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Summary

1 The Cosmic web
While the cosmic matter distribution is uniform on large Gigaparsec scales, it has

an intricate web-like pattern on smaller distances. At scales of few to hundreds of
megaparsecs, 1 the universe has a web-like appearance, commonly known as the
Cosmic Web. That the cosmic web indeed exists has been confirmed by a host of
galaxy redshift surveys like the CfA and CfA2 surveys (de Lapparent et al. 1986;
Huchra & Geller 1982), the 2dFGRS survey (Colless et al. 2003), the SDSS survey
(Abazajian et al. 2003) and the 2MRS survey (Huchra et al. 2005; Skrutskie et al.
2006). Massive megaparsec to gigaparsec scale computer simulations also show the
existence of the Cosmic web (Springel 2008). Figure 1 presents an impression of
the Cosmic Web at a range of scales, as revealed in the state-of-the-art millennium
simulation.

The cosmic web is composed of huge, virialized blobs called clusters, containing
thousands of galaxies, as well as huge amounts of dark matter and high temperature
gas. Out of these virialized clusters, spread out gigantic filaments. These filaments,
also containing thousands of galaxies, dark matter and gas, serve as transport chan-
nels for mass flow in the Universe. The cosmic web also consists of huge sheet-like
objects commonly known as walls. The clusters, filaments and walls of the web are
intertwined around vast near-empty cosmic voids. Figure 2 presents a view of the ob-
servational reality of the large scale structure of the Universe at 0.45¡z¡1.1, provided
by the distribution of 25,000 galaxies as revealed by the VIPERS survey (Guzzo
& The Vipers Team 2013). The presence of cluster-like and filamentary patterns is
clearly visible.

According to the standard paradigm of structure formation, the gravitational in-
stability scenario, cosmic structure grows from tiny primordial density and velocity

1A parsec is the standard unit of measurement of distances in the cosmos. A parsec is 3.26 times
the light-year, the distance light covers in a year. A megaparsec is a million parsecs, the typical scale of
measurement of size of the large scale structures in the universe.
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Figure 1 A sequential zoom through the Millennium-II Simulation depicting the hierarchical nature
of structures in the Universe. This is a dark matter simulation revealing the anisotropic and multiscale
character of the hierarchically evolving mass distribution. The number of particles is over 10 billion ap-
proximately. The large image (upper left) is a 15h−1Mpc thick slice through the full 100h−1Mpc simulation
box at redshift zero, centered on the most massive halo in the simulation. The clusters, filaments, walls
and the massive voids are clearly visible. The successive frames zoom in to smaller regions. A rich variety
of substructures is visible at all scales. Figure courtesy Boylan-Kolchin et al. (2009).

perturbations. The evidence provided by the temperature fluctuations in the cosmic
microwave background (Planck Collaboration et al. 2013b) suggests that the charac-
ter of the perturbation field is that of a homogeneous and isotropic spatial Gaussian
process. Theories of the early universe predict such primordial Gaussian perturba-
tions as a natural product of an early inflationary phase of our Universe.

The vast Megaparsec Cosmic Web is one of the most striking examples of com-
plex geometric patterns found in nature, and certainly the largest in terms of size.
The features of the web are highly anisotropic in nature. They are also character-
ized by a wide variety of shapes and dimensions. The clusters are virialized near-
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Figure 2 A view of the observational reality of the large scale structure of the Universe at 0.45 < z < 1.1,
provided by the distribution of ∼ 25, 000 galaxies as revealed by the VIPERS survey. The survey clearly
indicates the presence of cluster-like and filamentary structures. Figure courtesy Guzzo & The Vipers
Team (2013).

spherical objects, that represent the most evolved stages of the matter distribution.
The filaments and walls lack symmetry, with typically one or two dimensions much
larger than the remaining. The most prominent morphological element of the web
in terms of the volume occupancy is the near-empty vast cosmic voids. The mor-
phological elements of the web also exhibit an asymmetry with respect to the mass
fraction and volume occupancy. The clusters contain the highest mass fraction, while
occupying the lowest volume. On the other hand, the voids contain the lowest mas
fraction, but have the highest volume occupancy. This is in contradiction to the Gaus-
sian primordial conditions which are symmetric in the fractional volume occupancy
of the underdense and overdense regions.

All the elements of the web are ubiquitous at all ranges of scales and densities.
This is the clearest manifestation of the hierarchical nature of the evolution of the
matter distribution in the cosmos. Finally, the web is marked by distinctly com-
plex connectivity characteristics. The low dimensional morphological elements of
the web form the boundaries of the higher dimensional elements, resulting in a per-
vasive network of complex and inter-connected patterns.

It has remained a major challenge to characterize the structure, geometry, and
topology of the Cosmic Web. The overwhelming complexity of the individual struc-
tures as well as their connectivity, the lack of structural symmetries, the intrinsic
multi-scale nature of the web, and the wide range of densities in the cosmic matter
distribution has prevented the use of simple and straightforward instruments. Be-
low we present a brief but non-exhaustive summary of the methods of analysis of
the web.

2 Characterization of the cosmic web
The effort to describe and characterize the mass distribution in the Universe has

formed a decades long challenge. A quantitative characterization of the complex and
rich spatial patterns in the Universe is extremely important in view of comparing
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and validating various models with respect to the actual mass distribution in the
Universe.

The 2-point correlation function or the autocorrelation function, has been the
mainstay of statistical analysis in cosmology (Peebles 1980). For an excellent and
comprehensive textbook on the statistical characterization of the large scale mass
distribution, see Martı́nez & Saar (2002). However, the autocorrelation function is
not sensitive to the phases of the Fourier modes. As a result, it is possible for two
distributions with widely varying geometric and morphological patterns to have the
same correlation function. Higher order correlation functions have also been used
to describe the statistics of matter distribution. However, they are limited in their
usefulness because the errors in their measurement become prohibitively large with
increasing order.

Over the last decade the view has emerged that a full analysis of the rich struc-
tures in the Universe need to take into account the geometric and morphological
aspects of the elements of the Cosmic Web. With this view, there has been an ef-
fort to detect and isolate the morphological components of the web, to study their
characteristics and connectivity in a more systematic way.

Within this, the statistical measures include the analysis of the global connectiv-
ity of Cosmic Web, by means of percolation analysis (Shandarin & Zeldovich 1983)
and the minimal spanning tree (Barrow et al. 1985) of the galaxy distribution. Percola-
tion analysis and spanning trees, while relatively sensitive to the underlying struc-
ture, are still global quantities and fail to capture and describe the local variations in
shape.

Noteworthy also are the models and methodologies emanating from statistical
and geometric considerations for delineating the cosmic filaments. Most prominent
among them are the candy model, that uses a marked point process to delineate the
filaments (Stoica et al. 2005; Tempel et al. 2013), and the recovery of filaments by
recognizing them as the medial axis of a given point process (Genovese et al. 2010).

Morphological methods aimed at determining shapes locally considering the prop-
erties of the eigenvalues of the Hessian of a range of fields arising in cosmology have
also been at the forefront in delineating the cosmic web. These involve the eigenval-
ues of the Hessian of density field (Aragón-Calvo et al. 2007b; Cautun et al. 2013) or
those of the tidal tensor or the velocity shear tensor (Tempel et al. 2014). A varia-
tion of these methods further evaluates this in a multi-scale fashion by performing
the procedure on a stack of images in the scale space, which are derived from the
original image through convolution with an appropriate filter at a range of scales
(Aragón-Calvo et al. 2010; Cautun et al. 2014).

Morphology based shape determination methods are closely related to the shape
determination methods arising from topological considerations. Both the methods
involve the identification of a morphological element by considering the properties
of the eigenvalues of the Hessian of the density field for either extended objects (mor-
phological methods), or that of a localized point in space (topological methods).

Besides being useful for delineating the structures in the web, topological meth-
ods are also important from the point of view of investigating the inherent structure
and connectivity between the various structural elements that form the complex pat-



3: Topology of the mass distribution in the Universe 253

terns that is the Cosmic Web. In the next section, we present a brief account of topol-
ogy, with a focus on cosmological applications. This is the main theme of this thesis.

3 Topology of the mass distribution in the Universe
Topology is the branch of mathematics that is concerned with the properties of

space that are preserved under continuous deformations including stretching (com-
pression) and bending, but not tearing or gluing. It also includes invariance of prop-
erties such as connectedness and boundary.

This thesis concerns itself with a topological analysis of scalar fields that model
various aspects of the cosmic mass distribution. The strategy is to define such func-
tions or fields on a manifold, and study the topology that this function induces on
the manifold. In the context of this thesis, the manifold is either R3 or T3. The latter
is formed by identifying and glueing opposite faces of a cube.

We study the topology of the manifold by tracking the topological changes for
a growing superlevel set 2. The critical points of the scalar field are responsible for
the topological changes induced in the manifold3 (Milnor 1963). The nature and
distribution of critical points can reveal insightful information about the nature of
the field itself. As an example, a symmetric distribution of critical points about the
mean of the density field suggests the presence of a Gaussian field.

In the context of the Cosmic Web, it is known that the individual strutural ele-
ments of different dimensions connect together in a complex and hierarchical fash-
ion. Topology has the ability to characterize shapes of different dimensions. We can
also describe the complex structural elements, and how they connect to form the
web, through topological concepts. The analysis of the connectivity characteristics
help to develop a better understanding of how the large scale structures of the Cos-
mic Web emerge as neighboring structures of smaller scale interact. Mergers and
possibly fragmentations are the most common instances of such interactions.

Because topology is insensitive to continuous deformations like stretching and
bending, topological measures are also expected to be relatively insensitive to sys-
tematic effects such as non-linear gravitational evolution, galaxy biasing, and redshift-
space distortion (Park & Kim 2010). As a result, one expects the topology of the pri-
mordial field and the large-scale linear field at the later epochs to be similar (Gott
et al. 1986).

Topological studies have been invoked to characterize the cosmic mass distribu-
tion for many decades. The early studies focused on topological characterization of
the cosmic mass distribution by evaluating the genus and the Euler characteristic of
the iso-density surfaces, as a function of the density threshold (Doroshkevich 1970;
Adler 1981; Bardeen et al. 1986; Gott et al. 1986; Hamilton et al. 1986). Later, more dis-
criminative information became available with the introduction of Minkowski func-
tionals (Mecke et al. 1994). It is important to note that, these studies have largely
been of a heuristic nature with a primary focus on model discrimination. In the fol-

2For a given function value ν, the superlevel set or excursion region is the part of the manifold that is
above the threshold ν. The boundary of this region is called the level set or excursion set

3A critical point of a function is the location where the gradient of the function vanishes, i.e. ∇ f = 0.
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Figure 3 Illustration of the concept of Genus. Genus is the number of independent closed curves that
can be drawn on a surface, without rendering it disconnected. For a torus, there can be two independent
closed curves that can be drawn without rendering it disconnected (drawn in red and blue). This suggests
that the genus of a torus is 2. It is not possible to draw any closed curve on the surface of a sphere without
rendering it disconnected. Hence, the genus of a sphere is 0.

lowing we elaborate on the key topological measures genus, Euler and Minkowski
functionals.

3.1 Genus
For a connected, orientable surface, the Genus 4 is defined as the maximal num-

ber of independent simple closed curves that can be drawn on the surface without
rendering it disconnected.

We give an intuitive interpretation of genus through the illustration of a torus
and a sphere in Figure 3. There can be two independent closed curves along which
the surface of a torus can be cut without rendering it disconnected. These curves are
drawn in red and blue. This suggests that the genus of a torus is 2. On the other
hand, it is not possible to draw any closed curve on the surface of a sphere without
rendering it disconnected. Hence, the genus of a sphere is 0.

3.2 Euler characteristic
The genus is intimately related to perhaps the most fundamental quantity in

topology – the Euler characteristic. Let a closed surface M have genus g. Then the
Euler formula states that

χ(M) = V − E + F, (5.8)

where χ(M) is the Euler characteristic, sometimes also known as the Euler-Poincaré
characteristic. The above equation is for polyhedral surfaces in 3D space. V, E and
F are the number of vertices, edges and faces used to triangulate the manifold. In
a more general language, the Euler characteristic of a manifold is the total number

4For consistency, it is important to note that the definition of genus g used in cosmological studies
is different from the mathematical definition of genus G, the difference being the number of connected
regions: g = G− c.
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of even dimensional simplices minus the total number of odd dimensional simplices
needed to triangulate it. The Euler characteristic originated from the analysis of
polyhedral objects.

As an example, let us consider a sphere. Topologically, this is equivalent to a
tetrahedron. The tetrahedron has 4 vertices, 6 edges, and 4 faces or triangles. So, the
Euler characteristic of a sphere (or a tetrahedron) is 2. In fact, any convex polygon,
as e.g., a cube, octahedron or a dodecahedron will have the same Euler characteristic
as a tetrahedron or a sphere. Topologically, they are the same object.

3.3 Minkowski functionals
Minkowski functionals relate to the geometric properties of a manifold. Suppose

we have a solid body, M, whose boundary is a smoothly embedded surface in R3.
This surface may be a sphere or have holes, like the torus, and it may consist of
one or several connected components, each with its own holes. Similarly, we do not
require that M is connected. Write Mr for the set of points at distance r or less from
M. For small values of r, the boundary of Mr will be smoothly embedded in R3, but
as r grows, it will develop singularities and self-intersections. Before this happens,
the volume of Mr can be written as a degree-3 polynomial in r,

vol Mr = Q0 + Q1r + Q2r2 + Q3r3 . (5.9)

The Qi are known as the Minkowski functionals of M, which are important concepts
in integral geometry. For a d-dimensional manifold M there are (d + 1) Minkowski
functionals, Qk((k = 0, . . . , d) (Munkres 1984). In the context of this thesis, we are
interested in d ≤ 3. In 3D, Q0 is the volume of M, Q1 is the area of its boundary,
Q2 is the total mean curvature, and Q3 is one third of the total Gaussian curvature
of the boundary. According to the Gauss-Bonnet theorem, Q3 is equal to the Euler
characteristic of the boundary of M (up to a multiplicative constant).

3.4 Beyond the Euler characteristic and Minkowski functionals
Genus and Euler characteristic, along with the rest of the Minkowski functionals,

have provided crucial insights into the topology and morphology of cosmic den-
sity fields from models as well as observational data. For example, the Euler char-
acteristic of the cosmic density fields in the linear regime suggest the presence of
near-Gaussian conditions in the early Universe. Nonetheless, there are a range of
grounds that make it necessary to explore a more elaborate and extensive arsenal of
topological concepts and descriptions.

First, we note that the structures in the Universe form and evolve in a hierarchical
fashion (Peebles 1980). Smaller high density structures coalesce together hierarchi-
cally to build up larger structures of lower density. Genus, Euler characteristic and
Minkowski functionals are not equipped to address this aspect. A formalism capa-
ble of adressing topology in an intrinsically hierarchical context would present an
interesting and powerful extension to the arsenal of tools used for describing the
hierarchical buildup of structures in the cosmos.

Second, the Euler-Poincaré formula states that the Euler characteristic is an al-
ternating sum of Betti numbers (Section 5.1.1). This indicates the Betti numbers in
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essence have a richer information content than the Euler characteristic and genus.
Third, while the genus can distinguish between connected, closed surfaces in

R3, it has no discriminative power if applied to a 3-manifold. In other words, the
genus is defined only for connected and closed 2-dimensional surfaces, and has no
generalizations in higher or lower dimensions. This is not desirable in the context of
cosmic density fields where we extensively deal with 3D manifolds.

4 Homology, Morse theory and Persistence
The extension of our topological arsenal concerns the formalisms of homology,

Morse theory and persistence in the cosmological context. In this thesis, we demon-
strate that they have the potential of uncovering a more wealthy and detailed topo-
logical information content about the cosmic mass distribution.

4.1 Homology and Betti numbers
Homology theory is a mathematical formalism associating computable algebraic

objects (groups) to topological spaces 5, through assessing the boundaries of a man-
ifold (Munkres 1984). Homology groups provide a mathematical language for the
holes in a topological space (Edelsbrunner & Harer 2010). A d-manifold can be com-
posed of topological holes of 0 up to (d− 1) dimensions. Holes in d < 3 have intuitive
interpretations. A 0-dimensional hole is a gap between two isolated independent ob-
jects. A 1-dimensional hole is a tunnel through which one can pass in any one di-
rection without encountering a boundary. A 2-dimensional hole is a cavity or void
fully enclosed within a 2-dimensional surface. This intuitive interpretation in terms
of ’gaps’ and ’tunnels’ is only valid for surfaces embedded in R3, S3 or T3.

Homology can also be defined in terms of the cycles that form the boundary
of a hole. In 3D, A 0-cycle is a connected object (and hence, the boundary of a
0-hole, which is the gap between these two independent objects). A 1-cycle is a
loop/cylinder that surrounds a tunnel. A 2-cycle is a shell enclosing a void.

The collection of all p-dimensional cycles of the manifold is the p-th homology
group Hp. The rank of this group is the collection of all independent cycles, denoted
by the Betti numbers βp, where p = 0, . . . , d (Betti 1871; Edelsbrunner & Harer 2010).
In 3D, β0 counts the number of independent components, β1 counts the number of
loops enclosing the independent tunnels and β2 counts the number of shells enclos-
ing the independent voids.

The Betti numbers have extra information content about topology than the genus
or the Euler characteristic. The Euler-Poincaré Formula states that the Euler charac-
teristic can be written as an alternating sum of the Betti numbers (Edelsbrunner &
Harer 2010; Adler & Taylor 2010):

χ = β0 − β1 + β2 − . . . (−1)dβd. (5.10)

where d is the intrinsic dimension of the manifold.

5There is a notion of k-connectedness, k = 0, . . . , d, where d is the dimension of the manifold. Within
this, 0-connectedness is the same as the ’usual’ notion of connectedness.
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4.2 Morse theory
Morse theory relates the properties of a scalar function f to the topological changes

it induces on a manifold on which it is defined (Milnor 1963). The critical points of
the function are responsible for the topological changes. Morse theory has deep con-
nections with the distribution of critical points and the ensuing singularity structure
of the function. The critical points are the location where the gradient of f vanishes,
i.e.,∇ f = 0. The function f is said to be a Morse function if all of its critical points are
non-degenerate i.e., the Hessian of f , defined as the matrix of second order partial
derivatives, is non-singular.

Using a coordinate transformation, the function near a critical point can be writ-
ten as a quadratic function without mixed terms. The index of a critical point is
equal to the number of negative terms in this expression. The nature of the critical
point defines the geometry of the manifold in its neighborhood. In 2D, the index 0
corresponds to a minimum, the index 1 corresponds to a saddle point and index 2
corresponds to a maximum. In 3D, the index 0 corresponds to minima, the index
1 corresponds to 1-saddles, the index 2 corresponds to 2-saddles, and the index 3
corresponds to maxima. Figure 4 illustrate the geometry and the behavior of the
gradients of the manifolds in the neighborhood of various kinds of critical points in
3D.

A major theorem of Morse theory establishes that the global shape and topology
of a manifold is defined only by it critical points (Milnor 1963; Edelsbrunner & Harer
2010). All changes in topology of the superlevel set of M occur only when the corre-
sponding level set passes through a critical point of f . It also implies that topological
changes occur in discrete steps.

4.3 Persistence
Stemming from homology and Morse theory, the formalism of persistence is inher-

ently hierarchical. The hierarchical expression of topology in persistence is achieved
by constructing a filtration of the cosmic density fields. This can be done by continu-
ously decreasing the superlevel set. For a given manifold M, and a density threshold
ν, the superlevel set Ms(ν) is the subset of M with density νs ≥ ν. Decreasing the
superlevel set entails that a manifold corresponding to a higher density threshold is
necessarily embedded in a manifold corresponding to a lower density threshold.

As an example, consider the manifolds corresponding to two different density
thresholds of a 2D scalar function in Figure 5. The manifold at the higher density
threshold in panel (a) consists of three disjoint islands that grow around the local
maxima of the function. In the manifold at the lower density threshold in panel
(b), two of the three components merge. The process of merger occurs due to the
introduction of a saddle point in the manifold, as the density threshold decreases.
The manifold corresponding to the higher threshold is embedded in the manifold
corresponding to the lower threshold. This is evident once we realize that the former
can be recovered from the latter by removing the saddle point that was responsible
for the merger.

The addition of a critical point with index p can result in either the birth of a p-
dimensional hole or the death of a (p− 1)-dimensional hole. Each hole is associated
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(a) (b)

(c) (d)

Figure 4 Critical points in 3D. Panels (a) through (d) present the maximum, 2-saddle, 1-saddle and the
minimum. For a maximum, the flow is directed towards it. For a minimum, the flow is directed away
from it. For a 1-saddle, the flow is towards it in a plane, and away from it along a linear element. The
directions reverse for a 2-saddle.

with two unique function values: f (cb) associated with the critical point cb that gives
birth to it, and f (cd) associated with the critical point cd that is responsible for killing
or filling up the hole. The life-span of the hole, or its persistence is then defined as
the absolute difference between the death and the birth values. In general, higher
persistence holes may embed holes of lower persistence within themselves.

Persistence homology is represented in terms of persistence diagrams (Edelsbrun-
ner & Harer 2010), which is a collection of dots in R2. Each dot is associated with a
unique topological change in the manifold. There is a diagram for each ambient di-
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(a) (b)

Figure 5 Birth and death for islands and tunnels. Panel (a) shows three independent islands. In panel
(b), two of the three islands merge, signifying the death of a 0-dimensional hole. In the filtration, the
manifold in panel (a) is embedded in the manifold in panel (b).

mension of the manifold. The dots in the 0-dimensional diagram record the merger
events of two isolated objects. The dots in the 1-dimensional diagrams record the
formation and destruction of loops, while the dots in the 2-dimensional diagrams
record the birth and death of topological voids. Figure 6 presents a typical persis-
tence arising from a density field arising from a stochastic process.

Persistence diagrams contain a wealth of information. The 0-dimensional dia-
gram records merger events, that are a characteristic property of hierarchically evolv-
ing mass distributions. The 1-dimensional diagrams encode the topological signals
of the percolation properties. The 2-dimensional diagrams encode the hierarchical

Figure 6 A typical persistence diagram arising
from a realization of Gaussian field model. It is a
scatter plot where each dot represents a unique topo-
logical hole. The coordinates of the dot correspond to
the critical points responsible for the birth and death
of the hole.
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Figure 7 2D slices of a single realization of 3D Gaussian random field models. The models are con-
structed in a simulation box of side 128h−1Mpc with a grid resolution of 1h−1Mpc. Subsequently, they
are smoothed with a Gaussian kernel of scale R f = 2h−1Mpc. The left panel shows a realization of the
LCDM power spectrum. The the middle and the right panels panels show realizations of power-law
power spectra with spectral indices n = 1 and n = −3.

aspects of formation and merger of voids. Additionally, this information is presented
in a hierarchical fashion, where in small-scale voids with higher average density are
the constituents of large scale voids with lower average density. This relates to the
recent discovery that the cosmic voids are continuously evolving through mergers
and other complex processes (Sheth & van de Weygaert 2004). However, an assess-
ment is required to ascertain the exact correspondance between topological voids
and cosmological voids.

5 Cosmic homology and persistence: results

This thesis has focused on the topological analysis of a few cosmologically rele-
vant mass distribution models via homology, Morse theory and persistence. Below,
we present a summary of the results.

5.1 Convergence of persistence diagrams of stochastic processes.

In Chapter 2 and Chapter 3 we present an epirical demonstration that the ensem-
ble average of persistence diagrams arising from stochastic processes are convergent
to a stable average. We demonstrate this by means of a few representative examples
of stochastic processes, namely the Poisson point process, Gaussian random fields,
the Voronoi models and the Soneira-Peebless model (described later in the section).

5.2 Homology and persistence of Gaussian fields

Gaussian fields are important in the description of the primordial fluctuation
field. A Gaussian field is fully specified by its power spectrum. In this thesis, we
analyze the models specified by a power-law power spectrum as well as the LCDM
spectrum. Figure 7 presents 2D slices of a single realization of a 3D Gaussian field
specified by the different power spectra. As the index of the power spectrum de-
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Figure 8 Intensity maps of islands, tunnels and voids (from left to right) in Gaussian random fields
for the LCDM power spectrum. Intensity I is defined as the fraction of total objects (for each dimension
separately) in a grid cell. Successive contours have intensity value that differ by powers of 2.

creases, the structures become visibly larger.
In Chapter 3, we analyze the persistence topology of the models. We demonstrate

that ensemble average of the persistence maps of Gaussian fields are stable and well
defined. As an example, Figure 8 presents the ensembe average of 100 realizations of
persistence diagrams of islands, tunnels and voids for the LCDM spectrum. We also
demonstrate that the features of the persistence maps are a direct reflection of the
singularity structure of the field. The characteristics of the corresponding difference
maps depend strongly on the choice of the model. It may imply them to be of use
for discriminating between various models. This is useful when more traditional
methods might not be able to accomplish this.

Useful quantitative information is extracted from the marginal and cumulative
distributions of the mean-density and persistence of the topological features. We es-
tablish that the distribution functions show a characteristic dependence on the index
of the power spectrum. The marginal distribution of the mean density follows a near
Gaussian distribution. The marginal distribution of persistence indicates a Poisson
distribution.

We also delve into an analysis of the Betti numbers of Gaussian random fields
in Chapter 3. We compare the Betti numbers with the familiar Euler characteristic
curves in this context. We find that the Betti numbers show a characteristic depen-
dence on the index of the power-spectrum. This is unike the Euler characteristic
curve, that has the same shape irrespective of the spectral index. A visual impression
of this may be obtained from inspecting the scaled Betti number and Euler charac-
teristic curves for Gaussian random fields presented in Figure 9.

This difference between the features of the Euler characteristic and the Betti num-
bers has important repercussions for the description of the topological structure of
the density field. Because the shape of the Euler characteristic is the same irrespec-
tive of the power spectrum, one might naively assume the topology of all the models
to be the same. On the other hand, the Betti numbers overlap across a significant
range of density thresholds. The extent of overlap increases with decreasing spectral
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Figure 9 The curves of the scaled Betti numbers (left) and the Euler characteristic (right) for Gaussian
random fields specified by a power law power spectrum. The curves are drawn for spectral indices
n = 1, 0,−1,−2 & − 3. The curves are scaled with respect to the amplitude of the curve for the n = 0
model. The Betti numbers show a characteristic dependence on the choice of the power-spectrum, unlike
the Euler characteristic curve. This means that the Betti numbers are sensitive to the index of the power
spectrum, while the Euler characteristic is not.

index. This indicates that the topological structure of the density field is a mixture
of the various kind of topologies at any given threshold. The extent of mixing in-
creases with decreasing spectral index, there by illuminating the inherently different
topological structure of the different models. This information is not revealed by the
Euler characteristic curves.

5.3 Homology and persistence of cellular distributions
To model the web like patterns of the large scale matter distribution in the Uni-

verse, we resort to the Voronoi models (van de Weygaert 1991). Through this, we seek
to identify the topological signatures of the various morphological features of the
cosmic web. These models use Voronoi tessellations as a template for the distribution
of matter and related galaxy population, and its subsequent evolution. The Voronoi
element models are characterized by a dominating presence of a single morphological
element. The Voronoi evolution models mimic the evolution of the Megaparsec uni-
verse towards a web like pattern. The models we use here are considerably sophisti-
cated, and represent a rather realistic depiction of the cosmic web in void-dominated
cosmologies. The top and the bottom panels of Figure 10 illustrate the density field
rendering of a single realization of the Voronoi element and the Voronoi evolution
models.

For the single component models, we demonstrate that the dominating presence
of different morphologies is reflected in the features of the intensity maps in dif-
ferent dimensions. Models with particles exclusively distributed in and around the
nodes of the underlying Voronoi skeleton exhibit the presence of numerous isolated
clusters. This is captured by the high persistent isolated clouds in the 0-dimensional
intensity maps. Models with particles exclusively distributed around the edges of
the Voronoi skeleton mimic the filamentary structures the web. Interconnected fil-
amentary patterns exhibit the presence of well formed loops. This is reflected in a
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Figure 10 Density field corresponding to the Voronoi element models (top panel) and the Voronoi kine-
matic models (bottom panel). From left to right, the element models consist predominantly of clusters,
filaments and walls. The kinematic models evolve from a stage where most of the matter is in the field, to
a stage where most of the matter is confined to clusters and filaments.

high persistence cloud in the 1-dimensional intensity maps. Models with particles
exclusively distributed around the faces of the Voronoi skeleton mimic the wall-like
components of the web. These models exhibit the presence of fully enclosed voids.
This aspect is captured by isolated high persistence clouds in the 2-dimensional in-
tensity maps. We also demonstrate that the dominating presence of a single mor-
phology is reflected in the presence of a single well defined mode in the graphs of
Betti numbers in different dimensions.

For the Voronoi evolution models, we demonstrate that the topological character-
istics of the different morphologies in the distribution – clusters, filaments and walls
– are well segregated in the intensity maps. Additionally, the aspect of evolution
is captured by the evolving features of the intensity maps. As an example, the left
panel of Figure 11 presents the intensity maps for the islands in the highly evolved
realizations of the Voronoi kinematic models. The map has four distinct features, in-
dicating a presence of four different morphologies, namely clusters, filaments, walls
and voids. The presence of multiple and evolving morphologies is also reflected as
multiple well-defined modes in the Betti number curves. Figure 11 presents the Betti
number curves for three different stages of the Voronoi evolution model (evolution
proceeds from Stage 1 to Stage 3). The presence of multiple modes, as well as an
increase in the number of modes for more evolved models is evident.
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Figure 11 Left: 0-dimensional intensity maps for the highly evolved stage of Voronoi kinematic model.
Right: Betti numbers as a function of density threshold for three different stages of evolution for the
Voronoi kinematic models.

5.4 Homology and persistence of hierarchical distributions
To study the signature of multiscale distributions, we turn our attention to the

Soneira-Peebles distribution (Soneira & Peebles 1978). It is an analytic self-similar
spatial point process defined for the purpose of modeling the galaxy distribution.
The model involves a hierarchy of structures of varying densities and character-
istic scales. It is constructed by placing a number of children spheres at random
locations inside a parent sphere, which is itself randomly placed in R3. The higher
level spheres correspond to high density structures of small scale and the lower level
spheres correspond to low density structures of larger scale. As each sphere is con-
structed in the same way, the resulting point distribution is self-similar and forms
a bound fractal. An important property of the model is that its statistical proper-
ties can be fully and analytically evaluated. This concerns its power-law two-point

Figure 12 Particle distribution in a sample realization of the Soneira-Peebles model. Most of the volume
is empty due to the high concentration of particles in a small volume.
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Figure 13 Left: Intensity maps for the Soneira-Peebles model with a high concentration factor. Right:
Betti numbers of Soneira-Peebles model for models with different concentration factors.

correlation function, correlation dimension and its Hausdorff dimension. Figure 12
presents the particle distribution in a sample realization of the model, with three
different concentrations of particles. The number of particles is the same in all the
realizations.

We demonstrate that the levels of hierarchy are well manifested in the intensity
maps. In the right panel of Figure 13, we present the intensity map of a typical
Soneira-Peebles model. The map exhibits a presence of a number of distinct clumps.
These clumps are placed at increasingly higher persistence values. The number of
clumps is related to the number of level of hierarchies in the distribution.

The Betti numbers also capture the various levels of hierarchies in the distribu-
tion. We see this in the right panel of Figure 13. The multiple peaks in the graphs
capture the number of levels in the hierarchy. For high concentration factors, the
peaks are well segregated, denoting that the levels of hierarchy are well segregated
as well. For low concentration factors, the levels are not well segregated. Hence, the
particles tend to have a diffused distribution. This is reflected in the relatively low
number of distinct peaks in the Betti number curves.

6 Topology based visualization of Cosmic filaments: Felix
The final part of this thesis introduces and describes a technique for the identifi-

cation of filaments based on the topological characteristics of the density field. Ex-
ploring the filamentary patterns of the cosmic web is challenging because of the large
range of the spatial scales and density range it exhibits. A proper characterization
should also account for the hierarchical nature of structures, which adds consider-
able challenge to the task. The distinction between noise and significant structures
is often ill-defined, and at occasions noise may be confused with genuine structures
in the hierarchically evolved mass distribution. This problem is more pronounced
when one studies the properties of tenuous filaments and walls in low density void-
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Figure 14 Morse-Smale complex of a 2D scalar
function. The critical points are marked by solid
spheres. Pink denotes the maxima, yellow denotes
the saddle points and blue denotes the minima. The
thin gray lines originating and terminating at the
various critical points are the integral lines of the
function. The thick gray tubular structures denote
the separatrices, which form the boundary of two ad-
jacent ascending or descending manifolds.

like regions. A paramount requirement for understanding the dependence of forma-
tion and evolution of galaxies on the properties of the local environment is the ability
to classify these properties of the local environment accurately first. Such properties
include the density characteristics, as well as the morphological classification.

Morse theory and related formalisms can be harnessed to devise methods of par-
titioning a manifold (Forman 2002; Edelsbrunner et al. 2001). This particularly de-
pends on the geometry of the space in the neighborhood of the critical points of f .
Such a partitioning of the domain is achieved by exploring the features of the gradi-
ent of the scalar function on the manifold.

An important ingredient in understanding how the partitioning of the manifold
may be achieved is the concept of integral lines. An integral line is a path where the
tangent of the path is parallel to the gradient ∇ f at every point along the path. As
an example, integral lines of a 2D scalar function are represented in thin gray lines
in Figure 14.

The integral lines define the ascending and descending manifolds of a critical point.
The set of all integral lines that originate at the critical point p together with p is
called the ascending manifold of p. Similarly, the set of all integral lines that ter-
minate at the critical point p together with p is called the descending manifold of p.
The ascending manifolds (similarly, the descending manifolds) of all critical points
partition the domain. The Morse-Smale complex is constructed by decomposing the
manifold into cells formed by the collection of integral lines that share a common
source and a common destination (Forman 2002; Edelsbrunner et al. 2001). This can
only happen if the ascending and descending manifolds of all pairs of critical points
intersect only transversally. A function f satisfying this condition is called a Morse-
Smale function. Figure 14 presents the Morse-Smale complex of a 2D scalar function.
The maxima of the function are marked in pink, the saddle points in yellow, and the
minima in blue. The tubular elements represent the arcs of the Morse-Smale complex
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that partition the domain.

The various elements of the cosmic web have natural geometric associations with
the elements of the Morse-Smale complex constructed from cosmic density fields.
Clusters can be identified as the local maxima of the field. This is because mass flows
into the clusters from all the directions. This corresponds to the fact that the gradi-
ent of the field increases in the drection of the local maximum in the corresponding
Morse-Smale complex. The filaments can be identified as the ascending manifold of
2-saddles. The ascending manifolds of a 2-saddle connect two neighboring maxima,
and is a 1-dimensional element. The gradient along the ascending manifold of a 2-
saddle increases in the direction of the maxima. This has natural associations with
the cosmic filaments that are also quasi-linear structures connecting the clusters, and
serve as channels through which mas flows into the clusters. Voids can be identified
as the ascending manifolds of minima, from where all matter flows out. The walls
can be identified as the descending manifolds of 1-saddle that separate these voids,
and are 2-dimensional in nature.

We describe Felix6, a topology based visual interactive framework to extract fila-
mentary structures from a hierarchy of Morse-Smale complexes of the density field.
The filaments in Felix are parameterized by the density values of the maxima and
the 2-saddle that define them. We allow for a user-defined choice of density range,
thereby providing greater flexibility and accuracy in detecting the features of inter-
est. This is unlike the strategy of persistence based simplification as implemented
in DisPerSe (Sousbie 2011), where the low density features are necessarily filtered
away.

As an example, we investigate the nature of filaments in three different density
regimes from the LCDM simulations. The first concerns filaments in the high density
regions around compact dense clusters, which are known to function as the trans-
port channels along which matter moves into the clusters. The second regime con-
cerns the tenuous low-density filaments found in low-density void regions. The
third regime concerns the filaments that stretch from cluster like regions all the way
down to void like regions. Figure 15 presents an example of the three classes of
filaments extracted from a cosmological simulation.

Using Felix, we classify galaxies as cluster/filamentary or not in test models, for
which the true classification of the galaxies is known a-priori. By comparing the
classification as achieved by Felix with the a-priori known classification, we demon-
strate that we are able to recover the true classification with high efficiency. We
compare Felix with a few other geometric and topological methods, namely Dis-
PerSE, MMF/Nexus and SpineWeb (Aragón-Calvo et al. 2010). We demonstrate in
the process that we perform equally good, if not better, in most conditions. Using
the Voronoi models as a test, we demonstrate that a persistence based simplification
of the Morse-Smale complex, as implemented in DisPerSE, is not a sufficient mecha-
nism to extract the desired filaments.

6The name Felix is formed from an abbreviation of Filament explorer.
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(a) (b)

(c) (d)

Figure 15 Three classes of filaments extracted from the Cosmogrid dataset. (a) Particle distribution
shown along with a volume rendering of the DTFE density. (b) Filaments within cluster like regions. The
highlighted region shows the retention of intricate topological structures within a large cluster region. (c)
Filaments within void like regions extracted with parameters. Shown in the inset is a cluster like region
within which filamentary structures are filtered away. (d) Filaments that stretch from cluster like regions
all the way down to void like regions.

7 Conclusion
Topological data analysis, in particular persistence based analysis, of structural

patterns has gained interest across various disciplines like medical imaging, cartog-
raphy, agriculture etc. This is motivated by the similarity in the nature of the prob-
lems approached. Across all the disciplines, data sets are getting bigger and more
complex, whether it is medical records, genomic sequencing, neural networks in the
brain, astrophysics, historical archives, or social networks. Topology may be the
ideal tool for analyzing patterns in these huge datasets with high dimensionality.
This is because topology perhaps is the only formalism that has the ability to rigor-
ously define shapes and patterns in any dimension.

This thesis is a culmination of an interdisciplinary collaboration between the
fields of cosmology, mathematics and computer science. On the cosmological side, it
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has aimed to expand the topological description of cosmic density fields using Morse
theory, homology and persistence. On the mathematical side, it has attempted to
explore the general properties and characteristics of persistence homology and per-
sistence diagrams.

7.1 Future directions
At the end of this thesis, there are a number of follow up investigations that

come to mind. We list here a possible, but not exhaustive, set of directions that may
be promising.
Statistics of persistence. We have established empirically that the ensemble aver-
age of persistence diagrams of stochastic processes are well-defined. An analytic
probabilistic and statistical description of persistence will be a natural and impor-
tant extension of the framework.

Persistence (Homology) of the large scale Universe. In this thesis, we presented a
topological characterization of Gaussian random fields, with a view to understand
the nature of fluctuations in the primordial Universe. Subsequently, we analyze the
Voronoi models that mimic aspects of the matter distribution in the large scale Uni-
verse. A logical and important extension of this would be to investigate the topology
of the genuine distributions of dark matter and halos in LCDM simulations.

Persistence characterization of the anisotropies in CMB. A persistence based hier-
archical characterization of the anisotropies in the Cosmic Microwave Background,
as provided by the latest measurements from the PLANCK satellite provides an
interesting challenge Persistence has the potential to shed light into the hierarchi-
cal nature of primordial fluctuations. It may also be interesting to investigate the
CMB with a view to isolate signatures of primordial non-Gaussianities. Using exist-
ing methodologies, the PLANCK team reports the absence of statistically significant
non-Gaussian signals in the CMB maps. The hierarchical description of persistence
has the potential to probe deeper in this direction.

Filament catalogues of the large scale Universe. Having tested the robustness of
the filament finding software on test models and simulations, an important aspect
to follow up is to produce filamentary catalogues from simulations as well as ob-
servation. These catalogs will have an option of querying for the properties of the
associated galaxies they host, in view of investigating the formation and evolution
of galaxies vis-a-vis the large scale environment they reside in.

Hierarchical characterization of Cosmic Voids. 2-dimensional persistence diagrams,
that capture the formation and evolution of topological voids, can potentially pro-
vide a powerful tool for the characterization of the hierarchical aspects of cosmic
voids. This is especially interesting, in view of the fact that topology, perhaps, is
the only method that defines a void uniquely and unambiguously, without a choice
of any free parameter. It has theoretically been suspected for long, and confirmed
recently observationally that the cosmic voids form and evolve hierarchically. Stud-
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ies have revealed cosmic voids are highly sensitive to dark energy and may contain
information about modified gravity.

Characterization of the epoch of reionization. Due to its hierarchical nature, per-
sistence is naturally tailored towards the study of reionization and the evolving net-
work of ionization bubbles in the Epoch of reionization, marking the onset of forma-
tion of stars and galaxies. 0-dimensional persistence diagrams are optimally suited
for capturing the evolving network of ionization bubbles, which are essentially iso-
lated objects undergoing mergers and possibly more complex procedures. Addition-
ally, studying the characteristics of the 1-dimensional diagrams will reveal details
about the percolation properties of the distribution at that epoch. The 2-dimensional
diagrams have a potential to reveal the evolving hierarchical network of voids in
their infancy.


