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Chapter 3

Hybrid control strategy for output regulation in high
performance applications

In this chapter we define a controller that can satisfy output regulation and is able to meet the
stringent requirements on settling time and positional stability which are generally demanded
for nanopositioning mechanisms. The proposed controller can deal with input constraints and
is robust to the negative effects of noise sources and disturbances.

Using recent progress in hybrid control theory [42, 23] and by reformulating our closed-
loop system into a hybrid system, we can show rigorously that output regulation is achieved,
i.e., asymptotic tracking during the flow dynamics is guaranteed for a wide range of periodic
reference trajectories. In particular, we provide necessary and sufficient conditions on the jump
map and the flow dynamics for asymptotic stability.

In Section 3.1, we formulate the scanning problem that is relevant for our astronomical ap-
plication and is the basis for our subsequent controller development. A general outline of the
control strategy is given in Section 3.2. In Section 3.3, we discuss the reformulation of the scan-
ning problem into the hybrid control framework and we formulate the hybrid control strategy.
In Section 3.4 we define necessary and sufficient conditions for hybrid output regulation and
discuss practical stability of the system. The design of the FF signal is discussed in Section 3.5.
Finally, we will discuss the relation of our method to other relevant control strategies in Section
3.6.

The results in this chapter are published in [30] and [27].

3.1 Chopper scanning problem formulation

We consider a linear 2 degrees of freedom (DoF) nth order system, with constraints on the input
u, as our general chopper mechanism. We limit our system description to 2 DoF’s as this is
appropriate for the application considered (MCCD). Assuming decoupled DoF’s, extension to
higher dimensions is however trivial. The plant dynamics for such a system can compactly be
written by

9x � AGx�BGu, xpt0q � x0 @px, uq P R2n � R2,

y � CGx,

*
(3.1)

with

AG �
�
AG1 0

0 AG2

�
BG �

�
BG1 0

0 BG2

�
CG �

�
CG1 0

0 CG2

�
,
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where AGi , BGi and CGi are the state space matrices for the ith DoF that are given in canonical
form as follows

AGi �

�
�����

0 1 0 . . . 0
... 0 1 . . . 0
...

...
. . . . . .

...
ain�1 ain�2 . . . . . . ai0

�
�����

BGi �
�
0p1�n�1q bn

�T
CGi �

�
1 0p1�n�1q

�
.

For standard chopper mechanisms, the input u represents typically the current or voltage input
signal to the actuator and the output y is the measured displacement. Although additional
measurement for feedback control can be considered, we do not consider such information in
our present work.

Prior to defining formally the chopper scanning control problem, we need to introduce the
following few definitions related to the desired scanning reference profile.

Reference flows: The set of smooth functions Rp : r0, τps Ñ R2, p � 1, . . . , q, are called
the reference flows. These reference flows represent the set of desired displacement trajectories
of the chopper (which can be constant) during the different integration periods rtk, tk � τps that
constitute an astronomical observation, where tk denotes the starting time of the kth integration
period.

Flow selection: The mapping S : Z� Ñ t1, 2, . . . , qu is called the flow selection. It defines the
reference flow p P t1, 2, . . . , qu for every integration period k P Z�.

Scanning reference profile: UsingRp and S, and by denoting

tk :�
k�1̧

j�0

τSpjq

we can define the scanning reference profile r : R� Ñ R2 by

rptq � RSpkqpt� tkq @t P rtk, tk�1q @k P Z�.

One of the known problems associated to the scanning reference profile as defined above is
the discontinuity in r that can arise due to the different terminal condition of RSpk�1q and the
initial condition of the subsequent reference flow RSpkq. In order to allow the physical imple-
mentation of the scanning reference profile, it is common to introduce an admissible stepping
time ts ¡ 0 between subsequent reference flows. Using ts, the admissible scanning reference profile
r : R� Ñ R2 can then be defined by

rptq �

$'''''&
'''''%

RSpkqpt� tk � ktsq
@t P rtk � kts, tk�1 � ktsq, k P Z�

TSpkqpt� tk � pk � 1qtsq
@t P rtk � pk � 1qts, tk � ktsq, k P Z�

where for every k, TSpkq : r0, tsq Ñ R2 is any admissible trajectory that connects the terminal
condition of scanning reference profileRSpk�1q with the initial condition ofRSpkq.



3.2. Introduction to the proposed hybrid control strategy 25

Using the above definitions, we can now define the chopper scanning control problem as
follows.

Chopper scanning control problem: For the system (3.1), design a control law u � Kpt, xq
where K can be a dynamical controller such that:
1) For rptq � 0 the origin is an asymptotically stable equilibrium
2) For rptq � 0 the output y converges to r asymptotically during the integration periods of the
observation.

For solving the chopper scanning control problem as defined above, we formulate a hybrid
control strategy. A sketch of this strategy is given in Section 3.2.

3.2 Introduction to the proposed hybrid control strategy

In this section, to introduce our hybrid control strategy, we give a qualitative formulation of the
method developed for high performance reference tracking of the MCCD. The formal descrip-
tion of the method, and the proof of output regulation is given in the subsequent sections.

In Section 1.1.3 it has been mentioned that a typical astronomical observation consists of
periods of integration on the source and possibly fast steps from the end of one integration pro-
file to the start position of the next. The integration periods are related to the servomechanism
problem discussed in Section 1.2.1. The steps do not require the accurate tracking of a given
reference profile (as long as certain plant limitations are accounted for), which means that the
control strategy applied here is related to the field of point-to-point control.

The general block diagram describing the hybrid control architecture is given in Fig. 3.1.
Different from the standard MbFF approach we do not sum the FF input and the action from
the closed loop controller, but we apply only the FF signal during the step and switch to the
feedback controller after the step. This avoids possible negative influences of the feedback
controller as a result of its limited bandwidth in relation to the fast changing reference profile
[56], which is discussed in more detail in Section 3.6.

The feedback controller, related to the robustness of the closed loop system to disturbances
and noise sources, should be tuned for every practical application separately depending on
the specific system dynamics, the present noise sources and disturbances and the system re-
quirements. It includes an internal model of the exosystem flow dynamics which generates the
reference profile during the integration periods. The trigger determines the moment of switch-
ing.

To asymptotically track a combination of different reference flows during one observation
(for example when chopping between two constant reference positions), we include memory
states and switch the active control states related to tracking of the current reference flow with
the passive memory states applicable to the next reference flow at the start of each new inte-
gration period. Before memorizing, the active control states related to the internal model are
reset to their initial conditions, which after convergence guarantees zero error tracking directly
at the start of every new reference flow (this also implies a bumpless transition when switching
between feedforward and feedback control).

As the proposed strategy requires switching of the system between feedforward and feed-
back control, which involves memorizing of and switching between different sets of control
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states at every start of a scanning period, proof of output regulation is not trivial. The struc-
ture of the controller and the results on hybrid output regulation motivated us to formulate the
complete system in the hybrid framework, which is discussed in more detail in Section 3.3.

The point-to-point control method applied for the stepping between different scanning pro-
files is described in Section 3.5.

Figure 3.1: Hybrid controller layout. The FF input is applied without the feedback controller
during the steps. After the step the feedback controller is activated and the feedforward signal
is switched off. At the start and at the end of every step the switch is triggered and the control
states, related to the internal model, are reset, memorized and interchanged.

3.3 Hybrid system description

Suppose that the minimal-time problem, that corresponds to the optimal control problem of
reaching the nominal initial state xptk � ktsq related to the tracking of RSpkq from the terminal
state xptk � pk � 1qtsq of the previous integration period (with the input constrained within
a compact set U and with, possibly, state constraints) is solvable and the minimal time tmin
is always less than the settling time requirement tset, i.e., tmin   tset. Hence, we can define
a constant ts ¡ 0 such that tmin ¤ ts ¤ tset holds for all possible desired positions. Let
t�j � tj � ts@j P N and let uj : rtj , t�j s Ñ U denote the input signal that brings the plant from
the point pxj , ujq at time tj to px�j , u�j q at t�j . Such constrained input signals uj exist by the
solvability of the minimal-time problem.

Observe that by applying uj to (3.1) for any arbitrary initial state xj and initial time tj , we
have

xpt�j q �MGxptjq �Nj @j P N, (3.2)

where the plant transition matrix MG :� exppAGtsq and

Nj �
» t�j
tj

exppAGpt�j � λqqBGujpλq dλ.
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Eq. (3.2) resembles the jump dynamics in the hybrid system framework. Thus if we apply the
input signal uj at the time interval t P rpj � 1qtobs � jts, pj � 1qptobs � tsqs, where tobs defines
the length of the observation period between two consecutive steps, then the dynamics of the
plant can be rewritten in the hybrid systems formulation by defining the hybrid time domain E
as follows.

We first define the control input u by

uptq �

$'&
'%

ujptq @t P rpj � 1qtobs � jts, pj � 1qptobs � tsqs
@j P N

vptq otherwise
(3.3)

where v is an additional control signal that can be used for feedback control. Let Ω : R� Ñ¤
j�N

rjptobs � tsq, pj � 1qtobs � jtss be the time-warping map and Ωpτq � tτ{tobsu ts � τ for all

τ P R�. In other words, the range of Ω is the time intervals where uj is not applied. Using the
time-warping map Ω and following [23], we can define the hybrid time domain E by

E :�
¤
j�N

rjtobs, pj � 1qtobss � tju.

The dynamics of x on E can equivalently be described by the following hybrid system

9τc � 1
9ζ � AGζ �BGvpΩpτqq, ζp0, 0q � ζ0 @pτc, ζ, vq P r0, tobss � R2n � R2

τ�c � 0

ζ� �MGζ �Nj @pτc, ζq P tobs � R2n

y � CGζ,

,///////.
///////-

(3.4)

where ζ0 � xpΩpτ0qq, v is the additional control signal as before and τc is a clock variable with
a dwell time tobs which defines the moment of jumping of the system. By direct evaluation of
the solution x to (3.1) and by noticing that the initial condition ζ0 is related to x, we obtain that
xpΩpτqq � ζpτ, jq holds @pτ, jq P E.

This reformulation of the plant dynamics into hybrid setting opens the possibility of assign-
ing optimal control solutions during the first ts seconds (which are computed off-line for the
nominal positions) and implementing a hybrid feedback controller to stabilize the system.

Following the hybrid output regulation setting as in [42], we can adopt the following exo-
system which generates the reference signal r and is also defined on the hybrid time domain E
as above

9τc � 1

9w � Sw, wp0, 0q � w0 @pτc, wq PW

τ�c � 0

w� � Jw @pτc, wq PW X pttobsu � Rsq
r � Qw,

,///////.
///////-

(3.5)

where

S �
�
S1 0

0 S2

�
J �

�
J1 0

0 J2

�
Q �

�
Q1 0

0 Q2

�
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with

Si �
�
Υi 0

0 0

�
p4q�4qq

Υi �

�
���

0 ωni
0 0

�ωni
0 0 0

0 0 0 1

0 0 0 0

�
��� Ji �

�
0 Ip4�pq�1qq

M�1
ei 0

�

Mei � exppΥi � tobsq Qi �
�
1 0 1 0 0p1�p4pq�1qq

�
and

w � �w1 w2

�T
wi �

�
wi1 wi2 . . . wiq

�
q P N

wip �
�
wip1 wip2 wip3 wip4

�
.

FinallyW :� tpτc, wq : τc P r0, tobss, w P W pτcqu, where the set valued mapping τc Ñ W pτcq �
Rs is continuous with compact values. The parameters ωn1 and ωn2 are the angular velocity of
oscillators 1 and 2, respectively. The matrices Me1 and Me2 are the transition matrices related
to respectively Υ1 and Υ2. The presence of the inverse of these terms in the jump matrix J
guarantees that the active exo-state variables are reset to their initial value after every period
of flow, even if tobs � 2π{ωni . Based on the above hybrid exosystem and corresponding to our
intended application, we consider any reference flow Rp that can be defined by the four states
wip. The initial condition w0 :� wp0, 0q defines the amplitude and phase of oscillation and the
start position and constant velocity of the reference signal.

The defined exosystem can generate all astronomical observation modes that are discussed
in [33], except for spiral chopping. The reference signal can be generated by choosing the ap-
propriate initial conditions in combination with the required form of Nj to jump between the
different flow sets. These initial conditions are summarized in Table 3.1.

Based on this exosystem description and applying the internal model principle as in [42],
the hybrid controller can now be described in the following way

9τc � 1
9ξ � ACξ �BCe, ξp0, 0q � ξ0 @pτc, ξ, eq P r0, tobss � Rm � R2

τ�c � 0

ξ� � Φξ �Ψe @pτc, ξ, eq P ttobsu � Rm � R2

vpΩpτqq � CCξ �DCe

,/////.
/////-

(3.6)

where

AC �
�
AC1 0

0 AC2

�
ACi �

�� 0

0 Si

�

BC �
�� BC1 0 0

0 0 � BC2

�T

BC1 �
�
k1 0 k2 k3 0p1�p4pq�1qqq

�

BC2 �
�
k4 0 k5 k6 0p1�p4pq�1qqq

�



3.3. Hybrid system description 29

CC �
�� Q1 0 0

0 0 � Q2

�
DC � ���

Φ �

�
���
Ipm{i�4qq 0 0 0

0 J1 0 0

0 0 Ipm{i�4qq 0

0 0 0 J2

�
��� Ψ �

�
���
� 0

0 0

0 �
0 0

�
��� ,

the parameters ki, i � 1, . . . , 6 are controller gains. The elements in � are related to the design of
a robust feedback controller and can be designed according to each different application. The
identity matrices in Φ indicate that the states related to � are not changing as a result of the
jump. The J 1is in the φ matrix are identical to the jump matrices of the exosystem. Again the
inverse of Mei guarantees that in the steady state, the active control states related to the internal
model jump back to the correct initial state at the end of the flow period. The variable e is the
error signal, i.e., e � r � CGζ.

Table 3.1: The exo-state initial conditions that are relevant for different observing modes as
discussed in [33]. The variable q defines the number of unique scanning reference profiles which
constitute an observation mode, i stands for the DoF. The initial exo-state wipp0, 0q gives the
initial condition for any of the profiles in both DoF’s with pαp, βp, 9αp, 9βp, Osq P R

Obs. mode q i wip1 wip2 wip3 wip4

Stare 1 1 0 0 αp 0
2 0 0 βp 0

Chopping 2 1 0 0 αp 0
2 0 0 βp 0

DREAM 12 1 0 0 αp 0
2 0 0 βp 0

Random ¡ 1 1 0 0 αp 0
2 0 0 βp 0

OTF ¡ 1 1 0 0 αp 9αp
2 0 0 βp 0

B.B.B.1 ¡ 1 1 0 0 αp 9αp
2 0 0 βp 9βp

Lissajous 2 1 1 Os11 Os12 0 0
2 Os21 Os22 0 0

1Requires multiple tobs
2Requires ωn1 � ωn2
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The complete closed loop hybrid system is given by

9τc � 1, 9w � Sw, wp0, 0q � w0�
9ζ
9ξ

�
� Hcl

�
ζ

ξ

�
� Lclw,

�
ζp0, 0q
ξp0, 0q

�
�
�
ζ0
ξ0

�
@ppτc, wq, ζ, ξq PW � R2n � Rm

τ�c � 0, w� � Jw�
ζ�

ξ�

�
� Jcl

�
ζ

ξ

�
� Mclw

@ppτc, wq, ζ, ξq P pW X pttobsu � Rsqq � R2n � Rm

,///////////////.
///////////////-

(3.7)

with

Hcl :�
�
AG �BGDCCG BGCC

�BCCG AC

�
Lcl :�

�
BGDCQ

BCQ

�

Jcl :�
�
MG 0

�ΨCG Φ

�
Mcl :�

�
Nwj

ΨQ

�

where Nj is related to the exo-state through Nwj
, i.e., Nj :� Nwj

w.
Based on the control input for the original plant as in (3.3) and the hybrid control law for

the additional control input v as in (3.6), we can now reformulate the chopper scanning control
problem in the hybrid framework as follows:

Chopper scanning hybrid control problem: Design a hybrid controller (3.6) for the hybrid
plant (3.4) such that the closed-loop system (3.7) has bounded trajectories and limt�jÑ8 ept, jq �
0 uniformly.

3.4 Hybrid output regulation for scanning

Let φcl be the state transition matrix of the flow dynamics�
9ζ
9ξ

�
� Hcl

�
ζ

ξ

�
.

In other words φclptobsq � exppHcltobsq and φclpt0q � In�m.
Using the results on output regulation for hybrid systems as discussed in 2.2, the afore-

mentioned chopper scanning hybrid control problem is solvable if and only if there exists an
invariant manifold

M �
"
ppτc, wq, ζ, ξq PW � R2n � Rm :

�
ζ

ξ

�
� Πw

*

which is globally attractive and for which e � Qw � CGζ is equal to zero.
Based on Lemma 2.2.2, the following proposition establishes a necessary and sufficient con-

dition for the existence of an invariant manifoldMwhich is attractive and has zero error.
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Proposition 3.4.1 Assume that the restriction of Hcl to the active subspace is Hurwitz. Then there
exists an attractive invariant manifoldM such that Qw � CGζ � 0 if and only if

γ :�
�����σmax

�
l�1¹
h�0

Jclpl�hq
Φclptobspl�hq

q
������   1, (3.8)

where σmax is the largest eigenvalue of the matrix and l is the number of scans contained in the smallest
repeating sequence of scans with different tobs. In particular, we have that e � r � CGζ Ñ 0 as
τ � j Ñ8.

Proof: Without loss of generality, we prove the proposition for the 1 DoF case, i.e., ppw, ζ, ξ, uq P
Rs{2�Rn�Rm{2�Rq. As we consider systems with decoupled DoF’s the proof is valid for any
DoF satisfying the dynamics defined in Section 3.3.

Our assumption on (3.8) is equivalent to the condition (A1) but it allows for the use of dif-
ferent tobs in a single reference profile. From this equivalence the necessity of (3.8) for output
regulation is directly clear. We recognize that, as our exosystem is neutrally stable (i.e., it has
eigenvalues on the imaginary axis), by satisfying (A1), the non-resonance condition (A2) holds
trivially. In the following, to prove sufficiency of condition (3.8), we will construct explicitly the
solution Π that defines our attractive invariant manifoldMwith zero error.

It is immediate to check that, to satisfy condition (2.15), we require that ζ � ∆pw where

∆p �
�
Q1 Q1S1 Q1S

2
1 . . . Q1S

pn�1q
1

�T
.

The corresponding control states, related to the internal model of the controller, can then be
formulated as ξim � ∆cw

�, where

∆c �

�
���

1{bnpQ�1 Υn
1 � CG1AG1

n∆�
p qΣ1

1{pωnbnqpQ�1 Υn
1 � CG1AG1

n∆�
p qΣ1S1

1{bnpQ�1 Υn
1 � CG1

AG1

n∆�
p qΣ2

1{bnpQ�1 Υn
1 � CG1

AG1

n∆�
p qΣ2S1

�
���

with Σ1 �
�
Ip2q 0

0 0

�
, Σ2 �

�
0 0

0 Ip2q

�
, w� and Q�1 are the first for elements of w and Q1, respec-

tively, and ∆�
p is the matrix consisting of the first four columns of ∆p. The memorized states are

constant and are also related to the states of the exosystem by ∆c.
Since we have shown that the closed-loop dynamics is internally stable, the control states re-

lated to the stabilization of the system vanish in the invariant manifold. The zero error tracking
solution of the closed-loop hybrid system can then be related to the exo-states in the following
way:

�
ζ̂

ξ̂

�
�

�
���������

∆p

0pm��4qq
∆c 0 . . . 0

0 ∆c . . . 0
...

...
. . .

...
0 0 . . . ∆c

�
���������
w, (3.9)
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where the m� stands for the number of control states related to the stabilization of the system.
We use (3.9) as a candidate for the Π matrix which defines the invariant manifold of (3.7). By

recognizing that by the solvability of the minimum time problem Nwj � ΠxJ1�MG1Πx, where
Πx is the matrix obtained by extracting the first n rows of Π, we can compactly formulate the
output regulation equations (2.14) and (2.15) as:

ΠS1 �
�
AG1

BG1
CC1

0 AC1

�
Π

ΠJ1 �
�
MG1 0

0 Φ1

�
Π�

�
ΠxJ1 �MG1Πx

0

�
.

where MG1 and Φ1 are not explicitly defined but represent the 1 DoF version of MG and Φ. This
shows that (3.9) satisfies our regulator equations (2.14) and (2.15).

Finally, by Lemma 2.2.2, we achieve output regulation of the hybrid closed-loop system (3.7).
l

To illustrate what we exactly mean by l in (3.8), as an example a 1 DoF reference profile is
given in Fig. 3.2. Two different tobs are required to describe this profile. The smallest repeating
sequence of observation times is defined by ptobs1 , tobs1 , tobs2q which means that l � 3 in this
specific case. We further note that the shape of the different reference flows is completely de-
fined by the initial conditions of w and is not important here, if tobs1 would be equal to tobs2 , the
use of l � 1 in (3.8) would suffice.
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Figure 3.2: Example of a 1 DoF reference profile (blue) on hybrid time domain E (red) where
two different integration times (tobs1 and tobs2 ) are combined in one observation mode.
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3.4.1 Practical stability

In the foregoing discussion we assumed that TSpkq is ideal. In practice, this is typically not the
case as plant uncertainties, unmodeled dynamics, plant limitations and noise sources influence
the step. The result will be minor offsets of the initial flow state from the invariant manifold.
The non-ideal term N 1

j , related to the feedforward design during stepping, can however never
destabilize the plant as shown in the following proposition.

Proposition 3.4.2 Consider (3.7) with a non-idealNj inMcl given byN 1
j � Nwjw�∆. Then for every

initial conditions
�
ζp0, 0q ξp0, 0q�T and for every |∆|   8, we have that limjÑ8

�
ζpτ0, jq ξpτ0, jq

�T
is

bounded.

Proof: As N 1
j in general cannot be expressed in terms of w, we cannot apply the approach in [42]

for the proof of stability. Instead by first defining�
ζptobs, jq
ξptobs, jq

�
� φcl

�
ζpτ0, jq
ξpτ0, jq

�
� Cfl

where

Cfl �
» tobs
τ0

exppHclptobs � λqqLclrpλq dλ,

we can formulate the propagation of the state as follows:�
ζpτ0, jq
ξpτ0, jq

�
� pJclφclqj

�
ζp0, 0q
ξp0, 0q

�
�°j�1

i�0 pJclφclqiJclCfl �
°j�1
i�0 pJclφclqiCju, (3.10)

where

Cju �
�

0

ΨQ

�
w �

�
N 1
j

0

�
.

Examining the three terms on the right hand side of (3.10) separately for the non-trivial
case of

�
ζp0, 0q ξp0, 0q�T , Cfl and Cju not all zero, we can directly conclude that the first term

will vanish if (A1) is satisfied. The last two terms both require the given sum to be finite. By
eigenvalue decomposition of Jclφcl we have that

j�1̧

i�0

pJclφclqi � Q
j�1̧

i�0

RiQ�1

where Q is the matrix with the eigenvectors of Jclφcl as its columns and R is the diagonal
matrix with the eigenvalues tσiui�1...n�m of Jclφcl on the diagonal. Now if (A1) is satisfied we
can write

lim
jÑ8

j�1̧

i�0

Ri �

�
�����

1
1�σ1

0 . . . 0

0 1
1�σ2

. . . 0
... . . .

. . . 0

0 . . . 0 1
1�σn�m

�
����� � R̄,
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by recognizing that in the given sum, all diagonal entries form a geometrical series which con-
verges to 1

1�σi
. So if pA1q is satisfied

°j�1
i�0 pJclφclqi � QR̄Q�1   8.

We can conclude that (A1) guarantees stability of (3.7) even if Nj is not ideal. l

3.5 Practical FF design by offline optimization

Consider the plant dynamics in (3.1). The FF signal uj can be generated by applying quadratic
programming to the following optimization problem with input constraints

minuPU‖ xdptsq � xptsq ‖
2

(3.11)

where U is the set of allowed control inputs U :� tuj P Rn : |uji| ¤ umaxu, for some maximum
allowed input umax based on the system specifications. The state xdptsq is the desired plant state
at the end of the step (at time ts) and xptsq is the realized end state as a result of the discrete FF
input sequence

uj �

�
�������

up0q
up∆tq
up2∆tq

...
upts �∆tq

�
�������
,

which can be formulated as follows

xptsq � eAGtsxp0q � Φuj

with

Φ � �φ1 φ2 . . . φn
�

and

φi � A�1
G eAGpts�tiqpI � e�AG∆tqBG

where ti stands for the start time of discrete input uji and ∆t is the sampling time. We in-
clude inequality constraints in the optimization to limit the allowed changes between adjacent
discrete steps of the FF signal, which smooths the input profile and therefore reduces residual
vibration. These constraints can be formulated as follows

Muj ¤ b

with

M �

�
�������

�1 1 0 0 . . . 0

1 �1 0 0 . . . 0

0 �1 1 0 . . . 0

0 1 �1 0 . . . 0
...

. . .

�
�������
,
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and the vector b contains the limits which define the allowed changes between individual inputs
uji. This approach can handle input constraints, allows for smoothing of the input signal and
deals with the discrete nature of the FF input naturally. Practical considerations relating the
application of the method to the MCCD hardware are discussed in 6.3.1.

3.6 Relation to other high performance control strategies

When considering fast motion profiles, as the closed loop system bandwidth itself is typically
insufficient, it is standard to use a feedforward controller for fast stepping in parallel with a
feedback controller for stability robustness and noise reduction. The design of an accurate FF
input is non trivial, especially if higher order dynamics have to be taken into account [5] and
[60].

Typically, if reference profiles with high frequency content are considered, the tracking abil-
ity is limited, resulting in non ideal initial conditions at the start of the integration period. The
important difference in our approach w.r.t. standard MbFF, is that the closed loop controller
is only active during the integration periods. It is turned off during the step to avoid possible
negative influences of the feedback loop on settling as a result of its limited bandwidth [56] and
integrator build up during the step.

To illustrate this, we first simulate the response of a critically damped plantPe � 104

ps2�2.102s�104q
with integral control Ce � 10

s to a smooth but very fast reference trajectory designed by the
method described in [36]. We compare the hybrid method with the MbFF technique and with
MbFF with a Clegg integrator reset element [11] in the feedback path (MbFF-R). As we are not
obliged to the use of the method described in 3.5 for the generation of the FF input, and for the
sake of comparison, we apply the same FF input to all three control strategies. The FF input is
generated by passing the reference signal through an inverse plant model with a first order low
pass filter (bandwidth � 103 rad/s).

Fig. 3.3 shows the results of the simulation. The quality of the FF input is limited by the
necessary use of the low pass filter. For both model based FF strategies we observe integrator
build up during the step which increases the momentum of the plant. The combination of the
integrator build up and the extra momentum gained during the first 10 msec of the step cause
the large overshoot observed when applying the MbFF technique. The reset controller resets the
integrator to zero when crossing the zero error line but still experiences overshoot as a result of
the increased momentum. The hybrid controller has no integrator build up during the step and
considerably reduces the settling time of the plant.

As a next step we simulate the effect of the step time of the reference profile on the settling
time of a second order plant for the MbFF and the hybrid strategy. For completeness we also
include the result when applying the feedback loop without the FF path. The FF signal is based
on an inverse plant model which exhibits frequency dependent inaccuracies. We apply a PID
controller which is tuned for a certain bandwidth and limited overshoot of the closed loop plant.
The different configurations studied are summarized in Table 3.2.

For clarity the effect of noise and disturbances is excluded from the results as, for the field
of nanopositioning, this will typically affect the positional stability of the plant before it has a
significant effect on settling time. Plant constraints are not considered in the simulation.
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Figure 3.3: Comparison of fast reference tracking for different control strategies. The 4th order
reference profile performs the step from 0 to 1 in 2.9 msec. The horizontal dashed lines give the
tolerance band for settling within 0.1% of the step. Settling for MbFF = 277 msec, for MbFF-R =
41 msec and for Hybrid = 11 msec.

Table 3.2: Plant configurations studied to illustrate the effect of reference step time on settling.
Configurations 1 and 2 represent a critically damped plant. The FF signal is based on a plant
model inverse with high frequency inaccuracies modelled by a 1000 rad/sec bw. low pass filter.
Configurations 3 and 4 describe a plant with a resonance. The model mismatch is in the limited
representation of the resonance. For both scenarios PID controllers are tuned with different cl.
bandwidths.

Config. Plant
Inverse PID Cl. bw.

plant model parameters [rad/sec]

kp=2
1 104

s2�2�102s�104
102s2�2�104s�106

s2�2�103s�106 ki=102 100
kd � 9.83� 10�3

kp=3.47
2 ” ” ki=173 173

kd � 1.73� 10�2

kp=1.12
3 104

s2�102s�104
106s2�1.2�108s�1010

s2�2�105s�1010 ki=81.5 100
kd � 3.85� 10�3

kp=2.57
4 ” ” ki=137 173

kd � 1.21� 10�2



3.7. Concluding remarks 37

Figure 3.4 shows the results of the simulations. The hybrid controller outperforms the MbFF
for fast reference profiles. For slower reference profiles the closed loop improves the tracking
of the reference and the MbFF approach shows slightly better results. As can be expected,
increasing the closed loop bandwidth reduces the settling time.
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Figure 3.4: Effect of step time of reference profile on settling time of system configurations given
in Table 3.2, for the hybrid, MbFF and closed loop only control strategies (Left: results for config.
1 and 2. Right: results for config. 3 and 4). The relative settling is defined as the settling time of
the plant normalized by the applied reference step time. The Hybrid 100 and 173 results largely
overlap because of the limited influence of the PID controller after the step (as a result of the
very small error signal).

The results vary with every specific configuration, but generally speaking it can be con-
cluded that for fast reference profiles, with respect to the typically limited controller bandwidth,
open loop stepping performs better.

3.7 Concluding remarks

We have formulated a new control strategy for output regulation of fast stepping nanoposi-
tioning mechanisms. In the method we switch between an open loop feedforward input for
fast stepping and a closed loop controller, which satisfies the internal model principle, for ac-
curate tracking and high positional stability during periods of flow. Control states related to
the internal model are reset, memorized and interchanged after every integration period of the
mechanism. Resetting of the control states is similar to reset control [11] and impulsive control
[69], where the state of a feedback controller is subject to sudden changes dictated by the refe-
rence profile or the tracking error. A clear distinction with our method however is the definition
of the initial control states at the start of every flow and that we perform the step in open loop.



38 3. Hybrid control strategy for output regulation in high performance applications

We have defined necessary and sufficient conditions for output regulation of different scan-
ning reference profiles given in [33] by reformulating the system in the hybrid framework and
applying the results of [42].

In practice, limitations in the accuracy of the FF signal will always result in small offsets from
the invariant manifold which describes zero error tracking, directly after the jump. The result
on practical stability proves that these limitations can never destabilize the hybrid system.

The strategy is compared (in simulation) to other high performance control strategies to
show the advantageous of open loop stepping when tracking reference profiles with high fre-
quency content.

The strategy is applied to the HIFI-FPC in Chapter 5 and to the MCCD in Chapter 6.


