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Chapter 2 
 

NON-STATIONARY PROPERTIES 
OF METAL NANOCONTACTS 

2.1 Abstract 

Studying the nonlinear behaviour of the electrical conductivity 
of Nanocontacts (NCs) at low temperatures, where by NC we 
mean a nanoscopic bridge between massive metal electrodes 
with a characteristic diameter, d, of 10-100 nm, has nowadays 
become a simple but effective method for investigating the 
inelastic scattering processes of the electrons on different 
quasiparticle excitations in solids. 

As known from the theory of Point-Contact Spectroscopy 
(PCS), the second derivative of the IVC of a NC is quite similar 
to the phonon spectrum of the metal, and this provides a simple 
and reliable method for studying this important property. The 
splitting of the Fermi surface exactly for the bias voltage applied 
to the NC, eV, serves as the energy probe that permits to realize 
the PCS.  

There are three different regimes of PCS, distinguished by the 
relation between the diameter of the NC and the mean free paths 
of electrons (elastic li and inelastic lε), namely the ballistic, the 
diffusive and the thermal regime. The features of these different 
current states of PCS are discussed below in section 2.2.  
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Recording the second derivative of the current-voltage 
characteristics (IVC) of a NC provides the information about the 
Electron-Phonon Interaction (EPI) in the metal. The relaxation 
of the electrons occurs through the generation of non-
equilibrium phonons in the NC and the reabsorption of non-
equilibrium phonons by electrons is responsible for the 
background on the point-contact spectra. These considerations 
relate to the stationary conductivity of the NCs but quite 
important information may be obtained from measuring the 
spectra when the NC is exposed to high frequency (HF) 
electromagnetic radiation. The characteristic parameters of 
these processes are the relaxation times of the corresponding 
quasiparticle subsystems (electrons, phonons). The reabsorption 
of phonons decreases when the oscillation frequency of the 
electrons exceeds the characteristic phonon relaxation 
frequency. Therefore, the characteristic relaxation times of 
phonons in metals can be determined directly from the HF PCS 
measurements. 

2.2 The Principles of the Point-Contact 
Spectroscopy of Metals 

As already mentioned, a NC is a nanoscopic bridge between 
massive metal electrodes. From the theoretical point of view, 
there are two basic models of such contacts which are illustrated 
in Fig. 2.1 a) and b). In the “orifice” model, the contact is 
described as the circular hole in the isolating layer between two 
metal spaces. The main parameter of such a contact is the 
diameter, d. In the “channel” model, the contact is approximated 
as a long thin bridge that connects massive metal electrodes. In 
the latter model, there are two characteristic parameters: the 
length L and the diameter d of the contact. Other models describe 
the contact with more common hyperboloid zones that may be  
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Fig. 2.1 Models of a nanocontact: a – an orifice in the dielectric 
wall;   b – a long channel between two massive metal electrodes. 

 
transformed into the previous models. The model type does not 
change the physics of the processes in the NC. 

The subject of this study is the nonlinear behaviour of the 
electrical conductivity of NCs at low temperatures. Maxwell 
calculated the resistance of an electric contact of diameter d 
much larger than the electron mean free path l [1]: 

 

MR
d
ρ= , for d >> l,   (2.1) 

 
where ρ is the resistivity of the metal. 

In the case of the reverse relation between the characteristic 
dimensions, the resistance of the contact, according to Sharvin 
[2], is given by: 

2

16
3S

lR
d
ρ

π
= , for d << l.  (2.2) 
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In the general case of any relation between d and l, Wexler [3] 
discovered the interpolation formula: 

 

( ) ( )3
16

/ 1 /pc S S
dR R l d R l d

d l
ρ π⎡ ⎤= + Γ = + Γ⎢ ⎥⎣ ⎦

, (2.3) 

 
where )/( dlΓ  is a monotonous function of the parameter l/d; 

1)0( =Γ  and 694,0)( =∞Γ .  
For the scattering of the electrons by phonons we can write  
 

  F e phl v τ −=     (2.4) 
 

where vF is the Fermi velocity and τe-ph is the characteristic time 
of scattering events, also called electron – phonon relaxation 
time. So, we have for the resistance of the NC: 

 

( ) ( ) ( )
3
16

1 /pc S
F e ph

dR eV R l d
eV

π
ν τ −

⎡ ⎤
= + Γ⎢ ⎥

⎢ ⎥⎣ ⎦
. (2.5) 

 
From the energy dependence of the electron – phonon 

relaxation time follows that [4] 
 

( )1 2

0

2 eV

e ph F dπτ α ω ω−
− = ∫h   (2.6) 

 
Hence τe-ph is determined by the Eliashberg function α2F(ω). 

The function α2F(ω) is the multiplication of the square of the 
electron–phonon interaction matrix element (normalised over the 
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Fermi surface), α, with the phonon density of states, F(ω). When 
differentiating (2.5) and considering (2.6), we obtain:  

 

( ) ( )
2

23
8

/ ( )pc
S

F

dR edeV R l d F eV
dV

π α
ν

= Γ
h . (2.7) 

 
So the second derivative of the IVC of a NC, 

d2V/dI2=(dR/dV).R, will be quite similar to the phonon spectrum 
of the metal. 
As shown theoretically [5, 6], the processes of inelastic scattering 
of electrons from any quasiparticle excitation in the NC, that 
depends on the electrons energy, will cause irregularities in the 
d2V/dI2 spectra at the characteristic quasiparticle energies. The 
exact theoretical  analysis  of  the NC “orifice” model presents 
the Fermi surface for the electrons in the proximity of the orifice 
as shown in Fig. 2.2.  

 

 
 

Fig. 2.2 Non-equilibrium functions of the distribution of the 
electron momenta: a - in two different points of the ballistic 
nanocontact; b – for the homogeneous current state. 
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The dashed line represents the equilibrium Fermi surface for an 
isotropic electron distribution. The hatched space corresponds to 
the occupied electron states; its volume does not depend on the 
coordinates because of the charge neutrality condition. The 
splitting of the Fermi surface exactly for the eV value serves as 
the energy probe that permits to realize the PCS of the 
elementary excitations in metals. In the absence of such a narrow 
spot for the current state, such a probe does not exist (Fig. 2.2, b). 
Moreover, the accessible electron energy, in this case limited by 
heating of the metal, is quite small ~ eVl/L (here L is the length 
of the macroscopic sample). 

Scattering of the electrons in the contact brings about a 
relaxation of the distribution shown in Fig. 2.2 (a). The 
generation of phonons results in a decrease in the conductivity of 
the NC. As shown above, the second derivative of the IVC of the 
contact may be written for T=0 as   

 
1 28 8

3 3
( ) ( )pc pc

F F

dR ed edR F eV g eV
dV

α
ν ν

− = =
h h .(2.8) 

 
The NC function of the EPI is given as 
 

2( ) ( )pc pcg eV F eVα= .   (2.9) 
 
The NC EPI is different from the thermodynamic Eliashberg 

function g(eV)=α2F(ε) because of the presence of the geometric 
form-factor К, that takes in account the kinematics of electron 
scattering in the NC. The EPI functions (thermodynamic, 
transport and NC ones) determine the physical properties of 
metals [4]: electrical and thermal conductivity, superconductivity 
and the most important integral parameter of the metal, the 
constant of the EPI, λ: 
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0

2 ( ) dg ωλ ω
ω

∞

= ∫ .   (2.10) 

 
When the temperature of the contact is Т≠0, the phonon 

irregularities of the spectra will be broadened because of the 
thermal distortion of the Fermi distribution, and (2.8) will 
transform into: 

 

( ) ( ) ( )
2

1
2

0

8
3

pc
F B

d I dR ed eVR eV R eV g d
dV dV k T

εε χ ε
ν

∞
− −⎛ ⎞− = = ⎜ ⎟

⎝ ⎠∫h

 (2.11) 
 

where 
 

2

2

1( )
1B

d yy yk T dy e
χ

⎛ ⎞
= ⎜ ⎟⎜ ⎟−⎝ ⎠

.   (2.12) 

 
The function of thermal distortion χ(y) limits the precision of 

PCS to the value of Δε = 5,44 kBT. 
Up to now we have considered the case of pure contacts and the 

corresponding formulae were obtained for the generation of 
phonons in the ballistic regime of PCS, when d<<li, lε, where li 
and lε indicate the elastic (impulse relaxation) and inelastic 
(energy relaxation) mean free path of electrons, respectively. In 
the zeroth approximation, the resistance of the contact is 
determined by the Sharvin expression (2.2). 

A specific feature of ballistic NCs is the decrease of the shot 
noise with respect to bulk conductors. This phenomenon is due to 
coherent phonon generation in ballistic NCs [7, 8, 9]. 
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Another regime of PCS, when the contact diameter is much 
larger than li, but much smaller than the characteristic energy 
relaxation length Λ=(li lε)1/2/3, is referred to as the diffusive 
regime. The main formulae for this regime were reported 
elsewhere [10, 11]. The trajectories of electrons in the case of a 
diffusive current regime are no longer straight lines because of 
the elastic scattering of electrons by impurities in the contact. 
There is still the splitting of the Fermi surface exactly for eV in 
the proximity of the contact, as in the ballistic case (see Fig. 2.2, 
a). The difference with the ballistic case consists in the partial 
occupation of states outside the left semi-sphere and the partial 
emptying of states inside the right one. This is the reason for the 
reduced contribution of inelastic scattering process to the 
resistance of the contact. In a zeroth approximation, the 
resistance of the contact is determined by the Maxwell equation 
(2.1). In a first order approximation, the inelastic component of 
current, Iin, with respect to the elastic one, Iel, is given by [12]: 

 

~in i

el

I ld
I l dε

    (2.13) 

 
The PC spectrum is still given by the expression (2.8), but with 

a more complicated K-factor.  
The third regime of PCS, the so-called dirty or thermal regime 

is realised in contacts with large diameters (d>>li, lε). At any 
point in the contact, equilibrium between the electron and 
phonon systems is achieved, with the local temperature T(r) 
deriving from the balance between Joule heating and loss of heat 
by the electronic thermal conductivity. As shown by calculations 
[1], the temperature T0 in the centre of the contact is: 
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0

1/22
2

4b
VT T

L
⎛ ⎞

= +⎜ ⎟
⎝ ⎠

   (2.14) 

 
where L=0,026 mV2/K2 is the Lorenz number. When the 
temperature in the centre of the contact is much larger than the 
temperature of the cooling medium, Tb (usually it is the 
temperature of the liquid Helium bath), the relation between the 
temperature of the contact and the applied voltage is given by 

 
2

3
BeV k Tπ= ,    (2.15) 

 
or, simply, 

 
 [ ] [ ]3, 2~  V mV T K .   (2.16) 

 
In the thermal regime, the phonon irregularities in the PC 

spectrum are strongly broadened. Additionally, at large bias 
voltage a constant background signal arises due to scattering of 
the electrons by non-equilibrium phonons generated with 
increasing NC temperature. This phenomenon will be considered 
in detail later in this thesis. 

It is important to mention that a NC with nonlinear IVC can be 
made as a four-terminal structure, in a way that the current 
passing between one pair of terminals changes the resistance 
between another pair of terminals. Such a structure can also work 
as a NC transistor [13]. 
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2.3 Relaxation Processes in Nanocontacts and their 
Characteristic Relaxation Times 

The experimentally measured second derivatives of the IVC are 
not equal to zero at energies higher than the maximum phonon 
energy, eV≥ħωD (ωD – Debye frequency), as it should be if (2.8) 
was a rigorous description. When considering the ballistic and 
diffusive regimes in the discussion above, we assumed that the 
phonon system remains in equilibrium. But in the current state, 
the relaxation of the electrons occurs via the generation of non-
equilibrium phonons which escape through the massive 
electrodes that form the contact. The characteristic inelastic free 
path for these phonons is lph-e~le-ph~vF/λωD. Therefore, in the 
ballistic regime, where both the elastic mean free path of the 
phonons, lr, and that of the electrons, li, are much larger than d, 
only a small part of the non-equilibrium phonons (in the order of 
d/le-ph) is reabsorbed by the electron flux. That is the reason [14] 
for the small intensity of the background signal in the PC spectra 
in the ballistic regime. 

The nature of the background could be explained qualitatively 
[15] in a following way. At large bias voltage, the quantity of the 
non-equilibrium phonons increases proportionally to the current 
density. This causes an increase in the reabsorption of non-
equilibrium phonons by means of electrons scattering from those 
phonons. The resistance of the nanocontact will grow with the 
bias, and the second derivative of the IVC is no longer equal to 
zero [14, 16, 17, 18, 19]:  

 
2

1
2 ( )d I dRR eV R

dV dV
−− = =  
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( ) ( ) ( )
0 00

8
3 2F

pc
pc pc

g ded eVg g
eV

ω ωγω ω γ
ν ω ω ω

∞⎡ ⎤
= + +⎢ ⎥+ +⎣ ⎦

∫h h ,

 (2.17) 
 

where γ=0,58 (for the “orifice” geometry of the contact), 
ω0=ωD(lph-elr)/d2  the frequency of the phonons escaping from the 
contact zone, defined by their inelastic and elastic mean free 
paths. The last two parts in (2.17) are the background signal on 
the second derivative of the IVC. The first one has a structure 
similar to gpc(eV), but with another form-factor; it refers to the 
stimulated phonon generation. The second one is the monotonous 
part of the background signal, caused by reabsorption of non-
equilibrium phonons. In the case of a weak reabsorption process, 
when ω0>>ωD, the expression (2.17) transforms into 
 

( ) ( )
2

1
2

0

( ) ( )
eV

pc pc
d I dR dR eV R eV C g eV b g
dV dV

ωω
ω

− ⎧ ⎫⎪ ⎪− = = +⎨ ⎬
⎪ ⎪⎩ ⎭

∫
(2.18) 

 
Here the coefficient b is obtained by requiring that the PC 

spectrum is equal to zero when eV≥ħωD.  
In addition to the monotonous background signal, smaller 

irregularities at higher frequencies which are multiples of 
maximal phonon frequencies ω1, ω2 and their combinations may 
be observed. 

All of the above considerations relate to the stationary 
conductivity of the NCs, but important information can be 
obtained from measuring the PC spectra at high frequencies. The 
dynamics of the EPI and of the phonon reabsorption represent 
fundamental properties of metals. The characteristic parameters 
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of these processes are the relaxation times of the corresponding 
quasiparticle subsystems (electrons, phonons).  

The shortest characteristic times for the NCs are associated 
with the relaxation of the electron subsystem. One of these is 
determined by the time for electron transport through the NC 
zone, τ0~d/vF~10-14 s (at d~10 nm). Another one is related to the 
non-elastic scattering of the electrons from high-energy (Debye) 
phonons, τe-ph~10-13 s. The lowest characteristic frequency is 
determined by the slow processes of the thermal relaxation of 
NCs: τT~cd/λ ~10-8–10-9 s (where c is the specific heat and λ the 
thermal conductivity for metals). 

The corresponding measurements at high frequencies 
significantly enlarge the investigation capabilities of PCS. They 
permit to study the energy dependence of the different scattering 
processes in metals and to determine experimentally the 
frequency parameters of these phenomena. With PCS 
experiments, these characteristic frequencies could be measured 
directly, as the relaxation times of NCs conductivity in HF fields. 
A special method [20] for the determination of the relaxation 
times for non-equilibrium excitations in metals has been  claimed 
in a specific patent. 

2.4 The Influence of High-Frequency 
Electromagnetic Rradiation on the Characteristics 
of Nanocontacts 

When the inelastic mean free path of phonons is much higher 
than the contact diameter (lph-e>>d), and their elastic mean free 
path is smaller than the contact diameter (lr<d), the PC spectrum 
is defined by the reabsorption of non-equilibrium phonons [18]. 
The distribution of the non-equilibrium phonons is a function of 
the bias voltage applied to the contact. In the case of complete 
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reabsorption of the non-equilibrium phonons, in the centre (z=0) 
of the NC the distribution of phonons will be 

 

4
( 0) ( )eVN z eVω

ω ω−= = −h
h , (2.19) 

 
and it will gradually decrease with the distance from the contact. 
The distribution (2.19) has the sharp edge at the phonon energy 
ħω=eV. The effective temperature of the phonon subsystem is  

 

4eff
B

eVT k≈ .   (2.20) 

 
A similar expression was presented previously for the thermal 

regime of the NC (2.16). This value does not regard the 
temperature of electrons; only for the thermal regime of PCS 
electrons could be characterised by an equilibrium temperature 
(2.16), that is quite similar to the one defined by (2.20) for non-
equilibrium phonons. 

The substantial differences between the electron and phonon 
subsystems are their characteristic relaxation frequencies. For the 
electrons they are very high [18, 21]: 

 
13 110e ph Df sλω −

− ≈ ≈ ;    
14 110/e Ff v d s−≈ ≈ , (2.21) 

 
where λ is the EPI constant, and fe  the frequency of the electron 
transport across the contact zone. The corresponding values for 
phonons are: 

 
10 110ph e D

F

sf svλ ω −
− ≈ ≈ ;   

11 110phf s d s−≈ ≈ , (2.22) 
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where s is the speed of sound. On this basis the frequency 
dispersion of the conductivity of the NCs in the HF range was 
theoretically predicted [18,19] and the modification of the 
spectrum with the applied voltage V(t)=V0+V1cos(Ωt) was 
analysed. For frequencies f=Ω/2π>fph-e, the change occurs for the 
background component of the spectrum and is caused by non-
equilibrium phonons. This is clear if one considers the fact that 
the amplitude of the oscillating part of the non-equilibrium 
distribution function for the phonons (generated by the 
transported electrons) depends on the relation between the 
oscillation frequency of the electron subsystem and that of the 
phonon relaxation. The reabsorption of phonons decreases when 
the frequency of the electron oscillation starts to be larger than 
the phonon relaxation frequency. For this reason, the signal 
detected on the contact also decreases as soon as its part derived 
from the electron-phonon scattering becomes smaller. 

The background reduction coefficient η=γHF/γLF could be 
introduced as the ratio of the background signal levels for high 
and low frequency, at V0>ħfD/e. The parameter γ is the spectral 
signal normalized to the acoustic (transverse) phonons T-
maximum. η is obtained theoretically by 

 

( )
12

1
ph e

ff fη
−

−
⎡ ⎤⎛ ⎞= +⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
,   (2.23) 

 
where the fph-e is the average characteristic frequency of 
homogeneous relaxation of the entire multitude of phonons by 
electron-phonon scattering,  mainly related to the high-energy 
phonons.  

As can be seen from (2.23), the background component of the 
spectrum decreases with increasing frequency and goes to zero at  



 
 

 

NON-STATIONARY PROPERTIES OF METAL NANOCONTACTS 

29

V(t)= 1,5 V0+V1cosΩt

1

2

2

1

 

 

 

-d
2 I /

 d
V2

dI
/d

V

eVeV0

 

 

 
 

Fig 2.3 The first and the second derivative of the I-V 
characteristic of a nanocontact without the reabsorption of non-
equilibrium phonons (1) and with the reabsorption of non-
equilibrium phonons (2). 

 
f>>fph-e. The physical processes in the NC are illustrated in Fig. 
2.3 for a metal with the Einstein model phonon spectrum 
g(ε)=δ(ε – eV0). At the bias voltage V0, spontaneous generation of 
non-equilibrium phonons by the transported electrons begins and 
the conductivity of the NC drops (line 1). The electron relaxation 
is quite rapid (about 10-13 s), such that the quantity of generated 
phonons and, correspondingly, the dependence represented with 
line 1, remain the same up to frequencies of ~1013 Hz. If 
reabsorption of non-equilibrium phonons is taken into 
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consideration, the conductivity of the NC should decrease with 
bias, due to the growth of electron-phonon scattering events (line 
2). Consequently, the second derivative of the IVC will not be 
zero for V>V0. 
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