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Appendix A

Elementary Differential
Geometry

In this appendix we will bring together the ideas of differential geometry, which are
required throughout the thesis. There are several books, e.g, [171, 172], written for
physicists, which explore the subject at greater length and greater depth.

A.1 Convention

Apart from chapter 3 which has its own convention, we take the following metric
signature in the main text to be

g = diag(− · · · −,+ · · ·+), (A.1.1)

with (-) occurring t times and (+1) occurring s times. The pair (s,t) is called the
signature of the metric g.

A.2 Introductory Concepts

A.2.1 Manifolds

A D-dimensional manifold is a topological space together with a family of open sets
Mi that cover it, i.e, M =

⋃
i Mi. Mi’s are called coordinate patches. Within one

patch one may defines a 1:1 map φi, called the chart, from Mi → R. Concretely
speaking, a point p ∈ Mi ⊂ M is mapped to φi(p) = (x1, x2, · · · , xD). We say that
the set (x1, x2, · · · , xD) are the local coordinates of the point p in the patch Mi.
If p ∈Mi∩Mj, then the map φj(x

′1, x′2, · · · , x′D) provides a second set of coordinates
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for the point p. The composite map

φi ◦ φj : RD → RD (A.2.1)

is then specified by the set of functions x′µ(xν). These functions, and there inverses
xν(x′µ) are required to be smooth, usually C∞.

A.2.2 Tensor Fields

Scalar, Vector Fields and 1-Forms

The simplest object to define on a manifold M are scalar functions f that map
M → R. We say that the point p maps to f(p) = z. On each coordinate patch Mi we
can define the compound map f ◦ φ−1

i from RD → R as fi(x
µ) ≡ f ◦ φ−1

i (xµ) = z.
On the overlap Mi ∩Mj of two patches with local coordinate xµ and x′ν of the point
p, the two descriptions of f must agree. Thus fi(x

µ) = fj(x
′ν).

Vectors on a manifold M always describe tangents vectors to a curve in M . Let
p(t) be some curve. The coordinates of this curve are xi(p(t)), i = 1 · · ·D and the
tangent vector to the curve is given by d

dtx
i(p(t)). Defining the differential operator

X = X i ∂

∂xi
, with X i =

dxi(p(t))

dt
(A.2.2)

we obtain
d

dt
f(p(t)) = Xf, (A.2.3)

where f is a function on M . The tangent space to the manifold M at p, the space of
all possible tangents at p, is denoted by Tp(M).

To the contravariant vectors, which we have considered up to now, there also
exist their duals - the covariant vectors. The dual space to Tp(M) is the cotangent
space T ∗

p (M) where duality is defined via the inner product (dxi, ∂
∂xj ) = δi

j .
An element of T ∗

p (M) is given by the so-called 1-form

w = widx
i ∈ T ∗

p (M), (A.2.4)

where {dxi} represents the dual basis in T ∗
p (M).

Tensor Algebra

We can now construct tensors of type (a, b) by mapping a elements of T ∗
p (M) and b

elements of Tp(M) into R. So the space of these tensors is defined by

T a
b = Tp(M)⊗ · · · ⊗ Tp(M)︸ ︷︷ ︸

a factors

⊗T ∗
p (M)⊗ · · · ⊗ T ∗

p (M)
︸ ︷︷ ︸

b factors

. (A.2.5)
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In terms of local coordinates, it reads1

T (x) = T i1···ia

j1···jb
∂i1 · · · ∂ia

dxj1 · · · dxjb ∈ T a
b. (A.2.6)

The action of T on 1-forms w1, · · · , wa and vectors X1, · · · , Xb gives the number

T (w1, · · · , wa, X1, · · · , Xb) = T i1···ia

j1···jb
w1i1 · · ·waia

Xj1
1 · · ·Xjb

b . (A.2.7)

Allowing the point p to vary smoothly over the whole manifold, the vectors and
tensors also vary smoothly over M , and one achieves so-called vector fields and
tensor fields on M.

We now introduce the additional structure of a metric on a manifold. A metric
or an inner product on a real vector space V is a non-degenerate bilinear map on each
V ⊗ V → R. The inner product of two vectors u, v ∈ V is a real number denoted by
(u, v). The inner product must satisfy the following properties:

(i) bilinearity -(u, c1v1 + c2v2) = c1(u, v1) + c2(u, v2).

(ii) non-degeneracy- if (u, v) = 0 for all v ∈ V , then u = 0.

(iii) symmetry-(u, v) = (v, u).

A metric on a manifold is a smooth assignment of a inner product on each Tp(M)⊗
Tp(M)→ R. In a local coordinates the metric is specified by a covariant second rank
tensor field gµν whose determinant denoted by g, and the inner product of two vectors
fields Uµ and V µ is gµνU

µV ν , which is a scalar field. In particular the metric gives
the length τ of a curve xµ(t) with tangent vector dxµ/dt.

Specifying a metric on a manifold, it will help with the classification of manifolds.
In other words, the manifold is said to be Riemannian if its metric satisfies the
following axioms at each point p ∈M ;

(i) g(U, V ) = g(V, U),

(ii) g(U,U) ≥ 0, equality only for U = 0.

This means the metric evaluated at point p is a symmetric positive definite bilinear
form. A pseudo-Riemannian manifold is a manifold endowed with a metric which
obeys, beside axiom (i), the axiom (ii’) states that if g(U, V ) = 0 for all U ∈ TpM ,
then V = 0, i.e., the manifold has an indefinite signature.

Differential forms: With the help of the wedge product

dxµ ∧ dxν := dxµ ⊗ dxν − dxν ⊗ dxµ, (A.2.8)

1The Einstein convention is used throughout the text; any index that appears twice in an expres-
sion is summed over if it appears once as upper index and once as a lower index.
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one can define now several differential forms

0− form w = w(x) (A.2.9)

1− form w = wµdx
µ (A.2.10)

p− form w =
1

p!
wµ1···µp

(x)dxµ1 ∧ · · · ∧ dxµp. (A.2.11)

We denote the set of all p-forms by Λp. This is a vector space of dimension2

dimΛp =

(
D
p

)
=

D!

p!(D − p)! . (A.2.12)

One can therefore construct (p + q)-forms out of p-forms and q-forms in a straight-
forward manner by means of the wedge product αp ∧ βq ∈ Λp+q, in such a way that

αp ∧ βq = χp+q ⇒ χµ1···µp+q
=

(p+ q)!

p!q!
α[µ1···µp

βµp+1···µp+q]
. (A.2.13)

Commuting the forms αp and βq, one also obtains

αp ∧ βq = (−)pqβq ∧ αp. (A.2.14)

All forms belong to the space

Λ∗ = Λ0 ⊕ Λ1 ⊕ Λ2 ⊕ · · ·ΛD, (A.2.15)

which is closed under the wedge product operation (or exterior product). Λ∗ is a
graded algebra, also named Cartan’s exterior algebra (Grassmann algebra).

One differentiates the forms by introducing the exterior derivative, namely
d = ∂µdx

µ, acting on a p-form in the following way

dw =
1

p!
∂νwµ1···µp

(x)dxν ∧ · · · ∧ dxµp . (A.2.16)

In fact, the exterior product is a map d: Λp → Λp+1 which transforms p-forms into
(p+1)-forms, satisfying nilpotency condition d2 = 0 as well as obeying the antideriva-
tion rule

d(αp ∧ βq) = (dαp ∧ βq) + (−)pαp ∧ dβq. (A.2.17)

A p-form that satisfies dαp=0 is called closed. A p form αp that can be expressed
as αp = dαp−1 is called exact. Poincaré’s lemma implies that locally any closed
p-form can be expressed as dαp−1, but αp−1 may not be well defined globally on M .

2Note that Λp and ΛD−p have the same dimensions.
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Trace, (anti)-commutator: Next we define the trace, the commutator and
the anti-commutator of differential forms.

Let αp ∈ V ⊗ Λp, βq ∈ V ⊗ Λq be forms which are V-valued, where V is actually
a linear vector space consisting of vectors, e.g., Lie algebra or matrices. One says
V-valued αµ1···µp

, βν1···νq
∈ V

αµ1···µp
= αi

µ1···µp
Ti (A.2.18)

βµ1···µq
= βi

µ1···µq
Ti, (A.2.19)

with Ti the vectors (generators, matrices) of a vector space V. This definition actually
means the direct product, like α = Ti⊗αi ∈ V ⊗Λp, between the basis {Ti} of V and
the wedge of differential forms.

Since, for instance, T i matrices satisfy [Ti, Tj ] = fijkT
k, where f ijk are the anti-

symmetric structure constants, one can derive the following rules;

[αp, βq] = αp ∧ βq − (−)pqβq ∧ αp = −(−)pq[βq, αp] (A.2.20)

{αp, βq} = αp ∧ βq + (−)pqβq ∧ αp = (−)pq{βq, αp} (A.2.21)

[αp ∧ βq, γr] = αp ∧ [βq, wr] + (−)pr[αp, wr ] ∧ βq (A.2.22)

tr(αp ∧ βq) = (−)pqtr(βq ∧ αp), also tr[αp, βq] = 0. (A.2.23)

Hodge ⋆ operation: The fact that the space of all p-forms Λp and the space
ΛD−p have the same dimensions, implies a duality between 2 spaces, an isomorphism
given by the Hodge ⋆ operation; Λp ⋆−→ ΛD−p. In other words, the star ⋆ transforms
p-forms into (D − p)-forms and its action is defined by

αµ1···µD−p
=

1

p!
ǫµ1···µD−p

ν1···νpβν1···νp
, (A.2.24)

and denoted by ⋆βp. The natural choice of ǫ is specified up to sign, i.e. up to a choice
of the orientation, by the condition

ǫµ1···µDǫµ1···µD
= (−)sD!, (A.2.25)

with s the number of minuses appearing in the signature of the metric gµν . It is also
worth noting that

ǫµ1···µD ǫν1···νD
= (−)sD!δ[µ1

ν1δ
µ2

ν2 · · · δµD ]
νD
. (A.2.26)

Contraction of equation A.2.25 over j indices yields

ǫµ1···µjµj+1···µD ǫµ1·µjνj+1···νD
= (−)sj!(D − j)!δ[µj+1

νj+1δ
µ2

ν2 · · · δµD ]
νD
. (A.2.27)

The totally antisymmetric ǫ-tensor or Levi-Cevita tensor is precisely defined by

ǫµ1···µD
=

{
(−)σ if all µi are distinct
0 otherwise,

(A.2.28)
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where σ is the signature of the permutation (1, · · · , D)→ (µ1, · · · , µD).
Note that

ǫµ1···µD = gµ1ν1gµ2ν2 · · · gµDνDǫν1ν2···νD
= g−1ǫµ1µ2···µD

, (A.2.29)

and
ǫ12···D = [(−1)sdet(gµν)]1/2 =

√
|g|. (A.2.30)

The inner product associated with the star ⋆ operation can, up to some integral
over M , be written as follows

αp ∧ ⋆βp =
1

p!
αµ1···µp

βµ1···µp

√
|g|dx1 ∧ · · · ∧ dxD, (A.2.31)

with ǫ =
√
|g|dx1 ∧ · · · ∧ dxD is the natural volume element of M . The action of star

on ⋆βp yields

⋆ ⋆ βp = (−)p(D−p)+sβp. (A.2.32)

A.3 Homogeneous Spaces, Isometries and Geodesic

Flow

This section is based on a section in the book by Nakahara [171]. We will assume
that the reader is familiar with Lie groups.

A.3.1 Homogeneous Spaces

Let us start by defining the action of a group on a manifold.
Definition: Given a Lie Group G and differentiable manifold M, we define an action
of G on M to be a differentiable map σ: G ×M → M, which satisfies the following
conditions:

(i) σ(e, p) = p for any p ∈M,

(ii) σ(g1, σ(g2, p)) = σ(g1g2, p) for any g1g2 ∈ G and any p ∈M,

where e is the identity element of the group.
We also need to define the following properties of the group actions:

Definition: Let G be a Lie group that acts on a manifold M by σ : G ×M → M.
The action σ is said to be

(a) transitive if, for any p1, p2 ∈ M, there exists an element g ∈ G such that
σ(g, p1) = p2;
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(b) free if every non-trivial element g 6= e of G has no fixed points in M. In other
words, given an element g ∈ G, if there exists an element p ∈ M such that
σ(g, p) = p, then g must be the identity element e.

Now we are ready to define a homogeneous space. A manifold M is said to be
homogeneous, if there exists a Lie group G that acts transitively on M. The n-
sphere is homogeneous because its group SO(n+ 1) acts transitively on it.

Definition: Let G be a Lie group that acts on a manifold M. The isotropy group
of p ∈M is a subgroup of G defined by

H(p) = [g ∈ G|σ(g, p) = p]. (A.3.1)

This means that H(p) ⊂ G is the group of elements that leave p fixed. This is called
the little group or stabilizer. If G acts transitively on M, one can show that isotropy
groups of all points in M are isomorphic to each other.
Theorem: Under certain conditions, if one has a homogeneous manifold M with the
group acting on it with isotropy group H, then the coset space G/H is a manifold
(i.e. it has a differentiable structure), and it is diffeomorphic to M, i.e. G/H ∼= M.
As an example we have SO(n+ 1)/SO(n) ∼= Sn.

M is said to be isotropic at p if all tangent vectors at p can be rotated into each
other by elements of the isotropy group of p. This matches our intuition that isotropy
means that space ‘looks’ the same in every direction. Spaces that are homogeneous
and isotropic are said to be maximally symmetric.

A.3.2 Isometries, Geodesic Flow

Isometry

An isometry of a manifold (M, g) is a diffeomorphism3 f : M → M which preserves
the metric

f∗gf(p) = gp or gf(p)(f∗U, f∗V ) = gp(U, V ), (A.3.2)

where f∗ and f∗ are respectively the pullbacks and the push-forwards of f. In com-
ponents one can write A.3.2

gµν(p) =
∂yα

∂xµ

∂yβ

∂xν
gαβ(f(p)), (A.3.3)

where xµ and yα are respectively the coordinates of p and f(p). If we take the infini-
tisemal isometry to be generated by ǫX, the vector field X is called the Killing vector
field. This leads to the following Killing equation

Xρ∂ρgµν + ∂µX
σgσν + ∂νX

λgµλ = 0. (A.3.4)

3Diffeomorphism is an invertible function that maps one manifold to another, such that both the
function and its inverse are smooth.
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As an example we consider D-dimensional Minkowski spacetime (D ≥ 2) there exist
D(D+1)/2 Killing vector fields, D of which generate the translations, (D−1) boosts
and (D − 1)(D − 2)/2 space rotations. Such spaces which admit D(D + 1)/2 Killing
vector fields are example of the maximally symmetric spaces defined above.

Geodesic Flow

A vector field on a manifold M describes, quite naturally, a flow in M. We consider
the integral curve σ(t, x) of a vector field U ∈ Tx(M) passing through x at a time
t = 0. In a given patch one has

dσµ(t, x)

dt
= Uµ(σ(t, x)) with σ(0, xµ) = xµ. (A.3.5)

Such an integral curve representing a map σ : R×M →M, is termed a flow generated
by the vector U.

A geodesic defined with respect to a connection on a manifold M gives the local
extremum of the length of an integral curve connecting two points. Let c : (a, b)→M
be a curve in M. If the tangent vector U(t) on c(t) is parallel transported along c(t),
namely if

∇UU = 0 (A.3.6)

the integral curve c(t) is called geodesic, i.e. the straightest as well as the shortest
possible curve, where ∇ is the covariant derivative defined below. In components, the
geodesic equation A.3.6 becomes

d2xµ

dt2
+ Γµ

νρ
dxν

dt

dxρ

dt
= 0, (A.3.7)

where {xµ} are the local coordinate of c(t) and Γµ
νρ is the connection coefficients.

The parameter t typically represents time for a timelike curve, or distance for a
spacelike curve. This parameter cannot be chosen arbitrarily. Rather, it must be
chosen so that the tangent vector dxµ/dt has a constant magnitude. This is referred
to as an affine parametrization. Any two affine parameters are linearly related.
That is, if r and t are affine parameters, then there exist constants a and b such that
r = at+ b.

A.4 Connections, Curvatures and Covariant Deriva-
tives

The (pseudo)-Riemannian manifold (M, g) that physicists use in General Relativity is
a D-dimensional spacetime endowed with a bilinear form, (2, 0) tensor with signature
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(− · · ·−,+ · · ·+), taking on the form

ds2 = gµν(x)dxµ ⊗ dxν , µ, ν = 1, · · ·D. (A.4.1)

The Levi-Cevita connection following from this metric is

Γρ
µν =

1

2
gρσ (∂µgνσ − ∂νgµσ + ∂σgµν) , (A.4.2)

from which one obtain the Riemann tensor

Rµ
νρσ = ∂ρΓ

µ
νσ − ∂σΓµ

νρ + Γγ
νσΓµ

γρ − Γγ
νρΓ

µ
γσ. (A.4.3)

The Ricci tensors Rνρ and the Ricci scalar R are defined via the contractions as
follows

Rνσ ≡ Rµ
νµσ, R ≡ Rµ

µ. (A.4.4)

In addition, the Einstein tensor Gµν takes on the form

Gµν ≡ Rµν −
1

2
gµνR. (A.4.5)

The action of the covariant derivative ∇, associated to the general coordinate trans-
formation, on a (p, q) tensor is defined by

∇αT
ν1···νq

µ1···µp
= ∂αT

ν1···νq

µ1···µp
− Γρ

αµ1
T

ν1···νq

ρµ2···µp
· · · − Γρ

αµp
T

ν1···νq

µ1······µp−1ρ

+ Γν1
ραT

ρν2···νq

µ1···µp
+ · · ·+ Γνq

ραT
ν1···νq−1ρ
µ1···µp

. (A.4.6)

The action of the box operator � on a scalar field Φ is given by

�Φ = ∇µ∂
µΦ =

1√
|g|
∂µ

(√
|g|gµν∂νΦ

)
, (A.4.7)

where g is the determinant of gµν .
One can prove that for maximally symmetric space the Riemann tensor is ex-

pressed as
Rρσµν = C(gρµgσν − gρνgσµ), (A.4.8)

where C is a constant. In the metric Ansatz 6.2.2, gab often describes an Euclidean
maximally symmetric space. This means we have the sphere Sn for k = 1, the
hyperboloid Hn for k = −1 or flat space En for k = 0. Then we have

ds2 =
1

1− kr2 dr
2 + r2dΩ2

n−1, (A.4.9)

where dΩ2
m is the metric on the Sm sphere defined by

dΩ2
m = dθ21 + sin2(θ1)dθ

2
2 + · · ·+ sin2(θ1) · · · sin2(θm−1)dθ

2
m. (A.4.10)
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Performing the following redefinition

1

1− kr2 dr
2 = dη2, (A.4.11)

one obtain the metrics

k = −1 : ds2 = dη2 + sinh2 ηdΩ2
n−1,

k = 0 : ds2 = dη2 + η2 dΩ2
n−1, (A.4.12)

k = +1 : ds2 = dη2 + sin2 η dΩ2
n−1.

The Ricci tensor corresponding to these metrics can be obtained by having C = k,
namely Rn = kn(n− 1).



Appendix B

Some Calculational Details
for Chapter 3

In this appendix we will give some calculational details related to section 3.4 of chapter
3 . Most of the conventions and notations will be used in this appendix are the same
of [100]. The parameter α which will appear throughout this appendix is a free
parameter proportional to α′, the inverse of string tension.

B.1 Lagrangian Density and Redefinitions

In [100] the Lagrangian density behaves

LR =
1

2
eφ−3

(
−R(ω)− 3

2
H̃µνρH̃

µνρ + 9(φ−1∂µφ)2
)
, (B.1.1)

with the following definitions:

H̃µνρ = ∂[µBνρ] − α
√

2O3 µνρ(Ω−),

O3 µνρ = Ω−[µ
ab∂νΩ−ρ]

ab − 2

3
Ω−[µ

abΩ−ν
acΩ−ρ]

cb,

Ω−µ
ab = ωab

µ −
3

2

√
2H̃µ

ab. (B.1.2)

Antisymmetrasation brackets are with weight 1.
First we redefine the field in order to make the comparison of the actions tractable.

The redefinitions are:
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1. The dilaton changes as

φ−3 → e−2Φ, (φ−∂φ)→ 2

3
∂Φ. (B.1.3)

2. For the two and three-form, one can set

H̃ → 1

3
√

2
H̃, B → 1√

2
B. (B.1.4)

The Lagrangian LR then becomes

LR =
1

2
ee−2Φ

(
−R(ω)− 1

12
H̃µνρH̃

µνρ + 4∂µΦ∂µΦ

)
(B.1.5)

as in 3.4.4.
The spin connections ω(e) solve the equations

Dµeν
a −Dνe

a
µ = 0, with Dµeν

a ≡ ∂µeν a − ωµ
aceν c. (B.1.6)

The Riemann tensor and related quantities are defined as

Rµν
ab(ω) = ∂µων

ab − ∂νωµ
ab − ωµ

acων c
b + ων

acωµ c
b , (B.1.7)

Rµ
a(ω) = eν

bRµν
ab(ω) , (B.1.8)

R(ω) = eµ
aRµ

a(ω) . (B.1.9)

B.2 Equations of Motion

The lowest order equations of motion, i.e., at order α′0 are:

S = ee−2Φ[R(ω)− 4Da∂
aΦ + 4(∂aΦ)2 +

1

2
HabcHabc] = 0, (B.2.1)

Bνρ =
1

4
∂µ(ee−2ΦHµνρ) = 0, (B.2.2)

Eλ
c = −1

2
eλ

cS + ee−2Φ(Rλ
c(ω) +

1

4
(H2)λ

c − 2eλ
dDcΦ∂

dΦ) = 0. (B.2.3)

In the main text of section 3.4 we use a field redefinition to eliminate any contribution
proportional to the Ricci tensor. The required equation is, modulo E and S:

Rµ
a(ω) = 2Dµ∂

aΦ− 1

4
(H2)µ

a. (B.2.4)
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B.3 Expanding LR in Powers of α

The 3-form field H̃ is defined recursively by (3.4.6, 3.4.7, 3.4.8). We find

H̃µνρ = Hµνρ − 6α(O3 µνρ(ω) +Aµνρ) = H̄µνρ − 6αAµνρ, (B.3.1)

where O3 µνρ is the gravitational contribution (order α0) of the Lorentz Chern-Simons
term, and

Aµνρ =
1

2
∂[µ(ων

abH̃ρ]
ab)− 1

2
Rab

[µν(ω)H̃ρ]
ab +

1

4
H̃[µ

abDνH̃ρ]
ab

+
1

12
H̃[µ

abH̃ν
acH̃ρ]

cb. (B.3.2)

To order α LR B.1.5 can be expressed as

L =
1

2
ee−2Φ[−R(ω)− 1

12
H̄µνρH̄

µνρ + 4∂µΦ∂µΦ

+ α{1
2
Hµνρ∂µ(ων

abHρ
ab)− 1

2
Rµν

ab(ω)Hρ
abHµνρ +

1

4
HµνρHµ

abDνHρ
ab+

+
1

12
HµνρHµ

abHν
acHρ

cb}]. (B.3.3)

The term with H∂(ωH) is after partial integration, proportional to B.2.2 and can be
eliminated by a field redefinition.

B.4 Simplification of LR2 Terms

We often use the identity

D[a(Ω−)H̃bcd] = −3

2
αR[ab

ef (Ω−)Rcd]
ef (Ω−), (B.4.1)

to isolate terms that are of higher order terms in α. The term 3.4.14 can be simplified
by using the cyclic identity for the Riemann tensor:

Rµν
ab(ω)Hµ acHν cb = −1

2
Rµν

ab(ω)Hµν cHabc. (B.4.2)

Now we consider 3.4.15. Note that the two terms written in 3.4.15 are actually the
same. Then we have

1

2
(DµHν

ab −DνHµ
ab)HµacHνcb = −DµHν

abHµ acHνbc

= −D[eHfab]H
eacHfbc. (B.4.3)
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The term is completely of order α′2. Finally we consider 3.4.13. This can be rewritten
as

1

2
ee−2Φ(DµHν

ab −DνHµ
ab)DµHνab = ee−2Φ(2Rµν

abHµacHνcb +Rµ
cHµabHabc

+ eµ
ce

ν
dDνHabdDµHabc + 2∂cΦHabdDdHabc − 2∂dΦHabdDcHabc

+ 2DcHabdD[cHabd]). (B.4.4)

The last term is of order α′2.



Appendix C

Some Lie Algebra Theory

In this introductory appendix we define the basic concepts relating to Lie group and
Lie algebra [131,173,174].

C.1 Classical Lie Groups

Consider a group G acting on a space V over a field F , e.g. (R or C). We can think
of G as being matrices, and of V as a vector space on which these matrices act. A
group element g ∈ G transforms the vector v ∈ V into g · v = v′.

Once an additional structure, in the form of a metric, has been imposed on an
N -dimensional vector space over a field F , one would be able to classify the classical
(matrix) groups acting on V . Recall the definition of the metric

(v1, v2) = f v1, v2 ∈ V, f ∈ F (C.1.1)

obeying the following conditions:

(v1, av2 + bv3) = a(v1, v2) + b(v1, v3) (C.1.2a)

and
(av1 + bv2, v3) = (v1, v3)a+ (v2, v3)b (C.1.2b)

or
(av1 + bv2, v3) = (v1, v3)a

∗ + (v2, v3)b
∗ (C.1.2c)

Metrics obeying conditions C.1.2a and C.1.2b are called bilinear metrics; those
obeying C.1.2a and C.1.2c are called sesquilinear. The groups metric-preserving are
then classified as follows1

1Orthogonal groups preserving metric (p, q) in (R or C) are denoted by O(p, q,R), O(p, q,C).



144 Some Lie Algebra Theory

(a) Groups preserving bilinear symmetric metrics are called orthogonal.

(b) Groups preserving bilinear antisymmetric metrics are called symplectic.

(c) Groups preserving sesquilinear symmetric metrics are called unitary.

The metric preserving group which are in addition volume-preserving are called
the special metric-preserving groups and are denoted by an additional S., e.g., SO(n),
Sp(n), and SU(n).

In addition, we have five isolated groups, which are called

E6, E7, E8, G2, F4. (C.1.3)

In all groups the subscript denotes the rank of the group. Those five isolated groups
are referred to as the exceptional Lie groups.

C.2 Structure of Simple Lie algebra

C.2.1 The basics

A complex Lie algebra G is a vector space over F endowed with a binary operation
which is called a Lie bracket commutator

[ , ] : G×G→ G. (C.2.1)

The two defining properties of [ , ] read

[X,X ] = 0 ∀X ∈ G (C.2.2)

and

[X, [Y, Z]] + [Y, [Z,X ]] + [Z, [X,Y ]] = 0 ∀X, Y, Z ∈ G. (C.2.3)

The identity C.2.3 is the so-called Jacobi identity.
A Lie algebra is specified by a set of generators {T a} and their commutator relations

[T a, T b] = f bc
dT

d, (C.2.4)

where f bc
d are the structure constants. The dimension d of the lie algebra G is thus

the dimension of the underlying vector space spanned by the basis

B = {T a|a = 1, · · · , d}. (C.2.5)
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Simple Lie algebras are Lie algebras which contain no proper2 ideal and which
is not abelian. An ideal or invariant subalgebra H of G is a subspace satisfying
simultaneously [H,H] ⊆ H and [H,G] ⊆ H. An abelian Lie algebra is a Lie algebra
which satisfies [G,G] = 0. A direct sum of simple Lie algebras forms the so-called
semi-simple Lie algebra.
Levi Theorem: Every Lie algebra can be decomposed into the direct sum of simple
Lie algebra and solvable algebras; solvable Lie algebra can be defined iteratively by
the series s0 = s, s1 = [s0, s0], si = [si−1, si−1], for a finite number of steps, it ends
up with zero.

In general the action of a Lie algebra G on a vector space V is carried out via a
linear representation of G

R : G→ gl(G) : X → R(X), R(X) : V → V : v → R(X) · v. (C.2.6)

It is possible to represent G on itself; thereby one obtains the adjoint representation:
for any T ∈ G

adT (Ta) ≡ [T, Ta], ⇒ [adTa]cb = −fab
c. (C.2.7)

Exponentiating the generators of the Lie algebra G in the adjoint representation, we
get the adjoint representation of the corresponding group G

Ad(g) = exp[τaad(Ta)], with T ′
b = Ta[Ad(g)]ab, (C.2.8)

where g ∈ G and τ is the group parameter. Actually, in any representation R, the
adjoint action of G on G is given by

R(g)R(Ta)R(g−1) = R(Tb)[Ad(g)]ba. (C.2.9)

The Killing metric B(. , .) is a symmetric bilinear form defined by

B(Ta, Tb) ≡ tr(adTaadTb) = fac
dfbd

c. (C.2.10)

Suppose the Lie algebra is semisimple3. According to Cartan’s criterion, the Killing
metric is non-degenerate for a semisimple algebra. This means detBab 6= 0, so that
the inverse of Bab, denoted by Bab, exists. Since the Killing metric is also real and
symmetric, it can be reduced, choosing an orthonormal basis, to canonical form
Bab = diag(−1, · · · ,−1, 1, · · · , 1) with p (-1’s) and (d − p) (+1’s) are respectively
the number of compact and non-compact generators (see next section), where d is the
dimension of G. When thinking about a real form, that will be discussed in the next
section, its convenient to visualize it in terms of the signature of its metric.

In any (semi)-simple Lie algebra G there are two kinds of generators: there is a

2Any Lie algebra has two subalgebras, namely G itself and zero. These subalgebras are called
trivial subalgebras; any other subalgebra of G is called proper subalgebra of G.

3This is true for all classical Lie algebras except for the Lie algebras gl(n,C), u(n,C).
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maximal abelian subalgebra, called the Cartan subalgebra CSA h = H1, · · · , Hr,
[HI , HJ ] = 0 for two elements of CSA. There are shift operators denoted by Eα. α is
an r-dimensional vector α = (α1, · · · , αr) and r is the rank of G. The latter are eigen-
operators of the HI in the adjoint represenation belonging to αI : [HI , Eα] = αIE

α.
For each eigenvalue, or roots αI , there is another eigenvalue −αI and a corresponding
eigenoperator E−α under the action of HI .

Suppose we represent each element of the Lie algebra by an n × n matrix. Then
[HI , HJ ] = 0 means that the matrices HI can all be diagonalized simultaneously.
The eigenvalues βI are given by HI |β〉 = βI |β〉, where the eigenvectors are labelled
by the weight vector β = (β1, · · · , βr). The canonical commutation relations are
summarized by :

[HI , HJ ] = 0, [HI , Eα] = αIEα, [Eα, E−α] = αIHI . (C.2.11)

C.2.2 Real Forms

Let us recall some definitions,
V C: Let V be a vector space over R. V C := V ⊗RC is called the complexification of
V. One has dimRV = dimCV C.
WR: Let W be a vector space over C. Restricting the definition of scalars to R then
leads to a vector space WR over R and dimCW = 1/2 dimRWR.

Real form of GC: Let GC be a Lie algebra over C. A real form of GC is a
subalgebra G of the real Lie algebra (GC)R such that

(GC)R = G⊕R iG direct sum of vector spaces. (C.2.12)

In other words, A real form of a Lie algebra is just a choice of generators for which
the structure constants are real. For example, The complex algebra sl(2,C) of the
complex group SL(2,C) has two real forms; the compact su(2) algebra and the non-
compact sl(2,R) algebra. The possible third real form su(1, 1) is included as it is
isomorphic to sl(2,R).

Any finite dimensional GC possesses a unique real form in which all the generators
are compact. Compact means that the scalar product of the generators, defined by
the Killing metric, is negative definite. It is given by taking the generators4

Ûα = i(Eα + E−α), V̂α = (Eα − E−α), ĤI = iHI . (C.2.13)

We refer to this compact algebra as Gcp.
Definition: An involution is a map which is an automorphism defined by

θ(TaTb) = θ(Ta)θ(Tb) ∀Ta, Tb ∈ G, θ2 = 1. (C.2.14)

4The compact nature of the generators follows in obvious way from the fact that the only non
zero Killing metric between Eα and E−α is B(Eα, E−α) = 1 and B(HI , HJ) = −(αI , αJ ) < 0.
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By considering all involutions of the unique compact real form Gcp one can construct
all other real forms of GC. In particular, the real forms are in one to one correspon-
dence with all those involutive automorphisms of the compact real form [127,175].

Given an involutive θ we can divide the generators of the compact real form Gcp

into those which possess +1 and -1 eigenvalues of θ. We denote these eigenspaces by

G = H⊕ F̂ (C.2.15)

respectively. Since θ is an automorphism it preserves the structure of the algebra and
as a result the algebra when written in terms of this split must take the generic form

[H,H] ⊂ H, [H, F̂] ⊂ F̂, [F̂, F̂] ⊂ H. (C.2.16)

Now, from the generators F̂ we define new generators F = −iF̂, whereupon the algebra
now takes the generic form

[H,H] ⊂ H, [H,F] ⊂ F] ⊂ F, [F,F] ⊂ (−1)H. (C.2.17)

Thus we find a new real form of GC in which the generators H are compact while the
generators F are non-compact5. Clearly, the new real form has maximal compact
subalgebra H and this is just the part of the algebra invariant under θ.

As each real form corresponds to an involutive θ we can write the corresponding
real form as Gθ

6. The number of compact generators is dimH and the number of
non-compact generators is dimG− dimH.
Definition: The character σ of the real form is the number of non-compact minus
the number of compact generators and so σ = dimG− 2dimH.

If the involutive θ is taken to be θc which is a linear operator that takes Eα ↔
−E−α and HI → −HI , an important real form can be constructed. Accordingly,
the generators of the compact real form transform as V̂α → V̂α, Ûα → −Ûα, and
ĤI → −ĤI where V̂α = Eα − E−α, Ûα = Eα + E−α and ĤI = HI . Using θc we find
a real form with generators

Vα = V̂α, Uα = −iÛα, HI = −iĤI . (C.2.18)

The Vα remain compact generators while Uα and HI become non-compact7. Clearly,
the non-compact part of the real form of the algebra found in this way contains all
the Cartan subalgebra CSA and it turns out that it has the maximal number of

5This follows from the fact that all the generators in the original algebra are compact and so have
negative definite Killing metric and as a result of the change all the generators F will have positive
definite B.

6For the compact real form the involution is just the identity map Id on all the generators and
so we may write Gcp = GI .

7We are denoting with HI both the Cartan generators of GC and the Cartan generators in this
particular real form. The maximal compact subalgebra is just that invariant under θc.
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non-compact generators of all real forms one can construct. It is therefore called
the maximally non-compact real form or split real form8 denoted by Gθc

. Let’s
consider two examples:

(1) The complex Lie algebra GC = sl(n,C) has su(n,C) = Gcp as its unique
compact real form and sl(n,R) = Gθc

as its maximally non-compact real form.

(2) For e8 algebra of group E8 the maximally non-compact real form is denoted by
e8(8) = Gθc

and its maximal compact subalgebra is so(16) of group SO(16). The
character of e8(8) is σ = 248− 2.120 = 8 = rank(E8). This notation may use for
all the exceptional groups.

Taking different non-trivial involutions we find different real forms. For example, for
the real form of E8 denoted by e8(−24) the maximal compact subalgebra is e7⊗ su(2).

As the involution θ is an automorphism it preserves the Killing metric and as a
result

B(θ(X), θ(Y )) = B(X,Y ) = −B(X,Y ) = 0 ifX ∈ H, Y ∈ F. (C.2.19)

Thus the spaces H and F are orthogonal9. As one can realize from the previous dis-
cussion the Cartan subalgebra CSA h of Gθ can be split between compact generators
H and non-compact generators of F. Let us denote the Cartan subalgebra elements
in F by c = h ∩ F. The real rank rθ of Gθ is the dimension of c. Clearly, it takes its
maximal value for maximally non-compact case where it equals the rank r of Gθ.

8In some literatures the involution θ is called the Cartan involution, and the involution corresponds
to the split form Gθc

is called the Chevalley involution θc.
9It also follows from this discussion that B(X, θ(Y )) is negative definite. In fact one can define a

Cartan involution for which this true.
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