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3
Persistence and Homology of Gaussian

random fields: On the hierarchical
topology of the primordial field

— Pratyush Pranav—

Every man is more than just himself; he also represents the unique, the very special and
always significant and remarkable point at which the world’s phenomena intersect, only
once in this way, and never again. That is why every man’s story is important, eternal,
sacred; that is why every man, as long as he lives and fulfills the will of nature, is wondrous,
and worthy of consideration. In each individual the spirit has become flesh, in each man
the creation suffers, within each one a redeemer is nailed to the cross.

– Hermann Hesse, Demian: Die Geschichte von Emil Sinclairs Jugend
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3.1 Introduction
A Gaussian random field is an example of a spatial stochastic process. Given a spatial
location s, a Gaussian random field is a random function X(s) on R3 such that, when
restricted to any finite set, one has a multivariate normal distribution.

Gaussian random fields play a key role in describing and modeling the fields aris-
ing in cosmology. As a telling example, in the simplest form, the inflationary theories
predict the primordial perturbations to be a Gaussian random field (Guth & Pi 1982).
The primordial perturbations are a result of the quantum fluctuations, plated dur-
ing the early inflationary era, in an otherwise homogeneous and isotropic Universe
(Peebles 1980; Guth & Pi 1982). The temperature fluctuations in the observable cos-
mic microwave background, which follow the pattern of the quantum perturbations
from the inflationary era, also suggest that the character of the primordial perturba-
tions is that of a homogeneous and isotropic Gaussian random field to high accuracy
(Smoot et al. 1992; Bennett et al. 2003; Spergel et al. 2007; Komatsu et al. 2010; Planck
Collaboration et al. 2015).

Skipping the description at sub-linear scales, where the details of galaxy forma-
tion process become important, the density in the large-scale Universe reflects the
characteristics of the primordial fluctuation field. This is because the structures in
the Universe emerge from the primordial fluctuation field, the imprints of which are
preserved at very large scales. Indeed, if one smooths the cosmic fields over scales
much larger than the correlation length, one expects to recover the primordial fluc-
tuation field. As a result, we also expect the Gaussian random fields to model the
cosmic fields in the regimes at the later epochs (Adler 1981; Bardeen et al. 1986; Gott
et al. 1986, 1989, 2009; Park et al. 2013).

Due to the central role it plays in describing a multitude of fields of interest that
arise in cosmology, the characterization of Gaussian random fields has been an im-
portant focal point in cosmological studies (Doroshkevich 1970; Bardeen et al. 1986;
Gott et al. 1986; Bertschinger 1987; Scaramella & Vittorio 1991; Schmalzing & Buchert
1997; Matsubara 2010). A Gaussian random field is fully specified by its power spec-
trum. As a result, the determination and characterization of the power spectrum of
the theoretical models as well as observational data has been one of the main focal
points in the analysis of the primordial fluctuation field as well as the large scale
cosmic fields. Within this, the analysis of the power spectrum of the Cosmic Mi-
crowave background has played the key role in the study of the characteristics of the
primordial fluctuation field (Scaramella & Vittorio 1991; Eisenstein & Hu 1999; Oh
et al. 1999; Efstathiou & Bond 1999; Seljak & Zaldarriaga 1999b; Peterson et al. 1999;
Knox & Page 2000; Wilson et al. 2000; Grainge et al. 2003; Durrer et al. 2003; Tristram
et al. 2005; Hazra et al. 2013).

Topology is the branch of mathematics that is concerned with the properties of
space that are preserved under continuous deformations including stretching (com-
pression) and bending, but not tearing or gluing. It also includes invariance of prop-
erties such as connectedness and boundary. Topological studies of the cosmic den-
sity fields have also been very insightful in understanding their properties. This
is because a topological description provides an insight into the the prominence of
topological features, and the global structure as well as the connectivity character-
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istics of the field. The analysis of the connectivity characteristics help to develop
a better understanding of how cosmic structures emerge, and subsequently interact
and merge with neighboring features, as structure formation evolves in the Universe.
Because topology is insensitive to continuous deformations like stretching and bend-
ing, topological measures are also expected to be relatively insensitive to systematic
effects such as non-linear gravitational evolution, galaxy biasing, and redshift-space
distortion (Park & Kim 2010). As a result, one expects the topology of the primor-
dial field and the large-scale linear field at the later epochs to be similar (Gott et al.
1986, 1989, 2009; Park et al. 2013). Formally, this is only true as long as there is no
shell-crossing in the evolving mass distribution. When shell-crossing occurs the field
may change its connectivity characteristics, and as such there may be a net difference
between the topological properties of the field before and after shell-crossing.

The topological characterization of the models of cosmic mass distribution has
also been a focal point of many studies (Doroshkevich 1970; Adler 1981; Bardeen
et al. 1986; Gott et al. 1986; Hamilton et al. 1986; Canavezes et al. 1998; Canavezes
& Efstathiou 2004; Pogosyan et al. 2009; Choi et al. 2010; Park & Kim 2010). The
early studies of the topological characteristics of the cosmic mass distribution were
based on the evaluation and analysis of the genus and the Euler characteristic of the
iso-density surfaces for models as well as the observational data (Doroshkevich 1970;
Adler 1981; Bardeen et al. 1986; Gott et al. 1986; Hamilton et al. 1986; Canavezes et al.
1998; Canavezes & Efstathiou 2004; Pogosyan et al. 2009; Choi et al. 2010; Park & Kim
2010; Park et al. 2013). Gott and collaborators (Gott et al. 1986; Hamilton et al. 1986)
introduced the use of the genus as a function of density threshold to characterize
the cosmic mass distribution. Refer to Section 1.5.1 and Appendix A for a detailed
definition and illustrative examples of the genus and the Euler characteristic.

Genus or Euler characteristic studies have played a key role in the topological
studies of the cosmic density fields. Of fundamental importance in this respect has
been the realization that the expected value of the genus in the case of Gaussian ran-
dom fields for iso-density surfaces as a function of density threshold has an analytic
closed form expression (Adler 1981; Bardeen et al. 1986; Gott et al. 1986):

g(ν) = − 1
8π2

(
〈k2〉

3

)3/2

(1− ν2)e−ν2/2. (3.1)

In this expression, ν = δ/σ is the dimensionless density threshold, specifying the
number of standard deviations that the density contrast at a particular location dif-
fers from the mean. Important to note that functional form of the genus is indepen-
dent of the specification of the power spectrum for Gaussian fields, and is a function
only of the dimensionless density threshold ν. The contribution from power spec-
trum is restricted to the amplitude of the genus curve through the quantity 〈k2〉,
which is related to the second moment of the power spectrum.

Later, more discriminative information became available with the introduction
of Minkowski functionals (Mecke et al. 1994; Schmalzing & Buchert 1997; Schmalz-
ing et al. 1999; Sahni et al. 1998). There are (d + 1) Minkowski functionals, Qk((k =
0, . . . , d), defined for a d-dimensional manifold (Mecke et al. 1994; Schmalzing &
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Buchert 1997; Schmalzing et al. 1999; Sahni et al. 1998). Predominantly geometric
in nature, the first four Minkowski functionals (d ≤ 3) are respectively the volume,
surface area, integrated mean curvature or total contour length, and the Gaussian
curvature. Refer to Section 1.5.2 for a detailed exposition on the Minkowski func-
tionals.

Statistics based on the Minkowski functionals have played a key role in the the
topological and morphological studies of the cosmic density fields. For Gaussian
random fields, the expected value of the first four Minkowski functionals of the ex-
cursion sets have known analytical expressions (Tomita 1993; Schmalzing & Buchert
1997). Amongst others, this makes them an ideal tool for validating the hypothesis
of initial Gaussian conditions through a comparison with the observational data.

The genus, the Euler characteristic and the of the Minkowski functionals, have
been extremely instructive in gaining an understanding about the connectivity as
well as the structural patterns pervading in the Universe. However, the topologi-
cal information represented by the genus and the Euler characteristic is limited. A
full description should involve a considerably more extensive palette of topologi-
cal characteristics, than what the Minkowski functionals may supply. The foremost
compelling reason to look beyond the available topological descriptors is the ob-
servation that structures in the Universe form and evolve in a hierarchical fashion.
Smaller high density structures coalesce together hierarchically to build up larger
structures of lower density. A topological description through the Minkowski func-
tionals is not equipped to address this aspect of the cosmic mass distribution. A
formalism capable of expressing topology in a hierarchical fashion would present an
interesting and powerful extension to the existing topological descriptors.

In view of the above observations, this chapter seeks to present a topological
analysis of Gaussian random fields through homology (Munkres 1984; Edelsbrunner
& Harer 2010; Adler & Taylor 2010) and persistence (Edelsbrunner et al. 2002; Zomoro-
dian & Carlsson 2005; Carlsson et al. 2005; Carlsson & Zomorodian 2009; Carlsson
2009; Edelsbrunner & Harer 2010). For a detailed exposition on homology and per-
sistence, refer to Appendix A, as well as Chapter 1 (Section 1.6.1 and Section 1.6.3.
The topological properties of probability distributions on a manifold, and and the
topological properties of random complexes 1 have been an active area of research
recently (Adler et al. 2010; Bobrowski & Strom Borman 2010; Feldbrugge et al. 2015;
Adler et al. 2014; Bobrowski & Kahle 2014; Bobrowski & Mukherjee 2015). Homol-
ogy and persistence have played a key role in these studies. For a survey on the
topology of random geometric complexes, see Bobrowski & Kahle (2014).

The formalism of persistence is inherently hierarchical in nature. This may be in-
ferred from examining the topological changes that occur in 0-dimension. One may
recall that the 0-dimensional holes are isolated objects (islands). The death of a 0-
dimensional hole is equivalent to the merger of two isolated objects. In this sense,
the information about persistence of the 0-dimensional holes represents the infor-
mation about the distribution of the peaks of the density field, as well as the merger
processes that occur to form larger and larger objects, as the density threshold de-

1A random complex is a simplicial complex constructed from a given random point distribution The
point distribution is sampled from a well behaved probability distribution function.
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creases. This is not unlike the the build up of structures in the hierarchical structure
formation scenarios, where smaller high density objects coalesce together to form
larger and larger structures of lower density.

This chapter presents a numerical investigation of the topological properties of
Gaussian random fields through persistence and homology. In a related paper (Park
et al. 2013), we present a preliminary investigation on the homology of Gaussian
random fields, as described by the Betti numbers. A semi-analytic theoretical frame-
work towards calculating the Betti numbers and persistence of Gaussian fields has
been developed recently by Feldbrugge et al. (2015). In this chapter, we extend the
study to an elaborate and systematic numerical analysis of persistence and homol-
ogy of Gaussian random fields.

We introduce the intensity maps as ensemble averages of the persistence diagrams
of stochastic processes. Keeping model comparison as an important objective in
mind, we also introduce the difference maps and the ratio maps. First, we delve into
the persistence topology of 1D Gaussian functions. This is done in order to relate the
visual features of the density distribution to the topological description, and assess
how the topological description reflects the features of the density distribution. We
establish that the features of the persistence diagram are a direct reflection of the sin-
gularity structure of the function. Having assessed the persistence topology of the
1D functions, we delve into an analysis of the 3D fields. We do this for the power
law models and the LCDM model. We demonstrate that the features in the intensity
and the difference maps depend on the choice of the model. The indication is that
the the intensity and the difference maps are highly sensitive to the parameters of
the model, and may therefore be used to discriminate between various models.

We quantify the intensity maps by decomposing them into marginal and cumula-
tive distributions as a function of the mean-density and persistence of the topological
holes. In this context, we establish that the distribution functions show a characteris-
tic dependence on the index of the power spectrum. We also show that the marginal
distribution of the mean density of the holes follow a near Gaussian distribution.
The marginal distribution as a function of the persistence of the holes indicates a
Poisson distribution.

Subsequently, we delve into an investigation of the Betti numbers of Gaussian
random fields. We compare the Betti number curves with the Euler characteristic
and show that while the Euler characteristic is insensitive to the index of the power
spectrum, the Betti numbers show a systematic dependence on it. We also present a
brief analysis on the Minkowski functionals of the model towards the end. Together,
the Minkowski functionals, homology and persistence establish a more comprehen-
sive and detailed picture of the topology and morphology of the models.

We begin by providing a description of Gaussian random fields in Section 3.2.
Thereafter, we present a brief description of the topological background in Section 3.3.
Section 3.4 through Section 3.7 present the main results of this paper. We conclude
the chapter by discussing the results in Section 3.8.
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3.2 Gaussian random field
A random variable is a variable whose value is subject to probabilistic variations. Ran-
dom variables model the outcome of stochastic processes. The values of a random vari-
ables are not fixed, but rather drawn from a distribution function. The most common
is the Gaussian distribution function, given by (Adler 1981)

f (x, σ) =
1

σ
√

2π
e−

x2

2σ2 (3.2)

where σ is the standard deviation of the variable. We implicitly assume that the
mean or expectation of the variable is zero.

A generalization of a random variable is a random field, which is a collection of
random variables. A random field can be specified by the m-point joint distribution
function

P[ f1, . . . , fm]d f1 . . . d fm. (3.3)

A random field is a Gaussian random field if the set of constituent random variables
are all drawn from Gaussian distributions. The m-point joint probability distribu-
tion function for a Gaussian random field is a multi-variate Gaussian, given by
(Doroshkevich 1970; Adler 1981; Bardeen et al. 1986)

P [ f1, . . . , fm] d f1 . . . d fm =
1

(2π)N(detM)1/2 · exp

(
−

∑ ∆ fi(M−1)ij∆ f j

2

)
d f1 . . . d fm,

(3.4)

where, M−1 is the inverse of the m×m covariance matrix Mij.
The equation is in the normalized form, such that the integral of P [ f1, . . . , fm] d f1 . . . d fm,
over all f ∈ RN , is equal to 1. In the above expression,

∆ fi = fi − 〈 fi〉
Mij = 〈∆ fi∆ f j〉 (3.5)

The matrix M−1 is the inverse of the m×m covariance matrix Mij. The angle bracket
denotes the ensemble average of the product. In effect, M is the generalization of the
variance of the 1-point normal distribution, and M = [σ2

0 ] for the case m = 1.

3.2.1 Properties of Gaussian random fields: correlation function and power spec-
trum

Equation (3.4) shows that a Gaussian random is fully specified by the second order
moment, via the autocorrelation function ξ(r), encoded through the covariance ma-
trix M. The latter expresses the correlation between the density values at any two
points r1 and r2 at a distance r = r1 − r2.

If the field is homogeneous and isotropic, the correlation only depends on the
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absolute distance between the points r = |r|, such that

ξ(r) = ξ(|r|) ≡ 〈 f (x) f (x + r)〉 . (3.6)

In other words, the entries in the matrix are the values of the autocorrelation function
for the distance between the points: Mij = ξ(rij), with

rij = ‖xi − xj‖ . (3.7)

To appreciate the contribution from different scales, the structure of a Gaussian
field is more transparently characterized by the power spectrum P(k). It is the
Fourier transform of the autocorrelation function, given by

〈 f̂ (k) f̂ (k′)〉 = (2π)3/2 P(k) δD(k− k′) , (3.8)

where, δD(k) is the Dirac delta function. This implies that the knowledge of the
power spectrum alone is sufficient to fully characterize a Gaussian random field.
The contribution of power at a particular scale to the total variance of the density
field is specified by the relation

σ2 =
∫ ∞

0
dk k2P(k) =

∫ ∞

0
d lnk k3P(k). (3.9)

such that, k3 P(k) is the contribution of the power spectrum per unit logarithmic bin
to the total variance of the density field.

This chapter investigates the topological properties of zero-mean Gaussian ran-
dom fields. They are specified as density values on a regularly spaced cubic grid.
We focus on the models with cosmologically relevant power spectra – power-law
power spectra and the LCDM power spectrum. In all, we investigate six models –
the LCDM model, and five power-law models with different spectral indices.

Power-law power spectrum. The power-law power spectrum is a generic class of
spectrum, specified by the spectral index n

P(k) = An kn. (3.10)

The case when n = 1, the Harrison-Zel’dovich spectrum, is the predicted spec-
trum of the primordial density perturbations (Harrison 1970; Peebles & Yu 1970;
Zeldovich 1972). This is because of its property of scale invariance, which makes
it natural choice for the primordial power spectrum (Dunkley et al. 2009; Komatsu
et al. 2011; Planck Collaboration et al. 2013b). The measured spectrum of the primor-
dial perturbations is very close to it, n ∼ 0.96 (Dunkley et al. 2009; Komatsu et al.
2011; Planck Collaboration et al. 2013b). It is worthwhile noting here that certain
inflationary theories also predict n ∼ 1 for the power spectrum. The top-left and the
bottom-left panels of Figure 1.2 plots the power spectrum P(k) and k3 P(k) for the
power law models.
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Figure 3.1 The scaled power spectrum P(k), as well as power spectrum per unit logarithmic bin k3 P(k).
Graphs are presented for the different spectral indices of the power-law model, as well as the LCDM
model. The spectra are scaled such that different models have the same variance of the density fluctua-
tions, when filtered with a top-hat filter of radius 8h−1Mpc.

LCDM power spectrum. The LCDM power spectrum stems from the standard con-
cordance model of cosmology. It fits the measured power spectrum of the cosmic
microwave background as well as the power spectrum measured in the nearby large
scale Universe to high accuracy. It is given by (Eisenstein & Hu 1999; Hu & Eisen-
stein 1999)

P(k) ∝ T2(k)P0(k), (3.11)

where P0(k) is the primordial power spectrum and T(k) is the transfer function. The
transfer function is an expression of physical processes acting on the fluctuations as
they enter the horizon. Its shape can be inferred by evaluating the evolving pro-
cesses, through the Boltzmann equation (Seljak & Zaldarriaga 1999a). A good nu-
merical fit is given by (Eisenstein & Hu 1999; Hu & Eisenstein 1999)
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Figure 3.2 The effective spectral index for the LCDM power spectrum within the simulation box ana-
lyzed in this chapter. The effective spectral index of the CDM power spectrum is a function of the wave
number k. The vertical dashed lines correspond to the wavenumbers associated with the fundamental
and the Nyquist mode of the box. The horizontal dashed lines are drawn for comparison with the index
of power spectrum for the power-law models.

PCDM(k) ∝
kn

[1 + 3.89q + (16.1q)2 + (5.46q)3 + (6.71q)4]
1/2 ×

[ln(1 + 2.34q)]2

(2.34q)2 ,

(3.12)

q = k/Γ,

Γ = Ωmh exp
{
−Ωb −

Ωb
Ωm

}
.

In the above expression, Ωm and Ωb are the total matter density and baryonic matter
density respectively. Γ is referred to as the shape parameter. Inserting the most recent
observed values of Ωb and Ωm, Γ ∼ 0.21. The top-right and the bottom-right panels
of Figure 3.1 plot P(k) and k3 P(k) for the CDM power spectrum. It can be seen
that the spectral density per logarithmic bin increases with increasing wavenumbers
or decreasing wavelengths. As a result, the LCDM power spectrum shows very
prominent small scale features.
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Locally, the spectrum resembles a power-law, with the spectral index ne f f (k)
showing a dependence on the scale k, through the relation

ne f f (k) =
dlnP(k)

d lnk
. (3.13)

Figure 3.2 plots the effective spectral index ne f f (k) for the CDM power spectrum
as a function of scale k. In the asymptotic limit of small and large k, the limits of
ne f f (k) are well defined. At very large scales, its behavior tends towards a power-
law with index n = 1, as can be seen in the plot. At small scales, the LCDM power
spectrum behaves like a power-law power spectrum with index n = −3. The vertical
dashed lines in the plot correspond to the fundamental and the Nyquist mode of the
simulation box respectively. It is evident from the plot that the effective index of the
model varies steeply between ne f f ∼ −0.5 to ne f f ∼ −2.5. At the lower limit, the
Nyquist mode of the box corresponds to the scales of milkyway like galaxies. At
the other end the fundamental mode of the box corresponds to wavelengths well
beyond the scales at which the Universe appears homogeneous.

3.2.2 Normalization of the power spectrum
The amplitude of the power spectrum is not predicted by the fundamental physical
theories. It has to be determined from observations of the amplitude of mass fluc-
tuations in the Universe. One of the means to calculate its value is by equating the
theoretically calculated variance of the density field in the Universe to the observa-
tionally determined value, filtered by a top-hat filter of radius 8h−1Mpc

σ8(obs) = A
∫ d~k

(2π)3 P(k)Ŵ2
TH(k). (3.14)

where, ŴTH is the top-hat filter given by

ŴTH(x) =
3
x3 (sinx− xcosx). (3.15)

The left-hand side of Equation 3.14 is the rms of the observed value of density fluctu-
ations. The integral on the right hand side of the equation is solved numerically. The
ratio of the observed σ8 to the calculated integral gives the value of the amplitude A
of the power spectrum. For the models in this chapter, Figure 3.1 presents the graph
of the normalized power spectra for the various power-law models as well as the
CDM model.

It is important to note that the power-law power spectrum has no characteristic
scale, and diverges asymptotically for either small or large values of k, depending
on the choice of the power spectrum. As a result the integral in Equation 3.14 also
diverges for the power-law models. In order to remedy this, the usual practice is to
set the limits of integration to the fundamental mode and the Nyquist frequency of
the of the simulation box. The fundamental mode k f und and the Nyquist mode kNyq
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Figure 3.3 Density fluctuations in a random realization of a 1D Gaussian random field with a power
law power spectra. The spectral index are n = 1, 0,−1,−2 and −3. For the positive spectral index
there is more power at small scales. As a result, the appearance of the field is spiky. As the spectral
index decreases, the power shifts towards larger scales. As a result, there are more prominent large scale
features gradually. The small scale features appear as tiny wiggles, due to decreasing power at those
scales.

are inversely proportional respectively to the box size L, and twice the grid size, l.
For the models discussed in this chapter, k f und = 2π/128h−1Mpc ∼ 0.049hMpc−1

and kNyq = 2π/2h−1Mpc ∼ 3.14hMpc−1.

3.2.3 Model realization
We examine 1D and 3D models of Gaussian random fields. In both the cases, the
models are constructed in a simulation box of side 128h−1Mpc with a grid resolution
of 1h−1Mpc. For the 1D case, we analyze models specified by a power law power
spectrum. The value of the spectral indices are n = 1, 0, 1,−2 and −3. For the 3D
case, we analyze models specified by a power law power spectrum, with indices
n = 1, 0, 1,−2 and −3. In addition, we also analyze a model specified by the LCDM
power spectrum. All the models are smoothed with a Gaussian kernel of scale R f =

2h−1Mpc. The results presented for all the models are averaged over 100 realizations.
The density fluctuation δ at each location is normalized by the square root of the
variance of the density fluctuation σ0, such that the dimensionless density threshold
ν is given by

ν = δ/σ0. (3.16)

The results in this chapter are quoted in terms of the dimensionless threshold ν.
Figure 3.3 presents the density fluctuations in a random realization of a 1D Gaus-

sian random field. Figure 3.4 shows 2D slices of a single realization of 3D Gaussian
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Figure 3.4 2D slices of a single realization of 3D Gaussian random field models investigated in this the-
sis. The models are constructed in a simulation box of side 128h−1Mpc with a grid resolution of 1h−1Mpc.
Subsequently, it is smoothed with a Gaussian kernel of scale R f = 2h−1Mpc. The top left panel shows a
realization of the LCDM power spectrum. The rest of the panels show realizations of power-law power
spectra with spectral indices n = 1, 0,−1,−2 and −3. As we go from positive to progressively negative
spectral indices, the structures become visibly larger. This indicates increasing power at larger scales with
decreasing spectral index.

random field. The top left panel shows a realization of the LCDM power spectrum.
The rest of the panels show realizations of power-law power spectra. For these mod-
els, there is relatively more power at the small scales for a higher spectral index, in
comparison to a lower spectral index. This can be inferred from the shape of the
curves for k3 P(k) in the lower left panel of Figure 3.1. As a result, the appearance
of the field is spiky. As the spectral index decreases, the power shifts towards larger
scales. As a result, there are more prominent large scale features gradually. The small
scale features appear as tiny wiggles, due to decreasing power at those scales.

3.3 Topology
In this section, we give an informal presentation on the theory of homology and per-
sistence, and the concepts essential to its formulation. As Gaussian random fields
are an example of a stochastic process, we briefly revisit intensity maps as an empir-
ical description of persistence. Keeping our mind focused on model discrimination,
we also introduce the difference and ratio maps as new concepts. Then we discuss
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the Betti numbers and argue that they are emergent from the description of persis-
tence. Subsequently, we define and describe the genus and the Euler characteristic.
Thereafter, we establish that persistence diagrams, Betti numbers and genus or Euler
characteristic strictly contain decreasing amount of information. We refer the reader
to Appendix B for technical details on the computational procedure involved.

3.3.1 Homology

Homology is a mathematical formalism for specifying in a quantitative and unam-
biguous manner about how a manifold is connected, through assessing its bound-
aries and cycles (for a detailed and standard discourse on the subject, see Munkres
(1984); Edelsbrunner & Harer (2010); also see Appendix A). Homology groups pro-
vide a mathematical language for describing the holes in a topological space. A
d-manifold can be composed of topological holes of 0 up to (d− 1) dimensions. The
holes in the first three dimensions have intuitive interpretations. A 0-dimensional
hole is a gap between two isolated independent objects. A 1-dimensional hole is
a tunnel through which one can pass in any one direction without encountering a
boundary. A 2-dimensional hole is a cavity or void fully enclosed by a 2-dimensional
surface. Alternatively, the holes can be defined by the cycles that form their bound-
ary. Two 0-cycles form the boundary of the the gap (0-dimensional hole) between
them. A 1-cycle bounds a tunnel, and a 2-cycle bounds a void. The collection of all
p-dimensional cycles is the p-th homology group Hp. The rank of this group is de-
noted by the Betti numbers βp, where p = 0, . . . , d (Betti 1871; Edelsbrunner & Harer
2010). β0 counts the number of independent components, β1 counts the number of
loops enclosing the independent tunnels and β2 counts the number of shells enclos-
ing the independent voids. Also refer to Appendix A for more details on homology.

3.3.2 Topology and singularities: Morse functions

Morse theory (also see Appendix A.4) studies the change of topology of the manifold
M as induced by the superlevel-sets of the function f . The superlevel sets of a field
are defined as the regions

Mν = {x ∈M | fs(x) ∈ ( fν, ∞]} (3.17)

= f−1
s (−∞, fν].

In other words, they are the regions where the smoothed density is greater than or
equal to the threshold value fν = νσ0, with σ0 the dispersion of the density field.

The key property is that the topology of the manifold changes only when passing
through a critical point of f . A critical point is the point where the gradient of the
function vanishes, i.e.

∇ f = 0. (3.18)

The type of the critical point is decided by the number of negative indices in the
eigenvalues of the Hessian of the function at that location, which is the matrix of the
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(a) (b)

Figure 3.5 (a) Face on view of a 2D random field. A range of level sets are presented as contours of
different colors. (b) Surface view of the same. Maxima are marked with red balls, saddles with cyan balls,
and minima with yellow balls.

partial double derivatives of the function, given by

∂2 f
∂xi∂xj

.

A 1D function can only have two kinds of singularities: a maximum or a minimum.
A negative eigenvalue for the Hessian denotes a local maximum, and a positive
eigenvalue denotes a local minimum. A 2D function can have three kinds of singu-
larities: maxima, minima and saddles. In the case of a maximum, the eigenvalue of
the Hessian has two negative quadratic terms. For a saddle point, there is a positive
and a negative term. For a minimum, there are two positive terms in the eigenvalue.
In 3D, there are four kinds of critical points: maxima, minima and two different
kinds of saddle points. A maximum has three negative eigen values, and the mini-
mum has three positive eigen values. The different kind of saddles have two positive
(or negative) and one negative (or positive) eigen values. The type of the saddle is
determined by the particular combination (see Section 1.6.2 for the definition and
illustration of the critical points in 2D and 3D).

3.3.3 Hierarchical topology: Persistence
In Section 3.3.2, we noted the relation between the critical points of a function with
the topological changes it induces in a manifold. In this section, we use the no-
tions described above to sketch an intuitive understanding of persistence homology
(Edelsbrunner et al. 2002; Zomorodian & Carlsson 2005; Carlsson et al. 2005; Carls-
son & Zomorodian 2009; Carlsson 2009; Edelsbrunner & Harer 2010).

Persistence is a hierarchical extensison of homology. Having deep connections
with Morse theory (Milnor 1963), at the heart of the formalism of persistence is the
key observation is that the topology of the manifold changes only when passing



3.3: Topology 123

Figure 3.6 Persistence and field singularity structure. The process of birth and death as we grow the
superlevel sets by decreasing the density threshold in a given 2-dimensional random field. The events
of birth and death in each dimension are recorded separately in the persistence diagrams. Bottom-left:
0-dimensional diagram, bottom-right: 1-dimensional diagram.
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through a critical point. More specifically, the addition of a p-critical point can re-
sult in either the birth of a p-dimensional hole or the death of a (p− 1)-dimensional
hole (Edelsbrunner et al. 2002; Zomorodian & Carlsson 2005; Edelsbrunner & Harer
2010). Central to the formulation of persistence is the necessity to track the birth and
death events, as one changes the superlevel or sublevel sets. Tracking the topolog-
ical changes through changing superlevel sets, is equivalent to tracking it through
changing sublevel sets, by noting that β0 of the superlevel sets is equivalent to β2
of the sublevel set, and vice-versa. Theoretically, there are infinitely many levels of
density as one decreases the value from the highest to the lowest. But fortunately, the
topology of the manifold only changes while passing a critical point (Edelsbrunner
et al. 2002; Edelsbrunner & Harer 2010). This is of key importance because this means
that the infinite number of levels of density threshold can be constrained to a finite
number, by only having to consider one level in between any two critical points. In
addition, each topological hole is associated with two unique function value: f (cb)
associated with the critical point cb that gives birth to the hole, and f (cd) associated
with the critical point cd that is responsible for killing or filling up the hole. The life-
time or persistence π (Edelsbrunner et al. 2002; Edelsbrunner & Harer 2010), of the
hole is then given by the absolute difference between the death and the birth values
associated with the hole

π = | f (cb)− f (cd)|. (3.19)

Persistence: an example

Figure 3.5 presents a 2D random field, that we use as an example to illustrate the
working of persistence. In panel (a), we present the face on view of the field. A
range of level sets are presented as contours of different colors. In panel (b), we
present the surface view of the same. Maxima are marked with red balls, saddles
with cyan balls, and minima with yellow balls. Figure 3.6, illustrates the working
of persistence by tracking the birth and death of islands and tunnels, for growing
superlevel sets, for the 2D random field show in Figure 1.15. We employ a 2D field
for ease of visualization. An example in 2D presents a clear intuitive understanding
also of the process in 3D.

We trace the growing superlevel set from the top-left panel to the bottom right
panel, as a function of decreasing thresholds of f . We only show regions of the
manifold that are included in the superlevel set. We trace the change in topology of
this region, as the superlevel set grows. In panel (a), we start with a single island,
which is also a peak. In panels (b) and (c), we witness the birth of two more islands.
These are two peaks which get included in the excursion region. In panel (d), two of
the islands merge and we are left with two islands as a result. This merger results in
the death of one of the islands. This is the island which was born at a later threshold.
This is according to the elder rule (Edelsbrunner et al. 2002; Zomorodian & Carlsson
2005; Edelsbrunner & Harer 2010), which dictates that given a choice between killing
two components, the one that is born later is killed preferentially. In panel (e), there
is another merger of two isolated islands.

In panel (f), the first 1-dimensional hole or a loop is born. It has the appearance
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Figure 3.7 Typical persistence diagram for islands, tunnels and voids for a white noise Gaussian ran-
dom field in 3D.

of a lake surrounded by land. In panel (g), this loop splits into two. In panel (h),
one of the loops is filled, while the other one still exists. This indicates the death
of a 1-dimensional hole. The density value at which a hole is born, and the density
value at which it gets destroyed quantify its life-span. The life-span is equal to the
difference between the absolute values of the density of birth and death. This means
that one of the two loops has a higher life span or persistence than the other. It is
likely to be a more significant feature than the other. In panel (i), all the holes fill up,
and the superlevel set consists of the whole manifold.

3.3.4 Persistence diagrams

Persistence homology is represented in terms of persistence diagrams (Edelsbrunner
et al. 2002; Edelsbrunner & Harer 2010), which is a collection of dots, each dot as-
sociated with a unique topological change in the manifold. There is a diagram for
each ambient dimension of the manifold. 0-dimensional diagrams record the merger
events of two isolated objects. 1-dimensional diagrams record the formation and de-
struction of loops, while 2-dimensional diagrams record the birth and death of topo-
logical voids. We have introduced a representation of the persistence diagrams that
involves a rotation according to

b : d→ d + b
2

: d− b. (3.20)

In this representation, the horizontal axis
(

d+b
2

)
is the mean-density of the feature.

The vertical axis (d− b) is the persistence, or life-span of the feature. The persistence
diagrams corresponding to the birth and death events depicted in Figure 3.6 are pre-
sented in in the bottom row. The bottom-left panel presents the persistence diagram
for islands, and the bottom-right panel presents it for tunnels. Figure 3.7, presents
the typical dot diagrams for islands, tunnels and voids for a random realization of a
3D white noise Gaussian random field.
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(a) (b) (c)

Figure 3.8 Figure illustrating the difference between peaks and islands. The left panel illustrates two
peaks. They are composed of a single maximum. However, since they are also trivially connected and
isolated objects, they double up as islands also. The middle and the right panels illustrate islands with a
more complex topology. In the middle panel the island is a connected object, and contains many peaks.
In the right panel, the island encloses a loop as well.

3.3.5 Peaks vs. Islands

There is a telling distinction between peaks such as described by Bardeen et al. (1986),
and the islands of our definition. An island is a single connected object. A peak is the
location of a local maximum of the function. In general, an island may be marked
by many peaks. However, at the higher density thresholds, when no saddle points
have yet been introduced in the manifold, there will be necessarily one peak per
island. As the threshold is lowered, the number of peaks per island increases. As
this happens, the manifold starts developing complex connectivity. This happens
because the peaks merge through saddles, and an island may even form tunnels.

As an example, Figure 3.8 illustrates the difference between peaks and islands.
The left panel illustrates two peaks. They are composed of a single maximum. How-
ever, since they are trivially connected and isolated objects, they can also be classified
as islands. The middle and the right panels illustrate islands with a more complex
topology. In the middle panel, the island is a connected object, and contains many
peaks. In the right panel, the island encloses a loop as well. In this context, we point
out that the number of peaks per island, as a function of the density threshold, is a
topological quantification of the strength of clustering of a model. We investigate the
model dependent variation of the number of peaks per island for the 3D Gaussian
field models in Section 3.6.3.

3.3.6 Intensity, difference and ratio maps

Here we briefly revisit the concept of intensity maps (see also Equation 2.9). Also,
we introduce the difference and ratio maps.

Intensity maps

We divide the persistence diagrams into n× n regular grid cells. The intensity in a
grid cell (i, j) is the total number of dots Ni,j in that cell. The intensity map are aver-
aged representations of persistence diagrams over multiple realizations. We define
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the normalized intensity function Iij as

Iij =
〈Nij〉
〈Ntot〉

, (3.21)

where 〈〉 denotes the ensemble average over many realizations. Here 〈Ntot〉 is the
total intensity, or total number of points over R2, which is simply the total num-
ber of topological holes of a particular dimension that form and destroy as the den-
sity threshold is lowered. The intensity function I : R2 → R in the mean density-
persistence plane is such that its integral over every region R ⊂ R2 is equal to unity,
i.e. ∫

R
Iij(~x)dx = 1. (3.22)

The plane is defined by the mean-density coordinates on the horizontal axis and
persistence on the vertical axis.

In 3D, there are three possible maps, one each for islands (D=0), tunnels (D=1)
and voids (D=2). Figure 3.13 presents typical maps for Gaussian random field for
power-law power spectrum for different spectral indices.

Difference and Ratio maps
It is possible to highlight the difference between the intensity maps of two different
models quantitatively. One possible method to this end is to construct the difference
and the ratio maps. The difference of two functions f and g is a signed difference
between their intensities at any location in the mean density–persistence plane, while
the ratio function is the ratio of their intensities, such that

∆ f ,g(i, j) = I f (i, j)− Ig(i, j) (3.23)

∆̃ f ,g(i, j) =
I f (i, j)
Ig(i, j)

.

(3.24)

The difference and the ratio functions quantify the excess or deficit of topological
holes of f with respect to g, in the neighborhood defined by a given mean density
and persistence value. Evidently, the difference maps are less sensitive to noise than
the ratio maps.

3.3.7 Genus and Euler characteristic
For a connected, orientable surface, the Genus 2 is defined as the maximal number of
independent simple closed curves that can be drawn on the surface without render-

2For consistency, it is important to note that the definition of genus g used in cosmological studies
is different from the mathematical definition of genus G, the difference being the number of connected
regions: g = G− c.
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ing it disconnected.
The Euler characteristic, sometimes also known as the Euler-Poincaré character-

istic (Edelsbrunner & Harer 2010), of a manifold is the alternating sum of simplex
numbers of all the dimensions needed to triangulate it. It is best understood through
the Poincaré formula. Assume a manifold M. Then the Poincaré formula states that

χ(M) = V − E + F, (3.25)

where, V, E and F are respectively the number of vertices edges and faces used
to triangulate the manifold. The genus of a surface is closely related to its Euler
characteristic. Let us consider a manifold M, and denote the closed surface that
bounds it by ∂M. If the genus of ∂M is g, the Euler characteristic of M is given by

χ(M) = 2− 2g(∂M). (3.26)

3.4 Persistence characterization of 1D Gaussian random functions
For obtaining insight into the topological characteristics of Gaussian random fields,
we first assess 1D Gaussian random functions. We begin by describing the features
of the distribution of critical points in the density field. Subsequently we relate it
to their topological properties, as described through persistence. The analysis of 1D
field is particularly useful for a visual appreciation of how the critical point charac-
teristics are related to the properties of the persistence diagrams. This becomes an
important exercise in view of the observation that a visualization of the interior of
the structures in 3D fields is a considerably challenging task, due to complications
involved in rendering and visualizing the interiors of 3D objects.

The features visible in the function can be characterized in terms of their mean
density, persistence and scale. Recall that every topological feature is associated with
two critical points. In the 1D case, there is a local maximum responsible for its birth,
and a local minimum responsible for its death. The mean density of a feature is half
the sum of absolute values of the maximum and the minimum. The persistence of
a feature is defined as the absolute difference between the maximum and the min-
imum. The scale is defined as the separation between the two adjacent maxima or
minima. To a first approximation, this can be deemed roughly equal to the scale on
which the field is smoothed.

Figure 3.3 presents the density fluctuations for a random realization of a 1D Gaus-
sian random function. We plot the spatial coordinate x on the horizontal axis, and
the density δ(x) at that location on the vertical axis. The function values are nor-
malized by the rms of the density fluctuations. The function is characterized by a
power law power spectrum. The normalized power spectrum P(k) is presented in
the top-left panel of Figure 3.1. The bottom-left panel of the same figure presents
the power per logarithmic bin, k3 P(k). It is indicative of the relative variance of the
models with respect to each other. From the Figure, it is clear that the variance of the
field decreases with decreasing spectral index.

The n = 1 model is characterized by increasing power at smaller scales. Hence
we see a dominating presence of small scale features with high amplitude in the den-
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sity field. In terms of critical points, this denotes a presence of spatially close high
peaks separated by low valleys, giving the field a very spiky appearance. As the
index of the power spectrum decreases, there is increasing power at larger scales,
accompanied by diminishing power at smaller scales. This results in large scale fea-
tures becoming more prominent in the density field. Low power at small scales
manifests as tiny wiggles modulating the prominent large scale features.

The features of the density field in Figure 3.3 are reflected directly in the per-
sistence diagrams shown in Figure 3.9. The diagrams are symmetric about ν = 0,
reflecting the symmetry about the mean of the field. Maximal persistence decreases
marginally for decreasing spectral index. This can be tied in to the fact that the vari-
ance of the fluctuations in the box decreases with decreasing spectral index. Indeed,
for a given filtering scale R f , the variance of the density fluctuation goes as (Bardeen
et al. 1986)

σ0(R f ) ∝ R−(3+n)
f . (3.27)

The diminishing variance, as a function of the decreasing power spectrum, is re-
sponsible for the decrease in the separation between the pair of maximum and the
minimum that constitutes the maximal-persistence feature in the different models.
This trend can be noticed in the persistence diagrams, where we see the maximum
persistence falling monotonically with decreasing spectral index. The fact that the
height of the maximal peaks decreases, with decreasing spectral index, can also be
confirmed from the structure of the 1D function in Figure 3.3. It can also be noticed
that as the spectral index decreases, the concentration of dots increases towards the
horizontal axis. This is a direct reflection of the increase in the number of small scale
features of low persistence, as the spectral index decreases.

3.4.1 Cumulative and marginal distributions
The persistence diagrams can also be characterized through the cumulative and
marginal distributions of the mean density and persistence of the topological fea-
tures. The marginal density n(ν) is defined as the number density of the topological
holes in the threshold range (ν, ν + dν). The normalized cumulative distribution
N(ν) is defined as

N(ν) =

∫ ν
0 n(ν′) dν′∫ ∞
0 n(ν′) dν′

, (3.28)

where, n(ν′) is the marginal number density between (ν′, ν′ + dν′). The cumulative
distribution asymptotically approaches unity, as ν→ ∞.

Distribution of mean density
Figure 3.10 presents the marginal and the cumulative distribution of mean density
of the features for the various models. The left panel plots the marginal distribution
of mean density. The curves are symmetric about ν = 0, where they also attain their
maximum. This indicates that for a Gaussian field, the constituent maximum and
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Figure 3.9 Persistence diagrams for the features in the models 1D random functions
with power-law power spectra The mean density is plotted on the horizontal axis,
and the persistence is plotted on the vertical axis.

minimum for a majority of the features are a mirror image about the mean of the
density field. Thus, these are the zero-mean features. As the spectral index decreases,
the amplitude of the curves falls monotonically. This is simultaneously accompanied
by increasingly fatter tails. This indicates an increasing population of features with
a non-zero mean density. This phenomenon is intimately connected to the shape of
the power spectrum. As the spectral index decreases, the location of the maximum
of the curve of the marginal number density of peaks shifts towards lower density
thresholds (see Figure 2, Bardeen et al. (1986)). This results in increasingly significant
number of peaks for lower density thresholds. In fact, for n ∼ −3, the amplitude of
the curve of the number density of maxima is symmetric about ν = 0, and there
are a significant number of peaks even below the mean of the field (Bardeen et al.
1986). The shift of peaks towards lower density thresholds results in features whose
constituent pair of maximum and minimum both have function values lower than
the mean of the field. As a result, their mean density is lower than the mean of the
density field. In fact, it is only required that the maxima-minima pair of a feature be
not symmetric about the mean of the field, for it to have a non-zero mean density.

The negative mean density of the features is indicative of the cloud-in-void phe-
nomenon (Sheth & van de Weygaert 2004). This happens when a local maximum is
located in an overall underdense region. For Gaussian fields, the cloud-in-void phe-
nomenon increases with decreasing spectral index. An important point to remember
is that as Gaussian fields are symmetric, the opposite void-in-cloud phenomenon also
occurs. This means that a number of minima have their function values higher than
the global mean. For Gaussian fields, this phenomenon also increases as the spectral
index decreases.

The right panel of Figure 3.10 presents the curves for the cumulative distribution
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Figure 3.10 Normalized marginal and cumulative distribution of mean density of the topological fea-
tures. The graphs are drawn for varying spectral index. Left: marginal distribution of the mean density
of the features. Right: cumulative distribution of mean density of the features.

of the various models. The steepness of the distribution decreases for decreasing
spectral index. The mean density of the major fraction of features for the n = 1
model is located within |ν| ≤ 1. For lower spectral indices there is a significant
fraction of features beyond |ν| ≥ 1. The fraction increases with decreasing spectral
index, and we see a a progressing uniformity as the spectral index decreases.

Distribution of persistence
Figure 3.11 presents the marginal and the cumulative distribution of persistence of
the features. The distribution of persistence π is different from the distribution of
mean density ν. The cumulative number density for the n = −3 model increases
most sharply, followed by n = −2,−1, 0 and 1 in that sequence. For the n = 1 model,
the features are more uniformly distributed along the persistence axis. The smoothly
increasing cumulative distribution curve in the right panel of Figure 3.11 confirm
this impression. This is indeed what we observe in the persistence diagrams of the
1D Gaussian process in the Figure 3.9. For lower spectral indices, the curve quickly
converges to its asymptotic limit 1. It is a clear manifestation of the fact that for
lower spectral indices, there is a larger fraction of small scale low amplitude features,
and a relatively lower number of large scale features with large amplitude (also see
Figure 3.3). The left panel of the Figure 3.11 presents the marginal distribution of
persistence for the models. The curves for n = 1 and n = 0 indicate a clear peak
and have a wide tail. The peak disappears for index n ≤ −1. In this, it resembles
the Gamma distribution. The Gamma distribution is the continuous version of the
discrete Poisson distribution.

3.5 Persistence characteristics of 3D Gaussian random fields

Having assessed the topological characteristics of 1D Gaussian random functions,
we turn to the analysis of the topology of the 3D fields. We present the persistence
characterization of the 3D models described in Section 3.2. Subsequently, we inves-
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Figure 3.11 Normalized cumulative and marginal distribution of persistence of the topological features.
The graphs are drawn for varying spectral index. Left: marginal distribution of persistence of the features.
Right: cumulative distribution of persistence of the features.

tigate the topological characteristics of the intensity, difference and ratio maps of the
models. We also investigate the properties of the distribution of topological objects
as a function of their mean density and persistence.

3.5.1 Number density per unit volume of the topological features
The average total intensity 〈Ntot〉, per unit volume, is a measure of the topological
structure of a field. It corresponds to the average number of topological objects per
unit volume in the density field. Figure 3.12 presents the average total intensity as a
function of the index n of the power spectrum. The average total intensity shows a
characteristic dependence on the choice of the power spectrum. It decreases mono-
tonically with decreasing spectral index. This means the number of topological ob-
jects per unit volume decreases monotonically with decreasing spectral index. This
is expected on account of the fact that for lower spectral indices, the structures in the
field become progressively larger. As a consequence, lesser number of features can
be packed in a given volume.

3.5.2 Intensity maps
Figure 3.13 presents the intensity maps for the 3D Gaussian random field models.
The intensity maps for the LCDM power spectrum is presented in Figure 3.14. The
intensity along successive contours decreases by a factor of 2. The left column of the
figures presents the intensity maps for islands, the middle column presents the maps
for tunnels, and the right column presents the maps for voids.

For all the models, the intensity maps are triangular in shape for all the dimen-
sions, i.e. for the islands, tunnels and voids. The maps also exhibit a symmetry
under reflection along the vertical axis: the maps for islands is a mirror image of
the map for voids. The map for tunnels is a reflection of itself, the axis of symmetry
being ν = 0. This reflects the symmetry of the Gaussian field itself (which has half
the volume with negative field values (underdense), and the other half with positive
field values (overdense)). The shape of the maps also show various degrees of con-
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Figure 3.12 The average total intensity as a function of the index of the power spectrum. It indicates
the average number of topological objects per unit volume in the density field characterized by a given
power spectrum. The curve is presented as a function of the spectral index n. The average total intensity
decreases monotonically with decreasing spectral index.

cavity in their arms. The level of concavity depends on the spectral index. For the
0- and 2-dimensional maps, the concavity is in the arm towards which the maps tilt.
The quantification of the model dependent concavity appears non-trivial, and may
be an interesting exercise for the future.

By definition, the integral of the intensity function over the plane defined by the
mean density and persistence is unity. Recasting the intensity function in this nor-
malized format means that the total intensity is conserved, and the same, irrespective
of the model. Seen in the light of this statement, the effect of the choice of the model
is restricted to the redistribution of intensity in the plane. This has repercussions
on the shape of the intensity function, which can be observed by following the iso-
contours of a particular intensity in the intensity maps. As an example, we follow a
randomly picked iso-intensity contour I = 0.006 in Figure 3.15. The peak height of
the contour decreases while simultaneously accompanied by a spread along horizon-
tal axis. The increasing intensity near the horizontal axis for lower spectral indices
indicates the growing population of low persistence small scale features, due to de-
creasing power at those scales. As the index of the power spectrum decreases, the
sharp cuspy appearance of the contours progresses towards a more smooth peak.
We note that iso-intensity contours of any other value follow a similar pattern.

Interesting to note is that the iso-intensity contour for the white noise case (n =
0) departs from the trend followed by the rest of the models. The curve has a more
peaky appearance and thinner tails compared to the others. The starkly different
behaviour of the white-noise model in comparison with the other models requires
requires a careful consideration, and is still under investigation.

The width in the mean density distribution, as well as maximum persistence are
important markers of difference in the map characteristics. They are a reflection
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Figure 3.13 Intensity maps of islands, tunnels and voids (left to right) of the 3D Gaussian random field
models. Intensity I is defined as the fraction of total objects (for each dimension separately) in a grid
cell. Successive contours have intensity values that differ by powers of 2. The maps show a characteristic
dependence on the choice of the power spectrum.
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Figure 3.14 Intensity maps of islands, tunnels and voids (from left to right) in Gaussian random fields
for the LCDM power spectrum. The box size is 128h−1Mpc, with a smoothing radius of 2h−1Mpc. Inten-
sity I is defined as the fraction of total objects (for each dimension separately) in a grid cell. Successive
contours have intensity value that differ by powers of 2. The color bars are the same as Figure 3.13.

Figure 3.15 Iso-intensity contours corresponding to a randomly chosen value of intensity function,
Iij = 0.06. The curves are presented for the power-law power spectrum. The curve characteristics show a
systematic dependence on the choice of the power spectrum. The curve for white noise departs from the
trend followed by curves for other spectral indices.
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Figure 3.16 Normalized marginal and cumulative distribution of mean density the features in the mod-
els of 3D Gaussian fields. The graphs are drawn for varying spectral index. Black: topological voids, red:
tunnels. Curves for the topological islands are identical to the curves for the islands, under reflection
about ν = 0.

of the features in the density landscape of the field. From n = 1 to n = −3, the
maximum persistence decreases. As argued in the 1D case, this is a reflection of
the decreasing variance of the density field, as the spectral index decreases: σ0 ∝
R−(n+3).

3.5.3 Mean density: Statistical distribution
In this section, we study the marginal and cumulative distribution of mean density
of the topological features. We are also interested in an empirical fitting formula for
the distributions. The form of the fitting function is motivated by the observed curve
characteristics.

Figure 3.16 presents the marginal and cumulative distribution of the mean den-
sity of the features for the various models. The left and the right panels present the
marginal and the cumulative distribution respectively. The curves in black present
the graphs for the topological voids. The curves in red present the graph for tunnels.
The curves for the topological islands are identical to the curves for the voids, under
reflection about ν = 0.

The rate of change in the cumulative distributions of voids and tunnels is the
same for any given power spectrum. This follows from the observation that the local
slope of the cumulative distribution is the same for both voids and tunnels. This may
also be visually confirmed from the graphs. The cumulative distribution increases
most steeply for the n = 1 model, and decreases with decreasing spectral index. The
curves for the tunnels cross each other at ν = 0. A reflection of this can also be seen in
the curves for the marginal distribution of mean density. The curves for the tunnels
are symmetric about ν = 0. The peaks of the curves are located at ν = 0, irrespective
of the model.

The cumulative and the marginal distribution curves for the voids are shifted
towards lower density thresholds for higher spectral indices. The location of the
maximum of the marginal distribution of voids follows a similar trend. As noted
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earlier, the curve for islands is a mirror image of the curve for voids. This means that
for a smaller spectral index, the cumulative and the marginal distribution curves are
shifted towards lower density thresholds. As noted in the 1D case, this is a con-
sequence of the fact that for lower spectral indices, there is a significant fraction of
maxima located near or even below the mean of the field.

Mean density fit: the skew-normal distribution
Under the assumption that the intensity maps arise from a well behaved probability
distribution function (Section 3.3.6), we attempt an empirical fit to the distribution.
To this end, we take into account that the distributions for islands and voids are
skewed and a mirror image of each other about ν = 0. We also note that the distri-
bution of tunnels is symmetric to itself and exhibits no skewness. The observation
that the curves for islands and voids exhibit a skewed distribution, while the curve
for tunnels has no skew motivates to introduce a generic class of distribution called
the skew-normal distribution, as a fit simultaneously for the marginal distribution of
mean density of islands, tunnels and voids. The well known normal distribution is
emergent from the skew-normal distribution.

The skew-normal distribution is given by(O’Hagan & Leonard (1976); Azzalini
(1985)):

f (ν) =
A0

ωπ
e−

(ν−ξ)2

2ω2

∫ α
(

ν−ξ
ω

)
−∞

e−
t2
2 dt, (3.29)

where, A is the amplitude, α is the skewness parameter, ξ is the location parameter and
ω is the scale parameter. For more details on the skew-normal distribution, refer to
Appendix G.
We present the fit to the marginal distribution curves for the n = 0 model in Fig-
ure 3.17. The solid red curves present the marginal distribution of islands, tunnels
and voids for the n = 0 model. The black dot-dashed lines presents the skew-normal
fit curves for the same. In addition, the curves for n = 1 and n = −1 are also pre-
sented in red, for comparison as dotted and dot-dashed lines in red respectively. The
fitted curves for islands and voids match the actual distribution remarkably well.
The curve of actual distribution for tunnels has slightly broader tails and higher peak
than the fitted curve. The fit for tunnels has the skewness factor α = 0, indicating
that the mean density of the tunnels may be normally distributed.

Table 3.1 presents the parameters of fit for the various power-law models us-
ing the skew-normal distribution. Columns 3 presents the skewness, defined γ1 =

µ3/σ3. Column 4 presents the excess kurtosis, defined as γ2 = µ4

σ4 − 3. By this defini-
tion, the excess kurtosis of the standard normal distribution is 0. The absolute value
of skewness for the curves corresponding to islands and voids increases as one pro-
gresses from n = 1 to n = −3. The distribution for tunnels exhibits a near-zero,
negligible skewness for all values of n. The excess kurtosis for all islands, tunnels
and voids is∼ −2.9 : −3.0, with small variations that show a decreasing trend in the
absolute magnitude as one lowers the spectral index.
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Figure 3.17 Marginal distribution of the mean density of islands, tunnels and voids for n = 1, 0 and − 1.
The solid curve in red is the average computed from multiple realizations. The curve in black(dot-dashed)
plots the best fit skew-normal distribution for each of islands, tunnels and voids. The values of parameters
of distribution A(amplitude), ζ (location), α (skewness-parameter) and ω(scale/width) are depicted in
Table B.1.

The dependence of the various parameters of fit on the value of spectral index
is presented in Figure 3.18. The location parameter (ζ) and skewness (γ1) show an
increasing trend with increasing value of the spectral index, while the width param-
eter (ω) and skewness parameter(α) show a decreasing trend. Columns 5 through
8 of Table 3.1 also enumerate the best-fit values for the parameters. The absolute
value of the location parameter decreases for both islands and voids as n decreases.
The trend in the dependence of location parameter on the value of spectral index is
depicted by the solid curve in Figure 3.18. The trend in the dependence of skewness
parameter α on the choice of spectral index is depicted by the dashed curve in Fig-
ure 3.18. The absolute value of skewness parameter decreases for decreasing n in the
case of islands and voids. On the other hand, it is ∼ 0 for tunnels, as expected. The
trend in the dependence of scale/width parameter on the choice of spectral index
is depicted by the dot-dashed curve in Figure 3.18. The scale parameter ω, which
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Figure 3.18 Fitting parameters for the mean density distribution. The solid line corresponds to the best-
fit values of the location parameter ξ, the dashed line for skewness parameter α, and the dot-dashed line
for scale/width parameter ω. The double dashed line corresponds to the skewness (note that skewness is
different from skewness parameter).

indicates the width of the curves, increases uniformly for decreasing n. This is true
for islands, tunnels and voids.

3.5.4 Persistence: statistical distribution

Figure 3.19 presents the cumulative and marginal distribution of persistence of the
features for the various models. The left and the right panels present the marginal
and the cumulative distribution. The curves in black present the graphs for the topo-
logical voids. The curves in red present the graph for tunnels. The curves for the
topological islands are identical to the curves for the voids, due to the symmetry of
the field. The marginal distribution of tunnels is different from the marginal distri-
bution of islands and voids. However the cumulative distribution of islands, tunnels
and voids are approximately coincident for all the models.

The left panel of Figure 3.20 plots the marginal distributions of persistence for
the islands, tunnels and voids for the n = 0 model. For low values of persistence
π ∼ (0.1− 1σ), the distribution follows a power-law

ψ = ψ0π−τ . (3.30)

The index of the power-law τ indicates the rate of fall in the number of objects as
a function of persistence. We call this the persistence index. Columns 9 and 10 of
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Figure 3.19 Normalized marginal and cumulative distribution of persistence of the features. Black:
topological voids, red: tunnels. Curves for the topological islands are identical to the curves for the
islands, under reflection about ν = 0.

Figure 3.20 Left: Marginal distribution of persistence of the toplogical holes. The rate of decrease is the
same for islands tunnels and voids. For small values of persistence, the rate of fall fits a power law. Right
: the trend in the dependence of the value of the persistent index on the index of the power spectrum.
Persistence index decreases while going from spectral index 1 to 0, and increases monotonically while
going from 0 to −3.

table 3.1 list the amplitude ψ0 and the value of the persistence index τ for the power-
law models. The persistence index τ is approximately the same for islands, tunnels
and voids for a given spectral index n. For n = 1, 0,−1 , the persistence index is
τ ∼ 0.9. It shows an increasing trend for n < −1. For the n = −2 model, τ ∼ 1, and
for the n = −3 model τ ∼ 5

4 . The right panel of Figure 3.20 presents the trend in the
dependence of the persistence index (τ) on the power spectrum index n.

3.5.5 Difference and ratio maps
To compare the intensity maps, we construct the difference and the ratio maps as
defined in (3.24). Quantification of the difference and the ratio function di,j between
two models f and g results in maps which are, locally, at various factors of elevation
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Figure 3.21 Difference maps of islands, tunnels and voids (from left to right) in Gaussian random fields
for a power-law power spectrum, for spectral indices n = 1,−1,−2and− 3. The difference function d is
defined as the signed difference of intensities of a given power-spectrum, with respect to the white-noise
power spectrum in a grid cell. Successive contours have intensity value as half of the previous ones.

or depression with respect to each other. These elevations and depressions indicate
an excess or deficit in the number of topological features in the neighborhood de-
fined by a particular value of mean density and persistence. We note here that the
difference and the ratio maps display similar global features. However, the contours
in the difference maps are less noisy compared to the ratio maps. This reflects the
fact that the difference function numerically is more stable than the ratio function.
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Figure 3.22 Ratio maps of islands, tunnels and voids (from left to right) of Gaussian random fields for
a power-law power spectrum, with spectral indices n = 1,−1,−2and− 3. The maps are constructed with
respect to the n = 0 model. The box size is 128h−1Mpc, with a smoothing radius of 2h−1Mpc. The ratio
function ∆ is defined as the ratio of intensities of a given power-spectrum, with respect to the white-noise
power spectrum in a grid cell. Successive contours have intensity value as half of the previous ones.

Difference and ratio maps of the power law models.

Figure 3.21 presents the difference maps for Gaussian random fields with power-law
power spectra. The model of reference for the comparison is the white noise model
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Figure 3.23 Plot of fractional area covered by ∆ij > q for the different power-law models. The fractional
area covered is defined as A∆ij>1/Atot. For the power-law models, the fractional area covered by the is-
lands and the voids is the same within 1σ error. The fractional area covered for the tunnels is significantly
different from those of islands and voids. For the LCDM model, the fractional area covered is the same
for islands, tunnels and voids, within 1σ error.

with spectral index n = 0. The difference function is given by

dij = I(ij), f − I(ij),n=0, (3.31)

such that I(ij), f is the intensity of the compared model in the (i,j)-th bin, and I(ij),n=0
is the intensity of the reference n = 0 model in the same bin. We follow the maps
for tunnels, noting that the maps for islands and voids show similar properties. Iso-
difference contours are drawn and marked for a range of values. The details of the
features present in the difference maps show a systematic dependence on the value
of the spectral index. A visual inspection of Figure 3.21 reveals this. The difference
maps, like the intensity maps, also exhibit a symmetry: the maps for islands are
symmetric with respect to the maps for voids about ν = 0. The maps for loop is a
mirror image of itself under reflection about ν = 0. For all the models, the overall
shape of the maps is triangular.

For the maps corresponding to tunnels, the n = 1 model exhibits an elevated
peak along and around ν = 0 . This indicates that the n = 1 model has a larger
number of topological features with zero or near-zero mean density, as compared
to the white noise case. This elevation decreases in height monotonically on either
sides. In contrast, the maps for n = −1,−2, and − 3 are depressed around ν = 0.
The extent of depression shows dependence on the value of the spectral index. The
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maps corresponding to a lower index are more depressed compared to a map with
higher index. This is similar to the trend seen in the 1D case (Section 3.4). As the
spectral index decreases, the number of features with the mean density equal to the
mean of the field decreases monotonically. It is simultaneously accompanied by an
increase in the features with a non-zero mean density. As noted in the 1D case, this
happens because lowering the spectral index results in an increase of the small scale
features with a non-zero mean density.

The maps show an opposite trend along the edges of the triangular arms, com-
pared to the neighborhood defined by ν = 0. As noted earlier, the n = 1 exhibits
an excess of features along ν = 0 compared to the white noise case. However, the
n = 1 model has lesser number of features along the triangular arms compared to
the white noise model. This is brought out sharply in the ratio maps for the mod-
els, presented in Figure 3.22. The ratio maps maginify the contrast of the differences
between the models.

The difference in the map characteristics is also illustrated if one plots the frac-
tional area enclosed within regions defined by a particular ratio value. For a given
ratio value q, we define the fractional area as the area bound by the contour q over
the total area covered by non-zero regions of the ratio maps

A =

∫∫
q dS∫∫
dS

, (3.32)

where,
∫∫

q dS is the area above the region demarcated by the contour q, and
∫∫

dS is
the total area of non-zero regions in the ratio maps. Figure 3.23 plots the fractional
area covered for q = 1, for the different power-law models. Along this contour, the
compared models have equal number of features. The fractional area covered by the
islands and the voids is the same within 1σ error. The fractional area covered for the
tunnels is significantly different from those of islands and voids. The fractional area
covered decreases monotonically for all islands, tunnels and voids as the spectral
index decreases. The excess of number of features, as denoted by a non-zero value
of fractional area for q = 1, indicate that all the models have a number of features in
excess of the the white noise model for some values of mean density and persistence.
This excess in the number of features arises because every model has excess power
compared to the white noise model, for some scale.

Difference maps of the LCDM model
Figures 3.24 presents the difference maps of the LCDM model with respect to the
power-law models. The left column in the figure presents the maps for islands, the
middle column presents the maps for tunnels, and the right column presents the
maps for voids.

We are motivated to compare the LCDM model with all the power law mod-
els. This is because the LCDM model has a running, scale-dependent spectral in-
dex, and its slope locally resembles a power law, with the spectral index ne f f =
d ln P(k)/d ln k. Recall from Figure 3.2 that the effective spectral index ne f f for the
LCDM model runs between approximately −0.5 and −2.5 in our simulation box.
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Figure 3.24 Difference maps of the LCDM model with respect to the various power-law models.
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The difference maps of the LCDM model show evident differences with respect
to the power-law models. The region around the mean density ν = 0 is the re-
gion where most of the significant differences arise across all the maps. Examining
Figure 3.24, we notice that the the LCDM model has consistently lower number of
topological features globally with respect to the n = 1, 0 and − 1 power-law mod-
els. For n = −2 and − 3, the LCDM model has a higher number of features than
the power law models. The n = −1 model appears closest to the LCDM model. As
can be verified from the values of the contours in Figure 3.24, the difference function
reaches a minimum for the n = −1 model and the LCDM model.

3.6 Betti numbers of 3D Gaussian random fields
Following the hierarchical topology of the Gaussian field models in terms of per-
sistence, we turn to the analysis in terms of the Betti numbers in this section. We
compare them with the topology as described through the Euler characteristic. The
three Betti numbers β0, β1 and β2 are computed as a function of the dimensionless
density threshold value ν = δ/σ. We also devote a subsection to quantifying the
statistics of local maxima or peaks (Bardeen et al. 1986), and the isolated connected
objects or islands as quantified by the zeroth Betti number β0. This is motivated by
the need to understand the relation between peaks and islands, and how a topology
description in terms of one compares to the other.

In a related article, we present a preliminary investigation of Betti numbers of
Gaussian fields, focusing on a comparison with genus statistics (Park et al. 2013).
Here we expand and deepen this analysis. In this context, we also note that a semi-
analytical calculation of the Betti numbers of the Gaussian fields in 2D has been
carried out by Feldbrugge et al. (2015).

3.6.1 Gaussian Betti numbers in 3D: generic properties
The top-left panel of Figure 3.26 shows the unscaled Betti number curves for the
various power-law models, as well as the LCDM model. For Gaussian fields, β0 and
β2 are a mirror image of each other about ν = 0. β1 is symmetric to itself under
reflection about ν = 0. Because of their symmetry, an analysis with respect to the
islands is also indicative of the properties of voids.

At ν =∼ ±
√

3, the number of isolated islands and voids attain their maximum
respectively. The maximum of β0 curve gradually moves to lower thresholds as n
decreases. At ν ∼ 1, the number of isolated islands is equal to the number of isolated
tunnels. This threshold of equality gets closer to the maximum of β0 as the spectral
index decreases. At ν = 0, the number of isolated tunnels attains a maximum. At
this threshold, the number of isolated islands also equals the number isolated voids.
The extent of overlap between islands and voids increases with decreasing spectral
index. It is negligible for the n = 1 model, and becomes considerably significant as
the spectral index decreases to n = −3.

Figure 3.25 illustrates the iso-density surfaces denoting the structure of the field
for three different density thresholds ν =

√
3, 1, and 0, for the n = 1 and the n = −3

models. The left column presents the contour surfaces for the n = 1 model, and the
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Figure 3.25 Caption next page
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Figure 3.25 Iso-density surfaces denoting the structure of the field for three different density thresholds
ν =
√

3, 1, and 0, for the n = 1 and the n = −3 models. The left column presents the iso-density surfaces
for the n = 1 model and the right column presents the contour surfaces for the n = −3 model. Examples
of typical tunnels are enclosed in translucent red spheres; examples of typical isolated islands are enclosed
in green spheres. The topology of the contour surfaces shows a dependence on the choice of the power
spectrum, as well as the density threshold.

right column presents the contour surfaces for the n = −3 model. For illustration,
examples of a typical tunnel are enclosed in a translucent red sphere. Examples of a
typical isolated island are enclosed in a green sphere.

The topology of the iso-density surfaces shows a dependence on the choice of the
power spectrum. The dependence on the power spectrum is most evident around
ν = 0. At this threshold, for the n = 1 model, the topology is predominantly loop-
like or sponge-like, with nearly a singly connected surface. For the n = −3 model,
the topology is a visible mixture of loops as well as isolated islands. The strength of
mixing of the different kinds of topological entities, indicated by the relative num-
ber of different topological holes, increases with decreasing spectral index. This in-
dicates that the different models have inherently different topological structure. In
other words, the manifold cannot be described as either predominantly meatball-like
or sponge-like, but rather as a mixture of these topologies.

The increase in the overlap between meatball-like, sponge-like and cheese-like
topologies for decreasing spectral index is more evident once we zoom in to the
concerned region in Figure 3.27. The bottom-left panel plots the overlap between β0
and β1, and the bottom-right panel plots the overlap between β0 and β2. The value
at the point of overlap increases with decreasing spectral index for both β0/β2 as
well as β0/β1. These trends are related to the observation that for lower spectral
indices there is significant power at large scales. This is reflected in the presence of
a larger number of isolated islands, even significantly below the mean value of the
density field. This is indicative of the cloud-in-void effect (Sheth & van de Weygaert
2004). The number of clouds or islands in the overall underdense regions increases
with decreasing spectral index. The opposite void-in-cloud effect also increases with
decreasing spectral index. This means that there are more and more void like regions
above the mean of the density field, as the spectral index decreases.

The presence of a progressively larger number of isolated islands for low rms
density thresholds, or the increasing cloud-in-void effect, is also evident if one plots
the fractional value of number of islands with respect to the sum of total number of
islands, tunnels and voids. This is shown in the left panel of Figure 3.28, where we
plot this quantity as a function of the dimensionless density threshold. For higher
spectral indices, the fractional value quickly falls down to almost zero. On the other
hand, for lower spectral indices it is larger than zero for thresholds as low as −2σ.

The shape of the Betti number curves show a dependence on the choice of the
power spectrum: the Betti number curves become broader as n decreases. This can
be seen from the shape of the scaled Betti number curves in the top-right panel of
Figure 3.26. The Betti numbers have been scaled with respect to the n = 0 model. It
is also evident from the overlap between the various Betti numbers (see Figure 3.27).
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Figure 3.26 Betti numbers and Euler characteristic curves of Gaussian random fields. The curves are
drawn for the LCDM model and for the power-law models as a function of the dimensionless density
threshold ν. Top-left: Unscaled Betti numbers for the LCDM and power-law models. Top-right: Scaled
Betti numbers for the power-law models. Bottom-left: unscaled Euler characteristic curves for the power
law models. Bottom-right: Scaled Euler characteristic curves. The shape of the Betti number curves
depend on the choice of the power spectrum, unlike the shape of the Euler characteristic curves.

The dependence of the Betti number curves on n is nearly exclusively confined to
the range |ν| ≤

√
3.

The bottom-left panel of Figure 3.26 shows the unscaled Euler characteristic curves
for the power law models. The bottom-right panel presents the scaled Euler charac-
teristic curves. The scaled curves fall on top of each other, indicating that the shape
of the Euler characteristic curve is insensitive to the choice of power spectrum. This
is unlike the Betti numbers, whose shapes show a characteristic dependence on the
choice of the power spectrum. The dependence of Euler characteristic on the choice
of the power spectrum is restricted to the expression for amplitude, through the vari-
ance term. Also note that the different Betti numbers dominate different regions of
the Euler characteristic curve.

The extrema of the three 3D Betti numbers correspond to the three extrema of the
Euler characteristic curve. Only for large thresholds of |ν| > 3, β0 and β2 are almost
equal to −χ. This is because the absolute value of the Euler characteristic is very
close to the number of excursion sets or peaks in the asymptotic limit of high density
thresholds (Adler 1981; Bardeen et al. 1986). For thresholds as large as ν ∼ 2, there is
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Figure 3.27 Zoom-in into the Betti numbers and Euler characteristic curves. Top: Zoom-in into the
Betti number (solid) and Euler characteristic curves (dashed) around ν = 0. The Euler characteristic
curves have an amplitude slightly lower than the β1 curves. Bottom-left: overlap between β0 and β1.
Bottom-right: overlap between β0 and β2. In both the panels, it is evident that the overlap between the
various Betti numbers spans across a substantial range of density threshold. The strength of the overlap
between different topologies, measured by the relative number of different topological entities at a given
threshold, increases for decreasing spectral index.

a significant contribution from β1 to χ. For the n = −3 model, this is even as large as
10%− 15%, as seen in the right panel of Figure 3.28. In the top panel of Figure 3.27
we see that the amplitude of χ is lower than the amplitude of β1. The difference
becoming larger as the spectral index decreases. It is an indication of the presence of
a significant number of islands and voids at ν = 0 for lower spectral indices.

The above observations can be related to the nature of the density fluctuation
field as a function of spectral index. For higher spectral indices, there is signifi-
cant power only at smaller scales. This results in high density peaks connected by
low density saddles, giving the field a distinctly spiky appearance. These peaks
get connected before they start forming tunnels and voids, resulting in a clear cut
demarcation of meatball-, sponge- or cheese-like topology. As the spectral index
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Figure 3.28 The fractional contribution of islands and tunnels to the sum of Betti numbers in all three
dimensions for rms threshold range between (−5σ : 5σ). Left: β0/(β0 + β1 + β2) – fractional contribution
of islands to the total sum of Betti numbers. Right: β1/(β0 + β1 + β2) – fractional contribution of tunnels
to the total sum of Betti numbers.

decreases, the demarcation diffuses. As the spectral index decreases, progressively
more and more isolated islands contain additional topological holes of higher di-
mensions, at thresholds well before the manifold becomes a singly connected entity.
This is reflected in the broadening and increased overlap of the Betti number curves,
indicating an increase in the mixture of topology as the spectral index decreases. In
contrast, the Euler characteristic curve does not have this dependence. As a result,
this additional information about the inherent differences in the topological struc-
ture of the various power law models is not available from the Euler characteristic
curves. It is clear from this discussion that the Betti numbers add extra information
to the description of topology than that by the Euler characteristic.

The above remarks lead us to conclude the following. In general, only for positive
spectral indices, it is feasible to describe the topology of the field as either meatball-
like, or sponge-like or cheese-like. For negative spectral indices, the demarcation is not
clear, except near the tails of the density distribution. The topology is an increasing
mixture of the three types as the spectral index decreases.

3.6.2 Betti numbers: Scaling relation
The amplitudes of the unscaled Betti numbers depend on the value of the spectral
index. The trend of the dependence of the maximum of the Betti number curves
on the value of the spectral index is shown in Figure 3.29. The amplitudes are fit
to an exponential of the form f (n) = A0en/τ , with the decay parameter τ = 2.
This suggests that the amplitude of all the Betti number curves decrease roughly
exponentially as the value of spectral index decreases.

The amplitudes for β0, β1 and β2 scale the same as a function of the smoothing
length Rg. We fit the maximum of the peaks to the function βmax

i = A0Rτ
g . Table 3.2
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Figure 3.29 Amplitude of Betti numbers as a function of the spectral index. The amplitudes are fit to an
exponential function of the form a · exp ν. The χ2 of the fits is 0.007 and 0.033 for the islands/voids and
tunnels respectively.

presents the values of the parameters of fit for the various models. The values of τ

suggest that the Betti numbers scale as R(n+3)
g , which is also proportional to σ2

0 . This
is the same as the scaling law for genus. The reduced χ2 of the fit is 0.003. Park et al.
(2013) show that the scaling relation of the Betti number curves is very close to that
of the genus curve, which is gR3

G ∝ (n + 3)3/2 (Hamilton et al. 1986), but not exactly
the same.

3.6.3 Peaks vs. Islands: the Gaussian case
In Section 3.3.5, we noted that there is a difference between peaks and islands. The
former are the local maxima, while the latter grow depending on the density thresh-

index (n) τ(β0,β2)
τ(β1)

1 4.027± 0.01 3.99± 0.01
0 3.012± 0.018 2.99± 0.02

-1 2.001± 0.01 1.98± 0.015
-2 1.015± 0.05 0.99± 0.01
-3 0.0015± 0.002 0.001± 0.002

Table 3.2 Scaling of Betti numbers as a function of smoothing radius for the power-law models with
spectral indices n = 1, 0,−1,−2 and − 3. The maxima of Betti numbers is fit to the function βmax

i (Rg) =

A0Rτ
g . The values of τ suggest that the Betti numbers scale as R(n+3)

g , which is the same as the scaling law
for genus. Reduced χ2 of the fit is 0.003.
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Figure 3.30 Marginal distribution of peaks, and the Betti numbers. The left and the right columns plot
the marginal distribution of peaks and the zeroth Betti number respectively. The zeroth Betti number
counts the number of isolated islands at a particular density threshold. The curves for both the quantities
show a characteristic dependence on the index of the power spectrum. Note also that the location of
peaks shifts towards lower density thresholds for both the quantities. This effect is strong for the marginal
distribution of peaks, but marginal for the Betti numbers.

old ν. An island may contain multiple peaks. In fact, as an island grows it might
get arbitrarily complicated, acquiring tunnels and even voids, while always staying
connected. But in the asymptotic limit of high ν, every island will contain only one
peak.

Bardeen et al. (1986) derive the marginal number distribution of peaks for Gaus-
sian random fields, as a function of the dimensionless density threshold ν

Npk(ν) dν =
1

(2π)2R3
?

e−ν2
G(γ, γν). (3.33)

Here, the function G(γ, γν) is a fitting function (see Appendix C.1.1 for the exact
form). For the power law models, the parameters γ and R? are related to the var-
ious moments of the power spectrum, the value of the spectral index n, and the
co-moving filtering radius R f .

Figure 3.30 plots the marginal distribution of peaks and the Betti numbers for the
3D Gaussian fields. The left and the right panels plot the marginal distribution of
peaks and the zeroth Betti number β0 respectively. The curves are drawn as a func-
tion of the dimensionless density threshold ν. The marginal distribution of peaks
counts the number density of peaks in the neighborhood (ν, ν + dν). The zeroth Betti
number counts the number of isolated islands at ν. The curves for both the quantities
show a characteristic dependence on the index of the power spectrum. The curves
of both the quantities also show different characteristics from each other. This indi-
cates that they measure different features associated with the topology of the density
distribution. The number density of peaks differs from the zeroth Betti number be-
cause the zeroth Betti number also depends on the number distribution of 2-saddles.
From the graphs, it is evident that the location of peaks shifts towards lower den-
sity thresholds for both the quantities, as the spectral index decreases. This effect is
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Figure 3.31 Top: Cumulative number distribution of islands and peaks as a function density threshold
for the n = 0 model. Bottom-left: Number of peaks per island as a function of the density threshold,
for the different power law models. Bottom-right: The number of peaks per island presented in the
logarithmic scale.

strong for the marginal distribution of peaks, but small for β0. Note also the orders
of magnitudes of separation between the amplitudes of both the quantities.

For the n = 1 model, the small scales are dominant. In terms of the structures
in the density fluctuation field, this means that the number of small scale peaks of
high amplitude is large. They are also separated by low-density saddles. There is no
discernible large scale feature in the density field. As the index of the power spec-
trum decreases, the power shifts to large scales. The small scale peaks are separated
by saddles occurring at relatively high density thresholds. As a result the features
formed by these peaks and saddles are of low persistence. It is also accompanied by
a decrease in the amplitude of the global maximum of the field. As noted earlier, this
is because the variance of the density field in the box decreases with decreasing spec-
tral index: σ0 ∝ R−(n+3). This phenomenon is reflected in the curves of the marginal
distribution of peaks in the Figure 3.30. For a larger n, the number distribution of
peaks attains its maximum at a larger density threshold compared to a smaller n. For
the n = 1 model, the maxima is located as high as ν = 2, and the number density
rapidly starts approaching zero near ν = 0. In contrast, for the n = −3 model, the
maximum is located at ν ∼ 0, and there are significant number of peaks even below
ν = 0. As noted earlier, this is a direct reflection of the fact that there are progres-



156 Persistence and Homology of Gaussian fields

sively more number of peaks for lower thresholds, as the spectral index decreases
(Bardeen et al. 1986). In contrast, the location of the maxima of β0 curves shows a
marginal dependence on the value of spectral index.

For very high values of rms density threshold, as long as the peaks do not start
merging, we expect the cumulative number density of peaks to be equal to the num-
ber density of islands. This is confirmed in the left panel of Figure 3.31 where we
present the cumulative number density of peaks npk and the number density of is-
lands β0 per unit volume, as a function of ν for the n = 0 model. The cumulative
number density of peaks equals the number density of islands asymptotically for
very large rms density thresholds. The equivalence starts breaking down rapidly at
thresholds even as high as ν ∼ 4. This is attributed to the fact that for high thresh-
olds all the peaks represent disconnected regions almost surely (Bardeen et al. 1986),
while they start connecting up and forming complex topology as the threshold de-
creases.

In the middle and the right panel of Figure 3.31, we present the number of peaks
per island as a function of the dimensionless density threshold ν. The vertical axis of
the middle panel is plotted on a linear scale, while it is in a logarithmic scale for the
right panel. The number of peaks per island reaches a minimum within 1 ≤ ν ≤ 2
for all the models. The location of the minimum shifts to lower density thresholds
for decreasing spectral index. The value at the minimum increases for decreasing
spectral index, indicating that the number of peaks per island around the minimum
decreases with increasing spectral index. For lower density thresholds, the trend
is reversed. There are more number of peaks per island for increasing spectral in-
dex. In this connection, it is important to note that the number of peaks per island
depends on two quantities : the number distribution of peaks themselves, as well
as the number distribution of the 2-saddles, as a function of the density threshold.
Both these quantities behave differently in general (Bardeen et al. 1986; Pogosyan
et al. 2009). The situation is further complicated by the fact that not all 2-saddles at
a given density threshold join two disconnected peaks. A fraction of them is also
responsible for connecting two or more already connected peaks, thereby forming
loops or tunnels (Edelsbrunner & Harer 2010; Feldbrugge et al. 2015). Further, the
fraction of 2-saddles that join two isolated objects would be, in general, a function of
the density threshold (also see Feldbrugge et al. (2015) for a semi-analytic framework
describing this).

3.7 Minkowski functionals of Gaussian random fields

In principle, the Minkowski functionals provide complementary geometric informa-
tion to the topological analysis described in this chapter. As such, it is of importance
to assess the correspondence between these quantities.

There are (d + 1) Minkowski functionals, Qk((k = 0, . . . , d), for a d-dimensional
manifold (Mecke et al. 1994; Schmalzing & Buchert 1997; Schmalzing et al. 1999;
Sahni et al. 1998). Predominantly geometric in nature, the first four Minkowski
functionals (d ≤ 3) are the volume, surface area, integrated mean curvature or to-
tal contour length, and the Gaussian curvature. Within the context of this chapter,
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we assume a 3-dimensional space x. We calculate the Minkowski functionals for the
manifold Mν, which is the subset of the region x with density above the threshold ν.

The volume functional Q0(ν) is the fractional volume of the regions with density
above the threshold ν, normalized by the total volume of the region V. It is given
by the volume integral of the Heaviside step function Θ, normalized by the whole
volume V (Schmalzing & Buchert 1997)

Q0(ν) =
1
V

∫
V

Θ(ν− ν(x)). (3.34)

The other Minkowski functionals of Mν can be calculated by appropriate surface
integrals of the boundary of Mν, denoted by ∂(Mν). The second Minkowski func-
tional, or the area functional, is given by

Q1(ν) =
1

6V

∫
∂Mν

d2S(x). (3.35)

The third and the fourth Minkowski functionals, namely the integrated mean curva-
ture functional or the total contour length, and the Gaussian curvature, involve the
inverse of the radii of curvatures R1 and R2 of the surfaces oriented towards lower
density values. The integrated mean curvature functional is given by

Q2(ν) =
1

6πV

∫
∂Mν

d2S(x)[κ1 + κ2], (3.36)

and the Gaussian curvature is given by

Q3(ν) =
1

4πV

∫
∂Mν

d2S(x)[κ1 κ2], (3.37)

where κ1 = 1/R1 and κ2 = 1/R2.

3.7.1 Analytical expressions for Minkowski functionals of Gaussian random fields

For Gaussian random fields, the expected value of the first four Minkowski function-
als of the excursion sets have known analytical expressions (Tomita 1993; Schmalzing
& Buchert 1997)
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Q0(ν) =
1
2
− 1

2
Φ
(
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2

ν

)
,
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2
3
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2π

exp
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−1

2
ν2
)

,

Q2(ν) =
2
3

λ2
√

2π
ν exp

(
−1

2
ν2
)

,

Q3(ν) =
λ3
√

2π
(ν2 − 1) exp

(
−1

2
ν2
)

. (3.38)

where λ =
√
|ξ”(0)|/[2πξ(0)], and the function Φ(x) =

∫ x
0 dte(−t2) is the stan-

dard error function. This makes them an ideal tool for model discrimination.

3.7.2 Computing the Minkowski functionals
Suppose the density at a location x is specified as u(x). The volume functional is
computed directly from Equation 3.34. Replacing the surface integration in Equa-
tions 3.35, 3.36 and 3.37 with a spatial mean over the whole volume, we get (Koen-
derink 1984)

Q1(ν) =
1

6V

∫
V

d3x δ(νσ− u(x))|∇u(x)|,

Q2(ν) =
1

6πV

∫
V

d3x δ(νσ− u(x))|∇u(x)|[κ1 + κ2],

Q3(ν) =
1

6πV

∫
V

d3x δ(νσ− u(x))|∇u(x)|[κ1 κ2], (3.39)

where δ is the Dirac delta function. The local radii of curvature can be expressed in
terms of geometric invariants known as the Koenderink invariants. They are formed
from the first and the second derivatives of the density field u(x) (Koenderink 1984;
Kerscher et al. 1996)

κ1 + κ2 =
εijmεklm u,iu,jku,l

(u,nu,n)3/2 ; κ1κ2 =
εijkεlmn u,iu,lu,jmu,kn

2(u,pu,p)2 , (3.40)

where u,i and u,ij are the first and second spatial derivatives in the i and j direction,
and εijk is the Levi-Civita tensor. Equation 3.39 can be performed computationally,
when the inverse of radii of curvature is replaced by the form given in Equation 3.40.
Kerscher et al. (1996) and Schmalzing & Buchert (1997) develop a code to compute
the Minkowski functionals of density fields specified on a regular grid, based on the
above prescription 3. We adapt the code to perform the computation of Minkowski

3The original code is available at http://www.physik.uni-muenchen.de/sektion/
lswagner/buchert_software.html
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Figure 3.32 Minkowski functionals of the LCDM and the power-laww models. Top left: Volume func-
tional. Top right: Area functional. Bottom left: Integrated mean curvature functional. Bottom right: Euler
characteristic or Gaussian curvature functional. All the functionals are normalized by the total volume of
the simulation box. The volume functional is invariant with respect to the choice of the power spectrum.
The amplitude of the area, contour length and Euler characteristic shows a dependence on the choice of
the power spectrum.

functionals of the models described in this chapter.

3.7.3 Minkowski functionals of the models
Figure 3.32 presents the graph of the Minkowski functionals for the power-law mod-
els. The graphs are averaged over 100 realizations. The quantities are plotted as a
function of the density threshold ν. The top-left panel presents the volume func-
tional Q0,the top-right panel plots the area functional Q1, the bottom-left panel plots
the integrated mean curvature functional Q2, and the bottom-right panel plots the
Euler characteristic Q3. All the functionals are normalized by the total volume of the
simulation box. The fractional volume Q0 is invariant with respect to the choice of
the power spectrum. All the other functionals show a systematic dependence on the
choice of the power spectrum. The amplitude of the graphs of the area functional, the
integrated mean curvature functional, and the Euler characteristic decreases mono-
tonically with the decrease in the index of the power spectrum.

Figure 3.33 presents the rescaled Minkowski functional curves. In this figure, the
graphs for the rest of the power-law models have been scaled to the amplitude of
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Figure 3.33 Scaled Minkowski functionals of the LCDM and the power-law models. Top left: Volume
functional. The power-law curves are scaled to the amplitude of the LCDM curve. Top right: Area
functional. Bottom left: Integrated mean curvature functional. Bottom right: Euler characteristic. All the
functionals are normalized by the total volume of the simulation box. The shape of the curves is invariant
with respect to the choice of the power spectrum.

the curve of the n = 0 model. The shape of the rescaled graphs falls neatly on top
of each other. This indicates that the shape of the Minkowski functional curves is
independent of the choice of the power spectrum. This observation is in line with
the Equation 3.38. The dependence on the choice of the power spectrum comes in
only through the amplitude term. This dependence is parametrized in terms of λ,
which is a function of the correlation function or equivalently the power spectrum.

That the shape of the Minkowski functional curves is independent of the choice
of the power spectrum is an important observation, when seen in comparison to the
shape of the Betti number curves, which show a characteristic dependence on the
choice of the power spectrum. We present a detailed analysis of the Betti numbers
with respect to the Euler characteristic in Section 3.6. This indicates that the Betti
numbers are potentially more discriminatory than the Minkowski functionals.

Recall that the ratio of the Minkowski functionals are a crude indicator of the
morphological properties of manifold (Sahni et al. 1998). For example, a high surface
area to volume ratio indicates a more pancake like morphology of structures. The
reverse indicates a more filamentary morphology. Figure 3.34 presents the ratios of
the first three Minkowski functionals with respect to each other. In the left panel, we
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Figure 3.34 Ratios of Minkowski functionals. Left: The ratio Q1/Q0, denoting the ratio between the
total occupied volume and the total surface area corresponding to the occupied volume. Middle: The
ratio Q2/Q1, denoting the ratio between the total length of contours and the total surface area. Right: The
ratio Q2/Q0, denoting the total length of contours per unit volume occupied. The curves are drawn with
respect to the dimensionless density threshold ν.

present the ratio Q1/Q0, denoting the ratio between the total surface area and the
total occupied volume. In the middle panel, we present the ratio Q2/Q1, denoting
the ratio between the total length of contours and the total surface area. In the right
panel, we present the ratio Q2/Q0, denoting the total length of contours per unit
volume occupied. The curves are drawn with respect to the dimensionless density
threshold ν.

All the three quantities increase monotonically for increasing density thresholds.
However, they also show a characteristic dependence on the choice of the power
spectrum. Note that the curves for the negative power spectra increase more steeply
towards the extremes of the density threshold, and flatten out as the threshold moves
to further extremes. This is in contrast to the behavior for the n = 1 and the n = 0
models, for which the curves show no such behavior. For all the models, the surface
area to volume ratio is high for high density thresholds. It indicates that the struc-
tures are more flattened for high thresholds. Interesting is the sharp rise in the value
for the negative spectra. This indicates that at very high thresholds, the structures
in the n = −3 model are the most flat. This ties in with the observation that for the
n = −3 model, there are large scale structures that have low amplitude. This gives
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rise to the overall flattened characteristics of the density field. The large structures
are a consequence of significant powers at those scales.

In summary, the Minkowski functionals characterize the geometric properties of
the manifold predominantly. The connection to topology comes through the Euler
characteristic. Hence, the Minkowski functionals maybe seen as complimentary to
the topological descriptors such as persistence and Betti numbers. The Minkowski
functionals, together with the information on the homology and persistence of a
manifold, provide a richer and more comprehensive morphological and topological
information about the manifold.

3.7.4 Betti numbers vs Minkowski functionals
As we learnt in the previous sections, the Betti numbers are topological quantities.
They measure topology by assessing the number of independent holes in the differ-
ent dimensions. On the other hand, the Minkowski functionals are primarily mor-
phological measures, the exception being the Minkowski functional Q3, or the Euler
characteristic, χ. The first three Minkowski functionals are associated with the vol-
ume (Q0), surface area (Q1) and the integrated mean curvature length (Q2) of the
manifold. However, an important question one may ask is if the Betti numbers and
the Minkowski functionals convey different information about the manifold charac-
teristics. With a view to investigate this, we assess the correspondance between the
Betti numbers and the Minkowski functionals.

Figure 3.35 presents the Betti numbers plotted against the various Minkowski
functionals. The top-left panel of the figure plots β0 on the vertical axis against Q0
on the horizontal axis, and so on. We notice that almost all the pairs of quantities
exhibit a degeneracy. For example, in the top-left panel, we notice that there are two
values of Q0 for which the value of β0 is the same. The exception is the peak of the
curve, at which β0 is associated with a unique value of Q0. The only exception to this
trend of degeneracy is the middle panel of the middle row, where we plot β1 against
Q1. The curve is monotonic, indicating that β1 and Q1 behave in a similar fashion.
In general, a monotonic curve between any two plotted quantities indicates a similar
behaviour of the quantities.

Another simple method to investigate whether the Betti numbers and Minkowski
functionals present similar information about the manifold characteristics is to plot
the ratio of the Betti numbers to the Minkowski functionals. In certain cases, the
ratio of a given Betti number to a given Minkowski functional can be associated
with particular features of the manifold. For example, the ratio β0/Q0 represents the
number of isolated objects per unit occupied volume. Note that the occupied volume
is different from the total volume of the manifold. The total volume is a constant,
while the occupied volume is a function of the density threshold. Similarly, the ratio
β1/Q1 indicates the number of independent tunnels per unit surface area. This may
be regarded equivalent to the information on the genus of the manifold.

Figure 3.36 presents the ratio of the various Betti numbers to the various Minkowski
functionals, as a function of the density threshold ν. The plots are presented for the
different power law models. We notice a dependence of the quantities on the choice
of the spectral index. It is important to note that a constant, or a monotonically in-
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creasing or decreasing curve indicates quantities with similar characteristics. This is
because in the case of a constant or a monotonic ratio between two quantities, one
differes from the other by only a factor. We notice that none of the pair of quanti-
ties exhibit a monotonic ratio. This indicates crudely that the Betti numbers and the
Minowski functionals behave differently from each other in general.

3.8 Discussions and conclusions.
This chapter analyzes the topology of Gaussian random fields in a hierarchical fash-
ion through concepts emanating from homology, persistence and Morse theory. Such
a topological analysis of Gaussian random fields is interesting in the cosmological
context given that the density perturbations in the early Universe are predicted to be
highly Gaussian in nature.

A hierarchical topological characterization of the cosmic mass distribution has a
rich potential of unlocking tools for studying the nature of the cosmic mass distribu-
tion, especially given the fact that structure formation in the Universe proceeds in a
hierarchical fashion.

We study the power-law and the LCDM model using using a variety of topolog-
ical measures. We demonstrate that a combination of intensity, difference and ratio
maps express the topological information content in greater detail than the tradi-
tional descriptors like the Minkowski functionals.

First, we delve into the topological description of 1D Gaussian functions. This
is done in order to relate the visual features of the density distribution to the topo-
logical description, and assess how the topological description reflects the features
of the density distribution. We establish that the features of the persistence diagram
are a direct reflection of the singularity structure of the function.

Having assessed the topology of the 1D functions, we then delve into an analysis
of the 3D fields. We do this for the power law models and the LCDM model. First we
present the intensity, difference and the ratio maps of the power law models, as well
as the LCDM models. We demonstrate that the difference and ratio maps present
the differences between the topology of two models in comparison at a more de-
tailed level. The indication is that the intensity, difference and ratio maps are highly
sensitive to the parameters of the model, and may therefore be used to discriminate
between various models.

We quantify the intensity maps by a decomposing them into marginal and cu-
mulative distributions of the mean-density and persistence of the topological holes
in different dimensions. In this context, we establish that the distribution functions
show a characteristic dependence on the index of the power spectrum. We also show
that the marginal distribution of mean density of the holes follow a Gaussian distri-
bution approximately. The marginal distribution as a function of persistence indi-
cates a Gamma distribution.

Thereafter, we proceed to compute the Betti numbers for the models, and com-
pare them with the Euler characteristic of the models. Recalling that the Euler char-
acteristic is the alternating sum of Betti numbers, we also demonstrate that the Betti
numbers of Gaussian random fields contain strictly extra information compared to
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the Euler characteristic. In particular, we show that the shape of the Betti number
curves is dependent on the choice of the index of the power spectrum. In contrast,
the curves of shape of the Euler characteristic curve is insensitive to the choice of the
power spectrum.

A crucial observation is that the topology of the manifold is not strictly either
meatball-like, sponge-like or cheese-like for the density fields. This is demonstrated
in details in the Section 3.6, where we find that there are substantial regions of over-
lap between the various kinds of topologies enumerated above. This claim is re-
inforced by the scaled Betti number curves that show a substantial overlap across
a range of density thresholds. The overlap is the strongest for a lower spectral in-
dex, and decreases monotonically with increasing spectral index. We note that such
information may not be available through the Euler characteristic curves.

Further, we devote a section to understanding the relationship between peaks
and islands. We study their relationship by computing the marginal distribution
of peaks and the zeroth Betti number. The quantities behave differently, except for
asymptotically high density thresholds. This is established by plotting the cumula-
tive number distribution of peaks with respect to β0. In this process, we also compute
the number of peaks per island as a function of the density threshold.

Finally, we present an analysis in terms of the Minkowski functionals of the mod-
els. The Minkowski functionals measure the morphological properties of the man-
ifold, hough there are connections to topology through the (d + 1)-th functional.
Most importantly, we show that the shape of the Minkowski functionals is indepen-
dent of the choice of the power spectrum, unlike the Betti numbers. We also show
that the ratio of the Minkowski functionals, which denote the shape characteristics
of the density field, show a dependence on the choice of the power spectrum. The
indication is that the shapes become progressively more flattened as the spectral in-
dex decreases. We conclude that the Minkowski functionals are complimentary to
topological measures like persistence and the Betti numbers. A detailed information
about all of them presents a comprehensive picture of the morphological as well as
the topological attributes of the manifold.

Given the extra information content of persistence homology and homology, as
quantized by the Betti numbers, they will prove to be key concepts for a more pro-
found understanding of the topology in the future. As an example, it would be
interesting to analyze the persistence and homology of the temperature fluctuations
of the Cosmic microwave background, as recently measured in extraordinary details
by PLANCK satellite.


