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Introduction

We are concerned with symplectic locally principal n-torus bundles with Lagrangian fibres,
called Lagrangian bundles, which occur naturally in integrable Hamiltonian systems. We
review the theory of obstructions to triviality, in particular monodromy, as well as the ensuing
classification problems with involve the Chern and Lagrange class. Another topic of interest is
the manifestation of global invariants in examples of classical and quantum systems. Namely,
we consider perturbations of the hydrogen atom by small static near orthogonal electric and
magnetic fields and show that for a large class of parameters the integrable approximation of
such a system exhibits non-trivial monodromy, and the corresponding quantum monodromy
is detected in the joint spectrum of the quantum realisation of the hydrogen atom.

We recall a few basic definitions from symplectic geometry [1, 2, 56] and show that each
integrable system has an associated Lagrangian bundle. Let (M,σ) be a connected symplectic
manifold, and let H : M → R be a smooth function, called the Hamiltonian. The dynamics
in the system is given by the Hamiltonian vector field XH , defined by

σ(XH ,−) = −dH.

Recall that a function F : M → R is a first integral of H if

XH(F ) = dF (XH) = 0,

and a Hamiltonian system (M,σ,H) is called integrable if there exist n smooth functions
F1, . . . , Fn = H on M such that: (i) dF1, . . . , dFn are linearly independent everywhere on M
except on a set of critical points of measure zero, and (ii) F1, . . . , Fn are pairwise first integrals
of each other.

Example 1 (The spherical pendulum) An example of an integrable system with 2 de-
grees of freedom is the spherical pendulum. Recall (Duistermaat [27], Cushman and Bates
[22]) that the spherical pendulum consists of a unit mass particle moving on the surface of
the unit sphere S2 ⊂ R3 under the constant vertical gravitational force. Thus the configu-
ration space is S2, and the phase space is the cotangent bundle T ∗S2 with canonical 2-form
σ. The Hamiltonian H of the pendulum is the sum of the kinetic and the potential energy
of the particle. The system is invariant under the rotation with respect to the vertical axis
in R3, and by Noether’s theorem there is another first integral of the problem, the angular
momentum J with respect to the vertical axis. The functions J and H commute with respect
to the Poisson bracket on T ∗S2. The map

(J,H) : T ∗S2 → R2,

called the energy-momentum map, has maximal rank almost everywhere on T ∗S2 (see Figure 1).
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Figure 1: Image of the energy-momentum map in the spherical pendulum

Now let B be a smooth manifold. A bundle f : M → B is called Lagrangian if df has maximal
rank everywhere on M and the fibres of f are compact connected Lagrangian submanifolds
of M .

Next consider an integrable Hamiltonian system, as defined above, and take f = (F1, . . . , Fn).
If one removes singular fibres from M , then df has maximal rank. Then, if the common level
sets of F1, . . . , Fn are compact and connected, the bundle f is Lagrangian. By the Liouville-
Arnold theorem (see Chapter 2, [1, 2, 27]) the fibres are n-tori. Thus in Example 1 the map
f = (J,H) is a Lagrangian bundle after the singular fibres have been removed from T ∗S2.

In Chapter 2 we are concerned with global properties of Lagrangian bundles. We will consider
the invariants of Lagrangian bundles, monodromy and Lagrange class, which were introduced
by Duistermaat [27], who showed that these invariants are obstructions to triviality of La-
grangian bundles. Nguyen Tien Zung [89] considered a slightly more general question: do the
monodromy and the Lagrange class classify Lagrangian bundles up to a symplectic isomor-
phism? The answer is negative, and the complication is due to the integer affine structure on
the base manifold B. Our purpose is to provide new proofs and elucidate certain geometrical
aspects of the results in [27, 89]. In particular, we stress the role of the integer affine structure,
which will be defined later in Chapter 2, and explain in more detail the relation between the
Lagrange and Chern class of the Lagrangian bundle.

If the integer affine structure on the base space B is fixed, two Lagrangian bundles are
isomorphic as general locally principal n-torus bundles if and only if they have the same
Chern class. They are symplectically isomorphic if they have the same Lagrange class. The
Chern class is the obstruction to the bundle admitting a global section. The Lagrange class
is a complete invariant of Lagrangian bundles and the obstruction to the bundle admitting
a Lagrangian global section. The following example, which is explained in more detail in
Chapter 2, illustrates the relation between the Chern and the Lagrange classes.

Example 2 (Lagrangian bundles over a torus) Let B = T2, let (x1, x2) be coordinates
modulo 1 on T2, and let (x1, x2, ȳ1, ȳ2) be symplectic coordinates on T ∗T2 with the canonical
form ω. Choose α1, α2 ∈ R \ {0}, and consider a trivial Z2-subbundle of T ∗T2, given by

Pα = {ȳi = `iαi | `i ∈ Z, i = 1, 2}.

Then the quotient T ∗T2/Pα is a trivial bundle with fibre T2. It has the symplectic structure
ω induced from T ∗T2, so T ∗T2/Pα is a Lagrangian bundle. It has global Lagrangian zero
section, induced from T ∗T2, hence both its Chern and its Lagrange class vanish.

We want to find out how many Lagrange classes correspond to the same Chern class. To this
end we note that each global section of T ∗T2/Pα has the form

z : (x1, x2) 7→ (x,A(x>)),
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where

A =

(
n0 n1

n2 n3

)
∈ gl(2,Z),

and juxtaposition denotes matrix multiplication. Computing the pullback z∗ω one obtains
that such a section need not be Lagrangian with respect to ω. However, it can be made
Lagrangian with respect to the symplectic form

ω′ = ω − f ∗Θ, where Θ = γdx1 ∧ dx2,

where γ = α2n2 − α1n1 ∈ R. The set of numbers (α2n2 − α1n1) ∈ R, where n1, n2 ∈ Z,
is an additive subgroup of R denoted by (α1, α2)Z. If γ ∈ (α1, α2)Z, then the correspond-
ing Lagrangian bundle (T ∗T2/Pα, ω

′) admits a global Lagrangian section and, therefore, has
zero Lagrange class. It follows that, for given Pα and any Chern class, the set of isomor-
phism classes of Lagrangian bundles, characterized by their Lagrange class, are in one-to-one
correspondence with the group R/(α1, α2)Z.

In Chapter 3 we are interested in manifestations of global invariants in real-world integrable
systems, both classical and semi-classical. We consider a fundamental atomic system, the
hydrogen atom in weak external electric and magnetic fields. With spin and relativistic
corrections neglected, the model of this system is a perturbed Kepler problem. The study of
this system was initiated by Pauli [67], and continued by many researchers (see Efstathiou et
al. [32] for an overview), who mostly studied the dynamical behavior in specific configurations
of the system. All strictly orthogonal configurations were studied by Cushman and Sadovskii
[24], who showed that for a large class of perturbing forces the integrable approximation of
the system exhibits non-trivial monodromy, and the non-trivial monodromy is also detected
in the joint spectrum of the quantized integrable approximation.

In the quantized integrable system commuting first integrals of the problem are replaced by
commuting operators, which, therefore, have the joint spectrum. San Vu Ngoc [85] defined
monodromy in the quantized system and showed that it is determined by the monodromy of
the underlying classical system. The joint spectrum can be represented as an n-dimensional
lattice, and the monodromy manifests itself in the violation of the regularity of such a lattice,
i.e. in the form of lattice defects (see Zhilinskii [87]).
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Figure 2: Lattice defect in the n-shell system in a dynamical stratum A2 (to be defined later)

Thus, Figure 2 represents the joint spectrum of the n-shell system of the hydrogen atom
in the strictly orthogonal configuration superimposed with the bifurcation diagram of the
corresponding classical system. The monodromy of the latter is described by the matrix
( 1 0
−2 1 ) (see Chapter 3). The irregularity of the corresponding quantum lattice is verified by
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considering a 2-dimensional elementary cell, defined by two vectors, which correspond to the
increment of each local quantum number by 1. Parallel transporting the cell along a closed
path, we obtain a new basis, which is related to the initial one by the transposed inverse of
the classical monodromy matrix ( 1 0

−2 1 ).

We continue this study of the hydrogen atom, considering the configurations where the ex-
ternal forces are near orthogonal. To obtain an integrable approximation, the Hamiltonian
of the problem is normalized with respect to its unperturbed part and truncated. After the
reduction of the symmetry, it turns out that the lowest non-trivial term of the first normal
form truncation generates a linear action on the reduced space S2 × S2, which is resonant for
the strictly orthogonal configuration. A second normalization and truncation is implemented
with respect to this resonant action. The resulting 2-DOF system system is integrable.

For the classical integrable approximation of the problem we determine domains in the pa-
rameter space for which the system has non-trivial monodromy. By [85] the monodromy
should manifest itself in the joint spectra of the corresponding quantum systems, which is
verified by computation. As was shown by Broer et al. [13], the monodromy of the integrable
approximation extends to the near integrable case of the first normal form truncation and
the original system of the hydrogen atom. Numerically we obtain that quantum monodromy
persists in the spectrum of the first normal form truncation. To confirm our result mathe-
matically, a generalization of [85] to near integrable systems is required. It is even less clear
how the theory of quantum monodromy extends to the original Hamiltonian system.
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