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Chapter 6

Perspectives: Pleiotropic
effects on the G-matrix
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6. PLEIOTROPY IN THE G-MATRIX

6.1 STANDING AND MUTATIONAL VARIATION

The amount of variation maintained in populations is the
source of evolutionary change as a response to natural or

artificial selection. When per-locus mutation rates are low -
as is typically the case- the predicted amount of genetic vari-
ance that is maintained is also low, at least to account for the
levels observed in natural populations (Turelli, 1984; Barton
and Turelli, 1989). However increased genetic variance can be
maintained even at low mutation rates if the effects of selec-
tion is pleiotropic over various traits (Keightley and Hill, 1990;
Barton, 1990; Kondrashov and Turelli, 1992; Zhang and Hill,
2005). In such a case, the pattern and rates of evolution of
the characters is compromised to the joint effects of multivari-
ate selection at every given locus. At which rate are the genetic
(co)variances, the G matrix, changing? Naturally that depends
on (i) the amount of loci, (ii) their effects, and (iii) the pleiotropic
constitution of the traits, or in general, the genetic architecture
including epistatic effects. If we were to account for directional
selection mutation drift (SMD) balance under pleiotropy, even
with a simple bi-allelic system of non-interacting loci (i.e. link-
age and Hardy-Weinberg equilibrium), at least we need to recur
to a distribution of effects that weights few loci of big effect and
many of small effect, consistent with QTL observations (Otto
and Jones, 2000), since the genetic attributes are not entirelly
negligable.

Fisher proposed a model, known as the geometric model, to
argue that most mutations affecting the phenotypic space have
a small effects (Fisher, 1930), and analyzed the consequences
of the shifting of the phenotype -a vector of traits- away from
the optimum state. From that perturbed state small mutations
will have nearly 50-50 chance to bring the phenotype closer to
the optimum, whereas mutations with big effects will increase
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6.1. STANDING AND MUTATIONAL VARIATION

the chances to drive the phenotype away from the optimum.
Actually, these calculations are naı̈ve and oversimplified. As
discussed by Orr (2005), this model only explains how a trait
responds by mutational variance, and is a flawed picture when
evolution proceeds by standing genetic variation.

In average mutation will decrease the trait value propor-
tional to µ 〈z̄〉 (Eq 3.24), restoring the equilibrium value expo-
nentially, in line with Fisher’s predictions. Even if the mutation
rate is high this would be true, although not obvious from the
geometric model. To picture it in quantitative terms, consider
as an example the number of ovarioles and thorax length, two
traits of Drosophila melanogaster (Bergland et al., 2008). Sup-
pose that these traits are displaced 10% above from their opti-
mal value, for example (which are taken to be about 25 ovarioles
and 1 mm. resp.) and assume 5 and 7 loci of exponentially dis-
tributed effects (expectancies averaged over 1000 realizations
of effects). With a mutation rate of Nµ = 10−3, it will take about
1150 generations to restore at least the .99% of the optimum
values. In contrast, if Nµ were increased to 1.0, it would only
take one generation. In the former case, the trait means will
show standard errors of about ±{0.02,1.7}, whilst in the sec-
ond case it will be of ±{0.16,12.5}. For instance higher fluctua-
tion steps will keep the traits scattered from the optimum value.
Even when the time to attain equilibrium is much lower at high
mutation rates, the standard error is enormous, so an accurate
equilibrium at the optimum will not be typically attained. This
can be seen as the impossibility to reach the optimal state in
selected realizations of stochastic trajectories.

These neutrality calculations are only one part of the story,
showing how evolution would proceed by the variability gener-
ated only by mutation, and where at each generation the new
alleles might be fixated by drift, as in Fisher’s model. The stand-
ing variability, over which selection acts, will give very different
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Figure 6.1: Genetic effects. In general, we don’t know the distribution that the
effects of each locus has over a trait. Thus for simplicity an exponential dis-
tribution with mean 1 is assumed, from which the effects of the first trait are
randomly selected. For the second trait, the effects are the same, but the posi-
tions shuffled. Thus but the total variation they contribute over each trait is the
same. These effects will be considered to remain constant during the process of
evolution. Numerically random choices are: ~γ1 = (1.79, 0.74, 0.72, 0.33, 0.23, 0.21)

and ~γ2 = (0.23, 1.79, 0.74, 0.21, 0.33, 0.72)

outcomes.
Assume a converse scenario as before, where selection in

the absence of mutation, is applyed. The initial genetic varia-
tion will be depleted, and drift will favour fixation, the optimal
state (in potential terms, not in fitness terms) in the absence of
mutation (or at very low mutation rates).

But the response is more difficult to evaluate if mutation
generates variability at the same time as selection uses it. We
can study this situation comparing the response to selection at
different mutation rates. First, variability is generated propor-
tionally to the mutation rate.
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6.1. STANDING AND MUTATIONAL VARIATION

A straightforward conclusion is then that the time for chan-
ges to be noticeable are larger for lower rates (Figs. 6.2-6.3).
We might further assume that before selection effectively acts,
the population is at an initial equilibrium (as discussed in Ch.
3), thus the initial standing genetic variation will be low under
low mutation rates, for which the speed of change of the traits
would be also slow. Since selection acts stronger on the alleles
of bigger effect, change in the frequency of alleles at each lo-
cus will proceed in a hierarchical fashion. Since most loci have
small effects, G will remain in a period of stasis and its change
is delayed to future generations. This is because the genetic
variance is more sensitive to rarer (i.e. infrequent) alleles. Only
after the major-effecting loci approach close to an equilibrium,
a cascade of loci with minor effects flows, inducing the change
in the G matrix. At this point, the impact over the traits is low
because -contrary to G- they are mainly influenced by loci with
big effects. In conclusion, we expect to observe the changes in
genetic (co)variances only at late generations, when the mildest
loci begin to change.

Although taking much less time, the situation is similar for
high mutation rates. This accelerated differences are mainly
due to mutational variation. Even when we would start from
low genetic variances, mutation will generate enough of it ev-
ery generation, thus response to selection is fast. Notwith-
standing, the changes in G are much more dramatic at low
mutation rates. The orientation and specially the eigenvalues
change considerably at low Nµ. The mutational load is larger at
large Nµ, which is reflected in that the eigenstructure of G (Fig.
6.2-6.3), in an ellipse graphical representation) are much more
similar before and after selection, whilst at low Nµ they differ
considerably.
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Figure 6.2: Indirect Selection. Response of the traits and genetic (co)variances
under pleiotropic effects, subject to selection over the first trait (Nβ1 = 2, black
dashed lines) while the second trait is not selected (Nβ2 = 0, gray solid lines).
The initial state is neutral for both traits (Nβ1 = Nβ2 = 0 with constant low
mutation rates (leftmost panels, Nµ = 0.01) and high mutation rates (rightmost
panels, Nµ = 1.0). The thin dotted lines in the genetic variance plots indi-
cate the genetic covariances. The lower row show a graphical representation
of snapshots of the G matrices. The length of the semiaxes are given by the
1.96λ1/2, where λ are the eigenvalues of G. The orientation of the ellipses are
given by G’s eigenvectors. This representation follows the convention of Arnold
et al. (2008). The genetic effects are given in Fig 6.1. The time axes are in logit
scale.
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6.2 SOME CONSEQUENCES OF PLEIOTROPY

Even in the absence of epistasis and in linkage equilibrium, the
effects of a locus over different traits can account for more ex-
centric versions of the above, and to that of univariate traits.
Beware that the core of the distribution of allele frequencies of
a mutivariate trait is equivalent to that of a single trait evalu-
ated -at every locus- by the product ~β.~γl (Eq. 4.5, and Appendix
section D.1.2). Thus the selective strength experienced at a lo-
cus with univariate effect over a trait, can be equivalent to that
when the a locus has an effect over arbitrary many (lit. infinite)
traits in the multivariate case. Despite how equivalent the dis-
tribution of the allele frequencies might result, the patterns of
evolution are severely constrained (as exemplified above). Two
major sequelae are indirect selection and apparent stabilizing
selection, which I will shortly address now.

Indirect selection. When selection is shifted for only one char-
acter (say, the first), other characters (the second) will indirectly
also experience selection. The shifted allele frequencies will
pleiotropically have an effect over other traits. In the exam-
ple of Figs. 6.2 the values of the trait are very similar (we chose
the total effects to be the same 6.1). The pairwise product of the
effects will determine the values of the covariance, thus also the
speed of change of the trait that is indirectly selected.

Delayed responses. Notice in Fig. 6.2, that genetic variance
increases first for the trait under selection (and hence the trait
under selection also increases more rapidly than the other).
Since loci with high effects respond first, the appreciable in-
crease on the second trait will be registered only when its ma-
jor contributing loci change, because these loci will not typically
have the highest effects over first. In particular, as in Fig. 6.1,
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Figure 6.3: Aparent Stabilizing Selection. Response of the traits and genetic
variances under pleiotropic effects, subject to selection in opposite directions
(Nβ1 = 2, black dashed lines, and Nβ2 = −2, gray solid lines). Otherwise as
Fig. 6.2.

locus 1 would be the first to change when selection acts over
trait 1, but the effect of this locus over trait 2 is actually min-
imal, thus any change in the latter would be practically unde-
tectable (as happens in Fig. 6.2)
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6.2. SOME CONSEQUENCES OF PLEIOTROPY

Table 6.1: Maintenance of genetic variance by pleiotropic effets. Under co-
directional selection over two traits, mutation, and drift, the variance main-
tained is lower than when selection is acting in opposing directions, thus cre-
ating the effect of apparent stabilizing selection. The effect is dimmed as the
number of pleiotropic loci diminish. Low mutation rates (4Nµ < 1) are as-
sumed.

Selection: Co-directionala Apparent stabilizingb

Pleiotropy: 6c 6c 3d 0e

ν1/2µ 1.245 2.647 1.954 1.911
ν2/2µ 1.245 3.392 2.116 1.911
ν12/2µ 0.751 2.220 0.411 0.000

aNβ1 = Nβ2 = 2
bNβ1 = 2, Nβ2 = −2
c Full pleiotropy. Effects as in Fig. 6.1.
d The first three loci of both traits are uncoupled.
e All loci are uncoupled.

Notice finally that the genetic variance is more critically de-
pleted for the trait under selection, contrasted to traits indi-
rectly selected, which have a milder depletion.

Apparent stabilizing selection. If pleiotropic loci have oppos-
ing effects over two traits, then patterns that remind those of
stabilizing selection are retrieved (Barton, 1990). Selection of
opposed directions over each trait will result in low fitness for
the extreme traits. Increased metrics for a trait induce a reduc-
tion of the metrics of the other. As a response to selection the
second trait tends to restore its value. Conversely, this restor-
ing force induces reduction of the first trait, also restoring its
value. Hence, a compromise among both traits is a stable situ-
ation. The outcome is similar as in stabilizing selection, where
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6. PLEIOTROPY IN THE G-MATRIX

the extremes are the lowest in fitness. An interesting feature,
is that the amount of variability that is maintained by aparent
stabilizing selection is higher than when selection acts only over
one character, and even higher than when it favours both char-
acters in a common direction (see Table 6.1 and Fig. 6.3).

Degree of pleiotropy. In the examples above I assumed that all
loci have pleiotropic response to selection and mutation. But
this is not necesarily the case. QTL experiments have shown
that the number of loci conveying an additive effect over the
traits is not the same, and not even necessarily a superset, of
those with pleiotropic effects (Mackay, 2001, 2004; Kalisz and
Krishnamurthy, 2007; Albert et al., 2008; Kenney-Hunt et al.,
2008; Ma et al., 2008). Therefore my curiosity was awakened by
how much variation can be induced by indirect selection under
distinct degrees of pleiotropy.

To investigate these effects, I proceeded to systematically
uncouple the amount of loci which convey pleiotropy. I ran-
domized the effects of the loci with a exponential distribution
(λ=1) and averaged over 104 replicas. The results show that
the amount of genetic variation in MSD equilibrium linearly de-
creases with the amount of pleiotropic loci. This trend is par-
ticularly strong at low mutation rates because mutational load
is -in average- lower. At high mutation rates, the trend is so
soft that it would hardly noticeable in experimental observa-
tions (Fig. 6.4)

I proceeded then to see the effects of the uncoupling on the
evolutionary rates. Under aparent stabilizing selection, pleio-
tropic responses does not seriously compromise the velocity of
change of neither the traits nor the G matrix. The structure of
G, however, as well as the trait values, is affected by selection.
Under high levels of pleiotropy, G has higher eigenvalues, and
is more ‘bulky’ than at low levels, as explained above (Fig. 6.5).
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Figure 6.4: Effects of pleiotropy over selection-mutation-drift balance. The
equilibrium is maintained by selection only over the first trait (black dots, Nβ =

2), while the second trait (open dots) is not under selection. The number of
pleiotropic loci is increased systematically (ordinate axes). Each point (and
G matrix) is an average of 104 values of the expectations of the mean trait and
genetic variances with distinct genetic effects. Each trait consists of 10 loci,
whose effect was sampled form an exponential distribution of mean 1. The
bars at each point represent half the standard deviation of the samples of the
genetic effects. The leftmost panels assume low mutation rates (Nµ = 0.01),
and the rightmost panels high mutation rates (Nµ = 1.0). The lower plots are
ellipse representation of the averaged G matrices (see Fig. 6.2).
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Figure 6.5: Effects of pleiotroy over G’s evolutionary dynamics. Response of the
G matrix of two traits subject to selection in opposite directions, with varying
degrees of pleiotropic effects. From top to bottom the amount of pleiotropic
loci increase systematically from 0 to 6. Selection proceeds from neutral states
(Nβ1 = Nβ2 = 0) to Nβ1 = 2 and Nβ2 = −1, and Nµ = 0.01. The horizontal
direction is the time (in log-scale). G representations as in Fig. 6.2.
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6.3 MOVING ON WITH THE G MATRIX

Pigliucci (2006) has criticized the quantitative genetics
approach, and the overall efforts to understand quantitative
variation using controled experimental designs on the basis
that estimations of G are local measures and change along with
the change of allele frequencies, and thus does “not provide a
useful measure of the long-term capability of traits to respond to
selection” (his emphasis). This in a sense is true. But, from my
perspective, these critiques are to some extent as narrow as the
measures of the heritabilities, or of G. Naturally, a measure is
just a (set of) number(s), and the predictive capabilities of any
measurement are only meaningful when supported by a theory.
If a theory is limited, that might just be the state of the art, and
it does not imply that the theory cannot be extended. In fact,
the theory behind the G matrix is still at an early stage, and
the predictions that we can make are limited precisely because
of that. But in this chapter and the previous, I provided some
calculations that allowed long-term predictions of G. We still
require refinements in the theory, and maybe a better experi-
mental support in order to really make predictions from mea-
surements of G. I have shown that it is possible to predict the
course not of G itself, but of its expectancy. Yet, these are two
different things: an empirical measurement of G will in general
be deduced from a set of offsprings, that is just a realization
of the process (this is one of Pigliucci’s arguments against the
use of G). As we saw in the previous chapter (Fig. 4.2), the
deviations induced by genetic drift can be very big. This would
redirect the course of the populations away from the theoretical
expectancies. But how much? We can calculate the variance of
the estimators of G (Appendix D.1.2, Eqns.D.51), from which
we can compute the standard deviation, an expectancy of the
error. In Fig. 6.6 an example is presented, along with a real-
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Figure 6.6: Error in the G-matrix’s evolution. Left panel: apart from the ex-
pectancy of G’s component (genetic variances, solid black lines), we can esti-
mate the expected standard deviation (shaded region between the dashed lines).
This measurement is consistent with particular realizations (gray line, from a
Wright-Fisher model). The dynamics of G correspond to Fig. 6.2. Right: the
solid ellipse is the equilibrium G , and the dotted ellipses are G± half of the
standard deviation. The gray ellipses are distinct realizations.

ization. We can clearly see that the expectancies agree with the
Wright-Fisher model. Naturally, an accurate measurement of
G requires sufficient replicas in order to determine confidently
the range of variation. Fig 6.7 shows that averages over real-
izations coincide accurately with the expectations. I have done
this for the whole trajectories, but it naturally can be done for
a single point in time.
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Figure 6.7: Averages and expectancies of G. The left panel shows the evolution
of the expectancies of the traits (black dashed lines), over which directional
selection is acting, along with averages over 200 stochastic realizations (gray
lines). Right: idem, but for the genetic co-variances.

6.4 CONCLUDING REMARKS

The question whether G evolves or not, is nowadays obsolete.
The modern debates are related to the velocity and direction of
change in G’s evolutionary course. The answer varies depending
on the biological nature of the traits. Still, the formal aspects
have remained dim.

I have introduced an application of the statistical mechanics
formulation to address several of these questions, at least for
the limited interpretation of purely additive traits, under ideal
biological conditions. Specific questions remain to be answered,
but the general ideas herein introduced, along with those of the
previous chapter, indicate that there are good prospects to un-
derstand the subject of the evolution of G, and its evolutionary
consequences.
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But there is another possible way of predicting the course
of G. In fact in the calculations of Figs 6.2-6.7 I have not com-
puted the evolution of G itself, but of the local variables deter-
mining the max-entropic distribution. Thus it might be possi-
ble to turn the problem around: to determine with accuracy the
observables, 〈z̄〉 and 〈U〉. Then G can be just evaluated. But
would this work? Actually, it is what I have been doing. The
observables ensure the coupling of the micro and macro-states,
and knowing the local variables other quantities are computed
straightforward. Notice however, that computing G is necessary
but not enough, because the evolution of the local variables –
or of any other macriscopic– requires computing the matrix of
correlations between the observables and genetic effects, which
contains G but also other entries (Eq. 4.13). Nevertheless, if
we have some measurements of the genetic effects, we can, in
principle forecast evolutionary response.

Although this is in principle a valid approach, how much the
theory can be literally applied to natural populations is obvi-
ously a sensitive question. There are many assumptions about
the genetics. But although these assumptions can be relaxed,
with some technical effort, the applicability of the statistical
mechanical theoretical framework can be misleading. In this
sense, my main concern is about the fitness landscape: we are
assuming very convenient representations. Although we could
quantitatively identify if selection is (or not) acting directionally
(Hoekstra et al., 2001; Kingsolver et al., 2001), the net effect
might not need to be described by a multiplicative effect as we
have done; or if its stabilizing, by a Gaussian landscape. Fur-
thermore, even if we could make the simplifications to these
simple functions, it is hard to know a priori what the selective
gradient is, and whether it will remain constant. Long term
evolution might comprise very long times, and is unlikely that
we can safely assume that selection will act in an homogeneous
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way. In this sense even knowing the genetic details of an organ-
ism, and the observables, the direction of evolution will be only
dictated by the action of selection. Thus the uncertanties over
how selection might change direction under ecological varying
circumstances would impair a safe forecasting.

On the other hand, we can employ the method for compar-
ative analyses. This is a direction over which I have not devel-
oped, and that remains open and promising. Comparing popu-
lations, and using the information of the observables, we could
perform hypotheses tests to determine and identify the nature
of selective processes that have drive the divergence between
two populations, a bit on the direction of the calculations of
the previous chapter on the Rana temporaria populations. This
could be a way of falsifying certain approaches, as that of the
local equilibrium as an evolutionary forcast method.
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