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Fundamental theoretical concepts

The purpose of this chapter is to describe and introduce the main physical con-

cepts necessary to discuss the experiments presented in this thesis. First, the

discussion will be focused on the physics of Quantum Point Contacts, empha-

sising the quantization of conductance. This will be followed by the description

of the properties of Quantum Point Contacts in electric fields and in magnetic

fields. From 1D systems, the transport properties of 0D systems (Quantum Dots)

will be introduced, with special references to transport in open quantum dots, the

effect of a voltage probe and an introduction to the Landauer-Büttiker formalism.

After introducing the physics of Quantum Point Contacts within a single particle

picture, the attention will be focused on effects due to interaction in 1D systems:

enhancement of the g-factor and the ”0.7 structure”. Next, are presented basic

physical concepts of spin transport in ballistic and diffusive systems, emphasising

basic transport properties and the conductivity mismatch problem. The chapter

will end with an introduction to the properties of the I-V curves of a junction

formed between a 3D metal and a 2D semiconductor.

9



10 Chapter 2. Fundamental theoretical concepts

2.1 Quantum Point Contacts

After the discovery that resistance is quantized in magnetic fields (Quantum Hall

Effect) [1], in 1988 it was found that it also gets quantized in zero magnetic

field, only by reducing the size of the system under study [2, 3]. The experiment

studied Quantum Point Contacts which are one dimensional constrictions (1D),

where the transport of electrons is constricted in two dimensions (constrictions

comparable with the electron’s mean free path) and free to move in only one

direction. The devices were made on a AlGaAs-GaAs heterostructure which has

embedded a 2 dimensional electron gas. The second size constriction is obtained

using electrostatic gates on the top of the heterostructure, which, when negatively

biased with respect to the 2DEG below, force the electrons to flow through a

narrow constriction.

The potential felt by electrons is in a first approximation a saddle potential

[4, 5]. Assuming a parabolic confinement in the x-direction 1/2m∗ω2
0x

2 (y is the

direction parallel with the current flow and x is the one perpendicular on it), the

energy dispersion is given by:

En(ky) =
h2k2

y

2m∗
+ En (2.1)

where En is given by:

En = (n − 1

2
)�ω0 + eV0 (2.2)

where V0 is the bottom of the constriction and the �ω0 is the quantization

energy, n labels the subbands, ky is the wave vector in the y direction.

2.1.1 Conductance quantization in Quantum Point Con-

tacts

In order to observe the effects of the discussion from the previous section on the

resistance, we will calculate the current in 1D systems, which will flow when a

voltage Vsd is applied across the source and drain reservoirs. Let µl and µr be

the chemical potentials of the source and drain, respectively, the eVsd = µl − µr

and the current will follow as:

I =

Nc∑
n=1

∫ ∞

0

1

2
eNn(E)vn(E)[f(E, µl) − f(E, µr)Tn(E)dE (2.3)
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Figure 2.1: Quantized Conductance in Quantum Point Contacts: a) typical cross

section in a QPC illustrating the electrostatics of the device; b) simulated potential

for the structure in a); quantization of conductance at T=1.6K

where Nc is the total number of modes propagating trough the constriction

(will be defined in the later stage), Nn(E) = 1
2π [dEn(ky)/dky]−1 is the 1D density

of states, f(E, µl,r) is Fermi-Dirac distribution, Tn(E) is the transmission prob-

ability trough the QPC and vn(E) = 1
�
[dEn(ky)/dky ] is the group velocity. One

can see from the above formulas that the product of density of states and group

velocity in a 1D system is a constant, which gives the current as:

I =

Nc∑
n=1

∫ ∞

0

2e

h
[f(E, µl) − f(E, µr)Tn(E)dE (2.4)

Considering that the transport is in linear regime (very low eVsd), the differ-

ence in the Fermi-Dirac distributions is given to a first order by:

f(E, µl) − f(E, µr) ≈ −eVsd
∂f(E, µ)

∂E
(2.5)

Considering for simplicity the case of zero temperature, equation 2.5 is reduced

to:

I =

Nc∑
n=1

2e2Vsd

h
Tn(EF ) (2.6)
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The same formula is also obtained in a more general case, where expressions

for the Tn(E) can be found, taking into account equations 2.1 and 2.2.

The conductance now reads as:

G =

Nc∑
n=1

2e2

h
Tn(EF ) (2.7)

Considering now that there is no scattering (possible causes to scattering,

visible in the experimental data are resonances, which are reflections of electron

waves back and forth in the qpc), the formula for conductance reduces to:

G =
2e2

h
Nc, Nc = integer

[
EF − eV0

�ω0
+

1

2

]
(2.8)

The experimental results are shown in fig.1. By increasing the negative voltage

on the gates, the bottom of the constriction is pulled up and all the bands are

passing trough the Fermi level, contributing with one spin degenerate channel to

transport.

2.1.2 Transport properties of QPCs in electric and mag-

netic fields

Main characteristics of quantization of conductance in 1D systems can be very

well described using the formalism discussed in the previous section, which is in

essence a single particle (no interactions between electrons) and small applied

voltage (linear transport regime). However, additional information can be ob-

tained studying the nonlinear conductance obtained by applied large bias across

the QPC [6]. In the same time, the study of the influence of magnetic field on the

transport properties of QPCs has important consequences, since this is the regime

where point contacts will be used to inject and detect spin polarized signals.

• QPC in electric fields

For a gated QPC on top a 2DEG, typical subband spacings are in the range

of several millivolts. Biasing the constriction at voltages larger than these

values will induce nonlinear effects. One way of viewing nonlinear transport

in QPCs is a two dimensional plot of the transconductance (the derivative

of the conductance with respect of VG) as a function of bias voltage (eVsd)

and gate voltage (VG). In this type of plot, the plateaus have value zero

and transitions between plateaus are represented by peaks in intensity. One

such plot is shown in figure 2.1.2.
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Figure 2.2: Nonlinear transconductance color plot of a QPC in zero magnetic

field. The color scale is white for low and black for high values. The schematics

on the right shows the alignment of the energy levels.

The cartoon on the right side of figure 2.1.2 shows the positions of energy

levels. If one takes the transconductance at Vsd = 0, the small bias conduc-

tance (as in figure 2.1) will be found. The plot is made out of diamonds,

where the center of each diamonds represent a quantized plateaux, where

µl and µr both lie between the same two energy bands. The regions imme-

diately outside the central diamonds are the half-plateaus, where a single

energy band lies between µl and µr. Note that the point marked (f) in the

schematics represents a direct experimental measure of subband spacing be-

tween consecutive levels. This is the main results for which this type of plot

is useful: experimental derivation of subband spacing energy.

A particular note should be made here. It is obvious from the experimental

data that there is an extra feature (half of a diamond) which originates

from the tip of the first diamond (starting from pinch-off region). This is

the nonlinear behavior of the so called ’0.7 structure’ [7], which peaks have

a rounded shape. More details about this particular feature of QPCs (which

has no obvious explanation within a single particle picture) will be given in

section 3 of this chapter.

• QPC in magnetic fields

The main contribution of a magnetic field on the transport properties of a

QPC is that will induce a splitting of the degenerate subband in two: one
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for spin up and the other one for spin down. The typical energies associ-

ated with the Zeeman splitting (∆E = gµBB) are smaller than those for

subband spacing, in the order of several hundreds of microvolts. However,

their effects can be seen on the conductance trace as function of magnetic

field (especially at high fields). To be mentioned that the magnetic field

considered here is applied parallel with the plane containing the 2DEG and

therefore is not inducing no orbital component in electron trajectories. The

effect of magnetic field on the conductance in a QPC can be seen in figure

3, where the traces for no magnetic field and high magnetic field (8 Tesla)

are shown. Characteristic is the appearance of a new plateaux, at e2

h , which

a sign of transport of single spins. For very low temperatures, it is possible

to see up to 10 or even more spin resolved plateaus. The presence of spin

polarized current (if one fixes the transmission through a QPC on this spin

resolved plateaux), makes QPCs in magnetic fields attractive sources and

detectors for spintronics devices operating at low temperatures. Another ap-

plication is that from a family curves g(Vsd) at different magnetic fields, one

can extract g factors of 1D systems, which can be useful in understanding

interaction effects in QPCs.

Figure 2.3: Quantization of conductance in zero and high magnetic field. The inset

shows the measured QPC and the direction of the magnetic field, perpendicular on

the current direction. The arrows represent the direction of spin during transport,

corresponding to each plateaux.

Interesting information can be obtained from nonlinear transconductance

measurements in magnetic fields. Two such plots, one in zero magnetic field

and one measured at 8 Tesla, are shown in figure 4. The main difference
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between the two plots is that the transconductance lines split in two since

every spin-degenerate band is split in two in the presence of magnetic fields.

This leads to the appearance of additional diamonds. These diamonds are

useful because they can offer once again experimental information about the

Zeeman energy and hence about the g-factor. The matter is not at all trivial

since, even though there are up to three different methods of extracting g-

factors (more details in the later part of this chapter), previous experimental

works show that each of them yield different values which makes the problem

of extracting g-factors complicated.

Figure 2.4: Examples of di/dv spectroscopy in zero and high magnetic field. The

color scale is white for low and black for high values.

2.2 Quantum Dots

Quantum Dots (QDs) are small puddles of electrons, which are confined electro-

statically in the same way as for Quantum Point Contacts. The electrons are

connected to the reservoirs via two QPCs, and their shape is controlled by addi-

tional gates. One typical example of fabricated Quantum Dot is shown in figure

2.2.1. The typical physical dimensions of a QD are in between the Fermi wave-

length of an electron and coherence length (λF < L < Lφ). QDs can be considered

to be zero dimensional systems, since the electrons are constricted from all three

space directions [8]. Due to this feature, they triggered the research aiming at

fabricated artificial atoms on electronic chips (the discrete nature of the electrons

energies resembles the one in atoms). Some further applications, for single elec-
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tron QDs, are in the field of quantum computation, where the spin of an single

electron is the qubit. At the other end, there are QDs with a large number of

electrons (open dots), where statistical fluctuations of the interference of electron

waves are of importance. In this case, is important to have additional gates (as

in figure 2.2.1) controlling the electrostatic potential, to induce measurements in

a number of different configurations without changing the coupling to the reser-

voirs. The distinction between an open dot and a closed dot is given in terms of

the resistance of the barriers connecting the dot to the reservoirs: Rbarrier
opendot < 2e2

h

and Rbarrier
closeddot < 2e2

h . In this thesis we worked with open QDs.

2.2.1 Open Quantum Dots and Universal Conductance Fluc-

tuations

Transport in open QDs is characterized by weak coupling of the barriers to the

reservoirs and the electrons are entering and exit the dot almost in an classical

way, without tunneling. The transport in these dots is characterized by fluctu-

ations which can be understood as the interference of phase-coherent electrons

traversing the dot via a number of interfering paths [9, 10]. The electrons are

not considered as pure waves, but point particles with phase. The conductance

through the dot is determined by the relative probability of an electron which

enters the dot from the source QPC exiting into the drain versus returning to the

source QPC where it started. These probabilities, in turn, depend on the con-

structive of destructive interference of all possible trajectories which either make

it through the dot or return to the entrance. Any change in the dot system which

affects the accumulation of the trajectory phase, such as changing the shape with

a gate voltage or changing a perpendicular magnetic field, will alter the interfer-

ence pattern, resulting in random but repeatable conductance fluctuations as a a

function of the external parameter. Typical example is shown in figure 2.2.1

These fluctuations are known as Universal Conductance Fluctuations (UCF)

because the exhibit universal statistical properties. One such property is that the

magnitude of UCF is always of order 2e2

h regardless of the average conductance

through the device. This universality is obtained only of dots of irregular shapes

(condition easily achieved in practical dot due to imperfections), that is the tra-

jectories must filled evenly the phase space. Additional to the UCF there are other

corrections of the resistance of QDs like weak localization or anti-localization, due

to particular ways of interfering of electrons combined with spin-orbit interactions.
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Figure 2.5: A typical design of a quantum dot made in our group. The right plot

shows UCFs in magnetic field perpendicular on the 2DEG’s plane. One can easily

notice the symmetry around zero magnetic field.

2.2.2 Landauer-Büttiker formalism

Transport in quantum ballistic regime is well described by the Landauer-Büttiker

formalism which relates currents and voltages to transmission probabilities [4,11].

For a QPC we already saw that the conductance is related to the sum of the

transmission probabilities of the various subbands. A QPC can be described as a

system consisting of two leads, the source and drain reservoirs, and a scattering

region in between connected by several subbands. The fact that the conductance

is simply proportional to the sum of the transmission probabilities of the various

subbands is a results of the absence of subband mixing in this system.

The Landauer-Büttiker formula for the current Im in the lead m is given by

Im =
2e2

h

∑
n,n �=m

Tmn(Vm − Vn) (2.9)

where Tmn is the total transmission probability (summed over the subbands)

that electrons in one of the subbands of lead n will scatter into one of the subbands

of lead m, the sum is over all the leads n except lead m. As a result of the current

conservation one of the set equations {Im} is redundant. Furthermore, since only

differences in applied voltages matter, one of the voltages Vm can be chosen as

reference point and set to zero. The transmission probabilities are subject to

constraint-relations

Rm +
∑

n,n �=m

Tnm = Nm (2.10)

where Rm is the contact reflection probability of lead m and Nm is the total

number of modes in lead m. For a potential difference Vpq between leads p and
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q as a result of current Imn between leads m and n, the four-probe resistance is

defined by

Rmn,pq =
Vpq

Imn
(2.11)

2.2.3 Effects of an additional voltage probe on the trans-

port properties of Quantum Dots

A basic notion in mesoscopic physics is that the measurement of a voltage at some

point in the sample is an invasive act, which may destroy the phase coherence

throughout the whole sample (see figure 2.2.3). Büttiker introduced a simple

but realistic model for a voltage probe [12, 13], and used it to investigate the

transition from coherent to sequential tunneling through a double-barrier junction,

induced by the coupling to a voltage lead of the region between the barriers. The

mechanism by which the measurement of a voltage destroys phase coherence is

that electrons which enter the voltage lead are reinjected into the system without

any phase relationship (since the current flowing through a voltage probe ought

to be zero). Büttikers model has been applied successfully to a variety of physical

situations, including diffusive transport in a disordered wire, ballistic transport

through quantum point contacts, and edge-channel transport in the quantum Hall

effect. In order to analyze their experimental data, Marcus et al. [10] proposed to

use Büttikers model to describe inelastic processes in ballistic and chaotic cavities

(quantum dots). More detailed discussion, including the related mathematical

description can be found in Brouwer. The above is relevant for the present thesis

since voltage probes attached to quantum dots (as can be seen in chapter 8) are

useful ways of detecting non-locally spin signals. However, from the point of

view of electrical charge (and spin) they are strong sources of decoherence in the

system.

2.3 Interaction effects in Quantum Point Con-

tacts

So far the discussion on transport properties of Quantum Point Contacts was done

within a single particle picture, that is no electron-electron interactions were con-

sidered. There are however strong indications, both theoretical and experimental,

that this description is not enough. For 1D systems, the strongest experimental

fact which eludes an explication based on single particle arguments is the so-called
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Figure 2.6: A cartoon which represents a quantum dot with an extra voltage

probe attached to it. The direction of currents are also shown, with the mention

that IΦ = 0.

0.7 structure, an additional plateaux of conductance of 0.7x2e2

h appearing in no

magnetic field, feature visible even in the earliest measurements of conductance

quantization [2]. Later, it was established a clear link between this feature and

spin [7]. It is worth mentioning that even today there is still heated debate over

the origin of this additional plateaux. The parameter which decides in what pic-

ture the transport properties can be described is given by the ratio between the

kinetic energy of electrons and the exchange interaction. In the limit of high

density the kinetic energy dominates and the transport can be considered as in a

single particle description. However, lowering the electron density, decreases ki-

netic energy and exchange energy has a stronger effect. This leads to interesting

new effects, like Wigner crystals, transition metal to insulator, just to name a

few. In 1D systems, this situation will lead to an apparent increase of the value

of the g-factor. In the following will be briefly introduced two main experimental

results (for the case of Quantum Point Contacts) which have roots in many-body

effects: g-factor enhancement and the 0.7 structure.

2.3.1 g-factor enhancement

The Lande g-factor, describing lifting of spin degeneracy in the presence of a

magnetic field B as ∆Espin = gµBB, where ∆Espin is the spin gap and µB the

Bohr magnetron, is strongly affected by electron interactions. For the material

studied in this thesis, heterostructures based on AlGaAs and GaAs, the bulk

value is -0.44. Changing the dimensionality of the system from 3D to 2D will

already affect the values of the g-factor (up to 0.2) as a function of the thickness
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of the Quantum Well thickness or gate controlled penetration of the electrons

wave function into AlGaAs. Jumping now to zero dimensional systems (0D), we

find also deviations in the measured values from the bulk, and even non-linear

dependencies as a function of the magnetic field. One of the most interesting cases

is 1D systems, where the enhancement of the g-factor is the most obvious, up to

values of 10 in Quantum Hall systems and between 1 and 2 in QPCs in magnetic

field parallel with the 2DEG.

Figure 2.7: Cartoon explaining the spin resolved subbands in the case when there

is no exchange interaction present (left) and when it is (right).

The explanation of this enhancement is described in figure 2.3.1. In the left

panel is shown the case with no enhancement and in the right is shown the case

where this is present. Concentrating on the right panel, this is the situation where

the QPC is brought from pinch-off region toward the conducting. At one moment

the Fermi energy will be above the first spin resolved subband, the current is

spin polarized. Since the electrons are fermions, the total wavefunction of the

system has to be anti-symmetric. However, the wavefunction has orbital and

spin parts, and in this particular situation the spin part is symmetrical (since

all the spins are oriented in one direction). Therefore, the orbital part has to

be anti-symmetric, which induces more space between the electrons (and hence

less Coulomb interactions) and this state becomes the ground state, leading to a

lowering of the band and an increase in Zeeman energy. Now, in the situation

of Fermi energy about two spin degenerate band (up and down) the situation is

changed and this enhancement disappears. It will appear again for the second
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single spin subband. It has oscillatory dependence on change in the position of

the Fermi energy, fact confirmed by experiment (in 1D systems in Quantum Hall

regime).

2.3.2 ”0.7 structure”

The second important effect of an interacting Fermi liquid picture for describ-

ing the transport properties of a QPC is 0.7 structure. This is a shoulder which

appears at 0.7x2e2

h on the low density part of the first plateaux. Historically

present in the first measurement of conductance quantization [2], it was in 1996

clearly related with the spin related transport [7]. This is clearly seen in figure

2.3.2a), where this feature is evolving into spin plateaux when the magnetic field

applied parallel with the 2DEG’s plane is increased. This hints on a possible

spin dependent origin, spontaneous spin polarization, caused by electron-electron

interaction. However, this seems to contradicts an existing theorem (Lieb-Mattis)

which forbids the existence of spin polarized ground state in 1D systems. Temper-

ature dependence of the 0.7 structure reveals (in figure 8b) that it gets improved

as the temperature increased, therefore suggesting the fact that it is not a ground

state feature. There are several theoretical models which show spontaneous spin

polarization as a result of exchange interaction but there is not yet a strictly mi-

croscopic which shows the 0.7 structure deduced directly from electron-electron

interactions.

The second explanation is based on the Kondo physics where the spin degree

of freedom is split dynamically by a Coulomb charging energy, but there is no

static ferromagnetic polarization. An important distinction between the Kondo

effect for quantum dots or magnetic impurities in metals and the present situation

is the the QPC is an open system with no obvious localized state.

2.4 Spin transport in ballistic and diffusive sys-

tems

This section will introduce the reader to basic mathematical formalism in treating

spin polarized transport across the interface of a ferromagnetic metal and a semi-

conductor [16]. The formalism is by no means restricted to this particular case

and applies to any hybrid system. The main assumption is that the electron spin

lifetime is larger than momentum relaxation time. Under this assumption, the

two species of spin can be treated as two different populations, weakly interacting

and to each of then can be assign an independent chemical potential.
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Figure 2.8: Main features of the ”0.7 structure” (reproduced after [6]). The

left plot shows the enhancement of the 0.7 2e2

h by increasing the temperature. The

right plot shows the behavior in magnetic field, and clearly indicated the evolution

of the structure into a spin resolved plateaux.

The Ohm’s law for spin up and down reads as:

j↑,↓ = −σ↑,↓/e
∂µ↑,↓

∂x
(2.12)

where σ↑,↓ are the conductivities for each spin species. The two conductivities

are related to the densities of states at the Fermi level N↑,↓(EF ) and the diffusion

constants D↑,↓ via the Einstein’s relation:

σ↑,↓ = N↑,↓(EF )e2D↑,↓ (2.13)

The difussion constants depend on the Fermi velocities and mean free paths:

D↑,↓ = 1/3vF
↑,↓l↑,↓ with vF

↑,↓ spin dependent velocities at the Fermi level, l↑,↓ are

electron mean free path and 1/3 takes care of the dimensionality of the system.

Besides the above equations one has to include continuity equations for each

spin species. They have to take into account that losing spin up, spins down are

gain. This is accomplished by:

1

e
∇j↑ = − n↑

τ↑↓
+

n↓

τ↓↑
(2.14)

1

e
∇j↓ = +

n↑

τ↑↓
− n↓

τ↓↑
(2.15)

where n↑ and n↓ being the particle densities for each spin. Using the equilib-

rium equation N↑(EF )/τ↑↓ = N↓(EF )/τ↓↑, the continuity equation follows as:
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1

e
∇j↑ = −1

e
∇j↓ =

µ↑ − µ↓

N(EF )τsf
(2.16)

where N(EF ) = N↑(EF ) + N↓(EF ) and τsf is the spin flip time: τ−1
sf =

τ−1
↑↓ + τ−1

↓↑ . Now, for the last step, the continuity equation and the Ohm’s law are

combined together to give the diffusion equation for spin transport:

∂2µ↑ − µ↓

∂x2
=

1

Dτsf
(µ↑ − µ↓) (2.17)

Here D is the spin averaged diffusion constant, determined by 1
N(EF )D =

1
N↑(EF )D↑

+ 1
N↓(EF )D↓

. The diffusion contstant and the spin flip time can be

grouped together to give the spin flip length λsf = (Dτsf )1/2

2.5 Current-voltage properties of a junction formed

between a 3D metal and a 2D semiconductor

In order to overcome the conductivity mismatch problem, a tunnel barrier is nec-

essary at the interface between a metal ferromagnetic and the semiconductor. The

reason is that the density of states on both sides of the barrier should be the same,

therefore increasing the number of spin polarized carriers in the semiconductor.

This was tested experimentally in systems where spin polarized current was in-

jected electrically and spin accumulation was detected optically. In this thesis we

tried a more unconventional way of connecting a ferromagnet metal to a 2DEG

through side contact (details in chapter 4). However, much less is known about

the current-voltage characteristics in this type of junctions [17]. The purpose of

this section is to give a brief introduction into the differences between a Schottky

contact for a 3D-2D (2DEG) junction as compared to a standard 3D-3D Schottky

diode.

The basic transport properties at a metal-semiconductor interface are thermo-

ionic emission (the transport of electrons over the build-in potential) and field

emission (tunneling of electrons through a very thin Schottky barrier). We will

focus mainly on the first transport mechanism. The standard Schottky formula

for I-V characteristic is (for current density):

J3D = A∗
3DT 2exp[−qΦBn

kBT
]exp[

qV

nkBT
− 1] (2.18)

where A∗
3D is the tridimensional Richardson constant, T is the temperature,

ΦBn is the build-in potential, kB is the Boltzmann constant, n is the ideality
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factor and V is the applied voltage. In the appendix is calculated the current

density for a contact 3D to a 2DEG and it reads as:

J2D = A∗
2DT 3/2exp[−qΦBn

kBT
]exp[− E0

kBT
]exp[

qV

nkBT
− 1] (2.19)

The main difference is in the appearance of a new exponential which has the

effect of increasing the build-in potential by the E0 which is the energy of the first

quantized level in a 2DEG.

Figure 2.9: The basics of a 3D metal - 2DEG heterostructure contact. Top plot

shows a physical representation of the junction and the bottom plot is showing the

band structure. The semiconductor is a degenerate semiconductor, where EFS

represents a band at an energy level given by the first quantized band in a 2DEG.
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