all), or no affective 

response (if there is an actual content but no affective response, we have a kind of 

experience that is not aesthetic). There are many ways in which our attention can become 

engaged without arousing any affective response, but these are just episodes of attention, 

not episodes of aesthetic experience. Experiences with no content or with no affective 

response do not participate in aesthetic-processes. However, the cases of non-aesthetic 

experience can be considered boundary cases of ‘attention experience’. Since the relation 
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that admits aesthetic as well as non-aesthetic episodes of attention does not characterize 

aesthetic experiences but rather all kinds of episodes of attention, I call this relation 

attention-relation. The attention-relation contains all ordered pairs (content, response), 

including the boundary non-aesthetic and empty cases. 

The attention-relation is defined as follows: 

 

Attention: (PC×ΑC) × (PR×AR) 

 

This relation contains all possibilities, including basic, formal and canonical aesthetic 

appreciation phenomena (that is, basic, formal and canonical relations between content 

and response). Appreciation phenomena are thus proper subsets of the attention-relation. 

Now, we can define a general pleasure-relation as the subset of the attention-

relation such that its elements consist of the ordered pairs in which the first coordinate is 

not empty and the second coordinate is an actual affective response. A non-empty first 

coordinate is any possible ordered pair <Pass, Act> in which at least one coordinate is a 

non-empty content; in other words any possible pair except <∅,∅>. An actual affective 

response is any possible ordered pair <Ra, Rp> in which one of the coordinates is an 

actual response; in other words any possible pair except <N, N>. In this way we can 

ensure that our general pleasure-relation contains only non-empty experiences that do 

elicit only actual affective responses. Experiences with an active content only <∅, Act> 

cannot be characterized as mathematical in our model and must also be excluded. Finally, 

we must exclude cases in which an affective response has no associated content. For 

example, if the content of attention is just an AMIO and we contemplate it passively – 

that is, there is no active content – the associated response cannot have an active 

response. Thus we must exclude combinations like <<Pas, ∅>, <P, P>>. We can use a 

material implication (⇒) to express this condition as follows: 

Pas=∅⇒Rp=∅ & Act=∅⇒Ra=∅ 

 

I call this condition the Causal Condition. In order to simplify the notation I write the 

symbol CC to stand for (is equivalent to, ≡) the causal condition stated above: 

CC ≡ (∀Pas, Act, Rp, Ra(Pas=∅⇒Rp=∅ & Act=∅⇒Ra=∅)) 
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We can thus define the general pleasure-relation as follows: 

 

Pleasure={<x,y> | <x,y>∈Attention  & x≠<∅,∅> & y≠<N,N> & ∀Act(x≠<∅,Act>)  & 

CC} 

 

We can now define pleasure-relations for our three kinds of appreciation phenomena; I 

call them basic, formal and canonical pleasure-relations, corresponding to basic, formal 

and canonical aesthetic appreciation phenomena. 

The basic pleasure-relation consists of the ordered pairs the first coordinate of 

which contains no active content, and the second coordinate contains no evoked reaction: 

 

BasicPleasure={<x,y>|<x,y>∈Pleasure & ∃Pas(x=<Pas,∅>) & ∃Rp(y=<Rp,∅>) & 

Rp∉{Ep,Ed}} 

 

The formal pleasure-relation consists of the ordered pairs the first coordinate of which 

contains an active content, and the second coordinate contains no evoked reaction: 

 

FormalPleasure={<x,y>|<x,y>∈Pleasure & ∀Pas(x≠<Pas,∅>) & ∀Act(x≠<∅,Act>)&  

∃Rp,Ra(y=<Rp,Ra> & Rp,Ra∉{Ep,Ed})} 

 

The canonical pleasure-relation consists of the ordered pairs the second coordinate of 

which contains an evoked reaction: 

 

CanonicalPleasure={<x,y>|<x,y>∈Pleasure & ∃Rp,Ra(y =<Rp,Ra> & (Rp∈{Ep,Ed,N} 

or Ra∈{Ep,Ed,N}))} 

 

It should be noted that the general pleasure-relation does not characterize a mathematical 

aesthetic experience, since there are many ways of characterizing the relation between 

content and responses; only the three pleasure-relations just defined above characterize 

mathematical aesthetic experience.  
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We can characterize the modality of mathematical aesthetic experience as follows: 

 

An aesthetic experience is a mathematical aesthetic experience if and only if Pas∈{O | O 

is an AMIO} and there is a relation between the content of experience C and its affective 

response R such that  

 

<C,R>∈BasicPleasure∪FormalPleasure∪CanonicalPleasure 

 

We can now re-formulate our pleasure-relation. Let us define: 

 

Content={x | ∃x(<x,y>∈BasicPleasure∪FormalPleasure∪CanonicalPleasure)}  

 

E8JOYME8T={y | ∃x(<x,y>∈BasicPleasure∪FormalPleasure∪CanonicalPleasure)}  

 

A pleasure-relation Pr for mathematical aesthetic experience is defined by: 

 

Pr⊆ Content×E8JOYME8T 

  

 

2.6.2 Pleasure and Aesthetic Terms 

The interpretation of aesthetic pleasure presented above yields an interesting insight. We 

have seen that Rota (Rota, 1997) claims that ‘beauty’ is a concept that does not admit 

degrees. I contested that view. Now, the idea of ‘measuring’ the degree of beauty might 

sound scandalous; fortunately, my interpretation of the pleasure-relation allows us to 

conceptualize the degree of beauty without the need for a measure. In my characterization 

we can see that, in the general case, there are several possibilities for affective reaction. 

We certainly have cases where a pleasure-response does not seem to admit degrees: in the 

case of experiences of basic phenomena the pleasure-relations renders only pleasure 

<P,N> or displeasure <D,N>. However, in the general case, the relation renders 

composed responses, <D,P> for instance. It also seems clear that the ‘total’ enjoyment in 
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full-pleasure combinations <P,P> is ‘more enjoyable’, so to speak, than combinations in 

which only one argument renders pleasure. 

There is another consequence of our interpretation of aesthetic pleasure. If we try 

to link opposed predicates like ‘beautiful’ and ‘ugly’ to an appropriate pleasure-relation 

we get an interesting puzzle: The most obvious association we can establish, of course, is 

to link beauty to pleasure and ugliness to displeasure. This works well for basic 

phenomena, since we have only two possibilities. For formal phenomena the situation is a 

little more complicated; we have eight possible combinations. A compromise here would 

be to associate beauty with ‘full-pleasure’ <P,P> responses and ugliness with ‘full-

displeasure’ responses <D,D>. However, in the case of canonical phenomena we have 

three full-pleasure combinations <Ep,Ep>, <Ep,P>, <P,Ep>, and three full-displeasure 

combinations <Ed,Ed>, <Ed,D>, <D,Ed>. Now, the problem is not how to assign a 

predicate to an output of the relation. There is nothing that prevents us from making the 

assignments to an arbitrary full-pleasure output. However, if we try to interpret what it 

means to state that the predicate beauty is the opposite of ugly in terms of its associated 

pleasure-relation, some questions arise: what do the non-assigned possibilities of the 

relation mean? How should we interpret the negation of the predicate beauty; should we 

interpret it as one, several, or all the possible outputs of the relation, or just as the 

complementary set of outputs? Furthermore, do we need an inverse relation for ugliness? 

What is the relation between ‘mirror’ outputs (outputs that have the opposite position for 

pleasure and displeasure) of the relation? 

I believe this problem does not arise from the interpretation of the predicate in 

terms of the pleasure-relation of an object, but rather from the assumption that the 

relation between beauty and ugliness is just that of their being opposites. I believe there is 

a significant relation between those predicates, but conceptualizing them merely as 

opposites is insufficient. 

In addition, there remains the fact that even if we assign terms like ‘beautiful’ or 

‘ugly’ to particular responses, there is a whole range of unassigned combinations (the 

remaining possible outputs) in the pleasure-relation.  I think this can be construed as 

showing that the conceptualization of aesthetic experiences in terms of predicates is open 

to many interpretations. I explore these ideas in the section on aesthetic judgement: when 
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I put forward the idea of articulation I shall propose a semiotic interpretation in terms of 

what Nelson Goodman calls schemata which, I believe, can account for these issues. But 

for now let us move to aesthetic value. 

 

3. Aesthetic Value  

In this section I present a working notion of aesthetic value consistent with my idea of 

aesthetic-process. I focus on the dynamic aspect of value, which allows me to address 

some of the worries presented in Chapter 1, in particular the problem of a posterioricity in 

the aesthetic induction approach. My approach to value is more theoretical than my 

approach to experience since I use concepts and ideas introduced by Goldman and 

McAllister. However, I focus on the practical issue of accounting for the evolution of 

value rather than on the conceptual problems. Many of the concepts I introduce in this 

section are generalization of McAllister’s ideas (generalized aesthetic canon, for 

example). This is not a work on the history of mathematical beauty and, thus, I do not 

provide here concrete instances to exemplify the evolution of value. I rely on the fact that 

McAllister has shown that beauty in science exhibits a dynamic character. My approach 

aims to generalize the account of such a dynamics. For these reasons the following 

discussion is more abstract than the discussion of aesthetic experience. This shortcoming 

is compensated in Chapter 4, where more space is devoted to showing how the concepts 

in this section can be applied to concrete instances of mathematical beauty. On the bright 

side, this section is also more general and most of the ideas and concepts in it can be 

applied almost straightforwardly to ‘regular’ aesthetic value. 

Now, in order to characterize aesthetic value in the theoretical context of the-

aesthetic-as-a-process we need to understand two things: the content of the concept and, 

perhaps more importantly, the role it plays in an aesthetic-process. Aesthetic value, as I 

interpret it, is a relation between properties and affective reactions. The role of value in 

the aesthetic-process is to provide the adequate norms that are actualized in evaluations. 

There are two ways in which we can see an aesthetic value being actualized: as an 

affective evaluation, the affective response in an aesthetic experience, or as propositional 

evaluation articulated in an aesthetic judgement. Aesthetic preferences, thus, embody the 
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affective side of a value, while aesthetic criteria embody the ‘cognitive’ side. In this 

sense, preferences, aesthetic criteria and values evolve together. 

The relational notion of aesthetic value I endorse here is a generalized version of 

Goldman’s ideas on aesthetic value. For Goldman value is a relation between properties 

of objects and reactions in the observer. I generalize this idea here to include sets of 

properties of objects and affective reactions as follows: 

 

Aesthetic value is a relation between sets of properties of objects (property-sets) 

and positive or negative reactions in the observer.  

 

The sets of properties of objects allows us to establish a link between aesthetic values and 

the dimensions (which consist in relevant properties of objects) of the phenomenological 

space of our aesthetic experience. The introduction of property-sets also introduces 

complications, however. For example, for any set P associated with an affective reaction, 

we can ask about the aesthetic value of its subsets, supersets and partially overlapping 

sets. In this respect my approach does not provide any explicit method to analyze 

relations within the property-set P. Hence, any subsets, supersets or partially overlapping 

sets of P can be part of the aesthetic value relation only if they themselves possess an 

associated affective response42. My characterization of value is restricted to actual sets of 

properties associated with affective responses. My approach can thus be considered 

strictly descriptive, and by no means normative, in regard to which objects or qualities 

possess aesthetic value. 

This description of aesthetic value, along with the role it plays in the unfolding of 

a typical aesthetic-process, can be summarized by interpreting aesthetic value as a 

repository of all possible norms involved in the aesthetic-process. More formally, 

aesthetic value is a collection of ordered pairs <P,r>, where P is a set of the properties of 

objects and r its associated reaction. The first component of the relation P is not a single 

property but a set itself. More specifically, P is an element of the power set of the set T of 

all descriptive properties of objects. That is: 

                                                 
42 This approach is consistent with the view that no set of non-aesthetic properties determines an aesthetic 
property (Sibley, 1959). 
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P∈ ℘(Τ) 

 

Where: 

T is the set of all descriptive properties of objects, and 

℘(T) is the power set of T 

 

Similarly, for the second component of the relation we have: 

r∈E8JOYME8T 

 

where: 

E8JOYME8T={y | ∃x(<x,y>∈BasicPleasure∪FormalPleasure∪CanonicalPleasure)}  

The value set containing all pairs of the type <P,r> can be seen as the extension of our 

notion of aesthetic value. 

Now, the values that we apply are different for different types of experiences: in 

the appreciation of painting, for example, the properties involved are different from the 

properties involved in the appreciation of music. We can say we have different 

repositories of value for different aesthetic-processes depending on the type of aesthetic 

experience involved. In the case of mathematics the properties and reactions involved in 

value are the same as those involved in aesthetic experiences and these properties and 

reactions determine the content of the value repository for aesthetic-processes in 

mathematics. For example, the property of simplicity has appeared in our experience of 

the mathematical derivation of De Moivre’s theorem; our notion of value tells us that our 

repository should include the ordered pair that associates the positive reaction to this 

derivation with the set of properties {simplicity}, as follows:  

 

<{simplicity}, <P, N> >∈VM 

 

where VM is the value-set for mathematical aesthetic value. 

 

The fact that a value repository like VM depends on the type of aesthetic experience tells 

us that there are different ‘types’ of value. We can think of the notion of aesthetic value 
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as containing different types of value corresponding to different types of experience. 

Among these different types of value repositories there is a very salient distinction 

between ‘positive’ and ‘negative’ value. There are negative as well as positive aesthetic 

evaluations. There is bad music, as well as bad painting, and ugly pieces of mathematics. 

We can envisage two non-overlapping repositories, distinguished by their positive or 

negative associated reactions; these reactions characterize, respectively, positive and 

negative value repositories. 

The division of value into different types of repositories can be understood as 

modelling different types of aesthetic value, musical value, mathematical aesthetic value, 

negative aesthetic value, etc. The application of predicates to the concept of value can 

thus be interpreted as taking a subset from the general value relation; this subset is a 

repository that governs aesthetic experiences that are qualified by the same predicate: 

musical experience has an associated musical value repository, negative aesthetic 

experience has a negative value repository, and so on. 

We can also interpret the individual elements of a value repository as the 

particular preferences that are actualized in an individual aesthetic-process. For example, 

in the case Euler’s formula we have seen that simplicity plays a role in eliciting a positive 

reaction. This means that the value repository at work in mathematical appreciation (the 

mathematical positive value repository) includes the pair <{simplicity}, <P, N> >.43 This 

pair represents the particular preference that is actualized in our affective reaction, and in 

our public description of Euler’s formula as beautiful. In order to distinguish the 

particular preferences (which are applied and actualized in specific cases of evaluation) 

from the notion of value (which is a relation, a set of ordered pairs <P,r>), I call the 

specific pairs in a value set value-elements; the different subsets that model a certain type 

of value are referred as  value repositories. The extensional content of the concept of 

aesthetic value is thus the set containing all possible value-elements, which is also the 

union of all value-repositories. Now, the features of negative repositories can be 

modelled in a fashion analogous to the positive ones. For this reason I concentrate first on 

the positive repository and then extend the analysis to the negative one. 

                                                 
43 In addition to this individual value, our value repository includes pairs associated with the simplicity of 
different kinds of experience, for example simplicity in the derivation of De Moivre’s theorem’s; 
<{simplicity, parsimony}, <P,N>> 
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As we have seen at the beginning of section 1 of this chapter, Alan Goldman 

conceives aesthetic value as a relation between descriptive properties of an object and 

reactions in the observer. In a fashion similar to Goldman’s, I interpret value as a relation 

between properties of the object and positive or negative reactions on the part of the 

evaluator. But my approach, based on sets of properties, is more suitable for dealing with 

the empirically-constrained formalism in my proposal of an aesthetic-process and my 

analysis of aesthetic experience. In Chapter 1 we have seen that aesthetic preferences 

change over time. Experience, in particular, seems to play a central role in the evolution 

of preferences; this is the principle underlying aesthetic induction. I believe the idea of 

aesthetic induction is accurate to a certain degree, but I also believe that an improvement 

is possible. In order to describe the mechanism that governs the evolution of value we 

must pay closer attention to its actual dynamics. Since the values of a person or a 

community are most of the time not explicitly available, but rather only implicitly held, 

we need a public means to allow us to describe the dynamics of value; we need 

something to help us track the actual development of value. Aesthetic criteria accomplish 

this purpose, just as they helped McAllister to propose his notion of aesthetic canon. I 

interpret aesthetic criteria as a generalization of McAllister’s notion, as follows: 

 

Typical Positive Aesthetic Criterion 

If the descriptive properties of a set P apply to an object O and P is associated with a 

positive affective reaction, then more positive aesthetic value is associated with O than in 

the case that the properties do not apply. 

 

For example, the property of simplicity plays a central role in the aesthetic experience of 

the derivation of De Moivre’s Theorem or Euler’s formula (identity). In these cases our 

property set is thus P={simplicity}.  The aesthetic criterion at work in our evaluations is: 

 

‘If simplicity applies to a formula (or derivation) F, then more positive aesthetic value is 

associated with F’ 
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Our preferences for simplicity are actualized in the derivation of De Moivre’s Theorem 

and in Euler’s formula by the eliciting of a positive response; the criterion states that such 

actualization of our preference involves the fact that the derivation and the formula 

possess positive aesthetic value. 

Now, my interpretation of the relation between value, aesthetic criteria and 

aesthetic preferences is that aesthetic preferences are the affective embodiment of value 

and aesthetic criteria are the cognitive embodiment. These two aspects of value are 

closely linked, of course. Preferences are the tendencies of a person to elicit responses or 

behaviours. Aesthetic criteria, as characterized above, are rules that express linguistically 

that our aesthetic values mirror preferences. The advantage of aesthetic criteria is that 

they are explicit and they are not necessarily limited to a specific person; they can also be 

used to express the tendencies of a community. Aesthetic criteria characterize a 

normative link between preferences, objects and values. 

In my approach to aesthetic experience, affective reactions are elicited due to the 

presence of aesthetically relevant properties. These properties are the same properties as 

those that constitute the property-sets P involved in the value-elements <P,r>. It should 

be noted that aesthetic criteria cannot express the content of aesthetic value since in my 

interpretation value is characterized by its (extensional) content (the whole value relation, 

the set of pairs of the type <P,r>) and its role in an aesthetic-process (a repository of 

norms that govern evaluations). However, aesthetic criteria are associated with the 

particular value-elements <P,r>. Aesthetic criteria are ‘extensional representatives’ of 

value-elements. Values are not visible themselves, but aesthetic criteria, which are 

linguistic rules, are explicit means that allow us to see the link between values and 

preferences.  

We can employ aesthetic criteria to track particular values. I call this procedure 

extensional tracking. Aesthetic criteria track values in an individual or community if 

aesthetic evaluations are related both to the values the individual holds and the properties 

of the object being evaluated. The public reaction of a person to the aesthetic qualities of 

an object is evidence that the person has made an evaluation based on the values he holds. 

Thus, if a public aesthetic judgement of an object is passed by a person, we can assume 

that the person has made the evaluation based on his values. Even if the process of 
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evaluation and the values involved are not accessible, the resulting judgement is 

accessible to us. Since aesthetic criteria relate objects, preferences and values, and both 

the presence of evaluations and the properties of objects are accessible, we can conclude 

that once an aesthetic judgement is available, we have enough information to infer the 

existence of an aesthetic criterion, and thus to track its associated value. This fact can be 

exploited by employing aesthetic criteria to model the dynamics of value. 

 

 

Dynamics 

In order to deal with the dynamics of value we need to model the degree of strength that a 

set of properties possesses to actualize affective and behavioural tendencies. We must 

incorporate this degree of strength in our extensional treatment; this means that an 

aesthetic criterion involves a strength associated with the preference (and value) it 

expresses. To model this fact, we can introduce a weighting of the strength of the relation 

of P to r. This idea is the same as in McAllister’s weightings in aesthetic canons, which 

will allow us to have recourse to McAllister’s ideas of aesthetic canon and aesthetic 

induction to establish the dynamics of aesthetic value.  

As we have seen in Chapter 1, an approach based solely on aesthetic induction 

yields a picture of aesthetic preferences in which they are purely a posterior. This picture 

neglects the fact that some aesthetic reactions are related to our autonomous emotional 

responses and, as such, they have an a priori character (independent of experience). For 

this reason I revise McAllister’s view to address this problem and for consistency with 

my proposal.  

3.1 Generalized Aesthetic Canon 

I employ extensional tracking in my account of the dynamics of value: aesthetic 

judgements substantiate the existence of aesthetic criteria which in turn track aesthetic 

values. Aesthetic value consists of a set of ordered pairs <P,r>. Within this set there are 

two types of possible changes: first, changes in its extension, that is, changes regarding 

which pairs <P,r> are elements of the set. Second, ‘intensity’ changes, that is, changes in 

the degree of strength associated with individual values, similar to the changes in 

weightings in McAllister’s aesthetic canon. Changes in extension are changes in the 
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value-set; for example, some pairs that were formerly elements of the value set can 

eventually stop being elements while new pairs can become elements. Changes in 

intensity are changes in the strength of preferences related to particular value elements. In 

the case of Euler’s formula, at least in Le Lionnais’ view, we have seen that experience 

can affect the way certain properties elicit affective reactions. For Le Lionnais, the 

formula that was once regarded as the most beautiful formula of mathematics ends up 

being rather unremarkable (or even insipid). The intensity of the preference associated 

with the formula decreased; it changed from a high degree of intensity for the community 

that considered the formula as most beautiful, to a very low or even negative degree for 

Le Lionnais. 

Aesthetic criteria track values, value elements <P,r>, they establish the relation 

among preferences, objects and values, but neither the aesthetic criteria nor the value 

elements in the value relation establish the intensity of preferences. In order to model 

changes like the one represented by the case of Le Lionnais’ opinion on Euler’s formula, 

we need to introduce a further piece of information. To model intensity change we can 

associate a weighting w with a value pair <P,r>; this weighting gauges the strength of the 

preferences associated with P. In this way the effect of experience can be modelled as 

changes in the value of w. A set of aesthetic criteria plus an associated weighting can be 

used to track intensity changes. Since we are supposing that aesthetic criteria track 

values, we can simply associate a weighting w with every ordered pair to track the 

intensity changes of value. Of course the collection of all aesthetic criteria and their 

associated weighting is similar to McAllister idea of aesthetic canon. However, since we 

are using property-sets instead of single properties, the resultant set is larger than 

McAlister’s aesthetic canon. I call this collection the generalized aesthetic canon. 

 

Definition of Generalized Aesthetic Canon: 

Generalizing McAllister’s ideas, we should interpret a person’s being moved to pass an 

aesthetic judgement concerning a set of properties P of an object O as a consequence of 

his holding to one or more aesthetic criteria, which attach aesthetic value to the set of 

properties of the object. In principle there might be as many aesthetic criteria as sets of 

properties relevant to passing any aesthetic judgement (ideally our set is infinite). The set 
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of the aesthetic criteria to which a person or community holds constitutes his or its 

generalized aesthetic canon. In order to model intensity change we associate a weighting 

w with each particular value-element <P,r>. In this way, changes in the information in the 

aesthetic canon track changes in value. A criterion within a canon can thus be represented 

by three characteristic items of information: the set of properties P, its associated reaction 

r, and the specification of P’s weighting wp.  

An aesthetic canon can thus be modelled by a set containing all possible triads <P, r, w> 

as follows: 

 

Generalized Aesthetic Canon Set = {<P, rp, wp>, <Q, rQ, wQ>, <S, rS , wS>, ...} 

 

Where: 

rp  is the reaction associated with P 

wp is the weighting associated with P 

 

Generalizing McAllister’s ideas again, we can say that a person’s aesthetic canon is 

composed of a very large or even infinite number of pairs: one for each set of properties 

of objects to which aesthetic value could conceivably be attributed. In the case of any 

given person, the overwhelming majority of these criteria will carry a weighting of zero, 

since we typically attach an aesthetic value to only a few of the conceivable sets of 

properties and are indifferent to the rest. Intensity changes are represented as changes in 

the weightings w. 

Now, the evolution of the aesthetic canon is governed by a mechanism I call 

generalized aesthetic induction, a generalized version of McAllister’s aesthetic induction. 

3.2 Generalized Aesthetic Induction 

To generalize the aesthetic induction, two changes are in order. First, property-sets are 

needed, instead of single properties. Second, empirical adequacy, which plays the central 

role in McAllister’s approach, must be generalized or substituted by some sort of 

preference-adequacy. To address these issues my proposal is as follows:  

A community compiles its aesthetic canon at a certain date by attaching to all sets 

of properties that elicit a positive reaction a weighting proportional to the degree 
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of critical adequacy then attributed to the set of past and currently available 

objects that have exhibited those properties. 

 

I define critical adequacy as follows: 

 

 

Critical Adequacy: 

An object O is critically adequate if and only if there is at least one set of properties of O 

that ensures that any normal person with an appropriate background would pass a positive 

aesthetic judgement concerning O. 

 

I have introduced critical adequacy to perform a function analogous to empirical 

adequacy in McAllister’s original proposal. One may argue that critical adequacy seems 

to possess a certain circularity, which empirical adequacy does not, since critical 

adequacy depends on the passage of aesthetic judgements. However, this is not 

circularity, but rather the result of the fact that aesthetic matters cannot by characterized 

in isolation but only in relation to the events and occurrences of an aesthetic process. The 

‘circularity’ would be a true problematic circularity only if the notions involved in critical 

adequacy (critical adequacy and aesthetic judgement) were proved to depend solely on 

each other. I believe this is not the case since passing aesthetic judgements is determined 

by matters other than mere critical adequacy; it depends on historical and social factors, 

on our natural affective and sensory constitution, on the actual context, in summary, on 

the multiple elements of aesthetic-processes. In an aesthetic-process, many elements 

depend on other elements of the process; this is, in general, not mere ‘circularity’ but just 

the expected interdependence of the elements of a complex system. 

Now, critical adequacy refers to the suitability of properties to be positively 

evaluated by an individual or a community. Critical adequacy is a concept that has 

degrees. The above definition, however, does not admit degrees. The definition above 

should be seen as illustrating the relation of critical adequacy. A more accurate definition, 

considering degrees, is: 
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Degree of Critical Adequacy:  

An object O possesses a high degree of critical adequacy if and only if there is at least 

one set of properties of O that very likely ensures that any normal person with an 

appropriate background would pass a positive aesthetic judgement on O. 

 

The degree of critical adequacy of an object O refers to how much O has the ‘ability’ to 

be in agreement with the ‘taste’ of a certain community. 

Like McAllister’s original notion of aesthetic induction, generalized aesthetic 

induction can be interpreted as an instance of inductive projection, since it amounts to 

consulting the sets of properties of past valuable objects to determine which future 

objects should be expected to be good. But the psychological mechanism involved in 

generalized aesthetic induction includes affective responses. Perhaps a more adequate 

interpretation would be Kuipers’ interpretation in terms of the mere exposure effect, or a 

similar mechanism.  

Now, in the context of an aesthetic-process, aesthetic induction is the mechanism 

that governs evoked responses, as it determines that stronger responses will be associated 

with properties that recurrently appear in objects. The ‘critical success’ of certain objects 

– that is, the fact that an object possesses properties that are in agreement  with the taste 

of a community at some date – contributes to determining which objects will be critically 

appreciated by the community later on. 

We can say, again using McAllister’s ideas, that by imagining the aesthetic 

induction in operation, we can infer how a community’s set of aesthetic preferences will 

evolve. An object (a work of art or a mathematical item) that achieves significant critical 

success will cause its community’s aesthetic canon to be remodelled to a certain extent, in 

such a way that the canon attributes a greater weighting to the aesthetic properties of the 

critically successful object. The aesthetic canon will therefore acquire a bias in favour of 

objects that possess the properties of the current critically successful objects. If, on the 

other hand, a new object shows aesthetic properties different from those currently 

entrenched in the canon, it will not be readily endorsed by the aesthetic canon. 

Now, I believe that critical success is not the only factor in shaping preferences; 

we must take into account that there are autonomic affective responses. 
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Robustness 

I have assumed the existence of autonomic reactions as elements of the experience-

process; I must now include them in the dynamics of value: I endorse the existence of 

sets of properties that are able to invoke responses independently of any previous 

experience involving them. 

Some of these (sets of) properties are not only independent of experience; they 

also resist the changes induced by it. This phenomenon, I believe, is not exclusive to 

aesthetic value; emotions, as we have seen in Chapter 2, are certainly plastic, but this 

plasticity has its limits. Emotions play a role in the adaptation and survival of the 

organism and, since, in a normal healthy organism, a complete transformation of emotive 

responses would eventually compromise the functions of emotions as ways of dealing 

with the environment, we can assume that they do not change indefinitely or arbitrarily. 

To model this feature I introduce a property I call critical adequacy robustness (or 

simply robustness): the property of being resilient to inductive change. 

 

 

Definition of Critical Adequacy Robustness: 

A set P of properties of O possesses robust critical adequacy if and only if P consists of 

aesthetically relevant properties of O and O can persistently elicit autonomic affective 

responses of pleasure or displeasure. 

 

In a similar fashion to the case of critical adequacy, we can regard robustness as 

possessing degrees; a more accurate definition, explicitly considering degrees, is: 

 

A set P of properties of O possesses a high degree of robust critical adequacy if and only 

if P contains all relevant properties of O (it is an aesthetic form) and O is very likely able 

to persistently elicit autonomic affective responses (of pleasure or displeasure) 
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Very much like the notion of robustness in systems theory44, here robustness refers to the 

ability to withstand the changes resulting from the dynamic adjustment of an aesthetic 

canon; this is why the definition includes a persistent eliciting of responses. A robust 

critical adequacy in object O means that the sets of properties of O tend to maintain its 

level of critical adequacy despite changes in the aesthetic canon. 

 

3.3 Constrained Aesthetic Induction 

The existence of critical adequacy robustness means that aesthetic induction is not the 

sole mechanism that governs the development of an aesthetic canon. In aesthetic 

experience I interpreted affective reactions as invoked or evoked; this fact can now be 

mirrored in the evolution of aesthetic value by assuming the existence of corresponding 

governing mechanisms in aesthetic canons: evoked reactions are reactions that are 

elicited partly due to past experiences, but invoked reactions are elicited as part of our 

natural autonomic responses. The effect of both can be felt in the dynamics of value.  

Tendencies to invoke or evoke responses determine two kinds of preferences; we 

can call them basic (which are robust) and learnt (which depend on experience) 

preferences. Basic preferences are a kind of innate preferences, while learnt preferences 

are acquired preferences. Basic preferences, of course, do not depend on experience, and 

as such they are relatively independent of aesthetic induction. Although in principle all 

preferences are susceptible to change by aesthetic induction, the fact that basic 

preferences do not depend on experience can be easily interpreted here as the fact that 

basic preferences are robust with respect to experience. Now, there is, of course, a class 

of criteria that are associated with basic preferences, we can call them basic aesthetic 

criteria. Basic aesthetic criteria are characterized as being robust with respect to 

experience. This robustness is the tendency of the weighting of a basic criterion to suffer 

little or no change despite the changes induced by aesthetic induction. In addition to basic 

aesthetic criteria, we can identify a second class of preferences and criteria with low 

robustness, mostly governed by aesthetic induction. We can call these criteria inductive 

aesthetic criteria. Basic and inductive criteria exhibit different behaviour with respect to 

                                                 
44 The capacity of a system to cope with variations in environment with minimal alteration of functionality. 
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the changes the canon undergoes. The inductive class is deeply influenced by experience, 

very much in the same fashion as aesthetic canons in McAllister’s model; the basic class, 

by contrast, shows a tendency to remain in the same state regardless of the effects of 

experience. 

We must now establish a mechanism to account for the effect of basic and 

inductive aesthetic criteria in the canon. I call this mechanism constrained aesthetic 

induction. 

 

Definition of Constrained Aesthetic Induction 

A community compiles its aesthetic canon at a certain date by attaching to each set of 

properties P of an object O a weighting with a value proportional to the following 

formula: 

wip = [Ap(C–Bp)+2wpBp]/(C+Bp) 

 

where: 

wip is the weighting resulting from aesthetic induction for P 

wp is the original weighting of P 

Ap is the degree of critical adequacy of the object O associated to P 

Bp is the degree of robustness of the object O associated to P, which range 

is [0, C]  

C is the maximum value of robustness. (It is a proportionality constant that 

can be adjusted depending on the range of values chosen to 

represent the robustness B for any property.)  

 

In short, the message of the above formula is that if the degree of critical adequacy 

robustness is small, constrained induction resembles generalized aesthetic induction. For 

example, let us take the smallest degree of robustness possible, Bp=0. The expression 

presented above yields wip=Ap. That is, the weighting is proportional to the original 

critical adequacy of the object associated to P, which is just as defined in non-constrained 

generalized aesthetic induction. However, if the degree of robustness is high, the 

weighting tends to remain unchanged or to suffer only little: the resulting inductive 
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weighting wip will acquire a value close to the original weighting wp. For example, if we 

take the highest degree of robustness, Bp=C, then wip=wp, that is, the weighting remains 

unchanged. 

The formula above is just an approximation. It is intended to summarize the fact 

that we have differentiated dynamics for robust and non-robust criteria within a canon. 

The actual updating of the weightings w might depend on some kind of polynomial or 

other non-linear function; empirical analysis would be necessary to determine the exact 

function. 

All this discussion of the dynamics of the aesthetic canon translates trivially into a 

dynamics of aesthetic value, since aesthetic criteria are extensional trackers of values. In 

my proposal aesthetic value is thus governed by constrained aesthetic induction. Now, as 

we have seen, negative value forms a different repository. I address this briefly in the 

following. 

3.4 egative Value  
So far, we have focused on positive preferences, positive inductive effects, and positive 

robustness. But the discussion above is valid for value repositories with negative affective 

reactions. It is possible to provide ‘negative’ versions of the concepts presented above to 

model the dynamics of a negative value repository that governs negative evaluations like 

Le Lionnais’ evaluation of Euler’s Formula. In Le Lionnais’ case basic and inductive 

criteria, constrained induction and robustness are at work, eliciting his negative affective 

response and also the fact that (if we believe Le Lionnais) the preferences for the formula 

decrease as a result of past experience. It should be noted that the increase and decrease 

of preferences are not necessarily governed by the same factor. For example, increasing a 

preference can be the result of the mere exposure effect, but a decrease of the same 

preference cannot be accounted for by the same effect. To address these problems we 

must provide independent mechanisms for the positive and negative notions. The inverse 

U-shape effect associated with the mere exposure effect in aesthetic induction, referred to 

by Kuipers (2002, p. 297), is a good example of how different mechanisms may be at 

work in the evolution of preferences. Of course the most obvious way to accomplish this 

is to focus on negative affective reactions, since this is what distinguishes positive from 

negative value repositories, and then apply the same analysis as above. The notions 
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needed to model the dynamics of negative value can be trivially obtained from the 

positive ones; they are as follows: 

 

Typical egative Aesthetic Criterion:  

If the descriptive properties of a set P’ apply to an object O and P’ is associated with a 

negative affective reaction, then more negative aesthetic value is associated with O than 

in the case that the properties do not apply. 

 

egative Generalized Aesthetic Canon:  

We interpret a person’s being moved to pass a negative aesthetic judgement on a set of 

properties P’ of an object O as a consequence of his holding one or more negative 

aesthetic criteria.  

 

A negative aesthetic canon is modelled as follows:  

Negative Aesthetic Canon Set= {<P’, rP’, wP’>, <Q’, rQ’, wQ’>, <S’, rS’ , wS’>, ...} 

  

egative Aesthetic Induction: 

A community compiles its negative aesthetic canon at a certain date by attaching to all 

significant sets of properties a weighting w’ proportional to the degree of negative critical 

adequacy then attributed to the set of past and currently available objects that have 

exhibited those properties.  

  

egative Critical Adequacy:  

An object O is negatively critically adequate if and only if there is at least one set of 

properties P’ of O that ensures that any normal person with an appropriate background 

would pass a negative aesthetic judgement concerning O.  

  

Degree of egative Critical Adequacy:  

An object O possesses a high degree of negative critically adequate if and only if there is 

at least one set P’ of properties of O that very likely ensures that any normal person with 

an appropriate background would pass a negative aesthetic judgement concerning O.  
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egative Robustness: 

A set P’ of properties of O possesses robust critical adequacy if and only if P’ is a set of 

aesthetically relevant properties of O and O can persistently elicit autonomic affective 

responses of displeasure. 

 

Degrees of egative Robustness: 

A set P’ of properties of O possesses a high degree of robust critical adequacy if and only 

if P’ contains aesthetically relevant properties of O and O is very likely able to 

persistently elicit autonomic affective responses of displeasure. 

   

egative Constrained Aesthetic Induction: 

A community compiles its aesthetic canon at a certain date by attaching to each set of 

properties P’ a weighting with a value proportional to the following formula:  

 

wi’P = [A’P (C’–B’P)+2w’PB’P]/(C’+B’P)  

 

where 

wi’P is the weighting resulting from aesthetic induction for P’ 

w’ P is the original weighting of P’ 

A’ P is the degree of negative critical adequacy of the object O’ associated to P’ 

B’ P is the degree of negative robustness of the object O’ associated to P’, which 

rage is [0, C’]  

C’ is the maximum value of negative robustness.  

  

The Application of Value Repositories 

Now, the conditions under which positive or negative notions are applied depend on the 

type of value repository, which, as we discussed above, is determined by the associated 

aesthetic experience. We can use the different types of aesthetic experience to determine 

the application of the positive or negative notions by following these rules: 
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1) Positive and negative constrained aesthetic induction govern both positive and 

negative aesthetic canons. 

2) If the set of properties P of object O is a subset of the dimensions of its corresponding 

AMIO-O (that is, the object in our phenomenological space, in our experience) and the 

enjoyment associated with AMIO-O consists of positive affective responses (including 

mixed responses in which any response is positive), then P is involved in positive 

aesthetic criteria, canons, critical adequacy and robustness.  

3) If the set of properties P of object O is a subset of the dimensions of the corresponding 

AMIO-O and the enjoyment associated with AMIO-O consists of displeasure responses 

(including mixed responses in which any response is negative), then P is involved in 

negative aesthetic criteria, canons, critical adequacy and robustness. 

 

Note that positive as well as negative induction govern both types of aesthetic canons. 

This is because negative and positive canons do not exclude each other, since in our 

definition of negative canon we can admit mixed responses, responses with both pleasure 

and displeasure components, for example:  (Pleasure, Displeasure) or (Displeasure, 

Pleasure). Rules 2 and 3 do not exclude each other, but rather they can be applied and be 

effective simultaneously in the case of a mixed response. This allows more flexibility and 

reflects the fact that positive and negative evaluations are not simply each other’s 

opposites; we shall see in the next section that their relation is more like that of the 

members of families of terms. 

Now, the example of Le Lionnais’ opinion of Euler’s formula can illustrate the 

effect of this revised version of the dynamics of value. A positive preference for Euler’s 

formula, which, as Le Lionnais explains, started by having a strong influence, which 

developed as our experiences (or at least Le Lionnais’) influenced it; finally, the 

preference ended up turning into an irrelevant or even a negative one. In this case, an 

aesthetic criterion ‘If simplicity and composition are properties of a mathematical item, 

then more positive aesthetic value is associated with the item’, started with a high 

weighting, which eventually faded away as the properties became less relevant (our 

experience turned them into something ‘obvious’). Although the criterion started with a 

strong influence, it was not robust enough to keep it stable; constrained aesthetic 
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induction kicked in, changing its strength until the criterion was no longer relevant. Now, 

if we consider that Le Lionnais’ judgement is negative rather than neutral – for example 

‘Euler’s formula is insipid’ instead of just the more polite ‘Euler’s formula is fairly 

unremarkable’ – we can further say that negative aesthetic induction took over, and that 

the negative criterion ‘if simplicity and composition are properties of a mathematical 

item, then more negative aesthetic value is associated with the item’ gained strength. 

 

4. Aesthetic Judgement  

The need for a consistent interpretation of mathematical aesthetic judgements has been 

the motivation driving this entire discussion. So far, I have discussed my interpretations 

of aesthetic experience and value but we still need a notion of aesthetic judgements that 

completes our picture of the-aesthetic-as-a-process and in which mathematical aesthetic 

judgements do not need a special interpretation. This section is devoted to providing that 

notion. This section is more theoretical than the previous ones since I propose a 

hypothesis about aesthetic judgements that has the advantages of allowing our literal 

interpretation of mathematical aesthetic judgements and explaining the features of 

aesthetic terms identified by Kivy and Hungerland. 

Aesthetic judgements are the result of evaluations. As we have seen, the 

evaluation involved in an aesthetic-process can be interpreted affectively, as the affective 

response, or ‘cognitively’, as the result of the ‘application’ of aesthetic criteria. An 

aesthetic judgement is the result of a process that articulates and summarizes this 

evaluation. My proposal is that an aesthetic judgement is determined mostly by a process 

of articulation. Explicating articulation is thus one of the central topics of this section. 

Unlike aesthetic experience (which I interpret as a sub-process) or aesthetic value 

(which I interpret as a relation), I interpret aesthetic judgements as representing or 

expressing a particular state of the aesthetic-process; as an ‘output’ of the aesthetic-

process. Aesthetic judgements, however, do not represent an objective event in an 

aesthetic-process; they represent subjective states in a person. 

As in the case of experience and value, the notion of aesthetic judgement is 

characterized not only by how we interpret the content of the concept, but also by the role 

it plays in an aesthetic-process. The role of passing aesthetic judgements consists of two 
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functions, which I call articulation and exchange.  In order to understand these functions 

we first need further clarification of the characteristics of the aesthetic judgements. 

An aesthetic judgement appears as an ‘output’ of our aesthetic-process (more 

specifically, in node 5). This output is a proposition, an aesthetic description of the type 

‘O is A’. Where A is an aesthetic predicate and O the object being judged. We now need 

to characterize aesthetic predicates. 

 

4.1 Aesthetic Terms, Aesthetic Descriptions  

I interpret an aesthetic term as a word that represents an aesthetic predicate. The function 

of aesthetic terms, as we shall see, is to serve as locally terminal labels. This 

characteristic is what enables aesthetic judgements to perform their functions of 

articulation and exchange. 

Let us recall that in Isabel Hungerland’s view, aesthetic terms are characterized by 

the conditions that govern their use. For Hungerland these conditions do not depend on 

objective issues. I agree with Hungerland, but my interpretation is more specific; I 

interpret the conditions of application in terms of the subjective responses involved in 

aesthetic experience: the internal states of an individual undergoing an aesthetic 

experience determine whether or not the use of an aesthetic predicate is correct. 

Internal subjective states consist of a content (an AMIO and its intellectual 

activities) and an associated affective response. Since I have interpreted the content (an 

intentional object) as a subset of the properties of an object, this part of the content is 

closely linked to objective properties. The more ‘subjective’ part of the experience is the 

affective response. The affective state of an individual determines whether an aesthetic 

term is correctly applied. I have introduced pleasure-relations to model the relation 

between content and affective responses. These pleasure-relations will be useful here. 

Pleasure-relation ‘outputs’ represent subjective states in an individual. The output of a 

pleasure-relation can thus be used to determine whether the use of an aesthetic predicate 

is correct. 

Now, in addition to determining whether a term is correctly applied we need to 

determine which term to apply. As I anticipated, choosing the correct term depends not 

only on whether it is associated with pleasure or displeasure, but also on the relations that 
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the term has with other terms. My proposal here is that the relation between pleasure-

relations and families of terms determines which term should be applied. 

For example, Euler’s formula, as we have seen, is regarded as very beautiful by 

many of the Mathematical Intelligencer’s readers, but it is considered unremarkable or 

insipid by Le Lionnais. There is no objective conflict between these opinions since the 

application of the terms ‘beautiful’ or ‘insipid’ depends only on the subjective states of 

the Mathematical Intelligencer’s readers and Le Lionnais, respectively. However, the 

choice among the different terms ‘beautiful’, ‘unremarkable’ or ‘insipid’ depends on the 

fact that there are several ways in which we can affectively react to Euler’s formula. It is 

the relation between the pleasure-relation of Euler’s formula (the collection of possible 

responses) and the family of terms we employ (a collection of terms ‘beautiful’, 

‘unremarkable’, ‘insipid’, etc.) that determines which term to use. 

More specifically, my proposal is that the correct use of a particular predicate is 

established by providing a mapping from subjective states into collections of aesthetic 

predicates. This mapping consists in appropriately assigning particular aesthetic 

predicates to individual pleasure-relation outputs. In some cases it is simple to assign 

aesthetic predicates to specific outputs of a pleasure-relation. For example, the 

assignments beauty/pleasure and ugliness/displeasure seem to be rather natural in a 

simple basic pleasure-relation. However, problems arise in more complicated formal and 

canonical pleasure-relations, since we can have up to sixteen possible outputs for a single 

type of experience. Matters get even worse if we consider that we have possibilities that 

are similar to each other: the ‘confusing’ outputs. This poses the question of what all the 

non-obviously assignable outputs mean in terms of choosing predicates and their 

conditions of application. 

The answer, I believe, has been suggested by Kivy. He pointed out that there is no 

division between aesthetic and non-aesthetic terms; non-aesthetic terms like ‘balanced’ or 

‘unified’ can be used to make aesthetic descriptions like “The Prelude in B-flat minor 

from Book I of Bach’s Well-tempered Clavier is unified” (Kivy, 1975, p. 197). When 

attending to the facts pointed out by Hungerland and Kivy, I suggest paying attention not 

only to the conditions of application of terms but also to the conditions of use of figures 

of speech in which they are involved. Metaphor, I believe, plays a role in descriptions 
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like ‘Beethoven’s fifth symphony is a unified work’. The conditions under which 

aesthetic terms are applied should embrace the conditions under which metaphors are 

used. In this respect, Nelson Goodman offers an attractive approach that I exploit here.  

 

Goodman’s Metaphor 

Nelson Goodman (Goodman, 1968) claims that, in metaphor, a term (a label) does not 

work alone; rather, it works as a member of a family of symbols: “a label functions not in 

isolation but as belonging to a family” (Goodman, 1968, p. 71). Goodman calls these 

families of labels schemata. Schemata are sets of interrelated labels that are established 

by context and habit and are linked to a specific domain (Goodman calls these domains 

realms) of referents; the referential domains (or realms) consist in all the things that each 

label in the schema denotes. The schema {‘blue’, ‘red’, ‘green’,…}, for example, is the 

schema of the labels for colours; its referential domain consists of all coloured (blue, red, 

green, etc.) things. We have metaphorical reference when we use a label to refer to 

something that does not belong to the domain normally associated with the label’s 

schema. For example, the family of labels ‘red’, ‘blue’, ‘green’, etc, is appropriate to 

describe the domain of colours. ‘Red’ refers to the colour red (red objects) and ‘blue’ 

refers to the colour blue (blue objects): a metaphor consists in using a label in the colour 

schema to refer to any colourless things; we can apply the term ‘blue’ to refer to sadness, 

and ‘red’ to refer to anger, for instance. Goodman himself gives the example of calling a 

painting ‘sad’, which he claims is metaphorical because ‘sad’ is a predicate that normally 

refers to individuals in certain emotional states, not to inanimate objects. 

A central feature of Goodman’s approach to metaphor is that metaphors bring 

about reorganizations in the new domain in which the metaphorical label is applied. For 

example, the use of ‘sad’ in the domain of paintings brings about a reorganization in the 

domain of paintings such that the schema of emotion labels {‘sad’, ‘cheerful, ‘angry’,…} 

‘imposes’ the structure of its original domain of emotions onto the new domain of 

paintings. Thus, calling a particular painting sad implies that in principle other paintings 

can be called cheerful if the relations between ‘sad’ and ‘cheerful’ objects are also held 

between ‘sad paintings’ and ‘cheerful paintings’. The metaphor reorganizes a new 

domain of application by imposing the structure of the schema’s original domain. The use 
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of a metaphorical term depends not so much on the meaning of the term, but rather on the 

relations it holds to their closely related terms. I now show how we can take advantage of 

these ideas to interpret aesthetic terms. 

 

Metaphorical Terms and Aesthetic Terms 

The use of an aesthetic predicate is not a metaphorical use, but I believe the use of 

aesthetic terms partially follows principles similar to Goodman’s metaphor, especially in 

regard to the reorganization of a domain in cases like ‘balanced’ or ‘unified’, where the 

term can also be used in a non-aesthetic way. In these cases (and in general, as we shall 

see) the application of a non-aesthetic predicate in an aesthetic way implies that the whole 

label family or schema to which the predicate belongs is applicable to the new domain, 

which consists of the objects of appreciation. Now, this use of an alien schema amounts 

only to a metaphorical use of the predicate. We need an aesthetic use of the predicate. 

We must distinguish between mere metaphorical use of a term and its correct use as an 

aesthetic predicate. 

My proposal is that in addition to a metaphor-like reorganization of the new 

domain of application, the correct use of an aesthetic predicate also depends on 

establishing an appropriate mapping from the subjective states of the person who is 

employing the predicate to the labels of the predicate’s schema. Subjective states, in my 

view, are represented by a pleasure-relation. Hence, the correct use of an aesthetic 

predicate depends on two things: on the existence of an appropriate schema to reorganize 

the domain of objects of appreciation, and on the existence of an adequate mapping 

between the labels of the schema and the outputs of its pleasure-function.  

With this idea we can address the question of what to do with the non-assigned 

outputs of a non-basic (formal or canonical) pleasure-relation, and, more generally, what 

the multiple possibilities of a pleasure-relation mean. The answers are now fairly simple. 

The non-assigned outputs of a pleasure-relation represent the possible existence of labels 

that can eventually be mapped. And, in general, the existence of multiple outputs makes 

explicit the fact that in order to correctly use an aesthetic predicate we need to map 

collections of terms, rather than just isolated arbitrary terms. Thus, if we intend a correct 

aesthetic use of a predicate A, regarding an object O, when we assign A to a specific 
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output (a particular response, a particular combination among the possibilities of 

responses) of the pleasure-relation of O; that assignment is accompanied by a mapping 

between A’s schema (that is, the family of labels to which A belong) and the collection of 

the possible outputs of the pleasure-relation of O. 

Now, the mapping of pleasure-relation outputs onto a schema is constrained by 

the structure of the schema’s original domain, since this original structure reorganizes the 

new domain of objects (domains of paintings, musical pieces, mathematical items, etc.) 

Thus, the application of an aesthetic predicate, although it depends only on subjective 

matters, is not arbitrary; rather, it is constrained by two factors: the existence of a 

reorganization of the new domain of objects in which the predicate is applied, and the 

existence of a mapping between the predicate’s schema and the outputs of a pleasure-

relation. 

For example, the predicate ‘balanced’ has literal applications which are governed 

by objective conditions, but in occurrences like “Did you observe the exquisite balance in 

all his pictures?” (Sibley, 1959, p. 438), the application of the term is aesthetic. The 

correct application of ‘balanced’ in sentences like ‘this picture is balanced’ does not 

depend solely on the conditions of application of the term ‘balanced’ by itself, but rather 

on the relations it holds to the schema {‘balanced’, ‘unbalanced’} and how this schema 

reorganizes the domain of pictures. The schema {‘balanced’, ‘unbalanced’} provides 

poles that can be assigned to the ‘poles’ of a pleasure-relation for the experience of 

pictures. When ‘balanced’ is applied, the domain of pictures is reorganized by 

establishing a partition into balanced and unbalanced pictures. The original domain of the 

schema {‘balanced’, ‘unbalanced’} is the domain of objects with the mechanical 

characteristic of ‘its mass being distributed evenly around its centre of gravity’ (or a 

similar physical description). The predicate ‘balanced’ can be applied in its objective 

sense to refer to a picture O, ‘O is balanced’ meaning that the mass of the picture is 

evenly distributed. But the interesting use of this label is when we do not refer to its 

mechanical features, but to an aesthetic feature: in this case the label is applied to an alien 

domain, the domain of pictures as objects of attention (and not as objects with mass). For 

the label to be correctly applied as an aesthetic predicate, two things are necessary. First, 

the term ‘balanced’ cannot work alone, but rather its schema {‘balanced’, ‘unbalanced’} 
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must reorganize the new domain of pictures. Second, there must be an appropriate 

mapping from the set of outputs of the pleasure-relation of objects O onto the labels of 

the schema. 

If, for example, the experience of our picture is of a basic type we can assign 

‘balanced’ to pleasure and ‘unbalanced’ to displeasure. The schema {‘balanced’, 

‘unbalanced’} provides poles that can be assigned to the ‘poles’ (full-pleasure and full-

displeasure combinations) of a pleasure-relation of a picture. A simple way to map the 

schema is simply to assign ‘balanced’ to a full-pleasure output, for example, and 

‘unbalanced’ to a full-displeasure output, since this mapping reflects the particularities of 

the schema (the existence of two polar opposites). The correct use of the aesthetic term 

‘balanced’ results in the reorganization of the domain of paintings in such a fashion that it 

resembles the domain of mechanically balanced-unbalanced objects, and in the labels of 

the schema being assigned to the outputs of a pleasure-relation. 

Both mapping and reorganization are required as conditions of a correct use of 

aesthetic predicates. A non-correct use of labels as aesthetic predicates consists in the use 

of labels for which there is no appropriate mapping or reorganization. In such a case the 

schema cannot offer an adequate reorganization of the domain or an adequate mapping of 

the pleasure relation. The use of colour labels to qualify music can serve as an example of 

non-correct use of aesthetic terms. The schema {‘red’, ‘blue’, ‘green’, ...} has very few 

points of reference that allows us to relate it significantly to other domains or to assign 

their labels to a pleasure-relation. It has no opposite poles, for example, that would help 

us give an appropriate pleasure-relation mapping. We can certainly use ‘blue’ to qualify 

certain kinds of music; by doing so the domain of musical works undergoes a 

reorganization to fit in the structure of the colour schema. This reorganization, however, 

is rather arbitrary. According to Goodman, that does not represent a problem since the 

adequacy of a schema depends on context and habit (Goodman, 1968, p.71); in this sense, 

most domain reorganizations in metaphor are arbitrary to some extent. Thus far, our use 

of colour labels amounts to mere metaphor, and its arbitrariness does not represent a 

problem. But if we want to apply the label correctly as an aesthetic predicate then, in 

addition to metaphoric reorganization, we need the appropriate assignments to a pleasure-

relation. In contrast to the reorganization, the mapping from to the pleasure-relation to the 
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schema is never completely arbitrary, since we always have outputs that can be identified 

as positive poles (full-pleasure combinations, for example) and negative ones (full 

displeasure combinations, for example). But any mapping from the pleasure-relation onto 

the colour schema is arbitrary because the colour schema has no points of reference that 

could be non-arbitrarily identified with points of reference in the pleasure-relation; any 

mapping of pleasure combinations onto colour labels is as good as any other; thus there is 

no way to tell that one mapping is better than another. In other words, even if a mapping 

between the colour-schema and a pleasure-relation is possible, we cannot discern a 

‘good’ mapping: an adequate mapping is not possible. For example, how can we decide 

whether red or orange or yellow should be assigned to a full-pleasure reaction? The 

structure of the domain of red, orange and yellow objects does not seem to fit in a non-

arbitrary way into the structure of our affective reactions. In view of this discussion I 

propose the following characterization of aesthetic predicate: 

 

Aesthetic Predicate 

A predicate A is an aesthetic predicate correctly applied to object O if there is a schema F 

such that ‘A’ (interpreted as a label) is an element of F, and O’s domain is suitable to be 

reorganized by F’s domain structure, and all elements of F can be adequately (that is, 

non-arbitrarily) mapped into the outputs (the possible responses) of the pleasure-relation 

for the object O. 

 

With this notion of aesthetic predicate we can easily define aesthetic description and 

aesthetic judgement: 

 

Aesthetic Description and Aesthetic Judgement 

An aesthetic description is a sentence of the type ‘O is A’, where O is the object being 

qualified and A is a correctly applied aesthetic predicate. 

And we can now characterize an aesthetic judgement as follows: 
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An aesthetic judgement consists in an aesthetic description that expresses the subjective 

state of an individual resulting from the evaluations involved in the aesthetic 

experience45. 

 

Now, in my model of the-aesthetic-as-a-process, even more important than characterizing 

aesthetic judgements is to understand their functions: articulation and exchange. I devote 

the following sections to discussing this. 

 

4.2 Private Function: Articulation 

Hungerland has pointed out that aesthetic terms are characterized by subjective conditions 

of application. Kivy, in contrast, pointed out, that what makes aesthetic terms aesthetic is 

their ‘terminality’: they do not lead to any further conclusion, action or attitude change.  

In my opinion, Hungerland and Kivy do not contradict each other. It seems to me that 

they just have a different focus: while Hungerland has focused on the linguistic 

characteristics of terms, Kivy has focused on their characteristic role. This difference in 

focus is illuminating, I believe. In addition to a characterization of aesthetic judgements, 

we need to understand their role in our model. We can establish a contrast between the 

characterization and the role of aesthetic judgements as the results of addressing different 

questions. We can ask what an aesthetic judgement is and answer by presenting a 

characterization in terms of evaluation, internal states and aesthetic descriptions. But, in 

addition, we can ask why we do pass aesthetic judgements? This second question is very 

different from the first, but in my approach the answers are closely related. My answer to 

the question of ‘why we do pass aesthetic judgements?’ is that passing aesthetic 

judgements encourages the clarification of our internal state. And this clarification is 

attained by fulfilling the conditions of application of an aesthetic judgement. I believe 

this clarification cannot be carried out by means of mere non-aesthetic descriptions like 

‘S’s aesthetic experience was two minutes long’, since these kinds of descriptions only 
                                                 
45 This definition of aesthetic judgement seems to entail that we cannot have false aesthetic judgements. I 
believe that a genuine and bona fide aesthetic judgement has as its function to encourage subjective 
articulation. In this sense, there is no way to adequately characterize a false aesthetic judgement other than 
as a mistakenly applied or as a description containing an incorrectly applied aesthetic predicate. The topic 
of false aesthetic predicates is closely related to the objectivity of aesthetic judgement, unfortunately there 
is no room to discuss this subject here. 
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summarize ‘surface’ characteristics of the process. The use of aesthetic terms, by 

contrast, involves establishing relations among the domain’s objects, the schema’s labels 

and the pleasure-relation’s outputs. This establishment of relations results in a general 

change of perspective regarding our own subjective state, that is, a change in the way we 

‘experience’ our own experience. The reason why we pass aesthetic judgements is that 

passing aesthetic judgements turns the raw state of an aesthetic-process into something 

more ‘definite’, something clearer, to ourselves. Qualifying an object as beautiful, for 

example, establishes that there is a certain relation between the presence of the object and 

our affective reaction to it; at the same time, it establishes that the use of the schema to 

which the label ‘beautiful’ belongs adequately covers the possibilities of our responses, 

since it maps, in a non-arbitrary fashion, our possible responses to the labels of the 

schema. Finally, the use of the label ‘beautiful’ in an actual judgement tells us ‘where in 

the domain of pleasure we are’. Passing an aesthetic judgement contributes to making us 

aware of the aesthetic character of our experience. 

The existence of reorganizations and mappings forms the precondition for the 

correct use of aesthetic predicates. However, in order to successfully pass an aesthetic 

judgement we need to identify the specific state that is to be expressed in the judgement. 

We need not only the ‘maps’ (the reorganization of the domain and the pleasure-

relation mapping) of the ‘place’ where our state is located, we also need to ‘establish our 

location’ on those maps. Establishing this location, involves making an optimum decision 

when choosing schemata, mappings and reorganizations, and clarifying our state in 

relation to them: this is what I call a process of articulation.  

We have seen that one problem with pleasure-relations is the existence of 

‘confusing’ outputs. For example ‘full pleasure’ responses (Pleasure, Pleasure) appear up 

to three times as a possible output combination in a canonical pleasure-relation. How 

should we assign aesthetic predicates (or aesthetic schemata, for that matter) to confusing 

combinations? Since they represent different subjective states, it seems natural to have 

different labels (aesthetic predicates) for them. The problem is that there is no non-

arbitrary way to choose among different alternatives of schema-output mappings. Apart 

from the existence of ‘polar’ combinations (full-pleasure, full-displeasure), there are few 

constraints within the structure of pleasure-relations that can be objectively analyzed to 
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decide in favour of one mapping or another. These finer, relatively arbitrary and mostly 

unconscious decisions are part of the process of articulating subjective states. It is with 

these elements that we can characterize the process of articulation. 

 

Articulation 

Articulation is the process of actualizing the conditions of application of an aesthetic 

predicate to express the state of a person. In other words, it consists in performing the 

actual mappings and reorganizations (the mappings between schemata and pleasure-

relations and the reorganizations of the new domains) to establish the correct expression 

of our internal state.  

Of course, the result of this process is that the individual becomes aware of the 

specificity of the experience; after articulating our experience we obtain the ‘coordinates’ 

of our experience. We pass an aesthetic judgement not to present an objective declaration 

of the state of affairs, but to articulate our subjective state. This subjective state (unlike 

aesthetic experience, which is a process, or aesthetic value, which is a relation) is one of 

the many events in an aesthetic-process. Since the different elements of the aesthetic-

process are interdependent, the articulation of the experience also constitutes an 

articulation of the aesthetic-process in general. Hence, passing a judgement serves to 

articulate an aesthetic-process, to make an aesthetic-process more definite. In the wider 

context of aesthetic-processes the main role of aesthetic judgements is to encourage the 

articulation of aesthetic-processes. The aesthetic-process is determined by a multitude of 

events that correlate with each other in an organic manner; but none of these events by 

itself is enough to characterize and individualize the process. However, passing an 

aesthetic judgement about the object involved in the aesthetic experience encourages such 

individualization. 

We can now define aesthetic articulation as the process of organizing and 

‘charting’ the different aspects of an aesthetic-process. The aspects involved in aesthetic 

articulation are the evaluated objects, the family of terms that ‘organize’ those objects, 

and their corresponding affective responses.  

Now, although this discussion has employed concepts of my model of aesthetic 

experience, I believe that the general idea of articulation of experience by means of 



 

181 
 

reorganizing it would be valid, even if my model were dismissed. Thus, from a general 

perspective, we can informally characterize aesthetic articulation as follows: 

 

 

Aesthetic Articulation 

Aesthetic Articulation is the process that establishes the specific relations among the 

domain of objects, the family of labels and the pleasure-relations necessary to locate us in 

a concrete spot in relation to the events involved in the experience. 

 

For example, the articulation involved in passing a judgement of the type ‘picture P is 

balanced’ includes the decision to employ the schema {‘balanced’, ‘unbalanced’} rather 

than, for example, the colour schema {‘red’, ‘blue’,…}. This decision depends in part on 

realizing that the first schema is more appropriate, as its structure is more suitable to 

express the possibilities (pleasure, displeasure) of our subjective state. Once we have 

decided which schema to use we have to decide which mapping is appropriate for P’s 

pleasure-relation. Since the suitability of schemata and mappings of pleasure-relations 

depend on context, habit and often on personal circumstances (as the decisions are made 

by an individual with some particular knowledge, familiarities, experiences, etc.), the 

ability to choose schemata and establish appropriate mappings is a skill that improves 

with experience and practice. Finally, we must also decide which specific mapped label is 

in agreement with our subjective state. We are experiencing, for example, a positive 

reaction in response to P, which is assigned to the label balance. The correct expression 

of our state is ‘P is balanced’. Now, by the time we have passed the judgement ‘P is 

balanced’, we have reorganized the domain of pictures (some of them would be more or 

less balanced depending on some of their visual properties, for example), we have 

achieved a mapping of the pleasure-relation (‘balanced’ to pleasure responses, 

‘unbalanced’ to displeasure responses) and we have used these two ‘maps’ and our 

internal state to locate ourselves in relation to the objects and the responses we feel: we 

have articulated our experience. Furthermore, the experience itself appears different after 

the judgement has been passed; the experience has become ‘organized’ and ‘charted’; it 

has become more definite, it is not just a vague feeling of ‘I like it’; our decisions and 
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changes of perspective have clarified that the experience can be expressed in a more 

specific way – as an aesthetic judgement. 

4.3 Public Function: Exchange 

The characteristic role of passing aesthetic judgements is to articulate subjective states; 

that is what distinguishes aesthetic judgements from other kinds of judgements. But 

aesthetic judgements share some characteristics with non-aesthetic judgements; non-

aesthetic judgements involve evaluations, for example (despite the fact that the evaluation 

is affective in aesthetic judgements). A very relevant characteristic shared by aesthetic 

and non-aesthetic judgements is that they both convey information. This feature is central 

to the second role of aesthetic judgements: aesthetic judgements function as outputs that 

distribute information to other parts of aesthetic-processes and to the ‘exterior’ of the 

process itself. This constitutes the exchange function. 

Exchange, however, is not independent of articulation. In Chapter 2 we saw that 

Robinson’s approach to emotions incorporates the effect of naming an emotion. Robinson 

argues that one of the important ways of dealing with emotions in everyday life is by 

attempting to explain our physiological state or behaviour by means of naming our 

emotional episodes. This fact is central to Robinson’s expression theory: according to 

Robinson, expression in art shares the principles and motivations of naming emotions; 

both are attempts to elucidate emotions. A very important fact concerning the naming of 

emotions is that it can affect the development of emotions themselves. For example, 

thinking I feel sorrow instead of shame will lead to a sorrow-like behaviour and this, in 

turn, will affect the emotion process, resulting in physiological and psychological 

changes proper to actual sorrow. A similar mechanism is involved in naming or labelling 

an emotion. 

My proposal is to consider that aesthetic terms function in an analogous fashion to 

emotion labels. An aesthetic judgement identifies a state in the aesthetic-process. The 

‘labelling’ of the state occurs when we need to clarify the episode to ourselves or to 

someone else. The way we usually carry out this clarification is by means of articulation. 

The expression of the state, however, is carried out by conceptual and linguistic means. 

The need for a conceptual or linguistic summary of our subjective state prompts us to 
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look for the best choices to clarify and communicate the process, that is, to make the 

decisions involved in articulation. 

Now, an aesthetic judgement is an event that expresses a subjective state. 

Borrowing Kivy’s ideas, we can say that the process of articulation is terminal, in the 

sense that it cannot lead to anything else, since the role of passing an aesthetic judgement 

is strictly subjective. Both the reorganization and the relation mapping in articulation are 

subjective phenomena: they do not change any objective fact but merely our perspective 

of them. I think this approach to terminality, by focusing on the specifics of the role 

rather than on the differences from other types of judgements, integrates the views of 

both Hungerland and Kivy.  

Once we have established the sense in which terminality can be understood, we 

can address the role of exchange. 

 

Exchange Function:  

An aesthetic judgement performs an exchange function when its aesthetic description 

makes information available to agents that can eventually participate in aesthetic 

processes. 

 

Aesthetic descriptions have a propositional content that allows the linguistic exchange of 

evaluations with other members of the community, including its past (via the judgements 

we read in a book, for example) and future members. Articulation makes clearer 

evaluations available to ourselves and, by summarizing these relations in a public 

aesthetic description, it also participates in the exchange function. An aesthetic judgement 

articulates a private state, but by making it public it also specifies the way an object 

should be seen.  It places the object in a system of relations between subjective states, 

collections of labels, and referential domains that links the object to past aesthetic 

judgements, since those judgements share the same articulation mechanism. An aesthetic 

judgement publicly relates the object to aesthetic responses, thus situating it in the realm 

of the aesthetically relevant. It gives the object a place in the community’s framework of 

the aesthetically valuable, due to the fact that a person who underwent an aesthetic-

process established a link between the object as he experienced it and a public label, and 
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he tried to express this link in a publicly recognizable manner. Thus, in addition to 

articulating the process, the label attached to an internal state enables us to perform a 

quick classification of the experience into the context of past aesthetic experiences, while 

it also enables us to share this classification with other people by linguistic means. The 

aesthetic term is terminal, in the sense that it is subjective and leads only to other 

subjective events. 

 

Aesthetic Terms as Locally Terminal Labels 

By uttering an aesthetic description like ‘O is A’, the speaker turns an articulated private 

experience into something public. The utterer is not only carrying the information 

contained in ‘O is A’ from one person to another; he is also making himself and his 

interlocutor aware of the events involved in articulation: his subjective state, the 

appropriate reorganization and mapping. Goodman-type metaphors fare better than literal 

descriptions in making us aware of the articulation, since metaphors involve schemata 

that offer more flexible mappings. This is the reason why ‘non-aesthetic’ terms are often 

used in aesthetic descriptions: metaphors or other figures are used to present an efficient 

and clarifying summary of the subjective relations (among objects, labels and experience) 

to our interlocutor. The function of metaphors is partly shared by the function of aesthetic 

descriptions, since the reorganization of a domain is characteristic of both metaphors and 

aesthetic descriptions.  

Now, Kivy’s proposal of terminality does not refer to the content of the 

judgements or its conditions of application, but rather to what aesthetic judgements do, 

or, rather, what they do not do. Analogously, in my view, aesthetic judgements are 

characterized by their functions. Now, there is a salient difference between Kivy’s 

approach and mine. Kivy characterizes the function of aesthetic judgements in a negative 

way; by referring to what they do not do (they do not lead to further actions or 

arguments). The model presented here offers a more concrete context, which can be used 

as a framework for the positive characterization of aesthetic judgements: aesthetic 

judgements do articulate individual aesthetic-processes and they do serve as exchange 

outputs. We can further positively characterize aesthetic judgements by summarizing 

some facts related to them. First, expressing a subjective state consists in clarifying such 
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a state and presenting it in such a way that it agrees with the appropriate conditions of 

application of aesthetic terms and with our actual experience. Second, since the 

application of aesthetic judgements depends on the application of schemata, which is 

constrained only by the existence of adequate reorganizations and mappings, there is no 

set of ‘characteristically’ aesthetic terms but only more or less suitable schemata. Third, 

aesthetic descriptions have the primary function of making ourselves or someone else 

aware of our subjective state and articulation process; this is the reason why they are 

terminal, in the sense of not leading to objective conclusions or actions. Fourth, aesthetic 

descriptions, like ‘O is A’, convey public information that becomes part of the personal 

and collective aesthetic experience; it becomes part of the culture. This also means that 

aesthetic judgements may play a role in other persons’ future aesthetic-processes. This 

last aspect calls for a revision of the idea of aesthetic terms as terminal. I propose that 

aesthetic terms must be seen not as fully terminal but as merely locally terminal. 

Aesthetic descriptions, and thus aesthetic terms, are locally terminal in the sense 

that they can only lead to further aesthetic episodes. Now, aesthetic episodes are always 

local in the context of aesthetic-processes. For example, an aesthetic description can be a 

description made by an art critic to explain an abstract work of art that would otherwise 

be inaccessible. This critical description makes the artwork available to its audience, and 

thus it can lead to changes of attitude to the work and to further aesthetic-processes. This 

aesthetic description becomes engaged in attitude changes and further aesthetic-

processes. This seems to contradict the idea of terminality as expressed by Kivy, but the 

contradiction is only partial. Aesthetic descriptions and the articulation that leads to them 

are subjective and in this sense they do not lead to anything else. They may also, 

however, become part of our value repository and thus they participate in further 

aesthetic-processes. But their influence is still terminal since their role begins and ends in 

an aesthetic-process. They are terminal in the local context of aesthetic-processes. 

  

5. Mathematical Aesthetic Judgements  

My claim in this work is that mathematical aesthetic judgements are not particularly 

different from other aesthetic judgements. The notion of aesthetic judgements I have 

presented above allows me now to show that mathematical aesthetic judgements can be 
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characterized in the same terms as other aesthetic judgements: as expressing subjective 

states in an aesthetic-process. 

Nahin’s opinion of the derivation of DeMoivre’s theorem, and Le Lionnais’ 

opinion on Euler’s formula, for example, should be seen as expressing their subjective 

states in the context of their respective aesthetic-processes, leading hence to no objective 

conflict. For many of the readers of the Mathematical Intelligencer the contemplation of 

Euler’s formula elicits a response of pleasure. Since we have supposed that the 

experience is of the basic type, its pleasure-relation has two possibilities only: pleasure 

and displeasure. The positive affective response is articulated by mapping these 

possibilities into the schema {‘beautiful’, ‘ugly’} or rather {‘beautiful’, ‘insipid’} and by 

reorganizing the domain of mathematical formulas by dividing it into beautiful and 

insipid formulas. A person who experiences a pleasure response thus expresses his state 

by means of the label ‘beautiful’. A person like Le Lionnais, though, who experiences no 

response, or even a slightly negative affective response, expresses his state using the label 

‘insipid’.  

It is true that the object of attention and the modality in a mathematical aesthetic 

experience are characteristically mathematical, but that is also the case for almost any 

other type of aesthetic experience; music, painting or poetry are all very different in terms 

of the objects with which they present us and the way we engage our attention. Aesthetic 

experience depends on the specifics of each field. Aesthetic value as I interpret it allows a 

wide range of value repositories; a mathematical value repository is not so very strange. 

But my conception of aesthetic judgement unifies mathematical aesthetic judgements and 

the rest of aesthetic judgements since the process of articulation and the functions of the 

judgement are the same. Mathematical aesthetic judgements express subjective states of 

mathematicians. 

Now, one of the problems discussed in the Introduction is that mathematical 

aesthetic judgements look a little odd to a person who may be unfamiliar with 

mathematics, since at first sight this person cannot understand how mathematical 

aesthetic judgements relate to regular, everyday aesthetic judgements. This problem can 

now be addressed in terms of my interpretation of the aesthetic as a process: this oddity 

indicates that the aesthetic experience in mathematics has a peculiar modality, which is 
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very dependent on background knowledge. The modalities of music or painting are also 

unique in their own way, though, and they also depend on knowledge to some extent. 

Gian-Carlo Rota noted that a great deal of knowledge is necessary to appreciate any piece 

of mathematics. In my model this is interpreted as a requirement of the space of 

mathematical aesthetical intentional objects: in order to be able to appreciate a 

mathematical item we first must be able to ‘see’ it, and this ‘seeing’ is possible only if we 

understand the mathematical item. Similarly, in order to enjoy a written poem we must 

first be able to read it. In this sense mathematical aesthetic judgements are not 

exceptional: the contents of the experience and the values associated with them are just 

characteristically mathematical. Mathematical aesthetic judgements constitute a particular 

class of aesthetic judgements. 

The typical aesthetic-process that supports the passing of a mathematical aesthetic 

judgement can be summarized as follows: a literal interpretation of a mathematical 

aesthetic term M in a mathematical aesthetic judgement ‘O is M’, entails that M appears 

in a (locally) terminal stage of an aesthetic-process. Such an aesthetic-process is 

characterized by an experience-sub-process in which the content is an AMIO whose 

aesthetically relevant dimensions consist in a subset of properties of M. The passive and 

active content of the experience result in an affective response, and, depending on how 

this occurs, the experience can be categorized as basic, formal or canonical. The affective 

response is an affective evaluation that is also involved in a judgement sub-process. The 

result of the judgement sub-process is an aesthetic description that expresses the state of 

the aesthetic-process and that simultaneously results in a clarification and definition of 

the experience and the aesthetic-process.  In addition, mathematical aesthetic judgements 

carry information that can be used in non-terminal ways, by participating or encouraging 

other aesthetic-processes. Mathematical aesthetic terms are labels that participate in 

encouraging aesthetic articulation. Mathematical aesthetic descriptions are locally 

terminal, in the sense that their main purpose is internal articulation, but they are also 

outputs, bridges between the private and the public. An aesthetic description carries 

information that can eventually be incorporated in the value repository, thus influencing 

mathematical aesthetic criteria and future evaluations.  
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I must stress that in my approach literal mathematical aesthetic judgements must 

be the result of an aesthetic-process. This means that if we want to analyze a case of 

mathematical beauty we must be able to give the appropriate interpretations of 

experience, value and judgements for mathematical items. Such analyses are conducted in 

the next chapter, where I apply the theory developed here by presenting concrete 

examples of literal interpretation of mathematical aesthetic judgements.  
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CHAPTER 4: Applications 
 

In this chapter I present three detailed applications of the ideas introduced in the last 

chapter. I analyze three cases of aesthetic judgement in mathematics, which also serves to 

clarify some details and address some of the issues related to the specific topics, like 

elegance or the role of the unexpected. In the final section I revisit some of the issues 

introduced in Chapter 1 to assess my proposal.  

Before turning to our concrete analyses a brief summary of the ideas I have just 

developed is in order. My theory is that aesthetic episodes always occur as interrelated 

elements of a system I call an aesthetic-process. The notion of the aesthetic can be 

understood in terms of aesthetic-process: something is ‘aesthetic’ if it plays a relevant, 

non-contingent role in an aesthetic-process. I call this interpretation the-aesthetic-as-a-

process. 

Aesthetic experience is a process in which an individual interacts intellectually 

and affectively with a stimulus (which can be cognitive). In the case of mathematics, this 

process is characterized by the presence of AMIOs. AMIOs constitute a class of 

intentional objects: the mathematical ‘flavour’ of aesthetic forms. The role of these 

intentional objects is to unify the experience by serving as focus of attention and inducing 

affective reactions. 

Aesthetic value is a relation between sets of properties of objects and subjective 

reactions. Its role is to regulate evaluations. Its dynamics, mirroring the dynamics of 

preferences and aesthetic criteria, are governed by constrained aesthetic induction (CAI). 

Aesthetic judgements are expressions of subjective states. The role of passing a 

judgement is to encourage articulation (and, eventually, exchange) of experiences in the 

aesthetic-process. 

Things like judgements, pleasure, experience, etc. can be qualified as aesthetic if 

they participate as necessary elements in an aesthetic-process, and they are characterized 

by their specific features and their role in the process. 
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I now present three interpretations of instances of aesthetic judgement> before 

doing so, though, it may be wise to alert the reader to the fact that Gian-Carlo Rota has 

warned us against presenting instances of mathematical beauty as ‘isolated pearls’: 

[...] despite the fact that most proofs are long, despite our awareness of the need for an extensive 

background in order to appreciate a beautiful theorem, we think back to instances of mathematical 

beauty as if they had been perceived by an instantaneous realization, in a moment of truth, like a 

light-bulb suddenly being lit [....] 

[…] Following this mistaken conviction, several attempts have been made to string together 

beautiful mathematical results, and to present them in the form of books bearing such attractive 

titles as “The one hundred most beautiful theorems of mathematics”. Such anthologies are seldom 

to be found on any mathematician’s bookshelf. The fact is that the beauty of a mathematical 

theorem is best observed when the theorem is presented as the crown jewel within a context of 

results of a theory. When instead mathematical theorems from disparate areas of mathematics are 

strung together and presented as “pearls”, then they lose their relevance, and are likely to be 

appreciated only by those who are already familiar with them. (Rota, 1994, pp. 179-180) 

 

Rota correctly establishes that a great deal of the appreciation of mathematical 

beauty is about mathematical understanding. I agree with Rota. However, while he claims 

that mathematical beauty is merely about understanding, I claim that understanding is just 

part of the modality of aesthetic experience in mathematics. Mathematical knowledge is a 

dimension of phenomenological spaces of AMIOs. Mathematical understanding is an 

‘appreciation condition’, something without which we cannot ‘see’ the object of 

appreciation. Just as a deaf person cannot listen to music or an illiterate person cannot 

read a poem, a person unfamiliar with mathematics cannot appreciate it. Rota is right to 

warn us that the theoretical context is necessary to understand any piece of mathematics 

and to see its mathematical beauty. This entails a problem if we want to present isolated 

cases of mathematical beauty, since they seem to require the presentation of a wide 

theoretical context. That is why Rota dismisses works of the “One Hundred most 

Beautiful Mathematical Formulas” type. I believe that works devoted to the presentation 

of beautiful mathematical results fail to clarify what mathematical beauty is, as they are 

often merely anecdotal presentations. However, I am not committed to a beauty-as-

enlightenment approach. In my approach to mathematical understanding as an 

appreciation condition, once we are provided with a theoretical framework, those 



 

191 
 

anecdotes can serve as points of departure to offer a more substantive interpretation. 

Thus, despite Rota’s warning, I intend to use some ‘isolated pearls’ to exemplify how my 

theory can interpret them. 

 

1. Case 1, Beauty: y=e
x
, Basic Appreciation Phenomena 

A very elementary instance of beauty in mathematics is suitable to address cases of basic 

appreciation phenomena. Le Lionnais presents the following example (the function y=ex) 

of, according to him, ‘classical’ mathematical beauty: 

Who has not been amazed to learn that the function y=e
x, like a phoenix rising again from its own 

ashes, is its own derivative? (Le Lionnais, 2004, p. 126) 

 

1) Experience 

In my model, aesthetic experience is a process that includes a shift in the focus of 

attention, a focusing on aesthetically relevant properties, and an affective response. The 

process is started by an ‘input’ that has the qualities needed to focus our attention in an 

aesthetically relevant way. The most relevant feature of y=e
x here46 is not that the 

mathematical item refers to a set of properties of the object ex, but rather that it manages 

to involve our attention in a process that leads to an affective reaction47. 

Our object of attention is located in a phenomenological space the dimensions of 

which are properties of y=ex. There are two kinds of dimensions: background 

understanding and aesthetically relevant dimensions. In the present case the background 

knowledge consists in mathematical analysis. Analysis provides us with the 

understanding that allows us to ‘see’ the function. However, the aesthetic significance of 

the function depends not only on ‘seeing’ a mathematical object and its relations, but also 

in evaluating it affectively; the function possesses features we appreciate. Of course, the 

reasons why we appreciate certain properties can be practical or of another kind, but 

among those reasons there is one that is aesthetically significant: a class of properties that 

                                                 
46 The function y=e

x is the object of our evaluation. The fact that its derivative, y', is the same function, 
y'=y, is what makes it beautiful. I use the expression y’=y=e

x to emphasize this fact. 
47 As we shall soon see, not all properties of the object are responsible for retaining our attention and 
eliciting a reaction. It is a collection of ‘extra’ properties, the aesthetically relevant properties, that manages 
to do so. 
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tend to elicit affective reactions. Affective reactions play an important role in our 

preferences for symmetry, for example. These properties are often used to explain beauty, 

as in Hutchenson or Shaftesbury, who explain beauty based on ‘single-principles’. 

Explanations based on properties cohere with my model since these properties become 

part of the experience content as dimensions of its phenomenological space. Symmetry, 

for example, can be seen as an aesthetic principle that explains why we have a positive 

autonomic response. The problem is that this explanation does not account for aesthetic 

experience. In my model, aesthetic experience is a process in which aesthetic properties 

have a particular role, but experience itself is constituted by all the events and relations in 

the process. Aesthetic principles are useful to justify our appreciation, but not to account 

for aesthetic experience: aesthetic episodes are complex systems of relations among 

individuals, their natural propensities, cultural influence, social interaction and objects. 

Aesthetic experiences should be explained in the context of these relations; showing that 

an episode can be interpreted employing the theoretical framework of aesthetic-processes 

allows us to do that. 

Now, the very first event in our aesthetic-process is the occurrence of a triggering 

input, y=e
x, to which Le Lionnais draws our attention, pointing out that y=e

x is its own 

derivative, that is, y'=y=e
x. This last fact further draws our attention, helps us to focus it 

and, eventually, to elicit a reaction. The focus of our attention is not an instance of the 

formula, but rather some features of it. But in order to understand the interesting property 

that the derivative of ex is itself ex, it is necessary to understand its theoretical context; we 

need to understand notions like function, derivative, e, etc. All these facts can be 

addressed as elements of an aesthetic experience: the background understanding of 

analysis is the basic, enabling dimension of the phenomenological space in which our 

intentional object is located. We can establish this dimension by introducing the 

interpretation of our background understanding dimension: 

 

Background-Understanding-Analysis= the feature of being understandable only if 

analysis has been understood 
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Background knowledge enables us to ‘see’ the intentional object, and furthermore it also 

affects which properties are visible in the space. For example, a result that is simple if we 

understand analysis is not necessarily simple if we understand only arithmetic. Now, 

aesthetic appreciation requires something extra, just as seeing colour or hearing sounds 

are not enough for aesthetic appreciation of paintings or symphonies. This extra consists 

in some of the properties we find in our object of attention: once we understand that 

y'=y=e
x, we focus on the fact that there is a repetition of the term e

x , “like a phoenix 

rising again from its own ashes”. Furthermore, as we understand that the term ex is the 

result of applying the derivative operation (once), we also know it will appear again as 

the result of the derivative operation, regardless of how many times we apply it48. Now, 

there is a relevant phenomenon to which we immediately relate repetition: symmetry. 

Visual symmetry, bilateral symmetry, for example, consists in the repetition of the visual 

properties of one side of the object on the other side in such a way that both sides would 

match if the object were folded. The important fact about symmetry here is that we like 

symmetric objects. We experience a positive reaction to symmetrical objects; we polarize 

objects with the property of symmetry on the ‘liking’ side of the valence polarity liking-

disliking. Symmetry occurs not only at the perceptual level. There are more ‘abstract’ 

forms of symmetry. Palindromes, for example, can take forms that are not recognizable at 

first sight; “A man, a plan, a canal, Panama” reads the same when read backwards. To 

address these more abstract cases of symmetry a more general definition can be 

employed; for example, an object is symmetric with respect to an operation, if the object 

remains unchanged after the application of the operation (Livio, 2006, pp. 5-9; 

McWeeny, 2002, pp. 4-7). We can use this idea to represent the kind of symmetry we 

intuitively see in the repetition of ex. 

In our aesthetic-process, our attention shifts from attending the general properties 

of the function y=e
x to an attention focused on its aesthetically relevant properties. In this 

case, the property on which our attention focuses is a type of symmetry. The dimensions 

of our phenomenological space are thus analysis as background understanding, and a type 

                                                 
48 The same is true for the case of the integral operation: the term ex appears repeatedly.  Application of an 
integral operation renders ex +c, however, since we must add a constant c (the derivative of a constant is 0 
and any function f can be expressed as f+0). Subsequent applications of the integral yields even more 
polynomial terms, which makes the repetition less “clean” than in the case of the derivative. 
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of symmetry. We can introduce the dimension of symmetry (with respect to 

differentiation) with the following interpretation: 

 

Symmetry= the feature of remaining unchanged under application of differentiation   

 

With these two dimensions we can now interpret y=e
x as an AMIO that appears in 

the phenomenological space with analysis and symmetry as dimensions. Analysis allows 

us to see the object; symmetry makes the experience aesthetic. By changing our attention 

from y=e
x as a mere mathematical object to an object in which our attention focuses on 

symmetry, the content of attention becomes an aesthetic mathematical intentional object 

(AMIO). Our AMIO appears in a bi-dimensional space whose dimensions are analysis 

and symmetry. Symmetry contributes to elicit an affective response. Perceptual symmetry 

and our conceptual symmetry are able to elicit affective responses49. 

The understanding of y'=y=e
x strikes us as pleasurable in a fashion similar to the 

way visual symmetry strikes us. As Rota speculates, we very likely enjoy symmetry in 

this case because it comes as an extra in our difficulties with understanding analysis: our 

response stems in part from the fact that symmetry is neither necessary nor expected in 

our formulas or objects. Symmetry is an aesthetic property by itself, but the fact that we 

need to undergo all the difficulties of learning analysis in order to be able to ‘see’ this 

kind of symmetry enhances its effect. Compare the case of polynomial functions; the 

functions y=x
2
+c and y'=2x hold all the relations that allows us to interpret them as a 

function and its derivative; they are as hard to understand as y'=y=e
x. Knowledge of 

analysis is necessary to ‘see’ them, but even if we focus our attention on y=x
2
+c and 

y'=2x we shall fail to see any obvious symmetry, as the terms x2 and c are not preserved 

under differentiation . This derivative-symmetry is not a general characteristic of 

derivatives and there is nothing in the notion of derivative that makes it so. 

Since our attention on y=e
x is not focused merely on mathematical objects and 

relations, but rather on qualities relevant in the phenomenological space analysis-

symmetry, we can call the content of our attention:  

                                                 
49 Interestingly, aesthetic principles like Shaftesbury’s order or Hutchenson’s unity amidst variety are, I 
believe, not completely alien to symmetry. 
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analysis-symmetry-AMIO-y=e
x.  

 

The process of shifting our attention to this intentional object, the intentional object itself, 

the fact that it induces an affective reaction, and the affective reaction itself constitute our 

aesthetic experience.  

Now, this example of mathematical beauty is very simple, and I believe it is not 

too bold to propose that the way the content analysis-symmetry-AMIO-y=e
x relates to its 

affective response is similar to the way perceptual symmetry induces an affective 

response: it is an autonomic (invoked) response. Since the repetition of the term ex is 

explicitly ‘visible’ in the derivative, the content of our experience does not involve 

further activities – following the steps of an argument or looking for patterns in them – 

hence the appreciation phenomenon cannot be formal. And since the content does not 

evoke but rather invoke an affective response, it cannot be canonical. The appreciation 

phenomenon involved in the experience is of the basic type. 

Now regarding the development of the aesthetic-process, we have so far covered 

nodes 1 to 4. Node 1 is the triggering ‘stimulus’ (although there is no actual perceptual 

stimulus). Node 2 consists in changing the way our attention is focused. In our 

interpretation this corresponds to establishing the relevant analysis-symmetry dimensions 

for the AMIO and interpreting our object y=e
x as the intentional object: analysis-

symmetry-AMIO-y=e
x. An affective reaction, node 3, is invoked by passive 

contemplation of this AMIO. Since the affective reaction is positive, our response <P,N> 

is one of pleasure; we experience an affective evaluation; this takes us to node 4, 

evaluation, and into the realm of aesthetic value.  

 

2) Value 

I have defined aesthetic value as a relation between (sets of) properties and responses. 

The notion of pleasure-relation introduced in Chapter 3 can now be identified. The 

passive content of our experience is the aesthetic form analysis-symmetry-AMIO-y=e
x. 

There is no active content. The content invokes a pleasure reaction. However, according 

to our formalization, the outputs of a pleasure-relation consist of ordered pairs <x,y> 
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where x and y are affective responses. In the case of basic aesthetic relations the 

coordinate y is set to a No-response constant since there is no active content. The output 

of our pleasure-relation can thus be expressed as50:  

 

f(analysis-symmetry-AMIO-y=ex )=<P,N> 

 

Dynamics 

Multiple factors are at work in the dynamics of value. McAllister’s aesthetic induction 

already involves complex social and historical elements. My approach is even more 

complicated due to the introduction of critical adequacy and robustness. In order to 

illustrate their application I shall try to keep this interpretation as simple as possible. It is 

not impossible that I shall neglect actual factors, like some relevant aesthetic properties 

besides symmetry, or perhaps the actual history of the changing opinions on ex. However, 

by doing so it is possible to present a nearly ideal case in which a single aesthetic 

dimension is at work, allowing us to see more clearly how my aesthetic theory works. 

Now, we have established that symmetry is responsible for our affective response. 

In terms of value it means that the pair <{symmetry},<P,N>> consisting of the set 

containing the property symmetry and the pleasure response <P,N>, is an element of the 

value-set for mathematics: the property set of symmetry possesses a positive aesthetic 

value. 

The dynamics of this particular value (the element in the value-set) must be 

analyzed in terms of constrained aesthetic induction. The only evidence we have to 

support the existence of experiences or values51 is the public judgement available 

regarding the beauty of y=e
x: the text offered by Le Lionnais. The text can be seen as 

evidence that there is some kind of aesthetic criterion governing the passage of his 

judgement. Of course, these criteria are not necessarily held explicitly or consciously by 

                                                 
50 I employ the functional notation f(x)=y to emphasize that in the context of particular aesthetic experience 
there is an actual assignment of a particular output  y (an affective response) to an the input x (the 
intentional object).  
51 The interpretation of experience offered above can be justified only by the evidence of an actual 
judgement. But that is the case for all kinds of experiences. Thus the interpretation of aesthetic experience 
offered above and of value in this section is, in a strict sense, theoretical. 
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the person who passes the judgement; rather, aesthetic criteria are useful devices that 

allow us to utilize the publicly available information to track the otherwise private and 

inaccessible values. The criterion at work in this case corresponds to something like: 

 

‘If symmetry appears in object O, attach more aesthetic value to O’. 

 

The strength of this criterion co-varies with the strength of its associated preference and 

value. In other words, this criterion is the ‘cognitive’ side of an affective preference in the 

person who passes the judgement and it tracks the value-element <{symmetry},<P,N>>. 

Now, in our constrained version of aesthetic induction, two features play a key role: 

critical adequacy and critical robustness. Critical adequacy represents the inductive, or a 

posteriori, character of our judgements; robustness represents the autonomic, or a priori, 

character. It is true that appreciation of symmetry can be affected by learning and 

experience, but symmetry has a rather natural character. Visual symmetry, for example, 

does not require any special training or experience to be appreciated positively. 

Furthermore, the historical evidence of positive reactions to symmetric items, from art in 

antiquity to contemporary judgements in mathematics, seems to testify that positive 

judgements regarding symmetry possess a high degree of robustness. This evidence 

means that the preferences for symmetric items do not necessarily depend on, or are at 

least relatively immune to experience. Furthermore, our judgement concerning the beauty 

of y=e
x needs a good deal of mathematical background to allow us to see the symmetry 

involved in our criterion, but it does not depend on previous experiences with symmetry. 

We can conclude that the aesthetic value of ‘symmetry’ (more precisely 

<{symmetry},<P,N>>) will remain high despite changes in other parts of aesthetic value 

induced by experience. The preference for symmetry is quite stable; it reflects a natural 

preference, and thus its corresponding criterion (ideally) does not seem to depend on 

experience, it is a priori. As this criterion is responsible for our evaluation, this 

evaluation is also a priori. This takes us to the issue of aesthetic judgement. 
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3) Judgement 

For convenience, I assume that the sentence ‘y=e
x is beautiful’52 summarizes the 

judgement presented by Le Lionnais in his text. I have characterized an aesthetic 

judgement as an aesthetic description that expresses a subjective state in an aesthetic-

process. ‘y=ex is beautiful’ is such a description; it expresses the state resulting from 

evaluating and articulating our aesthetic experience in contemplating y=e
x. Aesthetic 

descriptions are sentences that include correctly applied aesthetic predicates. As we have 

seen, there are multiple possibilities to map affective reactions (the possible outputs of 

our pleasure-relation, the set E8JOYME8T) to collections of linguistic labels (schemata). 

We have established that the pleasure-relation is of the basic type, thus there are only two 

possibilities; pleasure, P, and displeasure, D. Our E8JOYME8T set is: 

 

E8JOYME8T ={<P,N>, <D, N>} 

 

The term ‘beautiful’ can easily be mapped into the sole pleasure reaction <P,N>. Hence, 

the actual output of our pleasure-relation is <P,N>. Now, although it is simple to map the 

pleasure response to the label ‘beautiful’, that mapping conveys the mapping of the whole 

set of possibilities {<P,N>,<D,N>} to an appropriate schema, for example {‘beautiful’, 

‘ugly’}. The mapping is accompanied by the reorganization of the extensional domain to 

which the expression ‘y=ex’ refers; the domain of mathematical functions (objects that 

are not AMIOs but mathematical objects simpliciter). This reorganization of the domain 

is something that occurs subjectively; it is a change in our (or Le Lionnais’) point of 

view, and it is something we do not necessarily undergo consciously. Despite this 

subjectivity – and this is very interesting – the metaphor Le Lionnais employs, comparing 

the function to a phoenix, testifies to the fact that such a subjective reorganization does 

occur. Metaphors reorganize the new referential domain where a metaphorical label is 

applied. In the metaphor that compares y=e
x to a phoenix the domain of mathematical 

functions is reorganized to match the ‘phoenix’ schema (the schema of real and 
                                                 
52 “y'=y=e

x is beautiful” is perhaps an option for expressing the judgement, but Le Lionnais refers to the 
function y=e

x as an object that happens to be beautiful, and he then explains that its beauty is the result of 
the fact that y'= e

x. In other words y=e
x is the subject matter of our judgement and y'= e

x is the justification 
of our judgement. I believe that ‘y=e

x is beautiful’ better expresses the idea that our object of attention is a 
contemplative, non-active content. 
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imaginary birds or animals). This metaphor should not be interpreted as an explanation of 

the beauty of y=e
x, but rather as a way to draw our attention to the fact that a 

reorganization of the domain of mathematical functions is occurring in our appreciation 

of the beauty of the function. I believe this is also the function of some metaphors in art 

criticism: metaphors draw our attention to the fact that a reorganization of the domain 

helps us to articulate the aesthetic experience. The reorganization of any domain can be 

carried out in several ways; for example, the domain of functions or other abstract objects 

can be organized according to the structure of the domain associated with the schema of 

birds (including the phoenix). The metaphor only tries to illustrate the characteristic 

reorganization involved in articulating an experience. 

In order to distinguish metaphorical from correct aesthetic use we can address the 

two roles of aesthetic judgements; articulation and exchange. Roughly speaking, 

articulation consists of three things: 1) mapping, 2) reorganizing, and 3) locating our 

state. The mapping establishes assignments of outputs of our basic pleasure-relation, 

{<P,N>, <D, N>}, to the label family {‘beauty’, ‘ugly’}. This mapping can be naturally 

accomplished by assigning ‘beautiful’ to pleasure <P,N> and ‘ugly’ to displeasure 

<D,N>. The second element consists in reorganizing the referential domain of 

mathematical functions. The actual reorganization underlying Le Lionnais’ judgement 

seems to consist in having the mathematical functions domain divided into beautiful, ugly 

and aesthetically-neutral functions. There are several ways of reorganizing the domain, 

since the adequacy of labels depend on context and habit. To exemplify this, we can think 

of two alternatives. As we have discussed above, in the domain of mathematical functions 

some elements exhibit symmetry with respect to differentiation, y=e
x, while others are 

non-symmetric, y=x
2
+c, for example. By reorganizing the domain of mathematical 

functions in terms of derivative-symmetry we can have a second way to relate items in 

this domain to labels in the original schema {‘beautiful’, ‘ugly’}; at the same time, we 

have an explanation for our affective reaction. The other alternative is to reorganize the 

domain of mathematical functions using the phoenix metaphor, in which only one kind of 

animal is reborn from its ashes, just as only y=e
x remains  the same under 
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differentiation53. Of the two alternatives, the first has the advantage of offering clearer 

points of reference which agree with the way we actually deal with mathematical 

functions. The second schema, as in the case of the colour schema, has a domain whose 

structure has very few points of reference to reorganize functions other than the phoenix 

in relation to y=ex. But what kind of functions can we associate with birds like the eagle 

or the pigeon? These two possible reorganizations show that the process of articulation 

depends on many factors, and that, in general, ‘choosing’ a correct reorganization is a 

skill that must be developed.  

The mapping and reorganization provide us with a ‘chart’ of the possible aesthetic 

experiences; the third element necessary to articulate our experience is, of course, the 

‘coordinates’ that tell us ‘where’ on this chart we are. The actual output of our pleasure-

relation, f(AMIO-y’=y=e
x)=<P,N>, gives us these coordinates:  it spots a specific output, 

which is mapped to the label ‘beautiful’ (or another label depending on our choices). 

Hence, the aesthetic judgement ‘y=e
x is beautiful’ is the result of our articulation.  

Now, the need for a linguistic expression is what encouraged articulation in the 

first place; the need to express our subjective state <P,N> in a linguistic form encourages 

us to choose a schema, a label, a mapping and to undergo a domain reorganization. It 

must be emphasised that non-aesthetic judgements like  ‘y=e
x is derivative-symmetric’, 

cannot play the role of encouraging articulation, since they do not express our subjective 

state and they can be interpreted straightforwardly without the need for any 

reorganization of the referential domain. 

It is very easy to account for the role of exchange. In its exchange role the 

judgement ‘y=e
x is beautiful’ serves to convey information; this function is obviously 

performed, as is clear from the fact that we can read Le Lionnais’ text witnessing the 

existence of the judgement. The judgement helps us to focus our attention on ‘y=ex’ and 

                                                 
53 Functions like sin x and cos x appear again after the application of two sequential derivative operations. 
In that sense y=e

x
 is not completely unique. Furthermore the function y=ce

x
 also have the quality of 

repeating itself . However, these kinds of repetition are less appealing than the immediate and more obvious 
repetition of ex. In addition, even if the function is not unique in that respect, our focus in this interpretation 
is on the fact that the affective reaction is autonomically elicited by the presence of symmetry; this fact is 
independent of whether or not e

x is the sole symmetric object. We appreciate visual symmetry because 
symmetry naturally ‘moves’ us, not because symmetry is rare. Rarity can enhance our appreciation, but first 
we need something to be enhanced. 



 

201 
 

then encourages us to undergo the appropriate experience: the judgement plays a role in 

further aesthetic-processes, our own aesthetic-process when we read Le Lionnais. 

Now, since the judgement is (ideally) a priori, even if in principle it can 

participate in an aesthetic inductive process it would have little effect in shaping future 

experiences by means of aesthetic induction. Thus, since the judgement does not lead to 

further conclusions or actions, we can conclude that it is (again, ideally) not only locally 

terminal but also Kivy-terminal. 

 

Development of the Process 

With all these elements we can summarize how this aesthetic-process develops: 

The formula y=e
x and Le Lionnais’ remarks focus our attention on the function y=e

x 

(node 1), our attention shifts focus by concentrating on analysis-symmetry-AMIO-y=e
x, 

instead of on y=e
x simpliciter (node 2). The intentional object analysis-symmetry-AMIO-

y=e
x invokes a pleasure reaction, <P,N>. This reaction is an affective evaluation (node 4) 

and it is the result of the preference encoded in the a priori criterion ‘If symmetry appears 

in object O, attach more aesthetic value to O’ which tracks the value-element 

<{symmetry},<P,N>>. The resulting subjective state needs to be expressed in a 

judgement, thus encouraging the articulation of our experience (node 5). This judgement 

is expressed linguistically as ‘y=e
x is beautiful’ (node 6), and it can result in further 

aesthetic experiences, but it is not very likely these will alter the aesthetic value. 

 

2. Case 2, Elegance: Cantor’s Diagonal Proof -Method 

I shall now use Cantor’s diagonal proof of the non-denumerability of the real numbers R, 

to illustrate formal and canonical aesthetic phenomena and the use of the term ‘elegance’. 

In Chapter 3 I claimed that the appreciation of many mathematical proofs falls under the 

category of formal aesthetic appreciation phenomena. This proof allows us to illustrate 

formal phenomena. To illustrate canonical phenomena, I use the technique derived from 

Cantor’s diagonal proof, sometimes called diagonal method or diagonal argument. I 

approach the same mathematical item, the diagonal proof, by giving two interrelated 

interpretations of the proof. The first interpretation focuses on the series of individual 

steps of the proof; this interpretation allows us to see the proof as a formal appreciation 



202 
 

phenomenon. The second interpretation focuses on how we construct a new object of 

attention with each step of the proof. This allows us to see the proof as a general method 

and as an instance of canonical appreciation phenomena. 

 

1) Experience  

In 1891 Cantor presented a proof that the set of real numbers R is non-denumerable 

(Cantor, 1891). The following is a transcription of Buckner’s translation into English 

(Buckner 2005) of Cantor’s original proof (the signposts for elementary steps  D1), D2), 

D3), etc. are mine). 

“On a property of a set of all real algebraic numbers” (Journ. Math. Bd. 77, S. 258), there 

appeared, probably for the first time, a proof of the proposition that there is an infinite 

manifold, which cannot be put into a one-one correlation with the totality [Gesamtheit] of 

all finite whole numbers 1, 2, 3, …, v, …, or, as I am used to saying, which do not have 

the power (Mächtigkeit) of the number series 1, 2, 3, …, v, ….  From the proposition 

proved in § 2 there follows another, that e.g. the totality (Gesamtheit) of all real numbers 

of an arbitrary interval (a ... b) cannot be arranged in the series 

w1 w2, …, wv, … 

However, there is a proof of this proposition that is much simpler, and which does not 

depend on considering the irrational numbers. 

 D1) 

Namely, let m and n be two different characters, and consider a set [Inbegriff] M of 

elements 

E = (x1, x2, … , xv, …)  

which depend on infinitely many coordinates x1, x2, … , xv, …, and where each of the 

coordinates is either m or w.  Let M be the totality [Gesamtheit] of all elements E.   

D2) 

To the elements of M belong e.g. the following three:  

EI  = (m, m, m, m, … ), 

EII = (w, w, w, w, … ), 

EIII = (m, w, m, w, … ). 

 D3) 

I maintain now that such a manifold [Mannigfaltigkeit] M does not have the power of the 

series 1, 2, 3, …, v, …. 

 This follows from the following proposition:  

D4) 
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"If E1, E2, …, Ev, … is any simply infinite [einfach unendliche] series of elements of the 

manifold M, then there always exists an element E0 of M, which cannot be connected 

with any element Ev." 

 D5) 

For proof, let there be 

 E1 = (a1.1, a1.2, … , a1,v, …) 

E2 = (a2.1, a2.2, … , a2,v, …) 

Eu = (au.1, au.2, … , au,v, …) 

…………………………. 

where the characters au,v are either m or w.  Then there is a series b1, b2, … bv,…, defined 

so that bv is also equal to m or w but is different from av,v. 

 D6) 

Thus, if av,v = m, then bv = w. 

D7) 

Then consider the element 

E0 = (b1, b2, b3, …) 

D8) 

of M, then one sees straight away, that the equation 

E0 = Eu 

cannot be satisfied by any positive integer u, otherwise for that u and for all values of v. 

bv = au,v 

and so we would in particular have 

bu = au,u 

 D9) 

which through the definition of  bv is impossible.  From this proposition it follows 

immediately that the totality of all elements of M cannot be put into the sequence 

[Reihenform]: E1, E2, …, Ev, … otherwise we would have the contradiction, that a thing 

[Ding] E0 would be both an element of M, but also not an element of M. 

 

Now, our object of attention is not the theorem itself, that R is non-denumerable, but the 

argument that allows us to establish it. Our attention focuses on the different steps 

proposed by Cantor, and on the way they take us from the premise (that there are 

elements of the type E = (x1, x2, … , xv, …) that can be arranged in a list)  to the 

conclusion (R is non-denumerable).  

The diagonal method can be identified as the passages D4 to D9 presented above; 

more specifically the proof of D4:  
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“If E1, E2, …, Ev, … is any simply infinite series of elements of the manifold M, then 

there always exists an element E0 of M, which cannot be connected with any element Ev.” 

 

It is often argued that Cantor’s diagonal proof is remarkably simple; I believe the passage 

above shows us this simplicity. Now, in the following I concentrate only on the diagonal 

method, and not on the specifics of the non-denumerability of R.  

 

The proof consists of a sequence of steps that takes us from the premise “E1, E2, 

…, Ev, … is any simply infinite series of elements of the manifold M”  to the conclusion 

“there always exists an element E0 of M, which cannot be connected with any element 

Ev”. I call the interpretation focused on the individual steps the step-series interpretation. 

I call the interpretation focused on how the steps are just elements of a general method 

the single-object interpretation. This interpretation sees the proof as a single object; in a 

fashion similar to a procedure or an algorithm, which is instantiated in different 

mathematical proofs. 

Now, in general, a mathematical proof requires a different kind of attention from 

items like mathematical objects, formulas or theorems. Formulas, for example, are single 

statements, but a proof is an argument that involves the unfolding of our attention through 

a series of statements. The steps of the proof, in this sense, constitute a ‘narrative’ 

structure, an unfolding of events that lead logically to other events. This narrative and the 

aesthetically relevant properties are responsible for our affective reaction to Cantor’s 

proof.  

Cantor’s proof is aesthetically interesting not because it proves the non-

denumerability of R: as a matter of fact, that result had been already proven by Cantor 

himself in 1874. Cantor’s proof is aesthetically interesting thanks to the quality of the 

narrative, the method introduced. Gian-Carlo Rota was skeptical of the fact that the 

unexpected (Rota, 1997, p. 172) may play a role in mathematical beauty, but I think it is 

plausible that the unexpected plays a role in the beauty of this proof. Now, in general, the 

conclusion of a proof is already known from the beginning of the proof. Thus, the 

conclusion of the proof itself is not unexpected.  If anything, the unexpected must be 
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located on the procedure, in the narrative of the proof. This is why it is important first to 

interpret the proof as a series of steps. 

 

1.1) Step-series Interpretation 

The first task in our analysis of the beauty of Cantor’s proof is to establish how attention 

is focused. Each step is a single statement, analogous to a formula; background 

knowledge should be required to ‘see’ each step. Cantor employed an informal set theory 

(naïve set theory), but we can assume that a basic understanding of set theory (ST) is 

necessary to understand the proof (the difference between naïve set theory and ST is not 

relevant here). Now, understanding each new step in the proof requires an understanding 

of the previous steps, thus, in a sense, every previous step in the proof becomes part of 

the background understanding. The proof stops when we reach the conclusion we were 

looking for, in this case that element E0 is different from any element Ev. 

The procedure and the ideas involved in the steps are fairly simple, but 

nonetheless conclusive. The whole procedure consists of very few steps, D4 to D9; and 

we can reduce it to just two general steps plus one concluding step. The two general steps 

are, I) to establish the diagonal (in an infinite list of terms consisting of infinite 

coordinates), and, II) to construct a new term consisting of the coordinates that are 

complementary to the coordinates in the diagonal. The concluding step consists in 

realizing that the new term is not in the list and thus that there exists a non-denumerable 

manifold. Since this last step is specific to this particular proof I shall concentrate only on 

the two general steps and consider that the concluding step should be trivially adapted to 

the proof at hand. These steps are very simple operations. The brevity and simplicity of 

the proof offers the advantage of making it very transparent and reliable, since not many 

details are involved and there is small probability of something going wrong. This brevity 

and simplicity, as is often remarked, makes the proof a very elegant one. 

All these things constitute our intentional object. Our phenomenological space is 

constituted by a set theory (ST) background-understanding dimension. The most salient 

aesthetic property is simplicity. Simplicity often appears as explanation of our taste for 

scientific theories; McAllister has shown there are several ways in which simplicity is 

interpreted in science (McAllister, 1996, Ch. 7). I believe that simplicity in this example 
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can be consistently interpreted in two different ways: first as a ‘transparency’ quality, a 

quality that facilitates understanding and reduces the possibility of error. We enjoy this 

simplicity in the same fashion as we find the lack of complications pleasurable. Second, a 

proof is simpler if it has fewer steps; we can call this type of simplicity step-parsimony. 

The diagonal method, as I have summarized it, has only two steps. We can introduce 

these properties with the following definitions: 

 

Simplicity=the feature of facilitating understanding and reducing the possibility of error 

 

Step-Parsimony= the feature of consisting of a small number of steps 

 

Step Parsimony (or parsimony for short) will play a central role in the single-object 

interpretation, but for now let us concentrate on the individual steps. The steps of the 

proof appear in a space with the dimensions ST (set theoretical background-

understanding) and simplicity. 

Now, an interesting and characteristic feature of proofs is that our attention is 

actively involved. For example, the second step of Cantor’s proof, constructing the 

complementary element, depends on the first step. Reaching our conclusion depends on 

understanding both steps. That is, in order to understand the proof we must understand 

each step and how they depend on each other. When our attention shifts to a new step in 

the proof, the former step becomes a necessary supporting part of the new step. The shift 

of attention means that our attention must be constantly changing and performing certain 

tasks with the object of our attention. For instance, in the first step of Cantor’s proof we 

must establish the diagonal by ‘taking’ the first coordinate of the first element of the list, 

the second coordinate of the second element of the list, the nth coordinate of the nth 

element of the list. Our object of attention, the diagonal of the first step of the proof, does 

not just passively appear in the phenomenological space; it requires active attention to 

become part of the proof. And as it develops into a new step, our attention is developing 

new background understanding for the next step, since each previous step is needed to 

understand the new step. The content of our experience in the step-series interpretation 

consists of a series of interrelated AMIOs in the space ST-Simplicity. We can call them 
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ST-Simplicity-AMIO-Step-I and ST-Simplicity-AMIO-Step-II. Each AMIO requires the 

performance of some specific intellectual activity, and the attention shifts its focus from 

the first to the second AMIO.  

 

1.2) Single-Object Interpretation 

To see the proof as a single object we must construct this object using the steps of the 

proof as building blocks. My model of AMIO allows the building of new objects in the 

phenomenological space. The construction of an object is not arbitrary; it is constrained 

by the dimensions of the space and the conditions of conservativism and relevance of the 

operations we employ to construct the new object. In the case of Cantor’s diagonal proof, 

the theoretical frameworks of logic and set theory determine which implicit and meta-

intentional operations are allowed. A condition for constructing new objects in our 

phenomenological space is that the resulting object must remain an AMIO. Now, the 

operation of adding new steps to a proof results in new objects of attention, and in the 

case of Cantor’s proof the steps remain simple even if we establish their connection to 

other steps. The operation of adding steps is in this case consistent and simplicity-

conservative. This means that the object resulting from adding steps in Cantor’s proof 

exists in the same ST-simplicity phenomenological space as the steps. We can thus think 

of logical consequence (├), which is allowed by logic and set theory, as an implicit 

operation in our phenomenological space for the orderly connection of steps to each 

other. For example, the first step of the proof, establishing the diagonal, is a single 

independent object for which only background understanding is necessary. The second 

step, constructing E0, is an object of attention that depends on the same background 

understanding and on an understanding of the first step of the proof. The proof as a single 

object of attention is the final object of attention ‘there is an element E0’ resulting from 

the previous two steps and the logical consequence operation. 

An interesting feature of this new object is that the property of step-parsimony is 

now visible in it, as we can count the number of steps involved in the object. Since step-

parsimony is relevant to our appreciation, the respective step-parsimony dimension must 

now be introduced in our phenomenological space. The new space has the dimensions ST, 
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simplicity and step-parsimony. The resultant single object is a new object that can be 

called AMIO-diagonal-method. 

Seeing the proof as a single object also provides us with a way to characterize 

different mathematical proofs as instances of the application of the diagonal method. 

Cantor’s theorem54, and the first of Gödel’s incompleteness theorems, have been proved 

by diagonalization. The single-object interpretation allows us to incorporate this inter-

field application of the method in our aesthetic experience. It must be noticed that this 

interfield-application of the method plays a role in mathematicians’ appreciation of the 

diagonal method. I believe the reason for this appreciation has to do with the desirability 

of theoretical and methodological unification: it is desirable to have a common theoretical 

foundation for mathematics in set theory; by the same token the existence of common 

mathematical methods is desirable. The diagonal method possesses a very desirable 

method-unifying power. This desirability is not exclusive to mathematics – unity is not 

unknown in aesthetics; the appreciation of method-unifying power can be seen as a 

variation of Hutchenson’s aesthetic principle of unity amidst variety. Now, in order to 

incorporate this property in our experience we need to incorporate the fact that the 

method is applicable to other problems. But, in principle, those other problems are not 

visible in the original phenomenological space of the proof. I proposed the meta-

intentional operations precisely to cope with this kind of problems.  

We have established that the AMIOs can be constructed not only by means of 

implicit operations but also by external meta-intentional operations. Each instance of 

application of diagonalization can be seen as a different intentional object existing in their 

corresponding phenomenological space. In order to see the unifying power of the method 

within our space we need to introduce the unifying-power dimension. The best way to 

accomplish this is by allowing a meta-intentional operation, which  are operations that are 

not allowed by the implicit features of the dimensions of the space and that are relevant 

(in the sense of allowing us to ‘see’ additional aesthetic features) and conservative with 

respect to the aesthetic characteristics of our space. In the case of the diagonal method, 

one such operation is simply the operation: 

 

                                                 
54 For every set S the power set of S, P(S), has a strictly greater cardinality than S itself. 
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‘Apply the same method to a different instance’. 

 

Let us call this meta-intentional operation the external re-application operation.  

For example, if we focus on the proof by reductio ad absurdum, known to the 

ancient Greeks, that the square root of 2 is irrational, we can construct an intentional 

object that possesses all relevant steps and properties of the proof. If we concentrate only 

on the relevant properties of the method employed, to suppose a premise and then obtain 

from it a conclusion that contradicts it, we obtain the method of proof by contradiction, or 

reductio ad absurdum. Now, reductio ad absurdum is applicable in many instances but 

this ‘applicability-to-many-instances’ is not a property that is visible in the proof’s 

original phenomenological space. With the operation introduced above, however, if we 

apply the operation  ‘Apply the same method to a different instance’ we can account for 

the application of reductio ad absurdum in, say, the instance of the proof of the infinity of 

primes. The resultant object of attention is the same method but employed in a different 

instance. Now, this new object is different from the original in that it has the property of 

having been applied to other instances. The property of ‘being-applicable-to-many-

instances’ is now visible in our phenomenological space. 

Similarly, the diagonal method remains the same when we apply the external re-

application operation. And in this case the aesthetically relevant characteristics of the 

proof, simplicity and parsimony, are preserved; because if we added any new steps or 

changed the simplicity of the assumptions in the steps, the new method would no longer 

be an instance of diagonalization. Thus, the external re-application is simplicity and 

parsimony conservative. We can apply the external re-application operation to the 

AMIO-diagonal-method to obtain a different intentional object: re-applied-AMIO-

diagonal-method. 

This new AMIO possesses not only the properties of being transparently and 

parsimoniously simple, but also of being method-unifying, and thus it exists in a space 

constituted by the dimensions ST, simplicity, step-parsimony, and the new dimension of 

method-unification.  Method-unification that can be defined as follows: 
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Method-unification= the feature of providing a general procedure that can be applied to 

multiple problems in different fields. 

 

 

Once we have established how our attention is focused and what the objects of attention 

are, we should establish that the experience of those objects is an aesthetic experience, 

that is, there is a relation between the presence of the objects and our affective reactions. 

The step-series interpretation allows us to elaborate on the details of the activities and the 

change of attention in the proof. The single object interpretation allows us to take the 

unifying power of the method inot account. As we shall see below, these interpretations 

also exemplify formal and canonical aesthetic appreciation phenomena, respectively. 

 

1.3) Affective Response in Step-Series Interpretation 

When our attention is focused on an individual step of the proof, there are two ways an 

affective response can arise autonomically: passively by mere contemplation; or actively 

by means of the intellectual activities performed in the step. In the cases of Euler’s 

formula and the function y=e
x the presence of aesthetically relevant properties, like 

simplicity or symmetry, invokes affective reactions. Simplicity is an aesthetically 

relevant property of steps I and II (the concluding step can be regarded as trivial) of the 

diagonal proof, thus their passive contemplation can elicit a positive affective reaction. 

Although passive contemplation does have affective significance, I believe that in this 

proof the most significant part of the affective response comes from the active content: 

we not only passively focus our attention on the properties of the steps, we also actively 

imagine and evaluate what is being presented to us. In step I, for example, we have to 

figure out that terms En can be arranged following the order of natural numbers, that the 

coordinate of each element can also be arranged in that manner, that we can then take the 

first coordinate of the first element, the second coordinate of the second, and so on. These 

tasks are simple tasks; they are easy to perform. In addition to the intellectual activities 

performed in ‘following’ the proof, there is the activity of keeping track of the 

development of the proof. We know that each step is not presented to our attention 

arbitrarily, but rather that their purpose is to lead us somewhere else, and, ultimately, to 
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the desired conclusion: we see each step as a section of a ‘story’ that develops to reach a 

conclusion; we actively check for coherence between steps, that is, that one step 

consistently leads to another. By establishing step I of the proof (the diagonal in the list of 

elements) we have also presented the basis for step II, since step II consists in using the 

coordinate n from element n as proposed in step I to build a new element with all its 

coordinates complementary with respect to the diagonal. We can see that step II naturally 

develops the ‘story’ introduced in step I. 

Now, we also know that the conclusion we are trying to reach is about an infinite 

manifold. At first sight, we could expect a rather complicated story (it is about infinity, 

after all). The fact that the story takes only two very simple and coherent steps and it 

takes us to the conclusion we wanted to reach, strikes us as completely unexpected. As I 

have mentioned before, the conclusion of the proof is not unexpected at all; we knew it 

from the beginning; but the fact that two simple steps are enough to prove something 

about infinite sets is certainly an unexpected outcome. Now, unexpectedness can elicit an 

affective reaction. In emotions, for example, an affective reaction is triggered in response 

to changes in the environment. Different kinds of change in the environment result in 

different kinds of affective reactions. The kind of change in the diagonal proof is that of 

unexpected success. This unexpected success, coupled with the simplicity of the 

intellectual activities performed, results in an affective reaction associated not with the 

passive content of an individual step, but with the active performance of intellectual 

activities in each step to reach the conclusion. In a sense, the proof is a story with a happy 

ending, but most proofs have happy endings. The happy ending is less relevant than the 

‘narrative’, the way the story is told: the most ‘moving’ element in this ‘story’ is that we 

reach the ending as an unexpected success. 

Now, unlike simplicity or symmetry, unexpected success is not a property of the 

proof, it is not a quality we can see in it; rather, it is a type of outcome of our actions. 

This is one of the reasons why passive and active affective responses cannot be reduced 

to each other. Another reason for this is that passive contents elicit reactions by means of 

contemplation of properties. Aestheticians like Hutchenson or Shaftesbury were dealing 

with this kind of pleasure when they proposed their aesthetic principles of order and 

unity. Active contents, by contrast, elicit responses as the result of performing certain 
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tasks or obtaining certain outcomes. This is the kind of pleasure that Kivy’s formalism 

deals with by means of the hypothesis game and the game of hide and seek. If unexpected 

success were not a type of outcome of our actions but a property, there would be no 

reason to distinguish between passive and active contents. 

Now, even if the passive contemplation of the simplicity of each step of the proof 

already elicits an affective response, the active ‘performance’ of intellectual activities 

involved in the proof, due to their unexpected success, elicits an even more definite 

affective response. 

In summary, the aesthetic experience of the diagonal proof consists of a passive 

content, the AMIOs corresponding to each step, and an active content, which results in 

unexpected success. Both components result in a pleasure response; the total, composed 

response is <P,P>. Since we have an active content, our appreciation phenomenon is 

formal. The value of the pleasure-relation can be expressed as: 

 

f([step1, step2], [Activities-step1, Activities-step2, Story-Development])=<P, P> 

 

An interesting result can be drawn from this example: unexpectedness sometimes plays a 

role in mathematical beauty. Rota was skeptical about this perhaps because he confused it 

with a property of objects. Unexpectedness, at least in cases like the one analyzed here, as 

an explanation of mathematical beauty seems to be primarily suited to items that involve 

active attention (proofs or derivations, for example), since in mere passive contemplation 

there are no changes in our focus of attention and, thus, it cannot result in expected or 

unexpected developments. Due to the dynamic nature of unexpectedness, its role is more 

prominent in instances of active attention. 

  

1.4) Affective Response in the Single-Object Interpretation 

The proof as a single object is the result of a meta-intentional operation. We use the steps 

of the proof to form a larger single object. This object can be a further subject of the 

operator ‘external-application’. 

In the single-object interpretation of the method, the objects and intellectual 

activities involved in the proof must be seen in a particular way. The steps of the proof 
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should not be seen as separate objects of attention, but rather as the building blocks of the 

constructed object AMIO-diagonal-method. Similarly, the activities performed in each 

step and in the supervision of the proof development must be seen as the activity of 

internally organizing this new object. 

In addition to these activities we have seen that in order to see the property of 

method-unification we need to apply a meta-intentional operation external re-application. 

Applying this operation constitutes another kind of activity. More specifically, it would 

consist in checking that the relevant steps of the diagonal proof are applied in a 

recognizable way in another instance – to prove Cantor’s theorem, for example. The 

result of these activities is the object: 

 

AMIO-diagonal-method-external-application 

 

This object is the passive content of our experience. The active content consists in the 

activity of ‘constructing’ the object and in applying the method externally. These 

activities, except for the external application, are basically the same set of activities as in 

the step-series interpretation, and thus we can also conclude that they elicit a positive 

affective response, due to its ‘constructive’ unexpected success. 

There is, however, an important difference between the two interpretations: the 

passive content in the single-object interpretation has the additional aesthetic property of 

method-unification. While simplicity is ‘visible’ in the step-series interpretation, 

unification is not. Both properties are visible in the single-object interpretation, though. In 

the single-object interpretation the proof is not only simple and parsimonious but also 

method-unifying. Method-unification is a property of the proof and thus is part of the 

passive content of our experience; for this reason the passive content fares better in 

eliciting pleasure. 

Our appreciation of method-unification, however, depends not only on our current 

experience of the proof, but also on the different experiences of application of the proof. 

If the pleasure associated with method-unification is experience-dependent we have 

reasons to think that aesthetic induction can play a role. The possibility exists that the 

pleasure resulting from the active content can be evoked rather than invoked. For the sake 
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of argument, let us assume it does. The composed response, although still a full-pleasure 

response as in the step-series interpretation, is different in that it includes an evoked, Ep, 

pleasure response: <Ep,P>. The experience is thus characterized by a canonical aesthetic 

appreciation phenomenon. If we represent the activities that result in the new intentional 

object by the term Construction-Activities, the pleasure-relation can be expressed as 

follows: 

 

f(diagonal-method-AMIO, Construction-Activities)=<Ep,P> 

 

 

Development of the Process so Far 

Regarding the development of our aesthetic-process, we have so far covered node 1, in 

which perceptual stimuli play no significant role. In node 2 we focus our attention on 

simplicity and step-parsimony, which establish the dimensions ST-simplicity-parsimony 

for the respective step-AMIOs. We also devote attention to ‘following the proof’, that is, 

we concentrate on performing the activities we are required to carry out the proof, node 3. 

Affective reactions, node 4, are invoked by the presence of the step-AMIOs, due to our 

natural responses to simplicity. The active content renders an unexpected-success 

outcome, which turns our experience into a formal one. In the single-object interpretation, 

however, the reaction can be affected by previous experiences and thus the passive 

response may be evoked rather than invoked and the experience may thus be canonical. 

 

2) Value 

The step-series interpretation corresponds to the experience we undergo when we 

encounter the proof for the very first time, with no knowledge of whether this method is 

applicable to other proofs. The single-object interpretation incorporates the effect that 

applying the method to other proofs has on our appreciation of it. For the sake of brevity 

let us call the experience associated with the step-series interpretation just diagonal-proof 

experience, and the experience associated with the single-object interpretation, diagonal-

method experience. 
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In the step-series interpretation the content results in a full pleasure <P, P> 

response. This response is an affective ‘evaluation’, resulting from our preferences for 

simple stimuli and from the satisfying feeling of unexpected success.  

Simplicity and unexpected success are responsible for the autonomic affective 

response, however only simplicity appears as a dimension in our space. In terms of value 

(the relation between sets of properties and responses) this means that 

 

<{simplicity}, <P,P>> ∈VM 

 

(the ordered pair above is an element of the aesthetic value-set for mathematics). The 

dynamics of this value-element must be analyzed in terms of constrained aesthetic 

induction. Now, Cantor’s proof has often been qualified as elegant (Leron, 2004). The 

public judgements stating the elegance of the proof are the sole evidence we have to 

support our claim that the ordered pair presented above is in the value-set. 

Mathematicians’ judgements testify that there is some kind of aesthetic criterion 

governing their use of the description ‘Cantor’s diagonal proof is elegant’. These criteria 

are not necessarily explicitly held by the person who passes the judgement; rather, they 

are the ‘cognitive’ interpretation of preferences. The criterion at work in our example is 

(ideally) the following: 

 

‘If the property of simplicity appears on object O, attach more aesthetic value to O’ 

 

This criterion expresses a preference of mathematicians. Its dynamics are governed by 

constrained aesthetic induction which involves critical adequacy and critical adequacy 

robustness. Aesthetic induction models how the appreciation of simplicity is affected by 

experience. Robustness models simplicity’s ‘natural’ character. This natural character is 

evident in our appreciation of, for example, the regularity of visual stimuli in an object 

with a single colour, which does not require any special experiences to be appreciated 

affectively. We can attribute a high degree of critical adequacy and robustness to 

simplicity. This means that the preferences for Cantor’s diagonal proof depend only to a 

small degree on experience, especially when we encounter the proof for the very first 
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time. In order to describe the evolution of its aesthetic value let us first concentrate on the 

diagonal-proof as it is encountered for the first time. 

Calling the diagonal proof elegant comes as no surprise; elegance is an aesthetic 

property usually related to the lack of complication. The judgement of the diagonal 

proof’s elegance summarizes the fact that the proof works in an unexpectedly simple 

way; just two steps. Even if one has little experience with other mathematical proofs, two 

steps is a very small number. This means that step-parsimony plays a significant role in 

our initial appreciation of the diagonal proof, independently of our previous experiences. 

In an ideal first encounter with the proof, the aesthetic dimensions of simplicity, step-

parsimony, and our preference for success are at work and are responsible for eliciting the 

full-pleasure response <P,P>. In our first appreciation of the proof the aesthetic value of 

simplicity is thus high and does not seem to depend on previous experience. The value is 

not (yet) inductively determined. The aesthetic criterion  

 

‘If the property of simplicity appears on object O, attach more aesthetic value to O’  

 

can be (initially) considered a priori. The judgement resulting from this criterion can be 

considered a priori too. 

However, this value is not static in time. Although our very first reaction to the 

proof reflects a natural preference, this preference (as any other) can be affected by 

experience, depending on its degree of robustness. Furthermore, in the single object 

interpretation, we can incorporate method-unification; the appreciation of this property 

depends on experience. We can have a remarkable experience the first time we encounter 

the method, but when we discover that the method can be used to prove other results, our 

initial experience is enhanced. I believe, however, that this enhancement can be explained 

without aesthetic induction. Aesthetic induction is based solely on the reinforcement 

effect that the recurrent presence of properties has in our preferences (for the sake of 

argument I am neglecting robustness). I do not believe we appreciate the diagonal method 

just because it appears many times in different proofs. Rather, I think we appreciate the 

fact that, in addition to its initial elegance, the method has the extra quality of being 

applicable to many problems. Our aesthetic experience is enhanced by further 
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experiences as a result of adding a new appreciable quality (method-unification) to our 

set of qualities and not by changing the strength (weighting) of the criterion.  

Thus, the diagonal-method experience has two differences from our first time 

diagonal-proof experience: first, the criterion that expresses our preference in the single-

object interpretation is different, namely: 

 

‘If the set of properties {simplicity, parsimony, method-unification} appear on object O, 

attach more aesthetic value to O’. 

 

 Second, the ordered pair that represents the value of the diagonal method involves a 

different set of properties, which includes method-unification, namely: 

 

<{simplicity, parsimony, method-unification}, <Ep,P>>  

 

These differences allow us to distinguish cases of genuine aesthetic induction from cases 

where the aesthetic experience is altered in some other way. In genuine aesthetic 

induction the criterion ‘If the property of simplicity appears on object O, attach more 

aesthetic value to O’ would modify its strength, but the criterion would remain the same. 

Now, the major change involved in this example is that we have a new experience, a new 

criterion and a new value. We are not tracking the same value and thus we cannot claim 

that the enhancement of our appreciation of the diagonal method is the result of aesthetic 

induction. 

Now, this explanation of the enhancement of our appreciation does not rule out 

aesthetic induction. I believe that the property of method-unification gains strength as we 

repeatedly encounter the method. In such a case our preference is determined by the 

robustness of the properties involved and the number of times it has appeared in different 

proofs: the weighting of the criterion changes according to constrained aesthetic 

induction. Thus, it cannot any longer be regarded as a priori, and neither can the 

judgements resulting from it. 

It is not only that our preference (and thus its associated aesthetic value) for the 

diagonal method changes with repeated appearances of the proof, but also that the 
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experience itself changes once we realize the method’s generality and power. We have 

two different aesthetic experiences; one when we meet the proof for the very first time 

and another when we realize that the method can be applied to different proofs. Thus, 

even if aesthetic induction can model actual changes of aesthetic value derived from 

frequent encounters with the diagonal method, I believe that in order to better understand 

the significance of this change we need to consider the changes in the very content of the 

experience. A systemic approach like the aesthetic-process model endorsed here is better 

suited to model changes in value and experience; it allows us to consider both the 

dynamics resulting from aesthetic induction, and the dynamics resulting from the change 

in the nature of the experience. 

 

3) Judgement 

The use of the term ‘elegant’ to qualify Cantor’s proof provides us with an opportunity to 

further examine some nuances of my idea of aesthetic judgements. 

I assume that the sentence ‘Cantor’s diagonal proof is elegant’ (‘DP is elegant’, 

for short) summarizes the judgements that are often used to qualify it. 

Let us first focus on the characteristics of aesthetic judgements. Although the 

step-series and single-object interpretations correspond to formal and canonical 

appreciation phenomena, respectively, the processes by which they are articulated are 

very similar. It thus suffices to concentrate on the most general case, the single-object 

interpretation.  

The conditions of application (existence of a mapping and reorganization) 

determine whether a term is an aesthetic term.  We must make sure that the use of the 

term ‘elegant’ complies with them.  

Now, the application of the term ‘elegant’ is not an isolated assignment of labels: 

it entails the use of the whole schema to which it belongs, the reorganization of the new 

referential domain, and a mapping from the possible outputs to the schema. Concerning 

the mapping of the schema, since our example involves canonical appreciation 

phenomena, the pleasure-relation has sixteen possibilities, and there are three different 

full-pleasure combinations. We need a rich schema to map those combinations. A 

suitable schema is, for instance:  
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{‘beautiful’, ‘ugly’, ‘elegant’, ‘inelegant’, ...} 

 

Unlike the case of the simpler schema employed for y=e
x, the terms of this schema offer 

more possibilities for assignment to subjective states. Of course, the most natural way to 

map these possibilities is by mapping corresponding ‘poles’ of the canonical pleasure-

relation to ‘poles’ in this schema. For example, a full-pleasure response may be mapped 

to ‘beauty’, a full-displeasure response to ‘ugly’, and so on. The problem is that in our 

canonical relation there are three different full-pleasure (<Ep,Ep>, <Ep,P>, <P,Ep>) and 

three full-displeasure (<Ed,Ed>, <Ed,D>, <D,Ed>) combinations. I have established that 

in order to achieve an appropriate mapping, we the mapping and the accompanying 

domain’s reorganization to be carried out in a consistent and (relatively) non-arbitrary 

way. Our new referential domain is the domain of mathematical proofs; these are the 

kinds of objects to which we now refer to by the labels ‘beautiful, ‘ugly’, ‘elegant’, etc. 

The domain of mathematical proofs is reorganized according to the organization of the 

original schema’s domain. The original domain is the domain of aesthetically qualified 

objects, the domain consisting of beautiful objects, ugly objects, elegant objects, etc. In 

this domain, an object is elegant if it is pleasurable and simple, for example; an object is 

beautiful if it is very pleasurable regardless of its complexity or simplicity; an object is 

inelegant if it is complicated and not pleasurable, baroque if it is complicated but 

pleasurable, etc. This original organization is imposed on the new domain of 

mathematical proofs: the domain of proofs is reorganized in such a way that now our 

objects are divided following the divisions of the domain of aesthetically qualified 

objects; hence some proofs are beautiful; some others are ugly, elegant, inelegant and so 

on. This reorganization is not an objective reorganization, it is just a change in our point 

of view, and thus the reorganization can be carried out in many ways. Although there is 

no unique way of reorganizing the domain, we intuitively perceive that some 

reorganizations better suit the mapping of our subjective states. In this case reorganizing 

the domain of proofs in terms of aesthetically qualified objects rather than, for example, 

in terms of colours, better articulates our experience, since the possibilities of our 

experience have better referents than in the case of colour. We experience pleasure or 
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displeasure due to the simplicity or the complexity of an object, for example. This fact 

gives us a reference to associate our experience with objects that elicit pleasure or 

displeasure; the domain of aesthetically qualified objects offers us such references, but 

the domain of coloured objects does not. Distinguishing between a beautiful and an ugly 

proof, for example, can be done by relating them to their respective reaction of pleasure 

or displeasure; but what kind of referents can we use to distinguish between a yellow and 

a green proof? ‘Yellow’ or ‘green proofs’ can only be metaphors precisely because their 

schema does not allow a non-arbitrary mapping of our internal reactions; although they 

allow a reorganization of the domain, such reorganizations are always trivially possible in 

metaphors. Aesthetic application of terms requires both reorganization and mapping of 

our responses. Furthermore, since our experience is no longer a two-possibilities, basic 

experience, we need not only a schema of aesthetic labels, but also a schema that offers 

us different options for mapping our multiple possibilities in formal or canonical 

experiences; a schema such as the one presented above. 

Let us now move to the roles of aesthetic judgements. Our experience is 

articulated by mapping our canonical pleasure-relation into the schema {‘beautiful’, 

‘ugly’, ‘elegant’, ‘inelegant’, …} and reorganizing the domain of proofs according to the 

structure of the original domain of this schema.  

By choosing one of the labels in the schema above to express our actual 

subjective state we commit to the whole schema. This commitment also involves the 

structure of the original domain of our schema: beautiful objects are pleasurable 

regardless of the other properties, but elegant objects involve a lack of complication (they 

are ‘pleasurably simple’), for example. Our schema affords more options to choose and 

compare in order to better express our subjective experience than a simpler schema like 

{‘beauty’, ‘ugly’}. 

Mathematicians often remark on the simplicity of the diagonal proof, so in this 

case our experience of Cantor’s diagonal proof is more accurately expressed using the 

label ‘elegant’ than the more general label ‘beautiful’. The application of the term 

‘beautiful’ is possible but we intuitively feel that ‘elegant’ better expresses our state, 

since simplicity plays a role in it. Consider, in contrast, the articulation of the experience 

of y=e
x.  ‘y=e

x is beautiful’ appropriately articulates our basic-type experience. But let us 
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consider the description ‘y=e
x is elegant’. This last description sounds odd, the reason 

being that it fails adequately to incorporate the particularities involved in the relations of 

‘elegant’ to other terms. The pleasure-relation for y=e
x is of the basic type, which allows 

few possibilities for domain reorganization. While the use of the term ‘beautiful’ makes it 

clear that the reorganization involved depends mainly on the poles beautiful-ugly, the use 

of ‘elegant’ raises the question of how exactly the domain should be reorganized. For 

example, in what sense can a mathematical function (like y=x
2) be inelegant? Formal 

aesthetic experiences possess more complicated pleasure-relations and they allow us to 

map more complicated label schemata whose domain can, in turn, mirror the qualities of 

the domain of proofs. If these ideas are correct, they provide a natural explanation of why 

mathematicians describe the diagonal proof as elegant.  

The conditions of application can be summarized simply: when we read the 

judgement ‘DP is elegant’ we intuitively realize that if there is an elegant proof, there 

must also exist inelegant proofs, plainly ugly proofs, and so on. The conditions of 

application depend only on subjective states, which agrees with the fact that realizing that 

the existence of ugly or inelegant proofs is subjective. This amounts to a reorganization of 

the domain of proofs and a mapping to our subjective state. Our aesthetic judgement is 

characterized by the aesthetic description ‘DP is elegant’, which expresses our subjective 

state. The need for an aesthetic description is what encourages the articulation of our 

aesthetic experience.  

Let us now examine the second role of aesthetic judgements. In its exchange 

function, the statement ‘DP is elegant’ conveys information. But unlike a more general 

description like ‘DP is beautiful’, the use of the term ‘elegant’ draws our attention to the 

simplicity-grounded particularities of the subjective experience of the proof. The 

aesthetic judgement ‘DP is beautiful’ not only helps us start new aesthetic-processes by 

focusing our attention on the aesthetic quality of the proof, it also helps us refine our 

aesthetic appreciation of it by  implicitly establishing that the term ‘elegant’, rather than 

‘beautiful’, expresses more accurately our experience of the proof. 

Now, regarding the terminality of the judgement we must consider its role in 

leading to further changes. In our first encounter with the proof, our aesthetic judgement 

is a priori. But, as we experience subsequent encounters and different instances of its 
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application, the experience and value associated with the proof change. Since the 

judgement can lead to further changes, it is not Kivy-terminal but only terminal in the 

local context of aesthetic processes; locally terminal. The judgement represents the 

closure of an individual subjective process, but it can lead to further development of its 

aesthetic value and to further aesthetic-processes in other individuals. 

 

Development of the Process in Summary 

Our aesthetic-process runs roughly as follows: we start by focusing our attention on 

Cantor’s original 1891 paper, node 1. In its aesthetic appreciation our attention focuses on 

ST-simplicity-parsimony-AMIO diagonal method, node 2. We engage passive and 

actively with this AMIO, node 3. This results in an affective response <Ep,P> which can 

be interpreted as an affective evaluation node 4. This response is determined by our 

preferences expressed as criteria that track corresponding values, node 7. The aesthetic 

value of the proof changes due to both a change in our experience and aesthetic 

induction, node 8. The aesthetic experience eventually leads to a judgement ‘Cantor’s 

diagonal proof is elegant’, node 6, which articulates the experience, node 5, and results in 

further aesthetic experiences and in ulterior changes in aesthetic value, nodes 7 and 8, 

again. 

 

3. Case 3, Ugliness: Computer-Assisted Proof of the Four Colour Theorem 

In the following case I focus on negative judgements to show that aesthetic induction has 

limitations to explain changes in appreciation of mathematical beauty. Appel and 

Haken’s computer-assisted proof of the four colour theorem provides us an interesting 

case of mathematical ‘ugliness’. As Paul Nahin remarks, this proof “is almost always 

what mathematicians think of when asked ‘What is an example of ugly mathematics?’ ” 

(Nahin, 2006, p. 5) 

Appel and Haken themselves recall the reaction of a mathematician friend of 

theirs when he learned of the computers’ assistance in the proof: he “exclaimed in horror, 

‘God would never permit the best proof of such a beautiful theorem to be so ugly’.” 

(Nahin, 2006, p. 5). The four colour theorem itself ranks number nine in David Wells’ list 

of the most beautiful theorems (Wells, 1990), but its computer-assisted proof has been 
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poorly welcomed. Mathematician’s unenthusiastic reception of the proof has been subject 

to debate. McAllister (McAllister, 2005) himself conjectures that aesthetic induction 

might eventually alter this negative reception. The history of the concept of number 

serves McAllister to substantiate the idea that aesthetic induction can be applied to the 

standards of mathematical beauty  

[…] evidence that conceptions of mathematical beauty evolve under the influence of the aesthetic 

induction is provided by the gradual acceptance of new classes of numbers in mathematics, such 

as negative, irrational, and imaginary numbers. Each of these classes of numbers had to undergo a 

gradual process of acceptance: whereas initially each new class of numbers was regarded with 

aesthetic revulsion, in due course—as it demonstrated its empirical applicability in mathematical 

theorizing—it came to be attributed growing aesthetic merit (McAllister, 2005, p. 29). 

 

McAllister argues that what mathematicians accept as a valid proof has changed over 

time and that in recent decades two new kinds of proofs have appeared and gained 

relevance, long proofs and computer-assisted proofs. Computer-assisted proofs are 

controversial in several respects, but McAllister focuses on their aesthetic character. He 

shows that beauty in mathematical proofs has changed over time, and he draws an 

analogy with physics to support the idea that aesthetic standards in mathematics may 

depend on the acceptability of the proofs, just as scientific beauty depends on empirical 

adequacy. Mathematical beauty may well evolve by aesthetic induction and this can help 

us to deal with the following problem: 

[...] many mathematicians have argued that computer assisted proofs do not deliver understanding 

in the sense in which classical proofs do. Some mathematicians have also claimed that, partly in 

consequence of the foregoing, computer-assisted proofs cannot be beautiful. Mathematicians are 

thus faced with a conundrum: how does one regard and respond to computer-assisted proofs? 

(McAllister, 2005, p. 24) 

 

Assuming that aesthetic induction exists, McAllister offers a conjecture to answer this 

question: 

[...] the criteria that determine whether a theory is deemed to provide an understanding of 

phenomena may evolve in response to the empirical success of theories, in accord with the 

aesthetic induction. If this is true, a deep link exists between the concept of scientific 

understanding and conceptions of the beauty of scientific theories. On the basis of the reception of 
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computer-assisted proofs, I conjecture that the evolution of aesthetic criteria applied to 

mathematical proofs is also governed by the aesthetic induction (McAllister, 2005, pp. 28-

29). 

 

I believe that aesthetic induction is not the only element at work in the case of computer- 

assisted proofs; the nature of the aesthetic experience also plays a role. Hence, I also 

believe that McAllister’s question should very probably be answered in agreement with 

‘conservative’ mathematicians: computer-assisted proofs cannot be beautiful. My reasons 

for this will be clear by the end of the following analysis. 

 

1) The Proof 

The following is the original introduction of the proof presented in 1976 by Appel and 

Haken (Appel and Haken, 1976): 

The following theorem is proved. 

THEOREM . Every planar map can be colored with at most four colors. 

As has become standard, the four color map problem will be considered in the dual sense as the 

problem of whether the vertices of every planar graph (without loops) can be colored with at most 

four colors in such a way that no pair of vertices which lie on a common edge have the same color. 

The restriction to triangulations with all vertices of degree at least five is a consequence of the 

work of A. B. Kempe. Over the past 100 years, a number of authors including A. B. Kempe, G. D. 

Birkhoff, and H. Heesch have developed a theory of reducibility to attack the problem. 

Simultaneously, a theory of unavoidable sets has been developed and the fusion of these has led to 

the proof. 

A configuration is a subgraph of a planar triangulation consisting of a circuit (called the 

ring) and its interior. A configuration is called reducible if it can be shown by certain standard 

methods that it cannot be immersed in a minimal counterexample to the four color conjecture.  

(For details, see [3] or [4].) A set of configurations is called unavoidable if every planar 

triangulation contains some member of the set. From the definitions, it is immediate that the four 

color theorem is proved if an unavoidable set of reducible configurations is provided. 

The most efficient known method of producing unavoidable sets of configurations is 

called the method of discharging. This method treats the planar triangulation as an electrical 

network with charge assigned to the vertices. Euler’s formula is used to show that the initial 

charge distribution, giving positive charge to vertices of degree five and negative charge to 

vertices of degree greater than six, has positive total charge.... 
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Appel and Haken report that by studying different discharge algorithms (with the help of 

computer programs) they were able to choose an algorithm that produced a set of fewer 

than 2000 configurations (I assume 2000 for the sake of brevity); each configuration was 

proved, with the assistance of a computer program, to be reducible. That is, the theorem 

was proved by dividing the proof into around 2000 cases (the different configurations) 

that were tested by a computer program.  

The proof is an instance of proof by exhaustion; this type of proof consists in 

analyzing and documenting every instance of an assertion in a case-by-case fashion. 

Proofs by exhaustion are often qualified as cumbersome, clumsy, inelegant, or even ugly. 

This kind of proof represents the opposite case to elegant, parsimonious proofs, such as 

Cantor’s diagonal method. Many cases means lack of simplicity and lack of unity. 

Despite this, the analysis of the experience of a proof by exhaustion is analogous to the 

analysis of Cantor’s proof: the space has simplicity and step parsimony as dimensions, 

since these are the relevant properties involved in eliciting a (negative) affective 

response. The difference is that proofs by exhaustion have ‘negative’ scores on simplicity 

and parsimony. 

There are other differences between proofs by exhaustion and elegant proofs 

which are also related to the involvement of multiple cases. One difference is that a proof 

by exhaustion can be interpreted as a series of steps but each case of the proof is 

independent of the others (otherwise we would reduce the related cases to each other) and 

thus each case requires its own ‘small proof’. This means that there is no ‘narrative’ 

connection between cases; rather, each case is an independent story. A proof by 

exhaustion, as an intentional object, consists of multiple disconnected experiences, each 

with its own series of steps. 

The case of computer-assisted proofs further worsens this scenario, since the 

proof itself only offers a general description of the cases to prove and we have to trust 

that the computer has ‘documented’ the truth of each case. In terms of intentional objects 

this means that the computer-assisted proof does not even offer a complete object on 

which we can focus our attention. In order to see this more clearly let us analyze the 

experience in more detail. 
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2) Experience 

Our aesthetic-process begins by focusing our attention on the four colour theorem, and, 

more importantly, on its proof. Before we can appreciate the theorem or the proof we 

must be able to ‘see’ them. The appropriate background understanding is necessary. Let 

us suppose that the appropriate background is graph theory (GT). Our phenomenological 

space has GT as a dimension, defined as follows: 

 

GT= the feature of being understandable only if graph theory has been understood 

 

With this background we actively follow the introductory reasoning proposed by the 

authors, in a fashion similar to a step-series interpretation of the proof. Each step 

becomes an object of attention. We perform certain activities; we check for ‘story 

development’ in order to accept the next step. We eventually arrive at the 2000 maps to 

be discharged; these maps constitute the cases necessary to prove the theorem by 

exhaustion. At this point, a regular proof would involve another 2000 small proofs. At 

this point the authors tell us only that every case was checked by means of a computer. 

This last step is peculiar in the sense that it does not allow us to focus our attention 

actively (which is characteristic of proofs as intentional objects). Rather, it offers only the 

passive acceptance of the computer’s results. The proof offers only the outputs of ‘black 

boxes’. 

Now, one of the explicit arguments mathematicians offer for their dislike of 

computer-assisted proofs is their fallibility, the possibility of error in the proof 

(McAllister, 2005, p. 23-24). Error, however, will not result in an experience of ugliness; 

rather, it entails that the proof is not really a proof or that the theorem is not really a 

theorem, and hence that any experience of it would be bogus. Error does not amount to an 

ugliness-experience but rather to no experience. The problem with fallibility, however, is 

only ‘skin-deep’; there are more fundamental problems. 

For the sake of argument let us assume that computers and programmers make no 

mistakes. Even so, our experience of the 2000 steps of the proof is that of mere 

acceptance of the results. In these last 2000 steps we are not even offered a passive object 

of attention. Our experience is occurring in a space whose first dimension is background 
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understanding; but a result from a computer does not need any special understanding: we 

only need to accept it. The nature of the results generated by a computer does not allow 

us to interpret them as intentional objects in our phenomenological space. Unlike the 

steps of a regular proof the results of computer programs do not require the active 

attention characteristic of the experience of a proof (a formal experience); the steps do 

not play the role of engaging us in intellectual activity to elicit pleasure. Now, this fact 

does not turn our experience into a negative experience; it turns it into an incomplete 

experience. 

If this interpretation is correct, it is very plausible that mathematicians do not 

appreciate computer-assisted proofs simply because they do not offer anything (or they 

offer very little) to be appreciated: even if we know and understand the kind of operation 

the computer performs, we cannot actually have the experience of following the last 2000 

steps of the proof; we do not perform any intellectual activities ourselves and we do not 

even have an object to passively appreciate. Accepting results, in computer-assisted steps, 

prevents us from having objects of attention and thus they prevent us from having 

complete aesthetic experiences. 

One might argue that, in principle, we know the kind of operations and processes 

a computer performs. This knowledge can constitute an experience in the same way a 

mathematical item does, but I believe that the introduction of knowledge of computer 

programming is still a problem, for two reasons. First, the knowledge involved in 

knowing what the program does is different from our background knowledge. This 

knowledge is about the principles of the working of a computer, or about programming 

principles, or even about the exact computer code employed; but it is not our background 

understanding knowledge GT. There is a kind of ‘interruption’ of our original 

mathematical experience; we suddenly jump in the middle of our proof from our GT 

phenomenological space to another, computer-programming space. Second, 

mathematicians do not see themselves as computer programmers, code writers or 

debuggers. By introducing computer-programming events, mathematicians, in a sense, 

are forced into alien territory. It is true that all these activities can be seen as beautiful, 

but it would be a different kind of beauty – computer-programming beauty. Computer-

programming beauty may have its own principles and types of experience in a manner 
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similar to how mathematical beauty has its types of experience and principles; but it is 

still an alien kind of beauty in relation to our original mathematical beauty. When we 

suddenly introduce computer-related knowledge in the midst of a traditional 

mathematical argument we interrupt the original experience and switch to an experience 

of computer-programming items. Although this is not the same as an incomplete 

experience, my argument still holds, since the interruption turns the original experience 

into something else. The introduction of computer-programming events as the focus of 

attention alienates our mathematical experience. The cases of an incomplete experience 

and a switch of attention to a computer-programming item experience (we can call it an 

alienated experience) can be understood in similar terms: in both cases we are not 

provided with experiences that are characteristically mathematical. For the sake of 

brevity, I focus on incomplete experience. 

Now, in the computer-assisted proof of the four colour theorem the content of the 

experience is similar to a proof by exhaustion, except for the last 2000 steps, which are 

absent from our experience. If we extend the analogy between following proofs and 

following stories, our experience of the proof is similar to the experience we would have 

if someone told us a story that resulted in 2000 other stories, except the author would not 

tell us those 2000 stories; rather, he would ask us to accept that all those stories have 

happy endings. The result of this incomplete aesthetic experience may be a feeling of 

frustration. Let us recall that it is not only properties that can elicit affective responses; 

performing activities also plays a role, cf. the unexpected success in Cantor’s proof. The 

feeling of frustration does not come from the properties of the proof, but from the 

outcome of our activities. In summary, the content of experience can be interpreted as an 

intentional object similar to the AMIO of a proof by exhaustion, except for the fact that 

the last steps are missing: our ‘intentional object’ is a ‘semi-AMIO’ and the affective 

response of displeasure is perhaps due to the unsatisfactory way the ‘story’s’ conclusion 

is reached. Since we have an incomplete object of attention it is not likely that the passive 

content of the experience will elicit an affective response, so the response of frustration, 

caused by the active content, plays the most significant role. Hence, the output of the 

pleasure-relation for this proof can be expressed as:  
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f(semi-AMIO-4colour, incomplete activities)=(N, D) 

 

3) Value 

Appel and Haken’s proof was discussed by McAllister in the context of showing that our 

aesthetic preferences for proofs are governed by aesthetic induction. I believe that within 

an unconstrained model of aesthetic induction it makes sense to conjecture that computer-

assisted proofs, as their acceptance grows, may one day be regarded as beautiful. 

However, my constrained model of aesthetic induction renders a different result, as we 

shall soon see. 

In the case of Cantor’s proof we have seen that in addition to aesthetic induction 

an aesthetic experience can be enhanced by a change in the nature of the experience 

itself. Thus, in our model, we have two possibilities for a change in the aesthetic value of 

the computer-assisted proof: constrained aesthetic induction and change in experience. 

Let us analyze these two cases. 

  

3.1) Case 1:  Change by Aesthetic Induction 

Let us suppose that the acceptance of computer-assisted proofs grows. Mathematicians no 

longer argue about the fallibility of the results generated by computers and they no longer 

complain about any of their drawbacks. Our proof of the four colour theorem would be 

just a perfectly valid proof by exhaustion. However, proofs by exhaustion have been 

regarded as a good and acceptable method since they first appeared, and the method is as 

old as mathematics itself. There has never been shortage of proofs by exhaustion and 

every mathematician is very familiar with the method. But this familiarity has not 

resulted in an increase in mathematician’s preference for proofs by exhaustion. It seems 

thus that the properties associated with proofs by exhaustion exhibit negative robustness: 

their appreciation tends to stay negative. The set of properties associated with proofs by 

exhaustion (lack of simplicity, lack of parsimony) exhibits low or negative critical 

adequacy and a high degree of robustness. Proofs by exhaustion are not aesthetically 

appreciated, and that fact seems to remain stable. Now, the assistance of computers does 

not entail anything that may affect those aesthetic properties in any relevant way. We thus 

have reason to think that proof by exhaustion will remain negatively judged and it seems 
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to me very implausible that, one day, computer-assisted proofs by exhaustion will be 

judged positively, despite the fact that normal proofs by exhaustion will be judged 

negatively. 

 

3.2) Case 2:  Change in the nature of our experience 

Here we can draw an analogy with our discussion of the diagonal method, where we 

established that our first experience of the proof is different from our experience when we 

are aware of the method’s unification power. Once the diagonal method has become 

widely applicable, the property of method unification plays a significant role in 

enhancing our appreciation. Let us suppose that something similar happens to computer-

assisted proofs; they become so powerful and acceptable that they begin to appear in 

different kinds of proofs. The content of our aesthetic experience is no longer the original 

content associated with our first computer-assisted proof by exhaustion of the four colour 

theorem. We now have a new property to consider, method unification, which can result 

in our improving our judgement of computer-assisted proofs in general. However, the 

assistance of the computer remains in all instances of experiences of computer-assisted 

proofs. This means that at least one part of the proof consists in accepting results 

generated by the computer. This acceptance of the results cannot result in an intentional 

object (or at least in a non-alienated object), and it also prevents us from performing any 

(non-alienated) activities in that specific step. This is analogous to having many different 

ways of telling stories, all of them sharing the feature that at some point we are asked to 

pretend that something just happened that is convenient for the story. 

Even if the computer-assisted-proof method is ubiquitous and method unification 

is important, it remains the case that our experience’s content is an incomplete content (or 

an alienated content) because that is the very nature of accepting results from a computer: 

the computer-assisted steps translate into skipping experience steps (or into shifting to a 

computer-programming experience): accepting results is equivalent to bypassing 

mathematical experience. 

The problem with computer-assisted proofs is not acceptability (as it is in the case 

of aesthetic induction), but rather that the computer-assisted steps of the proof only give 

us something to accept and not something to appreciate (at least, not without alienating 
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our mathematical experience). Acceptability can be settled by addressing the relevant 

epistemic issues of the assistance of computers. If I were trying to establish the validity of 

a certain theorem, accepting a result is correct insofar as there are no epistemic problems 

with that acceptance. But this acceptance still does not give us something to appreciate 

(that is, something to contemplate or some task to perform); and having something to 

appreciate constitutes the very basis of aesthetic experience. Acceptability is not 

appreciablility.  For aesthetic evaluation, having something to ‘see’ is a precondition, and 

accepting results is just bypassing this condition. Acceptance does not even need 

background understanding: we do not need to understand anything in order to accept a 

result. For example, not everyone can understand what it means for a differential equation 

to have a solution; only people with an adequate background can understand that. But 

everyone can accept that y=e
x is the solution of y'=y if someone with authority, a 

university professor, for example, tells him to do so. Accepting results is something very 

different from experiencing mathematics. 

In the experience and enjoyment of doing mathematics, a mathematician becomes 

engaged in understanding assertions, or in performing intellectual activities. In aesthetic 

experience this engagement is further deepened by changing the way our attention is 

focused and by undergoing affective responses. This is what aesthetic experience is; 

mathematical engagement plus affective-appreciation engagement. In any aesthetic 

experience I want to ‘see’ something, I want to engage in appreciation. But accepting a 

result is not ‘seeing’ or ‘doing’; it is avoiding experience. If someone covered my eyes in 

front of a painting and I was not able to see it, I could still believe the painting is there 

and it has certain characteristics – if, for example, I accepted the testimony of someone I 

considered reliable. But if I were asked about my experience of the painting I would be 

able to answer only that I have none, because I cannot see the painting. The same occurs 

with computer-assisted steps of proofs. 

A computer-assisted proof will always give us an incomplete experience, 

something we cannot fully appreciate, despite the fact that the proof is a perfectly 

acceptable and widespread method. For this reason it is not very plausible that we shall 

come to regard computer-assisted proofs as beautiful. 
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My model thus establishes a clear difference from McAllister’s approach. In my 

view, aesthetic experience can play a role in modifying the value of particular items, 

since changes in the nature of experience affect the outcome of our evaluations. In 

addition, my model of the dynamics of value is a constrained version of aesthetic 

induction. As we have seen, both factors – the nature of aesthetic experience and the 

influence of robustness in aesthetic induction – seem to indicate that the emergence of 

beauty in computer-assisted proofs is not very likely. 

 

 

4. Revisiting Issues of Mathematical Beauty 

With the application of the aesthetic-process theory to the three concrete cases presented 

in this chapter, we are now in a position to recapitulate and further discuss some of the 

insights and problems regarding mathematical beauty signalled in Chapter 1. 

McAllister’s model of aesthetic induction has been one of our main inspirations 

for dealing with the historicity of aesthetic value. We identified a drawback to this 

approach: it renders a purely a posteriori view on aesthetic judgements. We have 

corrected that drawback by introducing critical adequacy and robustness, and by 

presenting a constrained version of aesthetic induction. Case 1 and the step-series 

interpretation of Case 2 served us to illustrate that in spite of the existence of aesthetic 

induction, not all aesthetic judgements in mathematics are a posteriori. Judgements based 

on aesthetic experience in which symmetry or unexpected success play central roles, for 

example, are the result of affective evaluations that require no previous experience. 

Regarding Gian-Carlo Rota’s approach we identified the following insights: 

mathematical beauty is socio-historical, properties like shortness or unexpectedness play 

a role in mathematical beauty, and familiarity with mathematics is necessary for 

appreciating mathematical beauty. We identified the following drawbacks: Rota does not 

explain the role of properties like brevity (the shortness of steps in proofs, for example), 

which he cites as associated with mathematical beauty; nor does he explicate the nature 

and role of ugliness or the relation between that and enlightenment.  
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Let us first address Rota’s insights. Mathematical beauty depends on social and 

historical context – this is true and it has been incorporated not only by means of 

aesthetic induction, but also, as I have shown in the three examples above, by showing 

that context plays a decisive role in allowing us to see the object of appreciation. 

Historical and social context are part of the background knowledge that is required in our 

interpretation of AMIOs. However, I must stress that the dependence on context and 

history is not a feature that comes along with or results from the aesthetic. Rather, I 

believe this dependence on context and history of the aesthetic in mathematics is the 

result of the dependence on context and history of understanding in mathematics. 

Now, aesthetic principles based on single properties like order, uniformity or 

simplicity, play a role in mathematical beauty. We have seen that the role of properties 

like simplicity, or step-parsimony, which are related to brevity and shortness, is to 

provide ‘extra’ characteristics on which our attention focuses so they are able to elicit 

affective responses. It must be noticed that these properties are not part of the necessary 

background understanding of mathematical items, but rather contingent ‘virtues’ (or 

defects) that we perceive in addition to the necessary characteristics of mathematical 

items. For example, the property we defined as derivative-symmetry is not a property of 

every function, or of the notion of derivative. The derivative of y=ex must have all 

properties of derivatives, but that this function is symmetric with respect to differentiation 

is an extra quality. Similarly, simplicity is not a necessary characteristic of proofs; that 

Cantor’s diagonal proof is simple is an extra that we appreciate, an extra to which we 

react affectively. I believe similar ideas underlie the explanations of beauty in 

Shaftesbury or Hutchenson. 

Finally, the need for familiarity with mathematics can be addressed in my model 

by the condition of a background-understanding dimension in phenomenological spaces. 

In this sense, familiarity with mathematics is necessary to locate, to see, our objects of 

attention in the space. This does not mean that familiarity is trivial for aesthetic response; 

rather, the background understanding is what determines the particularity of mathematical 

aesthetic experience; it is what makes aesthetic experience a mathematical aesthetic 

experience. Just as seeing and hearing makes experiences of painting and music 

particular, background mathematical knowledge makes our aesthetic experience  of 
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mathematics particular. The background knowledge necessary for every mathematical 

aesthetic experience determines the modality of these experiences. 

Let us now turn to the drawbacks: Rota does not explain the role of properties like 

shortness of steps in mathematical proofs. The second step of Cantor’s diagonal proof 

(constructing the element complementary to the diagonal) is a good example of a short 

step in a proof. Shortness, in the context of an aesthetic experience of a proof, an 

experience that involves active content, facilitates the performance of activities and the 

supervision that steps are related to each other, as in the case of Cantor’s proof. In 

addition, properties like simplicity allow us to focus our attention more efficiently, and to 

have a more complete picture of an otherwise complex experience. These facts result in a 

more pleasurable performance of activities in our experience. In my model, the function 

of short steps in proofs can thus be accounted for by the roles played by such steps: they 

make a proof simpler, and they facilitate the active pleasure response. 

The second problem we spotted in Rota’s view was the lack of an explanation of 

the nature of mathematical ugliness. Rota explained that negative aesthetic judgements of 

mathematical items, especially proofs, frequently result in further mathematical work: 

mathematicians keep working, looking for a more aesthetically acceptable proof. In our 

model, the use of aesthetic terms depends on the relations to their family of terms. The 

use of terms like mathematical beauty is linked to the use of the entire family of 

interrelated terms (ugliness, elegance, etc.), since their correct use requires articulation. In 

addition, aesthetic judgements are locally terminal and they can participate in further 

aesthetic developments. The preferences held by a person or a community become public 

by uttering or publishing aesthetic descriptions. These aesthetic judgements can serve as a 

guide for further developments, telling us what is aesthetically correct and what not. If we 

try to develop more elegant proofs, for example, judgements of the elegance of other 

proofs can show us which instances of proof are regarded as elegant. In a sense, 

mathematical aesthetic judgements can be compared to art criticism: they not only 

describe states of affairs regarding artworks, but also articulate processes in which 

personal preferences and social values interact with each other. Judgements of beauty or 

elegance, due to their term-family interdependence, establish paradigms of beauty and 

elegance, and, by the same token, they also establish corresponding ‘negative’ paradigms. 
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Thus, in encouraging further mathematical developments, paradigms of beauty (to be 

followed) are as valuable as paradigms of ugliness (to be avoided). Thus ugliness, as well 

as beauty and other interrelated aesthetic terms, have a ‘pedagogical’ role; they set 

examples to be followed or avoided. 

The use of different kinds of aesthetic terms (‘elegant’ instead of ‘beautiful’, for 

example) also helps us to refine our paradigms of aesthetic evaluation. Our model permits 

complex processes of articulation. In the case of Cantor’s proof, for instance, we have 

seen that while the use of the term beauty is possible, the term elegant is more accurate. 

Aesthetic judgements that include ‘more accurate’ terms provide us with paradigms of 

articulation and thus with paradigms of more refined uses of terms. The use of terms like 

‘elegant’ provides us not only with paradigms of elegance, but also with paradigms of 

aesthetic articulation. This richness in the role of aesthetic terms is absent in Rota and 

McAllister, and it coheres with aesthetic approaches like those of Hungerland and Kivy. 
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COCLUSIO 
 

Many mathematicians have given lyric expression to their enthusiasm for mathematical 

beauty but very few have addressed an actual aesthetics of mathematics. In attempting 

this here I have tried to stretch the boundaries of aesthetics, but I can only claim to have 

roughly sketched the very first draft of such an aesthetics. 

Following Francois Le Lionnais’ call for a serious aesthetic of mathematics and 

Gian-Carlo Rota’s concern with the use of the term ‘mathematical beauty’, I have 

approached beauty in mathematics by addressing mathematical aesthetic judgements. My 

strategy was to present an aesthetic theory that allows for a literal interpretation of 

mathematical aesthetic judgements. I have proposed a formalist-oriented model of the-

aesthetic-as-a-process. Aesthetic-processes are collections of interrelated events, the 

development of these processes involve the interaction of objects, subjective reactions, 

and historic-cultural contexts. The idea of the-aesthetic-as-a-process provides a general 

framework for understanding aesthetic events in mathematics as a particular class of 

aesthetic events. I have focused on the elements relevant to understanding aesthetic 

experience, value and judgements in mathematics. I have interpreted aesthetic experience 

as an embedded process which is unified by a mathematical intentional object (although 

there might be cases of incomplete or alienated experience). The experience-process 

develops by undergoing changes in the passive and active content and by eliciting 

affective responses. An aesthetic mathematical intentional object (which is an aesthetic 

form) unifies and causes the affective part of the experience. This object exists in a 

phenomenological space whose dimensions are properties relevant to our affective 

reactions. Knowledge plays a role analogous to sensory-perception since it enables us to 

‘see’ the intentional object. Aesthetic value has been interpreted as a relation between 

sets of properties and affective reactions. Our evaluations are driven by preferences that 

manifest themselves in two ways: affectively, as affective evaluations, and cognitively, as 

rule-like aesthetic criteria. These aesthetic criteria can be used to track the evolution of 

value, the mechanism of this evolution is constrained aesthetic induction, which is a 
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generalization of McAllister’s ideas to which the constraints (critical adequacy and 

robustness) imposed by the nature of our affective responses have been added. Finally, I 

have interpreted aesthetic judgements as aesthetic descriptions that express subjective 

states. Aesthetic descriptions include aesthetic predicates whose conditions of application 

(the existence of a mapping from a label schema to a pleasure-relation and a 

reorganization of our new referential domain in terms of the structure of the original 

domain associated with the schema) are strictly subjective. Aesthetic judgements perform 

the functions of articulation (identifying and clarifying our state) and exchange 

(conveying information about this state). Articulation is the elucidation of our subjective 

state in terms of the conditions of application of aesthetic terms. Exchange is the sharing 

of the information conveyed by the judgement. The need to express subjective states by 

linguistic means encourages not only the articulation of individual subjective states but 

also the articulation of the aesthetic-process itself. The awareness of our internal state 

further defines and identifies the events involved in the process as aesthetic events. 

With this theory it is rather trivial to address mathematical beauty. ‘Mathematical 

beauty’ is an aesthetic term. It expresses certain subjective states caused in the observer 

by the engagement of his attention on a certain mathematical item. 

 

Now, perhaps it is trivial to interpret mathematical aesthetic judgements in view 

of the theory discussed here, but what is not trivial is that the theory offers important 

insights. For example, an advantage of my approach is that, as we have seen in Chapter 4, 

we can account for mathematical elegance and ugliness in the same way as we account 

for beauty. These terms express differences in our subjective experiences, in the family of 

terms we employ and in the referential domains involved, from our point of view. 

Another insight – perhaps the most important one – is that the theory allows us to 

distinguish different types of aesthetic experience. A difference in type of experience 

amounts to a difference in the modality of aesthetic experience. The modality is 

determined by the kind of events that focus our attention (sensory, cognitive, or both), the 

kind of properties involved in our phenomenological space (for example, our appreciation 

of representational painting depends less on knowledge than our appreciation of 

mathematics, and the knowledge involved in different kinds of appreciation is also a 
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different kind of knowledge), the kind of activities involved during the process (some 

types of experience are more passive or more active), and how the content relates to the 

affective reactions (some experiences depend on autonomic reactions while some others 

depend on experience). Mathematical knowledge, as background-understanding, plays a 

central role in the modality of mathematical experience. I believe something very similar 

occurs in the cases of musical, literary or scientific knowledge; knowledge contributes to 

constituting our objects of attention. 

Any insights I have achieved here are, of course, partially achieved thanks to the 

works from which I have taken ideas. In proposing this work I have not challenged any of 

the authors I reviewed; rather, I have borrowed many of their views. I have merely 

presented a model of aesthetic events that allows us to give all those ideas a relevant 

place in the depiction of the aesthetic in mathematics. Schaeffer and Scruton’s ideas of 

the acousmatic space inspired my phenomenological space. Peter Kivy’s musical 

formalism contributed to my idea of Aesthetic Mathematical Intentional Objects, as well 

as to the distinction between active and passive content of experience. Jenefer Robinson’s 

theories of emotion and expression (which contrast dramatically with Kivy’s views) 

contributed the very idea of a systemic approach, with plenty of empirical results to 

inspire my claims on experience and value, and with the idea of articulation in aesthetic 

judgements. Shaftesbury and Hutchenson’s aesthetic principles find a place in my model 

as dimension of the phenomenological space, that is, as part of the elements that turn an 

experience into an aesthetic experience, since they are responsible for our affective 

responses. Gian-Carlo Rota’s emphasis on knowledge and understanding finds a central 

place in my model, since mathematical knowledge, background understanding of 

theories, results, terms, etc., is what allows us to ‘see’ mathematical intentional objects in 

the first place. I have incorporated James McAllister’s and Theo Kuipers’ ideas on the 

aesthetic induction almost literally, just adding the appropriate generalizations and 

introducing the constraints imposed by empirical results. Isabel Hungerland and Peter 

Kivy’s discussions on aesthetic terms shaped my ideas of the characteristic conditions of 

application of aesthetic terms and the role of aesthetic judgements as locally terminal. 

Perhaps my boldest contribution in this work has been to employ Nelson Goodman’s 
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approach to metaphor to propose my interpretation of aesthetic judgements and my idea 

of aesthetic articulation. 

 

Limitations 

In common with any approach, the model presented here has limitations. Perhaps the 

most obvious is that I decided to gamble on the very ancient relationship between music 

and mathematics to look for clues about aesthetic events in mathematics. Hence, the 

resulting approach has a formalist flavour. Aesthetic forms, AMIOs, play the central role 

of unifying experience and, by causing affective reactions, turning it into an aesthetic 

experience. This allows us to introduce refined accounts of experience, as was shown in 

Chapter 4, in the cases of incomplete or alienated experience which account for ugliness. 

An approach with a less formalist flavour might allow more permissiveness with 

incomplete or alienated experiences. 

There are also some shortcomings in the specific way I have addressed the theory. 

First, I have presented a detailed idea of a pleasure-relation. I believe the formal 

treatment I have proposed here helps to clarify the complexity of our possible affective 

responses. But endorsing such a detailed idea, of course, increases the probability of 

inaccuracies in the account. However, I believe that even if my treatment turns out to be 

inaccurate, an analogous notion should be used to show the complexities and variety in 

the pleasure response. A similar warning can be issued about the details of the process of 

articulation in aesthetic judgements. My idea of articulation depends on the details of the 

elements involved: a pleasure-relation, a schema and a referential domain (a domain of 

mathematical items, like proofs or theorems). It is possible that the specifics presented 

here will turn out to be inaccurate, but I believe that a process of articulation does 

actually occur and plays an important role in determining how aesthetic judgements are 

passed; the general idea (that our point of view undergoes a change, becoming clearer and 

more definite) is still plausible. The general message concerning these shortcomings is 

that if the specifics presented here are inaccurate I believe that one should not rush to 

discard the framework they flesh out. 
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Topics for Further Research  

There are topics I have not been able to discuss in this work, mainly due to practical 

limitations. Among these there are problems that have not been addressed and new issues 

and questions that arise in light of the approach I have presented. 

Most obvious among the unaddressed topics, of course, is the relationship 

between beauty and other philosophical problems of mathematics: truth, knowledge and 

the ontology of mathematics being the most conspicuous. My proposal is to some extent 

grounded on results related to the domain of psychological and neuro-physiological 

phenomena, which seem rather distant from the traditional approach to the philosophical 

problems of mathematics. The present work should be seen as devoted to the practice of 

mathematics. Mathematical practice has repercussions on many aspects of other 

problems, but I do not believe that all problems should be addressed from that 

perspective. Unfortunately, I believe, truth, knowledge and ontology are particularly 

resilient to such a treatment. 

 

Mathematical Truth 

The methods for securing the truth of a mathematical statement do not depend on 

empirical information; rather, they are based on logic. Truth is relevant to beauty in my 

theory: truth is a condition for mathematical items to be considered as objects in a 

phenomenological space. Despite this, the role of beauty seems to be relatively 

independent of mathematical truth. But there is an issue in which beauty and truth are 

more alike: as Rota has pointed out, aesthetic consideration sometimes encourage further 

proofs of a theorem. Mathematical beauty is a property that plays an objective role in 

encouraging mathematical work, just as truth does. The search for beauty, just like the 

search for truth, promotes mathematical work. Perhaps both searches are valuable in 

themselves. Truth is certainly a value in itself; it is one of the qualities that define 

mathematics as a scientific enterprise. But what about beauty? In Rota’s words the search 

for beauty distinguishes mathematics among the sciences; in this sense mathematics has a 

particular stance as a cognitive scientific discipline. I believe that beauty is a 
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characteristic value of the mathematical discipline, just as truth is, but this issue deserves 

more space than that available here. 

The general subject of truth poses other issues that we can briefly survey. For 

example, let us recall that I have incorporated McAllister’s ideas in my approach. 

McAllister claims that the relation between truth and beauty must be clarified by 

empirical means (McAllister, 1996, 98-104). Theo Kuipers (Kuipers, 2002) further 

explores the formal relation between truth of empirical theories and aesthetic induction. 

In these approaches the relation between beauty and truth in science is contingent and 

should be investigated empirically. My version of aesthetic induction does not allow us to 

borrow this conclusion very easily. For example, my model incorporates an autonomic 

component, which is very likely determined by evolutionary adaptation; this introduces a 

further element to take into account. Furthermore, this element is particularly relevant in 

the role of specific properties like symmetry, simplicity or uniformity. The relation 

between truth and beauty thus also involves the relation between symmetry, simplicity, 

uniformity, etc. and truth. This problem is more complicated in my approach than in 

McAllister’s. 

 

Mathematical Knowledge and Ontology 

One of the most important problems of mathematical knowledge is its very possibility 

(Balaguer, 1998; Colyvan, 2003; Wright, 1994). The problem of how mathematical 

knowledge is possible has to do with the fact that mathematical objects are abstract: they 

have no spatial or temporal location and they do not interact causally with the physical 

universe. If there is no way in which mathematical objects can interact with our physical 

universe, how can we have any knowledge of mathematical objects at all?  

Now, the knowledge involved in my approach, background understanding, has to 

do with the mathematical items as objects of experience. These objects are mental events. 

They are as problematic as any mental content, but not necessarily in the same sense as 

causally isolated abstract objects. My discussion of beauty does not add much regarding 

the relation between mental objects and knowledge of causally isolated entities. However, 

in this respect it does not fare differently from other approaches to mathematical beauty. 

Rota’s approach, for example, interprets mathematical beauty as a form of knowledge. 
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For Rota the property of being enlightening consists in enabling us to see connections and 

relations that help us to have a proper grasp of the significance of a mathematical item. 

But this is not the kind of knowledge that concerns the problem above. 

Concerning the ontological issues of mathematics, they are closely linked to the 

problem of knowledge (Colyvan, 2003). Under a realist interpretation of mathematics, 

mathematical theories refer to abstract objects. I have explicitly differentiated 

mathematical objects from mathematical items, so it would seem that our discussion has 

little to contribute. 

However, the problems related to the existence and properties of abstract objects 

differ depending on which approach we take. In a realist approach to mathematical 

objects, mathematical items and objects are relatively independent of each other. In a 

nominalist approach, like Hartry Field’s (Field, 1980), a closer contact can be established 

between them. In Field’s nominalism, mathematical objects do not literally exist and 

mathematical theories and statements are true merely in the same sense in which we say 

that a narrative fiction is true. Field’s nominalism leaves some questions unanswered, 

such as what kinds of ‘fictions’ are mathematical objects?  And how exactly do they work 

in practice? A literal aesthetics of mathematics can surely offer clues to study some 

qualities of mathematical objects seen as fictions, especially because mathematical 

practice is driven by aesthetic considerations just as it is driven by a search for a 

‘fictional’ truth. According to Field, (fictional) mathematical objects are merely useful in 

practice. In the present work one of our tenets is that some of those objects can also be 

enjoyable. Since they are mere fictions, a balance between the practical and the enjoyable 

would seem to suit a nominalist account of mathematics quite well. 

 

Other Topics for Future Work 

My strategy of putting together particular aesthetic topics to present a general theory sets 

up, implicitly, the possibility of transferring the theory to other fields. This transference 

has yet to be sketched, but here I can offer a brief list of possible topics to be developed 

in the future. 
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Aesthetics of Science 

Once we have contemplated the possibility of a concrete aesthetics of mathematics (not 

just a pre-theoretical approach), one of the tasks that comes immediately to mind is to 

devise a similar aesthetics of science. McAllister’s work addresses beauty in science, but 

I have introduced changes and generalizations that substantially modify his approach. I 

have replaced empirical adequacy by critical adequacy, that is, by the property of being in 

agreement with the standards of taste. I have also introduced the effect of autonomic 

reactions. Empirical adequacy is out of my picture and autonomic reactions are part of it. 

Regarding empirical adequacy, I believe the problem is one of generality: empirical 

adequacy can be seen as a special case of critical adequacy. The interpretation of 

autonomic reactions in terms of empirical adequacy or other factors is not clear. I cannot 

envisage a simple way of connecting our autonomic reactions to empirical inputs. 

However, as we have seen, these autonomic reactions are plastic, they can be modified by 

our experiences, but more work is needed before I can present an accurate idea on this. 

The interpretation of the more theoretical notion of robustness is complicated, too. 

Critical adequacy is a generalization of McAllister’s ideas, but robustness derives from 

empirical results and the idea of robustness from systems theory. In general, interpreting 

the new theoretical concepts introduced here in terms of the specifics of other fields is a 

task that still has to be completed.  

Aesthetic experience, for example, needs a more detailed account of the modality 

of scientific beauty, that is, the role of sensory experience, the way pleasure is elicited, 

the role of active attention, etc. 

An interpretation of aesthetic judgement depends to some extent on our 

interpretation of aesthetic experience; however, I believe that the general proposal 

presented here can be applied to science with minor modifications. Aesthetic terms in 

science can be characterized in the same manner as in mathematics (by the existence of a 

mapping and a reorganization). Aesthetic descriptions perform the same functions 

(articulation and exchange) too. But empirical sciences have some distinctive features 

that need to be addressed. In particular, the conditions of use of aesthetic terms ask for 

the existence of a mapping and reorganization that are changes in our point of view. 

These changes in point of view are easily accomplished in mathematics, since we never 
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have empirical access to the mathematical objects related to our objects of attention. But 

in the empirical sciences we have access to objects and facts in the world. This 

accessibility imposes constraints on the ways in which our point of view can be altered. 

While in mathematics the changes of point of view are only constrained by the adequacy 

of our mapping and reorganization, in science, when we judge scientific objects or facts, 

it is not clear whether these changes in point of view are arbitrarily possible. Thus, one 

needs to establish a distinction between purely cognitive objects of attention, like 

theories, theoretical terms and other constructs, and the actual facts. Such a distinction is 

a topic for future reflection. 

 

Intellectual Beauty  

The application of our ideas to science also presents us with the possibility of further 

extending our theory to ‘intellectual beauty’ (beauty in philosophy, computer 

programming, or less ‘serious’ fields like chess, for example) in general. As in the case of 

science, I believe the general outline of my theory is correct, but the specifics need to be 

addressed. Since intellectual beauty does not involve empirical constraints in general, we 

can avoid the problems that arise in science. This leaves us with the problem of suitably 

interpreting experience, value and judgement. The most important interpretation is that of 

experience. The modality of the experience of intellectual beauty is, of course, 

independent of sensory experience and more purely cognitive. In general it would involve 

some sort of active content and the eliciting of affective response, and it would depend on 

passive, active and learned responses. This picture is very similar to our account for 

mathematics; detailing it is, of course, a task for the future. 

Nonetheless, it is interesting to imagine the results of a successful theory of 

intellectual beauty: the boundaries between art and sciences would become less sharply 

defined, since the appreciation of purely conceptual objects is not very different from the 

kind of appreciation that occurs in some types of literature and in conceptual art. The 

prospect of having a way to explain things like a beautiful game of chess, a beautiful 

scientific theory or a beautiful philosophical concept in the same terms as we would 

explain music, poetry or conceptual art, would offer a way to overcome the boundaries 

between these disciplines. Mathematical beauty and conceptual art could be seen as 
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special cases of intellectual beauty. The ancient Greek view of mathematics could be 

rescued. Perhaps, too, enthusiastic approaches like Le Lionnais’, proposing that 

mathematics should be seen as an art, could be pursued. I am not prepared to go that far, 

but I believe the approach presented here is compatible with the claim that beauty in 

mathematics is valuable in itself; that it is not a secondary by-product, but a genuine goal. 

To conclude, I believe it is not necessary to further stress the importance of beauty 

in mathematical practice. There is no shortage of texts, historical or philosophical, 

emphasizing the importance of mathematical beauty. In addition, it is also true that one 

usually approaches mathematics motivated by passionate curiosity; and that a need for 

harmony and beauty is what drives much of the mathematicians’ work. My hope is that 

my work leaves the door open to rethink and legitimate that passion. 
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Appendix 1: Development of Formalism 

 

1. Hanslick’s Formalism  

The Viennese musical critic Eduard Hanslick is responsible for the first appearance of 

musical formalism. His 1854 book On the Beautiful in Music is considered the first 

source of articulated formalist ideas (Alperson, 2004). In his book Hanslick reacts against 

the then popular Romantic (emotivist) theories. Hanslick’s view can be summarized by 

saying that expression of emotions can be a source of aesthetic value; however, inquiring 

into these expressions does not lead us to a better understanding of the nature of the 

musically aesthetic. Hanslick has two goals. First, to debunk the emotionalist views on 

the meaning of music; he tries to discredit the claim that the content of music should be 

understood as emotional content and that is what determines music’s aesthetic value. 

Second, he wants to present a positive aesthetics for music; he puts forward an alternative 

view of the proper object of aesthetic judgement and criticism. He claims that “the 

musically beautiful, as an autonomous species of beauty” (Alperson, 2004, p. 256) is the 

proper object of musical aesthetics. 

Hanslick supports his rejection of the emotive content of music with several 

arguments. Two of them are based on attacks on what he believes are popular mistakes. 

He argues that when people say that music has to do with feelings, they implicitly assert 

one of two indefensible views of the relation between music and emotions. According to 

the first view, the purpose of music consists in arousing certain feelings in the listener. 

This view is sometimes called the causal view. According to the second view, the 

feelings referred to are not aroused by music, they are the subject matter, the meaning, of 

music. This view is known as the semantic view (Alperson, 2004, pp. 257-258). 

Hanslick’s arguments against the causal view derive from his own beliefs about 

beauty and the nature of music. Philip Alperson reconstructs these arguments as follows: 
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1 Beauty in music, as an objective property, has no purpose beyond itself. The 

contemplation of the beautiful may produce pleasant feelings but these have nothing to do 

with musical beauty. The causal view falsely supposes that because pleasant feelings may 

be excited by the beautiful, the purpose of music is to arouse these feelings.  

2 Subjectively, music is directed to the active imagination as “the activity of pure 

contemplation” (Alperson, 2004, p. 257) of the sequence of tonal forms. The arousal of 

feelings is a secondary and peripheral effect. The beautiful in music pleases, but we 

cannot learn the true nature of music by dwelling on this pleasure.  

Hanslick’s third and fourth arguments against the causal view depend on his own account 

of ‘feeling’: 

3 The causal view confuses ‘feelings’ with ‘sensations’. Sensation (what we would call 

perception) is a precondition to the musically beautiful. Definite feelings (what we would 

call emotions), such as love, jubilation, and woe, however, involve an awareness of “our 

mental state with regard to its furtherance or inhibition, thus of wellbeing or distress” 

(Alperson, 2004, p. 258). The necessity of sensations does not entail the induction of 

feelings in the listener. 

4 Furthermore, there is no causal connection between a piece of music and the specific 

feelings it might arouse. Musical works affect us differently depending on many factors; 

this is evidenced by the different emotional characterizations offered of the same musical 

works by different listeners. 

It is true, Hanslick concludes, that music may arouse in us feelings and moods, as 

the causal theorists say, but the same may be said of medical reports or our luck in a 

lottery. We must not be misled into thinking that such feelings have anything to do with 

the proper understanding of music (Alperson, 2004, p. 258). 

Music can arouse emotions and moods, but that does not characterize music, since 

many non-musical occurrences also arouse them. Emotional arousal has nothing to do 

with the proper understanding of music. 

The representational view, which claims that music can represent emotions like 

love, courage or piety in the same manner as a painting can represent the happiness of a 
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person, is similarly flawed (Alperson, 2004, p. 258). Music lacks the resources to achieve 

such representations. Hanslick claims that emotions are distinguished from other kinds of 

affective arousal by a particular set of concepts or judgements. Hope, for example, 

involves the idea of a future happy state in comparison with the present. Music can only 

present musical ideas, not concrete judgements, and thus, even if music can imitate the 

dynamics of our emotional life it cannot present us with the content that characterizes 

emotions. Furthermore, people might agree about the beauty of a musical piece but they 

cannot agree about its supposed emotional content, and without agreement about what it 

represents there is no representation whatsoever.  

Hanslick’s ideas profoundly influenced the development of 20th century 

aesthetics. His remarks on the nature of emotions and their semantic or causal relations 

with works of art have been widely discussed. In musical aesthetics his influence is so 

extensive that many authors think of Hanslick as The Background View (Alperson, 

2004). 

For Hanslick, musical beauty derives from music’s “tonally moving forms” (p. 

260). He sometimes links this notion to language. This represents a tremendous insight. 

He recognizes that music shares many of the qualities of language, but he was also aware 

of the fact that music is not a language. One of Hanslick’s he most valuable contributions 

was the recognition that music, even if it is in many respects language-like, does not need 

a semantic component, or, at least, that aesthetic appreciation of music does not depend 

on its semantic component. Peter Kivy makes an interesting remark about Hanslick’s 

achievement: 

…what is left of a language if you distill off its semantic component? What is left is its syntax: its 

grammatical component. What is left is a collection of inscriptions with rules for their correct 

combination: rules for the string-together of the meaningless inscriptions into grammatical, 

syntactically correct chains, or, if you will, ‘sentences’ –except that they are ‘sentences’ without a 

meaning… It seems, then, that what Hanslick was at least beginning to see is that absolute music 

is, as it were, a kind of syntax without a semantics: language-like but not a language. It does not 

convey merely a sense of order. It does convey that. But it is a very special kind of order: the order 

of syntactical structure…What Hanslick realized was that, without having a meaning, absolute 

music at its best, has a ‘logic’ –a quality of inexorable progress and direction. (Kivy, 2002, p. 

63) 
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This passage is revealing; it suggests that music possesses a kind of ‘logical 

necessity’. Of course the notion of logical necessity could be applied here only as a 

metaphor. In that metaphorical sense, musical movements (‘tonally moving forms’ is 

another metaphor) from one series of sound to another seem to reflect the ‘movement’ 

from premises to conclusions in a logical argument. In a logical argument the fulfilment 

of conditions in the antecedent syntactical structure necessarily guarantees that the 

following structure will possess a determined quality. In music, at least in Western music, 

as in logic, we know the set of rules governing syntactical well-formedness; those rules 

would correspond to the part of music theory that describes musical scales, chord 

structuring, time divisions, etc. We also have rules for ‘syntactical consequence’; such 

rules would correspond to the part of music theory describing the progression of musical 

material from one musical ‘sentence’ to the next, that is, the description of chord 

progressions, cadences, modulations, etc. Finally, in music as in logical arguments, we 

know and ‘feel’ that, given a specific musical structure that fulfils certain characteristics 

prescribed by the appropriate rules, the following musical structure must have certain 

characteristics. 

Now, these logico-linguistic ideas are only implicit in Hanslick; his followers 

were responsible for rendering them explicit.  Given that the development of formalism 

goes beyond Hanslick, we need to review it, looking for further insights into the relation 

between form and beauty. 

 

2. Edmund Gurney 

The development of formalism is sometimes summarized following the works of its three 

most important authors: Hanslick’s On the Beautiful in Music (1854), Edmund Gurney’s 

The Power of Sound (1880), and Leonard Meyer’s Emotion and Meaning in Music 

(1956).  

Following Hanslick’s views, Edmund Gurney presented a formalist aesthetics 

based on melody. He characterized musical structure as ‘ideal motion’. However, even if 

this idea is intuitively compelling to musicians, ‘ideal motion’ is a notion that remains 

vague through Gurney’s work. Furthermore, sometimes the ‘ideal’ in ‘ideal motion’ has 
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been interpreted as describing a mysterious, non-natural property. Despite the vagueness 

in his conceptualization, he proposed a more concrete, practical formalism based on the 

idea that music is reducible to melody. However, even if the concreteness of melody-

reducibility allows many practical achievements, the idea gave rise to many critical 

voices, especially because it neglects many traditional issues in music and also neglects 

non-melodic music (the music of Richard Wagner, for example). 

Melody is the basis of music, according to Gurney, and melodic form determines 

aesthetic value. Melodic form is the “flowing connectedness of melody” (Kivy, 2002, p. 

64). The ‘flowing connectedness’ refers to the fact that a melody, a stream of pitched 

sound with the same characteristic timbre, must fulfil several constraints to be recognized 

as a musical structure. The constraints are given by the rules of harmony and music 

theory. The phenomenon of repetition, in particular, plays an important role in this 

flowing connectedness. The melody must unfold according to the standard rules of 

harmony; the tone-relations of a musical scale, for example. Furthermore, it must fulfil 

certain expectations about the recurrence of certain structures. The repetition of certain 

sound patterns (progressions of notes) ordered according to known harmonic rules gives 

shape to the melody and prevents it from unfolding in a random fashion. Subjectively, 

that is, in the experience of a normal, non-musically-trained listener, this organization of 

the flowing connectedness of melody seems to refer to the sense of ‘logical’ development 

of music that a normal listener hears or feels in it. 

In the characterization above we have a more explicit idea related to the nature of 

form: the idea that there is a sense of ‘consequence’ in music. Once a specific melody 

unfolds, the listener ‘feels’ that the melody should continue in a certain way rather than 

another. Although a rough idea of ‘musical necessity’ is present in Hanslick, Gurney’s 

focus on the simpler notion of melody and his insistence on ‘connectedness’ allow a 

better appreciation of it. 

With Gurney we realize that musical form, at least melodic form, has a sense of 

‘logical necessity’. The same ‘logical necessity’ is present in many musical phenomena, 

including chord progressions, repetitions of motifs, and even, according to Peter Kivy, 

emotional resolution.  



252 
 

 

3. Leonard Meyer’ Approach 

During the last three decades formalism has experienced remarkable development. Peter 

Kivy is recognized as a leading figure in this development. Kivy finds the term ‘enhanced 

formalism’ (Kivy, 2002, Ch. 6) suitable to describe his position. Enhanced formalism 

integrates emotions into the theoretical framework and the concerns of formalism. The 

reconciliation of emotions and formalism started Leonard B. Meyer’s work. 

Let us survey some of Meyer’s ideas. He makes informal use of information 

theory. He arranges musical events from the most expected to the most unexpected. The 

most expected musical event is the least informative one, and vice versa. Musical events 

are evaluated according to the degree to which they are expected or unexpected. Meyer 

thinks that most of our musical expectations are determined by musical culture, that is, by 

an unconscious acquaintance with the styles of music available in our cultural 

environment. In other words, by hearing music we acquire a general idea of what music 

should sound like. As we hear more music we develop a more refined sense of how music 

‘works’. In a certain sense, as we hear music, we learn about it: we unconsciously 

‘understand’ the general mechanics of the music we have heard. This learning, this 

understanding of music, depends on the specific kind of music we have been exposed to. 

Our understanding of how music works determines our musical expectations; when we 

hear a new piece of music, or a specific piece of musical sound, we expect that this music 

will unfold in a fashion similar to the way that we have learned from previous hearings of 

music.  

For Meyer, music and music appreciation do not depend on form alone, nor on 

(emotional) content alone. Meyer presents a view of music that synthesizes both the 

formalist and the semanticist view. What we appreciate in music, according to Meyer, is a 

pure sound structure. There is no external content attached to the music. Meyer believes 

that expectations of musical developments constitute the content of music; external 

content refers to content other than this musical-expectation content. Now, what is 

interesting in Meyer is the way he explains our appreciation of musical form: our joy of 

music comes from the correct balance between expectation fulfilment and surprise in the 
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listener, when listening to a piece of music. The expectations are shaped by our musical 

cultural environment. Our expectations are culturally determined, but they are still 

determined by music alone. Meyer integrates historical and cultural dimensions in 

formalism. 

Meyer assigns a role to the view that content determines musical value 

(semanticism). We acquire an understanding of how music works as we listen to music; 

we can see this as a kind of musical knowledge. The musical expectations could be seen 

as conscious or semi-conscious events55 in the listener. Meyer thinks there is another way 

to look at this. He thinks we do not necessarily experience the acquaintance with music as 

actual knowledge of a conscious event; we can also experience it as an emotional reaction 

to music. Most people are not musicians and know little or nothing about how music 

works. Nonetheless, everyone is able to recognize music and experience expectations; the 

difference is that in the absence of a refined musical knowledge we experience 

expectations as emotional reactions. When a certain chord progression, for example, 

fulfils our expectations of how that progression should unfold we ‘feel’ that the music 

went the way it has to. When the music turns in an unexpected way we have a different 

feeling, a feeling that can range between surprise and frustration. We ‘feel’ that the music 

deviates from the expected. Meyer thinks there is nothing wrong or right about 

experiencing fulfilments of expectations, whether as emotional or semi-conscious 

(cognitive) responses. He thinks both responses are part of the appreciation of music. In 

Meyer’s view, formalism and emotivism are not irreconcilable positions; on the contrary, 

they are both correct; they just focus on different aspects of the same phenomenon. Music 

appreciation is a matter of both formal appreciation and emotional arousal. 

Musical events have varying degrees of informational content, according to 

Meyer; the more a musical event fulfils expectations the less informative it is. Meyer uses 

this fact to define the meaning of a musical event. He defines musical meaning as the 

degree of fulfilment of expectations depending on the previous musical events. As we 

have seen, this fulfilment can be experienced as an emotional response. Thus the content 

of music could be construed either as a formal content, in which case only conscious 

                                                 
55  We would use terms like cognitive or semi-cognitive events, referring to mental events related to 
knowledge, but I shall retain the term “semi-conscious” while talking about Meyer.  
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(cognitive) formal expectations are involved, or as emotional content, involving 

emotional responses.  
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Appendix 2: The otion of Form in Music 

 

1. The lack of a otion of Form 

Although attractive, the picture offered by formalism has some gaps. Formalism links 

pure form and musical beauty, but the nature of the link remains obscure. This, I believe, 

can be interpreted in terms of three interrelated problems: first, the need for a clearer 

notion of form; the authors surveyed in this work do not address a conceptual analysis of 

the notion. Second, the aesthetics, the origin of the beauty of events like the sounds of 

musical instruments, musical scales, chords, etc., remains unaccounted for. Formalism 

does not offer a full explanation of the beauty of these events. Although Kivy 

acknowledges this problem, he does not address it. Third, the relation between the 

aesthetics of basic events, like the beauty of a single chord or a single note, and formal 

events, like the games postulated by Kivy, is not addressed either. I call these problems 

the clarification problem, the basic beauty problem and the conservation problem, 

respectively. I believe they are related to each other, and that depends on empirical 

research. Hence, addressing them is beyond the reach of the present work; however, the 

clarification problem should be attended to briefly, since it allows us to understand the 

basis of a proper notion of musical form. Before doing that, though, let us review the 

informal notion of form. 

 

2. Informal otions 

Although a conceptual clarification of the idea of form is absent, there are informal ideas 

of musical form, based mainly on exemplification, or implicit in musical practice and 

philosophical discussions. I summarize those notions here. 

The most common idea of musical form, perhaps the one with which most non-

specialist people are familiar, refers to the large musical compositions we call 

symphonies, concertos, sonatas, fugues, and so on. These ways of organizing musical 

material have been developed historically and they are regulated by tradition. The styles 
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of composition are acquired and developed based on learning from previous styles or 

composers. I call this idea of musical form L-form (for large-scale). 

Now, these large musical works consist of smaller structured sections of music. 

They constitute a more specialized class of forms that musicians use to refer to the 

sublevels of organization in a musical work; they include things that musicians call 

motifs, phrases, passages, pieces, and so on. For example, one can recognize that a 

certain melodic or harmonic pattern appears once and again at regular intervals during the 

unfolding of a musical work; these structures are called motifs. These ‘intermediate’ 

arrangements can also be arranged in other intermediate kinds of forms. For example, the 

arrangements of motifs results in passages and the arrangements of passages give us 

pieces. Some types of intermediate structures have special names. For example, a binary 

form consists of two rhythmic or melodic motifs A and B, organized in the simple form 

AB. A Rondo consists of a basic motif A and the introduction of different motifs B, C, D, 

etc., in the following fashion: ABACADA…  All these intermediate structures, including 

the ones with generic names like motif, phrase, passage or pieces, and the ones with 

special names like binary form, sonata, rondo etc., constitute a second type of forms. I 

call this idea of form I-form (for intermediate). I-forms also depend very much on 

tradition, as witnessed by the fact that some of them have generic names and some others 

have their own proper names. 

There is a third notion of form that has to do with the most elementary relations in 

music. Something very specific to music is music theory, a highly technical description of 

the rules that govern the organization of the most basic musical elements. Musical 

structures are thus described in their most basic elements by music theory. Musical forms 

can thus be interpreted as consisting, at their most basic and characteristic levels, of the 

items described by music theory. These kinds of structures involve, for example, the 

relation between two of the most basic components of music, pitch and rhythm. A 

melody, which is the basis of Gurney’s formalism, can be seen as a set of sounds with 

different pitches (musical notes) unfolding with a characteristic rhythm (which 

corresponds to its structure in time). Perhaps the most formalized part of music theory is 

harmony, which deals, among other things, with consonance, dissonance, the 

arrangement of notes in a scale, or their simultaneous occurrence in a chord. Most 
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Western music is harmonic; it consists in differently pitched sounds appearing 

simultaneously and unfolding rhythmically. The relation among the simultaneous pitched 

sounds or musical notes is not arbitrary. Sound material is musical only if it is organized 

according to the standard set of rules (the rules of harmony ); and those rules can be 

understood as the set of rules that guarantee that certain sound material will be 

recognized as musical material by the listener. Music theory sets a framework that details 

the elementary relations we perceive in music. The order we perceive in musical 

structures can be analyzed as recurrent applications of the ‘rules’ of music theory. Music 

theory also describes the components and relations involved in intermediate scale musical 

forms. These basic level structures are embedded in intermediate I-forms which in turn 

are embedded in large-scale L-forms. Tradition, once again, has established how this 

embedding is carried out.  

Now, the number of rules that constitute music theory, and especially things like 

harmony, is finite and those rules can be interpreted as simple manipulations of discrete 

elements. This fact allows the representation of musical material by a finite, yet elaborate 

set of symbols, and even the formalization of some musical phenomena (Riemann 1952, 

Estrada 1984). In a sense these basic structures are more closely linked to the idea of 

syntax, a system constituted by a language and rules to govern well-formedness and the 

construction of new musical ‘sentences’. The collection of the basic structures associated 

with this kind of ‘syntactic’ regulation can be seen as another type of musical form. I call 

this basic-level notion of form T-form (for music theory). 

 

3. Clarification of Form: Basic-Beauty and Preservation 

I will not address the basic-beauty and the preservation problems, but I shall examine 

here some aspects relevant to the clarification problem.  

I believe that one of the reasons why the notion of form remains vague is that 

there are conceptual divisions which formalism overlooks: most formalist theories do not 

distinguish among their different kinds of explanations. Kivy’s formalism, for example, 

places a remarkable emphasis on cognitive engagement. But I think the phenomena 

spotted by this emphasis are not the same as those referred to by Hanslick when he 
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speaks about the beautiful in music, since this last notion seem to be related to mere 

passive contemplation. I think an explicit distinction between passive and active 

engagement with musical forms must be introduced: we can say that, in addition to the 

inherent beauty (available from mere contemplation) of some musical events, there is a 

second kind of musical beauty, derived not from our passive contemplation of music but 

from its active, cognitive processing. Thus, formalism’s accounts of musical beauty can 

be divided into two types: passive and active. This division, I believe, must be part of a 

proper notion of form. 

I say that an account of musical events is of a basic type when they are based on 

the fact that there are kinds of musical events that produce joy due to the contemplation 

of their inherent properties. For example, the sound of a skilfully played violin or a minor 

chord produced by an orchestra posses beauty that does not involve reference to 

emotions, but nor does it involve cognitive processing either. A formalist account of these 

events should thus be of a basic type. 

I say that an account of musical phenomena is of a cognitive type when it states 

that certain kinds of intellectual activities or events in the listener produce joy. This joy is 

related to the effort the listeners devote to discriminating subtleties in the musical 

material they are listening to. For example, in the hypothesis game and the game of hide 

and seek in Kivy it is not the mere contemplation, but rather the cognitive activities that 

produce joy. 

The kind of the events involved in each type of accounts is different. The basic 

type is concerned with contemplative perceptual events, while the cognitive type is 

concerned with active cognitive processing of events. Of course both kinds of musical 

phenomena are related to each other and the existence of this relation should be, at least, 

contemplated by an adequate notion of musical form, even if a full explanation of the 

relation is not provided. 

The joy involved in the explanations of the cognitive type depends, I believe, on 

the joy involved in the basic type and on the preservation of the enjoyable properties 

when we make an extension from the basic to the cognitive type. In other words, in an 

account of how the enjoyments of basic events relates to the enjoyment of cognitive 
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events we must envisage that our manipulations of musical material should guarantee that 

the enjoyability (the beauty) is preserved when going from the basic to the cognitive 

events. I cannot give an account of how this beauty-conservation relation can be 

understood. However, concerning our clarification of the notion of form, we can simply 

assume that there exists some kind of conservation mechanism that links basic and 

cognitive events in music. 

 

4. Clarification of Form: on-concreteness 

In addition to the basic-cognitive distinction there are features of the notion of form that 

derive from the ontological peculiarities of music. A very salient feature of any piece of 

music is that it is are not a concrete object. Musical forms are abstractions of the 

‘concrete’ features of music, so they should be even less concrete entities. According to 

Scruton (Scruton, 1997, pp. 3-5) causal relations are not relevant to musical phenomena. 

This view can be taken even further: I believe musical form is not only cause-

independent, but also instance-independent. Kivy’s characterization of musical 

experience will help us to see the reason for this development. 

If a notion of musical form has to be adequate to embrace Kivy’s hypothesis game 

and the game of hide and seek, it has to be suitable to be ‘played cognitively. The game 

of hide and seek involves a search for simple patterns among the complex fusion of 

sounds characteristic of polyphonic music. Furthermore, the melodies or motifs hidden in 

the mixture of sounds that constitutes music are those intended by the composer. Thus, 

the hidden motifs must be the same patterns every time the music is played, for they are 

the motifs intended by the composer; otherwise there would not be any ‘seek’ in the 

game. And we seek only because we know there is something hidden. We also know that 

the hidden things were hidden by someone else, the composer; otherwise the ‘game’ 

would not be a game. Thus the motives involved in the game of hide and seek must be the 

same every time if the performance of the work of music differs. 

The problem appears when we employ a quasi-concrete notion of form based on 

the idea that music is a sound structure. Sound structures can be interpreted as the 

physical structures resulting from the sound emitted by the musical instruments when 



260 
 

performing a piece of music, or at least as something closely related to them. There is a 

tension between this view of form as sound structure and Kivy’s account of music in 

terms of his two ‘games’: the games are played cognitively; the listener must seek and 

find the same patterns every time, as intended by the composer, even if the performance 

of the piece (the sounds that constitute the mixture in which we actually seek) is different 

every time. If musical forms were sound structures they would depend on the variation of 

sounds. More specifically they would depend on the actual sounds that constitute the 

piece in each performance. But sounds do differ in every performance; that is precisely 

what makes performances interesting. If sounds are different, forms are different in every 

performance. But this conclusion contradicts the idea that the forms we seek are those 

intended by the composer, regardless of the differences of performance. If the composer 

intended certain musical structures to be found, but the structures differ in each 

performance, those structures could never be found, and the hide and seek game would be 

pointless. Thus, if forms were concrete sound structures, the patterns hidden in the music 

would be different for each performance and they could never be found.  

Of course, one might argue that performance variations are trivial due to the 

similarity of the different performances. This similarity would allow us to play the game. 

Then, though, we would have to postulate similarity classes as the subject matter of the 

game, which amounts to the introduction of a game played with abstract entities; the 

similarity classes. And this time we would be facing not only non-concreteness but also 

the abstractness of entities like classes. 

I believe the games proposed by Kivy are actual elements of the aesthetic 

appreciation of music. My conclusion is that his notion of form needs to be revised; 

music is not a concrete sound structure. We already know, from the ontology of music, 

that form is not a physical object; it does not depend on causal relationships. Also, from 

the first part of the previous argument, we know it does not depend on any concrete 

instance of a musical piece (a musical performance). In short, musical form is instance-

independent56. 

                                                 
56 We might also call this property token-independence, but I prefer ‘instance-independence’ to keep some 
distance from the standard type-token distinction, since it seems to me that the case of music is a little more 
complicated. 
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Furthering this line of thought we can remember that Scruton drew our attention 

to the fact that musical events have no relevant causal relations: musical events take place 

in a acousmatic space, not in physical space. We have seen that forms are instance-

independent, now we can follow a strategy similar to Scruton’s and direct our attention to 

the fact that musical forms are neither physical objects nor instances of sound complexes: 

I propose thinking of musical forms as events that take place in a more ‘abstract’ space, 

analogous to Scruton’s acousmatic space.  

 

5. Clarification of Form:  Syntacticality, Plots and Patterns 

In addition to characterizing music as a sound structure, Kivy presents another view of 

music: music has to do with internal representations (music as an intentional object) 

governed by syntax-like rules. Thus, Kivy’s notion of music seems to have two aspects: 

one as sound structure and another as a ‘logico-linguistic’ or syntactical structure. The 

idea of sound structure has been discussed above. Let us now consider the syntactical 

aspect. 

Kivy refers to the structures in music as plots without content (I call them content-

deprived plots). The idea of plots without content is useful only up to certain levels of 

musical structure. Large and intermediate scale structures can be described as plots, but 

the structures described by music theory have nuances, the structure of chords or scales 

for example, that seem less suitable to the idea of plots. The rules of harmony in music 

theory do not have a narrative-like structure. Now, calling musical structures ‘plots’ is 

something of a metaphor and perhaps Kivy’s characterization of music in terms of a 

‘pattern-regulated’ syntax is more accurate. 

The idea that a ‘pattern-regulated’ syntax governs musical forms seems provide a 

more accurate description of musical structures, including those of music theory. 

Although interesting, this idea has a shortcoming: music, as described by music theory, is 

articulated in a ‘two-dimensional’ fashion. The ‘horizontal’ dimension is given by the 

divisions of time that constitute the rhythm of a particular piece of music. The ‘vertical’ 

dimension would be given by the different notes that constitute the musical scale. In this 

second dimension a complex superposition of events (musical notes, chords) occurs, 
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governed by rules different from those of rhythm. Furthermore, the second dimension is a 

dynamic one, for its structure changes when the composer modulates to a different 

tonality. The idea of syntax is attractive because it could account for the logical necessity 

that many authors attribute to music; but it must be developed to account for the multiple 

dimensions of music. 

Musical forms, I think, are complex, multi-syntactical structures. The different 

syntaxes are specified by different sets of rules in music. I suggest that a reasonable way 

to approach this multi-syntactical feature is to see each syntax as a dimension of the space 

in which the musical experience occurs. Musical forms should be interpreted as objects 

with parameters determined by the dimension of the space in which they exist, in a 

fashion similar to the way we interpret mathematical spaces. Musical forms should thus 

be seen as abstract structures existing in a space the dimensions of which are constituted 

by the rules of music theory.  

 

6. A otion of Musical Form 

Considering the features discussed above I propose here a draft notion of musical form. 

The reader should be aware that this proposal is only an exercise that prepared the way 

for my idea of aesthetic intentional object in mathematics and it is thus still fragmentary 

and open to revision. There are two further things that should be noted: first, I restrict 

myself to the case of traditional harmonic music; second , I deal with form by focusing on 

its ‘cognitive’ features.  

A Musical Form complies with the following description: 

A) Non-concreteness 

A.1) Musical Forms are abstract structures. They are not physical events, like 

sound; they have no causal dependence or spatio-temporal location. They are not 

instances of music itself, i.e. they are not acousmatic events as proposed by Scruton.  

A.2) In analogy to musical events that take place in an acousmatic space, musical 

forms are events that take place in a phenomenological cause-independent and instance-

independent space. I have taken the term phenomenological from Scruton, but I assign it 
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a more restricted use; by phenomenological I merely refer to the quality of events that are 

experienced by the listener; in contrast to the experiences of the acousmatic space, which 

are musical experiences, the experiences I am referring to are ‘cognitive’ experiences. 

A.3) The general properties of musical forms will thus be determined by the kind 

of events that are allowed to take place in this phenomenological space. We have to 

establish, at least informally, the features of this space. 

B) Formal Scene: Internal Syntax 

Musical Forms are events that take place in a ‘space’ analogous to the acousmatic 

space. I do not give a formal characterization of this ‘space’, and in order to avoid 

confusion with the technical meaning of the term space I use the term scene. Thus, my 

analogue to the acousmatic space could be called formal scene
57. Informally I 

characterize a formal scene as follows: 

B.1) The formal scene is a ‘cognitive’ analogue to the acousmatic space, but it 

differs from a phenomenological auditory-space in three respects: 

B.1.1) It exhibits physical-cause independence and instance independence, but it 

is culturally dependent; furthermore, it is culturally and historically determined.  The 

formal scene is determined by a set of norms (several syntactical systems for rhythm, 

harmony and modulations) that vary according to cultural standards. By contrast, the 

proposed causal-independence and instance-independence are not determined by cultural 

standards but by perceptual mechanisms that allow us to recognize music and patterns in 

the music. In other words, experiencing music is something that has to do with the way a 

normal perceptual and cognitive system in human beings determine; but experiencing 

musical forms is the result of an active cognitive processing of the experienced musical 

material. The adaptive nature of human cognition is responsible for the plastic, cultural 

and historical character of musical forms.  

B.1.1.1)The cultural standards for notions like harmony, tension, rest or resolution 

are the norms or, if you will, the ‘syntactical systems’ that organize, that give an order to, 

the formal scene. That leads us to: 
                                                 
57 Although the term ‘space’ is possible, I reserve it for use in my notion of phenomenological space for 
mathematics. 
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B.1.2) Drawing an analogy with the idea of ordered space we could say that the 

formal scene is an ‘ordered scene’ with at least two ‘dimensions’. (The number of 

dimensions is also culturally determined; the two chosen dimensions presented here 

correspond to the traditional harmonic system of music). One of the dimensions, the 

‘horizontal’ dimension, is ordered according to the syntactic rules of rhythm. The other, 

the ‘vertical’ dimension, is ordered according to the syntactic rules of scales, chords, and 

modes.  

B.1.3) In addition to the two (or more) dimensions and their respective syntactical 

systems, there is an interdependence between them, governed by the rules of chord 

progressions and tonal modulation. 

C) External Syntaxes 

In addition to the ‘internal syntaxes’ that organize the basic dimensions of the 

formal scene, there are ‘external syntaxes’ that allow ‘constructing objects’ in the formal 

scene. I do not think we have to take the idea of ‘constructing objects’ literally; rather, we 

can see the ‘external syntaxes’ as rules that govern the introduction of events in the scene. 

Given that the forms are events in the formal scene, we can use the metaphor of building 

objects just as a shorthand way of naming ‘a proper introduction of events in the formal 

scene’. The two methods we can use to construct musical forms (to introduce proper 

events in the formal scene) are what I call substructure-embedding and referentiality-

embedding.  

C.1) Substructure-Embedding 

Substructure-embedding refers to the embedding of structures already present in 

the scene to build new forms.  

If there is no embedding in a form we call it a first-order form. If there is a single 

embedding we call it a second-order form. If there are two embeddings it is a third-order 

form. First-order forms correspond to what I called T-forms (structures governed by basic 

music-theoretical relations); second-order forms correspond to I-forms (intermediate 

scale structures; motifs, phrases, pieces, etc); and third-order forms correspond to L-

forms (arrangements of whole works like symphonies). The structure of symphonies or 



 

265 
 

concerts and the arrangements of motifs inside their sections have developed historically. 

Harmony seems to be more stable. That is the reason why first-order forms differ from 

second- and third-order forms: the second and third are determined by tradition. I-forms 

and T-forms have been established, to certain extent, by historical tradition. The 

procedures of embedding must thus reflect how those forms are dealt with traditionally. 

Although simple recursive embedding (simply building larger structures based on smaller 

ones) is possible, this procedure does not reflect the actual musical forms. This is the 

reason why traditionally determined embedding procedures are preferred to simple 

recursive embedding. 

The way embeddings take place obeys different rules for Second and Third Order. 

Although recursive embedding is possible, the traditionally established patterns of 

embedding will be preferred. The embedding is governed by culture-dependent 

‘syntaxes’.  

C.1.1) For first-order forms we have the syntaxes of harmony and rhythm, already 

present in the structure of the formal scene. Following those syntaxes does not result in 

embedding, it only determines whether a certain structure is a musical form or not.  

C.1.2) For second-order forms we can embed only first-order forms; we cannot 

use any musical event that is not already a first-order form, like a note or a chord, as part 

of the syntactical structure; and the embedding must follow the rules of traditional 

musical forms like binary forms, sonata, rondo etc. The arrangement of those forms 

determines the ‘syntax’ for second-order substructure-embedding. 

C.1.3) For third-order forms we can embed only second-order forms, we cannot 

use any basic musical event (notes, chords, etc.) or any first-order form as part of the 

structure; and the embedding must follow the rules of the major musical forms, like 

symphonies or concertos. The arrangement of those forms determines the ‘syntax’ for 

third-order substructure-embedding. 

C.2) Referentiality-Embedding 

Referentiality-embedding refers to the inclusion of non-formal properties in 

musical structures. The non-formal properties to be included must fulfil two conditions:  
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C.2.1) First, they must possess referentiality (otherwise they could be treated as 

formal properties). Second, they must play a role in the constitution of the aesthetic value 

of the form in which they are being embedded. (I must recall the reader’s attention to the 

fact that I am dealing only with the cognitive aspect of form. The most basic ‘empirical’ 

issues are addressed in the next chapter). 

Emotion-qualities and basic-beauty (properties of events involved in basic-type 

explanations) properties are examples of properties that could be introduced as part of 

musical forms through referentiality-embedding. 

C.2.2) The incorporation of these properties as part of a formal structure can be 

done in two ways:  

C.2.2.1) First, the inclusion of the non-formal property P is the result of a process 

of substructure-embedding that has the quality of being conservative of P. For example, if 

embedding a beautiful first-order motif A results in a beautiful second-order binary form 

AB, we say that the property of being beautiful has been preserved by the embedding, 

and that this embedding is beauty-conservative. In this example the embedding of the 

first-order form A to produce the second-order form AB preserved the property of being 

beautiful while passing from A to AB.  

C.2.2.2) Second, the inclusion of the non-formal property P is necessary to 

complete a certain pattern. Patterns, in this context, may be understood as generalizations 

of syntaxes. I focus only on the simplest and most widely used pattern: resolution. For 

example, if we already have two sections (second-order forms) A and B arranged as AB 

and A is a restful section and B a tense one, the resolution pattern needs a rest section in 

order to obtain an entire emotional-resolution pattern. In this way, we are allowed to add 

a third restful (as demanded by the resolution pattern) section C. We obtain the form 

ABC which completes the resolution pattern rest-tension-rest. Notice that C is not 

necessarily different from A. If we use A to complete the pattern we obtain ABA; the 

traditional sonata form. 

 

Remarks 
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Musical forms are events occurring in the formal scene I have sketched. They are abstract 

structures only in the sense that they are independent of cause and instance and they have 

an internal organization. Their ontological status is more akin to a fictional narrative than 

other abstract objects, like platonic mathematical objects. In other words, musical forms 

are not necessarily abstract objects in the sense of objects actually existing with no 

spatio-temporal location. The notion of form presented above coheres with all of the 

implicit notions included in the theories surveyed in this work. 

The questions about conservational and basic-beauty musical events (events 

involved in basic-type accounts) remain unanswered, but relevant results concerning 

these problems could be drawn from empirical research, especially from results of 

research on affective and emotive reaction. 
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Appendix 3: Theories and Findings on 

Emotions 

 

The emotive effect of non-formal musical events has been left out of Kivy’s approach. He 

argues that the nature of these basic events is a matter for empirical research. The arousal 

and expression of emotion are non-formal phenomena that are often used to explain the 

value and aim of art. In relation to the present project they represent a suitable 

complement to formalism and a natural place to look for answers about the non- and sub-

formal levels of aesthetic phenomena. In the following I summarize the debate between 

cognitive and non-cognitive approaches to emotion, which offers a more complete setting 

for the background to Jenefer Robinson’s theory. 

 

1. Feeling, Behaviour and Physiological Changes 

The discussion on emotions can be read as a debate between cognitive and non-cognitive 

views on emotion. Despite the fact that cognitive theories of emotion are the most 

popular, I shall start by summarizing some more basic theories. The simplest theory of 

emotions claims that emotions are feelings. Thus, anger is just our feeling of anger, 

jealousy our feeling of jealousy, love our feeling of love, etc. The problem with this 

theory is that there are many examples of feelings that are not emotions. Feelings 

associated with hunger and other bodily urges and necessities, as well as sensory 

perceptions like feeling cold or hot, have no associated emotion, nor anything resembling 

an emotion. There are no ‘hungry’ or ‘cold’ emotions, for example. The second theory, 

proposed in reaction to the ‘feeling theory’, is based on behaviourism. In the mid-

twentieth century some psychologists argued that emotions should be analyzed as 

characteristic examples of behaviour or as dispositions to behave in a certain way. 

According to this view, love is not the inner feeling of love but the behaviour associated 

with love. The problem is that there are emotions that have no accompanying behaviour. 

a person could secretly experience an emotion of love, for example, and never show the 

characteristic accompanying behaviour of love. For that reason, some proponents of the 
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behavioural theory prefer to analyze emotions as dispositions or tendencies to behave in 

certain ways. Thus love is not the behaviour accompanying love but the disposition to 

behave in that way. There are two problems with this behavioural theory. First, there are 

emotions that are closely related, such as shame and embarrassment, or regret and 

remorse, for which the accompanying behaviour may be exactly the same. According to 

the behavioural theory we should consider shame and embarrassment as the same 

emotion. However, we can readily agree that being ashamed is not the same as being 

embarrassed. Behaviour or behaviour tendencies cannot discriminate precisely between 

closely related emotions. The second problem is that the same behaviour can sometimes 

be motivated by different emotions, or by a non-emotional impulse. For example, a 

caring behaviour may be a symptom of love, but the same behaviour may be elicited by a 

sense of duty. In this case the theory identifies as emotion something that is not an actual 

emotion.  

Other theorists have noticed that in addition to behaviour there are physiological 

responses associated with emotions. Changes like blushing, sweating or trembling hands 

are all changes that arise when we experience certain emotions. William James proposed 

that emotions are the feeling of the physiological changes during an emotional arousal; 

this theory is sometimes called ‘somatic feeling’ theory. Although James’ theory led to a 

long line of empirical research, it has some problems: physiological changes can be 

associated with many causes, like physical effort or illness. In addition, long-lasting 

emotions, like love, may not exhibit physiological symptoms all the time; however, we 

would still consider them as instances of emotion. 

 

2. Cognitive Theories of Emotion 

Besides the theories based on feelings, behaviour or physiological symptoms, a fourth 

alternative is the ‘cognitive’ or ‘judgement’ theory of emotions. The cognitive theory of 

emotions is the most widely accepted and it comes in many versions. According to the 

theory, in a specific emotion its associated inner feelings and physiological changes are 

caused by the judgements made by the person. An increased heart rate could be induced 

by several causes, such as physical activity; the characteristic of an emotion like love is 
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that the changes are caused by a judgement, for example the judgement that “my beloved 

has arrived and that he is the darling of my heart” (Robinson 2005, p 7).  

This theory explains why the same example of behaviour or the tendency to 

behave in a certain way is sometimes the result of an emotion and sometimes not. For 

example, caring behaviour towards a beloved person could be understood as the result of 

being in love, a state which includes the judgement that the person is a cherished person. 

It is still true that the same behaviour can be the result of a sense of duty towards that 

person. In both cases the behaviour is the same, but only the first can be understood as the 

result of love, since it possesses the appropriate judgement, while the latter does not.  

The judgement theory also makes more precise discriminations of emotions: it 

explains how the same behaviour may be characteristic of two closely related emotions. 

For example, the behaviour associated with shame is fairly close to the one associated 

with embarrassment; both involve withdrawal and hiding, for example. The difference is 

the kind of judgements involved in each emotion. Shame is commonly understood as 

including the judgement that ‘I have been degraded in some way that casts doubt on my 

sense of self-worth’. In embarrassment I see myself, I judge I am in a socially awkward 

situation, but not in one that is necessarily degrading to me or that affects my sense of 

self-worth (Robinson, 2005, p. 8-10). The difference between remorse and regret seems 

to be cognitive, too. In regret I judge that something unfortunate has happened which I 

wish had not happened but for which I am not necessarily responsible. In remorse I judge 

that I have behaved morally badly, that I am responsible, and I fervently wish I had not 

behaved in that way. 

Aristotle, Descartes, Spinoza, and Hume are early judgement theorists. The 

traditional philosophical investigation of emotions emphasizes looking for the judgement-

content of emotions. In general terms it seems that to understand an emotion is to 

understand the specific judgement associated with that particular emotion. However, 

different authors take different approaches, often exploiting various weaknesses of the 

original, general approach. Robert M. Gordon, Gabriele Taylor, Robert C. Solomon, 

William Lyons, Martha Naussbaum, and Peter Goldie; and the psychologists Richard 

Lazarus, Andrew Ortony, and Phoebe Ellsworth endorse some form of judgement theory 

of emotion. 
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Robert Gordon uses cognitive science as a framework to deal with emotions. For 

him, the cognitive ‘aetiology’ of an emotional state determines its emotive character. 

Emotions are mental states identified by the particular structures of beliefs and desires 

that cause them (Gordon, 1987). Gordon treats emotions as belief-desire structures that 

hold causal relations to mental states and behaviour.  As in the case of the behavioural 

theory, Gordon’s theory is too dependent on its theoretical specifics. Simple episodes of 

fear, for example, cannot be accounted for, since they do not include a cognitive content; 

especially if these episodes occur in a very short time. A further problem is that we can 

hold the same set of belief-desire relations that, according to the theory, should be 

considered as the proper cognitive state of love, for example, and even fail to experience 

the emotion qua emotion. 

Robinson criticizes Gordon’s position on a similar basis; she bases her criticism 

on the kind of examples he offers. According to Robinson, Gordon’s examples are very 

“thinky” (Robinson, 2005, p. 9). They are all propositional, and they include such 

‘unemotional’ examples as ‘fear that it will rain’ and ‘regret that one has stepped on a 

pine cone’. And it seems perfectly possible to be in an ‘epistemic’ emotional state 

appropriate to a certain emotion without actually feeling emotional at all (Robinson, 

2005, p. 9). However, Gordon’s theory has a very remarkable feature; it incorporates 

desires as well as beliefs as part of the structure of an emotion. 

Gabriele Taylor introduces explanatory beliefs in the structure of the emotions of 

shame, pride and guilt, as a second sub-level of beliefs in addition to an identificatory 

belief. An example will help to clarify this theory. Taylor analyzes pride as follows: “a 

person who experiences pride believes that she stands in the relation of belonging to 

some object (person, deed, state) which she thinks desirable in some respect…and it is 

because this relation holds between her and the desirable object that she believes her 

worth to be increased” (Taylor, 1985, p. 41) 

In other words, when I am proud (in an emotional state, not as a result of a 

personality trait), I believe that my own worth has increased because a certain object, 

which I believe to be desirable, belongs to me. In this example there are two kinds of 

beliefs. First the belief that identifies the emotion, the identificatory belief: ‘My worth has 

increased because certain object belongs to me’. This belief constitutes the core that 
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distinguishes pride from other emotions, even closely related ones. Inside this belief there 

is a secondary belief that explains why I think my worth has increased, the explanatory 

belief: This object is a very desirable one. Taylor’s theory represents a refinement of the 

belief-desire relations in emotions; however, it suffers from the same problems as 

Gordon’s theory. 

Robert C. Solomon addresses emotions in a different way. For him an emotion is 

a special kind of judgement or set of judgements that always involves a personal 

evaluation of the significance of an incident (Solomon, 1976, p. 178). It is an evaluative 

judgement about ‘our Selves and our place in the world’. An emotion is a judgement that 

concerns matters that are very important to oneself, and one’s interests, values, and goals. 

This theory recognizes that emotions have intentionality; they are about something. That 

seems to be the reason why emotions cannot be reduced to feelings, or physiological 

changes, or examples of behaviour. Salomon remarks on the fact that a change in the 

content of an emotion is a change of emotion itself: I cannot be angry that you insulted 

me if I learn that you did not in fact insult me (Robinson, 2005, p. 11). Emotions seem to 

have as a crucial part an evaluative judgement; we evaluate a certain situation as right or 

wrong according to our values; that evaluation is a necessary part of the emotions we 

experience. Another very remarkable fact is that when we argue with someone else about 

emotions, we can only argue about evaluative judgements, about the evaluative content of 

emotions. When we argue with someone about emotions, we try to convince him that he 

is right or wrong in making a particular evaluative judgement. For example, if I argue 

with someone about the fact that he is angry with me, I do so because I think he is 

mistakenly angry with me, and the reason is very likely because I think he is making a 

mistaken judgement about me. He might think I broke his new chair, for instance. Then 

our argument would be about whether or not he is right in believing that I broke the chair. 

I would try to convince him I did not break the chair. In this attempt to change his 

emotional state (which is usually the point of arguing about emotions) I try to change the 

evaluation which is causing his anger. It would be very strange if I were to argue in order 

to modify his accelerated heart-rate, or his blushing. This testifies to the importance of 

evaluative judgements in emotions. 
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William Lyons defines emotion as “a physiologically abnormal state caused by 

the subject of that state’s evaluation of his or her situation” (Robinson 2005, p. 12). For 

Lyon, emotion is not identified with a judgement but with the physiological state caused 

by the judgement; emotions are caused by ‘cognitive evaluations’ of the situation; 

different emotions are distinguished by their characteristic evaluations. An emotion is 

based on knowledge or belief about properties. For example, love is based on the 

(loveable) properties the beloved is believed to have; anger is based on an evaluative 

belief that someone has done me wrong. Lyon’s approach summarizes a relevant 

characteristic of cognitive theories: in all of them the judgements that are involved in 

emotion are evaluative judgements about a situation in terms of one’s own wants, wishes, 

values, interests, and goals. They are evaluations of the personal significance of 

something going on in the (external or internal) environment. 

Richard Lazarus is among the psychologists who defend a cognitive theory of 

emotions. For him the relevant ‘judgement’ that forms the ‘core’ of an emotion is always 

an appraisal of the significance of the person-environment relationship. Lazarus calls the 

emotive assessment of certain situation a core relational theme. These assessments or 

appraisals are evaluations that the organism makes concerning the potential harm or 

benefit of a situation, or an ‘adaptational encounter’. The specificity of the relational 

harm or benefit underlies each specific kind of emotion, or, rather, a family of emotions 

(Lazarus, 1991).  

Lazarus claims that the appraisal is both a necessary and sufficient condition for 

emotion to occur. In addition, he uses the ‘core relational themes’ to develop a typology 

of emotions. Each core relational theme identifies the evaluations necessary for a ‘basic 

emotion’ type. The basic emotions he identifies are anger, anxiety, fright, guilt, shame, 

sadness, envy, jealousy, disgust, happiness, pride, relief, hope, love and compassion. 

Each basic emotion possesses its distinctive core relational theme, which is a specific 

appraisal of the potential harm or benefit that arise when the organism has to adapt to a 

new situation.  

Like Lazarus, the psychologist Andrew Ortony considers that appraisals of harm 

and benefit play a central role in emotion. He has a different research strategy but he is 

also concerned with emotion typologies. Ortony distinguishes three classes of emotions, 
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based on the different kinds of appraisal that produce them: appraisals rooted in goals, 

appraisals rooted in standards and norms, and appraisals grounded in tastes and attitudes. 

Ortony also identifies different types of ‘valence’ for the emotion classes. These valences 

serve to model the nuances of emotion based on the differences in the way the appraisal 

is made. Ortony’s valences are: the desirability or undesirability of events, the 

praiseworthiness or blameworthiness of agents, and the appeal or lack of appeal in 

objects. Finally, Ortony speculates that the role of emotions is to focus the attention of the 

organism on the changes in the environment that can affect it: emotions represent in a 

conscious and insistent way (through distinctive feelings and cognitions) the personally 

significant aspects of situations from our subjective perspective (Ortony, 1988). 

 

3. Criticisms of Cognitive Theories 

According to the judgement or cognitive theories, a judgement is a necessary condition 

for emotion. However, a general problem with these theories is that a judgement by itself 

does not seem to be a sufficient condition. We can make the relevant judgement, as 

specified by a certain theory, and fail to feel the corresponding emotion. For example, I 

can judge I am in a very awkward social situation. According to the theory I should be 

experiencing embarrassment. However if I am in a very good mood, for example, I can 

feel amusement instead of embarrassment, or simply fail to feel anything new and remain 

in my initial pre-embarrassment state. I can make a dispassionate evaluative judgement, 

about a potentially harmful situation, for example, but it is plausible that the appropriate 

emotion associated with that appraisal – fear – fails to appear; maybe because I am in a 

euphoric state or very depressed. There is nothing in the evaluation component that 

necessarily adds a passionate response to a non-evaluative judgement. By bringing 

evaluations into the judgements that identify emotions we certainly improve our insight 

into the kind of mental contents that usually appear in different emotions, but the 

‘passion’, the emotional part of an emotion, remains absent. 

Even if we add explanatory judgements the situation still does not improve. Take 

embarrassment, for example: I can judge I am in an exceedingly awkward situation and I 

can judge that being in an awkward situation is undesirable. But I can still react 
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dispassionately to both judgements and, thus, miss the emotional part of the supposed 

emotion. 

A solution to this problem has been suggested by Solomon. He suggests that 

judgements involved in emotions are a kind of ‘urgent’ judgements; emotions are ‘self-

involved and relatively intense evaluative judgements’. The judgements and objects that 

constitute our emotions are those which are specially important or meaningful to us. 

Emotions are responses to difficult situations, but they are ‘intense’ judgements in 

response to difficult situations (Robinson, 2005, p. 15). Robinson complains that calling 

judgements ‘intense’ is odd; and calling them ‘urgent’ is problematic. I would add that 

changing the quality of judgements does not solve the problem unless it explains or 

implies the emotional qualities of emotion. Neither the intensity nor the urgency of a 

judgement changes it from a set of mental contents to a passionate experience.  

The characteristic content of judgements proposed by judgement theorists, an 

evaluative content directed to something, together with the introduction of causal 

relations in the organism that experience the emotion suggested by psychologists like 

Taylor, led Robinson to propose a different view. Robinson remarks that the evaluations 

associated with emotions are evaluations of the environment that assess different aspects 

of it: certain circumstances could be seen as a threat or as an offence, as friendly or 

hostile, for example. Robinson argues that emotions are not exclusively human; she 

suggests that emotions are ways in which organisms interact with their environments. 

Furthermore, she thinks that it is not accurate to picture emotions as private events 

happening in our minds; rather, she suggests that emotions are interactions with the 

environment. She proposes a change in emphasis from the intentionality of emotions to 

their causal relation to the environment.  

In Robinson’s proposal, emotional states are not directed towards propositions; 

rather, they are provoked by the environment which in turn is perceived under a particular 

aspect, as threatening, amiable, offensive, etc. When humans or other species interact 

with the environment they do so in several ways; sometimes, emotion is one of those 

ways, distinguished by the fact that in emotional interactions the environment is viewed 

in terms of its effect on the wants, interests, and goals of the organism.  
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4. on-Cognitive Theories  

Before surveying the empirical research on emotions we must review some of the critical 

views on judgement theories. An important criticism is that the content of the evaluations 

involved in emotions is not necessarily believed or judged to be true. A stronger version 

of this criticism denies any propositional content to emotions; an emotion is experienced 

more like perceiving or paying attention to something in a certain way. 

Patricia Greenspan, for example, criticizes judgement theories, arguing that 

emotions cannot be judgements because they have different rationality criteria. She 

argues that emotions, unlike judgements or beliefs, have formal logical properties that 

allow internal inconsistencies or contradictions inside the system of beliefs. Greenspan 

suggests that the experience of ‘mixed feelings’ shows the different rationality of 

emotions. For example, if a friend of mine, whom I love, won a prize that I wanted to 

win, I would feel happy that he won the prize but unhappy I did not. The judgement that 

my friend won a prize would then be qualified as something good and bad, as something 

simultaneously desirable and undesirable. Greenspan claims that people do not need to 

sum up or qualify their judgements to be rational, at least in the case of emotions. It is 

perfectly rational for me to experience happiness and unhappiness caused by my friend’s 

winning the prize of which I dreamed. However, it is not rational for me to hold the 

contradictory judgements that my friend’s winning the prize is something desirable and 

that my friend’s winning the prize is undesirable; thus, emotion must be something else. 

Greenspan notes a second problem with the idea of emotions as judgements: the 

relation between rational judgements and evidence is different from the relation between 

emotions and evidence. An impartial judgement has to be assessed for rationality based 

on all the available evidence. Emotions, by contrast, seem to be based only in a subset of 

the available evidence: they are focused only on the information or features that are 

meaningful or important to us (Robinson 2005, pp. 20-23). Thus, the simultaneous 

happiness and unhappiness that my friend won the prize I wanted to win can be 

understood by considering that they are based on different, inconsistent subsets of 

evidence. This interpretation of emotions seems to relate emotions more to desires than 
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judgements, because simultaneous emotions can be explained as being responses to 

simultaneous wants: I want to win the prize, but I also want my friend to be happy. 

In her later work Greenspan argues that the evaluations involved in emotions 

should better be described as similar to ‘thoughts of’, or propositional attitudes, rather 

than beliefs or judgements. Emotions are states of comfort or discomfort directed towards 

evaluative thoughts. Instead of evaluating that a certain object is dangerous, for example, 

we can merely have a ‘thought of danger’. In addition, these evaluative propositions may 

be merely entertained and not necessarily endorsed. Irrational fears are examples of 

situations where Greenspan’s claims seem to work very well. In a situation of irrational 

fear it is not always obvious that our ‘normal’ thinking is at work. Our emotional 

response seems to be rather automatic, like a reflex, with very little propositional content 

or none at all. 

Greenspan’s theory certainly clarifies some aspects of emotions that the 

judgement theories do not, but it still has some weaknesses. For example, suppose I am in 

fear; I merely have a ‘thought of danger’ rather than a more complex judgement or 

evaluation that I am in danger. I can understand that certain aspects of my behaviour in 

response to danger are at least partially explained by the fact that I am seeing myself in 

danger and that something must be done to avoid the danger. The simple ‘thought of 

danger’, however, is too vague and it is certainly difficult to infer from it a specific 

behaviour. In other words a mere thought of danger does not seem sufficient to explain 

the behaviour associated with fear. The same problem is present when we think of 

physiological changes instead of behaviour. I can have thoughts of danger and, as in the 

case of judgements, fail to feel or have the physiological symptoms of fear. The problem 

with this theory is that it keeps directing emotions towards propositions, and thus it shares 

some of the problems of judgement theories: it is not adequate to explain the ‘passionate’ 

features of emotion. 

Amélie Rorty rejects any propositional content in emotions, either ‘believed’ 

contents or ‘held-in-mind’ contents. To support this claim, Rorty draws our attention to 

the fact that emotions sometimes persist even though the corresponding judgement or 

belief has vanished or has been rejected. For example, if I am angry because a known 

person has stolen my car and I discover it is actually false that that person stole my car, it 
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is correct to say, according to the judgement theory, that I am no longer angry. However, 

I may still be angry with that person, perhaps irrationally, and simply look for some other 

‘reason’ to justify it. Alternatively, I may remain angry but my anger may be transferred 

to another person (Robinson 2005, p. 23). 

Rorty suggests that rather than judgements we should look for an alternative 

intentional component of emotions. She proposes that the intentional components of 

emotions take the form of evaluative interpretations which focus on certain aspects of the 

environment. She calls these evaluative interpretations patterns of intentional salience. 

Instead of judging a certain situation as threatening, for example, the individual sees, 

construes, the situations as a threat. Even if the person does not believe that a certain 

situation is dangerous, for example, this person cannot avoid seeing it, interpreting it, as 

dangerous. One advantage of this suggestion is that the seeing-as, unlike judgements, can 

be exported to emotional episodes in non-human animals. 

Robert Kraut also emphasizes the relationship between emotion and perception, 

rather than judgements or evaluations. Kraut suggests that a better model for emotion 

would be perception rather than belief or cognition. For example, love should not be 

understood as grounded on a judgement or set of judgements about the beloved person, 

but rather as perception directed at a particular individual. The intentionality of emotion 

does not have to be propositional intentionality or propositional content. Kraut accepts 

that emotions are based on some kind of evaluation, but he reminds us that perceptions 

themselves, just as beliefs, are value-laden. (Robinson, 2005, p. 25) 

The discussion above can be summarized by drawing the following conclusion, as 

suggested by Robinson. First, emotions are not simply judgements; however, some kind 

of appraisal or evaluation seems to be necessary. Second, there is a connection between 

emotions and our interests, wants, wishes, values, and goals. Third, there is disagreement 

about what kinds of evaluations are necessary for emotion: evaluations in emotions can 

be embodied in a belief, an unconscious appraisal, a merely thought-of, a perception or 

seeing-as, or in something that looks like a reflex action. Finally, a general problem is the 

lack of an account of the psychological and physiological changes associated with 

emotions. 
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5. Experimental Psychology Results 

No contemporary image of emotion would be complete without the results of 

experimental psychological research on emotional responses. Studies of physiological 

changes, for example, have been used to characterize a range of emotional states. 

Research on emotional responses in lower organisms seems to indicate that emotional 

reactions have an innate component, and they are related to adaptive behaviour to the 

environment. In human beings physiological, facial, and vocal changes seem to be an 

automatic adaptation of the organism to deal in an immediate way with new or significant 

situations in the environment. The results of empirical research seem to indicate that 

emotions are a part of a state of readiness that the organism adopts semi-automatically in 

order to deal with the environment. We shall see how neurophysiology offers evidence 

against judgement theories and in favour of an image of emotions as adaptive-response 

processes which consist of automatic appraisals triggering physiological responses, which 

are then inhibited or reinforced by cognitive appraisal.  

 

6. Physiological Changes in Emotion 

William James’ theory of emotions has been one of the most influential works on 

psychological research of emotions in the twentieth century. James’ theory of emotions is 

often read as claiming that emotion is the feeling or awareness of the physiological 

changes of emotional responses. Robinson, however, construes James as introducing, in 

the very early times of scientific psychology, the notion that physiological changes are 

essential to turn an intellectual perception into an emotional state. Evaluations are not 

sufficient for emotions; we also need physiological changes, especially in short-term 

emotional responses like fear. 

Walter B. Cannon, a student of James, disagreed with James about the general 

character of the physiological change involved in emotions. James thought that the 

physiological change exhibits a different ‘profile’ for each emotion (that would be the 

reason why we experience, we feel, different ‘feelings’).  Cannon, by contrast, thought 
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that emotions involved a generalized pattern of arousal in the nervous system58, which is 

also present in some non-emotional states such as pain, hunger or cold, and which he 

called the ‘emergency reaction’. 

Many empirical results have shown that the pattern of arousal is different for 

different kinds of emotions. A. F. Ax (Robinson, 2005, p. 30), for example, reports that 

fear and anxiety involve an increased secretion of epinephrine, but anger involves 

increased secretion of norepinephrine. Furthermore, tranquil or calm emotions – calm 

amusement, for example – reflect a dominance of the parasympathetic instead of the 

sympathetic nervous system.  

The evidence for claiming that there are specific patterns of arousal for different 

emotions is still not completely persuasive. However, some specific physiological 

changes – skin conductance or heart rate, for example – seem to exhibit a fairly reliable 

relation to patterns of arousal depending on the specific emotional response. Robert 

Levenson (Levenson, 1994, p. 255) has identified four (plus a fifth) reliable physiological 

differences among the emotions of anger, disgust, fear and sadness:  

(a) anger produces a larger increase in heart rate than disgust; (b) fear produces a larger 

increase in heart rate than disgust; (c) sadness produces a larger increase in heart rate than disgust 

(d) anger produces a larger increase in finger temperature than fear… The possible fifth difference 

is that sadness produces greater peripheral vascular dilatation and greater speeding of blood to the 

periphery than the other negative emotions. (Levenson, 1994, p. 255) 

An important feature of these results is that the differences are relative to other emotions, 

there is no physiological ‘signature’ for sadness, but only sadness differences relative to 

other emotions. 

The fact that there are no specific patterns for different emotions is reinforced by 

the fact that physiological changes exhibit variations for the same emotions under 

different circumstances. Different instances of the same emotion can be identified; for 

example, there is calm joy and active joy, or rigid and mobile fear.  

In view of all these facts, Nico Frijda (Frijda, 1986, pp. 133-135) takes a different 

approach. For him the different patterns of physiological activity in emotion correspond 

to the action requirements of the situation that triggered the emotion. In that sense, the 

                                                 
58 More specifically the sympathetic system.  
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physiological changes observed in an emotional response are associated with particular 

states of action-readiness, rather than with particular emotions. This explains why the 

responses differ from one study to another and from one ‘kind’ of emotion to another: 

physiological response patterns correspond to the functional requirements of dealing with 

the environment rather than to different emotions. Physiological responses, in this view, 

are functional preparations of active responses in order to deal with the environment; they 

are not identificatory ‘signatures’ of emotions, but rather responses elicited due to the 

need to deal with a certain event. Even if some distinction among basic emotions can be 

made, physiological changes do not provide us with specific profiles that would allow us 

to identify a particular emotion. However, we shall see that facial expressions exhibit a 

remarkable ability to ‘tell’ the emotion associated with them. 

 

7. Facial Expression 

Changes in the facial musculature are some of the most remarkable instances of 

physiological changes and perhaps the ones that are closest to providing an ‘identification 

profile’ for emotions. 

Paul Ekman was the pioneer in the study of facial expression (Robinson, 2005, p. 

32-33) in emotions. He has concluded that there are universal facial expressions for anger 

(Ekman, 2003), fear, enjoyment, sadness and disgust; and, more recently, also for 

surprise and contempt. Ekman does not identify fixed expressions for specific emotions 

but rather expressions for families of emotions which exhibit differences depending on 

the strength and type of emotion inside the emotion-family. Emotion-families share 

particular muscular patterns by means of which they can be reliably distinguished. 

The claim about the universality of facial expression of emotions is supported by 

a high degree of agreement in the labelling of expression across different cultures (both 

literate and preliterate), across different social contexts; and both in deliberate and 

spontaneous expressions. However, there is a problem with the claim about the 

universality of facial expressions: sometimes the same facial expression seems to be the 

result of different emotions in different cultures. Ekman explains this phenomenon by 

arguing that it is not the relation between an emotion and its facial expression which is 

being determined by the culture, but rather the ‘suitability’ of showing certain emotions 
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in certain social contexts. He claims there are simply different ‘display rules’ for different 

emotions in each culture, and he supports his claims with experimental results. For 

example, a movie was shown to two different groups of people coming from America and 

Japan; their facial responses were then observed. In the second phase of the experiment 

the subjects were told they would be observed during the movie. The results showed that 

Western people remained expressive in both cases, but people from Japan tended to hide 

their expression when they were told they were observed. Other experiments have shown 

that even when a display rule prevents us from showing a certain emotion, there are 

certain facial traits that ‘leak’ through our facial expression. Ekman calls these leakages 

‘micro-expressions’. A related result showed significant differences between deliberate, 

voluntary expressions and spontaneous ones. Finally, studies of injured subjects 

conducted by Antonio Damasio (Damasio, 1994, 138) seem to indicate that some facial 

expressions of emotions use different neural pathways depending on whether they are 

produced voluntarily or spontaneously (Ekman 1994, 2001). 

A very remarkable result of Ekman’s research shows that facial expressions can 

cause physiological changes, especially in the autonomic nervous system: when certain 

subjects were asked to configure certain facial musculature patterns, without any 

knowledge of the specific expression intended, they also showed the physiological 

changes in skin temperature and heart rate distinctive of the emotion associated with the 

facial expression. In other words: to some extent, facial expressions can induce the 

emotion of which they are an expression.  

These results led Ekman to believe that there may be what he calls ‘affect 

programs’, which are sets of responses that are complex, coordinated and automated, and 

that consist of ‘autonomically induced systems of reactions, including autonomic, facial 

and vocal expressions’. 

These results offer scientific support to the idea that there are emotional states that 

can be evoked without any evaluation – against the main claims of judgement theorists. 

Now, physiological-reductionist theories, like James’ somatic feeling theory, sound very 

simplistic in comparison with judgement theories. However, the conceptual shift and 

empirical research started by James showed that emotions are, in part, a set of 

physiological changes triggered by an assessment of the environmental circumstances, 
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rather than a judgement. The physiological changes can be, as Frijda suggests, part of a 

state of readiness that the organism achieves in order to deal with the circumstances. 

 

 

8. Affect and Cognition 

Experimental psychology offers further evidence against judgement theories. 

Developmental psychology offers results that indicate that human beings can experience 

emotion without the cognitive evaluation judgement theories regard as necessary for 

emotion. John Watson, the founder of behaviourism, reported that newborn babies, who 

cannot make complex judgements, universally exhibit reactions like rage, fear and 

pleasure under certain circumstances. Alan Sroufe (Robinson, 2005, p. 37-38) studied the 

development of various emotion systems and found that they are linked to the 

development of higher cognition; however, a basic emotional reaction is already present 

in newborn children. Klaus Scherer furthered this research, claiming that emotions 

depend on what he calls ‘stimulus evaluation checks’. He proposes they may be 

independent, at least in part, of higher cortical59 functions. The most elementary reactions 

present at birth are the check for novelty and the check for intrinsic pleasantness and 

unpleasantness. Both Sroufe and Scherer conclude that the cases of ‘full’ emotions have 

as their precondition the primitive emotions found in newborn children. Similar primitive 

emotion systems are present in other species, like dogs or apes; that is also evidence of 

the existence of emotions without the involvement of highly cognitive judgement. 

The work of the psychologist Robert Zajonc also contributes to questioning the 

role of judgements in emotion (Robinson, 2005, pp. 38-40). He argued that, at least in 

some cases, emotion can occur without prior cognitive assessment or appraisal.  The 

evidence for this claim comes from four main sources:  

1) The mere exposure effect experiments. These established that people 

unconsciously prefer stimuli to which they have previously been exposed. For example, 

in one experiment a series of polygons were shown rapidly to the subjects, so they had no 

time to recognize what they were seeing. When the subjects were asked to say which 

                                                 
59 The adjective ‘cortical’ refers to matters related to brain cortex, the outermost layer of tissue in the brain. 
The cortex is responsible for most highly cognitive functions, like abstract reasoning. 
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polygons were shown, they failed; their answers were close to chance, showing they were 

unable to discriminate the stimuli consciously. In contrast, when they were asked about 

which polygons they preferred, they chose the ‘familiar’ polygons rather than the ‘new’, 

previously not shown, unfamiliar ones. These results suggest the existence of a capacity 

for making affective discriminations without extensive participation of the cognitive 

system.  

2) The studies of so-called non-conscious affective priming, which refers to the 

induction of an affective reaction to a neutral non-emotional stimulus, like a Chinese 

ideogram, by priming the stimulus with a second affective stimulus, like pictures of anger 

or happy faces. In the experiments the subjects were shown pairs of such images. The 

pairs were shown rapidly so the subjects had no time for conscious discrimination. When 

asked, the subjects preferred the stimuli primed with positive affective stimuli to those 

primed with negative affective stimuli. 

3) The ‘subception’ experiments by Richard Lazarus and R. A. McClearly 

(Lazarus, 1991, 155-156). Subception was the name Lazarus gave to a kind of perception 

that occurs below awareness, a phenomenon observed in some of his experiments. In the 

experiments the subjects were conditioned, through electric shocks, to respond to five out 

of ten strings of nonsense letters. When the strings were later presented at a speed that 

prevented conscious recognition, the subjects were unable to identify the strings; 

however, they showed changes in skin conductance and heart rate when the string 

presented was one of the electric-shock-conditioned strings. The subjects did not know 

whether or not the string was a conditioned one, but their skin did.  

4) Several experiments by other researchers showing that cognitive activity is not 

always necessary for affective responses. For example, John Garcia and K. W. Rusiniak 

(Robinson, 2005, pp. 40-41) showed that disgust responses can be conditioned in 

anesthetized rats. In the experiment rats were exposed to a new flavour using flavoured 

water: fifteen minutes later, with the rats now anesthetized, a second nauseating 

substance was administrated. The rats eventually developed an aversion to the flavoured 

water even if they had no means to make a ‘cognitive’ association between both stimuli 

(Robinson, 2005, pp. 39-41). 
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9. Affective Appraisals 

What all these results show is that there are instances of affective responses in which 

highly cognitive activity plays a minor role or none at all. However, Richard Lazarus 

construes these results more subtly. For him emotion is always an assessment, an 

appraisal, of the significance of the person-environment relationship. Emotions, in this 

theory, are the reactions of the organism to the matters that urgently concern its well-

being. The empirical research indicates that the organism reacts very promptly to a 

stimulus that can be assessed as affecting its goals and needs or, in the case of human 

beings, its values, tastes and attitudes. Now, for an appraisal theorist there are two ways 

to deal with the results that deny cognition in affective responses. The first is just to stick 

to the notion of emotion as having a judgement or appraisal as its core. In that case, most 

of the phenomena observed in the experiments reported above would not be considered 

genuine cases of emotion. Lazarus embraced this way at first, but in his later work he 

took a different approach, which is also the second alternative for appraisal theories: he 

thinks that in addition to ‘full’ judgements, there is a second kind of appraisals that does 

not involve higher cognitive processing but rather the autonomic nervous system. Thus, 

he proposes two different modes (perhaps systems) of appraisals: one conscious, 

deliberate and under volitional control, the other automatic, unconscious and 

uncontrollable. The unconscious appraisal would be the appraisal system that is at work 

in the subception experiments, for example. 

 This last way of thinking is closer to the views of researchers, like Zajonc, who 

claim that affect can precede cognition. For Zajonc, the affective response involves 

appraisals that occur rapidly and automatically; among them are appraisals such as liking, 

disliking, disgust and threat. An explanation of these automatic appraisal systems is that 

they are advantageous because they take place more rapidly than higher cognitive 

assessments. In environmental and social contexts it is usually very useful to have an 

organism that recognizes and responds quickly to any change that can involve its well-

being, rather than one that stops to reflect but compromises its own integrity by doing so. 

This view of emotions coheres with Frijda’s view on physiological changes in emotion: if 

emotions are adaptive responses, the response is even more efficient if it includes a 
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preparation of the organism to deal with environment. Physiological changes are part of 

this preparation. 

Among the physiological changes involved in emotions we have seen that 

muscular configurations seem to play a role. In this respect, it has been proposed that 

emotions can serve as signalling devices. Zajonc and Ekman have noticed that the motor 

activity of an organism can serve as signals to other members of the species, signals that 

indicate one is in a particular state. In social situations, information about the state of 

other organisms is important to determine individual or collective behaviour. The ability 

to recognize an animal’s angry attitude can help another animal of the same species to 

avoid confrontation or prepare for a fight. In addition, some body signals are already 

responses to an external stimulus; for example, looking humble, by sending a ‘peace 

signal’, can help the threatened animal avoid confrontation. 

The idea of emotion-as-signal has been developed by Keith Oatley. He contrasts 

what he calls ‘semantic messages’, which have propositional content, with ‘control 

messages’, which do not need to be parsed or interpreted (Oatley, 1992, p.53) but which 

function merely to activate particular cognitive or motor systems. For him, emotion 

signals are very like control messages. The role of these ‘emotion control systems’ is to 

focus attention on some situation or event in the environment which is crucial to our 

needs or concerns, and they keep the attention focused as long as the situation prevails. A 

problem with this view is that there are many everyday situations in which selective 

attention occurs, but they are not instances of emotional arousal. A building inspector, for 

example, has to focus his attention on certain aspects of a building, and this certainly has 

to do with his concerns. In addition, his attention needs to be kept focused during the 

entire inspection; however, it would be very difficult to interpret this as an emotional 

episode. The problem with this model is that physiological changes do not figure in it. 

A more accurate model is one in which these emotion control signals always 

result in physiological changes (which are probably part of the same adaptive response), 

which includes the appropriate facial and muscular responses.  

In addition to these traditional problems for judgement theories, there is a 

conceptual problem. The solutions proposed by Lazarus and Oatley consider cognition as 

consisting of two systems of appraisal; this implies the incorporation of a second 
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subconscious system of appraisal into the notion of cognition. This would lead us directly 

into a difficult debate: what is cognition? 

Robinson, who is a non-judgement theorist, rather than fuelling the cognition 

debate, prefers a compromise in this respect. She accepts that emotion includes a system 

of primitive or basic non-cognitive appraisal, independent of higher cognition, that 

evaluates changes in the environment in a very primitive way; making rapid assessments 

of a situation as familiar or unknown, good or bad, beneficial or harmful, etc. Questions 

concerning whether these assessments or appraisals are for or against judgement theories 

are left out the discussion because, as many results show, cognition, either ‘full’ or in the 

form of basic appraisals, is not enough for emotion. Instead, it is the relation between this 

appraisal and physiological responses which seems to determine whether or not a 

response is an instance of emotional arousal. Later we shall see that ‘full’ cognition can 

play a role in other theories of emotion. 

The solution of incorporating ‘affective’ appraisals (as Jenefer Robinson calls the 

non-cognitive appraisal) into emotion has some advantages: it gives a common 

theoretical framework to research on humans and lower species. It can also explain some 

puzzling phenomena about emotion. For example, that we can have emotional attitudes 

that contradict our cognitive attitudes: I can be afraid of flying even if I am certain that 

flying is safe. The reason is that the appraisal which is triggering my emotional reaction 

is independent of my higher cognitive attitudes. And that appraisal is also a very basic 

one, it is incapable of making subtle distinctions, it just sees the situation as bad or 

frightening. 

The introduction of affective appraisals is an important step towards improving 

the notion of emotion and it is also a first step to incorporating cognition in a more 

accurate image of emotions.  

The coupling of affective appraisals and physiological changes also provides 

explanatory advantages. Emotions function as rapid signalling devices playing at least 

two important roles for the organism. First, they provide a rapid, adaptive response to 

potential situations that matter to the organism and, by triggering physiological, muscular 

and facial changes, they prepare the organism for a further response. At the same time, 

the visible changes serve as signals to other members of the species, providing them with 
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information about the subject’s emotional state. Second, some physiological changes 

function as ‘feedback’ to the system (that is why there is a somatic feeling associated 

with emotion), reinforcing the appraisal and helping to keep attention focused on the 

event. 
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Appendix 4: More on Expression 

 

The idea that art is expression in Collingwood’s romantic sense was widely accepted in 

the first half of the twentieth century. However, by mid-century the situation had 

changed, as many philosophers wishing to distance themselves from the idealist 

background of romantic theories spotted some of their relevant problems. Here I 

summarize Robinson’s discussion of the ideas of two of those authors which serve as a 

background for her theory of expression.  

 

1. Hospers and Tormey 

Two of the authors who debated traditional idealist expression theories were John 

Hospers in his 1955 article, The Concept of Expression, and Alan Tormey in his 1971 

book, The Concept of Expression [sic]. 

 Hospers describes three ways of thinking of expression (Robinson, 2005, 239-

240): (1) expression as a process undergone by the artist, (2) expression as the evocation 

of emotion in an audience, and (3) expression as communication between artist and 

audience, which is a compromise between 1 and 2. Hospers thinks that the traditional 

theory of expression falls under variety 1: expression would be an expressive process 

undergone by the artist; an expressive work of art would be the final result of such a 

process. It is not difficult to find counter-examples for each of the three approaches. For 

example, a musician can be involved in a bona fide process of expression, and even so his 

work can fail to express what it was meant to express due to a poor performance of his 

work. In this case the type 1 theory would fail to exclude a clear non-example of 

expression. A world cup football match certainly evocates strong emotions in its 

audience, but we do not consider a Netherlands-Germany football match a bona fide 

instance of artistic expression. A type 2 theory would fail to exclude this non-example of 

expression. Finally, I can take my audience to see the same beautiful sunset that 

profoundly moved me a minute ago and succeed in sharing my joy with them. But that is 

not an artistic expression. Type 3 theories cannot exclude non-examples of expression 

like these. 
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Hospers thus rejects the three varieties of theories of expression and proposes a 

different theory of expression, ‘expression as a property of the work of art’. It is neither 

the artist nor the audience that matters here; it is the work of art itself. Being expressive is 

just a property of works of art60. This idea is more clearly presented by Tormey. 

Alan Tormey (Tormey, 1971, 103-106) interprets expression as a property of the 

works of art (or other objects). He presents a notion of expressive quality: expressive 

properties, such as ‘gloomy’ or ‘nostalgic’, are those properties of artworks (or natural 

objects) whose names also designate intentional states of persons.  

Tormey is more rigorous in his criticism of traditional expression theory and in 

his proposal of expression as a property. Instead of three separate theories, Tormey 

sketches and criticizes a generic Expression Theory (E-T) which, he claims, summarizes 

the characteristic features of the traditional expression theory: 

(E-T) If art object O has expressive quality Q, then there was a prior activity C of the 

artist A such that in doing C, A expressed his F for X by imparting Q to O (where F is a 

feeling state and Q is the qualitative analogue of F)  (Tormey, 1971, p. 103) 

 

Tormey argues that the fundamental mistake in the Expression Theory is its assumption 

that the existence of expressive qualities in a work of art implies a prior act of expression. 

In other words, we have examples of expression that are not covered by the theory. For 

example, in music, a minor chord is usually thought to sound sad, while a major chord 

sounds cheerful. Now, a progression of two minor chords can express sadness as a result 

of the nature of the chords, regardless of whether the performer of the music intended so 

or not. 

 Tormey proposed an alternative view of expression, similar to Hospers’ but 

further developed. According to Tormey, expression is characterized by two things. First, 

expressions are always expressions of intentional states, of states that have intentional 

objects. What can be expressed are only internal states that are directed towards or about 

something. Thus, only things like emotions, thoughts, or propositions can be expressed. 

Second, expressions always warrant certain kinds of inferences. In general, ‘A is 

expressing φ’ implies that ‘A is (or has) φ’, φ being an intentional state or, in our case, an 

                                                 
60 The coincidences with Kivy’s ideas are obvious, but I do not explore them here. 
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emotion or the name of an emotion. In this respect, the failure of E-T can be seen from a 

conceptual point of view. Tormey criticizes E-T by claiming it fails to distinguish 

between being an ‘expression of φ’ and being a ‘φ expression’; φ stands for some 

psychological state in the artist, poet, or composer.  

Tormey spots a second problem with the traditional expression theory. It is true 

that works of art can reflect personality traits of the person that made them and in that 

sense they express something about its creator: however, the same can be said about any 

other product of a human being. The problem is that in these expressions there is nothing 

that warrants their aesthetic relevance. Furthermore, the same can be said of expressive 

qualities in a work of art, because the relation between expressive qualities and the 

artist’s emotional state is always contingent. Tormey uses Nielsen’s 6th symphony to 

exemplify this problem. 

The second movement of Carl Nielsen’s Sixth Symphony (1925) is, according to 

some musical critics, an expression of his bitterness and disappointment due to his failure 

to reach an international audience. However, Tormey points out, when one listens to the 

music it sounds very different. Instead of bitter or ‘disappointing’, it sounds playful, 

humorous , or ‘buffoonish’ (Tormey, 118-119). Tormey concludes that the artists do not 

express themselves in their works in a sense that is intelligible, consistent or aesthetically 

relevant. The expressiveness of an artwork depends on its expressive features, not in the 

artist’s intention to express himself. Expressive qualities are emergent properties that are 

based on simpler, non-expressive properties. For example, the playful character of a piece 

of music depends on the kind of chords and harmonic progression as well as its tempo 

and instrumentation; no matter how miserable I feel, if I play a major chord on the piano 

it will not sound sad. 

In Tormey’s view, to summarize, traditional expression theory is either false or 

trivial. It is false because we can infer neither emotional states nor acts of expression 

from a work’s expressive features. It is trivial because it fails to characterize art: 

expression does not make a work of art any different from any other human product; in 

other words, it fails to exclude non-artistic examples of expression. 
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Appendix 5: A otion of Form Revisited 

 

In view of the theories about emotions and expression, an improvement to my notion of 

musical form can be achieved. I propose a revision of the notion presented in Appendix 3. 

The discussion of the importance of context as an element that helps some properties to 

be manifested can be incorporated in a semi-formal way into our notion of form. 

Briefly, a musical form is an intentional object which is defined by structural 

properties and rules that govern their interrelation, as well as how they combine to result 

in new structures. These rules constitute a kind of ‘syntax’, since they are rules of 

formation and combination; they determine which objects are well-formed forms and 

how to construct well-formed forms out of our basic vocabulary. The basic syntax of 

music is harmony. However, musical forms have different rules of formation depending 

on the level of construction. Harmony tells us how to construct melodies, chords or 

motifs out of pitched sounds; but if we want to construct a sonata, we need in addition the 

rules that tell us how to construct a sonata out of musical motifs. And if we want to 

construct a symphony we need a different set of rules that tells us how to construct a 

symphony out of pieces like sonatas or other intermediate arrangements. We have 

different syntaxes working at different levels of construction. I have called these different 

syntaxes the dimensions of a formal scene in which our intentional object exists: musical 

forms exist in a ‘space’ with multiple syntactical dimensions. 

Now, according to Robinson (Robinson, 2005, p. 249), extra-musical knowledge 

allows certain properties to be manifested. This phenomenon can be modelled as a class 

of rules that govern the introduction of properties that are not visible within our scene or 

‘space’. The most important characteristic of extra-musical context is that it must be 

relevant to the manifestation of an expressive property. This characteristic can be 

modelled as a class of rules for the introduction and transformation of non-formal 

properties. I call these rules meta-intentional rules, since they add contents that are not 

visible within our original ‘space’. For example, historical or biographical knowledge are 

not governed by the rules of harmony and thus they are not ‘visible’ within a purely 
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formalist experience of music, but they can help some expressive properties to be 

manifested, as the Nielsen example shows. 

Meta-intentional rules are not arbitrary; rather, they are constrained by two 

conditions: first they must be aesthetically-conservative; that is, they cannot contradict 

the internal syntaxes and they cannot change any of the properties that are considered to 

be responsible for the aesthetic value of musical forms. For example, they cannot 

introduce non-pitched sounds or dissonant chords because that is against the vocabulary 

and rules of harmony. Second, they must helps us seek, or be relevant to seeking other 

kinds of patterns in music (the most important of such patterns is resolution). For 

example, the fact that Nielsen’s Sixth Symphony (a very playful and humorous sounding 

piece of music) was written during a very disappointing and bitter period of Nielsen’s life 

is not a formal property of the symphony. It is not something we notice when listening to 

the music; the symphony sounds rather playful and humorous. However, including this 

property as part of our object of attention helps us find new patterns of expression: 

Nielsen is expressing sardonic bitterness and his despite for critics. These properties 

would otherwise be ‘invisible’ to us. 
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Beauty in Mathematics 

Summary  
The aim of this work is to provide an account of the usage of expressions like “Cantor’s 

diagonal proof is elegant” or “Euler’s identity is the most beautiful formula of 

mathematics”.  This type of expression is very common among mathematicians. Now, 

‘beautiful’ and ‘elegant’ are terms regularly used by any person, but their application to 

mathematics results in two kinds of puzzled reaction: first, the lay person (a non-

mathematician) may find the use of the word ‘beautiful’ strange in this context. Second, 

mathematicians may try to reinterpret mathematical beauty in terms of the principles and 

precepts of mathematics itself. My account of mathematical beauty offers a way to avoid 

these puzzled reactions: I claim that mathematical beauty is just a type of “normal” 

beauty and that no reinterpretation is necessary. In order to support this claim I devise an 

aesthetic theory which shows that aesthetic judgments in mathematics (and perhaps in 

other types of intellectual activities) are genuine aesthetic judgments.  

 To develop this aesthetic theory I employ an approach that adopts insights and 

findings from experimental psychology, neurology, philosophical and psychological 

theories of emotion in art, philosophy of music and philosophy of science. Chapters 1 and 

2 are devoted to a presentation of this background material. Chapter 3 constitutes the core 

of the work since it contains my proposal for an aesthetic theory of mathematics. In 

Chapter 4 the theory is used to account for particular cases of mathematical aesthetic 

judgments. 

Chapter 1 surveys approaches to mathematical and scientific beauty. In the early 

18th Century there were at least two authors who addressed mathematical beauty as an 

aesthetic phenomenon: Anthony Ashley Cooper, Earl of Shaftesbury, and Francis 

Hutchinson. Shaftesbury characterizes aesthetic response as disinterested pleasure in the 

order and proportion manifested to our senses. Numbers are clear examples of such order 

and proportion, and thus a source of beauty. Francis Hutchinson argues that beauty is an 

idea that occurs in the mind caused by the quality of uniformity amidst variety. 

Mathematical theorems are instances of concepts in which this property is manifested due 

to the agreement of an infinite multitude of particular truths, thus causing ideas of beauty. 
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Although Shaftesbury’s and Hutchinson’s ideas certainly give us insights into the beauty 

of some mathematical items, they do not account for the usage that mathematicians make 

of aesthetic terms. Mathematicians would agree that there are both beautiful and ugly 

pieces of mathematics. Proofs by exhaustion, for example, are not popular among 

mathematicians. 

Gian-Carlo Rota, an MIT mathematician and philosopher of mathematics, 

addresses ugliness in his account of mathematical beauty, pointing out that the search for 

mathematical beauty seems to play a role in encouraging mathematical work, especially 

when mathematicians find certain proofs or other mathematical items ugly. Among the 

multiple proofs of a single theorem, Rota argues, the definitive proof is usually regarded 

as a beautiful proof. Ugliness in mathematics seems to have to do with non-

definitiveness. Regarding mathematical beauty, Rota gives an interpretation in terms of 

enlightenment. When mathematicians qualify a mathematical theorem or proof as 

beautiful they are referring to the fact that such an item is enlightening. Enlightenment is 

a vague concept and in order to avoid such vagueness mathematicians resort to using the 

degree-free term ‘beauty’. Rota’s view thus consists in reinterpreting mathematical 

beauty in terms of enlightenment. This reinterpretation has problems, however. Two of 

the most relevant are as follows: first, the concept of beauty admits degrees; this is 

obvious from the existence of comparatives such as “A is more beautiful than B”. 

Second, mathematicians are used to inventing new terms and conferring technical 

meanings on old terms. Furthermore, any normal person is familiar with the proper usage 

of the term beauty and with the property to which it refers. So why would mathematicians 

choose such a problematic term as “beauty”? I believe that a literal approach to 

mathematical beauty is less problematic. 

A literal approach to beauty in science can be found in James McAllister’s work, 

which has been further developed by Theo Kuipers. McAllister is concerned to explain 

scientific change in rationalist terms and to give an account of the role that scientific 

judgments of beauty play in scientific change. McAllister interprets scientific change in 

terms of aesthetic canons rather than Kuhnian paradigms. McAllister’s most important 

insight is the idea of the aesthetic induction: preferences for certain properties of 

scientific theories increase as a scientific community witnesses recurrent appearances of 
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those properties in empirically adequate theories. When a property P of theories – having 

a mechanical model, for example – has appeared multiple times in a variety of successful 

theories, the property begins to be appreciated aesthetically. At the same time, new 

theories are positively appreciated if they possess the property P. The collection of 

properties that are positively appreciated by a scientific community at a certain time 

constitutes its aesthetic canon. By associating specific weightings that gauge the strength 

of the preference for the properties of the canon, it is possible to track the evolution of the 

aesthetic canon. Theo Kuipers helps to substantiate the idea of aesthetic induction by 

interpreting it in terms of the mere exposure effect; which consists in the unconscious 

development of preferences for familiar stimuli rather than unfamiliar ones. One problem 

with aesthetic induction is that it renders a purely a posteriori view of aesthetic 

judgments; preferences seem to depend completely on past experiences. This approach 

neglects autonomic affective responses that do not depend on a process of ‘learning’ 

responses, such as emotions. There are other theoretical shortcomings to aesthetic 

induction; I use the work of the aestheticians Isabel Hungerland and Peter Kivy on the 

problem of aesthetic terms to highlight the limitations of aesthetic induction. According 

to Hungerland, aesthetic terms are terms whose correct application is not governed by 

objective matters. Now, the judgments resulting of a process of aesthetic induction 

depend of the existence of previous successful, empirically adequate theories, which is an 

objective condition; they thus cannot be regarded as aesthetic in Hungerland’s sense. 

Peter Kivy proposes that the role aesthetic terms play in terminal judgments is what 

makes them aesthetic. Aesthetic descriptions are terminal in the sense that they are 

endings rather than beginnings; they do not lead to further conclusions, actions or 

changes in attitudes. Now, aesthetic induction is related to the process of choosing 

theories, which is a type of action. Judgments resulting from aesthetic induction thus 

cannot be regarded as aesthetic in Kivy’s sense. The problems with the a priori nature of 

aesthetic induction become clearer in the light of further aesthetic theories and insights 

stemming from the study of emotions. Chapter 2 is devoted to surveying such theories 

and insights. 

Chapter 2 deals with philosophy of music and emotions. It gives us the 

opportunity to examine two central and complementary ideas in aesthetics: form and (the 
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expression of) emotions. The first part of the chapter is thus devoted to philosophy of 

music and the second part to theories of emotions and expression in art. 

Music can give us clues as to how to address aesthetics in the highly formalized 

discipline of mathematics due to the highly formalized nature of music and the historical 

relationship between the two. Peter Kivy’s musical formalism is a rich source of ideas. 

Musical formalism is the view that the aesthetic value of music is determined by its form. 

In Kivy’s view, purely instrumental music consists in sound structures (forms) that can be 

seen as plots without content. He establishes an analogy between music and following a 

story; the active involvement of our intellect is central to the experience of music. Kivy 

provides useful insights: first, the very idea that form, rather than emotive content, plays a 

central role in musical experience. For Kivy, music is the object that occupies the 

attention of the listener and the formal properties of this object are what characterize 

music. Second, intellectual activity plays an important function in musical experience. 

Some of our pleasure in listening to music comes from the intellectual activities 

performed in grasping sound structures. Roger Scruton’s view of the ontology of music 

also offers a valuable insight: music occurs not in a physical space but rather in a special 

kind of space: an acousmatic space, which is characterized by the fact that the 

circumstances of the production of music play no role in it. 

Now, in order to complete our picture of aesthetic experience, Chapter 2 

summarizes Jenefer Robinson’s approach to expression of emotions in art. Robinson’s 

theories of emotion and expression employ ideas from philosophy, experimental 

psychology, and neurophysiology. Robinson interprets emotions as processes which 

involve psychological, physiological and behavioural events. An emotion is a process 

triggered by an environmental or cognitive event that is affectively (not cognitively) 

appraised, and followed by physiological and psychological changes as well as a slower 

cognitive appraisal that inhibits or maintains the reaction. This theory of emotion grounds 

Robinson’s theory of expression in art. According to Robinson’s expression theory, 

expression elucidates and individuates emotions in an imaginary character (a persona): an 

object expresses an emotion when it can be interpreted as being deliberately designed to 

appear as evidence of the presence of an emotion. Robinson’s ideas are important as 

sources of inspiration to develop an aesthetics of mathematics since they show that 
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empirical results cannot be neglected. Furthermore, Robinson’s theories serve to ground a 

useful relation between cognition and aesthetics by acknowledging the role of judgments 

and knowledge in emotion and its expression. 

In Chapter 3 I develop an aesthetic of mathematics.  I borrow Robinson’s process-

approach to develop my aesthetic process approach, which attempts to integrate different 

aspects of the aesthetic in mathematics. My proposal is to view the different kinds of 

aesthetic things – aesthetic experience, aesthetic value, aesthetic descriptions, etc. – as 

related by the fact that they all are elements of a process in which objective properties, 

subjective reactions and social influences and contexts interact with each other; I call this 

process an aesthetic-process. This idea allows us to interpret the notion of ‘the aesthetic’ 

as a predicate that is applied meaningfully to the kinds of things that characteristically 

participate in aesthetic-processes. Hence, aesthetic events should not be understood in 

isolation but as part of a system that develops by following different paths over different 

times. Among the events involved in an aesthetic-process I interpret three central ones: 

aesthetic experience, aesthetic value and aesthetic judgments.  

Aesthetic experience is interpreted as an embedded process that involves changes 

in the focus and content of our attention and their associated eliciting of affective 

responses. Different types of aesthetic experiences (experiences of music, paintings, 

poems, for instance) have different characteristics; I focus on the case of mathematics. In 

mathematical aesthetic experience the most relevant thing is that mathematical items are 

objects of attention. The aesthetic mathematical objects of attention, AMIOs, are defined 

by the extent to which they possess properties that are aesthetically relevant for the object 

to elicit an effective response. Due to this the experience occurs in a space, a 

phenomenological space, consisting in the set of aesthetic properties involved in the 

experience; these properties constitute the dimensions of the space. A crucial type of 

dimension is the background understanding dimension, which establishes the background 

knowledge necessary to understand the mathematical item, that is, to “see” the object. In 

this sense, knowledge plays a role analogous to sensorial perception: its function is to 

allow us to perceive the object of attention. There are at least three different kinds of 

aesthetic experience in mathematics characterized by the way in which the intentional 

objects elicit a response: basic, formal and canonical. In the basic type, the objects are 
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passively contemplated and this contemplation elicits a response. In the formal type, the 

intellectual activities involved in understanding the mathematical item play a role in 

eliciting a response. In the canonical type the response is not elicited by an autonomic 

mechanism, but rather by a mechanism involving familiarity and similarity with other 

stimuli, in a fashion similar to the mechanism of aesthetic induction. 

Aesthetic value is interpreted as a relation between sets of properties and 

subjective reactions; its evolution is governed by a mechanism similar to aesthetic 

induction. Particular subsets of the value relation constitute “value repositories”, which 

are used in specific instances of aesthetic evaluation., A more general model of aesthetic 

induction is developed following McAllister’s ideas and, by considering the empirical 

results related to emotions a new constraint, critical adequacy robustness, is introduced. 

The resulting model of generalized and constrained aesthetic induction can be used to 

model the dynamics of a generalized aesthetic canon. 

Finally, aesthetic judgments are interpreted as expressions of subjective states, 

characterized by the application of aesthetic predicates. In my approach two issues are 

equally important in regard to aesthetic judgments: their characteristics and the role they 

play in an aesthetic-process. Aesthetic judgments are descriptions that include an 

aesthetic predicate. Aesthetic predicates are interpreted as terms that do not work in 

isolation but rather as part of a family of terms (a schema). The correct use of an aesthetic 

predicate involves the existence of 1) a suitable way of reorganizing (partitioning) the 

domain of the object being judged based on the structure of the schema, and 2) a suitable 

way of mapping subjective reactions; that is, of assigning the terms in the schemata to the 

possible affective responses of the individual experiencing the object.  

Now, concerning the role of aesthetic judgments, they have two functions, one 

private and one public. The private function consists roughly in encouraging the 

clarification of an aesthetic experience. I call this clarification articulation. Articulation 

consists in pointing out the specific subjective state in which an individual is by 

establishing the appropriate reorganization and mapping involved in the use of an 

aesthetic predicate. The public function, exchange, consists in making available the 

information contained in an aesthetic judgment in order to encourage experiences and 

articulation of those experiences in other individuals. Now, a mathematical aesthetic 
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judgment is a judgment concerning a mathematical item that involves an aesthetic 

predicate. 

The theory summarized above allows us to explain the “strange” use of the term 

‘beauty’ in mathematics: mathematicians employ aesthetic terms in a literal sense, but 

their use is closer to the way aesthetic terms are used by specialists, critics or artists, 

rather than a person in the street. Appreciation depends profoundly on a great deal of 

background mathematical knowledge, but dependence on knowledge is also true of the 

appreciation of music or painting. The theory allows us to interpret aesthetic judgments in 

mathematics as follows: mathematical aesthetic judgments are articulated expressions of 

subjective states which result from an affective engagement of our attention to a 

mathematical item. The affective reaction reflects our preferences, which in turn are 

modulated by our natural tendencies and cultural influences. 

To further substantiate this aesthetics of mathematics, Chapter 4 presents three 

examples of mathematical aesthetic judgment that illustrate the application of the theory. 

The first example is the function y=ex, which François Le Lionnais compares to a 

phoenix since the function is its own derivative. This example is an instance of 

experience of the basic type. It allows us to illustrate the roles that background 

knowledge and properties like simplicity play in our experience. It also illustrates 

aesthetic properties with a high degree of critical adequacy robustness, which seems to 

confer this type of judgments an a priori rather than an a posteriori character. Regarding 

aesthetic judgments, the metaphorical comparison with a phoenix helps us to illustrate the 

relation between metaphor and aesthetic terms. 

The second example consists of Cantor’s diagonal proof of the non 

denumerability of the real numbers and the Diagonal Method employed in the proof. The 

proof illustrates formal types of experience; the method canonical types. Cantor’s proof 

helps us to show that mathematical items that involve an unfolding sequence of 

intellectual activity should be understood as belonging to the formal category of 

experience. The analysis of the Diagonal Method also enables us to show that changes in 

aesthetic value depend not only on changes induced by aesthetic induction, but also on 

changes in the nature of our experience. Finally, the analysis of the aesthetic judgements 

associated to both the proof and the method shows that my conception of aesthetic 
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predicate is able to account for the nuances involved in the usage of closely related terms 

like ‘beautiful’ and ‘elegant’. 

The third example, the computer-assisted proof of the four-color theorem, 

illustrates mathematical ugliness. This example allows us to cover the whole spectrum of 

aesthetic terms. Although the proof can be analyzed in the same terms as any other proof, 

there are two factors that explain why mathematicians so little appreciate this proof: first, 

the proof is an instance of proof by exhaustion (not the most beautiful kind of proofs due 

to the lack of unity and simplicity). Second, the presence of results emanating from a 

computer prevents us from having a proper experience of the proof, since these results 

does not constitute a proper intentional object. James McAllister has speculated that, 

through a process of aesthetic induction, it may be possible that this proof will become an 

instance of mathematical beauty. I argue that in the original, purely a posteriori, model of 

aesthetic induction such a change is conceivable. However, in the light of a generalized 

and constrained version of aesthetic induction and our characterization of aesthetic 

experience, such a change is rather improbable. Of course, we need to wait and see what 

the correct answer will be. More important than the answer, though, is the fact that this 

example shows that the theory proposed here can make predictions. 
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Schoonheid in de Wiskunde 

Samenvatting 
Dezeverhandeling gaat over het gebruik van uitdrukkingen als "Cantors diagonaal bewijs 

is elegant" of "Eulers identiteit is de mooiste formule van de wiskunde". Dit soort 

uitdrukkingen is heel gebruikelijk onder wiskundigen. Nu zijn 'mooi' en 'elegant' termen 

die geregeld door iedereen gebruikt worden, terwijl de toepassing ervan in de wiskunde 

resulteert in twee soorten vertwijfelde reacties: ten eerste kan een leek (een niet-

wiskundige) het gebruik van het woord 'mooi' in deze context vreemd vinden. Ten tweede 

blijken wiskundigen te proberen wiskundige schoonheid te herinterpreteren in termen van 

de beginselen en voorschriften van de wiskunde zelf. Mijn theorie over wiskundige 

schoonheid biedt een manier om deze vertwijfelde reacties te voorkomen: ik beweer dat 

mathematische schoonheid een vorm van "normale" schoonheid is en dat er geen 

herinterpretatie noodzakelijk is. Ter ondersteuning van deze bewering, ontwerp ik een 

esthetische theorie die laat zien dat esthetische oordelen in de wiskunde (en misschien in 

andere soorten intellectuele activiteiten) echte esthetische oordelen zijn.  

Om deze esthetische theorie te ontwikkelen, gebruik ik een benadering die 

inzichten en bevindingen gebruikt van de experimentele psychologie, neurologie, 

filosofische en psychologische theorieën van emoties in de kunst, de filosofie van de 

muziek en de filosofie van de wetenschap. Hoofdstuk 1 en 2 van dit werk zijn gericht op 

het presenteren van dit achtergrondmateriaal. Hoofdstuk 3 vormt de kern van dit werk 

omdat het mijn voorstel bevat van een esthetische theorie voor de wiskunde. In hoofdstuk 

4 wordt de theorie gebruikt om drie specifieke gevallen van wiskundige esthetische 

oordelen te analyseren. 

Het overzicht in hoofdstuk 1 laat benaderingen zien van wiskundige en 

wetenschappelijke schoonheid. In de vroege 18e eeuw waren er ten minste twee auteurs 

die zich hebben gericht op mathematische schoonheid als esthetisch fenomeen: Anthony 

Ashley Cooper, graaf van Shaftesbury en Francis Hutchinson. Ze karakteriseren 

esthetische respons als belangeloos plezier in de volgorde en verhouding die geopenbaard 

worden aan onze zintuigen. Getallen zijn duidelijke voorbeelden van een dergelijke 

volgorde en verhouding en dus een bron van schoonheid. Francis Hutchinson betoogt dat 
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schoonheid een idee is dat zich voordoet in de geest, veroorzaakt door de kwaliteit van de 

uniformiteit te midden van verscheidenheid. Wiskundige stellingen kunnen deze 

eigenschap tot uiting brengen als gevolg van een overeenkomst tussen een oneindig 

aantal specifieke waarheden en daarmee het idee van schoonheid oproepen. 

Hoewel de ideeën van Shaftesbury en Hutchinson ons inzicht in de schoonheid van een 

aantal wiskundige objecten geven, houden ze geen rekening met de wiskundigen die 

gebruik maken van andere esthetische termen. Wiskundigen zijn het erover eens dat er 

mooie en lelijke onderdelen van de wiskunde bestaan. Bewijzen door uitputting, 

bijvoorbeeld, zijn niet populair onder wiskundigen. 

 Gian-Carlo Rota, een MIT-wiskundige en filosoof van de wiskunde, richt zich op 

lelijkheid in zijn analyse van wiskundige schoonheid. Rota wijst erop dat de zoektocht 

naar wiskundige schoonheid een rol lijkt te spelen bij het stimuleren van wiskundig werk, 

vooral als wiskundigen bepaalde bewijzen of andere wiskundige zaken lelijk vinden. 

Onder de vele bewijzen van een stelling, stelt Rota, wordt het definitieve bewijs meestal 

beschouwd als een mooi bewijs. Lelijkheid in de wiskunde lijkt te maken te hebben met 

niet-definitiviteit. Wat betreft mathematische schoonheid, geeft Rota een interpretatie in 

termen van verlichting. Wanneer wiskundigen een stelling of bewijs als mooi 

kwalificeren, verwijzen ze naar het feit dat een dergelijk onderdeel verlichtend werkt. 

Verlichting is een vaag begrip en om deze vaagheid te voorkomen, nemen wiskundigen 

hun toevlucht tot het algemenere begrip ‘schoonheid’. Rota's mening bestaat dus uit het 

herinterpreteren van mathematische schoonheid in termen van verlichting. Deze 

herinterpretatie heeft echter een aantal minpunten. Twee van de meest relevante zijn de 

volgende: ten eerste heeft het concept van schoonheid verschillende gradaties. Dit is 

duidelijk uit het bestaan van vergelijkingen zoals "A is mooier dan B". Ten tweede zijn 

wiskundigen gewend om nieuwe termen te verzinnen en technische betekenissen te geven 

aan oude termen. Bovendien is iedere normale persoon vertrouwd met het juiste gebruik 

van de term schoonheid en met de eigenschappen waarnaar het verwijst. Dus, waarom 

zouden wiskundigen kiezen voor een term als 'schoonheid' als die voor iets anders staat? 

Ik denk dat een letterlijke benadering van de mathematische schoonheid minder 

problematisch is.  
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Een letterlijke benadering van schoonheid in de wetenschap kan worden 

gevonden in James McAllisters werk dat verder is ontwikkeld door Theo Kuipers. 

McAllister begint met het uitleggen van wetenschappelijke verandering in rationalistische 

termen en met het geven van een verklaring voor de rol die wetenschappelijke uitspraken 

over schoonheid spelen in die wetenschappelijke veranderingen. McAllister interpreteert 

wetenschappelijke verandering in termen van esthetische canons die niet zozeer in termen 

van Kuhniaanse paradigma's. McAllisters belangrijkste inzicht is het idee van esthetische 

inductie: de voorkeur voor bepaalde eigenschappen van wetenschappelijke theorieën 

neemt toe als een wetenschappelijke gemeenschap deze eigenschappen telkens weer terug 

ziet komen in empirisch adequate theorieën. Wanneer een eigenschap P van theorieën, 

bijvoorbeeld het hebben van een mechanisch model, meerdere keren is verschenen in 

diverse succesvolle theorieën, begint de eigenschap esthetisch gewaardeerd te worden. 

Tegelijkertijd worden nieuwe theorieën positief gewaardeerd, indien zij de eigenschap P 

hebben. De verzameling eigenschappen die in een bepaalde tijd positief wordt 

gewaardeerd door een wetenschappelijke gemeenschap, vormt de esthetische canon. Door 

specifieke gewichten toe te kennen die de sterkte van de voorkeur voor de eigenschappen 

van de canon aangeven, is het mogelijk om de evolutie van de esthetische canon te 

volgen. Theo Kuipers heeft voorgesteld het idee van esthetische inductie te interpreteren 

in termen van het effect van loutere blootstelling (mere exposure effect), dat bestaat in de 

onbewuste ontwikkeling van voorkeuren voor vertrouwde stimuli ten opzicht van 

onbekende stimuli. Een probleem met esthetische inductie is dat het een zuiver "a 

posteriori"-inzicht geeft van esthetische oordelen; voorkeuren lijken volledig afhankelijk 

te zijn van ervaringen uit het verleden. Deze benadering verwaarloost autonome 

affectieve reacties die niet afhankelijk zijn van een leerproces; bijvoorbeeld in emoties. 

Er zijn een aantal andere theoretische tekortkomingen van esthetische inductie; ik gebruik 

het werk van de filosofen Isabel Hungerland en Peter Kivy over het probleem van 

esthetische termen om de beperkingen van esthetische inductie te markeren. Volgens 

Hungerland zijn esthetische termen, termen waarvan de correcte toepassing niet wordt 

beheerst door objectieve zaken. Nu hangen de uitspraken als gevolg van een proces van 

esthetische inductie af van het bestaan van eerdere succesvolle en empirisch adequate 

theorieën, wat een objectieve voorwaarde is; ze kunnen dus niet worden beschouwd als 
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esthetisch in Hungerlands betekenis. Peter Kivy stelt voor dat de rol die de esthetische 

termen spelen in de ‘terminale’ oordelen is wat ze esthetisch maakt. Esthetische 

beschrijvingen zijn terminaal in de zin dat zij einden zijn in plaats van het begin van iets; 

ze leiden niet tot verdere conclusies, acties of veranderingen in gedrag. Esthetische 

inductie wordt echter in verband gebracht met het proces van kiezen tussen theorieën, dat 

een soort actie is. Uitspraken die voortvloeien uit esthetische inductie kunnen dus niet 

worden beschouwd als esthetisch in Kivy's betekenis. De problemen met het "a priori" 

van esthetische inductie worden duidelijker in het licht van verdere esthetische theorieën 

en inzichten uit de studie van de emoties. Het volgende hoofdstuk is gewijd aan een 

overzicht van dergelijke theorieën en inzichten. 

 Hoofdstuk 2 gaat over de filosofie van de muziek en van emoties. Het geeft ons 

de kans om twee centrale en aanvullende ideeën te onderzoeken in de esthetica: vorm en 

(de uitdrukking van) emoties. Het eerste deel van het hoofdstuk is daarom gewijd aan de 

filosofie van de muziek, het tweede deel aan theorieën van emoties en de expressie 

daarvan in kunst.  

 Muziek kan ons, vanwege het sterk geformaliseerde karakter en de historische 

relatie met wiskunde, aanwijzingen geven hoe de esthetica kan worden aangepakt in de 

sterk geformaliseerde discipline van de wiskunde. Peter Kivy’s muziekformalisme is een 

rijke bron van ideeën. Het muziekformalisme is van mening dat de esthetische waarde 

van muziek wordt bepaald door de vorm ervan. Met Kivy's inzicht, bestaat puur 

instrumentale muziek uit geluidstructuren (vormen) die gezien kunnen worden als 

verwikkelingen zonder inhoud. Hij stelt een analogie tussen muziek en het volgen van 

een verhaal voor; de actieve betrokkenheid van ons intellect staat centraal in de ervaring 

van muziek. Kivy geeft hiermee nuttige inzichten: ten eerste het idee dat vorm, in plaats 

van emotionele inhoud, een centrale rol speelt in de muzikale ervaring. Voor Kivy is 

muziek het object dat de aandacht van de luisteraar vraagt en de formele eigenschappen 

van dit object vormen wat kenmerkend is voor muziek. Ten tweede heeft in muzikale 

intellectuele activiteit ervaring een belangrijke functie. Een deel van ons luisterplezier bij 

muziek is afkomstig van de intellectuele activiteiten, uitgevoerd in het begrijpen van 

geluidsstructuren. Roger Scrutons inzicht over de ontologie van muziek biedt ook een 

waardevol inzicht: muziek treedt niet op in een fysieke ruimte, maar in een speciaal soort 
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ruimte: een akoesmatische ruimte. Deze ruimte wordt gekenmerkt door het feit dat hierin 

de omstandigheden onder het voortbrengen van de muziek geen rol spelen.  

 Om nu ons beeld van de esthetische ervaring te completeren, geeft hoofdstuk 2 

ook een overzicht van de aanpak van Jennifer Robinson van de expressie van emoties in 

de kunst. Robinsons theorieën van emotie en expressie gebruiken ideeën uit de filosofie, 

de experimentele psychologie en de neurofysiologie. Robinson interpreteert emoties als 

processen die psychologische, fysiologische en gedragsmatige gebeurtenissen omvatten. 

Een emotie is een proces dat op gang wordt gebracht door een omgevings- of cognitieve 

gebeurtenis die affectief (niet cognitief) beoordeeld wordt, gevolgd door fysiologische en 

psychologische veranderingen en een langzamere cognitieve beoordeling die de reactie 

remt of onderhoudt. Deze theorie van emotie vormt de grondslag van Robinsons theorie 

over expressie in de kunst. Volgens Robinsons expressietheorie, verhelderen en 

‘individueren’ expressies emoties in een denkbeeldig individu (een persona): een object 

drukt een emotie uit als het kan worden geïnterpreteerd als zijnde doelbewust ontworpen 

om op te treden als bewijs van de aanwezigheid van een emotie. Robinsons ideeën zijn 

belangrijk als bron van inspiratie om een esthetica van de wiskunde te ontwikkelen, 

omdat zij laten zien dat empirische resultaten niet kunnen worden genegeerd. Bovendien 

dienen Robinsons theorieën om een bruikbare relatie tussen cognitie en esthetica te 

leggen door erkenning van de rol van oordelen en kennis in een emotie en haar expressie.  

 In Hoofdstuk 3 ontwikkel ik een esthetica van de wiskunde. Ik leen Robinsons 

procesmatige benadering om een esthetisch proces aanpak te ontwikkelen, die 

verschillende aspecten van het esthetische in de wiskunde poogt te integreren. Mijn 

voorstel is om de verschillende soorten van esthetische dingen - esthetische ervaring, de 

esthetische waarde, de esthetische beschrijvingen, enz. - te zien als zijnde verbonden door 

het feit dat zij allen elementen zijn van een proces waarin objectieve eigenschappen, 

subjectieve reacties en sociale invloeden en contexten interactie met elkaar hebben; ik 

noem dit proces een esthetisch proces. Dit idee staat ons toe om de notie van 'het 

esthetische' te interpreteren als een predicaat dat zinvol wordt toegepast op de dingen die 

typisch onderdeel vormen van een esthetisch proces. Daarom moeten esthetische 

gebeurtenissen niet worden begrepen in isolatie maar als onderdeel van een systeem dat 

zich ontwikkelt langs verschillende paden over verschillende tijden. Van de onderdelen 
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van een esthetisch proces stel ik er drie centraal: esthetische ervaring, esthetische waarde 

en esthetische oordelen. 

 Esthetische ervaring wordt geïnterpreteerd als een ingebed proces dat bestaat uit 

veranderingen in de focus en de inhoud van onze aandacht en hun bijbehorende 

uitlokking van affectieve reacties. Verschillende typen esthetische ervaringen (ervaringen 

van muziek, schilderijen, gedichten, bijvoorbeeld) hebben verschillende kenmerken; ik 

focus op het geval van de wiskunde. In wiskundige esthetische ervaring is het meest 

relevant dat de wiskundige objecten, de objecten van aandacht zijn. De esthetische 

wiskundige objecten van aandacht, AMIO’s, worden bepaald door de mate waarin zij 

relevante esthetische eigenschappen bezitten om een affectief antwoord uit te lokken. 

Hierdoor treedt de ervaring op in een ruimte, een fenomenologische ruimte, die bestaat 

uit het geheel van esthetische eigenschappen die betrokken zijn bij de ervaring; deze 

eigenschappen vormen de dimensies van de ruimte. Een cruciale soort dimensie is de 

dimensie achtergrondbegrip, die de achtergrondkennis herbergt die nodig is om het 

wiskundige onderwerp te begrijpen, dat wil zeggen het object te "zien". In die zin speelt 

kennis een rol analoog aan zintuiglijke waarneming: haar functie is om ons het object van 

aandacht te laten opmerken. Er zijn ten minste drie verschillende soorten van esthetische 

ervaring in de wiskunde die gekenmerkt worden door de manier waarop de intentionele 

objecten een reactie uitlokken: basis, formeel en canoniek. In het basistype worden de 

objecten passief beschouwd en deze beschouwing lokt een reactie uit. In het formele type 

spelen de intellectuele activiteiten die betrokken zijn bij het begrijpen van het wiskundige 

object een rol bij het uitlokken van een reactie. In het canonieke type wordt de reactie niet 

opgeroepen door een autonoom mechanisme, maar eerder door een mechanisme waar het 

gaat om vertrouwdheid en gelijkenis met andere stimuli, op een manier vergelijkbaar met 

het mechanisme van esthetische inductie. 

 Esthetische waarde wordt geïnterpreteerd als een relatie tussen de sets van 

eigenschappen en subjectieve reacties; de evolutie ervan wordt geregeld door een 

mechanisme dat lijkt op esthetische inductie. Bijzondere deelverzamelingen van een 

dergelijke waarde relatie vormen de "waardecollecties" die worden gebruikt in specifieke 

gevallen van esthetische evaluatie. In het verlengde van McAllisters ideeën is een meer 

algemeen model van esthetische inductie ontwikkeld en door te kijken naar de empirische 
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bevindingen over emoties, wordt een nieuwe randvoorwaarde, robuuste kritische 

adequaatheid, ingevoerd. Het resulterende model van algemene en ingeperkte esthetische 

inductie kan worden gebruikt om de dynamiek van een veralgemeende esthetische canon 

te modelleren. 

 Ten slotte worden esthetische oordelen geïnterpreteerd als uitingen van 

subjectieve toestanden, die gekenmerkt worden door de toepassing van esthetische 

predicaten. In mijn benadering zijn twee zaken even belangrijk met betrekking tot 

esthetische oordelen: hun kenmerken en de rol die zij spelen in een esthetisch proces. 

Esthetische oordelen zijn beschrijvingen die ook een esthetisch predicaat omvatten. 

Esthetische predicaten worden geïnterpreteerd als termen die niet geïsoleerd werken, 

maar als onderdeel van een familie van termen (een schema). Het juiste gebruik van een 

esthetisch predicaat houdt in het bestaan van 1) een geschikte manier voor het 

reorganiseren (partitionering) van het domein van het object dat beoordeeld wordt op 

basis van de structuur van het schema en 2) een passende manier voor het in kaart 

brengen van subjectieve reacties, dat wil zeggen van het toewijzen van de termen in de 

schema's op de mogelijke affectieve reacties van het individu dat het object ervaart. 

 Wat betreft de rol van esthetische oordelen, hebben deze twee functies: een 

privéfunctie en een publieke functie. De privéfunctie bestaat ruwweg uit het stimuleren 

van de verduidelijking van een esthetische ervaring. Ik noem deze verduidelijking 

articulatie. Articulatie bestaat uit het wijzen op de specifieke subjectieve toestand waarin 

een individu zich bevindt door een passende reorganisatie en afbeelding te 

bewerkstelligen die van belang is bij het gebruik van een esthetisch predicaat. De 

publieke functie, uitwisseling, bestaat uit de terbeschikkingstelling van de informatie in 

een esthetisch oordeel om ervaringen en articulatie van die ervaringen in andere 

individuen aan te moedigen. Zo is een wiskundig esthetisch oordeel een beslissing met 

betrekking tot een wiskundig object dat een esthetisch predicaat bevat. 

 De hierboven samengevatte theorie stelt ons in staat om het "vreemde" gebruik 

van de term ‘schoonheid’ in de wiskunde uit te leggen: wiskundigen gebruiken 

esthetische termen in letterlijke zin, maar het gebruik ervan staat dichter bij de manier 

waarop esthetische termen worden gebruikt door specialisten, critici of kunstenaars, dan 

door een leek. Waardering hangt sterk af van een grote achtergrondkennis van de 
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wiskunde, maar de afhankelijkheid van kennis geldt ook voor de waardering van muziek 

of schilderkunst. De theorie stelt ons in staat om esthetische oordelen in de wiskunde als 

volgt te interpreteren: wiskundige esthetische oordelen zijn gearticuleerde uitingen van 

subjectieve toestanden die het gevolg zijn van een affectieve betrokkenheid van onze 

aandacht op een wiskundig object. De affectieve reactie weerspiegelt onze voorkeuren, 

die op hun beurt worden gemoduleerd door onze natuurlijke neigingen en culturele 

invloeden. 

 Om deze esthetica van de wiskunde verder vorm te geven, presenteert hoofdstuk 4 

drie voorbeelden van esthetische beoordeling in de wiskunde die de toepassing van de 

theorie illustreren. Het eerste voorbeeld is de functie y=ex, die François Le Lionnais 

vergelijkt met een feniks, omdat de functie zijn eigen afgeleide is. Dit voorbeeld is een 

voorbeeld van een ervaring van het basistype. Hiermee kunnen we de rollen illustreren 

die achtergrondkennis en eigenschappen als eenvoud spelen in onze ervaring. Het 

illustreert ook esthetische eigenschappen met een hoge mate van robuuste kritische 

adequaatheid, die dit soort uitspraken een meer a priori dan een a posteriori karakter 

verlenen. Wat esthetische oordelen betreft, de metaforische vergelijking met een feniks 

helpt ons om de relatie tussen metafoor en esthetische termen te illustreren. 

 Het tweede voorbeeld bestaat uit Cantors diagonaal bewijs van de 

"overaftelbaarheid" van de reële getallen en de Diagonaal-Methode die is toegepast in het 

bewijs. Het bewijs illustreert formele typen van ervaring, de methode canonieke typen. 

Cantors bewijs helpt ons om te laten zien dat wiskundige objecten die betrokken zijn bij 

een zich ontwikkelende reeks van intellectuele activiteiten, dienen te worden opgevat als 

behorend tot de formele categorie van ervaring. Met de analyse van de Diagonaal-

Methode als illustratie van de canonieke vorm van ervaring kunnen we ook aantonen dat 

veranderingen in esthetische waarde niet alleen afhankelijk zijn van veranderingen die 

zijn geïnduceerd door esthetische inductie, maar ook van veranderingen in de aard van 

onze ervaring. Ten slotte laat de analyse van de esthetische oordelen gekoppeld aan 

zowel het bewijs als de methode zien dat mijn opvatting van een esthetisch predicaat in 

staat is de nuances die betrokken zijn bij het gebruik van nauw verwante termen als 

'mooi' en 'elegant' te verklaren. 
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 Het derde voorbeeld, het met behulp van de computer gevonden bewijs van de 

vierkleurenstelling, illustreert wiskundige lelijkheid. Met dit voorbeeld kunnen we het 

hele spectrum van esthetische termen behandelen. Hoewel het bewijs geanalyseerd kan 

worden in dezelfde termen als ieder ander bewijs, zijn er twee factoren die de lage 

waardering verklaren die wiskundigen hebben voor dit bewijs: ten eerste is het bewijs een 

geval van ‘bewijs door uitputting (dat niet de mooiste soort bewijzen levert vanwege het 

gebrek aan eenheid en eenvoud). Ten tweede kunnen we door de aanwezigheid van 

resultaten afkomstig van een computer geen goede ervaring hebben van het bewijs, omdat 

deze resultaten niet een echt intentioneel object vormen. James McAllister heeft 

gespeculeerd dat, door een proces van esthetische inductie, het mogelijk kan zijn dat dit 

bewijs een voorbeeld wordt van wiskundige schoonheid. Ik betoog dat in het originele, 

zuiver a posteriori, model van esthetische inductie een dergelijke verandering denkbaar 

is. In het licht van een algemene en ingeperkte versie van esthetische inductie en onze 

karakterisering van esthetische ervaring, is een dergelijke verandering echter nogal 

onwaarschijnlijk. Natuurlijk moeten we afwachten wat het juiste antwoord is. Maar 

belangrijker dan het antwoord is het feit dat uit dit voorbeeld blijkt dat de hier 

voorgestelde theorie voorspellingen kan doen. 

. 

 


