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Chapter 5

Evolution of Polygenic Traits:
Adaptation at Maximal
Entropy.

It is a very sad thing that
nowadays there is so little
useless information.

Oscar Wilde
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5. EVOLUTION OF INFORMATION

Abstract

We review models that aim to predict quantitative evolution
in a bottom-up derivation from population genetics theory
when the allele frequencies are under the effects of muta-
tion, selection and drift. Up to now the problem remains
largely open, since the existing approaches require restric-
tive assumptions and many approximations to be success-
ful. However, recent works have addressed the problem
from a top-down approach. Based on the fact that maxi-
mizing an appropriate measure of entropy — constrained
to quantitative measurable quantities — recovers the mi-
croscopic distribution of allele frequencies, it is possible to
predict evolution in a deterministic way, at least for the ex-
pectations of quantitative characters. We point out what
the simplifications with respect to the other approaches
are, and give a comprehensive view of the possible pre-
dictions. We explain both aspects of entropy maximiza-
tion: the technical advantages, as well as their interpre-
tation in the evolutionary process. We highlight some key
aspects of this approach, and its relation to fitness land-
scapes, Fisher’s Fundamental Theorem of Natural Selec-
tion, and the evolution of the G-matrix of correlated quanti-
tative characters. We also point out some examples, show-
ing the potential of this approach.
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5.1. INTRODUCTION

5.1 INTRODUCTION

Is genetic variability maintained by selection-mutation bal-
ance, or by neutral mutations? Perhaps by pleiotropy? How

does drift affects variability? These are typical questions that
population genetics (PG) and quantitative genetics (QG) ask.
These disciplines describe the evolution at the levels of allele /
genotype frequencies and phenotype frequencies, respectively.
The mathematical foundation of each is solid (Ewens, 1979;
Lynch and Walsh, 1998), and the relationship or equivalence
between these two exists, but relies on labyrinthine compli-
cated mathematics. Thus understanding the mechanisms that
maintain or induce genetic polymorphisms can give insights to
predict and understand phenotypic quantitative evolution. The
resulting traits after selection at every time point depend on the
current values of genetic variability, whose change cannot be
predicted from quantitative measurements alone (Turelli, 1988;
Barton and Turelli, 1989).

If infinitely many loci and/or infinitely many alleles with dif-
ferential effects segregate, genetic variance remains unchang-
ing in time, which is enough to account for short term pre-
dictions even in multivariate traits (Lande, 1979), but not for
long term predictions (Turelli, 1984; Barton and Turelli, 1989).
Alternatively, allowing for notable effects of each mutation in-
duces asymmetry (e.g. non-normality) in the distribution of al-
lele frequencies, which in turn induces a change in genetic vari-
ance (Kingman, 1978; Turelli, 1984; Barton and Turelli, 1987).
Provided that new alleles remain rare in the population good
approximations for the change in genetic variance can be found
(Kingman, 1978; Bulmer, 1980; Turelli, 1984; Barton, 1986;
Barton and Turelli, 1987).
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5. EVOLUTION OF INFORMATION

The general theory to predict quantitative evolution
solely in terms of measurable metric characters has been rely-
ing on the mapping of the allele frequencies to moments (Barton
and Turelli, 1987; Frank and Slatkin, 1990; Bürger, 1991) or
cumulants (Bürger, 1991, 1993; Rattray and Shapiro, 2001). Al-
though elegant mathematically, the applicability of the results
is highly shadowed by the fact that the space of the trait in-
volves infinite moments or cumulants. Even if we have criteria
to choose some of them, in general the equations still depend on
the allele frequencies (Barton and Turelli, 1987; Bürger, 2000).

For practical reasons, this is too cumbersome to be useful,
because of technical limitations on genetic measurements. DNA
can be screened to identify which regions, genes, or generally
speaking which alleles can have effects on different traits. But
these polygenic states are rarely screened in the whole popula-
tion or through time, at least with enough accuracy to comply
with predictions from PG. We typically do (or can) not know in
detail how many loci contribute to an evolving trait (quantita-
tive trait loci, QTL), except for the few that contribute with a
large effect (Barton and Keightley, 2002; Roff, 2007).

Other lines of work have studied different theoretical as-
pects of the distribution of allele frequencies. Namely, Iwasa
(1988) found that measuring entropy with respect to the equi-
librium frequency distribution, leads to a non-negative increase
of this quantity. Yet other work (Prugel-Bennett and Shapiro,
1994, 1997; Rogers and Prugel-Bennett, 2000) truncated the
system of trait moments, and maximized an entropy measure
to account for the remaining information not included in the
truncated dynamics. This had notable success. Other articles
have recently reported an analogous structure of the coupling
of PG and QG with statistical mechanics in the physical sci-
ences (Sella and Hirsh, 2005; Ao, 2005, 2008; Saakian et al.,
2008; Barton and de Vladar, 2009; Barton and Coe, 2009). Par-
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5.2. MECHANISMS OF QUANTITATIVE EVOLUTION

ticularly, this approach has been successful in eliminating the
explicit dependence on the allele frequencies, and the need to
truncate arbitrarily the macroscopic space (mean trait, genetic
variance, etc, thus we could say that it is successful in explain-
ing and complementing some aspects of QG theory. This raises
the hope that we can actually make long term predictions of
the evolutionary dynamics, still considering the ‘microscopic’
factors (allele frequencies and their effects over the trait), but
making minimal use of this information.

But how much evolutionary chance can we predict with-
out directly addressing microscopic information? This is the
main question with which we will deal in this article, and to
which entropy maximization gives some solutions. Although
previous works on this subject were mostly of a theoretical na-
ture, to show the potential of the approach we apply it to se-
lected examples, such as the Fundamental Theorem of Natural
Selection (Fisher, 1930, 1958), Wright’s adaptive Landscapes
(Wright, 1967, 1988), Quasispecies, and the evolution of the
covariance among characters (the G-matrix).

5.2 MECHANISMS OF QUANTITATIVE
EVOLUTION: BOTTOM-UP THEORIES

If the polygenic basis of a trait would consist of infinite alleles of
infinitesimal Gaussian effect (Fisher, 1918; Kimura, 1965a) the
genetic variance would remain constant under the action of se-
lection, and at equilibrium the quantitative trait would be nor-
mally distributed (Kimura, 1965a). This is the basis for Lande;
Lande’s (1979; 1980) extension to the evolution of multivariate
traits, and a common assumption in quantitative genetics. In
general, selection induces asymmetry in the distribution of al-
lele frequencies, followed by a change in genetic variance, which
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5. EVOLUTION OF INFORMATION

is widened by frequent mutations of finite effect (the “house of
cards model”, Kingman, 1978; Turelli, 1984). But mutations
are typically infrequent (rate of about 10-3 per locus per gen-
eration) thus we expect that the fittest alleles fixate at equi-
librium, depleting all standing genetic variation (Fisher, 1930;
Bulmer, 1971; Kingman, 1978; Turelli, 1984). Interestingly, the
predictions for finite numbers of alleles, say two (Wright, 1935;
Bulmer, 1972), three or more (Turelli, 1984) are the same as for
infinite alleles; hence the genetic variance is independent of the
number of segregating alleles, as long as they remain rare in
the population (Turelli, 1984; Barton, 1986).

Despite the fact that the above models are valid only close to
fixation, they are not suitable for a quantitative approach, since
only the allele frequencies at every locus, denoted by the vector
~p, evolve. A possible solution would be to track the genotypes,
which is actually convenient for a multi-allelic situation, since
the problem can be reduced to a 2-allele equivalent (Szathmary,
1993). The problem is that counting the number of genotypes
for many loci involves even more variables than the allele fre-
quencies. The desirable alternative is to make a change of vari-
ables ~p→ ~A where ~A is a vector of (only) macroscopic variables.
It turns out that ~A consists of the moments of the distribution
of the trait. This change of variables has been characterized to
describe the evolution of the macroscopics (Barton and Turelli,
1987):

d ~A

dt
= B.β̃ (5.1)

where B is the covariance matrix (or Jacobian matrix) of ~A and
~p (typically non-trivial moments of the distribution of ~p and al-
lelic effects), and ~β = ∂ ~A log(W̄ ) , the (multivariate) gradient of
the log-mean fitness. But there are two unfortunate hindrances
with Eq. 5.1. First, a standard result of statistics (Karlin and
Taylor, 1975, Ch. 1) is that to represent a probability distribu-
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5.2. MECHANISMS OF QUANTITATIVE EVOLUTION

tion in terms of moments or cumulants, we need to specify all of
them, that except for special cases the number is infinite. Thus
~A(and hence B and ~β) are of infinite dimension. The second
hindrance is that B still depends on the genetic frequencies. To
approach Eq. 5.1 in a tractable way two approximations can
be made. For the first, we can decide which of the predictors
in ~A are the most important, and neglect the rest (Barton and
Turelli, 1987; Bürger, 1993; Rattray and Shapiro, 2001). The
second is to assume an underlying distribution of ~p to explicitly
calculate the terms in B. Then the dimensionality of the system
is reduced and the allele frequencies are averaged-out.

As a simple, first example approximate ~A = z̄, then B= ν, the
additive genetic variance. This is basically results in a version
of the breeder’s equation. Note that the breeder’s equation in tis
canonical form, ∆z̄ = h2s, employs heritability h2 = ν/σ2, and
the difference ∆z measures changes from the parental traits,
resulting from directional selection with intensity s. The dif-
ference that we are speaking about is ∆z̄ = νβ measures the
change on the mean trait between generations, and the selec-
tive gradient β is the correlation between fitness and the trait.
Both differences, ∆z and ∆z̄ measure the average response of
the traits to selection, the meaning is slightly different.

Likewise, assuming that ~A = (z̄,ν) we obtain in addition that
∆ν = ν/neff where neff is the effective number of loci (Barton and
Turelli, 1987). Essentially the last equation is Bulmer’s (1971)
equation for a Gaussian model, which unfortunately underesti-
mates the change in ν (Barton and Turelli, 1987; Bürger, 1993),
and requires an estimate of neff that is both experimentally un-
available and changing in time.

Keeping the first three terms, ~A = (z̄, ν,m3) (where m3 stands
for the third central moment of ~p), and assuming the house of
cards model, the evolutionary dynamics are to some extent well
predicted when many alleles are included, approximating the
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5. EVOLUTION OF INFORMATION

situation that each mutation leads to a rare allele.
Instead of employing the moments of the trait as macro-

scopics, the cumulants have been also proposed (Bürger, 1991,
1993; Rattray and Shapiro, 2001) as descriptors. But this de-
scription suffers from the same pathologies. For directional se-
lection, a house of cards model with an initial distribution of
allele frequencies, using four cumulants (mean, variance, skew-
ness and kurtosis of z) provide a fairly good agreement on long
term predictions when mutation rate is low enough (< 10-2),
the allelic effects are small and thus the initial variance is also
small. Otherwise, the long term predictions are not reliable
(Bürger, 1991, 1993).

Perturbation analysis (analysis of a system in terms of an-
other one that is closely related) over neutrality can lead to good
approximations for weak directional selection. Furthermore,
low mutation rates allow approximate closed solutions, if on
top it is assumed that the higher moments reach equilibrium
much faster than the lower ones (Rattray and Shapiro, 2001).
Whether this is also true for other selection schemes like stabi-
lizing, unequal effects, epistasis and linkage disequilibrium, we
still don’t know (Bürger, 2000).

These mechanistic theories have given some insight into how
the micro-macroscopic levels are related, but the theory as a
whole has remained wide open in predicting, or fully explaining
QG theory. In particular, how the additive genetic variance is
changing in time.
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5.3. ENTROPY MAXIMIZING THEORY

5.3 ENTROPY MAXIMIZING THEORY:
TOP-DOWN APPROACH

Iwasa (1988) studied some population and quantitative genet-
ical problems from a rather uncommon approach for the field.
He calculated the rate of change of the entropy of the distri-
bution of allele frequencies, ψ, motivated and justified only by
its use in statistical physics as the H-Theorem (see Reif, 1965,
Appendix A.12, pp. 624-625). As presented by Iwasa, entropy
measures the proximity of ψ(~p) with respect to its equilibrium
state. At maximal entropy, ψ(~p) would correspond to the one
dictated by equilibrium between selection, mutation, and drift
(SMD) balance.

Aita and collaborators (Aita and Husimi, 1998, 2003; Aita
et al., 2004, 2005) chose a similar way of studying evolution un-
der directional selection and mutation. They also have shown
how entropy increases during a fitness hill-climbing process as
evolution leads to its maximum, thus employing it to monitor
the optimization process rather than directly the microscopic
variables.

In an analogy to this kind optimization procedures Prügel-
Bennet and Shapiro (1994; see also the further works of Prugel-
Bennett and Shapiro, 1997; Rogers and Prugel-Bennett, 2000)
studied the evolution of the mean fitness of a population with
polygenic basis, under the influence of directional selection and
mutation. Naturally they were confronted with the problem of
infinite recursion of the moments of mean fitness.
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5. EVOLUTION OF INFORMATION

Thus they decided to track only mean fitness and fitness
correlation (proportional to the additive genetic variance), and
assumed that all remaining moments would follow a distribu-
tion that maximizes an entropy measure. The method proved
successful in the sense of describing the quantitative evolution
(mean fitness and its correlation in his case) without directly
addressing the microscopic variables. Related works applied
this methodology for variants of the problem (although focused
on genetic algorithm dynamics Rogers and Prugel-Bennett, 2000)
also including the effects of recombination (Prugel-Bennett and
Shapiro, 1994).

These works introduced a very interesting approach, but
most of them neither considered central biological questions,
nor paid too much attention to the biological assumptions. The
price for this is actually that most of these models are incon-
sistent with population genetics theory, and therefore the pre-
dictions are not entirely reliable for the purpose of quantitative
geneticists.

SELECTION-MUTATION-DRIFT EQUILIBRIUM

Given the evidence that entropy, rather than fitness (though see
Metz et al., 2008, and also Appendix A) is maximized at equi-
librium, and that it allows to close the moments and average
over the microscopic variables, Barton and de Vladar (2009) re-
considered these ideas in a more biologically-consistent frame-
work. The entropy measure S is (Barton and de Vladar, 2009;
Barton and Coe, 2009):

S[ψ(~p)] := − 1
2N

∫
ψ(~p) log

(
ψ(~p)

φ(~p)

)
dn~p (5.2)

What makes this entropy measure relevant for population
genetics is the prior distribution φ. S would be maximum only
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Figure 5.1: Distribution of the favorable allele under: (A) No selection, (B) di-
rectional selection, (C) stabilizing selection. Dotted lines: distribution under the
effects of drift; solid curves: distribution under the effects of drift and mutation.
Notice that in the absence of mutation, some of the alleles fixates, irrespective of
the action and type of selection. Therefore the dotted curve on the left panel is
the ’base’ distribution of the drift component. These distributions are the same
if we calculate by maximum entropy, or by diffusion approximation. The thin
line in the middle panel, corresponds to Prügel-Bennett’s (1997) assumptions
(uniform prior in the max-entropic measure).

whenψ(~p) = φ(~p); in physics, as well as in Prügel-Bennet’s work,
φ is a constant and thus any state is equally probable. We know
from population genetics that this is not the case, since in the
absence of other evolutionary factors, drift drives the alleles to
fixed states p` = {0, 1} at all of the n loci (Crow and Kimura,
1970, pp. 327-329). This distribution, following Kimura (1955,
pp. 147 Eq. 9) is φ(~p) =

∏n
` [p(1− p)]−1 (Fig. 5.1a).

Other evolutionary effects can be included if in the maxi-
mization of S we include certain variables ~A (termed observ-
ables, in the same sense as Prugel-Bennett (1997) see also (Bar-
ton and de Vladar, 2009; Barton and Coe, 2009). Then Eq. 5.2
leads to

ψ(~p) =
φ(~p)

Z
e~α.

~A . (5.3)

The quantity Z =
∫
φe~α.

~Adn~p normalizes the distribution, and
the vector of parameters ~α determines the evolutionary pro-
cesses maintaining equilibrium between the macroscopics ~A;
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5. EVOLUTION OF INFORMATION

if all these constants are zero, then the distribution is dictated
by genetic drift, as we discussed above.

Barton and Coe (2009), setting α0A0 = log(W̄ ), recovered
Sella and Hirsh’s (2005) results for low mutation rates and drift.
If selection is directional over an additive mean trait (aka Sella &
Hirsch’s additive fitness), then α0 would be the selective gradi-
ent, and A0 = z̄ (see also Ao, 2005, 2008). This reduces the dis-
tribution of allele frequencies to the distribution of fixated geno-
types, and the conditions of selection-drift equilibrium reveal
that mutations need not to be nearly neutral in order to main-
tain a constant substitution rate. Sella and Hirsh (2005) re-
discovered one of the special cases of Iwasa’s (1988) free fitness,
that is a function which balances “the evolutionary tendencies
in finite populations to increase both fitness and entropy” (quot-
ing from Sella and Hirsh, 2005). Barton and Coe (2009) comple-
mented the theory finding that the macroscopic that describes
processes at high mutation rates and which dovetails with the
Wright-Fisher model would be U = 2

∑
` log[p`(1 − p`)], that is a

log-measure of heterozygosity, and its conjugate process is mu-
tation, quantified by the rate µ. In this case, the free fitness
would be exactly that of Iwasa (1988). We will return to the
free fitness when discussing Fisher’s fundamental theorem of
natural selection.

Maximizing a genuine entropy measure avoids an arbitrary
moments truncation, but how does it ‘hide’ the microscopic
variables? The quantity Zaverages over the allele frequencies ~p,
and depends explicitly on population size N and ~α, which define
the factors maintaining SMD equilibrium. In fact derivatives of
the form (∂/∂αi) log(Z) = 2N〈Ai〉 yield the statistical expecta-
tions of the macroscopic variables, and the cross derivatives
the covariances among the macroscopics, (∂2/∂αi∂αj) log(Z) =
4N2cov(Ai, Aj).

These expectations do not depend on the allele frequencies,
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5.3. ENTROPY MAXIMIZING THEORY

but like Z they depend on N and α which are in principle ex-
perimentally measurable.

Defining different macroscopics will describe different selec-
tion schemes. Consider three important examples. (i) If the only
observable is ~A = U , we will recover neutrality: mutation-drift
equilibrium. (ii) If the only observable is ~A = z̄ then the result-
ing distribution is that of directional selection (Sella and Hirsh,
2005; Barton and Coe, 2009), and if we define ~A = {z̄, U} then it
is directional SMD (Iwasa, 1988; Barton and de Vladar, 2009).
(iii) If we include ~A = {z̄, var(z̄), ν} then we will obtain stabilizing
selection, and further inclusion of U will add mutation to the
evolutionary scheme (Fig. 5.1).

Furthermore, to have concrete numbers for the estimators,
we can assume a genetic architecture, e.g. the way in which
the genotype maps to the phenotype. Works on diallelic loci
have, for simplicity, often assumed equal additive effects (Bul-
mer, 1972; Bürger, 1991, 1993; Prugel-Bennett and Shapiro,
1994, 1997; Rattray and Shapiro, 2001; Saakian et al., 2008).
Barton and de Vladar (2009) relaxed the equal effects assump-
tion and provided explicit solutions for directional and stabi-
lizing SMD of an additive trait, as well as the framework for
dealing with certain classes of epistasis. Although the predic-
tors do not depend on the allelic frequencies, they still depend
on the number of loci and their effects. But it is striking that
the system is not only well defined by just a few macroscopics,
~A, but also that they define the whole microscopic distribution,
even when the microscopic degrees of freedom is much bigger
than the macroscopic degrees of freedom.

It is notable that we can recover and predict results for SMD
by direct calculation from the function Z. A pertinent example
is the maintained equilibrium genetic variance. At high muta-
tion rates, the expected genetic variance maintained by MSD
would be
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5. EVOLUTION OF INFORMATION

〈ν〉 = 〈z̄〉2Nµ
Nβ

+ cov(ν, z̄) ,

under stabilizing selection (if selection is directional, the covari-
ance vanishes). This is the same prediction that arises form the
Wright-Fisher model. The assumptions behind, are not too re-
strictive; it allows for arbitrary number of loci of distinct effects,
as long as there is no pleiotropy, or linkage disequilibrium.

EVOLUTIONARY DYNAMICS

Since the descriptors that are needed to track evolution are well
defined, the evolution equations would be resumed by the rate
of change of these variables, instead of infinite moments or cu-
mulants, thus eliminating the need to arbitrarily truncate the
macroscopic space. But there is more to learn from the pre-
vious approaches. If the distribution of allele frequencies is
initially concentrated (like a Gaussian, Gamma, or at an equi-
librium maintained by and initial MSD balance that later chan-
ges), even under random drift, its path towards the new equilib-
rium is not arbitrary, but evolves as a travelling wave (Bürger,
1993; Rattray and Shapiro, 2001; Rouzine et al., 2003, 2007),
smoothly morphing from the initial distribution to the final one,
that is dictated by the max-entropic MSD equilibrium. Actually,
a good approximation for the dynamics results from assuming
“local equilibrium” which means that out of equilibrium the en-
tropy is still maximized, constrained to the same observables
as in equilibrium, but with virtual selective value and mutation
rate such that they match the expectancies. These virtual vari-
ables are not necessarily the actual selective gradient or mu-
tation rate, but they are forged and changing in time in order
to keep (a) entropy maximized, and (b) the observables at their
genuine macroscopic values at all times (Barton and de Vladar,
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5.3. ENTROPY MAXIMIZING THEORY

2009). Only at equilibrium these virtual variables match with
the real selective gradient and mutation rate.

This would work as long as selection is stabilizing, or is di-
rectional with mutation rates that are high or very low. The dis-
tribution of allele frequencies will remain far from the borders
of fixation (pl = 0, 1) when 4Nµ > 1, and the changes towards
the new equilibrium are smooth. Similarly, when 4Nµ ∼ 0, se-
lective sweeps induce changes in the proportion of fixed states
in a smooth way. In both cases the max-entropic distribution
remains accurate. However in the middle regime, close to the
critical rate µc = 1/4N , both effects are present, but the time
scale for selective sweeps to occur is lower than the time for
a change due to standing genetic variation. The max-entropic
approach fails to recover the evolutionary paths either of the
microscopic or the macroscopic variables, since local equilib-
rium is disturbed (Barton and de Vladar, 2009). Away from µc
every given locus and its copy evolve independently, but close
to µc these microscopic changes are correlated. Although the
equilibria will be well described by the two observables z̄ and
U , the dynamics will require an extra degree of freedom that
accounts for that correlation, k̄. This correlation is proportional
to the excess of the genetic variance k̄ = 2(νmax − ν), where νmax

is the maximal possible genetic variance. The evolution of this
quantity happens to follow from the dominance of the allele that
is being selected, with strength η over fitness. The dominance,
set initially to η = 0 will transiently evolve, and vanish again
when MSD is consummated. This means that at these inter-
mediate mutation rates, dominance will effectively appear and
affect the relative fitness of the alleles, even when the effect is
not present ad hoc.
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5. EVOLUTION OF INFORMATION

5.3.1 Adaptive landscapes and adaptive
potential

(Fisher, 1941) never accepted Wright’s ideas about fitness land-
scapes (Wright, 1967, 1988). He found the surfaces of selec-
tive value an artificial construct appearing only in very specific
cases. Artificial as it might be (Provine, 1986), it has been a
paradigm to think about evolution, and yet as a generally ap-
plicable concept it remains unjustified. But it is a good aid to
understand the connection between the distribution of micro-
scopic with the macroscopic descriptors (Arnold et al., 2001).

The max-entropic approach can contribute with a concept: a
landscape is induced rather than assumed. It is based on quan-
tities that are measurable that lead to an adaptive landscape,
the golden child of Wright’s conceptualism of the evolutionary
process.

Contrary to the fitness landscape, the max-entropic induced
landscape is the actual potential for evolutionary outcomes in
the presence of mutation and drift effects, and not just naı̈ve
expectations deduced only from fitness arguments. As seen in
Fig. 5.2a, a landscape in the allele frequencies indicates that
the optimal region in equilibrium is not fixation of the fittest
alleles (since there is also mutation and drift). Furthermore, we
are able to reconstruct the landscape in terms of the macro-
scopic variables. Examples with several numbers of loci of ei-
ther equal or unequal effects are given. Notice in particular that
with some distributions of effects only those that contribute the
most can be enough to reconstruct the phenotypic landscape in
good approximation (Fig. 5.2b).

Furthermore, we can predict for a given value of the mean
traits (or for any other quantitative measurement) the distri-
butions of allele frequencies at a locus. This is a posterior
distribution, and it differs from that of the one-locus distri-
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bution (Fig. 5.2c) that results when no further information is
defined (in analogy to Bayesian estimation of distributions, see
e.g. Shoemaker et al., 1999). This difference appears because
the allele frequencies are not entirely free to wander in the geno-
type space. In analogy with Wright’s shifting balance process
(Wright, 1932) where selection would lead to maximal fitness,
if drift introduces a deviation in the population’s allele frequen-
cies, selection and mutation would induce a net response of
the allele frequencies in the direction that maximises entropy.
Thus the allele frequencies are all coupled and obliged to fit the
observables that maximize entropy. This reasoning in terms
of entropy might sound abstract but actually it is very consis-
tent, because maximal entropy is a macroscopic measure of the
equilibrium between SMD.

5.3.2 Fisher’s fundamental theorem of
natural selection in a max-entropic
context

Fisher’s Fundamental Theorem of Natural Selection gives the
rate of change of mean fitness that is due to selection (Fisher,
1930). Although the conditions under which the theorem holds
are broad, Fisher’s derivation (1930) of his theorem is obscured
by his cryptic explanations, although later authors have elu-
cidated what the author meant (Frank and Slatkin, 1992; Ed-
wards, 1994; Fisher, 1999; Edwards, 2002; Grafen, 2003). The
FTNS states that the change in mean fitness of a population due
to selection is proportional to the variance in fitness. Math-
ematically, we write this as ∆W̄ = var(W )/W̄ ; since the vari-
ance is always positive, then mean fitness always increases.
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Figure 5.3: The change in the expectance of mean fitness, as predicted by
Fisher’s fundamental theorem (dashed line, red on-line), the predictions includ-
ing finite size-effects for distinct population sizes N only showing the component
due to selection (solid lines).

This equation is very general and the scope of its applications
reaches more than PG and QG (for some generalizations, ap-
plications and extensions see Ewens, 1969, 1976; León and
Charlesworth, 1976, 1978; Frank, 1997; Vlad et al., 2005).

In finite populations drift will also influence the genetic vari-
ance, producing an indirect change in W̄ , such that in a partic-
ular stochastic realization it may actually decrease (Nagylaki,
1993). But we can compute Fisher’s principle as statistical ex-
pectation on the universe of possible realizations. A general
equation for the change in mean fitness is possible, but we con-
sider now only directional selection over the fitness. We find,
applying the max-entropic calculations, that:

ds
dt
〈W̄ 〉 = β2

(
1 +

1
2N

)
〈νW̄ 〉 ≥ 0 (5.4)

where we denoted by ds the change in fitness due only to the se-
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lection component, as in Fisher’s interpretation. The term 1/2N
arises from the effect of drift, and can be obviated if we want
to be sharper with Fisher’s statement. (We choose to include
it since it always appears, extending the theorem to the effect
drift: the change in expected mean fitness due to selection and
drift, will always increase.) The expected mean fitness chan-
ges proportionally to the expected covariant change between
the genetic variance and the mean fitness, but this expectation
is always positive, contrary to the individual realizations. (It
should not to be confused with Price’s (1970) equation, whose
covariance term would be in level of averaging within a popula-
tion; the expectancy that we speak here is with respect to the
universe of possibilities of population realizations). The evolu-
tionary components that don’t act directly on a trait (or fitness)
still deform the adaptive landscape (or in general, potential),
and have an indirect effect over the genetic variance.

We evaluate Eq. 5.4 as well as the deterministic version
(Fig. 5.3). The max-entropic approach preserves the FTNS in
a statistical sense, but the quantitative trajectories are actu-
ally different: they are initially delayed, and accelerate at latter
times. Still as N → ∞ we would recover the deterministic ver-
sion. This is because the fluctuations by drift have variance
proportional to (2N)−1, which vanishes for big population sizes,
and the evolutionary trajectories become entirely deterministic.

5.3.3 The G Matrix and the Evolution of Cor-
related Characters

As a last example, we consider a more practical and and useful
model: the correlated response to multivariate traits. A classi-
cal way to handle this problem, is assuming that the evolution
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of a vector of trait means ~z, can be described by d~z/dt = G.P−1.~β,
where G is the genetic variance-covariance matrix, and P is
the matrix of environmental variances (Lande, 1979). Conse-
quently quantitative genetics pays huge attention to the evolu-
tion of the G matrix (Steppan et al., 2002; Blows, 2007; Koti-
aho, 2007). If it were constant, there would be no major predic-
tive problem (Lande, 1979). However, we know from theoretical
studies (Lande, 1980; Turelli, 1988; Lynch and Walsh, 1998),
and from empirical estimates (Wilkinson et al., 1990; Paulsen,
1996; Phillips et al., 2001; Cano et al., 2004; Ovaskainen et al.,
2008), that G changes. Still, there is no consensus: the change
in G might be slow, and effectively constant (Björklund, 2004),
or fast (Cano et al., 2004; Doroszuk et al., 2008). Depending
on the selection intensity and the genetic structure of the traits
(e.g. allelic effects), pleiotropic effects (Lande, 1980; Barton,
1990; Keightley and Hill, 1990; Slatkin and Frank, 1990; Kon-
drashov and Turelli, 1992; Turelli and Barton, 2004; Tanaka,
2005; Jones et al., 2007; Albert et al., 2008), genetic drift (Roff,
2000; Jones et al., 2003, 2004), migration (Guillaume and Whit-
lock, 2007), etc, G
will effectively change across generations in an unpredictable
way. Even after identifying experimentally that the genetic co-
variances have changed, estimating the rate of these changes is
still an experimental and theoretical challenge.

Since G is basically a set of macroscopic descriptors, and
is influenced by the microscopic hidden variables, we can esti-
mate the max-entropic expectation for 〈G〉. We will only high-
light some results on the subject, and an application. The com-
plete analysis is a subject on itself and will be published else-
where.

When mutation is small and compensated by drift
(4Nµ � 1) most loci will have an allele very near to fixation. A
change in selection will proceed only by standing genetic vari-
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ation, that is proportional to mutation rate. This predicts that
there are many generations of latency before a change in ge-
netic variance is observed. After selection acts, the eigenvalues
would be severely shrunk. Conversely, the change of G when
mutation rate is big (4Nµ > 1) will proceed by both, standing ge-
netic variation and newly produced mutational variation. But
the observable that quantifies mutation, U , also needs to be
considered to take into account how G responds. This means
that the rate of change of genetic variability U , needs to be in-
cluded in and extended version of G. In doing so, the latency
periods are much shorter, but G’s eigenvalues suffer much less
change. Thus the max-entropic theory advises how to include
the effects of mutation.

As a practical example, in the previous chapter we compared
the predicted values of the G matrix with the experimental data
for Rana temporaria reported in Cano et al. (2004). We made
rough approximations of average effect, effective number of loci
and pleiotropic structure, summarized in Table 4.1. The muta-
tion rate µ is estimated to be on the order of 10-3 (Palo et al.,
2003). Thus we proceeded to fit the selective values that explain
the measurements of the traits, according to the theoretical pre-
dictions (Cano et al., 2004, with n=300, that is the sample size
from the real population, but at the same time, the size of the
experimental population). From these fits the G-matrices were
predicted before and after selection (see chapters 4 and 6). The
deviations from the empirical G are not big (Table 4.1) and en-
tirely attributable to drift. The orientations (eigenvectors) of the
theoretical expectancies are in good agreement, before an after
selection (Fig. 4.2).

We are assuming that factors like epistasis and dominance
are negligible. Yet the estimations are still satisfactory. Much
can be improved, but for our purpose -showing the advantages
of the our approximation- the example is just adequate.
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5.4 CONCLUDING REMARKS

To what extent can we predict evolution? The answer to this
question is hidden in both the degrees of freedom at different
evolutionary levels, and on the mathematical complexity that
relates these levels.

While PG considers loci as unit of selection, QG considers
the quantitative characters as units of selection. Neither of
them is more fundamental; they conform to two different co-
ordinate systems to model evolution (Barton and Turelli, 1987),
each one is blazing trails to different aspects of the evolution-
ary process (Orr, 2005). The max-entropic tool clarifies certain
issues, showing how distinct aspects of PG and QG that were
considered dead ends match together.

The conceptual convergence by different groups to the max-
entropic and statistical mechanics-like approaches (Iwasa, 1988;
Prugel-Bennett and Shapiro, 1997; Sella and Hirsh, 2005; Ao,
2005, 2008; Saakian et al., 2008; Barton and de Vladar, 2009;
Barton and Coe, 2009, as well as several other works) indicates
that it can play an important role in understanding evolution.

We have explained and exemplified for evolution under SMD
that we can drastically reduce the amount of information that
we need to infer microscopic aspects of an evolving polygenic
trait from quantitative measurements. But also the other way
around: we may use minimal information of the microscopic
variables to make quantitative predictions. This raises the op-
timism with respect to empirical counterparts, as for example,
the QTL which are able to give only a rough idea of factors re-
sponsible for genetic variation. Indeed this information might
actually be enough to have a richer predictive power, contrary
to what is expected by the bottom-up models, which suggest
the need for detailed genetic properties. This is great news,
since we don’t really need to know the whole degrees of free-
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dom of the hidden variables, as required by other bottom-up
approaches and which are subject to huge limitations.

We have dealt however, with very specific and convenient
conditions. Among others, linkage equilibrium, absence of epis-
tasis and diallelic sub-dominant multiple loci. Indeed, includ-
ing these other factors would change the predictions that can
be drawn from the model. But the approach in itself does not
change.

The effects of recombination have been studied in a simple
model of additive and equal effects (Prugel-Bennett and Shapiro,
1994; Saakian et al., 2008), from which we can also extend
the analyses. We know that although selection might induce
linkage among recombining loci (Bulmer, 1971) weak selection
justifies a quasi-linkage equilibrium at all times, partially un-
coupling of the loci in a tractable way (Kirkpatrick et al., 2002).
The way to approach epistasis, has also been sketched by Bar-
ton and de Vladar (2009), although explicit solutions depend
on specific architectures of the genotype-phenotype map, about
which we currently know little (Hansen, 2006). The extensions
to multiple alleles is actually straight-forward, only introducing
a higher dimension at each locus in the genotype space. In-
tuitively, the consequences are not expected to be big. Under
selection and drift with low mutation rates, only one allele is
expected to be maintained at each locus, if selection is direc-
tional, and two if it is stabilizing (Turelli, 1984; Barton, 1986;
Bürger and Gimelfarb, 2004; Schneider, 2006), a result that of
course is not necessarily valid at high mutation rates. But for
practical purposes there might be little need to introduce more
alleles at every locus. Besides, under low mutation rates, the
predictions for maintenance of genetic variance are insensitive
to the number of alleles that are segregating at each locus. Also,
extension to dominant effects can easily be included when con-
sidering separate effects of each copy of a locus in the diploid
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individual from which we can also extend the analyses.
Notably, all these changes will affect the results and predic-

tions, but do not interfere with the philosophy of the top-down
approach. These other factors, define the way in which fitness
affect the microscopic space, and evidently it affect the way
allele frequencies evolve. Although these are functional con-
straints that determine the patterns of evolution of the pheno-
types, they do not change the fact how selection and drift are
acting over the macroscopic space. On these lines, we might
point that several examples that we brought assume weak di-
rectional selection. Still there is consensus -mainly theoretical
arguments- that stabilizing selection is among the main forces
maintaining diversity in nature (Charlesworth et al., 1982). For
example extreme phenotypes are more likely to produce delete-
rious mutations. Stabilizing selection has also been formulated
and worked out for single polygenic traits with unequal effects
(Barton and de Vladar, 2009). However, recent meta-analyses
over empirical estimations have found that most quantitative
traits are maintained by weak directional selection (Hoekstra
et al., 2001; Kingsolver et al., 2001). This adds to our raised op-
timism about the possibility of predicting evolution, and allows
waiving many complications. The max-entropic theory does not
solve them all, but is a step further in our ability to predict
evolutionary change in the long term.

167






