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Chapter 2

Spin injection concepts

2.1 Spin injection due to charge current

2.1.1 Electrical properties of ferromagnetic metals
In contrast to paramagnetic materials, where the electron spins interact
only with an external magnetic field, the spins in ferromagnetic materials
interact strongly with each other, each of them trying to align the others in
its own direction. Even in the absence of an applied field this effect, called
exchange interaction, creates a certain degree of order which is the cause
of a non-zero average magnetic moment in zero field, the main difference
between paramagnetism and ferromagnetism. The collective ordering of the
electron spins creates a macroscopic magnetic moment, i.e. magnetization.
The Stoner model assumes that the density of states (DOS) for the majority
(those antiparallel to the local magnetization) and minority electrons is
often nearly identical, but the states are shifted in energy with respect to
each other by the exchange energy. This implies that the DOS at the Fermi
energy becomes different for the two spin sub-bands, as it is shown in Fig.
2.1. The electrons at the Fermi energy are those responsible for electric
transport; in metallic ferromagnets, such as the transition metals, Ni, Fe,
Co, the conducting electrons are spin polarized, and a charge current is
accompanied by a current of spins.

The electrical transport in metallic ferromagnets, assuming weak spin-
flip scattering processes can be described by a two-channel resistor model,
according to which currents of two spin populations flow in parallel. As a
result, the total current can be expressed as two parallel electron currents,
which are in turn limited by resistors in series that represent bulk scattering.
Given this, in ferromagnets the conductivities for the spin-up (↑) and down
(↓) channels are different, σ↑,↓ = e2N↑,↓D↑,↓ (Einstein relation) [1]. Here N↑,↓
is the spin dependent DOS at the Fermi energy, D↑,↓ the spin dependent
diffusion constant. Throughout this thesis our notation is ↑ for the majority
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12 Chapter 2. Spin injection concepts

spin direction and ↓ for the minority spin direction. The current flowing in
a bulk ferromagnet is spin polarized, with polarization defined as

αF ≡ j↑ − j↓
j↑ + j↓

=
σ↑ − σ↓
σ↑ + σ↓

(2.1)

where j↑↓ are the spin-up and spin-down current densities. In transition
metal ferromagnets the magnitude of αF is in the range of 0.3 to 0.7.

Figure 2.1: Calculated densities of states of copper, cobalt and iron. Dashed
line denotes the position of the Fermi level [2].

2.1.2 The basics of spin transport
The electron transport through a diffusive channel is a result of a differ-
ence in the electrochemical potential of two connected electron reservoirs
[3]. The electrochemical potential µch is by definition the energy needed to
add one electron to the system, usually set to zero at the Fermi energy (this
convention is adapted throughout this text), and accounts for the kinetic
energy of the electrons. In the linear response regime (|eV | < kT ), the elec-
trochemical potential equals the excess electron particle density n divided
by the density of states at the Fermi energy, µch = n/N(EF ). In addition
an electron may also have a potential energy, e.g. due to the presence of an
electric field E. The additional potential energy for a reservoir at potential
V should be added to µch in order to obtain the electrochemical potential
µ = µch − eV , where e denotes the absolute value of the electron charge.

The theory of spin transport is focused on the diffusive transport regime,
which applies when the electron mean free path (le) is shorter than the
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device dimensions. In this limit the physics can be described by Boltzmann
or diffusion equations. Valet and Fert [4] have analyzed the GMR effect in
magnetic multilayers using a spin polarized linear Boltzmann equation to
derive a diffusion equation including spin-flip scattering. For vanishing spin-
flip scattering it reduces to the two-current model (spin-up and spin-down)
pioneered by Mott [5]. This idea was followed by Fert and Campbell to
describe the transport properties of Ni, Fe and Co based alloys [6]. Van Son
et al. [7] have extended the model to describe transport through transparent
ferromagnetic metal-nonmagnetic metal interfaces. An alternative model,
based on thermodynamic considerations, has been put forward and applied
by Johnson and Silsbee [8].

In the following we discuss spin transport in a diffusive normal (param-
agnetic) metal in the linear response regime using the two-current model.
Assuming the spin life time is much longer than the momentum relaxation
time, the two spin species can be treated as separate, weakly connected, en-
sembles with their own electrochemical potentials assigned to them. Ohm’s
law applies for both spin species separately

j↑ =
σ↑
e

∂µ↑
∂x

; j↓ =
σ↓
e

∂µ↓
∂x

(2.2)

The next step is the introduction of spin-flip processes, described by a spin-
flip time τ↑↓ for the average time to flip an spin-up to a spin-down and τ↓↑
for the reverse process. Particle conservation requires:

1

e
∇j↑ = − n↑

τ↑↓
+

n↓
τ↓↑

;
1

e
∇j↓ = +

n↑
τ↑↓

− n↓
τ↓↑

(2.3)

with n↑ and n↓ being the excess particle densities for each spin. Detailed
balance imposes that N↑/τ↑↓ = N↓/τ↓↑, so that in equilibrium no net spin
scattering takes place. As pointed out already, usually these spin-flip times
are larger than the momentum scattering time τe = le/vF . The transport
can then be described in terms of the parallel diffusion of the two spin
species, where the densities are controlled by spin-flip processes. It should
be noted, however, that in particular in ferromagnets (e.g. permalloy [9–
11]) the spin-flip times may become comparable to the momentum scattering
time. Combining the above equations and using the Einstein relation the
effect of the spin-flip processes can be described by the following diffusion
equation (assuming diffusion in one dimension only):

D
∂2(µ↑ − µ↓)

∂x2
=

(µ↑ − µ↓)
τsf

, (2.4)

where D = D↑D↓(N↑ + N↓)/(N↑D↑ + N↓D↓) is the spin averaged diffusion
constant, and the spin relaxation time τsf is given by: 1/τsf = 1/τ↑↓+1/τ↓↑.
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Note that τsf represents the timescale over which the non-equilibrium spin
accumulation (µ↑ − µ↓) decays and therefore is equal to the spin lattice
relaxation time T1 used in the Bloch equations: τsf = T1 = T2 [12]. Using
the requirement of (charge) current conservation, the general solution of Eq.
2.4 for a ferromagnetic or nonmagnetic wire is now given by:

µ↑ = A + Bx +
C

σ↑
exp(−x/λsf ) +

D

σ↑
exp(x/λsf ) (2.5)

µ↓ = A + Bx− C

σ↓
exp(−x/λsf )− D

σ↓
exp(x/λsf ) , (2.6)

where we have introduced the spin relaxation length λsf =
√

Dτsf . The
coefficients A,B,C, and D are determined by the boundary conditions im-
posed at the junctions where the wires are coupled to other wires. In the
absence of interface resistances and spin-flip scattering at the interfaces,
the boundary conditions are: 1) continuity of µ↑, µ↓ at the interface, and 2)
conservation of spin-up and spin-down currents j↑, j↓ across the interface.
The non-equilibrium spin accumulation can relax due to spin-flip scattering
by spin-orbit interaction and magnetic impurities. In metals the spin relax-
ation is described by the so called Elliott-Yafet mechanism [13, 14]. In this
mechanism the electron spin relaxation is explained in terms of spin-orbit
coupling in combination with momentum scattering by impurities (at low
T) and phonons (at high T).

2.1.3 The ferromagnet/normal-metal interface

In order to transfer the magnetization from a ferromagnet (F) into a normal-
metal (N), a charge current is passed through the F/N interface. As dis-
cussed above, the conductivities for the two spin species are different in
ferromagnets and the channel with the highest conductance carries more
current than the other. On the other side, in the non-magnetic metal, the
conductivities are equal. Therefore at the interface between the two metals,
a conversion of the excess spins occurs, resulting in a spin accumulation
(µ↑ − µ↓) that decays into both metals over the spatial distances λN (spin-
flip diffusion length in normal-metal) and λF (spin-flip diffusion length in
ferromagnet), see Fig. 2.2. The interface plays a central role because it
contributes with extra resistance (spin dependent or independent) to the
total channel resistance.

The transparent F/N interface. Since the discovery of GMR, the
electron charge and spin transport properties across the transparent F/N
interface have attracted considerable attention. By solving the diffusion
equation with the appropriate boundary conditions, one finds that the po-
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larization of the current across the interface is given by

α =
j↑ − j↓
j↑ + j↓

= αF
1

1 + (1− α2
F )σF λN

σNλF

(2.7)

where σN and σF are the conductivities of N and F. Note that the amount
of spin current injected through the F/N interface is different than the
bulk polarization (αF ) of F. The position dependence of the electrochemical
potentials is drawn in Fig. 2.2. Although µ↑ and µ↓ are continuous at
the interface, µ0 = αµ↑ + (1 − α)µ↓ is not (µ0 is defined as the value
that electrochemical potential would have without a nonequilibrium current
distribution). Thus, the current conversion process in N and F gives rise to
an additional voltage drop (∆µ). The spin-coupled interface resistance is
then given by [15]

Rs =
∆µ

ej
= α2

F

λNσ−1
N

1 + (1− α2
F )σF λN

σNλF

. (2.8)

The above equations show that the magnitude of the polarization of the cur-
rent and the spin-coupled resistance is essentially limited by ratio of σ−1

N λN

and σ−1
F λF . Since the condition λF ¿ λN holds in almost all cases for metal-

lic systems, this implies that the spin diffusion length in F is the limiting
factor to obtain a large polarization. This problem becomes progressively
worse, when (high conductivity) metallic ferromagnets are used to inject
spin polarized electrons into (low conductivity) semiconductors and has be-
come known as “conductivity mismatch” [16, 17]. Another way to look at
it is that the ferromagnetic metal behaves as a very effective spin reservoir
because once the electron is diffused (back) into the ferromagnetic metal its
spin is flipped very fast. The proximity of the ferromagnetic metal disturbs
therefore a non-equilibrium spin population present inside the nonmagnetic
metal. The transparent contact is nevertheless the injection method pur-
sued by Johnson and Silsbee (1985) in their seminal experiment, obtaining
spin signals in the pV range, and by Jedema et al. (2001), with µV signals.

The tunnel barrier F/I/N interface. A way to increase the effi-
ciency of spin injection is to introduce a spin dependent interface with a
resistance much higher than the spin independent resistance [17, 18]. Ex-
perimentally this is done by inserting a thin insulating layer between F and
N, creating a tunnel barrier for the electrons. Also, the high spin dependent
resistance causes the electrons, once injected, to have a negligible probability
to lose their spin information by returning back into the ferromagnet. The
tunneling spin polarization for a F/I/N tunnel barrier junction is defined as

P ≡ g↑ − g↓

g↑ + g↓
(2.9)
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Figure 2.2: Spatial variation of the electrochemical potentials for spin-up
and spin-down electrons with a current flowing through an F/N interface.
The dashed lines represent µ0 (see text). The spin diffusion lengths λN , λF

characterize the decay of spin accumulation ∆µ away from the interface into
N and F regions [15]. The figure corresponds to λN = 5λF .

where g↑(g↓) is spin-up (spin-down) conductance.
In tunneling regime the technological interest is monopolized by F/I/F

magnetic tunnel junction (MTJ) structure. In this system the two ferro-
magnetic electrodes are separated by a thin insulating layer, and the resis-
tance depends on the relative orientation of the electrodes’ magnetization,
i.e. tunneling magnetoresistance (TMR). Julliere (1975) [19] formulated a
model for the change of conductance G (1/resistance) between the parallel
(↑↑) and antiparallel (↑↓) magnetization in the two F electrodes.

TMR ≡ G↑↑ −G↑↓
G↑↓

=
2P1P2

1− P1P2

(2.10)

where the polarization P = (N↑ − N↓)/(N↑ + N↓) is expressed in terms
of spin DOS [20]. The discovery of large room-temperature TMR [21] has
increased interest in the study of MTJs, with focus on magnetic random-
access memory devices [22].

2.1.4 Bloch equations

The spin accumulation in N can be manipulated in two ways. First, via
the magnetization direction of the F electrodes, source and detector. Sec-
ond, with a transverse applied magnetic field which causes precession of the
spin accumulation around the field direction, i.e. the Hanle effect. When
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the ferromagnets’ magnetization vectors and spin accumulations are non-
collinear (neither parallel nor antiparallel) to each other, the two-current
model cannot be used anymore. The concept of up and down spin states
must be replaced by a representation in terms of σ̂x, σ̂y and σ̂z operators
[23]. The spin dependent chemical potentials (µ↑, µ↓) are replaced by a spin
dependent chemical potential in the three orthogonal directions (µx, µy, µz).

In the presence of the transverse applied field (in the z-direction) and
assuming 1-dimensional diffusion along the x-direction, the response of the
spin accumulation can be described by the Bloch equations

∂µx

dt
= γBµy − µx

τsf

+ D
∂2µx

∂x2
, (2.11)

∂µy

dt
= −γBµx − µy

τsf

+ D
∂2µy

∂x2
, (2.12)

∂µz

dt
= − µz

τsf

+ D
∂2µz

∂x2
. (2.13)

where γ = gµb/~ is gyromagnetic ratio, g is the Lande factor and µb =
e~/2me is the Bohr magneton.
In a metal, and in zero field, there is no distinction between the longitudinal
(spin lattice) relaxation time T1 and the transverse (dephasing) relaxation
time T2, thus we will consider them equal. This set of equations can also
be used in the case of ac spin injection experiment (chapter 7), to describe
the dynamics of the spin accumulation into N.

2.2 Spin injection due to magnetization pre-
cession

So far the discussion has focused on stationary magnetic states (dc regime).
In the following we concentrate on spin currents induced by magnetization
precession, the so-called spin pumping effect. Moreover, to link this with
the stationary case we first discuss the spin transfer torque effect.

2.2.1 Spin transfer torque effect
Slonczewski [24] and Berger [25] predicted that angular momentum is trans-
ferred from spin polarized currents to the magnetization of the ferromag-
nets when charge currents are sent trough F1/N/F2 spin valves with non-
collinear magnetizations. This can excite and even switch the magnetization
direction of the F2 (here, F2 was assumed to be the softer ferromagnet), see
Fig. 2.3. Experiments with pillar-type structures [26–29] confirmed these
predictions.
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Spin transfer induced magnetization dynamics is a consequence of the
spin transport at the N/F interface. The basic process is described in a
picture, where an electron is arriving from N with spin-up state |↑〉 at the
N/F interface. This is basically a scattering problem, where the spin com-
ponents of the incoming electron can be reflected back into N, or can be
transmitted into F. We assume that the F is halfmetallic (i.e. the interface
is transparent only to the majority spins) and has a magnetization direction
in the x-positive axis. This means that at the Fermi energy there are only
spin states available in the positive x-direction. In the coordinate system
of the ferromagnetic magnetization the incoming spin-up electron is not a
eigen state but a linear combination of right |→〉 and left |←〉 polarized spin
states. Since no |←〉 states exist in F, this component cannot enter and is
reflected. On the other hand the |→〉 component continues into the F. Con-
sequently, both of the outgoing spin states (transmitted and reflected) lie
along the x axis, while the incoming spin state is perpendicular to the mag-
netization. Due to conservation law of angular momentum results that the
spin component perpendicular to the magnetization must be absorbed by
the F. Thus an angular momentum is transferred to F. Therefore a torque
(T) acts on the F which tends to rotate the magnetization direction as
shown in Fig. 2.3.

Figure 2.3: Schematic of spin transfer torque exerted by a spin current.
The spin angular momentum is absorbed by the ferromagnet, generating an
effective torque on the magnetization [30].

Some additional points need to be considered in the case of transition
metal ferromagnets like Ni, Fe, Co, which are not fully polarized. As dis-
cussed above the electron transport in these metals is diffusive and both
spin channels conduct. Since minority electrons from N can now enter F, a
transverse spin can penetrate F in principle. However, because of the ferro-
magnetic exchange interaction, the energy of the spin components parallel
and antiparallel to the magnetization M will be different. The correspond-
ing precessional motion of the spin direction around the direction of M
depends on wave vectors (k↑F , k↓F ), which leads to destructive interference of
the spin components perpendicular to M. The distance at which the trans-
verse component of the spin current disappears is called the ferromagnetic
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coherence length, π/|k↑F − k↓F | [30]. In transition metals is usually a few Å,
much smaller than mean free path or spin diffusion length.

A general description of spin transport in N/F hybrid systems within
the framework of magnetoelectronic circuit theory was given by Brataas
et al. [31, 32]. To describe the interaction of the electrons spin with the
magnetization at the N/F interface, a “spin mixing” conductance g↑↓ was
introduced, which can be expressed in terms of the spin dependent reflec-
tion coefficients at the interface. It was found that the magnitude of the
spin torque is directly proportional to the spin mixing conductance [32].
Physically, g↑↓ is a material parameter that describes how a given spin ac-
cumulation transmits a torque to the magnetization at a certain interface.
g↑↓ was evaluated for different interfaces by first principle band calculations
by Xia et al. [33] and compared with experiments provided that the interface
g↑↓ is renormalized to include bulk material scattering. For most ferromag-
nets (except ferromagnetic insulators) the imaginary part of the g↑↓ is very
small, thus will be disregarded it the following. For metallic structures, the
band-structures calculations show that real part of g↑↓ is close to Sharvin
conductance of the N [34].

2.2.2 Spin pumping effect

Introduction. It is natural to expect that if a spin current can induce
magnetization motion, then the reciprocal or inverse process may also be
possible: a moving magnetization in a ferromagnet (F) can emit a spin
current into an adjacent conductor.

The transfer of spin angular momentum by the precessing magnetization
of F in contact with N was described by Tserkovnyak et al. [35] and the effect
is called “spin pumping”. They used the formalism of parametric charge
pumping [36] developed in the context of mesoscopic scattering problems in
order to show that the time-dependent magnetization induces spin emission.

A simplified picture of the process is given in Fig. 2.4. Let us first con-
sider a F/N junction at equilibrium. In F, there is a larger population of
spins that are in the direction of magnetization than are antiparallel. If the
magnetization direction is suddenly switched, then the bands shift in energy
instantaneously. However, in order to go back to the equilibrium situation
there has to be spin transfer from one spin population to another one (spin
relaxation). If F is in contact with N this transfer of spins can go via N.
Thus the spin relaxation process for F is modified when it is in contact with
an adjacent N, and depends on the spin relaxation properties on N. In the
main, an oscillating spin current is emitted into N when the magnetiza-
tion is switched back and forth by an oscillating magnetic field. A way to
periodically change magnetization direction is to put F into ferromagnetic
resonance (FMR), where circular precession of the magnetization can be
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Figure 2.4: (a) Population of spin-up and spin-down bands in equilibrium.
(b) Suddenly reverse the magnetization direction. The arrows denoted spin
flow from one spin population to another one. (c) Equilibrium situation
again but with magnetization in opposite direction. [Adapted from ref.
[37]]

resonantly excited by a small applied rf magnetic field. This is described in
a more detail in section 2.3.

Spin currents at the interface. Assuming the FMR state, Tserkovnyak
et al. [35] have calculated the spin pumped current using a scattering matrix
approach based on the microscopic details of the interface,

Ipump
s =

~
4π

g↑↓m× dm

dt
. (2.14)

g↑↓ is the real part of mixing conductance. This equation shows that the
spin current which goes into N is perpendicular both to the magnetization
direction m and to the change of m with time. This current has ac and dc
components, however in the limit ωτN À 1 (see later discussion), the time
averaged pumping current reads |〈Ipump

s 〉t| = Idc = ~ωg↑↓sin2θ/4π.
To sum up, the magnetization precession induces an emission of spins ori-
ented transverse to m into N. Because transport in metals is diffusive, this
transverse component is lost everywhere in F, except on the ferromagnetic
coherence length, close to the interface. Therefore, it can be transmitted by
diffusion of the electrons to N, resulting in a transverse spin current (spin
pump current).

Depending on the spin related properties of the N, the spin current
emission has two limiting regimes. When the N is a good “spin sink” (in
which spins relax fast), the injected spin current is quickly dissipated and
this corresponds to a loss of angular momentum and an increase in the
effective Gilbert damping of the magnetization precession. This has been
observed experimentally in nanopillars structures [38–41]. The total spin
current is given by Ipump

s .
The opposite regime is when the spin-flip relaxation rate is smaller than

the spin injection rate. In this case a spin accumulation µN
s builds up in
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Figure 2.5: The F/N structure in which the resonant precession of the
magnetization direction m pumps a spin current Ipump

s into N. The spin
pumping builds up a spin accumulation µN

s in N that drives a spin current
Iback

s back into the F. The component of the Iback
s parallel to m can enter into

F. Since the interface and the bulk conductances of F are spin dependent,
this can result in a dc voltage across the interface.

the normal-metal (Fig. 2.5). The spin accumulation can diffuse away from
the interface, but can also diffuse back into the F. This back flow current is
given by

Iback
s =

g↑↓
2πN

[µN
s −m(m · µN

s )] , (2.15)

where N is the one-spin density of states. The total spin current in this
case is IF

s = Ipump
s + Iback

s .

Spin battery. A spin battery operated by FMR has been proposed
by the Brataas et al. [42] in the limit of weak spin-flip scattering in the F.
The spin accumulation in N can be calculated by solving the spin diffusion
equation,

∂µN
s

∂t
= DN

∂2µN
s

∂x2
− µN

s

τN

(2.16)

where τN is the spin-flip time and DN is the diffusion coefficient in N. We
assume that the spin diffusion length in N is much larger than the spin
precession length lω ≡

√
DN/ω (ω is precessional frequency), i.e. λN =√

DN/τN À lω, or equivalent by ωτN À 1. This means that if the length
of N is larger than lω, the x, y components of spin accumulation are fully
averaged (due to dephasing) and the remaining z component is constant
and along the static magnetic field direction [42]. The time averaged spin
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accumulation 〈µN
s 〉t = µN

z z in the N close to the interface reads [42]

µN
z = ~ω

sin2θ

sin2θ + η
, (2.17)

where θ is the precession cone angle and η is a reduction factor determined
by the ratio between injection and spin-flip relaxation times.
In principle, this spin accumulation can be measured electrically by using a
second ferromagnet as a spin dependent contact, placed at a shorter distance
compared to the spin-flip length [42, 43].

Voltage at F/N interface. Importantly, Wang et al. [44] have pre-
dicted a more direct way to detect the spin pump effect in which the precess-
ing ferromagnet acts also as the detector. We have to take into account that
the spin accumulation µN

s in a diffusive metal drives the spin current Iback
s

back into the F. The component parallel to m can enter F. Moreover, since
the interface and the bulk conductances of F are spin dependent, this can
result in charge accumulation close to the interface and thereby a dc volt-
age across the interface. The chemical potential difference (voltage) across
the interface has been calculated by Wang et al. [44] following the lines of
the Brataas et al. [42] model, but including the spin diffusion back into F
and spin-relaxation in F. As mentioned above, the relevant length-scale for
the averaging of the transverse (x, y) components of the spin current is lω.
Therefore for a device with dimensions larger than lω the spin-up (down)

effective conductances g
↑(↓)
ω of the interface are composed of the interface

conductances g↑(↓) in series with a conductance of the bulk N over a length
scale of lω. These relations are given by g

↑(↓)
ω = g↑(↓)/(1 + g↑(↓)/gω) and the

mixing conductance g↑↓ω = g↑↓/(1 + g↑↓/gω), where gω = (σNA)/lω (A is the
area of the interface). pω = (g↑ω − g↓ω)/(g↑ω + g↓ω) is also introduced.

In the limit of large spin-flip in F and the size of N À λN and for small
angle precession (θ → 0), the chemical potential difference is given by [44]

∆µ0 =
pωg↑↓ω

2(1 + gN

gF
)(1− p2

ω)(g↑ω + g↓ω) + 2gN

θ2~ω , (2.18)

where gN (gF ) is the conductance of the bulk N (F) over a length scale of λN

(λF ). For a thorough review of the above discussion see ref. [44]. In chapter
7 we show that a dc voltage Vdc = ∆µ0/e is detected at the F/N interface
when the F in ferromagnetic resonance pumps spins into N in combination
with spin dependent conductivities of the F.

Interface currents matching. In this section, we describe a simple
way to find the voltage (similar to Eq. 2.18) using spin-currents matching
at the interface [45]. By writing all the currents involved in the process and
matching them at the interface, all components of the spin accumulation
at the interface can be determined. It is convenient to transform the equa-
tions into a rotating frame of reference in which the uniform magnetization
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motion can be formally eliminated, and the unit magnetization vector is
m̂ = (sinθ, 0, cosθ).
Basically for this problem we have to consider three currents with their
components. First, the spin pumping current (Eq. 2.14) is given by

Ipump
s,⊥ = g↑↓sinθ~ω . (2.19)

The back flow current consists of a term parallel to m̂ and a term per-
pendicular to m̂, and it is written in terms of spin accumulation µ at the
interface

Iback
s = gF µ‖ + g↑↓µ⊥ . (2.20)

The sum of Eq. 2.19 and 2.20, Ipump
s + Iback

s = IF
s , is the total spin current

on the F side of the interface.
The spin current on the N side of the interface is found by solving the
Bloch equations for the spin accumulation in N. From this the current at
the interface is given by [46]

IN
s = gω




µx − µy

µx + µy
gN

gω
µz


 (2.21)

in terms of µ at the interface. This current has three components. The
z component is determined only by the usual spin relaxation process. For
the x and y components, two effects are important: precession, which re-
sults in mixing of the two components, depending on the time spent in
N; and averaging, which reduces the total amplitude of the components.
µ is determined by matching (conservation) the currents at the interface
IN
s = IF

s = Iback
s + Ipump

s . The dc voltage at the interface is proportional to
the projection of µ onto m̂,

V = −pµ · m̂ ' −p
gω

gF

(
1− gN

gω

)
cos θ sin2 θ~ω . (2.22)

The simple form of Eq. 2.22 results from the relative independence of the dc
voltage on g↑↓. Let us compare the different conductances in the problem:

gF

A
=

σF

λF

=
6.6× 106Ω−1m−1

5nm
' 1× 1015 1

Ωm2

gω

A
=

σN

lω
=

3.1× 107Ω−1m−1

300nm
' 1× 1014 1

Ωm2

gN

A
=

σN

λN

=
3.1× 107Ω−1m−1

500nm
' 8× 1013 1

Ωm2
. (2.23)

According to ref.[33],
g↑↓

A
≈ 5× 1014 1

Ωm2
. (2.24)
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Here F denotes permalloy (Py) with σPy = 6.6 × 106Ω−1m−1, for com-
parison Co has σCo = 4.2 × 106Ω−1m−1 and N denotes Al with σAl =
3.1 × 107Ω−1m−1, for comparison Cu has σCu = 3.5 × 107Ω−1m−1, all at
room temperature.

Finally, let‘s estimate Eqs. 2.18 and 2.22. We assume θ ≈ 5◦ (sin2θ =
0.01) and ω = 1011s−1 (~ω = 65µeV ). First Eq. 2.22, using p = 0.4

this equation gives ≈10-20 nV. Second Eq. 2.18, using pω = 0.06, g↑
A

=

0.31×1015Ω−1m−2 and g↓
A

= 0.19×1015Ω−1m−2 (from ref. [15]), the voltage
is also of the order of 10-20 nV.

2.3 Magnetization dynamics
Part of the classical approach to ferromagnetism is to replace the spins by a
classical macro-spin vector ~M magnetization. The time-dependence of the
magnetization can be obtained directly by calculating the torque acting on
~M by an effective magnetic field H,

d ~M

dt
= −γ ~M × ~H, (2.25)

where γ = gµb/~ is gyromagnetic ratio, g is the spectroscopic splitting
factor (Lande factor) and µb = e~/2me is the Bohr magneton. This equation
represents an undamped precession of the magnetization. From experiments
actual changes of the magnetization are known to decay in a finite time. The
damping is just added as a phenomenological term to Eq. 2.25

d ~M

dt
= −γ ~M ×

(
~H − α

γMs

d ~M

dt

)
= −γ ~M × ~H +

α

Ms

~M × d ~M

dt
, (2.26)

where α is the dimensionless Gilbert damping constant, of order 10−2 in F
thin films. This form of the equation, named Landau-Lifshitz-Gilbert, LLG,
is due to Gilbert, which can be derived from an older form of the Landau
and Lifshitz equation [47]. This equation is used throughout this thesis to
describe the resonant motion of the magnetization in our devices. In the
following we solve this equation for a ferromagnetic strip, the relevant case
for the experiments described in this thesis.

2.3.1 Ferromagnetic resonance of a ferromagnetic strip
The most commonly used technique for inducing magnetization coherent
rotation is ferromagnetic resonance (FMR). FMR is the physical process
whereby magnetization is rotated by an rf magnetic field hrf , with angu-
lar frequency ω, that is resonant with the magnetization precession fre-
quency in an external magnetic field h0, oriented perpendicular to hrf .
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We consider a thin ferromagnetic strip, single domain with the equilib-
rium magnetization along x direction and a saturation magnetization Ms

as shown in Fig. 2.6. As shown in equation 2.26, in order to account for
the torque acting on ~M , we have to define the effective field. Taking into
account the applied fields, the demagnetization fields and neglecting the
uniaxial anisotropy, the components of the effective field inside the strip
are ~H = (h0 −Nxmx,−Nymy, hrf −Nzmz). Where Nx, Ny and Nz are the
demagnetization factors that depend only on the shape of the ferromagnet,
the sum of them is equal to 1. Due to large aspect ratio of our strip, Nx

can be neglected, then Ny can be approximated by Ny ≈ t/w (t and w are
the strip’s thickness and width). Nz is simply given by 1 − Ny. Due to
the non-zero Ny and Nz factors the magnetization precessional path around
the direction of the applied field h0 is elliptical. Assuming the small angle
limit, we simplify the problem by setting the time derivative of ~M along the
direction of h0 equal to zero, dMx

dt
= 0 such that ~M(t) = (Ms,my(t),mz(t)).

If the rf field is sinusoidal, its time-dependence can be expressed by a factor
eiωt, and the same factor can then be inserted into the steady state solution
of my and mz. Using all these assumptions and omitting all terms which
are higher that linear in α, the equations of motion for the amplitudes are

iωmy = γhrfMs − γmz(h0 + Nz)− iωα mz (2.27)

iωmz = γmy(h0 + Ny) + iωα my .

Setting hrf = 0 and taking the determinant of above linear equations to
be zero, Kittel equation [48] results:

ω2
0 = γ2(h0 + NyMs)(h0 + NzMs) . (2.28)

This equation gives the resonant precessional frequency of the coherent ro-
tation mode (uniform mode) as a function of the external magnetic field.
As will be shown, by measuring the applied field dependence of the resonant
frequency, one can obtain the parameters Ny, Nz and Ms.
It is convenient to give the solutions for my and mz in terms of the com-

plex susceptibilities χy and χz, where ~M = ~χhrf and ~χ = ~χ ′ + i~χ ′′. The
components for my are as follows

χ′y =
αγMsω

2A

(ω2 − ω2
0)

2
+ (αω)2 A2

(2.29)

χ′′y =
−γMsω(ω2 − ω2

0)

(ω2 − ω2
0)

2
+ (αω)2 A2

(2.30)

and for mz

χ′z = αχ′y −
γ

ω
(h0 + NyMs)χ

′′
y (2.31)

χ′′z = αχ′′y +
γ

ω
(h0 + NyMs)χ

′
y (2.32)
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Figure 2.6: Left, schematic representation of the magnetization ~M preces-
sion around the direction of the applied field h0. Besides this field there is
also an rf field hrfcosωt which “pushes” the magnetization off-equilibrium
and into small amplitude Larmor precession around h0. On the right side
is indicated the geometry of the ferromagnetic strip.

where A = γ(2h0 + NyMs + NzMs). As shown in Fig. 2.6 the average

-50 0 50 100

-40

0

40

80

-50 0 50 100

0

20

//
y

 

 

y(
)

Magnetic Field (mT)

/
y

 

 

z(
)

Magnetic Field (mT)

//
z

/
z

Figure 2.7: The real and imaginary part of the χy and χz susceptibilities
are calculated at ω/2π = 10 GHz, using parameters Ms = 1 T , α = 0.01
and γ/2π = 28 GHz/T.

precession cone angle θc(t) can be determined from the relation sin2 θc(t) '
θ2

c (t) = (1/m2
s)(m

2
y + m2

z). We found that θ2
c can be written as the sum of a

time-independent term and terms with time-dependence at twice the driving

frequency, θ2
c = θ2

dc + θ2
c (2ωt), where θ2

dc = 1
2

(
hrf

ms

)2 (
χ′2y + χ′′2y + χ′2z + χ′′2z

)
.

Evaluating this angle gives

θ2
dc =

1

2
h2

rf

1 +
(

γ
ω

)2
(h0 − (Nx −Ny) ms)

2

(ω2 − ω2
0)

2
+ (αω)2 A2

(2.33)
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Detecting FMR of a single submicron-strip all on-chip is conceptually sim-
ple, but experimentally difficult to realize, as it requires a strong microwave
driving magnetic field as well as a method for detection. We show in chapter
6, that dc transport measurements, in particular anisotropic magnetoresis-
tance on the ferromagnet are a sensitive probe for microwave induced FMR.
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