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1
Introduction

Cosmology has come of age. During the last few decades, it has transformed from
an endeavour, where it was all about the search for ’the two numbers’ – the Hub-
ble parameter and the deceleration parameter, to a stage where these two numbers are
eventually expected to be constrained as a byproduct of the surveys aimed at a more
detailed understanding of the origin, structure and dynamics of the Cosmos (Jones
1992; Kim et al. 1995; Hoeflich & Khokhlov 1996; Neben & Turner 2013). Due to re-
cent advances in observational cosmology, humanity is at a stage where we have a
broad understanding of how the Universe came into being and what its composi-
tion is. According to the standard paradigm, the Universe started in the state of a
hot big bang. The latest measurements of the Cosmic microwave Background radi-
ation, as performed by the PLANCK satellite, establish that only 4.9% of the total
mass-energy content of the Universe is composed of baryonic matter, of which the
galaxies, stars and us humans are made. The rest of 26.8% and 68.3% is respectively
composed of dark matter and dark energy (Planck Collaboration et al. 2015).

The recent advances, while establishing the broader picture of the Universe on
the one hand, have given way to a whole lot of new questions, while simultaneously
pointing to the discrepancies in our current understanding of the details of the phys-
ical contents and processes that govern the dynamics and evolution of the Universe.
Prominent is the question about the nature of dark matter and dark energy, which re-
mains a complete mystery to us. With growing observational data, discrepancies in
our theories of the evolution and structural organization of the Universe on the large
scale have also come to the forefront. Similarly, our understanding of the formation
and evolution of galaxies remain nebulous still.

The effort to describe and characterize the formation and evolution of structures
in the Universe has been ongoing for decades now. The tools used for this purpose
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have drawn heavily from concepts in statistics, geometry and topology. In the next
few sections, I will present an overview of the current standard paradigm of cos-
mology, as well as a brief but non-exhaustive account of structure formation and
evolution in the Universe. I will also present a brief account of the various tools
and formalisms used to describe the properties of the cosmic matter distribution.
This will establish a background for the new topological formalisms that will be de-
scribed in this thesis. Based on this, we will present a topological characterization of
heuristic as well as more realistic models of mass distribution in the Universe. This
is with a view to understand and demonstrate what such a new topological charac-
terization has to offer over the more traditional topological measures that have been
used to describe the cosmic mass distribution in the past.

1.1 General Cosmology: an overview
As a result of continuous advances in theory and observations in tandem since al-
most the beginning of this century, the Hot Big Bang Model has established itself as
the standard model of the origin and evolution of the Universe. According to this
paradigm, we live in an expanding Universe that originated in a dense superhot state
of singularity almost 13.8 Gyrs ago (Fixsen et al. 1994; Komatsu et al. 2009; Planck
Collaboration et al. 2015).

The source of the current standard paradigm of cosmology, the idea that the Uni-
verse started in a hot Big Bang, may be attributed indirectly to Einstein who revolu-
tionized our way of thinking about gravitation with his formulation of General Rela-
tivity (Einstein 1916). Culminating in the famous Einstein’s field equations, General
relativity interpreted the interaction of gravitation as a result of spacetime getting
curved by the matter-energy content present in it. The Einstein field equations may
be written as

Rµν −
1
2

gµνR + gµνΛ =
8πG

c4 Tµν. (1.1)

Each of the terms in the field equation is associated with either the curvature of the
spacetime, or its matter energy content. In the above equation, Rµν is the Ricci curva-
ture tensor, gµν is the metric tensor, R is the scalar curvature, Λ is the cosmological con-
stant, G is the gravitational constant, c is the speed of light and Tµν is the stress-energy
tensor. The left-hand side of the equation quantifies the curvature of spacetime, and
the right-hand side quantifies its matter-energy content.

1.1.1 The cosmological principle and the Robertson-Walker Metric
The Einstein field equations are metric equations, meaning that the solution to them
are metrics defined on a manifold. A metric captures the notion of distance on a
given manifold. When written in the expanded form, the Einstein field equations are
a set of ten coupled non-linear partial differential equations. Due to non-linearity,
as well as coupling, it is not possible to find generic solutions to them. However,
under assumptions of symmetry, homogeneity and isotropy, the set of equations
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admit exact metric solution.

To build an understanding of the dynamics of the Universe, cosmologists start
with the assumption that there are no preferred directions or preferred locations in
the Universe at large scales. This assumption is encapsulated in the cosmological prin-
ciple, which states that the Universe is isotropic and homogeneous Additionally, if we
assume that the geometry of the spacetime is uniformly curved, there are only three
possibilities for such a spacetime – it can be positively curved or have a spherical ge-
ometry; it can be negatively curved or have a hyperbolic geometry; or it can have zero
curvature or a flat or the familiar Euclidean geometry. The metric for a homogeneous,
isotropic and a uniformly curved spacetime is given by the Robertson-Walker metric.
In spherical coordinates (r, θ, φ), this is

ds2 = −c2dt2 + a(t)2
[
dr2 + Sk(r)2dΩ2

]
, (1.2)

where,

dΩ2 = dθ2 + sin2θ, dφ2, (1.3)

and

Sk(r) =

 R sin(r/R), k = +1, closed universe
r, = 0, flat universe
R sinh(r/R), k = −1, open universe

The quantity R denotes the radius of curvature and the quantity a(t) is the expansion
factor. The latter relates the physical coordinate to the comoving coordinate via the
relation r = a(t)R. By convention, a(t0) = 1, where t0 is the present time.

1.1.2 The FRWL equations

General relativity laid the foundation for Georges Lemaı̂tre to coin the idea of the
Big Bang Universe – a universe that is not static, but has a finite age. Friedmann
and Lemaı̂tre independently discovered the expanding Universe as a solution to
the field equations under the assumption that the universe was isotropic and ho-
mogeneous (Friedmann 1922; Lemaı̂tre 1927). Known famously as the Friedmann-
Robertson-Walker-Lemaı̂tre equations, they are given by

ä
a

= −4πG
3

(
ρ +

3p
c2

)
+

Λ
3

(1.4)

ȧ2

a2 =
8πG

3
ρ− kc2

a2 +
Λ
3

. (1.5)
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From the above equations, it is also possible to derive the energy equation

ρ̇ + 3
ȧ
a

(
ρ +

P
c2

)
= 0. (1.6)

The energy equation is a statement of conservation of energy. It implies an adiabati-
cally expanding Universe, which is also homogeneous and isotropic.
In the FRWL equations, G is the gravitational constant, ρ is an indicator of the energy
density, p is the pressure, and Λ is the cosmological constant. It is usually the custom
to express the FRWL equations in terms of the Hubble parameter H, and the density
parameter Ω, such that

H2(z) = H2
0

(
Ωm(1 + z)3 + Ωk(1 + z)2 + ΩΛ

)
, (1.7)

where,

a = 1/(1 + z)H = ȧ/a. (1.8)

In the above equation, z is the redshift corresponding to the scale factor a. At the
present epoch, when matter is the dominating component, the density parameters
are given by

Ωm =
ρm

ρc
, ΩΛ =

Λ
3H2

0
, Ωk = −

kc2

H2
0

(1.9)

where H0 is the current value of the Hubble parameter The density of the various
components are usually specified in the units of the critical density

ρc = 3H2
0 /8πG. (1.10)

The critical density is the energy density for which the curvature of the Universe is
flat.

Table 1.1 presents the latest values of the cosmological parameters as deduced
from the measurement of the temperature anisotropies in the CMB by the PLANCK
satellite (Planck Collaboration et al. 2015).

1.1.3 Evolution of the FRWL Universe
The FRWL equations fully describe the evolution of the Universe in terms of its con-
stituents. The evolution and the eventual fate of the FRWL universe is fully deter-
mined by the

– Energy content of the universe, represented through the density and pressure
terms.

– Geometry of the universe, parametrized through the curvature term.
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Symbol Value Description
t0 13.799±0.021 Gyr Age of the Universe

H0 67.74±0.46 Hubble parameter
Ωbh2 0.02230±0.00014 Physical Baryon density

ΩDMh2 0.1188± 0.0010 Physical dark Matter density
ΩΛ 0.6911±0.0062 Dark energy density

σ8 0.8159±0.0086 rms of density fluctuations at 8h−1Mpc
ns 0.9667±0.0040 Scalar spectral index
τ 0.066±0.012 Reionization optical depth

Table 1.1 The latest values of the cosmological parameters as inferred from the measurement of the
temperature anisotropies in the CMB by PLANCK satellite. Values taken from Planck Collaboration et al.
(2015).

– The cosmological constant, denoted by Λ. The most popular interpretation of
cosmological constant is as a form of energy which has negative pressure and
contributes to an accelerated expansion of the Universe.

The energy content of the Universe has contributions from radiation, matter and
dark energy. Matter consists of baryonic matter and dark matter. The different com-
ponents have different contribution to the energy budget of the Universe. This is
encapsulated in the equation of state, given by

p(ρ) = wρc2, (1.11)

where,

w =

 1/3 radiation
0 matter
−1/3 < w < −1 dark energy.

The case when w = −1 is associated with the cosmological constant. The negative
pressure results in a repulsive force responsible for the accelerated expansion of the
Universe. In fact, in order to get a term which causes an accelerated expansion, it is
enough to have a scalar field which satisfies

p < −ρc2

3
. (1.12)

One option for such an (evolving) field is quintessence (Peebles & Ratra 1988), and
leads to the notion of dark energy. One should note, however, that though the cosmo-
logical constant and the dark energy have similar behaviour in terms of the equation
of state, their sources are different. The cosmological constant is associated with the
curvature term on the left hand side of the Einstein field equations, and has its source
in the curvature of the spacetime. Dark energy is associated with the energy term in
the right hand side of the field equations.

At different cosmological epochs, different components were dominant. In the
very early inflationary era, when the Universe is in a pseudo-vacuum state, and
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expands exponentially, w = −1. This negative repulsive pressure is responsible
for the exponential expansion of the Universe. The case w = 1

3 , is the era when
radiation was the dominating component. At the current epoch, when matter is the
dominant component, w = 0. However, it has been discovered recently that since
approximately the last 7 Gyrs, the Universe is in a state of accelerated expansion
(Riess et al. 1998; Perlmutter et al. 1999). This suggests that dark energy has started
to dominate the dynamics of the Universe again about 7 billion years ago.

The evolution of the scale factor a(t), is influenced differently by the different
components of the Universe. Though all the components of the Universe contribute
to the evolution of the scale factor, it turns out that over vast periods of time only
one of the components is dominant. It is then instructive to study the time evolution
of a(t) by only considering the contribution from the dominating component and
ignoring the contribution from the rest. It can be shown that during the different
cosmological epochs, when different components are dominating, the time evolution
of a(t) is approximately given by

a(t) ∝


(t/t0)

1/2, when radiation is dominant
(t/t0)

2/3, when matter is dominant
eH0(t−t0), when dark energy is dominant

Having assessed the dynamics and evolution of the model universe, we now
present an account of the structure of the matter distribution in the Universe.

1.2 Structure formation in the Universe
Observations show that on the scales larger than a few hundred megaparsecs, the
Universe appears homogeneous. However, at smaller scales, it shows very distinct
features and structures. On the large scales, the structures manifest as a web-like
network commonly known as the cosmic web (Bond et al. 1996). On yet progres-
sively smaller scales, one finds the galaxies, stars and planets. The existence of
these pronounced structures reveals that on these scales the Universe is no longer
homogeneous and isotropic. These structures are the result of a growth of quantum
fluctuations planted in the primordial density field in the very early Universe. The
theoretical framework that describes this is that of gravitational instability.

1.2.1 Gravitational instability and linear growth of structures
The generally accepted theoretical framework for the formation of structure is that
of gravitational instability (Peebles 1980; van de Weygaert & Bond 2008). This frame-
work assumes that the early universe was almost perfectly smooth, with the excep-
tion of tiny density deviations with respect to the global cosmic background density,
and the accompanying tiny velocity perturbations from the general Hubble expan-
sion. The origin of these fluctuations is of a quantum nature. The most plausible
reasoning is that they are the quantum fluctuations of the vacuum state, in which
the Universe was, during the inflationary era.
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The tiny local deviations start to grow under the influence of the accompanying
gravity perturbations. In a perfectly homogeneous Universe the gravitational force
is the same everywhere. The presence of density perturbations will induce local dif-
ferences in gravity. In the vicinity of a region with a higher density than the universal
background density, the surplus of matter will exert an attractive gravitational force
larger than the average value. Similarly, near low density regions a deficit in matter
will lead to a weaker force. This locally varying difference in the gravitational force
induces a locally varying deceleration in the cosmic expansion. As it is the tendency
of matter to move towards a region of higher density, the mass of the overdense
regions increases with time.

If and when the region becomes sufficiently overdense, its expansion may even
come to a halt. The region decouples completely from the Hubble expansion, turns
around, and starts to contract. If or as long as pressure forces are not sufficient to
counteract the infall, the overdensity will grow without bound, and assemble more
and more matter by accretion from its surroundings. Ultimately this will turn into
a fully collapsed, gravitationally bound object, which seeks to attain virial equilib-
rium. Once it has done so, a genuine identifiable cosmic object has formed (van de
Weygaert & Bond 2008).

The opposite tendency occurs in the case of primordial density depressions. Be-
cause they contain less matter than on average, the deceleration of the matter in and
around such an underdense region is less than that of the global Hubble expansion.
Matter will therefore tend to get displaced somewhat further, with the net result of
matter streaming out of the interior of the underdensities resulting in their expansion
with respect to the global Universe. As the process continues and becomes more pro-
nounced, the gravitational instability process results in the gradual emergence of a
void in the matter distribution.

1.2.2 Linear structure growth
In the comoving coordinates, the time-dependent density contrast at any location in
the Universe can be written as

δ(x, t) ≡ ρ(x, t)− ρu(t)
ρu(t)

, (1.13)

where ρu(t) is the universal background density at time t, and ρ(x, t) is the density
at comoving position x at time t. The story of structure growth in the Universe is the
story of the evolution of over- and under-densities δ(x, t) across the cosmic timeline.

The location of an object in the Universe is specified by its physical coordinates r.
In an ideal FRW Universe, only the universal expansion is responsible for changing
the physical coordinate of this object. As such, the physical coordinate can be ex-
pressed in terms of the comoving coordinates x and the expansion factor a(t), such
that

r(t) = a(t)x. (1.14)
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In the pure FRW Universe, where the density at any location is the same as the
universal background density, x does not change with time. However, in the con-
text of structure formation due to gravity perturbations, the comoving coordinate
becomes a time dependent quantity x(t),

x(t) =
r(t)
a(t)

. (1.15)

The evolution of density perturbations in an expanding Universe is governed by
a set of three equations – the continuity equation, the Euler equation and the Poisson
equation. The continuity equation is a statement of conservation of mass, while the
Euler equation is a statement of conservation of momentum, and is basically the
equation of motion. The Poisson equation relates the gravitational field to its source,
the mass distribution in the Universe. They are given respectively by

∂δ

∂t
+

1
a
~∇x · (1 + δ)~v = 0, (1.16)

∂~v
∂t

+
1
a

(
~v · ~∇x

)
~v +

ȧ
a
~v = −1

a
~∇xφ

∇2
xφ = 4πGa2ρuδ.

In the above equations, a is the expansion factor, ~v is the peculiar velocity, and φ is
the gravitational potential, all expressed in comoving coordinates.

There are three distinct structural regimes in the Universe that can be demarcated
on based on the value of δ. These are the linear regime, when δ � 1; the mildly
non-linear regime, when δ ∼ 1; and the highly non-linear regime, when δ � 1. In
the linear regime, the Equations 1.14 simplify to a second order partial differential
equation for the density perturbation δ, given by

∂2δ

∂2t
+ 2

ȧ
a

∂δ

∂t
= 4πGρuδ. (1.17)

The solution to this equation can be written as the sum of a growing and decaying
term

δ(x, t) = D+(t)δ(x, t0) + D−(t)δ(x, t0). (1.18)

The part with D+(t) as the coefficient represents the growing mode solution, and the
part with the coefficient D−(t) is the decaying mode solution. The decaying mode
solution becomes negligible with time. The parameter D+(t) is the linear growth
factor that depends on the total matter and energy content of the Universe via the
relation

D(z) =
5Ωm H2

0
2

H(z)
∫ ∞

z

1 + z′

H3(z′)
dz′, (1.19)
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Figure 1.1 Latest measurement of the temperature anisotropies in the Cosmic Microwave Background
as measured by the Planck satellite. The orange/red spots are locations where the temperature exceeds
the average background temperature. The blue spots, are locations where the temperature is less than
the global average. The color intensity is proportional to the excess/deficit temperature. Figure courtesy
Planck Collaboration et al. (2013b).

where H(z) is the Hubble factor at redshift z. The quantity D+(t) is of crucial impor-
tance, since it quantifies the growth of structure in the Universe. In most cases, its
value grows with time. Note that the above expression is limited to a Universe filled
with matter and cosmological constant, and neglects contributions from radiation
and generic forms of dark energy.
The linear perturbation theory provides an exact description of the structure forma-
tion scenario as long as δ � 1. Once δ ∼ 1, the linear theory approximations break
down and is no long valid in these regimes.

1.2.3 The nature of initial conditions
As the structures in the Universe form from the originally tiny perturbations, it is of
primary importance to characterize the nature of these initial perturbations. This is
because the outcome of structure evolution is almost entirely dictated by the charac-
teristics of the primordial perturbations. The nature of the early spatial perturbations
is characterized as a Gaussian random field (Adler 1981; Bardeen et al. 1986; Heav-
ens & Peacock 1988). The following reasons provide a compelling argument in favor
of this hypothesis.

Inflation. Although there is no direct evidence, it is believed that the Universe un-
derwent a phase of rapid inflation roughly 10−35s after its birth. The ”seeds” for
the structures in the Universe are planted during the inflationary era in the form of
spontaneous quantum fluctuations of the high energy pseudo-vacuum state that the
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Universe was in. In the simplest of inflationary theories, these fluctuations are Gaus-
sian distributed and therefore characterized as a Gaussian random field, with a scale
invariant power spectrum of the form P(k) = kn (Guth & Pi 1982). The case when
n = 1 is also predicted independent of the inflationary scenario (Harrison 1970;
Peebles & Yu 1970; Zeldovich 1972). Somewhat more realistic inflationary scenar-
ios predict that n deviates from unity, which agrees with measurements of n ∼ 0.96
(Planck Collaboration et al. 2015).

Cosmic Microwave background. The temperature anisotropies in the Cosmic Mi-
crowave follow the anisotropies in the density perturbations directly, and offer a
peek into the characteristics of the primordial density fluctuations. The measure-
ment of the temperature fluctuations in the cosmic microwave background, sug-
gests that its character is that of a homogeneous and isotropic Gaussian random
field to high accuracy (Planck Collaboration et al. 2015; Smoot et al. 1992; Bennett
et al. 2003; Spergel et al. 2007; Komatsu et al. 2010). Figure 1.1 shows the temper-
ature anisotropies in the Cosmic Microwave Background radiation as measured by
experiments like Planck (Planck Collaboration et al. 2015).

The Central Limit Theorem. The Central Limit Theorem, or CLT, states that a sum
of many independent and identically distributed (i.i.d.) random variables will tend to-
wards a normal distribution. The rapid expansion in the inflationary phase in the
early Universe is most probably a result of an interaction of multiple scalar fields
(Linde 1982a,b). In such a scenario, the observed quantum fluctuations are a su-
perposition of multiple random fields, each corresponding to a given scalar field.
Invoking CLT in such a case means that the net observed fluctuation, which is a
superposition of multiple fields, follows a Gaussian profile.

1.2.4 Gaussian Random fields
A random variable is a variable whose value is subject to probabilistic variations. Ran-
dom variables model the outcome of stochastic processes, the values of which vary
randomly over the domain of the variable. The values of a random variables are not
fixed, but rather drawn from a distribution function. The most common is the Gaussian
distribution function, given by

f (x, σ) =
1

σ
√

2π
e−

x2

2σ2 (1.20)

where, σ is the standard deviation of the variable. We implicitly assume that the
mean or expectation of the variable is zero.

A generalization of a random variable is a random field, which is a collection of
random variables. A random field is a Gaussian random field if the set of constituent
random variables are all drawn from Gaussian distributions.

A random field can be specified by the m-point joint distribution function

P[ f1, . . . , fm]d f1 . . . d fm. (1.21)
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The m-point joint probability distribution function for a Gaussian random field
is a multi-variate Gaussian, given by

P [ f1, . . . , fm] d f1 . . . d fm =
1

(2π)N(detM)1/2 · exp

(
−

∑ ∆ fi(M−1)ij∆ f j

2

)
d f1 . . . d fm

(1.22)

The equation is in the normalized form, such that the integral of P [ f1, . . . , fm] d f1 . . . d fm,
over all f ∈ RN , is equal to 1. In the above expression,

∆ fi = fi − 〈 fi〉
Mij = 〈∆ fi∆ f j〉 (1.23)

The matrix M−1 is the inverse of the m×m covariance matrix Mij, in which the angle
bracket denotes the ensemble average of the product, over the 2-point probability
distribution function. In effect, M is the generalization of the variance of the 1-point
normal distribution. Indeed, M = [σ2

0 ] for the case m = 1.

1.2.5 Properties of Gaussian random fields: correlation function and power spec-
trum

Equation (1.22) is an expression of the fundamental property of Gaussian fields that
they are fully specified by the second order moment, via the autocorrelation function
ξ(r), encoded through the covariance matrix. The correlation function expresses the
correlation between the density values at any two points r1 and r2, such that

r = r1 − r2. (1.24)

If the field is homogeneous and isotropic, the correlation function becomes a
function only of the absolute distance between the points r = |r|, such that

ξ(r) = ξ(|r|) ≡ 〈 f (x) f (x + r)〉 . (1.25)

In other words, the entries in the matrix are the values of the autocorrelation function
for the distance between the points: Mij = ξ(rij), with rij = ‖xi − xj‖ .

To appreciate the contribution from different scales, the structure of a Gaussian
field is more transparently characterized by the power spectrum P(k). It is the
Fourier transform of the autocorrelation function, specifying the mean square of the
fluctuations of the Fourier components f̂ (k) of the field f (x),

f (x) =
∫ dk

(2π)3 f̂ (k) e−ik·x , (1.26)
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via the relation

〈 f̂ (k) f̂ (k′)〉 = (2π)3/2 P(k) δD(k− k′) , (1.27)

where δD(k) is the Dirac delta function. This implies that the knowledge of the
power spectrum alone is sufficient to fully characterize a Gaussian random field.
Below we give examples of two cosmologically relevant power spectra.

Power-law power spectrum. The power-law power spectrum is a generic class of
spectra, specified by the spectral index n

P(k) ∝ kn. (1.28)

The case when n = 1 is the scale invariant spectrum. Known commonly as the
Harrison-Zel’dovich-Peebles spectrum, it is considered to be the natural choice for
the primordial power spectrum (Dunkley et al. 2009; Komatsu et al. 2011; Planck
Collaboration et al. 2015). This is to avoid a power spectrum with large rises either
at large wavenumbers (n > 1) or small wavenumbers (n < 1). In these cases, δ could
exceed unity and nonlinear collapsed structures (e.g. primordial black holes) could
form in the ultra-early universe (van de Weygaert & Bond 2008). The measured
spectrum of the primordial perturbations is very close to it, n ∼ 0.96 (Dunkley et al.
2009; Komatsu et al. 2011; Planck Collaboration et al. 2015). It is worthwhile noting
here that certain inflationary theories also predict n ∼ 1 for the primordial power
spectrum (Guth & Pi 1982).

LCDM power spectrum. The LCDM power spectrum stems from the standard con-
cordance model of cosmology. It fits the measured power spectrum of the cosmic
microwave background as well as the power spectrum measured in the nearby large
scale Universe to high accuracy. It is given by (Eisenstein & Hu 1999; Hu & Eisen-
stein 1999)

P(k) ∝ T2(k)P0(k), (1.29)

where P0(k) is the primordial power spectrum and T(k) is the transfer function,
which is an expression of physical processes acting on the fluctuations as they enter
the horizon. Its shape can be inferred by evaluating the evolving processes, through
the Boltzmann equation. A good numerical fit is given by (Eisenstein & Hu 1999; Hu
& Eisenstein 1999)
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Figure 1.2 The theoretical power spectrum as predicted by the concordance cosmology. Superimposed
are also the observationally measured power spectra over approximately four decades of wave number.
Figure reproduced from Tegmark et al. (2004).

PCDM(k) ∝
kn

[1 + 3.89q + (16.1q)2 + (5.46q)3 + (6.71q)4]
1/2 ×

[ln(1 + 2.34q)]2

(2.34q)2 ,

(1.30)

q = k/Γ,

Γ = Ωmh exp
{
−Ωb −

Ωb
Ωm

}
.
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In the above expression, Ωm and Ωb are the total matter density and baryonic matter
density respectively. Γ is referred to as the shape parameter. Plugging in the most
recent observed values of Ωb and Ωm, Γ ∼ 0.21.

The LCDM power spectrum is usually normalized by the amplitude of fluc-
tuations in the Cosmic Microwave Background. Figure 1.2 presents the theoreti-
cally predicted power spectrum from LCDM cosmology (in red). Superimposed
in this figure are also measurements using cosmic microwave background (CMB)
anisotropies, galaxy large scale structure, weak lensing of galaxy shapes, and the
Lyman alpha forest, in order of decreasing comoving wavelength (Tegmark et al.
2004). In addition, there is a single data point for galaxy clusters, whose current
space density measures the amplitude of the power spectrum on 8h−1Mpc scales
(White et al. 1993). One can see that the modern CMB and LSS data agree over a sub-
stantial region of overlap with the theoretical power spectrum, giving us reasonable
confidence in the correctness of the model.

1.2.6 The non-linear regime
When δ ∼ 1, linear theory is no longer adequate in explaining the evolution of struc-
tures due to non-linear coupling between different modes. Structure growth in the
non-linear regime has been understood in great details through elementary, yet ele-
gant, models like the spherical collapse model (Gunn & Gott 1972) and the ellipsoidal
collapse model (Icke 1973; White & Silk 1979; Peebles 1980).

In the spherical collapse model, one examines the non-linear evolution of a spher-
ically symmetric density peak. Under gravitational amplification, this primordial
density peak turns around and collapses, when the linearly-extrapolated primordial
density reaches a critical density fc. The peaks in the primordial field that have col-
lapsed into collapsed objects at any time t (and hence the redshift z) are those for
whom the overdensity linearly extrapolated to the present epoch satisfies

δL(x, t|R) > fc(z)/D(z). (1.31)

Here, δL is the linearly extrapolated overdensity, and D(z) is the structure factor (see
Equation 1.19).

While the spherical collapse model is highly instructive in informing about the
mechanism of non-linear growth of structures, it is nevertheless a very idealized
scenario. In realistic circumstances, the primordial density perturbations are never
spherical, nor isolated (Bardeen et al. 1986). The overdensity in realistic circum-
stances collapse anisotropically.

Historically, anisotropic collapse has been modeled by studying the collapse of
homogeneous ellipsoids (Icke 1973; White & Silk 1979; Peebles 1980). Icke (1973)
showed that the collapse along the shortest axis will occur more rapidly than that of
the spherical equivalent; the collapse along the medium axis will be comparable to
the spherical value, while the full collapse along all three axes will be slower than
the spherical counterpart. The extension to a cosmological setting, through inclusion
of the relation of exterior tidal forces to the linear deformation tensor of the interior
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was worked out by Bond & Myers (1996a).
The spherical collapse model is useful in gaining understanding about the con-

ditions when a genuinely recognizable cosmic object may form. In the same vein,
the ellipsoidal collapse model provides a basic understanding about the anisotropic
nature of the structural collapse. However, both these simple models cannot account
for the hierarchical nature of structures observed in the Universe.

1.2.7 Hierarchical growth of structures
In the hierarchical structure formation scenarios, structures form bottom-up. The first
structures to form are small compact objects. These objects merge together to form
larger and larger structures. Extended features that are still in the process of collaps-
ing, or collapsed features that have not fully virialized yet, contain a large amount
of smaller scale substructures at higher density. These substructures are a telling
example of the hierarchical structure formation process in the Universe. This hierar-
chical nature, together with anisotropy is perhaps the most significant property of the
cosmic mass distribution (Press & Schechter 1974; Cole & Lacey 1996; Lindner et al.
1995; Houlahan & Scalo 1992; Abel et al. 1998).

Observationally, the indications of hierarchical structure formation process can
be recognized in the megaparsec scale Universe. On these scales, one may recognize
large unrelaxed filamentary as well as sheet-like structures containing a multitude
of collapsed and virialized structures like rich clusters of galaxies as well as smaller
galaxy groups. On smaller scales, within the galaxy groups, the larger galaxies are
accompanied by smaller dwarf galaxies. Imprints of hierarchical structure forma-
tion are visible even at the scales of fully collapsed objects like clusters of galaxies.
A telling example is the Coma cluster which has a heavy group falling in (Neumann
et al. 2003). At the scales of galaxies, the imprints of hierarchical structure formation
process is manifested through the presence of streams in their dark haloes, which
most likely are remnants of infalling dwarf galaxies (Helmi et al. 1999; Helmi &
White 1999).

Computer simulations also show that larger and larger structures form due to
mergers and accretion of smaller structures that have formed at earlier times. Fig-
ure 1.3 shows zoom-ins at various scales in the state-of-the-art Millennium II simu-
lation (Boylan-Kolchin et al. 2009). At successive scales, the structure is marked by
anisotropic filamentary and sheet-like structures, that contain clusters of galaxies at
smaller scales.

1.2.8 Number distribution of collapsed objects : (extended) Press-Schechter for-
malism

In the hierarchical structure formation scenario, it is possible to statistically account
for the number and mass distribution of gravitationally collapsed objects using the
Press-Schechter formalism (Press & Schechter 1974). It is based on simple geomet-
ric considerations. The two key aspects are that the mass density fluctuations are
Gaussian in nature, and the overdensities collapse spherically (Gunn & Gott 1972),
meaning there is no preferred axis of collapse. It predicts that the number density
n(M) of objects with mass M is given by (Press & Schechter 1974; van de Weygaert
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& Bond 2008)

n(M) dM =

√
2
π

ρu

M2 ν(M) e−
ν2(M)

2 |dlnσ(M)

dlnM
|, (1.32)

ν(M) =
fc

σ(M)
.

In the above expression ρu is the universal background density, σ(M) is the rms
fluctuation at mass scale M, and is basically the power spectrum. This is related to
to the length scale R through the expression

M ∝ R3. (1.33)

ν(M) is the dimensionless threshold decided by the collapse barrier fc and the rms
mass fluctuation σ(M).

More recently, the formalism has been extended to a more detailed and accurate
analysis based on the excursion set formalism (Peacock & Heavens 1990; Bond et al.
1991; Sheth 1998; Sheth & Tormen 2002), and is commonly known as the extended
Press-Schechter formalism.

The PressSchechter formalism can also be applied to calculate the number distri-
bution of voids. The cosmic voids are defined as regions whose density is less than
some critical value δν ≤ 0 or, alternatively, as regions for which the three eigenval-
ues of the tidal tensor (Doroshkevich 1970; Bardeen et al. 1986) lie below some critical
value λν ≤ 0 (Sheth & van de Weygaert 2004; Kamionkowski et al. 2009; Lam et al.
2010; Song & Lee 2009; Jennings et al. 2013; Chan et al. 2014). An important aspect
in the calculation of the probability function of voids is the over-counting of voids
located inside collapsing regions. This voids-in-clouds problem (Sheth & van de Wey-
gaert 2004), can be solved within the excursion set theory by studying a two-barrier
problem: δc for halos and δv for voids. A considerable advantage of studying voids
and the void probability function is that the shape, size and number density of voids
is extremely sensitive to the underlying dark energy model, and hence can be a po-
tentially powerful tool for probing the nature of dark energy (Bonometto 1995; Park
& Lee 2007b; Kamionkowski et al. 2009; Lavaux & Wandelt 2010; Bos et al. 2012).

A very crucial point to note is that the (extended) Press-Schechter formalism re-
lates to the singularity structure of the density field. In particular, it identifies cosmo-
logical objects through the critical points, namely the maxima, saddles and minima,
of the density field. It computes the collapse and the corresponding number den-
sity of objects by tracking the upward crossing of singularities through the density
barrier defined by fc. By invoking the singularity structure of the density field, the
above formalisms are intimately connected to the topological structure of the field.

1.2.9 Numerical simulations
Numerical simulations have become the standard tool to understand the formation
and evolution of structures in the highly non-linear regimes. It has become possi-
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Figure 1.3 A sequential zoom through the Millennium-II Simulation depicting the hierarchical nature
of structures in the Universe. The simulation reveals the anisotropic and multiscale character of the hi-
erarchically evolving mass distribution. The large image (upper left) is a 15h−1Mpc thick slice through
the full 100h−1Mpc simulation box at redshift zero, centered on the most massive halo in the simulation.
Starting from the upper right and moving clockwise, subsequent panels zoom into the cluster region and
show slices that are 40, 15, 5, 2, and 0.5h−1Mpc on a side (with thicknesses of 10, 6, 5, 2, and 0.5 h−1Mpc).
Even at 0.5h−1Mpc, which is approximately 1/10th the diameter of the halo, a rich variety of substructure
is visible. Figure and text courtesy (Boylan-Kolchin et al. 2009).

ble to track and focus on the hierarchical growth of even individual structures, and
visualize the process of hierarchical evolution of structures through numerical sim-
ulations. N-body simulations, in principle involve the integration of 6N ordinary
differential equations defining the particle motions in Newtonian gravity. The first
computer simulation in astrophysics was implemented as early as 1960 (von Ho-
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erner 1960). The earliest N-body simulations in a cosmological context were those of
Aarseth and collaborators in the 1970’s and 1980s (Aarseth 1972, 1973; Aarseth et al.
1979; Aarseth & Dekel 1983; Aarseth 2011).

The majority of simulations aimed at understanding the distribution and evolu-
tion of matter at large scales in the Universe are dark matter simulations. To first
approximation, this is justified because the major share of matter in the Universe
is dark matter. This means that dark matter is the gravitationally dominant mass
component in the structure formation process. As a result, it provides us with an
accurate outline of the full cosmic mass distribution. It is considerably more chal-
lenging to include baryonic physics in simulations. This is because baryonic physics
is rather poorly understood and involves a multitude of processes like star formation
and radiative transfer, which make it considerably more expensive computationally.

The Millennium simulation (Springel 2005) is a state of the art computer simu-
lation that uses 21603 particles (more than 10 million) to trace the evolution of the
matter distribution in a cubic region of the Universe 500h−1Mpc on a side. Figure 1.3
shows the hierarchy of structures as seen in the Millennium II Simulation (Figure
courtesy Boylan-Kolchin et al. (2009)).

Due to the continuous and almost exponential increase in computational power,
we have seen some impressive developments when it concerns simulating the dark
matter and the baryonic matter together. Most recently, the Illustris project (Vogels-
berger et al. 2014) has successfully simulated in extraordinary detail, the full array
of dark matter and baryonic physics. This is in a box of side 100h−1Mpc. The size
of the box and the resolution is optimal to account for the formation of large scale
structures, while simultaneously being able to simulate baryonic physics as well as
black hole formation.

1.3 The Cosmic web
While we think that the cosmic matter distribution is uniform on large Gigaparsec
scales, it has an intricate web-like pattern on smaller distances. At scales of few
to hundreds of megaparsecs, 1 the universe has a web-like appearance, commonly
known as the Cosmic Web (Bond et al. 1996). The cosmic web is composed of huge,
virialized blobs called clusters, containing thousands of galaxies, as well as huge
amounts of dark matter and high temperature gas. These objects, due to their high
mass and luminosity, represent the most prominent feature of the cosmic web. One
such typical example, the Coma cluster, can be seen at the center of the CfA2 Great
Wall in the lower wedge in the top quadrant of Figure 1.4. Out of these virialized
clusters, spread out gigantic filaments. One can notice these filaments in all the panels
of Figure 1.4. Notice, for example, the thready structures coming out of the Coma
cluster. These filaments, also containing thousands of galaxies, dark matter and gas,
serve as transport channels for mass flow in the Universe. The cosmic web also
consists of huge sheet-like objects commonly known as walls. The clusters, filaments

1A parsec is the standard unit of measurement of distances in the cosmos. A parsec is 3.26 times
the light-year, the distance light covers in a year. A megaparsec is a million parsecs, the typical scale of
measurement of size of the large scale structures in the universe.
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Figure 1.4 The cosmic web. The galaxy distribution obtained from spectroscopic redshift surveys and
from mock catalogues constructed from cosmological simulations. The small slice at the top shows the
CfA2 Great Wall, with the Coma cluster at the center. The CfA2 great wall contains around 2000 galaxies,
and stretches across 230h−1Mpc. Drawn to the same scale is a small section of the Sloan Digital Sky
Survey, in which an even larger Sloan Great Wall has been identified. This is one of the largest observed
structures in the Universe, containing over 10,000 galaxies and stretching over more than 420h−1Mpc.
The wedge on the left shows one-half of the 2dFGRS survey, which determined distances to more than
220,000 galaxies in the southern sky out to a redshift of 0.25. The SDSS has a similar depth but a larger
solid angle and currently includes over a million observed redshifts in the northern sky. At the bottom
and on the right are shown the mock galaxy surveys, constructed from the ”Millennium simulation. These
are constructed such that the survey geometries and magnitude limits match those of the observational
catalogs.



30 Introduction

and walls of the web are intertwined around vast near-empty cosmic voids. As can
be seen in all the panels in Figure 1.4, both observations and simulations present
the evidence that cosmic voids are the dominating components in terms of volume
occupancy (also see, e.g., Cautun et al. (2014)).

That the cosmic web indeed exists has been confirmed by a host of galaxy red-
shift surveys like the CfA and CfA2 surveys (de Lapparent et al. 1986; Huchra &
Geller 1982), the 2dFGRS survey (Colless et al. 2003), the SDSS survey (Abazajian
et al. 2003) and the 2MRS survey (Huchra et al. 2005; Skrutskie et al. 2006). Mas-
sive megaparsec to gigaparsec scale computer simulations also show the existence
of the Cosmic web (Springel 2008). Figure 1.4 presents an impression of the galaxy
distribution obtained from spectroscopic redshift surveys, as well as from mock cat-
alogues constructed from cosmological simulations ( Figure courtesy Springel et al.
(2006)). The small slice at the top shows the CfA2 Great Wall, with the Coma clus-
ter at the center The CfA2 great wall contains around 2000 galaxies, and stretches
across 230h−1Mpc. Drawn to the same scale is a small section of the Sloan Digital
Sky Survey, in which an even larger Sloan Great Wall has been identified. This is one
of the largest observed structures in the Universe, containing over 10,000 galaxies
and stretching over more than 420h−1Mpc. The wedge on the left shows one-half
of the 2dFGRS survey, which determined distances to more than 220,000 galaxies in
the southern sky out to a redshift of 0.25. The SDSS has a similar depth but a larger
solid angle and currently includes over a million observed redshifts in the northern
sky. At the bottom and on the right are shown the mock galaxy surveys, constructed
from the ”Millennium simulation. These are constructed such that the survey ge-
ometries and magnitude limits match those of the observational catalogs. One can
notice the presence of similar kind of structures in all the four wedges that concern
both observational data and simulations.

The theoretical understanding of the nature of the emergent web from the pri-
mordial fluctuation field is now well developed (a brief description of the theory of
formation and evolution of structures in the cosmos can be found in Section 1.2).
However, an in-depth analysis is hindered by a multitude of factors. Chief among
these are the lack of symmetry in the structures, strong non-local influences, and
the hierarchical nature of the gravitational clustering, due to which many scales are
simultaneously relevant. The structures in the web also exhibit complex connectiv-
ity, wherein the structures of lower dimension like filaments are embedded within
structures of higher dimensions like walls. In addition, one also sees the hierarchical
buildup of structures in the web, wherein many small structures connect together
to form progressively larger structures. The complex connectivity, in combination
with the hierarchical buildup of structures, makes it an extremely challenging task
to segregate the components of the web, and study their properties.

1.3.1 Zel’dovich approximation
The Zel’dovich approximation (Zel’dovich 1970) assumes a seminal role in under-
standing the formation of web-like anisotropic structures that pervades the Uni-
verse. It is a Lagrangian formulation, in which the frame of reference moves along
with the mass element of interest. It looks at the displacement and corresponding
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Component λ1 λ2 λ3
Clusters + + +

Filaments + + -
Walls + - -
Voids - - -

Table 1.2 The morphology of a mass element according to the Zeldovich formalism. The quantities
λ1 > λ2 > λ3 denote the eigenvalues of the deformation tensor. Their signs determines the morphology
of the element.

deformation of mass elements at the initial Lagrangian location. It can be shown
that the position x(t) at some time t depends on the initial coordinate q and a dis-
placement term via

x(t) = q− D+(t)~∇qΨ(q). (1.34)

Here D(t) is the linear growth factor, and Ψ(q) is related to the initial peculiar grav-
itational potential φ0(q) via the relation

Ψ(q) =
2

3Ω0H2
0

φ0(q). (1.35)

The peculiar gravitational potential φ0(q) can, in turn, be related to the perturbations
in the initial density field.

Using this prescription, we can evaluate the evolution of the initial mass element
ρ̄d3q to a the element ρ(t)d3x, at a later time t. The mass within the volume element
in question is conserved at all times, such that

ρ0d3q = ρ(t)d3x. (1.36)

This in turn gives the evolution of the density field

ρ(x) =
ρ0

[1− Dλ1(q)][1− Dλ2(q)][1− Dλ3(q)]
, (1.37)

where, (λ1 > λ2 > λ3) are the eigenvalues of the deformation tensor

Ψij =
∂2Ψ

∂qi∂qj
. (1.38)

Equation 1.37 provides a recipe for the anisotropic collapse of matter into pan-
cakes, filaments and clusters. The final morphology is determined by the magnitude
as well as the sign of the eigenvalues, which is presented in Table 1.2. A positive
eigenvalue represents a compression along that direction, while a negative eigen-
value implies an expansion. When λ1 > 0, it implies that (1− Dλ1) → 0 at some
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time t corresponding to
D(t) = 1/λ,

and a collapse along that axis results in a sheet. Similarly, for (λ2, λ3) > 0 implies a
collapse along the second and the third axis, giving rise to a filament and a cluster
respectively. The condition (λ1 > λ2 > λ3) also points to the fact that the collapse
and formation of anisotropic structures follows a well-defined sequence – from pan-
cakes, to filaments, to clusters.

The Zel’dovich formalism, however, suffers from the problem that it is a ballistic
motion, that results in extended shapes of collapsed objects. This is an artifact of
the formalism. To remedy this, one needs to stick these particles in the dense region,
which is taken care of by introducing an additional viscosity term. This extension of
the Zel’dovich approximation through the approach of adhesion was first advocated
by Kofman & Shandarin (1988), Gurbatov et al. (1989) and Kofman et al. (1990). It
has received renewed attention in the recent years due to the work of Hidding et al.
(2014, 2015).

A more comprehensive analytical description of the hierarchical structure forma-
tion, embedding the anisotropic collapse into hierarchical clustering scenario, has
been developed by Bond and Myers (Bond & Myers 1996a,b,c), which is known as
the peak patch formalism. Assuming that the initial density field is Gaussian, this
formalism shows that it is enough to know the tidal field in a few well chosen lo-
cations which are the nodes, or clusters, to delineate the patterns of the web in that
region (Bond et al. 1996). It highlights the importance that virialized clusters play in
determining the overall connectivity and shape of the web.

1.3.2 The importance of the Cosmic Web
Over the last few decades, the importance of determining the properties of the cos-
mic web has become increasingly important. The patterns in the web have signifi-
cant implications for the understanding of the growth of structures in the Universe,
as well as for the understanding of formation and evolution of galaxies. Off late,
the idea that the Cosmic Web may provide an independent and additional probe for
testing deviations of primordial density perturbations from Gaussian initial condi-
tions is also being recognized widely (Verde et al. 2000; Bartolo et al. 2005; Hikage
et al. 2006, 2008; McDonald 2008).

The different components of the Cosmic Web can provide independent probes for
constraining cosmological models, as well as estimates on the amount of dark matter
and dark energy in the Universe. For example, the structure growth factor, measured
through observations of clustering in the cosmic mass distribution, offers a window
into the role that dark energy plays in governing the dynamics of the Universe in the
late epochs (Guzzo 1996; Linder & Jenkins 2003; Seljak et al. 2002; Lavaux & Wandelt
2010; Angulo et al. 2012; Sutter et al. 2014a). The estimation of the total amount of
dark matter in the Universe, can be probed through gravitational lensing of distant
galaxies by the clusters and filamentary structures in the Cosmic Web (Dietrich et al.
2012).

The measurement of the evolution and influence of dark energy has a potential
probe through the cosmic voids (for a review, see van de Weygaert & Platen 2011).



1.4: Characterization of the cosmic web 33

The underdense nature of cosmic voids makes them more sensitive to the influence
of dark energy than any other component of the web. Probes of the influence of
dark energy on the voids include determining the evolution of dark energy through
measuring the shape and size of cosmic voids (Park & Lee 2007b; Lavaux & Wandelt
2010; Bos et al. 2012). Cosmic voids also acquire importance in the modified gravity
models, as the shape and size of voids is more sensitive to the details of the model
in comparison to clusters, filaments or walls (Clampitt et al. 2012; Terukina & Ya-
mamoto 2012; Hellwing et al. 2014). This is because in these models, the fifth force
or the modified gravity term is heavily screened in the high density regions.

A tool aimed at studying the nature of cosmic voids is the void abundance or
the density dependent frequency of cosmic voids (Jennings et al. 2013; Chan et al.
2014; Pisani et al. 2015). A considerable advantage of studying voids and the void
probability function is that the shape, size and number density of voids is extremely
sensitive to the underlying dark energy model, and hence can be a potentially pow-
erful tool for probing the nature of dark energy (Bonometto 1995; Park & Lee 2007b;
Kamionkowski et al. 2009).

The Cosmic Web is also of key importance from the view of understanding about
the formation, evolution and properties of galaxies. The formation, evolution and
properties of galaxies has been shown to depend on the morphology as well as den-
sity of the part of the web where it resides in (Cautun et al. 2014).

The anisotropic nature of matter distribution in the web also generates tidal fields,
which is known to be the responsible for generation of angular momentum in galax-
ies (Hoyle 1951a; Doroshkevich 1970; Efstathiou & Jones 1979; Jones & Efstathiou
1979). This has been investigated in numerical simulations to show that angular mo-
mentum as well as the shape of dark matter haloes is strongly correlated with the
orientation of the host large scale structures (Aragón-Calvo et al. 2007a; Hahn et al.
2007; Libeskind et al. 2012; Aragon-Calvo & Yang 2014). That the orientation of an-
gular momentum of galaxies is strongly correlated to the morphology of the host
large scale structure, in particular the filaments, is also evident in the observations
of alignment of spin axis with respect to the large scale filament they reside in (Jones
et al. 2010; Tempel et al. 2013; Tempel & Libeskind 2013).

Another interesting environment with respect to galaxy evolution is voids. The
void galaxies provide a unique perspective regarding galaxy formation and evo-
lution, because of the relatively pristine environment uncontaminated by complex
processes like mergers and tidal stripping, that have more significant effect in denser
regions (van de Weygaert & Platen 2011; van de Weygaert et al. 2011; Kreckel et al.
2012).

1.4 Characterization of the cosmic web
The effort to describe and characterize the mass distribution in the Universe has
been ongoing for decades now. A quantitative characterization of the complex and
rich spatial patterns in the Universe is extremely important in view of comparing
and validating various models with respect to the actual mass distribution in the
Universe. The methods employed towards this end can broadly be classified into
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Figure 1.5 The large scale redshift-space correlation function of the SDSS LRG (luminous red galaxies)
sample. The black dots represent the correlation function calculated from observed galaxy distribution.
The magenta line shows a pure CDM model (Ωmh2 = 0.105), meaning there are no baryons. Characteris-
tically, it lacks the baryonic acoustic peak. The green, red and blue lines represent models with a baryon
fractional density of Ωbh2 = 0.024 and a CDM density of, respectively, Ωmh2 = 0.12, 0.13, 0.14. On the
smaller scales, the correlation function approximates a power law. On progressively larger scales the cor-
relation function drops down near zero, signifying isotropy. The bump at 100h−1Mpc corresponds to the
baryonic acoustic peak. Figure courtesy Eisenstein et al. (2005).

three categories – statistical, geometric or morphological, and topological. Below
we present a short account of these techniques and discuss a few relevant results
wherever possible.

1.4.1 Statistical quantification of the web

Correlation functions. Measuring the n-point correlation function, more specifi-
cally the 2- point correlation function, has been the mainstay of statistical analysis
in cosmology (Peebles 1980; Davis & Peebles 1983; Hamilton 1993; Szapudi & Szalay
1993a,b) (for an excellent and comprehensive textbook on the statistical characteri-
zation of the large scale mass distribution, see Martı́nez & Saar 2002).

Given a random point (galaxy) at location ~x1, in an infinitesimal volume dV1,
the 2-point correlation function describes the probability that another galaxy will be
found at a location ~x2, in an infinitesimal volume dV2. It is given by

dP~x1,~x2
= n̄2 (1 + ξ(r12)) dV1dV2, (1.39)

where, n̄ is the average number density of galaxies in the given survey volume, and
r1,2 = |~x1−~x2|. The continuous version of the 2-point correlation function is the auto-
correlation function, which for a continuous density field describes the probability
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Figure 1.6 An illustration depicting the insensitivity of the correlation function to the phases of the
constituent modes. On the left side is a structural pattern depicting a cellular structure. The right hand
figure is produced by keeping the amplitudes of the constituent Fourier modes of the left-hand figure
intact, while at the same time randomizing the phases of the Fourier modes. Since the correlation function
is dependent only on the amplitude, both the patterns produce the same correlation function. Figure
courtesy Szapudi & Szalay (1997).

that the density is ρ1 at location ~x1 and ρ2 at location ~x2

ξ(r12) = 〈ρ(~x1)ρ(~x2)〉. (1.40)

Statistical isotropy and homogeneity, which is the fundamental assumption of the
cosmological principle, implies that the auto-correlation function is a function only
of the absolute distance between the locations (see Equation 1.25). Figure 1.5 presents
the correlation function as measured from the distribution of luminous red galaxies
(LRG) in the SDSS catalog (Peebles 1980; Eisenstein et al. 2005). The black dots rep-
resent the correlation function as measured from the observed galaxy distribution.
The continuous lines are fits from various models. At small scales, the correlation
function approximates a power law

ξ(r) =
(

r
r0

)−γ

(1.41)

where, γ = 1.8 and r0 ' 5h−1Mpc. At progressively larger scales, the correlation
drops down close to zero, signifying that the Universe is homogeneous on those
scales (Peebles 1980; Martinez et al. 1990).

The correlation function has provided a wealth of statistical information about
the nature of the matter distribution in the Universe. However, the auto correlation
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function has no structural sensitivity to the geometric and morphological patterns
of the mass distribution. This is because, the auto-correlation function is dependent
only on the amplitude of the constituent Fourier modes, and provides no informa-
tion about the phases of these modes. For example, it cannot distinguish between
distributions with phase correlated Fourier modes versus distributions which have
the phases of the Fourier modes randomly distributed. A revealing illustration of
this is displayed in Figure 1.6. The left panel in the figure displays a pattern with a
clear cellular structure. The pattern in the right panel is constructed from the pat-
tern in the left panel by randomizing the phases of the constituent Fourier modes.
Since the correlation function is dependent only on the amplitude, both the patterns
produce the same correlation function. From this example, it is clear that the corre-
lation function only provides limited or no amount of information on the complex
geometric and morphological patterns of the cosmic web.

Higher order correlation functions, in particular the 3-point correlation function,
have also been used to describe the statistics of matter distribution. However, the
higher order correlation functions are limited in their usefulness because the errors
in their measurement become prohibitively large with increasing order.

Count in cells and fractals. For both numerical models and analytic approxima-
tions of the cosmic mass distribution, it is necessary to characterize the clustering
that develops in a quantitative manner. Conventionally, this is done by presenting
the two-point correlation function xi(r) for the mass distribution. However, by itself
this does not fully characterize the distribution of points. An important alternative
is to look at the distribution of counts in cells as a function of cell size (Jones 1992).

The counts in cell method represents another statistical approach, that is sensitive
to the pattern of the mass distribution (Peebles 1980). The first analyses of galaxy sky
maps were done by dividing the sky into cells and counting the cell occupancy (Bok
1934; Mowbray 1938; Rubin 1954; Limber 1954; Totsuji & Kihara 1969). It defines the
probability of finding N galaxies in a volume V (White 1979). Particularly interesting
is the void probability function P0(V)

P0(V, n0) = exp(−an0V), (1.42)

that represents the probability that a volume V randomly selected in a point distri-
bution with mean density n0 will contain no galaxies (White 1979). White (1979) also
point out that the scale a can be expanded in terms of the correlation functions of the
point distribution, given by

a = 1 +
∞

∑
0
(−n0)

i−1ξi dV1 dV2 . . . dVn. (1.43)

where, ξi is the i-point correlation function of (i− 1) coordinates. Different clustering
models have been proposed based on particular choices for the counts in cells (Coles
& Jones 1991; Saslaw 2000; Borgani 1993).

There is a formalism for describing moments of cell counts that is commonly
used when describing fractal point sets that was adopted as a clustering descriptor
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of the cosmic mass distribution by Martinez et al. (1990). Possible ways of analyzing
the statistical properties of point sets is through the possible scaling of the moments
of the counts in cells (Jones 1992) or the scaling of moments of counts of neighbors
(Martinez & Coles 1994).

The fractal model is of relevance only in the non-linear regimes of gravitational
clustering. In the linear regimes, we do not expect any scaling, as the mass distri-
bution follows from the primordial field. On large scales, the Universe is isotropic
and homogeneous and hence lacking in any structure. Evidence from galaxy dis-
tributions as seen in the SDSS also suggest that the distribution of matter smooths
out on a scale of around 100h−1Mpc (Groth & Peebles 1977, 1986; Peebles 1993). Im-
portant to note also is that the fractal description implies no particular underlying
physical process: it is merely a statement of how moments of counts in cells behave
as a function of cell size (Jones 1992).

1.4.2 Delineating the structures of the web
Over the last decade the view has emerged that a full analysis of the rich structures
seen in the mass distribution in the Universe need to take into account the geometric
and morphological aspects of the elements of the cosmic web. In particular, there
has been an effort to detect and isolate the components of the cosmic web, namely
clusters, filaments, walls and voids, with a view to study their characteristics in a
more systematic way. In recent years, a number of methods attempting to detect
and describe the structural patterns in the cosmic web have been developed. These
methods have been immensely instructive in illuminating the connectivity features
and the structural patterns of the web.

Studies carrying out an analysis of the global connectivity of cosmic web, by
means of percolation analysis (Shandarin & Zeldovich 1983) were the first to do so
with respect to the filaments in the galaxy distribution. An attempt to construct the
minimal spanning tree (Barrow et al. 1985; Colberg 2007) of the structures in the cos-
mic web has also been instructive in studying the connectivity features of the cosmic
web. Recently, the methodology has been extended to produce a full characterization
of the cosmic filamentary structures in the web by the GAMA (Galaxy and Mass As-
sembly) team (Alpaslan et al. 2015). Percolation analysis and spanning trees, while
relatively sensitive to the underlying structure, are still global quantities and fail to
capture and describe the local variations in shape.

Within this, the statistical measures include the analysis of the global connectiv-
ity of Cosmic Web, by means of percolation analysis (Shandarin & Zeldovich 1983)
and the minimal spanning tree (Barrow et al. 1985) of the galaxy distribution. Percola-
tion analysis and spanning trees, while relatively sensitive to the underlying struc-
ture, are still global quantities and fail to capture and describe the local variations in
shape.

Noteworthy also are the models and methodologies emanating from statistical
and geometric considerations for delineating the cosmic filaments. Most prominent
among them are the candy model, that uses a marked point process to delineate the
filaments (Stoica et al. 2005; Tempel et al. 2013), and the recovery of filaments by
recognizing them as the medial axis of a given point process (Genovese et al. 2010).
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Morphological methods aimed at determining shapes locally considering the prop-
erties of the eigenvalues of the Hessian of a range of fields arising in cosmology have
also been at the forefront in delineating the cosmic web. These involve the eigenval-
ues of the Hessian of density field (Aragón-Calvo et al. 2007b; Cautun et al. 2013) or
those of the tidal tensor or the velocity shear tensor (Tempel et al. 2014). A varia-
tion of these methods further evaluates this in a multi-scale fashion by performing
the procedure on a stack of images in the scale space, which are derived from the
original image through convolution with an appropriate filter at a range of scales
(Aragón-Calvo et al. 2010; Cautun et al. 2014).

Morphology based shape determination methods are closely related to the shape
determination methods arising from topological considerations. Both the methods
involve the identification of a morphological element by considering the properties
of the eigenvalues of the Hessian of the density field for either extended objects (mor-
phological methods), or that of a localized point in space (topological methods).

Besides being useful for delineating the structures in the web, topological meth-
ods are also important from the point of view of investigating the inherent structure
and connectivity between the various structural elements that form the complex pat-
terns that is the Cosmic Web. In the next section, we present a brief account of topol-
ogy, with a focus on cosmological applications. This is the main theme of this thesis.

1.5 Topology of the mass distribution in the Universe
Topology (greek: ”τóπoς” (topos), meaning ”space”, and ”λóγoς” (logos) mean-
ing ”study”) is the mathematical study of shapes. It is an area of mathematics con-
cerned with the properties of space that are preserved under continuous deforma-
tions including stretching (compression) and bending, but not tearing or gluing. This
includes the study of properties of spaces such as connectedness, continuity and
boundary. Topology developed as a field of study out of geometry and set theory,
through analysis of such concepts as space, dimension, and transformation.

Topology is a vast field, which includes many subfields. General topology estab-
lishes the foundational aspects of topology and investigates properties of topologi-
cal spaces, as well as concepts inherent to topological spaces. Algebraic topology tries
to measure degrees of connectivity using algebraic constructs such as homology and
homotopy groups. Differential topology deals with differentiable functions on differ-
entiable manifolds. It is closely related to differential geometry and together they
make up the geometric theory of differentiable manifolds. Geometric topology pri-
marily studies manifolds and their embeddings in other manifolds. In the context
of this thesis, we are primarily interested in algebraic topology, specifically through
the concept of homology. We also deal with concepts derived from specific areas of
differential topology. These include studying the behaviour of functions on the man-
ifold, and the geometric properties of the manifold as induced by these functions,
through Morse theory (Milnor 1963). Specifically, we concentrate on the cosmic den-
sity fields, and their geometric and topological properties.

The topological invariant that brings together these different sub-branches of
topology is the Euler characteristic. It establishes profound, and perhaps even surpris-
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ing links between seemingly widely different areas of mathematics (Adler & Taylor
2010). While in simplicial topology Euler’s polyhedron formula states that the Euler
characteristic of a manifold is the alternating sum of the number of k-dimensional
simplices needed to triangulate it (Edelsbrunner & Harer 2010)

χ = V − E + F. (1.44)

Its role in algebraic topology as the alternating sum of Betti numbers is expressed by
the Euler-Poincaré formula (see Section 1.6.1 for a definition of the Betti numbers)

χ = β0 − β1 + β2 − . . . (−1)dβd. (1.45)

Even more intricate is the connection that it establishes between these topological
aspects and the singularity structure of a field, which is the realm of differential topol-
ogy. In particular, interesting is the relation established by Morse theory of the Euler
characteristic being equal to the alternating sum of the number of singularities of
different indices, i.e. of maxima, minima and saddle points

χ = Nmax − N2−saddle + N1−saddle − Nmin. (1.46)

Finally, its significance in integral geometry is elucidated via Crofton’s intersection
formula (Crofton 1868; Hadwiger 1957), which establishes the fact that Minkowski
functionals of a manifold M can be expressed as integrals over the Euler characteris-
tic of its intersection with hyperplanes in different dimensions. To evaluate the k-th
Minkowski functional of a d-dimensional manifold M, one has to consider the Euler
characteristic of the intersection of k-dimensional hyperplanes Sk with M, χ(Sk ∩M).
The value of the Minkowski functional Qk(M) is equal to the integral of the Euler
characteristic χ(Sk ∩M) over the space E d

k of all conceivable hyperplanes Sk,

Qk(M) =
ωd

ωd−kωk

∫
Ed

k

dµk(Sk) χ(Sk ∩M) , (1.47)

where, the normalization constants ωj are the volumes of j-dimensional unit spheres.
A key aspect of topology that makes it an important tool for studying the cos-

mic mass distribution is its insensitivity to systematic effects such as compression,
stretching, bending, rotation and translation. This property can be immediately used
to infer that the topology of the primordial field and that of the evolving field in the
later epochs would be invariant and are insensitive to systematic effects such as grav-
itational evolution, galaxy biasing, and redshift-space distortion (Park & Kim 2010).
This is true as long it involves linear and quasi-linear structures, which, formally, is
the regime before shell crossing occurs.

Topological studies have been invoked to characterize the cosmic mass distri-
bution analysis for many decades. The early studies focused on topological char-
acterization of the cosmic mass distribution by evaluating the genus and the Eu-
ler characteristic of the iso-density surfaces, as a function of the density threshold
(Doroshkevich 1970; Adler 1981; Bardeen et al. 1986; Gott et al. 1986; Hamilton et al.
1986). Later, more discriminative topological information became available with the
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introduction of Minkowski functionals (Mecke et al. 1994). As the Euler characteris-
tic is one of the Minkowski functionals, these descriptions are intimately connected.
In the last decade, methods emanating from topological formalisms have also pro-
vided recipes for detecting and delineating the structures of the cosmic web (Platen
et al. 2007; Aragón-Calvo et al. 2010; Sousbie 2011; Sousbie et al. 2011).

In this section, we present a brief description of the topological measures that
we mention in the previous paragraphs, specifically the Euler characteristic and the
related concept of topological genus. We also discuss their applications in a cosmo-
logical context. This establishes the background and context for the introduction of
the new topological formalisms described in this thesis. These formalisms are inter-
esting in the sense that they complement and expand on the existing techniques, and
as such present a more detailed account of the topology of cosmic mass distribution.

1.5.1 Genus and Euler characteristic

For a connected, orientable surface, the Genus 2 is defined as the maximal number of
independent simple closed curves that can be drawn on the surface without render-
ing it disconnected.

We give an intuitive interpretation of genus through the illustration of a torus
and a sphere in Figure 1.7. There can be two independent incisions that can be made
on the surface of a torus, without rendering it disconnected. These incisions are
along the curves drawn in red and blue. This suggests that the genus of a torus is
2. On the other hand, it is not possible to draw any closed curve on the surface of
a sphere without rendering it disconnected. Hence, the genus of a sphere is 0. Gott
and collaborators (Gott et al. 1986; Hamilton et al. 1986) introduced the use of genus
to characterize the cosmic mass distribution.

The Euler characteristic is best understood through the Poincaré formula. Let a
closed surface have genus g. Then the Poincaré formula states that

χ(M) = V − E + F, (1.48)

is the Euler characteristic, sometimes also known as the Euler-Poincaré characteris-
tic. V, E and F are the number of vertices, edges and faces used to triangulate the
manifold. In a more general language, the Euler characteristic of a manifold is the
alternating sum of simplex numbers of all the dimensions needed to triangulate the
manifold. As an example, let us consider a sphere. Topologically, this is equivalent
to a tetrahedron The tetrahedron has 4 vertices, 6 edges, and 4 faces or triangles.
So, the Euler characteristic of a sphere (or a tetrahedron) is 2. A vertex, an edge, a
triangle and a tetrahedron are examples of a simplex in 0-, 1-, 2- and 3-dimensions
respectively (see Figure 1.8 for an illustration of simplices in dimensions up to 3),
with generalizations existing in higher dimensions.

2For consistency, it is important to note that the definition of genus g used in cosmological studies
is different from the mathematical definition of genus G, the difference being the number of connected
regions: g = G− c.
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Figure 1.7 Illustration of a torus and a sphere. Genus is the number of independent closed curves that
can be drawn on a surface, without rendering it disconnected. For a torus, there can be two independent
closed curves that can be drawn without rendering it disconnected (drawn in red and blue). This suggests
that the genus of a torus is 2. On the other hand, it is not possible to draw any closed curve on the surface
of a sphere without rendering it disconnected. Hence, the genus of a sphere is 0.

Connecting geometry and topology: the Gauss-Bonnet theorem
The Gauss-Bonnet theorem is perhaps the most fundamental theorem that illumi-
nates the connection between geometry and topology. It relates the total Gaussian
curvature of a manifold, which is a geometric quantity, to its Euler characteristic or
genus, which are topological quantities. The Gaussian curvature, κ, of a manifold is
given by

κ = κ1κ2 =
∮ 1

R1R2
dS, (1.49)

where, R1 and R2 are the radii of curvature of the boundary surface S. κ1 and κ2 are
the principal curvatures. The Gauss-Bonnet theorem states that (Gauss 1900; Bonnet
1848; Gott et al. 1986)

κ = 4π(1− g) = 2πχ, (1.50)

Figure 1.8 From left to right: a vertex, an edge, a triangle, and a tetrahedron. The boundary of a simplex
in d dimension is composed of simplices in d− 1 dimension. The boundary of an edge has two vertices,
the boundary of a triangle has three edges, and the boundary of a tetrahedron has four triangles as faces.
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where, κ is the total Gaussian curvature, g is the genus and χ is the Euler character-
istic. This suggests that the knowledge of either κ, g or χ is sufficient to compute the
others.

The Gauss-Bonnet theorem holds a place of immense importance in the field of
computational topology. This is because invoking the Gauss-Bonnet theorem trans-
forms the considerably challenging task of determining the genus or the Euler char-
acteristic, into determining the intrinsic curvature of a manifold. The genus and
the Euler characteristic are topological quantities, while the curvature is a geometric
quantity. This is a more palatable problem because curvature is easily computable in
most situations.

Euler characteristic: Gaussian fields
The genus and the Euler characteristic studies have been an important focal point of
topological studies in cosmology. One reason for this is because the analytic closed
form expression of the genus and the Euler characteristic, in the case of Gaussian ran-
dom fields, for iso-density surfaces as a function of density threshold is well known.
For Gaussian fields, Gott et al. (1986) and Hamilton et al. (1986) derive the expression
for the genus, by computing the average Gaussian curvature, κ, per unit volume,
given by

κ =
1
π

[
ξ̈(0)
ξ(0)

]3/2

(1− ν2)e−ν2/2. (1.51)

where, ξ(0) is the auto correlation function, and ν = δ/σ is the dimensionless den-
sity threshold. It denotes the number of standard deviations that the density contrast
at a particular location differs from the mean. Thereafter, they relate the calculated
expression of the Gaussian curvature to the genus through the Gauss-Bonnet theo-
rem.

The expression for the Euler characteristic has been computed independently by
Doroshkevich (1970), Adler (1981) and Bardeen et al. (1986), without invoking the
Gauss-Bonnet theorem. This is made possible by recognizing that the Euler char-
acteristic is the alternating sum of the number of critical points of different indices.
This very important result follows from a theorem due to Morse (more on Morse
theory later) (Milnor 1963). The number (density) of critical points in the case of
Gaussian fields is computed independently from appropriate integrals of the proba-
bilistic equation of the Gaussian fields. The expression for the Euler characteristic is
given by (Doroshkevich 1970; Adler 1981; Bardeen et al. 1986)

χ(ν) = − 1
8π2

(
〈k2〉

3

)3/2

(1− ν2)e−ν2/2, (1.52)

Important to note is that functional form of the genus and the Euler characteristic
for Gaussian fields is independent of the specification of the power spectrum, and
is a function only of the dimensionless density threshold ν. The contribution from
the power spectrum is restricted to the amplitude of the genus curve through the
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(a) (b)

Figure 1.9 Figure illustrating meatball-like and sponge-like topologies. The manifold in panel (a) consists
of many isolated components, and hence the analogy with meatballs. The manifold in panel (b) is com-
posed of a single connected surface with many tunnels indented in it. This is much like the topological
structure of sponge.

quantity 〈k2〉, which is related to the second moment of the power spectrum, or the
auto correlation function. Since the analytic expression for the genus and the Euler
characteristic of Gaussian fields is well known, this makes them an ideal tool for
testing the hypothesis of initial Gaussian conditions, by comparing the observational
data with respect to the analytic formula.

Euler, genus and cosmology

The genus and the Euler characteristic quantifications have also been used routinely
to describe the topology of the primordial density field and the large scale structures
that emerge out of them at later epochs (Gott et al. 1986; Weinberg et al. 1987; Wein-
berg 1988; Gott et al. 1989, 1990; Moore et al. 1992; Vogeley et al. 1994; Protogeros
& Weinberg 1997; Canavezes et al. 1998; Park et al. 1998, 2001; Hikage et al. 2002;
Canavezes & Efstathiou 2004; Park et al. 2005b,a; Gott et al. 2008; James et al. 2009;
Gott et al. 2009; Choi et al. 2010).

In addition to testing the initial Gaussian hypothesis, genus topology has also
been instructive in illuminating the topological structure of the matter distribution
as a function of density threshold. For Gaussian fields, for a high density thresholds,
the genus is negative, suggesting a meat-ball like topology (Gott et al. 1986; Hamil-
ton et al. 1986). In this case, the manifold is composed of many disjoint pieces and
points to a mass distribution with isolated clusters. As an example, the manifold
in the panel (a) of Figure 1.9 consists of many isolated components, and hence the
analogy with meatballs. For the intermediate thresholds, the genus acquires positive
values, and suggests the presence of a sponge-like topology (Gott et al. 1986; Hamilton
et al. 1986). As an example, the manifold in the panel (b) of Figure 1.9 is composed
of a single connected surface with many tunnels indented in it. This is much like



44 Introduction

the topological structure of sponge. For low threshold values, the genus again be-
comes negative. However, the topology is cheese-like, pointing to a single connected
region with enclosed cavities (Gott et al. 1986; Hamilton et al. 1986). In this case, the
topological structure can be imagined as the complement of the manifold depicted
in panel (a). The empty regions form a closed connected surface, marked by cavities
in the places where the isolated islands are.

1.5.2 Minkowski functionals
There are (d + 1) Minkowski functionals, Qk((k = 0, . . . , d), for a d-dimensional
manifold (Munkres 1984; Mecke et al. 1994; Schmalzing & Buchert 1997; Sahni et al.
1998; Schmalzing et al. 1999; Edelsbrunner & Harer 2010). The first four Minkowski
functionals (d ≤ 3) are the volume, surface area, integrated mean curvature or total
contour length, and the Gaussian curvature. Consider a 3-dimensional space x. We
calculate the Minkowski functionals for the manifold Mν, which is the subset of the
region x with density above the threshold ν.

For a given density field, the volume functional Q0(ν) is the fractional volume
of the regions with density above the threshold ν, normalized by the total volume
of the region V. It is given by the volume integral of the Heaviside step function Θ,
normalized by the whole volume V (Schmalzing & Buchert 1997)

Q0(ν) =
1
V

∫
V

Θ(ν− ν(x)). (1.53)

The other Minkowski functionals of Mν can be calculated by appropriate surface
integrals of the boundary of Mν, denoted by ∂(Mν). The second Minkowski func-
tional, or the area functional, is given by

Q1(ν) =
1

6V

∫
∂Mν

d2S(x). (1.54)

The third and the fourth Minkowski functionals, namely the integrated mean curva-
ture functional or the total contour length, and the Gaussian curvature, involve the
inverse of the radii of curvatures R1 and R2 of the surfaces oriented towards lower
density values. The integrated mean curvature functional is given by

Q2(ν) =
1

6πV

∫
∂Mν

d2S(x)[κ1 + κ2], (1.55)

and the Euler characteristic is given by

Q3(ν) =
1

4πV

∫
∂Mν

d2S(x)[κ1 κ2], (1.56)

where κ1 = 1/R1 and κ2 = 1/R2.
Minkowski functionals are predominantly geometric in nature, though there are
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Figure 1.10 Difference between the Minkowski Functionals of the CMB (unnormalized), as measured
by PLANCK, with respect to the average of the curves obtained with realistic simulations of the CMB
for several cleaned maps. From left to right: Area, Contour, Genus. The error-bars represent the 1σ
(68%CL) dispersions around the mean obtained with simulations. Figure courtesy Planck Collaboration
et al. (2013a).

connections to topology as well, through the Euler characteristic. The first three
Minkowski functionals describe the geometry of the manifold. The volume func-
tional Q0(ν) computes the fractional volume above the density threshold ν. The
surface area functional Q1(ν) and integrated mean curvature functional Q2(ν) can
be used to characterize the morphology of the manifold. Pancake or wall-like fea-
tures are characterized by a large surface area and small integrated mean curvature.
On the other hand, filamentary regions are characterized by small surface area and
a large integrated mean curvature.

Minkowski functionals were introduced as measures of the spatial cosmic mass
distribution by Mecke et al. (1994) and have become an important measure of cluster-
ing of mass and galaxies (Schmalzing & Buchert 1997; Schmalzing et al. 1999; Sahni
et al. 1998).

In cosmology, Minkowski functionals have primarily been used for model dis-
crimination. In this context, they have been an important focal point of topological
and morphological studies, because their analytic closed form expression in the case
of Gaussian random fields for iso-density surfaces as a function of density threshold
is well known (Tomita 1993; Schmalzing & Buchert 1997). This makes them an ideal
tool for testing the hypothesis of initial Gaussian conditions through comparison
with observational data. For Gaussian random fields, the expected value of the first
four Minkowski functionals of the excursion sets have known analytical expressions
(Tomita 1993; Schmalzing & Buchert 1997)
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where λ =
√
|ξ”(0)|/[2πξ(0)] is related to the correlation function or the power

spectrum, and the function Φ(x) =
∫ x

0 dte(−t2) is the standard error function.
The Minkowski functionals of the CMB have also been calculated and compared

with the Minkowski functionals of theoretical Gaussian random field curves to test
the Gaussian initial condition hypothesis. Figure 1.10 presents the difference of the
data Minkowski Functionals from the Planck measurement of the CMB (unnormal-
ized) with respect to the average of the curves obtained with realistic Planck simula-
tions for several cleaned maps (Planck Collaboration et al. 2013a). From left to right
are plotted the Area, Contour and Genus. The error-bars represent the 1σ (68%CL)
dispersions around the mean obtained with simulations. From this figure, a devia-
tion at a level of ∼ 2σ can be seen for the contour and genus curves. The authors
claim that the difference is not compelling, and that the back- ground of unresolved
sources may be responsible for at least part of the excess signal that is detected.

Minkowski functionals as shape finders. That the Minkowski functionals have pre-
dominantly been recognized as related to the geometric properties of a manifold
can also be appreciated from the fact that specific combinations of Minkowski func-
tionals, called shapefinders (Sahni et al. 1998) can be used to provide a set of non-
parametric measures of sizes and shapes of objects. These are the H1 (Thickness),
H2 (width) and H3 (Length), defined as follows (Sahni et al. 1998):

H1 =
V
A

, H2 =
A
C

, H3 = C. (1.58)

The above three shapefinders can also be used to construct a pair of another di-
mensionless shapefinders, given by (Sahni et al. 1998)l

K1 ≡
H2 −H1

H2 +H1
; K2 ≡

H3 −H2

H3 +H2
(1.59)

The set of shapefinders (H1,H2,H3), as well as (K1,K2) describe the shape of a
given region. (H1,H2,H3) have dimensions of length and provide an estimate of
the ”extension” of the region: H1 is the shortest and thus describes the characteris-
tic thickness of the region or object; H2 is intermediate and can be associated with
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the breadth of the object; H3 is typically the longest and characterizes the length of
the object. KKK = (K1, K2) can be regarded as a two-dimensional vector whose am-
plitude and direction determine the shape of an arbitrary three-dimensional surface
(Sahni et al. 1998). An ideal pancake, which may have vanishing thickness but is
not necessarily planar, has one characteristic dimension much smaller than the re-
maining two, so that H1 � H2 ' H3 and KKK ' (1, 0). A typical filament, which is
a one-dimensional object but not necessarily straight, has two characteristic dimen-
sions much smaller than the third, so that H1 ' H2 � H3 and KKK ' (0, 1). All
three dimensions of a sphere are equal, resulting in H1 'H2 'H3 and KKK ' (0, 0).
Important to note is that, the shapefinders only describe the morphology of simply
connected shapes. Sahni et al. (1998) note that for multiply connected regions, the
knowledge of genus is also essential to fully characterize it. The dimensionless triad
(K1,K2, g), gives information about shape as well as topology.

1.6 Beyond the Euler characteristic and Minkowski functionals
Genus and Euler characteristic, along with the rest of the Minkowski functionals,
have provided crucial insights into the topology and morphology of cosmic den-
sity fields from models as well as observational data. For example, the Euler char-
acteristic of the cosmic density fields in the linear regime suggest the presence of
near-Gaussian conditions in the early Universe. Nonetheless, there are a range of
grounds that make it necessary to explore a more elaborate and extensive arsenal of
topological concepts and descriptions.

– While the genus can distinguish between connected, closed surfaces in R3, it
has no discriminative power if applied to a 3-manifold. In other words, the
genus is defined only for connected and closed 2-dimensional surfaces, and
has no generalizations in higher or lower dimensions.

– The Euler-Poincaré formula states that the Euler characteristic is an alternat-
ing sum of another topological invariant called the Betti numbers (Betti 1871).
While, we will elaborate on the Betti numbers in a later section, it suffices to
say here that the Euler characteristic represents a more compressed form of
topological information, than what the Betti numbers may supply.

– It is established that structures in the Universe form and evolve in a hierarchi-
cal fashion. Smaller high density structures coalesce together hierarchically to
build up larger structures of lower density. A topological description through
genus and Euler characteristic is not equipped to address this aspect of the
cosmic mass distribution. A formalism capable of expressing topology in a hi-
erarchical fashion would present an interesting and powerful alternative for
describing the hierarchical structures in the cosmos.

In view of the above observations, this thesis describes the topology of the mod-
els of cosmic mass distribution through homology, Morse theory and persistence.
These formalisms, as well as techniques derived from them, capture the topology of
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(a) (b) (c)

Figure 1.11 Figure illustrating the concept of topological holes. (a) There are two independent isolated
discs, which are examples of 0-cycles.The gap thats formed due to these discs (all the space, except the
discs) is a 0-dimensional hole. (b) The cylinder is an example of a 1-cycle (loop) that encloses a tunnel.
(c) The surface of a (empty)-sphere is an example of a 2-cycle, that encloses a void. In addition, (b) and
(c) also exhibit the presence of a 0-cycle, because the circle and the surface of a sphere are both connected
objects.

a manifold in a more detailed fashion than Euler characteristic and genus. Addition-
ally, persistence has the ability to describe topological information in a hierarchical
fashion.

The topological structure of a manifold can also be understood via the path of
differential topology. The theoretical framework that deals with this aspect is called
Morse theory (Milnor 1963). Morse theory is the study of the singularity structure of
a manifold as induced by a smooth scalar function defined on it. The nature of the
critical points of the function, i.e. locations where the gradient of the function van-
ishes, decides the kind of topological holes that may form in the manifold. Due to its
intimate connection with topological holes, Morse theory is also directly relevant to-
wards developing an intuitive understanding of persistence. Another crucial aspect
of Morse theory is that the geometric properties of the manifold in the neighborhood
of the critical points can be harnessed to design structure detection algorithms, that
can be used to delineate the structures in the cosmic web.

We describe the fundamentals of homology, Morse theory and persistence in the
next subsections.

1.6.1 Homology and Betti Numbers
Homology is a mathematical formalism for specifying in a quantitative and unam-
biguous manner about how a space is connected 3, through assessing the boundaries
of a manifold (Munkres 1984). Homology groups provide a mathematical language
for the holes in a topological space (Edelsbrunner & Harer 2010). A d-manifold can
be composed of topological holes of 0 up to (d− 1) dimensions. Holes in d < 3 have
intuitive interpretations. A 0-dimensional hole is a gap between two isolated inde-
pendent objects. A 1-dimensional hole is a tunnel through which one can pass in any
one direction without encountering a boundary. A 2-dimensional hole is a cavity or

3There is a notion of k-connectedness, k = 0, . . . , d, where d is the dimension of the manifold. Within
this, 0-connectedness is the same as the ’usual’ notion of connectedness.
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void fully enclosed within a 2-dimensional surface. This intuitive interpretation in
terms of ’gaps’ and ’tunnels’ is only valid for surfaces embedded in R3, S3 or T3.

Alternatively, one can also talk about these holes in terms of what surrounds
them. This is through defining the holes via cycles. A 0-cycle is a connected object
(and hence, a 0-hole is the gap between two independent objects). A 1-cycle is a loop
that surrounds a tunnel. A 2-cycle is a shell enclosing a void.

The collection of all p-dimensional cycles is the p-th homology group Hp of the
manifold. The rank of this group is the collection of all independent cycles. The rank
is denoted by the Betti numbers βp, where p = 0, . . . , d (Betti 1871; Edelsbrunner &
Harer 2010). The first three Betti numbers have intuitive meanings. β0 counts the
number of independent components, β1 counts the number of loops enclosing the
independent tunnels and β2 counts the number of shells enclosing the independent
voids.

In panel (a) of Figure 1.11, (β0, β1, β2) = (2, 0, 0), because there are two isolated
objects, and no additional holes in in any other dimension. In panel (b), (β0, β1, β2) =
(1, 1, 0), because there is a single connected object (circle), which also bounds a tun-
nel. In panel (c), (β0, β1, β2) = (1, 0, 1), because the surface of a sphere is a connected
object, which also bounds a void. A more mathematically rigorous definition of ho-
mology groups and Betti numbers can be found in Appendix A.3 as well as more
traditional literature on the subject, like e.g. by Munkres (1984).

Figure 1.11 illustrates the concept of topological holes. In panel (a), there are two
independent isolated discs, which are examples of 0-cycles.The gap thats formed
due to these discs (all the space, except the discs) is a 0-dimensional hole. In panel
(b), the tunnel is an example of a 1-cycle (loop) that encloses a tunnel. In panel (c),
the surface of a (empty)-sphere is an example of a 2-cycle, that encloses a void. In
addition, panels (b) and (c) also exhibit the presence of a 0-cycle, because the circle
and the surface of a sphere are both connected objects.

Like the Euler characteristic, the Betti numbers are topological invariants of a
manifold, meaning that they do not change under systematic transformations like
rotation, translation and deformation. Betti numbers contain strictly more topologi-
cal information than the Euler characteristic. This is because the Euler characteristic
of a manifold can be written as an alternating sum of the Betti numbers. The relation-
ship to the Euler characteristic is given by the Euler-Poincaré Formula (Edelsbrunner
& Harer 2010; Adler & Taylor 2010):

χ = β0 − β1 + β2 − . . . (−1)dβd. (1.60)

where d is the intrinsic dimension of the manifold.
This information is of key importance because it tells us immediately that it is

possible for two different manifolds to have the same Euler characteristic but differ-
ent sets of Betti numbers. As a result manifolds which are topologically equivalent
through a description of Euler characteristic may turn out to have different topolo-
gies when described through the Betti numbers. This has important repercussions
for a topological description of the cosmic mass distribution when model discrimina-
tion is the primary focus. A crucial point to note in this context is that Wintraecken &
Vegter (2013) show that Betti numbers cannot be formulated as integrals of the Euler
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characteristic.

1.6.2 Morse theory
Morse theory is the study of the topology of the level sets of a manifold via the
critical points of a smooth scalar function defined on it. Let f : M → R be a real-
valued scalar function defined on a manifold M. Critical points of f are points of f
where the gradient of f vanishes i.e., ∇ f = 0. The function f is said to be a Morse
function if all of its critical points are non-degenerate i.e., the Hessian of f , defined as
the matrix of second order partial derivatives, is non-singular. The non-degeneracy
condition imposes a locally quadratic form for f , within a small neighborhood of its
critical points (Milnor 1963). In other words, using a coordinate transformation, the
function near a critical point p of the d-dimensional manifold M can be written as a
quadratic function

fp(x) = f (p)± x2
1 ± x2

2 ± ...± x2
d. (1.61)

The index of p is equal to the number of negative quadratic terms in the above ex-
pression. In 2D, the index 0 corresponds to a minimum, the index 1 corresponds to
a saddle point and index 2 corresponds to a maximum. The saddle point can be of
two kind, namely the normal saddle and the monkey saddle. In 3D, the index 0 cor-
responds to minima, the index 1 corresponds to 1-saddles, the index 2 corresponds
to 2-saddles, and the index 3 corresponds to maxima. Figures 1.12 and 1.13 illustrate
the geometry as the behavior of the gradients of the manifolds in the neighborhood
of various kinds of critical points in 2D and 3D.

Critical points and topology
A major result that Morse theory establishes is that the global shape and topology of
a manifold is defined only by it critical points (Milnor 1963; Edelsbrunner & Harer
2010). To put it more formally, let M be a closed manifold and f : M → R be a
Morse function on M. Let Mt = {p ∈ M| f (p) ≤ t} for any arbitrary t in f . If f has
no critical points in [a, b] ∈ R, then Ma and Mb are diffeomorphic, or topologically
equivalent. This is a very important result, and implies that all changes in topology
of M occur only at the critical points of f . Theoretically, there are infinitely many
levels of density as one decreases the function value from the highest to the lowest.
But fortunately, the topology of the manifold only changes while passing a critical
point. This is of key importance because this means that the infinite number of levels
of density threshold can be constrained to a finite number, by only having to consider
one level in between any two critical points.

Since there are finitely many critical points ci, one may order them according to
decreasing function values. Then passing from the highest-value critical point to the
lowest-value critical point gives all the unique topological changes in the manifold.

For illustration, let us consider the vertical torus, with the height function de-
fined, illustrated in Figure 1.14. Sweeping from the lowest to the highest function
values, one passes the critical points of the height function. These are responsible
for the topological changes. From left to right: passing the minimum creates a disk,
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(a) (b)

(c) (d)

Figure 1.12 Critical points in 2D, and shape of a manifold in the neighborhood of critical points. Index
0 is a minimum, index 1 is a saddle point and index 2 is a maximum.

passing a 1-saddle creates a cylinder, passing another 1-saddle creates a torus with a
hole, and passing the maximum caps the hole and generates the whole torus.

A crucial point to note is that the critical points of a function are not only re-
sponsible for the formation of a topological hole, but also for their destruction. We
will elaborate on this in the next subsection, and harness these concepts to build an
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(a) (b)

(c) (d)

Figure 1.13 Critical points in 3D. Panels (a) through (d) present the maximum, 2-saddle, 1-saddle and
the minimum. For a maximum, the flow is directed towards it. For a minimum, the flow is directed away
from it. For a 1-saddle, the flow is towards it in a plane, and away from it along a linear element. The
directions reverse for a 2-saddle.

intuitive understanding of persistence.

1.6.3 Persistence homology
In Section 1.6.2, we noted the relation between the critical points of a function with
the topological changes it induces in a manifold. In this section, we use the no-
tions described above to sketch an intuitive understanding of persistence homology
(Edelsbrunner et al. 2002; Zomorodian & Carlsson 2005; Carlsson et al. 2005; Carls-
son & Zomorodian 2009; Carlsson 2009; Edelsbrunner & Harer 2010).
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(a) (b) (c)

(d) (e)

Figure 1.14 A vertical torus with a height function defined. Sweeping from the lowest to the highest
function values, one passes the critical points of the height function. These are responsible for the topolog-
ical changes. From panel (a) to panel (e): passing the minimum creates a disk, passing a 1-saddle creates
a cylinder, passing another 1-saddle creates a torus with a hole, and passing the maximum caps the hole
and generates the whole torus. In other words, the various kinds of critical points generate the cycles of
different dimension of the torus. The minimum generates the 0-cycle (disk). The two 1-saddles generate
the two 1-cycles (loops or tunnel), while the maximum generates the 2-cycle. This is the whole torus that
encloses the cylindrical void (also one of the tunnels). Figure courtesy Gyulassy (2008).

(a) (b)

Figure 1.15 (a) Face on view of a 2D random field. A range of level sets are presented as contours of
different colors. (b) Surface view of the same. Maxima are marked with red balls, saddles with cyan balls,
and minima with yellow balls.
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Figure 1.16 Persistence and field singularity structure. The process of birth and death as we grow the
superlevel sets by decreasing the density threshold in a given 2-dimensional random field. The events of
birth and death are quantified in the persistence diagrams in the bottom row. Bottom-left: 0-dimensional
diagram, bottom-right: 1-dimensional diagram.
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The key observation is that the topology of the manifold changes only when pass-
ing through a critical point of f . Introduction of a critical point to a manifold results
in unique topological changes. These changes may result in either the birth (forma-
tion) or death (destruction) of a topological hole. More specifically, the addition of a
p-critical point can result in either the birth of a p-dimensional hole or the death of
a (p− 1)-dimensional hole (Edelsbrunner et al. 2002; Zomorodian & Carlsson 2005;
Edelsbrunner & Harer 2010). For example, consider a saddle point in a 2D manifold.
The introduction of this saddle point can result in either of the following topological
changes: it can either connect two disjoint objects, which results in the destruction of
a 0-hole; or it can connect the boundary of two already connected objects, forming a
loop. This depicts the creation of a 1-dimensional hole or tunnel.

Central to the formulation of persistence is the necessity to track the birth and
death events, as one changes the superlevel or sublevel sets. In this thesis, we track
the topological changes through changing superlevel sets, noting that tracking it
through changing sublevel sets is equivalent.

Figure 1.15 presents a 2D random field, that we use as an example to illustrate
the working of persistence. In panel (a), we present the face on view of the field.
A range of level sets are presented as contours of different colors. In panel (b), we
present the surface view of the same. Maxima are marked with red balls, saddles
with cyan balls, and minima with yellow balls. Figure 1.16, illustrates the working
of persistence by tracking the birth and death of islands and tunnels, for growing
superlevel sets, for the 2D random field show in Figure 1.15. We employ a 2D field
for ease of visualization.

We trace the growing superlevel set from the top-left panel to the bottom right
panel, as a function of decreasing thresholds of f . We only show regions of the
manifold that are included in the superlevel set. We trace the change in topology of
this region, as the superlevel set grows. In panel (a), we start with a single island,
which is also a peak. In panels (b) and (c), we witness the birth of two more islands,
when two additional peaks get included in the excursion region. In panel (d), two of
the islands merge and we are left with two islands as a result. This merger results in
the death of one of the islands. This is the island which was born at a later threshold.
This is according to the elder rule (Edelsbrunner et al. 2002; Zomorodian & Carlsson
2005; Edelsbrunner & Harer 2010), which dictates that given a choice between killing
two components, the one that is born later is killed preferentially. In panel (e), there
is another merger of two isolated islands.

In panel (f), the first 1-dimensional hole or a loop is born. It has the appearance
of a lake surrounded by land. In panel (g), this loop splits into two. In panel (h),
one of the loops is filled, while the other one still exists. This indicates the death
of a 1-dimensional hole. The density value at which a hole is born, and the density
value at which it gets destroyed quantify its life-span. The life-span is equal to the
difference between the absolute values of the density of birth and death. This means
that one of the two loops has a higher life span or persistence than the other. It is
likely to be a more significant feature than the other. In panel (i), all the holes fill up,
and the superlevel set consists of the whole manifold.

One can record these topological changes as one sweeps from the highest to the
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Figure 1.17 The Betti numbers can be read off from the persistence diagrams. The contribution to the
Betti numbers for a level set ν comes from all the persistent dots that are born before ν and die after ν – in
other words, the shaded region anchored at (ν, ν).

lowest density values, or a continuously decreasing level-set. Each topological hole
is associated with two unique function values: f (cb) associated with the critical point
cb that gives birth to the hole, and f (cd) associated with the critical point cd that is
responsible for killing or filling up the hole. The life-span of the hole, or its persistence,
π, is then given by the absolute difference between the death and the birth values
associated with the hole (Edelsbrunner et al. 2002; Zomorodian & Carlsson 2005;
Edelsbrunner & Harer 2010)

π = | f (cb)− f (cd)|. (1.62)

Persistence diagrams
Persistence homology is represented in terms of persistence diagrams (Edelsbrunner &
Harer 2010), which is a collection of dots, each dot associated with a unique topolog-
ical change in the manifold (see for example the bottom row of Figure 1.16). There
is a diagram for each ambient dimension of the manifold. 0-dimensional diagrams
record the merger events of two isolated objects. 1-dimensional diagrams record the
formation and destruction of loops, while 2-dimensional diagrams record the birth
and death of topological voids.

Alternatively, the information on persistence topology can also be depicted using
persistence barcodes (Zomorodian & Carlsson 2005; Carlsson et al. 2005; Carlsson 2009;
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Adler et al. 2010). The barcode diagram is a collection of line segments on the real
line. Each bar corresponds to a topological feature, like the dots in the dot diagrams.
The coordinates of the end points of the bars in the barcode diagrams denote the
birth and the death values of the topological features. We note that the dot diagrams
and the barcode diagrams are essentially two different representations of the same
information.

Persistence diagrams contain more information than the Betti numbers. We can
read the p-th Betti number of the superlevel set for ν from the persistence diagram.
The contribution to the Betti numbers for a level set ν comes from all the dots in the
persistence diagram corresponding to cycles that are born before ν and die after ν –
in other words, the shaded region anchored at (ν, ν) in Figure 1.17. Another useful
property is the stability of the diagram under small perturbations of the input func-
tion. This was pointed out by Cohen-Steiner et al. (2007). Specifically, the diagram of
a density function, $′, that differs from $ by at most ε at every point of the space, has
a bottleneck distance at most ε from Dgmp($) (Cohen-Steiner et al. 2007). This implies
that every points of Dgmp($

′) is at a distance at most ε from a point in Dgmp($), or
from the horizontal axis. The stability result of the persistence diagrams has been
used to devise bootstrapping methods for determining the confidence intervals for
persistence diagrams arising from stochastic processes (Chazal et al. 2013).

1.6.4 Information hierarchy between Persistence, Homology and Euler character-
istic

An important point to note is that persistence, homology and Euler characteristic
contain strictly decreasing amount of topological information about the manifold.
They are also closely related in the sense that persistence homology contains infor-
mation about the homology of the manifold, and homology contains information
about the Euler characteristic of the manifold. It is not possible to reverse the se-
quence.

Since persistence homology contains more topological information about the man-
ifold, and is hierarchical in nature, the ideas stemming from it take central impor-
tance in the topological characterization of cosmic mass distribution models in this
thesis. Together with the Minkowski functionals, persistence homology and homol-
ogy characterize the geometry and topology of the manifold more completely. As
such, one intention of this thesis is to propose them as crucial and essential tools for
studying the topology of the cosmic mass distribution.

1.6.5 Feature detection through topology: Segmentation via Morse-Smale com-
plex

Morse theory and related formalisms can be harnessed to devise methods of par-
titioning a manifold (Forman 2002; Edelsbrunner et al. 2001, 2003; Gyulassy 2008;
Gyulassy et al. 2008; Aragon-Calvo et al. 2010; Sousbie 2011). This particularly de-
pends on the geometry of the space in the neighborhood of the critical points of f .
Such a partitioning of the domain is achieved by exploring the features of the gradi-
ent of the scalar function on the manifold.
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Figure 1.18 Caption next page
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Figure 1.18 Decomposition of a terrain into ascending and descending manifolds, and the Morse-Smale
complex of the same. (a) The function f along with its singularities. Maxima are depicted by red balls,
saddles are depicted by green balls, and minima are depicted by blue balls. (b) Descending manifold of a
maximum of f . (c) Ascending manifold of a minimum of f . (d) Intersection of the ascending manifold of
the maximum and descending manifold of the minimum. The Morse-Smale complex is the decomposition
of a manifold into elements such that the intersection of any two d-dimensional manifolds is a (d − 1)-
dimensional manifold. (e) A 2-dimensional element of the Morse-smale complex. (f) The Morse-Smale
complex of the manifold defined by f . The decomposition is illustrated with tubular elements. (g) It is
sufficient to have the information about nodes, or the critical points, and the arcs that connect them, in
order to be able to fully define a Morse-Smale complex. This is the combinatorial representation of the
Morse-Smale complex of f .

An important ingredient in understanding how this partitioning may be achieved
is the concept of integral lines. Let us consider a manifold M. A curve l(t) is an in-
tegral line of f on M, if ∂l(t) = ∇ f (l(t)) for all t ∈ R. In other words, an integral
line is a path where the tangent of the path is parallel to the gradient ∇ f at every
point along the path. Integral lines represent the flow along the gradient between
critical points. For example, the lines used to represent the direction of flow in the
Figure 1.13 are the integral lines of the domain. The origin and destination of an in-
tegral line are the critical points of f . An important property of integral lines is that
they cover all of M.

The integral lines can be used to define the ascending and descending manifolds
of a critical point. The set of all integral lines that originate at the critical point p to-
gether with p is called the ascending manifold of p. Similarly, the set of all integral lines
that terminate at the critical point p together with p is called the descending manifold
of p. The ascending manifolds (similarly, the descending manifolds) of all critical
points partition the domain. The ascending manifold of a critical point with index
i has dimension n − i, where n is the dimension of the domain. Thus, the ascend-
ing manifold of a minimum is a three dimensional cell, the ascending manifold of a
1-saddle is a two dimensional sheet, the ascending manifold of a 2-saddle is a one di-
mensional arc, and the ascending manifold of a maximum is equal to the maximum.
The converse is true for the descending manifold i.e., the descending manifold of a
critical point with index i has dimension i. Figure 1.13 also presents an illustration of
the ascending and descending manifolds associated with the critical points of differ-
ent indices in 3D. The ascending manifolds of a minimum, 1-saddle, 2-saddle, and
maximum are a volume, a surface, pair of lines, and a point respectively. Similarly,
the descending manifolds are a point, a pair of lines, a surface, and a volume.

The decomposition of a domain into its ascending or descending manifolds forms
the Morse complex of f (Forman 2002; Edelsbrunner et al. 2001, 2003). Figure 1.18
presents an illustration of the partitioning of a domain into its Morse-Smale complex.
Panel (a) in the figure presents the domain of interest of a function f . It is a 2D
surface, where we mark the positions of maxima, minima and saddle points with
red, blue and green translucent spheres. Panels (b) and (c) of the Figure 1.18 presents
an illustration of an ascending and a descending manifold. The pink surface in panel
(b) illustrates a typical descending manifold of a maximum of f . Every point in this
region is part of an integral line whose destination is the maximum in the center of
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the region. The blue surface in panel (c) illustrates a typical ascending manifold of a
minimum of f . Every point in this region is part of an integral line whose origin is
the minimum in the center of the region.

Constructing the Morse-Smale complex requires the decomposition of a terrain into
cells formed by the collection of integral lines that share a common source and a com-
mon destination (Forman 2002; Edelsbrunner et al. 2001, 2003). This can only happen
if the ascending and descending manifolds of all pairs of critical points intersect only
transversally. This means that if the ascending and descending manifolds of two crit-
ical points intersect, then the intersection has dimension exactly equal to the differ-
ence in the indices of the two critical points. A function f satisfying this condition is
called a Morse-Smale function. Panel (d) shows the intersection of the ascending and
descending manifolds of the minimum and the maximum. Panel (e), shows a 2-cell
resulting from this intersection. This is a typical 2-cell of the Morse-smale complex.
Panel (f) shows the Morse-smale complex of f . It is sufficient to have the information
about nodes, or the critical points, and the arcs that connect them, in order to be able
to fully define a Morse-Smale complex. This is the combinatorial representation of
the Morse-Smale complex of f . Panel (g) shows the structure of the combinatorial
representation of the Morse-Smale complex of f .

The various elements of the cosmic web have natural geometric associations with
the elements of the Morse-Smale complex constructed from cosmic density fields.
Clusters can be seen as the local maxima of the field, filaments can be identified as the
ascending manifold of 2-saddles, voids can be identified as the ascending manifolds
of minima, and walls can be identified as the descending manifolds of 1-saddle that
separate these voids.

This natural association between the various elements of the cosmic web and the
elements of the Morse-Smale complex is particularly clear for some morphological
elements. To see this, we have to recall that the Morse-Smale complex is focused on
the properties of the gradients of the scalar function to determine the partition. With
this in mind, we examine this association with respect to voids. A cosmological void
is an underdense region, with the center of the void located at a density minimum.
Over a period of time, matter streams outward of the void center in all directions.
The region of space in which this occurs is precisely the ascending manifold of the
minimum. In the case of the cosmic filaments, they are known to be the transport
channels of mass to the clusters. Combining this observation with the fact that the
destination of the ascending manifold of a 2-saddle are a pair of maxima, and that
the gradient of the flow is towards the maxima, justifies the modeling of the cosmic
filaments as the ascending manifolds of the 2-saddles. Similarly the clusters in the
cosmic web are necessarily located at maxima of the density field. As a result, the
nodes of the Morse-Smale complex, which are the positions of maxima are justifiably
modeled as the centers of the clusters.

Topology based methods have played a key role in delineating the elements of
the cosmic web recently. In the recent past, ideas stemming indirectly (Platen et al.
2007; Aragón-Calvo et al. 2010) or directly (Sousbie 2011) from Morse theory have
contributed to the development of structure finders aimed at identifying and delin-
eating the elements of the cosmic web. The watershed transform based void finders
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like Watershed Void finder (WVF) (Platen et al. 2007), ZOBOV (Neyrinck 2008), and
the Void Identification and Examination toolkit (VIDE) (Sutter et al. 2014a) are based
on the segmentation of a terrain using the watershed transform. They identify the
voids as the basins of local minima, which is equivalent to the ascending manifolds
of the minima in the Morse-Smale complex. The SpineWeb technique (Aragón-Calvo
et al. 2010) is an extension of WVF and identifies walls and filaments or the spine of
the web as the remaining regions which do not belong to the watershed basins. Dis-
PerSE (Sousbie 2011; Sousbie et al. 2011) directly computes the Morse-Smale complex
of the density field to identify the clusters, filaments, walls and voids.

Neyrinck (2012) also present a general method of delineating the structures of the
web called the ORIGAMI. This is based on the properties of the phase space and and
also harnesses Morse theory in its implementation.

It is relevant also to mention here that most of the scalar fields arising in cosmol-
ogy, like the cosmic density fields, are smooth and continuous, and hence qualify
as Morse functions. Throughout this thesis, the analysis of models of cosmic mass
distribution assumes that they are Morse functions.

1.7 This thesis
In the previous section, we presented a brief overview of the topological and mor-
phological descriptions involving Euler characteristic and Minkowski functionals.
These descriptions, and methods derived from them, have been of key importance
in describing and discriminating between the models of the cosmic mass distribu-
tion. Subsequently, we introduced the formalisms of homology, Morse theory and
persistence and established that they have the potential to describe the topology of
the cosmic mass distribution in greater detail. This thesis intends to apply these for-
malisms, and develop ideas based on them to explore and investigate the models of
cosmic mass distribution. The models that we investigate are heuristic, as well as
physically more motivated cosmic mass distribution models. The different models
mimic different aspects of the cosmic mass distribution.

Random distributions model a variety of phenomena of interest arising in cos-
mology. The Poisson distribution is used routinely to model shot noise. The devi-
ations of a point distribution from a featureless Poisson distribution indicates the
presence of structures in the distribution. Similarly, the Gaussian distribution and
Gaussian fields with a flat power spectrum (n = 0) are used to model white noise
(Bardeen et al. 1986; Gott et al. 2008; van de Weygaert et al. 2011; Park et al. 2013).
Another scenario where Gaussian fields are important is in the modeling of the pri-
mordial fluctuation field (Doroshkevich 1970; Adler 1981; Bardeen et al. 1986; Gott
et al. 1986; Hamilton et al. 1986; Park et al. 2013). In view of this, we explore and
characterize the topology of the Poisson distribution as well as the Gaussian fields in
this thesis. In this context, we note that the topological properties of probability dis-
tributions on a manifold, and and the topological properties of random complexes 4

have recently been an active area of research (Adler et al. 2010; Bobrowski & Strom

4A random complex is a simplicial complex constructed from a given random point distribution The
point distribution is sampled from a well behaved probability distribution function.
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Borman 2010; Adler et al. 2014; Bobrowski & Kahle 2014; Bobrowski & Mukherjee
2015; Feldbrugge et al. 2015; Wintraecken et al. 2013). For a survey on the topology
of random geometric complexes, see Bobrowski & Kahle (2014).

To model the web like patterns of the large scale matter distribution in the Uni-
verse, we resort to the Voronoi models (van de Weygaert & Icke 1989; van de Wey-
gaert 1991; Weygaert 2007). The rationale behind the investigation is to identify the
topological signatures of the various morphological features of the cosmic web. The
Voronoi evolution models are a class of heuristic models for cellular distributions
of galaxies that mimics the evolution of the Megaparsec universe towards a web
like pattern. They use Voronoi tessellations as a template for distribution of matter
and related galaxy population, and its subsequent evolution. The models we use
here are considerably sophisticated, and represent a rather realistic depiction of the
cosmic web in void-dominated cosmologies (van de Weygaert & van Kampen 1993;
Sheth & van de Weygaert 2004; Weygaert 2007; Aragon-Calvo & Szalay 2013). For a
more realistic investigation, we also examine the LCDM cosmological simulations.
These are fully physical models, based on laws of physics, that trace the formation
and evolution of the structures in the cosmic mass distribution.

Another important characteristic of the cosmic mass distribution is its hierarchi-
cal nature. To examine this aspect, we use the Soneira-Peebles model (Soneira & Pee-
bles 1978). These are multi-scale fractal models, that are hierarchical in nature. We
revisit the hierarchical aspect of the comic mass distribution in the context of a visual
exploration and extraction of the filaments in the cosmic web. We define and filter
the cosmic filaments by constructing the hierarchical Morse-Smale complex from the
LCDM simulations.

1.7.1 Hierarchical characterization of the cosmic mass distribution through per-
sistence

In Section 1.6.3, we briefly describe the formalism of persistence. The most impor-
tant feature of expressing topology in this fashion in the cosmological context is that
it is inherently hierarchical in nature (a full treatment of the topic is presented in Ap-
pendix A.5). Persistence topology can naturally account for and identify events that
can change the topology of a manifold in a hierarchical build-up of structures, like
mergers of isolated objects. As it is established that the structures in the Universe
form and evolve hierarchically, a topological description through persistence is nat-
urally tailored towards accounting for the hierarchical nature of the cosmic mass
distribution.

There are many scenarios where a hierarchical expression of topology may be
relevant. An example is the discrimination between various models of cosmic mass
distribution through a topological quantification of the difference in their cluster-
ing properties, as recorded through 0-dimensional persistence diagrams. The 0-
dimensional diagrams have been noted as indicators of the clustering properties of
a manifold (Bobrowski & Mukherjee 2015). Since 0-dimensional diagrams record
merger events, any difference arising in them is a direct measure of difference in the
clustering properties of the models. In this context, it is important to mention here
that the 0-dimensional diagrams should not be confused with the merger trees that
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Figure 1.19 Illustration of a typical halo merger tree (Parkinson et al. 2008). From top to bottom along
the vertical axis, smaller subhaloes merge with the larger one as time proceeds. This is such that ultimately
there is only one large halo with rich substructures left in the end. A 0-dimensional diagram persistence
diagram is comparable to the halo merger trees, as the mechanism of merger is intuitively similar. A dif-
ference arises from the fact that halo merger trees record mergers as a function of time, and 0-dimensional
persistence digram record mergers with changing density threshold. A possible reconciliation may be
achieved if a particular parameterization of density with respect to time is assumed.

are traditionally used to represent the time evolution of dark matter haloes through
mergers and accretions (Nagashima & Gouda 1997; Shimizu et al. 2002; Parkinson
et al. 2008; Behroozi et al. 2013; Jiang & van den Bosch 2014; Lee & Yi 2015). In the
cosmological context, the merger trees have been routinely used to depict the time
evolution of dark matter haloes through mergers and accretion (see Figure 1.19 for an
illustration). The crucial difference between the merger trees and the 0-dimensional
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Figure 1.20 Persistence intensity maps for the 0-dimensional holes in highly evolved realizations of
the Voronoi kinematic models (left) and the Soneira-Peebles model (right). The map for the Voronoi
models, has four distinct features, indicating a presence of four different morphologies, namely clusters,
filaments, walls and voids. In the right panel, the maps for the Soneira-Peebles models exhibit a presence
of a number of distinct clumps. These clumps are placed at increasingly higher persistence values. These
clumps signal the presence of strongly hierarchical distribution.

merger diagrams of persistence is that while merger trees record the merger as a
function of time, the persistence merger diagrams record the merger of isolated ob-
jects as a function of the density threshold. However, one may attempt to arrive at
a relationship between them if some form of dependence is assumed between the
evolution of density contrast and time.

Another considerable aspect of persistence is that at no additional cost, we may
also extract information about the change in topological behavior of tunnels and
voids. Topological behavior of tunnels relates directly to the percolation properties
of the model (Barrow et al. 1985; Sahni et al. 1997; Fairall et al. 2005). It will also, be
interesting to investigate the topological characteristics of the hierarchical formation
of voids for different models of cosmic mass distribution (Sheth & van de Weygaert
2004; Aragon-Calvo et al. 2010; Aragon-Calvo & Szalay 2013; Sutter et al. 2014a).
This has the potential to quantify topological signatures arising due to differing pre-
scriptions of dark energy in, for example, the quintessence models.

Motivated by the above observations and discussions, a significant part of this
thesis is devoted to a topological characterization of the models of cosmic mass dis-
tribution using persistence. Chapter 2 introduces an empirical description of persis-
tence homology for stochastic models of cosmic mass distribution. This is done by
defining the intensity function, which is the averaged description of persistence over
many independent realizations. Chapter 2 also introduces the use of intensity maps
as pictorial representation of the intensity function.

We analyze the persistence topology of random, featureless distributions, taking
up the particular case of Poisson distribution. In the process, we characterize the
topology of shot-noise as a benchmark, paving the way for a method to estimate the
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contribution of shot-noise in the topological characteristics of a given distribution.
Subsequently, we analyze the persistence topology of the pure Voronoi element

models (van de Weygaert & Icke 1989; Icke & van de Weygaert 1991; van de Weygaert
1994). These models are characterized by the presence of predominantly cluster-
like, filament-like or wall-like distributions, resembling the different morphologies
of the cosmic web (Bond et al. 1996). We show that the dominating presence of
different morphologies is reflected in the features of the intensity maps in different
dimensions. Specifically, clustered distributions are characterized by high persis-
tent isolated clouds in 0-dimensional diagrams, loopy distributions characterizing
highly filamentary patterns are reflected in a similar high persistence cloud in the
1-dimensional intensity maps. Predominantly wall-like distributions, denoting the
presence of well formed voids, are characterized by isolated high persistence clouds
in the 2-dimensional intensity maps.

We also analyze the persistence topology of the heuristic Voronoi evolution mod-
els. The models seek to mimic the evolution of mass distribution in the Universe,
gradually progressing from a stage where most of the matter is confined to the field,
to a stage where most of the matter is confined to clusters and filaments. We demon-
strate that the topological characteristics of the different morphologies present in
the distribution – clusters, filaments and walls – are well segregated in the intensity
maps.

In the context of hierarchical distributions, we also analyze the persistence topol-
ogy of the multi-scale fractal Soneira-Peebles model (Soneira & Peebles 1978) in
Chapter 2. We demonstrate that the levels of hierarchy are well manifested in the
intensity maps.

As an example, Figure 1.20 presents the intensity maps for the 0-dimensional
holes in highly evolved realizations of the Voronoi kinematic models (left) and the
Soneira-Peebles model (right). The map for the Voronoi models, has four distinct
features, indicating a presence of four different morphologies, namely clusters, fila-
ments, walls and voids. In the right panel, the maps for the Soneira-Peebles models
exhibit a presence of a number of distinct clumps. These clumps are placed at in-
creasingly higher persistence values. The number of clumps is related to the number
of level of hierarchies in the distribution. Therefore, we demonstrate that the inten-
sity maps are able to detect the topological signals of the hierarchical nature of the
distribution.

In Chapter 3, we analyze the persistence topology of the Gaussian random fields
(Doroshkevich 1970; Adler 1981; Bardeen et al. 1986; Park et al. 2013). It involves
a detailed study of the connectivity characteristics of the density fields modeled by
Gaussian random fields. We analyze models specified by power-law power spectra,
as well as by the LCDM power spectrum. Keeping model comparison as an impor-
tant aspect of analysis in mind, we also introduce the difference maps in the chapter.
We demonstrate that a combination of intensity, difference and ratio maps express
the topological information content in a greater detail compared to the traditional
descriptors like the Minkowski functionals.

First, we delve into the persistence topology of 1D Gaussian functions. This is
done in order to relate the visual features of the density distribution to the topologi-
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Figure 1.21 The curves of the scaled Betti numbers (left) and the Euler characteristic (right) for Gaussian
random fields specified by a power law power spectrum. The curves are drawn for spectral indices
n = 1, 0,−1,−2 & − 3. The curves are scaled with respect to the amplitude of the curve for the n = 0
model. The Betti numbers show a characteristic dependence on the choice of the power-spectrum, unlike
the Euler characteristic curve. This means that the Betti numbers are sensitive to the index of the power
spectrum, while the Euler characteristic is not.

cal description, and assess how the topological description reflects the features of the
density distribution. We establish that the features of the persistence diagram are a
direct reflection of the singularity structure of the function.

Having assessed the persistence topology of the 1D functions, we delve into an
analysis of the 3D fields. We do this for the power law models and the LCDM model.
First, we present the intensity and the difference maps of the power law models and
the LCDM model. We demonstrate that the features in the difference maps depend
on the choice of the model. The indication is that the the intensity and the difference
maps are highly sensitive to the parameters of the model, and may therefore be used
to discriminate between various models. This is an important observation in view of
model comparison.

We quantify the intensity maps by decomposing them into marginal and cumula-
tive distributions as a function of the mean-density and persistence of the topological
holes. In this context, we establish that the distribution functions show a characteris-
tic dependence on the index of the power spectrum. We also show that the marginal
distribution of the mean density of the holes follow a near Gaussian distribution.
The marginal distribution as a function of the persistence of the holes indicates a
Poisson distribution.

1.7.2 Homology and Betti numbers of the models of cosmic mass distribution
Betti numbers have been used to address certain aspects of the cosmic mass distribu-
tion concerning the nature of the primordial density field as well as the the topology
of large scale structures in the Universe (van de Weygaert et al. 2011; Park et al.
2013). In continuation of the work described in these articles, a part of this thesis
seeks to describe in greater detail the topological properties of models of the cosmic
mass distribution in terms of the Betti numbers. This involves the Betti characteri-
zation of a range of heuristic Voronoi models. These include the single component



1.7: This thesis 67

Voronoi models, the multi-component Voronoi models and the kinematic Voronoi
models. We also present a Betti characterization of the fractal Soneira-Peebles mod-
els. Throughout, we demonstrate that the Betti numbers are capture the signals from
various morphologies, as well as hierarchies in the relevant scenarios.

Given the importance that Gaussian random fields play in the description of the
initial conditions of the cosmic structure formation, we delve into a systematic and
detailed analysis of the Betti numbers of Gaussian random fields in Chapter 3. We
compare the Betti numbers with the familiar Euler characteristic curves in this con-
text. One of the most crucial observations that we establish is that the Betti numbers
show a characteristic dependence on the choice of the power-spectrum, unlike the
Euler characteristic curve. This means that the Betti numbers are sensitive to the in-
dex of the power spectrum, while the Euler characteristic is not. A visual impression
of this may be obtained from inspecting the scaled Betti number and Euler charac-
teristic curves for Gaussian random fields presented in Figure 1.21. The models are
characterized by a power law power spectrum. The curves are drawn for spectral
indices n = 1, 0,−1,−2&− 3. The curves are scaled with respect to the amplitude of
the curve for the n = 0 model.

A crucial observation is that the topology of the growing superlevel sets of the
density field is not strictly either meatball-like, sponge-like or cheese-like. We demon-
strate that there are substantial regions of overlap between the various kinds of
topologies enumerated above. This is evident from the scaled Betti number curves,
which show a substantial overlap across a range of density thresholds. The overlap is
the strongest for lower spectral index, and decreases monotonically with increasing
spectral index. In contrast, such information may not be available by looking only at
the Euler characteristic curves, because their shapes are invariant with respect to the
spectral index.

1.7.3 Topology based visualization of Cosmic filaments: Felix
The final part of this thesis introduces and describes a technique for the identification
of filaments based on the topological characteristics of the density field. It is based on
Morse theory and proceeds by constructing the Morse-Smale complex of the density
field. A key aspect of the proposed technique is its interactive nature, and involves
a tunable density parameter.

Exploring the filamentary patterns of the cosmic web is challenging because of
the large range of the spatial scales and density range it exhibits. A proper charac-
terization should also account for the hierarchical nature of structures, which adds
considerable challenge to the task. Though there exist different notions of filaments,
the primary evidence relied upon for extraction and analysis is most often visual.
It is therefore not surprising that structure finding methods often visually verify re-
sults by superimposing the extracted structures upon visualizations of the density
field or the particle distribution (Stoica et al. 2005; Aragón-Calvo et al. 2007b; Gen-
ovese et al. 2010; Sousbie 2011; Cautun et al. 2013). However the visualization plays
a role only after structure extraction process in these methods. We differ in this re-
spect by providing the capability to interact with the structure finding procedure and
extract structures that are visually relevant. The work emanating from this thesis in-
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creases, e.g. the scope of investigating, in a more systematic fashion, the dependence
of formation, evolution and properties of galaxies on the surrounding large scale
environment.

Density range based modeling of filaments
The distinction between noise and significant structures is often ill-defined, and
at occasions noise may be confused with genuine structures in the hierarchically
evolved mass distribution. This problem is more pronounced when one studies the
properties of tenuous filaments and walls in low density void-like regions. For the
understanding of the formation and evolution of galaxies in such regions, we need
to assess the possible dependence of galaxy and halo properties on the morphology
and density of the local environment (Jones et al. 2010; Tempel et al. 2013; Cautun
et al. 2014). This must be based on the successful extraction of filaments in low den-
sity regions and the correct identification of galaxies associated with them. In view
of this, we describe Felix5, a topology based visual query framework to extract fila-
mentary structures from a hierarchy of Morse-Smale complexes of the density field.
The filaments in Felix are parameterized by the density values of the maxima and
the 2-saddle that define them. In the software, we incorporate an interactive handle
to specify the density range of the maxima and the saddles. This feature allows the
user to concentrate on and probe structures in specific density regimes. It also offers
the user the possibility to switch between the various regimes of possible interest in
real time.

As an example, we investigate the nature of filaments in three different density
regimes from the ΛCDM simulations. The first concerns filaments in the high den-
sity regions around compact dense clusters, which are known to function as the
transport channels along which matter moves into the clusters. The second regime
concerns the tenuous low-density filaments found in low-density void regions. The
third regime concerns the filaments that stretch from cluster like regions all the way
down to void like regions. Figure 1.22 presents three classes of filaments extracted
from a cosmological simulation. Panel (a) shows the particle distribution, along with
a volume rendering of the density field. Panel (b) presents the Filaments within clus-
ter like regions. The highlighted region shows the retention of intricate topological
structures within a large cluster region. Panel (c) presents the filaments within void
like regions. Shown in the inset is a cluster like region within which filamentary
structures are filtered away as desired by the query to the framework. Panel (d)
presents the filaments that stretch from cluster like regions all the way down to void
like regions. The highlighted region shows a single filament passing through the
large cluster like region with intricate topological details filtered out by the frame-
work.

Testing and comparing Felix
In order to test the efficacy of Felix, we compare it with a few structure finders. We
do this by developing a semi automatic structure finder, based on Felix, that clas-
sifies galaxies as cluster/filamentary or not. Using the Voronoi Kinematic model

5The name Felix is formed from an abbreviation of Filament explorer.



1.7: This thesis 69

(a) (b)

(c) (d)

Figure 1.22 Three classes of filaments extracted from the Cosmogrid dataset. (a) Particle distribution
shown along with a volume rendering of the DTFE density. (b) Filaments within cluster like regions
extracted with parameters [Sb, Se] = [105, 108] and [Mb, Me] = [108, 1012]. The highlighted region shows
the retention of intricate topological structures within a large cluster region. (c) Filaments within void
like regions extracted with parameters [Sb, Se] = [100, 105] and [Mb, Me] = [100, 105]. Shown in the inset
is a cluster like region within which filamentary structures are filtered away as desired by the query to
the framework. (d) Filaments that stretch from cluster like regions all the way down to void like regions
using parameters [Sb, Se] = [103, 1011] and [Mb, Me] = [109, 1011]. The highlighted region shows a single
filament passing through the large cluster like region with intricate topological details filtered out by the
framework.

as a benchmark, we demonstrate that we are able to recover the classification with
high efficiency. We compare Felix with a few other popular methods, namely Dis-
PerSE (Sousbie 2011), MMF/Nexus (Aragón-Calvo et al. 2007b; Cautun et al. 2013)
and SpineWeb (Aragón-Calvo et al. 2010). We demonstrate in the process that we
perform equally good, if not better, in most conditions. This includes models which
are not very highly evolved and hence lack a strong morphological segregation.

We pay a particular attention to the comparison between DisPerSE (Sousbie 2011;
Sousbie et al. 2011) and Felix. These are closely related structure finders, as both
use the Morse-Smale complex of the log-density field and involve feature extraction
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from it. DisPerSE simplifies the Morse-Smale complex using Topological Persistence.
It defines significant features as only those that remain unsimplified using the user
defined significance threshold. It ignores the density range characteristics of the
extracted features. A significant consequence is that filaments within void-like re-
gions and cluster like regions are ignored/simplified away. If they are retained, then
the mixing of features causes visual clutter. Furthermore, the significance parame-
ter selection is a fixed constant and visual interaction plays no role in its selection.
In contrast, given the ubiquity of filaments in various density regimes, Felix allows
for density ranged based probes into filaments, within clusters and voids. Another
difference is that Felix uses simplification only for noise removal and not feature
identification.

We construct an experiment to demonstrate the consequences of not correlating
the density characteristics for filament extraction. Using the Voronoi models as a
test, we show that tuning the significance parameter, as implemented in DisPerSE,
is not a sufficient mechanism to extract the desired filaments. Our findings suggest
that a structure identification strategy based on a direct simplification procedure of
the Morse-Smale complex should be applied with care to the density regimes being
studied. By comparing the true and false detection rate profiles we confirm that,
using Felix, we extract filaments that are spatially more proximal to the cluster and
filament particles in the Voronoi Kinematic datasets, as compared to DisPerSE. We
also show that in extreme situations the false detections from DisPerSE have value
larger than 1. This is indicative of an over-detection of filaments. This is potentially
cumbersome for the analysis of genuine cosmological simulations and observational
surveys. In more complex realistic circumstances, cosmic structure involves features
over a wide range of densities and scales and structural morphologies that are not
as well separated as in the simpler Voronoi models.

In a separate experiment, we demonstrate the exploration of filaments within
high-density cluster like regions and low-density void like regions. Such a delin-
eation, coupled with the visual exploration process, is not possible using DisPerSE.

1.7.4 Outline of this thesis
In Chapter 2, we present a formal discourse on the concepts of Morse theory, ho-
mology and persistence homology. Based on this we introduce the intensity function
and intensity maps as empirical probabilistic description of persistence for stochastic
processes. We then analyze a few heuristic models of cosmic mass distribution in
terms of Betti numbers and persistence.

We proceed to analyze the (persistence) homology of Gaussian random fields
in Chapter 3. In the context of model discrimination, we introduce the use of the
difference maps. We also analyze the Betti numbers of Gaussian random fields and
show that they contain strictly extra information compared to Euler characteristic
and genus. In this context, we arrive at an expression of the scaling properties of
Betti numbers.

In Chapter 4, we exploit the geometry of the manifolds associated with the critical
points, in combination with persistence, to develop an interactive software to iden-
tify the cosmic filaments. This harnesses the hierarchical nature of persistence, and
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leverages this to identify structures in the web in a naturally hierarchical fashion. We
compare the method to some of the existing procedures through benchmark models,
and demonstrate that we fare equally good, if not better, in almost all the cases. The
procedure is also naturally suited for additional features like noise removal, based
on topological simplification of the manifold. We propose the software as a rich tool
towards investigating the filamentary structures of the cosmic web.

Chapter 5 concludes this thesis with a summary of the main observations and
conclusions of this thesis, and an outline of some potential problems of relevance
that can be studied through techniques described here.




