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Theory 
 
 
2.1 Schrödinger equation 
 
 At the end of the nineteenth century several experiments showed that classical mechanics 
failed to describe the motion of systems at atomic length scales or smaller. The new 
concepts and equations that are needed to describe these microscopic systems form the 
quantum mechanics. A central concept in this theory is that matter and radiation have both 
particle and wave character, i.e., particles are distributed through space like a wave rather 
than travelling along a definite path. Consequently, at (sub)atomic length scales, the 
position of a particle is unpredictable. 
 At the heart of the quantum mechanics is the Schrödinger equation1 that is used to 
describe the microscopic system. A time-independent and time-dependent form exist. Most 
of the calculations described in this thesis start with solving the time-independent non-
relativistic Schrödinger equation. In quantum mechanics an operator that carries out a 
mathematical operation on a function is associated with every physical observable. For the 
observable of the total energy the corresponding operator is the Hamiltonian operator Ĥ 
that is formed by the operator for the kinetic energy ! and the operator for the potential 
energy !. If the potential energy operator does not depend on time, the system can be 
described by the time-independent Schrödinger equation. 
 The Schrödinger equation for a many-particle system consisting of n electrons with mass 
me and N nuclei with mass mI that moves in three dimensions is: 
 
!Ψ !!,… , !!,!!,… ,!! = !Ψ !!,… , !!,!!,… ,!! !!"#ℎ 
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where the first term represents the kinetic energy operator of the electrons (Laplacian 

operator !! = !!
!!! +

!!
!!! +

!!
!!! ), the second term the kinetic energy operator of the nuclei, 

the third term the electron-nucleus attraction energy operator, the fourth term the electron-
electron repulsion energy operator and the fifth term the nucleus-nucleus repulsion energy 
operator. E is the total energy of the system. Ψ !!,… , !!,!!,… ,!!  is the time-
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independent part of the many-particle wavefunction Φ !!,… , !!,!!,… ,!!, ! =
!Ψ !!,… , !!,!!,… ,!! !

!!"
ℏ ! that contains all the information of the system. When the 

Schrödinger equation is written as in eq. 2.1 it is an eigenvalue equation. The constant E is 
an eigenvalue and the function Ψ an eigenfunction of the operator Ĥ. 

Analytical solutions of the Schrödinger equation can only be obtained for the hydrogen 
atom and for hydrogenic atoms that consist of bare nuclei of charge Ze and one electron. 
Several approximations have been introduced in order to solve the Schrödinger equation for 
other atoms and molecules.  

This chapter reviews some of the approximations and computational methods that are 
generally used to solve the Schrödinger equation and is based on the following textbooks: 
‘Atkins' Physical Chemistry’, P. Atkins and J. De Paula2; ‘Molecular Quantum Mechanics’, 
P. Atkins and R. Friedman3; ‘European Summerschool in Quantum Chemistry 2013’, book 
I4, II5, III6, R. Bast and P.-O. Widmark; and ‘Introduction to Computational Chemistry’, F. 
Jensen7. 
 
 
2.2 Born-Oppenheimer approximation 
 
 The Born-Oppenheimer approximation8 is the assumption that the electronic and nuclear 
motion in molecules can be separated because nuclei are much heavier than electrons. This 
allows the non-relativistic Schrödinger equation to be solved for the electronic and nuclear 
problem separately. It turns out that this approximation is in general very reliable for 
ground states but less reliable for excited states.  
 The Schrödinger equation for n electrons in the static potential arising from N nuclei is: 
 

!!Ψ !;! = − ℏ!
2!!

∇!!
!

!
− !!!!

4!!!!!"
+

!

!

!

!

!!
4!!!!!"

!

!!!
Ψ !;! = !!Ψ !;! !!!(2.2) 

 
where Ĥe is the Hamiltonian operator for solely the electrons, Ψ(r; R) is the n-electron 
wavefunction that depends on the electronic coordinates summarised by r and 
parametrically on the nuclear conformation summarised by R, and Ee is the total electronic 
energy. The first term that contributes to Ĥe is the kinetic energy operator for the electrons, 
the second term is the electron-nucleus attraction energy operator and the third term is the 
electron-electron repulsion energy operator.3 From now on the Born-Oppenheimer 
approximation is used to solve the non-relativistic Schrödinger equation. 
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2.3 Pauli principle 
 
 The Pauli principle may be considered as a fundamental postulate of quantum mechanics. 
It states that the total wavefunction must be antisymmetric under the interchange of any 
pair of identical fermions, i.e., particles with half-integral spin, and symmetric under the 
interchange of any pair of identical bosons, i.e., particles with integral spin.  
 In order to obey the Pauli principle, the n-electron wavefunction must be antisymmetric 
with respect to the interchange of any pair of electrons. The simplest n-electron 
wavefunction that fulfils this requirement is an antisymmetrised spinorbital product (ASP) 
expressed in terms of a set of spinorbitals (from now on these spinorbitals are assumed to 
be orthonormal, i.e., mutually orthogonal and normalised to one): 
 

Ψ !!,… ,!! = 1
!!

!!(!!) ⋯ !!(!!)
⋮ ⋱ ⋮

!!(!!) ⋯ !!(!!)
= 1

!!
!!(!!) ⋯ !!(!!) !!!!!!!!!!!!!!!!!(2.3)!! 

 
where Ψ is an ASP written as a single Slater determinant and, e.g., !!(!!) is spinorbital 1 
filled with electron 1. A spinorbital is a one-electron wavefunction and is the product of a 
one-electron spatial wavefunction (or orbital) and a one-electron spin function, i.e., 
!! !! = !! !! !!(!!) where !! !! !represents the spatial wavefunction with coordinates 
!! and !!(!!) the spin function with coordinate !!. The spin function can be α (ms=+½) or 
β (ms=−½).!From now on the joint spin-space coordinates of electron i are represented by 
!!. The constant !!! ensures that the ASP is normalised. The parametrical dependence of 

the n-electron wavefunction and n spinorbitals on the nuclear conformation summarised by 
R is omitted from now on.!!
 
 
2.4 Hartree-Fock theory 
 

In Hartree-Fock (HF) theory the orthonormal spinorbitals that construct the best 
approximate ASP written as a single Slater determinant for the exact non-relativistic 
ground state electronic wavefunction are obtained by using the variation theorem, i.e., by 
minimising the expectation value of the energy: 
 
! = Ψ!(!!,… ,!!) !! Ψ!(!!,… ,!!) ≥ !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(2.4) 
 
where E0 is the lowest eigenvalue of the electronic Hamiltonian Ĥe. The spinorbitals are 
varied until the lowest expectation value for the energy is found.  

Application of the minimisation procedure leads to the general HF equations, which 
transform after a unitary transformation of the spinorbitals in the ASP to the canonical HF 
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equations for the individual spinorbitals. For example for spinorbital i filled with electron 1 
the canonical HF equation is: 
 
!!!! !! = !!!! !! !!"#ℎ! 
!! = ℎ! + !! 1 − !! 1

!
!!"#ℎ!!!!!!!!!!!!!!!!!!!!! 

!! 1 !! !! = !!
4!!!

!!∗ !!
1
!!"

!! !! !!! !!! !! !!! 

!! 1 !! !! = !!
4!!!

!!∗ !!
1
!!"

!! !! !!! !!!(!!)!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(2.5) 
 
where !!  represents the Fock operator, !!(!!)  the spinorbital, !!  the corresponding 
spinorbital energy, ℎ! the core Hamiltonian, i.e., Hamiltonian for electron 1 in the field of 
bare nuclei of charge Ze, !!(1) the Coulomb operator and !!(1) the exchange operator. All 
these operators are one-electron operators. The Coulomb operator takes into account the 
Coulomb repulsion between the electrons. The exchange operator takes into account 
quantum corrections to the Coulomb repulsion due to effects of spin correlation. The sum u 
runs over all ‘occupied’ spinorbitals, i.e., all spinorbitals in the ASP. The contribution from 
the spinorbital that is being computed, !!(!!), is zero because the Coulomb repulsion of 
electron 1 in spinorbital !!  with itself is exactly equal to its exchange energy: 
!! 1 !! !! = !! 1 !! !! .  

The canonical HF equations describe the motion of each electron in an average 
electrostatic field of the nuclei and the other (n-1) electrons. This approximation is often 
called the independent particle approximation, which means that the correlation between 
the motion of the electrons is neglected. The difference between the ground state HF energy 
and the exact non-relativistic ground state energy is therefore called the electron correlation 
energy.  

The one-electron Fock operator depends on the spinorbitals of the other (n-1) electrons. 
So in order to solve the HF equations one must already know the solutions at forehand. 
This problem is solved by applying a self-consistent field (SCF) process to obtain the Fock 
operator: a set of guess spinorbitals is used to calculate the Fock operator, then the HF 
equations are solved to obtain a new set of improved spinorbitals and a revised Fock 
operator and so on. This iterative process is repeated until a convergence criterion is 
satisfied.  

The outcomes of a HF calculation for an n-electron system are an infinite number of 
optimised spinorbitals and corresponding spinorbital energies. These spinorbitals are 
arranged in order of increasing energy. The n lowest spinorbitals are the occupied 
spinorbitals and are used to build the Fock operator and the HF wavefunction. The 
remaining ones are the virtual spinorbitals. According to Koopmans’ theorem9 that is based 
on the frozen orbital approximation, the energy of an occupied spinorbital is equal to the 
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negative of its electron binding energy and to the negative of its ionisation potential (IP), 
and the energy of a virtual spinorbital is equal to the negative of its electron affinity (EA). 
 The HF equations can be solved numerically for atoms and diatomic systems but are too 
complicated to solve for polyatomic systems. In order to solve these systems, a limited set 
of basis functions is used instead of a complete set. The following explanation is limited to 
the spin-restricted HF (RHF) formalism, which supposes that the spatial components of the 
spinorbitals of each member of a pair of electrons are identical. The best approximate ASP 
within RHF theory is then built from doubly (and singly) occupied orbitals.  
 Atomic orbitals of many-electron atoms can be used as a starting point for the description 
of molecular orbitals of many-electron molecules. The construction of molecular orbitals as 
a linear combination of atomic orbitals (LCAO) is another approximation that is generally 
applied in electronic structure theory: 
 

φ!(!!) = !!"!!(!!)
!

!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(2.6) 

 
where !!" are the expansion coefficients and !!(!!) are atomic orbitals that form the basis 
set for the calculation of the molecular orbital φ!(!!). By expanding unknown functions in 
a set of known basis functions, the problem of solving the HF equations is transformed into 
a matrix problem, which can be solved using matrix manipulations.  

In practice, molecular orbitals are expanded in functions constructed from the product of 
a spherical harmonic function and of a function of the form !!!" (i.e., Slater-type basis 
functions) or of the form !!!"! (i.e., Gaussian-type basis functions) where α is different for 
the different basis functions. Slater-type basis functions have the disadvantage that for 
polyatomic systems the evaluation of the two-electron integrals is difficult. Gaussian-type 
basis functions make these calculations easier because the product of two of them at 
different centres is equivalent to one Gaussian-type basis function centred at the point 
between the two centres. A disadvantage of using Gaussian-type basis functions is their 
poor representation of the orbitals at the atomic nuclei. Using a combination of Gaussian-
type basis functions improves this representation. The calculations described in this thesis 
were performed with basis sets using Slater- and Gaussian-type basis functions. 

Within the LCAO approximation, the energy is minimised with respect to the coefficients 
!!" to obtain their optimum values for specifying the molecular orbitals. Application of the 
variation theorem to molecular orbitals that are expressed as linear combinations of a set of 
m basis functions results in a set of m linear equations that are called the Roothaan-Hall 
equations:10, 11 
 
!" = !"#!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(2.7) 
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where F is the Fock matrix built from the elements !!" = !!(!!) !! !!(!!) , S is the 
overlap matrix built from the elements !!" = !!(!!) !!(!!) , C is the coefficient matrix 
and ε is the diagonal matrix of the HF molecular orbital energies εi. The Roothaan-Hall 
equations have a non-trivial solution if the secular determinant is zero: 
 
! − !" = 0!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(2.8) 

 
Application of a SCF procedure leads to m solutions for ε, which corresponds to m 
molecular orbital energies.  
 
 
2.5 Post Hartree-Fock methods 
 

Different electronic structure methods have been developed to include (part of) the 
electron correlation energy in an accurate way. In these methods the n-electron 
wavefunction is expressed as a linear combination of ASPs. The majority of these methods 
are spin-restricted implying that the ASPs are built from doubly and singly occupied 
orbitals. Methods that correct for the incorrect behaviour of the HF wavefunction in 
describing a bond dissociation process – where several electronic configurations become 
(near) degenerate – take into account non-dynamical or static electron correlation energy. 
Methods that correct for the incorrect HF wavefunction due to an overestimation of short-
range electron repulsions, take into account dynamical electron correlation energy. All the 
post HF methods have the advantage of gaining accuracy compared to the HF method, but 
this advantage comes with the disadvantage of a large increase in the computational cost. 
 
2.5.1 Configuration interaction 
 

In a configuration interaction (CI) calculation the wavefunction for an n-electron system 
is written as a linear combination of a large number of configuration state functions (CSFs), 
i.e., an n-electron Slater determinant or a linear combination of them in order to have the 
correct spin and symmetry properties, which arise from an orthonormal set of molecular 
spinorbitals φi: 
 

Ψ! = !!Φ! + !!!Φ!
! + !!"!"Φ!"

!" +⋯
!!!
!!!

!,!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(2.9) 

 
where Cs are expansion coefficients, Φ0 is the reference wavefunction, usually the HF 
ground state wavefunction, Φ!

! is a singly excited CSF, i.e., one in which a single electron 
is promoted from an occupied (i.e., occupied in Φ0) molecular spinorbital φi to a virtual 
(i.e., unoccupied in Φ0) molecular spinorbital φa, and Φ!"

!" is a doubly excited CSF, i.e., one 
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in which two electrons are promoted from occupied molecular spinorbitals φi and φj to 
virtual molecular spinorbitals φa and φb. In the case of a so-called full CI (FCI) calculation, 
the linear expansion continues up to and including the CSF in which all n electrons are 
promoted from occupied to virtual molecular spinorbitals. FCI results are exact in a given 
basis and therefore account for the complete electron correlation energy. 

In practise FCI calculations are computationally too demanding so a truncation scheme is 
applied in order to keep the number of CSFs at a manageable size. An example of these so-
called limited CI calculations is SDCI in which the linear expansion of eq. 2.9 continues up 
to and including the doubly excited CSFs. Truncated CI calculations account for part of the 
correlation energy. 
 
2.5.2 Multiconfiguration and multireference theories 
 

In a multiconfiguration self-consistent field (MCSCF) calculation both the molecular 
spinorbitals φi that are used to construct the CSFs of eq. 2.9 and the expansion coefficients 
Cs of eq. 2.9 are optimised, which makes the calculation computationally more demanding. 
The advantage of optimising both sets is that more accurate results can be obtained with a 
smaller number of CSFs. Contrary to CI in which often the complete molecular spinorbital 
space within a given basis is used, in MCSCF a subset of molecular spinorbitals is selected 
with which a CI calculation is done. In case of performing a FCI calculation for a subset of 
the molecular spinorbitals, the MCSCF calculation is called a complete active-space self-
consistent field12 (CASSCF) calculation. For one of the studies described in this thesis, 
CASSCF calculations were performed to serve as a benchmark for the calculations done 
with another method. 

In a multireference configuration interaction (MRCI) calculation a set of reference 
configurations is used. This set can be obtained by, e.g., a MCSCF calculation and by 
selecting those CSFs that have expansion coefficients Cs larger than a certain threshold 
value. The selected CSFs will often be singly and doubly excited with respect to the HF 
determinant Φ0. From this set of reference configurations excited determinants are formed 
usually by applying a truncation scheme, e.g., by moving solely one or two electrons from 
occupied to virtual orbitals. The final CI list of CSFs includes the reference CSFs together 
with the excited determinants generated from them.  
 
2.5.3 Møller-Plesset many-body perturbation theory 
 

Perturbation theory (PT) offers an alternative way to approach the electron correlation 
energy. PT is not variational so energies lower than the exact energy are possible. Many-
body PT concerns the application of PT to, e.g., a many-electron system. Within Møller-
Plesset many-body perturbation theory13 (MPPT) the zero-order Hamiltonian operator is 
chosen as the sum of all the one-electron Fock operators of the system. It turns out that the 
ground state HF energy is equal to the sum of the zero-order energy and the first-order 
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correction to the energy. Therefore, the second-order energy correction gives the first 
correction to the ground state HF energy. Inclusion of a second-order energy correction is 
labelled MP2. MPPT can be extended to include higher-order energy corrections, like up to 
and including third (MP3) and fourth (MP4) order. PT calculations are mostly performed to 
account for dynamical electron correlation energy and work only well for this purpose 
when the applied perturbation is small. 

An extension of the previously described single-reference PT is multireference PT14 
(MRPT). CASPT215 is the most commonly used MRPT version.  
 
2.5.4 Coupled-cluster theory 
 

In single-reference coupled-cluster (CC) the electronic wavefunction Ψ is related to a 
reference state, e.g., the HF wavefunction Ψ0 if it gives a good description of the system, in 
the following way: 
 

Ψ = !!Ψ! = 1 + ! + 1
2!!

! + 1
3!!

! +⋯+ 1
!!!

! Ψ!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(2.10) 
 
where C is the cluster operator. Its exponential form is written in a Taylor expansion. The 
cluster operator C is a sum of the one-electron excitation operator C1, the two-electron 
excitation operator C2,…, the n-electron excitation operator Cn. The effect of, e.g., the one-
electron excitation operator C1 on Ψ0 is: 
 

!!Ψ! = !!!Φ!
!

!,!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(2.11)!! 

 
where !!! are the single-excitation amplitudes and Φ!

! the singly excited determinants. The 
effect of !!  on Ψ0 is to create a linear combination of Ψ0 and all singly, doubly, ..., n-tuply 
excited determinants that can be created from Ψ0. If all excitation operators are included, 
the resulting CC energy is identical to the FCI energy.  

For a given set of HF molecular spinorbitals, the excitation amplitudes and the CC energy 
are obtained by solving the CC equations, which is not done using the variational principle. 
These equations are obtained by substituting !!Ψ! in the electronic Schrödinger equation 
and by multiplying on the left by !!! . This results in projected energy and amplitude 
equations that are decoupled. It turns out that only single-excitation and double-excitation 
amplitudes contribute directly to the energy, but these amplitudes depend on all the other 
amplitudes. The projected amplitude equations form a set of nonlinear equations.16  

Truncated schemes like CCSD are applied to keep the number of determinants 
manageable. In a CCSD calculation the cluster operator is approximated by C1+C2, which 
results in a final CC wavefunction that consists of the HF wavefunction with singly excited 
(C1) and doubly excited (C2) determinants, but also triply excited (C1C2), quadruply excited 
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(C2C2), …, determinants contribute because products of excitation operators are formed in 
the series expansion given in eq. 2.10. Doubly excited determinants resulting from C2Ψ0 

represent connected double-excitation contributions. Doubly excited determinants resulting 
from C1C1Ψ0 and all triply, quadruply and higher excited determinants represent 
disconnected double-, triple-, quadruple- and higher-excitation contributions to the CC 
wavefunction. 

The CC method is known today as the most accurate correlation treatment provided that a 
single configuration reference is adequate. Therefore, it is often used to benchmark the 
results of other, less accurate methods. CCSD(T), i.e., CC singles and doubles plus 
perturbative triples, is the ‘golden standard’ of Quantum Chemistry. The disadvantage of 
this method is its high computational cost. A good alternative may be CC2,17 which is a 
second-order approximate CC singles and doubles model. CC2 is part of the hierarchy 
CCS, CC2, CCSD, CC3, CCSDT, ... Higher levels lead to increased accuracy, but also to 
increased computational cost. CC2 is an approximation to CCSD because it does not 
include all singles and doubles as CCSD does.17 Christiansen et al.18 showed that CC2 
retains 80% of the improvement from CCS to CCSD and therefore may be a useful 
approach for many practical purposes.  

Excited states can be described within CC theory using an extended form called equation-
of-motion CC (EOM-CC). The EOM-CC formalism leads to a CI-like eigenvalue problem 
for the similarity transformed Hamiltonian !, i.e., ! = !!!!!! . Target states are found by 
diagonalising this Hamiltonian. Excited states as target states can be described when the 
reference state is the ground state wavefunction and the excitation operators conserve the 
number of electrons and spin. Linear response CC (LR-CC) approach is a time-dependent 
approach that is closely related to the EOM-CC approach. Both approaches are almost 
identical with some small differences in implementation.19, 20  

For some studies described in this thesis, (LR-)CC2 calculations were performed to serve 
as a benchmark for the calculations done with another method.  
 
 
2.6 Density Functional Theory 
 
2.6.1 Hohenberg-Kohn theorems 
 

The popularity of Density Functional Theory (DFT) stems from the fact that high quality 
results can be obtained at low computational cost. Therefore, DFT calculations and time-
dependent DFT (TD-DFT) calculations to obtain excitation energies were performed for the 
studies described in this thesis. For this reason, this section and the following one review 
DFT and its time-dependent extension and are based on – in addition to the textbooks 
mentioned earlier2-7 – ‘Orbitals and orbital energies in DFT and TD-DFT’, E.J. Baerends, 
lecture notes, Winterschool in Theoretical Chemistry and Spectroscopy (2014)21; ‘The 
Kohn-Sham gap, the fundamental gap and the optical gap: the physical meaning of 
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occupied and virtual Kohn-Sham orbital energies’, E.J. Baerends, O.V. Gritsenko and R. 
van Meer, Phys. Chem. Chem. Phys. 15, 16408-16425 (2014)22; and ‘Time-dependent 
Density Functional Theory’, M.A.L. Marques and E.K.U. Gross, Annu. Rev. Phys. Chem. 
55, 427-455 (2004)23.  
 At the heart of DFT is a quantity called the electron density ρ(r). ρ(r)dr gives the 
probability of finding any of the n electrons in an infinitesimal volume element around a 
particular point r in space, dr. Within DFT the ground state energy is expressed as a unique 
functional, i.e., a mathematical object that takes a function as its argument, of the ground 
state electron density. Hohenberg and Kohn provided a rigorous proof for the relation 
between the ground state electron energy and density and a method for calculating the exact 
ground state density, which are nowadays known as the first and second Hohenberg-Kohn 
theorems,24 respectively. 
 The first Hohenberg-Kohn theorem states that the ground state electron density 
determines every ground state property of a stationary molecular quantum mechanical 
system, like the number of electrons and the electronic energy. The theorem proofs that the 
ground state electron density determines the external potential up to an additive constant. It 
turns out that the electron density determines all components of Ĥ and the wavefunction. So 
the electronic energy E of a molecular system can be written as a functional of the electron 
density ρ: 
 
! ! = ! ! + !!" ! + !!![!]!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(2.12)  
 
where ![!] is the kinetic energy, !!"[!] the electron-nuclear attraction energy, i.e., the 
external potential, and !!![!] the electron-electron repulsion energy.  
 The second Hohenberg-Kohn theorem provides a method for calculating the exact ground 
state electron density in a particular external potential, namely by minimisation of the 
energy functional given in eq. 2.12 subject to the constraint that the number of electrons is 
conserved. The theorem proofs that the exact ground state electron density minimises the 
exact energy expression: 
 
!"[!]
!"(!) |!!!! = 0!!"#ℎ! ! ! !! = ! !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(2.13)!! 
 
Note that the ground state energy can be determined without having to know the ground 
state wavefunction. Therefore, this method is often called orbital-free DFT. 
 In practice, eq. 2.13 is only of use if good representations exist of the functionals ![!] 
and !!![!]. The Hohenberg-Kohn theorems offered no prescription for obtaining these 
representations. Until now sufficiently accurate representations of the functional ![!] do 
not exist. Therefore, an alternative procedure is used that offers a practical scheme to 
calculate the total ground state electron density. This procedure was developed by Kohn 
and Sham25. 
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2.6.2 Kohn-Sham theory 
 
 The proposed solution to the problem of not finding an accurate representation of the 
functional ![!] was to use orbitals in order to calculate the kinetic energy sufficiently 
accurate. The central ansatz in Kohn-Sham theory25 is the existence of an independent 
system of n non-interacting electrons all moving in the same local potential Vs(r) (often 
called the Kohn-Sham potential). This local potential is such that the ground state electron 
density ρs(r) of this fictitious non-interacting n-electron system is equal to the exact ground 
state electron density of the interacting n-electron system ρexact(r) in a given external 
potential Vne(r). So if a Vs(r) exists, there is a one-to-one correspondence between this Vs(r), 
ρs(r) and ρexact(r). The following explanation considers systems with an even number of 
electrons. Identical spatial components of the spinorbitals of each member of a pair of 
electrons are supposed (as in RHF theory). 
 The Hamiltonian for a non-interacting n-electron system in a local potential Vs(r) is 
separable and therefore a single Slater determinant is an exact wavefunction. This Slater 
determinant is constructed from orbitals that are solutions of a one-electron Schrödinger 
equation called the Kohn-Sham equation: 
 

− ℏ!
2!!

∇!! + !! !! !! !! = !!!! !! !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(2.14) 

 
with the first term the one-electron kinetic energy and the second term the one-electron 
local potential. The orbitals are called the Kohn-Sham orbitals and their corresponding 
energies are called the Kohn-Sham orbital energies. Since Vs depends on the density of the 
non-interacting n-electron system, which is the sum over the squares of the n lowest Kohn-
Sham spinorbitals, the Kohn-Sham equation is solved by a SCF procedure. The final 
optimised ground state density of the non-interacting n-electron system gives the ground 
state density of the interacting n-electron system. 
 To obtain the exact total electronic energy of the interacting n-electron system, Kohn and 
Sham made the following analysis. The electronic energy of the interacting n-electron 
system can be written exactly as a functional of the density: 
 
! ! = !! ! + !!" ! + ! ! + !!" !  

!!!!!!!!!!= − ℏ!
2!!

!!∗ !! ∇!!!! !! !!!
!

!
− !!
4!!!

!!
!!!
! !! !!!

!

!
 

!!!!!!!!!!!!!!!+ !!
4!!!

1
2

! !! ! !!
!!"

!!!!!! !+ !!" ! !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(2.15) 
 
where Ts[ρ] is the exact kinetic energy of the non-interacting n-electron system, Vne[ρ] is 
the electron-nuclear attraction energy of the interacting n-electron system, J[ρ] is the 
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classical Coulomb repulsion energy of the density of the interacting n-electron system with 
itself, and Exc[ρ] is the exchange-correlation energy. The factor ½ in J[ρ] allows the 
integration to be over all space for both r1 and r2. By equating eq. 2.15 to the exact energy 
as given in eq. 2.12, this expression defines Exc[ρ]. It is that part of the exact energy that is 
not known yet when the Kohn-Sham orbitals and the electron density are known: 
 
!!" ! = ! ! − !! ! + !!! ! − ! ! !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(2.16) 
 
In other words, the exchange-correlation energy in DFT is a remainder of energy 
containing the difference between the exact kinetic energy of the interacting n-electron 
system and the kinetic energy of the non-interacting n-electron system (i.e., the correlation 
part), and the difference between the exact electron-electron repulsion energy of the 
interacting n-electron system and the classical Coulomb repulsion energy of the interacting 
n-electron system (i.e., the exchange part). The exchange-correlation energy is not typically 
a large component of the total energy. However, it is an important one because it can be 
seen as ‘nature's glue’ that binds atoms together to form molecules and solids. Without this 
energy term, bonds are too long and weaker than they actually are.26 
 The complete Kohn-Sham SCF procedure consists of the following steps: a set of guess 
orbitals is used to evaluate the electron density in order to construct the local potential and 
to calculate the electronic energy, then the Kohn-Sham equation is solved to obtain a new 
set of improved Kohn-Sham orbitals and a revised density, local potential and electronic 
energy, and so on. This iterative process is repeated until convergence criteria are satisfied. 
It will result in the exact total ground state electronic energy and density of the interacting 
electron system if the exact exchange-correlation energy is known. In practice, this term 
must be approximated. Still, Kohn-Sham theory works very well, because the difference 
between the exact and non-interacting kinetic energy is small.  
 The similarity between the one-electron Kohn-Sham equation (eq. 2.14) and the one-
electron HF equations (eq. 2.5) is striking. This resemblance arises from the fact that both 
theories are based on a single Slater determinant. In HF theory the wavefunction of an 
interacting many-electron system is approximated by a single Slater determinant. In this 
way the correlation energy is neglected. In Kohn-Sham theory the wavefunction of a non-
interacting many-electron system – which is exactly a single Slater determinant – is 
determined in order to obtain the ground state electron density of this non-interacting 
many-electron system. The Kohn-Sham analysis proofs that this density is equal to the one 
of the interacting many-electron system. This gives also access to the ground state 
electronic energy of this system using eq. 2.15. Therefore, a computer program for HF 
theory can easily be transformed to one for DFT by replacing the HF exchange energy and 
operator with the DFT exchange-correlation energy and potential. This last one is the 
functional derivative of the DFT exchange-correlation energy. 
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2.6.3 Exchange-correlation hole 
 
 If no interaction would exist between electrons, the probability of finding electron 2 at 
position !! given that electron 1 is located at !! nearby !!, is independent of the position of 
electron 1. In this situation the electron-pair density !!(!!, !!), i.e., the density of an 
electron-pair with electron 1 at !! and electron 2 at !!, is given by !!(!!)!!(!!) with a 
normalisation factor, where !!  is the one-electron density. In reality electrons have 
interaction due to their charge and spin. Consequently, there is a modification in the 
probability to find electron 2 at !! given that electron 1 is at !!. It turns out that this 
modification in the probability can be written in terms of a so-called exchange-correlation 
hole density !!"!!"#(!!, !!), which integrates to minus the electron density. This hole follows 
the electron because it is localised around !!.7 
 In DFT an exchange-correlation hole is included in the exchange-correlation energy and 
therefore also in the corresponding potential. Electrons in both occupied and virtual Kohn-
Sham orbitals feel the same local potential represented by a Coulomb field of n electrons 
and an exchange-correlation hole. Therefore, the Kohn-Sham orbitals are bound one-
electron states. Note that in HF theory (see section 2.4) the electrons in occupied HF 
spinorbitals interact with (n-1) electrons through the HF potential and the energies of 
virtual spinorbitals contain the interaction with n electrons so these spinorbitals are higher 
in energy.  
 Within exact Kohn-Sham theory, the energy of the highest occupied orbital is equal to the 
negative of its electron binding energy and to the negative of its IP, but the energy of the 
lowest unoccupied orbital cannot be related to the EA. An approximate interpretation of 
Kohn-Sham theory is given by Chong et al.,27 who state that the energies of all occupied 
Kohn-Sham orbitals can be interpreted as approximate but rather accurate IPs.  
 According to Baerends et al.,22 the positive consequences of the exchange-correlation 
hole potential that is included in the Kohn-Sham potential for both occupied and virtual 
orbitals are strong. It leads to orbital energies that are directly connected to IPs and orbital 
shapes that are very good, also for describing excited states. Therefore, Kohn-Sham orbitals 
can be used very well for qualitative and semi-quantitative molecular orbital theoretical 
considerations. The presence of the exchange-correlation hole is the reason that the Kohn-
Sham virtual orbitals are stabilised in such a way that the gap between the highest occupied 
and lowest unoccupied molecular orbital (HOMO and LUMO respectively) is a good 
approximation to the first excitation energy.  
 
2.6.4 Approximations to the functional for the exchange-correlation 

energy 
 
 The formally exact Hohenberg-Kohn theorems and Kohn-Sham theory will give exact 
ground state electron densities and energies if the exact exchange-correlation functional is 
known. In practice this term must be approximated. Many approximate expressions have 
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been developed over the years. A hierarchy in these expressions was presented by Perdew 
and Schmidt and is known as ‘Jacob's Ladder’.28 
 The ladder starts with an expression for the exchange-correlation functional based on the 
local density approximation (LDA) in which the exchange-correlation functional depends 
only on the value of the electron density at each point in space. LDA works pretty well for 
periodic metallic clusters and sometimes for molecular structures, but is known to overbind 
molecules significantly.  
 An improvement is obtained by adding a non-local correction involving the gradient of 
the electron density to the expression for the exchange-correlation energy. Resulting 
functionals are called generalised gradient approximation (GGA) and have been developed 
in the 1980s. GGA works well for atomisation energies, other energy quantities, bond 
lengths and local excitations. Rydberg and charge-transfer (CT) excitation energies can be 
significantly underestimated.  
 The next step was to add, besides the first derivative, higher derivatives of the electron 
density to the expression for the exchange-correlation energy. These so-called meta-GGA 
functionals enable the description of many different systems like molecules, solids and 
surfaces.  
 In the 1990s hybrid functionals were developed that include some fraction of exact 
exchange, i.e., HF exchange, into the DFT exchange-correlation functional. These 
functionals model very well short-range properties because short-range electron-electron 
interactions are well described. Long-range exchange interactions are not described very 
well. Many different hybrid functionals exist, which can be divided in semi-empirical (e.g., 
B3LYP) and purely theoretical (e.g., PBE0). Compared to GGA, atomisation energies, 
other energy quantities and bond lengths are improved. Local excitations remain 
reasonable. Rydberg and CT excitations are usually still underestimated, mainly because of 
the incorrect treatment of long-range exchange interactions. 
 In the 2000s, Coulomb attenuated functionals were developed in which the amount of 
exact exchange increases as a function of the interaction distance. A popular solution is to 
split the electron-electron repulsion operator into components that calculate the long-range 
and short-range exchange. The amount of exact exchange increases from 0% (purely GGA 
exchange) to 100% (purely HF exchange) as the interaction distance increases. The 
Coulomb attenuated functionals improve considerably the Rydberg and CT excitation 
energies, but are often less accurate for short-range properties compared to hybrid 
functionals because they behave like GGA. A solution is to add an amount of exact 
exchange also at short range. This is applied in the Coulomb attenuated functional CAM-
B3LYP.  
 The next step to the ladder is formed by functionals that depend on both the occupied and 
virtual Kohn-Sham orbitals. These functionals are called double hybrids (e.g., B2-PLYP). 
Calculations with these functionals are computationally more demanding. 
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2.6.5 Self-interaction 
 
 Because the exchange-correlation energy in DFT must be approximated by one of the 
previously mentioned expressions, some errors arise in the formally exact theory, like the 
so-called self-interaction error. When the exact exchange-correlation energy term is known, 
electrons in occupied and virtual DFT orbitals interact with a potential that is represented 
by the field of (n-1) electrons. However, in practice, the exchange-correlation potential is 
replaced by an approximate potential that does not cancel correctly the self-interaction 
error in the Coulomb part originating from the interaction of the electron with itself (see 
also eq. 2.15, the expression for J[ρ]). This leads to slightly wrong occupied and virtual 
orbital energies in DFT. The error is of the same order of magnitude for both type of 
orbitals, so the orbital energy differences are usually still good approximations for 
excitation energies of non-CT states.22, 29  
 Over the years different approaches were developed to reduce or eliminate the errors that 
arise from using approximate functionals. Some of them focussed especially on the self-
interaction error.30 In the early 1980s the only approximation in use was LDA, which works 
well for periodic metallic clusters, but not for molecules. Therefore, DFT was widely used 
in Solid State Physics at that time, but hardly in Chemistry. After 1981 two roads diverged 
in DFT to improve the results obtained with LDA. One road focused on developing new 
functionals like GGA, meta-GGA and hybrid functionals. Several of these new functionals 
turned out to be accurate for sp bonds near equilibrium. Due to these developments it is 
now possible to apply DFT in Chemistry. The other road focused on deriving corrections 
for the self-interaction error in specific. In 1981 Perdew and Zunger31 proposed a self-
interaction correction (SIC) that can be applied to LDA in order to make DFT exact for any 
one-electron density. This development resulted in a more accurate treatment of open-shell 
d and f electrons and of stretched bonds.30  
 In the special case of strongly correlated systems, a so-called strictly-correlated-electrons 
(SCE)32-34 functional can be used in the Kohn-Sham scheme to approximate the exchange-
correlation term. In this way Kohn-Sham DFT can become applicable to strongly correlated 
systems. This so-called ‘Kohn-Sham SCE’ DFT approach turns out to be completely self-
interaction free.35 
 
 
2.7 Time-dependent Density Functional Theory 
 
2.7.1 Runge-Gross theorem and time-dependent Kohn-Sham equation 
 
 TD-DFT can be applied if the molecular system is subject to a time-dependent external 
potential. Due to this potential, the electron density of the system changes in time. The 
time-dependent analogue of the first Hohenberg-Kohn theorem is the Runge-Gross 
theorem.36 This theorem proofs that the exact time-dependent electron density determines 
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the time-dependent external potential up to an additive constant and thus the time-
dependent wavefunction up to an additive time-dependent phase-factor.  
 The time-dependent Kohn-Sham equation takes the form:  
 

− ℏ!
2!!

∇!! + !! !!, ! !! !!, ! = !ℏ !!" !!! !!, ! !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(2.17) 

 
where Vs is the time-dependent one-electron local potential chosen such that the density of 
the non-interacting n-electron system is the same as the density of the interacting n-
electron system. The time-dependent external potential contributes to the time-dependent 
one-electron local potential Vs. Again, the sum over the squares of all occupied Kohn-Sham 
spinorbitals gives the time-dependent electron density of the non-interacting n-electron 
system, which is equal to the electron density of the interacting n-electron system.  
 Often the adiabatic approximation is applied, which assumes that the functional 
dependence of the time-dependent exchange-correlation potential on the exact time-
dependent electron density is the same as in the time-independent case. This approximation 
works well when the temporal dependence is small, i.e., when the density varies slowly in 
time. The advantage of the adiabatic implementation is that existing functionals for ground 
state DFT can also be used for TD-DFT.  
 If the external time-dependent potential is weak, instead of solving the full time-
dependent Kohn-Sham equation, linear response theory can be applied to study the 
molecular system. In such a situation, the electron density of the molecular system is 
expanded in a perturbative series of which the term that depends linearly on the 
perturbation ! ! (!, !) is the most important one. It turns out that for determining ! ! (!, !) 
a so-called linear density-density response function of the interacting n-electron system ! 
is needed. However, within the time-dependent Kohn-Sham framework ! ! (!, !) can be 
calculated from the linear density-density response function of the non-interacting n-
electron system !!", which is much easier to solve.  
 In practice, even calculating !!" appears to be difficult, because often it is necessary to 
perform a summation over all excited states. Several approximate frameworks exist to 
avoid this problem. The one proposed by Petersilka et al.37 leads in the end to an 
eigenvalue equation of which the eigenvalues give the excitation energies of the system. 
These excitation energies are the frequencies of the external potential where the linear 
relation between ! ! (!, !) and the perturbation breaks down and represent the resonant 
conditions of the system. 
 
2.7.2 Known failures 
 
 Although linear response TD-DFT in its adiabatic implementation is one of the most 
important applications of modern DFT, the method exhibits three remarkable failures that 
one should keep in mind when using it. First of all, it is unable to treat excited states that 
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are characterised predominantly by doubly excited configurations, i.e., configurations in 
which two electrons are promoted from occupied molecular orbitals to virtual ones. 
According to Maitra et al.,38 exact linear response TD-DFT in principle produces 
transitions to excitations of any number, but the matrix equations lead to corrections to the 
Kohn-Sham response that finally result in only resonant conditions at single-excitations. As 
a possible solution, they proposed an adaption to the so-called exchange-correlation kernel 
that describes the change in the time-dependent exchange-correlation potential when a 
small perturbation is applied to the molecular system. Their proposed adaption to the kernel 
introduces special frequency dependencies of the kernel in cases where singly and doubly 
excited configurations mix.38-40 Secondly, linear response TD-DFT in its adiabatic 
implementation underestimates the excitation energy of long-range CT states.29, 39, 41 
Thirdly, the method gives the incorrect 1/R asymptotic behaviour of the potential energy 
curves of CT excited states along a bond-breaking coordinate. R is a distance coordinate 
between the separated charges of the CT state.29, 39, 41 Hereafter, the second failure will be 
explained in more detail because it is an important issue for the correct description of 
electron transfer processes in organic photovoltaic (OPV) devices using this method.  
 
2.7.2.1 Charge-transfer excitations 
 
 The underestimation of long-range CT excitation energies in linear response TD-DFT in 
its adiabatic implementation can be explained in the following way. Due to the exchange-
correlation hole that is included in the exchange-correlation potential, the electrons in 
occupied and virtual Kohn-Sham orbitals feel the same field of (n-1) electrons and thus 
resemble bound states. When this exchange-correlation hole is a good substitute for the 
actual ‘depletion’ hole left behind by the excited electron, the resulting stabilisation of the 
virtual orbital is physical. Consequently, the energy difference between the virtual (with the 
excited electron) and occupied (with the depletion hole) orbital is a good approximation to 
the corresponding excitation energy. This situation usually is true for compact molecules 
where local molecular excitations take place because the hole is in the same region as the 
excited electron.22 
 However, the situation is different when long-range electron transfer takes place between 
donor and acceptor molecules, which is the case in OPV devices. In such a situation, the 
exchange-correlation hole is not a good substitute for the actual depletion hole. The 
depletion hole is present on the donor and the excited electron is present on the acceptor. 
This excited electron is still stabilised by an exchange-correlation hole that is included in 
the exchange-correlation potential. This unphysical stabilisation leads to a too low-lying 
LUMO of the acceptor. Therefore, the energy difference between the virtual orbital located 
on the acceptor (with the excited electron) and the occupied orbital located on the donor 
molecule (with the depletion hole) underestimates significantly the corresponding long-
range CT excitation energy.22  
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 The description of CT excitations can be improved by mixing in HF exchange. The 
resulting effect will be an up-shift in the energy of the LUMO of the acceptor and 
consequently higher CT excitation energies. Typical hybrid functionals contain 10-25% of 
HF exchange but for reasonably large organic molecules (~100 atoms) it turns out that 
mixing of 40-50% of HF exchange is needed to obtain realistic excitation energies.41, 42  
 
 
2.8 Valence Bond theory 
 

Valence Bond (VB) theory43 offers a different way to build a many-electron wavefunction 
compared to the molecular orbital (MO) methods described so far. This section gives an 
introduction to VB theory and is based on ‘Valence Bond theory in heterocyclic chemistry’, 
Z. Rashid, R. Broer, J.H. van Lenthe and R.W.A. Havenith44.  

In HF theory, post HF methods and DFT the MOs are linear combinations of atom 
centred basis functions, are mutually orthogonal and may extend over the whole molecule. 
In VB theory, bonds are formed by spin pairing non-orthogonal atom centred orbitals of 
different atoms. For example, the (non-normalised) VB wavefunction of a hydrogen 
molecule H2 constructed by Heitler and London43 is: 
 
Ψ!" = 1!!(1)1!!(2) − 1!! 1 1!! 2 !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(2.18) 
 
where 1!!(1) is the hydrogen 1s atomic orbital of atom a filled with electron 1 with spin α 
and 1!!(2) is the hydrogen 1s atomic orbital of atom b filled with electron 2 with spin β, et 
cetera. In this example the VB wavefunction consists of one so-called VB structure, but 
usually it consists of a superposition of more VB structures. These VB structures resemble 
(all or a subset of) the resonance structures of the system under study. In this way, VB 
theory offers a clear chemical interpretability in terms of resonance structures.  

Due to the use of atom centred orbitals that are mutually non-orthogonal, the VB 
structures are also non-orthogonal. Therefore, their coefficients ci within the VB 
wavefunction cannot be linked directly to their importance, i.e., the norm of the 
wavefunction is not equal to !!!! . In order to link the weight of each structure with its 
importance, the Gallup-Norbeck45 scheme can be applied: 
 

!! =
! !!

!

!!! !!
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(2.19) 

 
where !! is the Gallup-Norbeck weight of the jth structure, !! is the coefficient of the jth 
structure in the VB wavefunction, !!! !! is the jjth element of the inverse overlap matrix 
and N is the normalisation constant. 
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Different VB approaches exist, of which VB self-consistent field46, 47 (VBSCF) is the 
most general one. It can be seen as the non-orthogonal analogue of MCSCF. The 
coefficients of the VB structures and the orbitals are both optimised using the variational 
principle. During the optimisation, the VB orbitals can be restricted to a subspace, e.g., 
expanded in basis functions centred on one atom, which is called the ‘local’ model, or on a 
group of atoms, which is called the ‘partial delocal’ model, or on all atoms, which is called 
the ‘delocal’ model. The advantage of the local model is the clear interpretation in terms of 
the original, i.e., input VB structures. When only a subset of all VB structures is used, the 
local model has the disadvantage that the VB wavefunction usually has not enough degrees 
of freedom to fully adapt to the molecular situation, which could result in outcomes of the 
calculations that are biased by the original VB structures. This problem is less severe when 
the ‘delocal’ model is used. In this case, sometimes the final orbitals do not resemble the 
orbitals of the original structures, which makes an interpretation in terms of the original VB 
structures not possible anymore.  
 
 
2.9 Band theory 
 
 When a solid is formed from an infinite number of atoms or molecules that are arranged 
in a certain (crystallographic) order, continuous bands of energy levels instead of discrete 
energy levels are formed. The electronic structure of the solid is described using one-
electron band theory, which can be seen as similar to MO theory. For its description the 
reciprocal lattice of the solid is important, which is the inverse of the real lattice. This 
section reviews band theory and is based on ‘Electronic structure methods for solids’, R. 
Broer, lecture notes, University of Groningen (2009)48; and the textbook ‘Introduction to 
Solid State Physics’, C. Kittel49. 
 In order to reduce the n-electron problem, periodic boundary conditions are applied to 
model the crystal structure. This is a set of boundary conditions applied to an identical 
fragment of the crystal (usually the primitive unit cell), which leads to an approximate, 
idealised three-dimensional (3D) crystal that has translational symmetry. The resulting 
idealised crystal does not possess surfaces, whereas the real crystal does because it has a 
finite size. So only far from the surface, i.e., in the interior of the real crystal, the electronic 
structure of the idealised crystal is a reasonable approximation to its electronic structure.  
 The Schrödinger equation for one electron travelling through the lattice of a 3D solid in 
which the potential energy of the electron !(!) varies periodically, is: 
 

− ℏ!
2!!

∇! + ! ! Ψ ! = !Ψ ! !!"#ℎ!! ! + ! = !(!)!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(2.20) 

 
where !(!) has the period of the lattice under consideration and a is any translation vector 
of the lattice under consideration. Bloch theorem sets a translation symmetry condition for 
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the electronic wavefunction in order to be a solution of this Schrödinger equation. The 
wavefunction should be of the form: 
 
Ψ! ! = !! ! !!!⋅!!!"#ℎ!!! ! + ! = !! ! !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(2.21) 
 
where the function uk(r) has the period of the lattice under consideration and the quantity k 
is called the wavevector. A one-electron wavefunction of the form of eq. 2.21 is called a 
Bloch function. For a 3D crystal that consists of N1×N2×N3 identical fragments, the number 
of distinct values that k may take is N1×N2×N3. These values of k are restricted to a volume 
in reciprocal space, called the first Brillouin Zone (BZ), which is the equivalent of the 
primitive unit cell in real space. For each (unique) k value HF or Kohn-Sham equations can 
be solved, yielding occupied and unoccupied levels. The collection of one-electron levels 
for all k values is called the ‘band structure’. Usually not all values of k within the first BZ 
are shown in the band structure plot, but only a collection of special k points.  

The band structure of a solid contains all energy bands as a function of k. If the highest 
filled band is completely full, i.e., occupied for all values of k, it is called a valence band. 
The lowest lying empty band is called a conduction band. In insulators a large gap exists 
between the highest point of the valence band and the lowest point of the conduction band, 
so electrons cannot bridge the gap by thermal energy or visible light excitation. In 
semiconductors a small gap exists between these bands, which electrons can overcome by 
thermal energy or visible light excitation. In conjugated polymers that intrinsically are 
semiconductors, a small percentage of a doping material can increase their conductivity 
dramatically.50 If the highest filled band is not completely filled, it is called a conduction 
band. This situation applies to conductors. The electrons can travel through the solid under 
the application of an electric field.  
 
 
2.10 Molecular Dynamics  
 

Molecular Dynamics (MD) aims at understanding the properties of molecular ensembles 
that originate from the temporal behaviour of their molecular structure and the microscopic 
interactions between and within the molecules. This section gives an introduction to MD 
and is based on ‘Introduction to Molecular Dynamics simulation’, M.P. Allen51; and 
‘Modelling and Molecular Dynamics of membranes and proteins’, A.H. de Vries, lecture 
notes, University of Groningen (2012)52.  

Two types of MD are possible: ab initio MD based on quantum mechanics (e.g., Carr-
Parrinello53) and MD based on classical mechanics. For some of the studies described in 
this thesis, MD simulations based on classical mechanics were performed, so this last type 
is considered here. Usually, MD accesses different time and length scales than the ones that 
are accessed by Quantum Chemical (QC) calculations. QC methods can model the 
electronic and nuclear motion on time scales on the order of 10-15-10-11 s and length scales 



Theory 

! 55 

on the order of 10-10-10-9 m. MD is often used to model molecular ensembles on time scales 
on the order of 10-12-10-6 s and length scales on the order of 10-9-10-6 m.54  

During a MD simulation a representative ensemble of conformations is generated. The 
microscopic interactions or forces between and within the molecules determine which 
conformations are possible. These forces are described by a force field that contains all the 
physicochemical knowledge of the molecular ensemble, i.e., bond lengths, bond angles, 
dihedral or torsion angles, Van der Waals interactions and electrostatic interactions. The 
parameters that form the force field are typically determined by QC calculations combined 
with thermophysical and phase coexistence data. An example of a force field for the MD of 
organic molecules is MM355 and for the MD of biomolecules is AMBER56, 57. 

Different types of molecular models can be chosen for a MD simulation. The molecular 
ensemble can be modelled using a united atoms (or atomistic) model, in which every atom 
is treated as a particle. This choice results in a detailed description of the dynamics of the 
system. If the system is very large, a coarse-grained superatom model is a better option, 
because it treats groups of atoms (~4 united atoms) as a particle, a so-called ‘bead’. In this 
way the number of degrees of freedom is reduced and less interactions have to be 
calculated. Due to the lower number of particles longer time and length scales can be 
considered. The MARTINI58, 59 force field is developed especially for performing these 
coarse-grained MD simulations and contains effective interactions between the beads.  

For some of the studies described in this thesis, atomistic MD simulations were 
performed with the force field MM3 because of its suitability for describing organic 
molecules. Some of the resulting MD conformations were used as a representative 
embedding conformation around a central donor-acceptor complex. 
 
 
2.11 Computational modelling of organic photovoltaics  
 
2.11.1 Multiscale modelling 
 
 The complete description of the OPV working mechanism requires the inclusion of many 
length and time scales: typical device thicknesses (10-7 m -10-5 m), intra-molecular 
distances (10-10 m), inter-molecular distances (10-9 m),60 time scales for inter-molecular 
electron transfer (fs),61 time scales for geometry relaxation, i.e., molecular vibrations (ps), 
and time scales for charge transport across the device (ns-µs).62 Therefore, a combination of 
methods is needed, called multiscale modelling,62-64 in which each method addresses the 
processes taking place on the different length and time scales: MD for simulating the 
molecular packing,65, 66 QC methods for calculating excited, CT and charge-separated (CS) 
states,67 and Monte Carlo for simulating charge transport.68 Recently, Few et al.69 gave an 
overview of the state-of-the-art theoretical methods that are used to model charge pair 
generation in OPV devices. This review study illustrates that a wide range of methods is 
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suitable, from semi-empirical to ab initio, but challenges remain because there is not yet 
one theory that describes the complete process.69 
 An illustrative example of multiscale modelling of OPV materials using a combination of 
QC methods and Monte Carlo simulations is given by Idé et al.68. To determine electron 
transport in crystalline PCBM-like fullerene derivatives, kinetic Monte Carlo simulations 
were performed without using any fitting parameter but electron transfer rates from 
preceding DFT calculations.68 A theoretical estimation of the electron transfer rate is often 
done using Marcus theory70. In semiclassical nonadiabatic Marcus theory the electron 
transfer rate constant k (in s-1) is written as: 
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where h is the Planck constant (in Js), Vif is the electronic coupling between the diabatic 
initial and final states (in J2), λ is the total reorganisation energy associated with the 
electron transfer process (in J), ΔG is the Gibbs free energy of the reaction (in J), T the 
absolute temperature (in K) and kB the Boltzmann constant (in J/K). All these required 
parameters can be calculated with QC methods. Often DFT and semi-empirical methods are 
applied.62, 68, 71 

In principle, all QC methods introduced before can be applied in a multiscale modelling 
scheme to study the complete OPV working mechanism. In practice, the post HF methods 
are computationally too demanding to study the often large systems (i.e., >100 atoms) 
because it turns out that they scale poorly with system size. So usually (TD-)DFT, CIS and 
semi-empirical methods (e.g., Austin Model 1, intermediate neglect of differential overlap 
and related approaches) are applied because these methods are computationally feasible.64, 

72, 73 Although some problems might be encountered by using TD-DFT for describing CT 
states, still, with a proper benchmarking of several functionals, trends can be described 
reasonably well. 

Nevertheless, preferably accurate wavefunction based correlated methods are used to 
study the complete OPV working mechanism. Often EOM-CC is the method of choice 
because it is among the most accurate methods for computing vertical excitation energies.74 
But due to its demanding scaling requirement, performing EOM-CC calculations on large 
systems can only be done using leading (petaflop) supercomputer facilities.  

Another option to make the applicability of post HF methods to large systems possible is 
through the development of new, more efficiently scalable methods and implementations.75 
Currently, interesting developments are taking place. For example, the Divide-Expand-
Consolidate (DEC) CC method of Jørgensen et al.76-78 shows linear scaling with system 
size. In addition, this method is very efficiently parallelised on the Titan Supercomputer at 
the Oak Ridge Leadership Computing Facility (OLCF)79. In this way, CC calculations of 
large systems are within reach. 
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2.11.2 Modelling the molecular environment  
 
 The direct molecular environment can have a significant influence on the energies of the 
excited, CT and CS states.64 In principle different solvation or embedding techniques can 
be used to model these effects. These techniques can roughly be divided into continuum 
models, e.g., the Polarisable Continuum Model80 (PCM) that describes very dilute 
solutions, and discrete models, e.g., the Discrete Reaction Field (DRF) method81-83. For 
accurate predictions at the microscopic level (i.e., length scales<100 Å), discrete models 
like DRF are necessary because these models appropriately treat the microscopic effect of 
discrete classical molecules on the electronic structure of a central QC part. Hereafter, the 
PCM method and the DRF method will be explained shortly because both techniques were 
applied in some of the studies described in this thesis. 
 The PCM method enables modelling the embedding as a polarisable continuum dielectric. 
The ‘solute’, usually the system of interest, is enclosed in a solute cavity, which is built by 
a set of interlocking spheres around each solute atom. In this way, the shape of the cavity, 
called the Van der Waals surface, resembles the shape of the solute. Inside the cavity the 
dielectric constant εr is 1. Outside the cavity, the medium that represents the solvent has the 
dielectric properties of the considered solvent. The solvent is represented by an infinite, 
structureless dielectric medium. The solute is treated at a homogeneous QC level and 
solvent effects are described by a suitable operator added to the molecular Hamiltonian. 
The solute-solvent interactions are limited to those of electrostatic origin: the electric field 
and the dielectric displacement.6, 80 
 The DRF method enables the classical treatment of discrete embedding molecules – using 
polarisabilities and point charges – and the quantum mechanical treatment of a central part, 
usually the system of interest. The point charges model the electrostatic static field of the 
embedding and the polarisabilities model the electrostatic linear response of the embedding 
to the QC part. This linear response is called the reaction field. Additionally it is possible to 
embed these quantum and classical parts in an enveloping dielectric continuum that models 
the bulk response of the embedding to the QC part.81-83 
 
2.11.3 Motivation for the (TD-)DFT approach applied in the studies 

described in this thesis 
 
 For the studies described in this thesis, (TD-)DFT is applied to study the often large 
systems (i.e., >100 atoms) because for these studies this method provides the required 
accuracy and is computational feasible. For some of the studies, DFT geometry 
optimisations were performed with the hybrid functional B3LYP84 because of its suitability 
in this respect.85 Other studies used the hybrid functional Becke half and half (BHandH86) 
for the geometry optimisation in order to be consistent in the choice of functional through 
the complete study, since after the geometry optimisation TD-DFT calculations with this 
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functional were performed to obtain excitation energies. The BHandH functional is more 
suitable for calculating excited states with CT character than the B3LYP functional.87  
 The motivation for this (TD-)DFT approach with the functional BHandH is as follows. At 
the start of the PhD project, the results of (PCM-)TDDFT (6-311G**) calculations with 
several functionals were benchmarked against the results of LR-CC2 (6-311G**) 
calculations for a small donor-acceptor complex of tetrathiafulvalene-parabenzoquinone. It 
appeared that the result obtained with BHandH is closest to the CC2 result and that the 
effect of the environment is not dependent on the choice of the functional (Chapter 3, Table 
3.1). 

The reasons for choosing the CC2 level in this benchmark study and another comparison 
study (see below) are the following. If the wavefunction of the excited state is dominated 
by singly excited determinants, CC2 gives vertical excitation energies typically correct 
within 0.3 eV.88 In the special case of CT excitations, Fliegl et al.88 showed that CC2 
reproduces these excitations with errors much smaller than TD-DFT may do. Finally, CC2 
shows a good balance between accuracy and computational cost.18  
 Besides the benchmark study done for a small model system, we also performed some 
comparison studies with our larger systems of interest. First of all, for a monomer-PCBM 
complex of ~160 atoms, the results of TD-DFT (BHandH/DZP) calculations were 
compared with the ones of TD-DFT (CAMYB3LYP89/DZP) calculations, because the 
CAMB3LYP functional is known to be a reasonably good functional for CT states90, 91. 
Considerable agreement was found between the two functionals (Appendix A, Table A.1 
and Table A.3). Secondly, for some smaller systems of interest, namely donor-acceptor co-
monomers of ~45 atoms, the results of TD-DFT (BHandH/6-31G**) calculations were 
compared with the results of LR-CC2 (6-31G**) calculations. It appeared that TD-DFT 
with BHandH reasonably describes computed energy differences between CT excitations of 
these co-monomers (Chapter 5, section 5.2). Furthermore, for one particular co-monomer 
the results of TD-DFT (BHandH/6-31G**) calculations were compared with the results of 
CASSCF(16,12) (6-31G**) calculations followed by CASPT2 (ANO-S basis of TZP 
quality) calculations. For the first (CT) excitation energy we found agreement within ~0.2 
eV between TD-DFT and CASPT2. For the amount of charge transfer upon excitation, the 
result of TD-DFT appeared to be in qualitative agreement with the result of CASSCF 
(Chapter 6, Table 6.2). 
 Also in literature several justifications were found for our (TD-)DFT approach with the 
functional BHandH. A justification especially for the application of the BHandH functional 
to study large systems of organic molecules was given by Dierksen et al.,42 who showed 
that mixing of 40-50% of HF exchange is needed to obtain realistic excitation energies. A 
further justification was given by Sini et al.,87 who performed extensive work to evaluate 
the performance of many DFT functionals for describing ground state charge transfer in a 
donor-acceptor complex of tetrathiafulvalene-tetracyanoquinodimethane. This study 
showed good behaviour for the BHandH functional. Finally, Peach et al.90 justified the use 
of a quantity called Λ, which measures the degree of spatial overlap between occupied and 
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virtual orbitals involved in a particular excitation, as a diagnostic test for judging the 
reliability of a general (CT) excitation energy from a particular functional. For our studied 
donor-acceptor co-monomers and their corresponding trimers, the calculated values of Λ 
with the functional BHandH were significantly higher than the reported90 minimum value 
for giving reliable results of a comparable hybrid functional, namely B3LYP (Chapter 5, 
Table 5.3 and Table 5.6). 
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