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Appendix A

Maximization of entropy or of
mean fitness?
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A. FITNESS MAXIMIZATION

A.1 MAXIMUM ENTROPY

Here, it is shown that the stationary distribution, ψ0, maximizes the
entropy, SH , subject to constraints on the expected values of a set of
observables (see Le Bellac et al., 2004, p. 64), for a treatment in a
physical context). We write the potential function in the form log

`
W̄
´

+

U = ~α. ~A, where the vector ~A is a function of the allele frequencies ~p,
and ~α is a vector of coefficients. Crucially, the observables ~A may be a
nonlinear function of the microscopic variables, ~p. The simplest choice
would be to set α1 = µ, α2 = s, as measures of the rates of mutation
and selection. Then, A1 = ~n2

P
k=1

(θk log [pk] + (1− θk) log [qk]), where

θk = µP,k/ (µQ,k + µP,k), and A2 = log
`
W̄
´‹
s determines the form of

selection. We might further separate log
`
W̄
´

into separate sources of
selection: for example, with stabilizing selection of strength s towards

an optimum at zopt, log
`
W̄
´

= −s v
2
− s(z̄−zopt)

2

2
= −s v

2
− s z̄

2

2
+ sz̄zopt −

constant. Thus, we can set

~A =

(
~n2
X

k=1

(θk log [pk] + (1− θk) log [qk]) ,−v
2
,− z̄

2

2
, z̄

)
;

the coefficients ~α = {µ, s, s′, szopt} then represent mutation, selection
to reduce variance in the trait, v, stabilizing selection to reduce de-
viations in the mean, z̄2, and directional selection on the trait mean,
z̄. We might also add observables that do not affect fitness, but are
nevertheless of interest, by setting their αk to zero. Likewise, setting
s = s′ = 0 but szopt ≡ β we recover directional selection.

Generalizing the definition of SH given below Eq. 3.6 we write:

SH [ψ] ≡
R
ψ log

“
φ
ψ

”
d~p

where φ is a measure which we take here to be φ =
Qn
k=1 (pkqk)−1.

To find the distribution PME that maximizes SH subject to constraints

on the expectations,
D
~A
E
, we use the method of Lagrange multipliers,

setting these multipliers to be proportional to 2N~α. We also require
the constraint that

R
ψME d~p = 1, with associated multiplier denoted by
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A.2. MAXIMUM FITNESS

2Nγ:

0 =δSH + 2Nγδ

„Z
ψ d~p

«
+ 2N~α.δ 〈〉

=

Z
(log(ψ)− 1)δψd~p+ 2Nγ

Z
δψ d~p+ 2N

Z
~α.δψd~p

=

Z „
log

„
φ

ψ

«
+ (2Nγ − 1) + 2N~α.

«
δψd~p

Rewriting the normalization as Z = Exp(1 − 2Nγ), we find that

the distribution ψME that maximizes SH , for given values of
D
~A
E
, is:

ψ = 1
Zφe

2N~α.

where Z =
R
φe2N~α.d~p

The coefficients ~α determine the values of the expectations through
the constraint:D

~A
E

= 1
Z
R
φ e2N~α.d~p

They can also be found by differentiating the normalization:
D
~A
E

=

1
2N

∂ log(Z)
∂~α

, (c.f. Le Bellac et al., 2004, Eq. 2.66).

A.2 MAXIMUM FITNESS

The second part of this thesis seems to be relying on the fact that a
mysterious function, the entropy, is maximized at selection-mutation-
drift equilibrium. Despite that Iwasa (1988) exemplified that this is
so, and as also proven in this thesis, there can be some skepticism
in that entropy and its maximization is not a property which is actu-
ally realized in nature, but rather a mere mathematical convenience.
Perhaps it is, but no less than the mathematical conceptualization,
axiomatization, and parametrization of fitness functions, for exam-
ple. We have seen that each macroscopic (extensive) quantity that we
constrain, brings along a corresponding (non-extensive) macroscopic
quantity, emerging mathematically form the Lagrange multipliers in
the maximization of S. In this sense we have that there is a couple of
variables, one intensive and one extensive, that determine the effects
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A. FITNESS MAXIMIZATION

of a given effect which define the evolutionary process, for example
under directional selection we have seen that

Process Extensive Intensive
Selection over a trait ; 〈z̄〉 β

Dominance ; 〈νz〉 σ

Mutation ; 〈U〉 µ

Genetic Drift ; S 2N

Between lines, the variables corresponding to genetic drift are ac-
tually entropy and population size. But why the effects of drift have
to be maximized, why should it have any phenomenological priority
over fitness, for example, given that selection is the cornerstone of the
evolutionary process?

As a matter of fact, entropy bears no priority, except because it
measures the stochasticity allowed by the superposition of evolution-
ary effects. But this is far from being so fundamental as to ascribe
to it all evolutionary causation in quantitative genetics. Nevertheless,
knowing that entropy is a necessary variable to include the effects of
drift, we still need to take it into consideration. Hence, maximizing the
expectancy of log mean fitness over the possible allele frequencies:

〈log(W̄ )〉 =

Z
(0,1)n

log(W̄ )ψdnp)

subject to the constraints

S =

Z
(0,1)n

log(ψ/φ)ψdnp

〈Aj〉 =

Z
(0,1)n

Ajψd
np j = 1, . . .K

on any necessary set of macroscopics Aj. Variation with respect to
ψ leads to the equation
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A.2. MAXIMUM FITNESS

0 =

Z
(0,1)n

0BBBB@ log(W̄ )| {z }
Maximization

− λ|{z}
Normalization

− α0 log(ψ/φ)| {z }
Constraint on S

−
KX
j

αjAj| {z }
Other constraints

1CCCCA δψdnp ,

that implies the distribution:

ψ = φ exp

»
1

α0
log(W̄ )− λ

α0
− αj
α0
Aj

–
.

Applying the normalization condition and rearranging we get

ψ =
φ

Z
W̄ 1/α0 exp

»
−αj
α0
Aj

–
.

Naturally, we need to solve the Lagrange multipliers. But to make
it short, we can identify already that α0 = 1/2N , and the αj depend on
which macroscopics Aj were defined.

To summarize, I briefly showed that the principle of maximal en-
tropy is neither artificial nor arbitrary, and furthermore it is compat-
ible with the idea of fitness maximization, that is at the core of the
theory of evolutionary biology.

Nevertheless, the function we have employed as entropy is to some
extent arbitrary. We were able to properly define it because we know
from the mechanistic theory (Wright-Fisher process, and its diffusion
equation) how the distribution looks like. A counter-example, is Prugel-
Bennett (1997); Rogers and Prugel-Bennett (2000) approach where the
definition of entropy, although functionally similar, differs from the
genuine measure by the prior φ, hence leading to a wrong microscopic
distribution. Similarly, we could choose virtually any Lyapunov func-
tion and constrain the macroscopics of interest. As a result we will
always have a quantitative description that, by construction, matches
our expectations, and couples them with the microscopic variables.
This distribution however, as in Rogers and Prugel-Bennett (2000)
would lead to an incorrect microscopic distribution, and those vari-
ables that were not constrained would necessarily be incorrect estima-
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A. FITNESS MAXIMIZATION

tors, from which it would be possible to falsify the arbitrary Lyapunov
measures as descriptors of genetic drift.

Another approach to the maximization idea. The procedure stated
above is only one way to show the equivalence between maximizing
entropy and log-mean fitness, or as a matter of fact, any other macro-
scopic constrained to couple the macro and microscopic variables. The
entropy is averaging the evolutionary potential (in the sense of chapter
5), which requires k macroscopics. Thus any choice of k variables be-
tween the k+ 1 extensive variables (the constrained macroscopics plus
the entropy) would lead to the same distribution, because maximiza-
tion reduces the k+1 degrees of freedom to k, and the choice is related
by a change of variables.

Assume that entropy S is maximized. In general, calling the inten-
sive variables αi, i = 1, . . . , k the differential of entropy is

dS =
∂S

∂α1
dα1 + . . .

∂S

∂αk
dαk = 0|{z}

at eq.

.

Let φm be other extensive variable, e.g. 〈log(W̄ )〉. Its total differen-
tial would be

dφm =
∂φm
∂α1

dα1 + . . .+
∂φm
∂αk

dαk

The internal derivative is required to explicitly write the change in
variables with respect to our original measure, the entropy: ∂φm

∂αj
=

∂φm
∂S

∂S
∂αj

, thus

dφm =
∂φm
∂S

„
∂S

∂α1
dα1 + . . .+

∂S

∂αk
dαk

«
And the quantity in parenthesis is dS. Notice that ∂φm

∂S
= α−1

m which
is in general a well defined quantity, thus

dφm = ∂φm
∂S

(dS)

= α−1
m (0) = 0 .
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A.2. MAXIMUM FITNESS

Therefore, if entropy is at a maximum, so it is the mean fitness
subject to the constraints of entropy and the other extensive variables.
Furthermore, this also applies to any other extensive variable, like 〈U〉,
for example, or genetic variance, under stabilizing selection.
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