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1
Introduction

Throughout the history of mankind people have wondered what the universe looks like, how it
began, if it did indeed, and how it evolved into its present state. From the earliest civilizations
onwards people have come up with many different, often religiously inspired cosmologies,
aimed to explain our very existence and to put our world in a cosmic perspective. Not until
the last centuries much progress was made in a scientific sense, be it through observations or
theoretical modelling. Indeed, only during the last century a coherent theoretical framework
has emerged which could be and for a large part has been tested by observations. In this
framework, the hot Big Bang theory, the universe does have a beginning, some 13.7 billion
years ago, from which point space, time and all energy contained within the universe originate.
The very first moment of the Big Bang and the subsequent evolution of the universe during
the first 10−43 second of its lifetime (the Planck time) is not understood in terms of a coherent
physical theory. However, we do know that the observable universe emerged as an extremely
dense and hot plasma of radiation and matter, confined within a very small volume. From this
moment onwards the evolution of the universe as a whole is succesfully described by the Big
Bang theory.

Even though the Big Bang theory has been very succesful in predicting and explaining
a large number of observed phenomena there is still a number of unresolved questions of a
rather fundamental nature. First there is the issue of dark matter. Observational constraints
and theoretical considerations have lead us to believe that no more than 15% of the matter
in the universe is in the form of ‘regular’ baryonic matter. This means that the remaining
85% must be of some other, non-baryonic kind whose nature is as yet not understood. This
matter is only known to exist through its gravitational interaction. As we cannot see this
missing matter it is usually referred to as dark matter. The presence of such a large amount of
unobserved matter forms a major challenge for present day cosmology.

A further enigma is presented by the presence of a mysterious and elusive all-pervading
dark energy which is thought to account for 73% of the the total energy content of the universe.
Even though speculations about the nature of this dark energy are plenty, it basically remains
a mystery. This is illustrated by the fact that its theoretically predicted value is an embarassing
factor of 10118 larger than observed (see e.g. Weinberg 1989). Curiously, observations indicate
that the energy density of matter and the energy density of the dark energy precisely add up
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to the critical energy density, a very special value for which the geometry of the universe is
exactly flat. The reasons for this peculiar coincidence are as yet not understood.

At present the universe contains a wealth of structures on all scales. Examples include
the planet Earth we are inhabiting, the stars, the Milky Way as well as other galaxies. On
a Megaparsec scale we find the largest structures presently known to us. Here galaxies are
grouped into huge and roughly spherical concentrations which may contain up to thousands of
galaxies, galaxy clusters. These very dense galaxy clusters are interconnected through highly
anisotropic filamentary and wall-like structures, which are of intermediate densities. The
largest of these may extend over more than a hundred Megaparsec and are called superclus-
ters. Galaxy clusters and superclusters together enclose extended, roughly spherical regions
which are almost devoid of galaxies, voids. Large redshift surveys have revealed that these
structures have assembled into a foamy network, the cosmic web or the cosmic foam, which
is pervading the observable universe. The emergence of these structures cannot be explained
in the hot Big Bang theory sec, which assumes the universe to be perfectly isotropic and ho-
mogeneous. Instead, an extension of Big Bang theory is necessary, namely the postulation
that in the early ages of the universe very small density fluctuations were present. Through
the continued action of gravity these fluctuations are believed to have slowly evolved into the
structures we presently observe. This extension of Big Bang theory is called gravitational
instability theory.

Although on the basis of gravitational instability theory large numerical simulations of
cosmological structure formation have been succesful in reproducing the general appearance
of the cosmic foam, its structural and morphological properties and evolution still remain
largely unexplored. The same holds for the question of when, how and where galaxies have
formed and evolved. Both issues involve a large number of physical processes, each acting
over very different spatial and temporal scales. Although a large number of smart yet artifi-
cial techniques has been invoked to deal with this inherent complexity, current analysis and
simulation techniques largely remain unable to resolve and accurately describe all relevant
physical processes.

The aim of this thesis is to develop and test a new method for the analysis of highly
complex point distributions, such as are encountered in numerical simulations and galaxy
redshift surveys. This method, the Delaunay Tessellation Field Estimator, is based on the use
of the Delaunay tessellation (Delone 1934) of a given spatial point distribution to form the
basis of a natural and fully self-adaptive filter for discretely sampled fields. Our aim is for this
new method to contribute to the solution of a number of the many questions which are still
pervading present day cosmology. The questions addressed in this thesis primarily involve
the analysis of the properties of the cosmic web, but the method is suited for addressing some
of the more fundamental questions about our cosmological world view. This introduction
provides some of the necessary astronomical background for the questions addressed in this
thesis.

1.1 The hot Big Bang

Up to the beginning of the 20th century it was believed that the universe was static. In 1915,
Albert Einstein proposed his theory of general relativity and the equations that describe the
dynamics of the universe. Einstein found in those equations that the universe should be ex-
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panding or contracting, something entirely incompatible with the prevailing notion of a static
universe.

General relativity is a metric theory of gravity, for which gravity is a manifestation of
the local curvature of space. One of the key assumptions of the Big Bang theory is that the
universe is homogeneous and isotropic, the cosmological principle. Under this assumption,
the only possible geometries are those described by the Robertson-Walker metric,

ds2 = c2dt2 − a2(t)
(

dr2

1 − kr2 + r2dΩ2
)
. (1.1)

Here spherical coordinates (r, θ, φ) are used for describing spatial positions and dΩ2 = dθ2 +
sin2θ dφ2 is the square of the solid angle. The coordinates are comoving with the expansion of
the universe, whose spatial extent is proportional to the expansion factor a(t). This means that
the position r of a point can be written as r = ax, where x is called the comoving position.
For convenience the expansion factor has been normalized such that at present a(t0) = 1. The
curvature parameter k parametrizes the global geometry of the universe, commonly reffered
to as closed (k > 0), flat (k = 0) or open (k < 0).

Given the Robertson-Walker metric, the Einstein equations describe the dynamics of the
universe. In 1922 Friedmann managed to write down and solve the equations of motion for
general homogeneous and isotropic universe models. These Friedmann equations are given
by

ä
a
= −4πG

3

(
ρ +

3p
c2

)
+
Λ

3
; (1.2)

ȧ2

a2 =
8πGρ

3
− kc2

a2 +
Λ

3
. (1.3)

Here G is Newton’s gravitational constant, ρ the mass density, p the pressure and Λ the dark
energy or cosmological constant.

Following his work, it was the Belgian priest Georges Lemaı̂tre who not only indepen-
dently solved the same equations in 1927, but also realized its physical ramifications. Extra-
polating backward in time he saw that an expanding universe should have had a beginning
in an extremely hot and dense phase. With some measure of imagination he indicated this
primordial state by the name of ‘Primeval Atom’. Soon thereafter, in 1929, these theoreti-
cal ideas were confirmed when Edwin Hubble discovered that galaxies recede from us with
a velocity which increases as they are located at a larger distance. The physical velocity ṙ
of a galaxy can thus be written as ṙ = Hr, in which H(t) = ȧ/a is known as the Hubble
parameter and Hr as the Hubble flow. This universal relation is commonly known as Hub-
ble’s law. Without doubt this discovery has been one of the greatest scientific revolutions
in human history, providing the first clear and conclusive evidence that our universe is not
static, but expanding. In the past few years the accuracy of modern space instruments have
lead to a convergence of the estimated present expansion rate of the universe to a value of
H0 ≈ 71 km/s/Mpc (known as the Hubble constant).

With the new observational evidence of an expanding universe, a whole new set of ques-
tions confronted the astronomical community. What is the nature of this expansion? Will the
expansion last forever? Will the universe expand gradually until reaching a dynamical equi-
librium and remain in a static state forever? Will the universe reach a critical point from which
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Figure 1.1 — An all-sky image of the infant universe, around three hundred thousand years after the
Big Bang, as measured by WMAP. The color differences indicate the tiny temperature fluctuations
induced by tiny matter, energy and velocity perturbations which have evolved into cosmic structures
observed today. Courtesy: NASA/WMPA Science Team.

it will start to contract until reaching the opposite point of the Big Bang, the Big Crunch? The
matter and energy content of the universe can be expressed in units of the critical density,

ρC =
3H2

0

8πG
. (1.4)

We may now define the following density parameters:

Ωm =
ρm

ρc
, ΩΛ =

Λ

3H2
0

, Ωk = −
kc2

a2
0H2

0

, (1.5)

which describe the density of matter, the energy density of the vacuum and the curvature of
the universe. After some algebraic manipulations it follows that Eqn. 1.3 relates the curvature
of the universe to the matter and energy density of the universe,

Ωk = 1 − Ωm − ΩΛ . (1.6)

With these definitions the evolution of the universe is completely characterized by the cosmo-
logical parameters (H0,Ωm,ΩΛ). The special case of Ωk = 1 implies a flat universe. The flat
universe with Ωm = 1 and ΩΛ = 0 is usually referred to as the Einstein-De Sitter model.

At present the hot Big Bang model is supported by a large amount of observational ev-
idence. Amongst a range of tests, some four to five have become the most solid pillars of
the Big Bang cosmology. Perhaps the most straightforward one is the fact that the Big Bang
offers an explanation for a simple observation by Olbers in the early 19th century: the sky at
night is dark! Only in a universe with a finite age and with a finite velocity of light this may
be understood. Secondly, the discovery of Hubble’s law forms a telling confirmation of the
reality of an expanding universe. Maybe most tantalizing are two observational results which
reach to much earlier epochs of our cosmos. The impressive precision with which the Hot
Big Bang theory manages to predict the products of the very early phase of primordial nucle-
osynthesis of light chemical elements brings us back to the first three minutes of the universe.
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The prediction of an isotropic blanket of cosmic thermal radiation, with a precise blackbody
spectrum with a temperature of T ≈ 2.725 ◦K, enabled us to turn its discovery in 1965 into
the final conclusive proof of the hot Big Bang’s reality. The nickname coined by Fred Hoyle
in 1950 in a BBC radio show had turned into a honorary title!

Some three minutes after the Big Bang, when the temperature of the universe had cooled
down to a few billion degrees, the universe had turned into a gigantic nuclear reactor. The
light chemical elements of Deuterium, 3Helium and 4Helium, as well as a trace of Lithium,
managed to form before the cosmic expansion turned off its ‘nuclear power’. The fact that
the hot Big Bang offers an explanation for the abundances of these elements in our universe
is one of its most convincing victories.

In the subsequent hundreds of thousands of years photons, in close interaction with a tiny
residual of electrons and protons, reached equilibrium and distributed their energy into an al-
most perfect blackbody spectrum. After some 379 000 years the temperature of the universe
had cooled to a mere 3000 ◦K, upon which protons and electrons managed to combine into hy-
drogen atoms, an event called recombination. Almost coincidental is the resulting decoupling
of radiation and matter. No longer scattered by freely floating electrons, photons assumed a
long journey along the depths of a virtually transparent universe. These photons of the cosmic
microwave background, having retained their almost perfect blackbody spectrum, appear to
have originated from the surface of last scattering. This surface marks the location of the
atoms from which the observed cosmic microwave background photons were last dispersed
and is shown in Fig. 1.1. Since then, the gradual expansion of the universe goes along with a
proportional cooling down of the photon temperature, having reached a present day value of
T ≈ 2.725 ◦K.

A continuously rising flood of new cosmological observations, stemming from larger and
larger depths in the universe, has lead to a converging consensus regarding the universe we
are living in. With impressive accuracy a rather remarkable set of values for the cosmological
parameters has emerged, now commonly known by the name of ‘concordance model’†. Satel-
lite experiments such as COBE and WMAP, in conjunction with balloon-borne experiments
such as Boomerang, have managed to map in great detail the embryonic universe at around
the recombination epoch (see e.g. Fig. 1.1). Not only did they show the validity of the hot
Big Bang, but they also convinced us that the universe is flat, accurately determined its age
to 13.7 billion years and independently confirmed the baryon content predicted by primordial
nucleosynthesis.

1.2 The large scale structure of the universe

The cosmological principle states that the universe is isotropic and homogeneous. However,
this is an adequate description only when looking at large enough scales (� 100h−1 Mpc).
At smaller scales the universe contains a wealth of structure and locally appears far from
homogeneous or even isotropic. This becomes already clear from looking up to the sky at
night, when a bright band of stars can be seen to run across the sky. The stars in this band
all belong to the disk of our own Milky Way, a conglomeration of about 200 billion stars.
Indeed, all stars in the universe seem to be located in galaxies, gravitationally bound groups
of up to hundreds of billions of stars. From very deep optical images like the Hubble Deep

†A somewhat more modest name would be the benchmark model (Ryden 2003).
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Figure 1.2 — The famous Slice of the universe that represents the first set of observations done
for the CfA Redshift Survey in 1985 and which clearly showed that galaxies reside in structures on
Megaparsec scales. The big structure in the center of the slice is the Coma cluster, while the Virgo
cluster can be seen near the origin. Courtesy: Smithsonian Astrophysical Observatory.

Field we have learned that the visible universe contains about 100 billion galaxies. These
galaxies are not isolated objects, but tend to cluster together. An example is the Local Group,
a system which is dominated by the Milky Way and Andromeda, two giant spiral galaxies,
which are both surrounded by a swarm of smaller dwarf and irregular galaxies. Such groups
of galaxies are quite common and usually contain some tens of galaxies. In some cases many
more galaxies are clustered in very dense and massive gravitationally bound galaxy clusters.
The most massive of these may contain up to thousands of galaxies within a relatively small
volume of only a few Megaparsec size. For instance, in the nearby Virgo and Coma clusters
more than a thousand galaxies have been identified within a radius of a mere 1.5h−1 Mpc
around their core. Due to their brightness, galaxy clusters are easily visible out to great
distances and their existence has been known for a long time.

It is now twenty years ago that the first CfA2 redshift slice by de Lapparent, Geller &
Huchra (1986, see Fig. 1.2) provided us with observational evidence that much larger struc-
tures than galaxy clusters exist, and that such structures seem to pervade throughout the ob-
servable universe. These extended, anisotropic matter concentrations are called superclus-
ters. They usually comprise one or more rich galaxy clusters and a large number of groups
and clumps of galaxies. Both our Local Group and the Virgo cluster are members of such a
supercluster complex, the Local Supercluster. This a huge flattened concentration of about
fifty groups of galaxies in which the Virgo cluster is the dominating and central agglom-
eration. A more prominent nearby example is the Perseus-Pisces supercluster. Its relative
proximity (≈ 55h−1 Mpc), its characteristic filamentary morphology and its favourable ori-
entation have made it into one of the best mapped and meticulously studied superclusters.
This majestic chain of galaxies has truly impressive proportions, a 5h−1 Mpc wide ridge of
at least 50h−1 Mpc length, possibly extending out to a total length of 140h−1 Mpc. Along
this major ridge we see a more or less continuous arrangement of high density clusters and
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groups, of which the most notable ones are the Perseus cluster itself (Abell 462), Abell 342
and Abell 262. In addition to the presence of such huge filaments the galaxy distribution also
contains vast planar assemblies. A striking example is the Great Wall, a huge planar assembly
of galaxies with dimensions that are estimated to be of the order of 60× 170× 5h−1 Mpc. The
Coma cluster of galaxies is its most prominent density enhancement (Geller & Huchra 1989).

Next to the high density clusters and more moderately dense superclusters redshift surveys
have also revealed large regions which are almost devoid of galaxies. These voids are vast,
roughly spherical regions with sizes in the order of 20 − 50h−1 Mpc. The earliest known
example is the Boötes void (Kirshner et al. 1981, 1987), which has a diameter of 60h−1 Mpc
and is almost completely empty (however, see Szomoru 1995).

Since the first CfA redshift slices increasingly larger and deeper redshift surveys have
shaped our view of the large scale galaxy distribution. The most important milestone redshift
surveys have been the already mentioned CfA survey (de Lapparent et al. 1986), the Las
Campanas redshift survey (Schectman et al. 1996), the 2dF galaxy redshift survey (Colless et
al. 2001) and the Sloan Digital Sky Survey (Stoughton et al. 2002), while also very deep pencil
beam surveys such as by Broadhurst et al. (1990) and the VIMOS VLT Deep Survey (Le
Fèvre et al. 2004) have contributed to our current view of the large scale galaxy distribution.
In this view galaxy clusters, filamentary and wall-like structures and voids together form an
intriguing cellular network which is pervading throughout the whole observable universe. In
this foamy network the extended voids are surrounded by walls and filaments, whose nodes
are formed by the dense galaxy clusters. This is network is often called the cosmic web (Bond
et al. 1996) or the cosmic foam (van de Weygaert et al. 1991, 2002). The cellular geometry
of the cosmic web may be readily recognized in current redshift surveys, such as shown in
Fig. 1.3, in which the galaxy distribution in the 2dF Galactic Redshift Survey is depicted.

An intriguing property of the cosmic matter distribution is its very high degree of com-
plexity. It is characterized by an assembly of individual elements whose characteristic shapes,
sizes and densities are very different. Most of these structures contain a high degree of sub-
structure, and the embedded structures may have quite different properties from the overall
structure. For example, filamentary and wall-like superclusters consist of a large number of
smaller galaxy groups, each of which has a higher density than the average density of the su-
percluster as a whole. Zooming in on even smaller scales, galaxies themselves are frequently
accompanied by a number of smaller satellites and dwarf galaxies. A well-known example is
our own Milky Way, which is surrounded by two relatively large irregular satellites, the Mag-
ellanic clouds, as well as by a large number of dwarf galaxies (see e.g. Mateo 1998, Freeman
& Bland-Hawthorn 2002). Galaxy clusters also tend to contain all kinds of substructure. An
example is the Coma cluster, in which several dominant galaxies are present, each of which
may be identified with a cluster core. In addition, subgroups of spiral galaxies with distinct
structural and kinematical properties may be identified, possibly corresponding to infalling
groups (Colless & Dunn 1996, Beijersbergen 2003). Even voids are known to display sub-
structure. Small voids may be embedded within more extended voids (Regős & Geller 1991,
Dubinski et al. 1993, van de Weygaert & van Kampen 1993, Szomoru et al. 1996, Sheth &
van de Weygaert 2004).
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Figure 1.3 — The 2dF galaxy redshift survey. The foamy geometry of the cosmic web is strikingly
displayed. Courtesy: the 2dF Galaxy Redshift Survey team.

1.3 The formation and evolution of cosmic structures

The Big Bang theory describes the evolution of the universe as a whole, a smooth and homo-
geneous medium. Although at sufficiently large scales the universe may indeed be considered
homogeneous and isotropic, at smaller scales the universe contains all kinds of structures,
which at Megaparsec scales form the cosmic web. This leaves us with the question of how
such structures may have emerged in a universe which, according to the cosmological prin-
ciple, is perfectly isotropic and homogeneous. For this purpose an extension of Big Bang
theory is invoked, in which one assumes that at early stages the universe was not perfectly
homogeneous, but instead small density fluctuations were about. Subsequently these fluc-
tuations, under the influence of their mutual gravitational interaction, have grown into the
wealth of structures which we observe today. The theory which describes the growth of these
fluctuations is called gravitational instability theory.

The tiny primordial fluctuations are thought to originate from quantum fluctuations in the
very early universe. A now standard ingredient of the theory of the evolution of our universe
is inflation (Guth 1981). Shortly after the Big Bang the universe supposedly experienced a
phase transition upon which it assumed a rapid exponential expansion. After this inflationary
epoch ended the quantum fluctuations were strongly magnified into small but macroscopic
density fluctuations and some regions in the universe contained somewhat less matter than
their surroundings, while other regions contained somewhat more matter than their surround-
ings. Notice that nearly all relevant fluctuations had been blown up to scales larger than the
horizon. Once the universe assumed a regular Friedmann expansion, the fluctuations gradu-
ally entered the horizon, upon which they started to grow.

Gravitational instability theory describes how these small density fluctuations with respect



 1: I 19

Figure 1.4 — Gravitational instability. Top left-hand frame: contour map of a Gaussian stochastic
density field. Top right-hand frame: the resulting gravitational force field. Bottom left-hand frame: the
resulting (non-linear) particle distribution. Bottom right-hand frame: vector map of the corresponding
velocity field.

to the global cosmic background density and the accompanying tiny velocity perturbations
from the general Hubble expansion have grown into the wealth of structures observed today.
The process of gravitational instability is illustrated in Fig. 1.4. Given the physical position
r = ax of a particle, its physical velocity can be written as ṙ = ȧx+aẋ = Hr+v, where v = aẋ
is the peculiar velocity of the particle. It is convenient to define the density fluctuation field
δ(x) (Fig. 1.4, top left-hand frame) as

δ(x) =
ρ(x) − ρb

ρb
. (1.7)

In a statistical sense δ(x) may be considered as a random field, i.e. as a set of random variables,
one for each point x. In this view the universe is a random realization chosen from a statistical
ensemble of universes and ρb, the background density, represents an average of the ensemble.
The resulting total peculiar gravitational acceleration g(x) at position x (Fig. 1.4, top right-
hand frame) can be written as the sum of the peculiar gravitational attraction exerted by all
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matter fluctuations in the universe,

g(x) = Gaρb

∫
dx′
δ(x′)(x′ − x)
|x′ − x|3

. (1.8)

This relation is basically established through the Poisson equation,

∇2φ = 4πGρba2δ . (1.9)

This equation relates the density contrast δwith the graviational potential perturbation φ, from
which we obtain g = −∇φ/a. The formation of structure is then ascribed to the gravitational
growth of these primordial density and velocity perturbations. Regions containing somewhat
more matter than their surroundings exerted a slightly larger than average gravitational pull
on their surroundings and started to accrete more matter. Because of this they grew even
more overdense than their surroundings, exerting a stronger gravitational pull and attracting
even more matter. This started a runaway process which continued until these regions con-
tained so much matter that they collapsed under the influence of their own gravity and became
gravitationally bound objects. Conversely, the regions which contained somewhat less matter
than their surroundings exerted a smaller than average gravitational pull and therefore matter
started to move out of these regions. Their gravitational pull thus became weaker and even
more matter streamed out of these regions. Underdense region have thus become gradually
emptier. They are thought to correspond with the void-like regions we presently observe. In
this way matter migrated from underdense regions towards overdense regions (see bottom
frames of Fig. 1.4).

For a pressureless medium the full evolution of this system of coupled cosmic density,
velocity and gravity fields is encoded in a closed set of three coupled fluid equations. The
Poisson equation (Eqn. 1.9) relates the matter distribution to the gravitational field. The con-
tinuity equation ensures the conservation of mass. It is given by

∂δ

∂t
+

1
a
∇ · (1 + δv) = 0 . (1.10)

Finally, the Euler equation is the equation of motion which describes the induced matter
flows. It is given by

∂v
∂t
+

1
a

(v · ∇)v +
ȧ
a

v = −1
a
∇φ . (1.11)

1.3.1 Primordial conditions

As we have seen primordial fluctuations originate from quantum fluctuations in the early
universe. They were subsequently magnified by inflation and have since then grown by means
of gravitational instability. An important property of inflation is that the resulting primordial
density field is a Gaussian random field. This means that its set of N-point joint probabilities
can be written as

PN =
exp

[
− 1

2
∑N

i=1
∑N

j=1 δi(M−1)i j f j
]

[(2π)N(det M)]1/2

N∏

i=1

dδi , (1.12)

in which PN is the probability that the density fluctuation field δ has values in the range
δ(x j) to δ(x j) + dδ(x j) for each of the j = 1, . . . ,N with N an arbitrary integer and x1, . . . , xN
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N arbitrary locations in the field (conform Bardeen et al. 1986). The matrix M−1 is the inverse
of the N × N covariance matrix M, which is given by

Mi j = 〈δ(xi)δ(x j)〉 = ξ(xi − x j) , (1.13)

in which the brackets 〈. . .〉 denote an ensemble average. ξ(xi − x j) is the autocorrelation
function of the density field, which is often simply referred to as the correlation function ξ(r).
Because the universe is isotropic ξ(r) = ξ(r). In effect, M is the generalization of the variance
σ2 in a one-dimensional normal distribution. As M is fully determined by the correlation
function ξ(r), the same is true for the Fourier transform of correlation function, the power
spectrum P(k),

〈δ(x)δ(x + r)〉 =
∫

dk
(2π)3 P(k) e−ik·r . (1.14)

Since it is fully characterized by its second order moment, specifiying P(k) determines all the
properties of the Gaussian random field.

The shape of the initial power spectrum depends on the precise manner in which the initial
fluctuations were generated. The simplest inflationary models predict a scale-invariant power
spectrum,

P(k) ∝ k , (1.15)

in which the metric fluctuations in the early universe had the same amplitude on all scales.
This is also called the Harrison-Zel’dovich spectrum and was predicted well before inflation
had been suggested (Peebles & Yu 1970, Harrison 1970, Zel’dovich 1972). Other featureless
power law models with P(k) ∝ kn are also consistent with inflation.

1.3.2 The linear regime

When the fluctuations are small, it is possible to linearize the equations of motion. The
resulting linear theory describes the evolution of fluctuations when they are small (δ � 1).
After some algebraic work a single equation for the density perturbation can be obtained
(Peebles 1980),

∂2δ

∂2t
+ 2

ȧ
a
∂δ

∂t
= 4πGρbδ . (1.16)

This equation is a linear second-order ordinary differential equation in δ. The general solution
consists of two modes which evolve independently. It is given by

δ(x, t) = A(x)D1(t) + B(x)D2(t) , (1.17)

in which D1(t) and D2(t) are the two independent time solutions. They involve one growing
and one decaying solution. As the universe evolves the decaying solution damps away and
since the starting fluctuations were tiny anyway it can be ignored. The growing mode solution
D1 depends on the cosmological parameters and is given by

D1(z) = E(z)
∫ ∞

z
dz′

1 + z′

E3(z′)
, (1.18)

in which E(z) is the normalized Hubble function, which is defined by

E(z) =
[
Ωm(1 + z)3 + Ωk(1 + z)2 + ΩΛ

]1/2
. (1.19)
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Figure 1.5 — Evolution of structure and development of a cellular morphology in a scenario of
structure formation through gravitational instability. Illustrated are four slices, at a = 0.2, 0.3, 0.5 and
a = 0.7, in an SCDM scenario (Ω0 = 1.0, H0 = 50 km/s/Mpc) from an N-body simulation following
1283 particles in a 100h−1 Mpc box.

For some special cases an analytic result can be obtained. E.g., in an Einstein-De Sitter
universe the growing mode solution is given by D1(t) = t2/3, while in an empty universe it is
a constant. The growing mode solution is often referred to as the linear growth factor, since
density perturbations simply grow proportionally to it: δ(x, t) = D1(t)δ(x).

1.3.3 The non-linear regime

Once density fluctuations approach unity linear theory ceases to be valid and the governing
equations may not be linearized anymore. Due to mode coupling the full non-linear equations
are in general too complex to be solved analytically. Beyond the lineair regime the evolution
of structures has therefore to be followed through computer simulations. An example of such
a simulation is shown in Fig 1.5, in which the evolution of large scale structure in a 100h−1

Mpc box is shown. In this figure three important characteristics of the non-linear clustering
process are apparent:
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• hierarchical clustering;

• anisotropic collapse;

• a complex cellular morphology with extended empty regions.

1.3.3.1 Hierarchical clustering: Press-Schechter theory

Although the full non-linear evolution cannot be understood analytically, we may understand
its main characteristics. We have seen that the initial density field is fully determined by its
power spectrum P(k), which specifies the amplitude of fluctuations as a function of their spa-
tial scale. In general the initial power spectrum is assumed to be a power law: P(k) ∝ kn. The
index n determines the balance between small- and large-scale power. In most viable sce-
narios small-scale fluctuations collapse to form bound objects before larger-scale structures
do, resulting in a gradual building-up of successively larger structures by the clumping and
merging of smaller-scale structures. This process is called hierarchical structure formation.
In Fig. 1.6 the hierarchical assembly of a filamentary structure is illustrated.

A powerful model of hierarchical structure formation is Press-Schechter theory (Press &
Schechter 1974, Bond et al. 1991, Sheth, Mo & Tormen 2001), which describes the sample
average characteristics of an emerging population of non-linear objects evolving from a linear
field of density fluctuations in the primordial cosmos. Press & Schechter (1974) argued that
haloes which have collapsed at a late time can be identified with overdense regions in the ini-
tial density field. They described how the assumption that objects form by spherical collapse
can be combined with the fact that the initial fluctuation distribution was Gaussian to predict
the number density of bound objects that have mass M at time z. For this they assumed that
a region collapses at time z if the initial overdensity within it exceeds a critical value, δSC(z).
This critical value depends on z, but it is independent of the initial size of the region. The
dependence of δSC on z is given by the spherical collapse model (Gunn & Gott 1972).

Having computed at each cosmic epoch t the fraction f (M, t) of matter fluctuations on a
given mass scale M that will have fully collapsed, we may also invert this by computing the
cosmic epoch t at which at a particular fixed fraction fc of the density fluctuations on a given
mass scale M has collapsed. Comparing the epoch at which two different mass scales M1 and
M2 have fully collapsed yields the following expression (see van de Weygaert 2001 for a full
derivation):

D(tM1)
D(tM2)

=

(
M2

M1

)(n+3)/2

. (1.20)

Here the collapse times have been expressed in terms of the linear growth term. This equa-
tion describes the basic differences in the qualitative progression of the hierarchical evolution
process for fluctuation spectra with different spectral slopes n. In a pure white noise spec-
trum in which all scales have the same power (n = 0) small-scale clumps fully collapse and
virialize before fluctuations of an order of magnitude larger scale start to approach a similar
stage. Taking the specific example of an emerging filament, its formation will consist of the
gradual assembly of earlier virialized small-scale clumps. Proceeding toward spectra with a
more negative slope, in an n = −2 scenario a contracting filament will be collapsing while its
contents in smalle-scale clumps have not yet had the opportunity to fully settle. The extreme
case of the n = −3 scenario represents the asymptotic situation in which fluctuations over
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Figure 1.6 — Hierarchical assembly of a filamentary structure. Here we focus in on a small 15×15×
15h−1 Mpc region of an N-body simulation of structure formation in an SCDM scenario (Ω0 = 1.0,
H0 = 50 km/s/Mpc), from the 100h−1 Mpc box 1283 simulation shown in Fig. 1.5. Time is running
from top left to bottom right, from a = 0.1 to a = 1.0. Notice how small-scale clumps aggregate into
ever larger haloes, all arranged along a roughly filamentary configuration (oriented horizontally).

the full range of scales undergo contraction and collapse at the same time. Only spectra with
n > −3 will therefore lead to hierarchical structure formation.

Press-Schechter formalism is based on the assumption that density peaks are perfectly
spherically symmetric, but in reality this is not the case. From the statistics of linear Gaus-
sian random fields (e.g. Bardeen et al. 1986) it is known that all peaks have some degree of
primordial flattening. This primordial flattening will be amplified by the action of the grav-
itational force. Sheth, Mo & Tormen (2001) generalized the Press-Schechter formalism to
incorporate homogeneous ellipsoidal density perturbations. In this formalism the one-to-one



 1: I 25

relation between linear growth factors and perturbation masses (Eqn. 1.20) is not valid any-
more. The collapse time now also depends on the primordial shape. Effectively this leads to
a diffusion in collapse times along each of the principal directions of a density perturbation.
As such, it may happen that clumps with a higher initial overdensity may reach ultimate col-
lapse later than a more moderate overdensity, given a primordial shape which is sufficiently
elongated. Also, although an emerging filament will still consist of the gradual assembly of
earlier virialized small-scale clumps, these small-scale clumps are not spherically symmetric.
Nonetheless, Eqn. 1.20 serves as a valuable guiding principle for the overall appearance of a
structure formation scenario.

1.3.3.2 Anisotropic collapse: the Zel’dovich approximation

The second important characteristic of non-linear clustering involves anisotropic collapse:
structures which at early stages are slightly non-spherical tend to become more and more
anisotropic as time evolves. This is clearly visible in Fig. 1.5, in which the emergence of sev-
eral highly flattened filamentary structures can be observed. This tendency of structure to col-
lapse anisotropically was predicted by Zel’dovich (1970), who explored the non-linear regime
by simply assuming that linear conditions remain valid in the early non-linear or semi-linear
regime. Instead of evaluating the evolution of the density field Zel’dovich used a Lagrangian
approach and worked out the initial displacement of a particle from linear theory and assumed
that it continued to move in this initial direction. The proper coordinate of a particle is then
given by

x(t) = a(t)[q + D(t)f(q)] , (1.21)

in which the coordinates q are equal to the comoving coordinates at t = 0 and f(q) is the time-
independent displacement field which is related to the gravitational potential at t = 0 (see
Peacock 1999). This equation looks like Hubble expansion with some perturbation, which
becomes negligible as t→0.

The Zel’dovich approximation has been very succesful in describing a number of prop-
erties of the cosmic web. Here we focus on anisotropic collapse. Mass conservation implies
that ρ(x, t)dx = ρ(q)dq = ρbdq. Hence

1 + δ =
∣∣∣∣∣
∂x
∂q

∣∣∣∣∣
−1
=

1
(1 − D(t)λ1)(1 − D(t)λ2)(1 − D(t)λ3)

. (1.22)

Here the vertical bars denote the Jacobian determinant of the transformation between x and q.
λ1, λ2 and λ3 are the three eigenvalues of the strain or deformation tensor ∂ fi/∂q j. This equa-
tion describes the evolution of the density field in the Zel’dovich approximation. It follows
that collapse takes place first along the axis defined by the largest positive eigenvalue. For
an isolated triaxial ellipsoid perturbation this corresponds to collapse along the shortest axis.
Aspherical perturbations thus get enhanced by the action of gravity, which leads to collapse
into flattened planar or sheet-like structures known as pancakes. The further evolution of the
density field will be dictated by the second largest eigenvalue and the respective collapse into
filamentary structures. The final collapse along the axis defined by the third eigenvalue will
result in the formation of galaxy clusters. At any moment of time the density field will thus
contain an array of structures with widely varying anisotropies.

The fact that the Zel’dovich approximation gives a remarkably accurate description of the
semi-linear regime is somewhat of a coincidence. The semi-linear phase starts out with the
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collapse of structures into planar sheets, making the collapse effectively a one-dimensional
contraction for which the Zel’dovich approximation is exact (see Peacock 1999). This ar-
gument ceases to hold when sheets of matter cross each other’s orbit, at which point the
Zel’dovich approximation breaks down.

1.3.3.3 Cellular morphology: tidal fields and voids

The third important characteristic of non-linear clustering is the appearance of a complex
cellular geometry, consisting of a foam-like network of filamentary and wall-like structures
surrounding extended empty regions. In order to understand this apparently generic outcome,
one may follow two approaches.

In a matter-based description one may note that there is a close causal link between the
generically anisotropic tidal force fields generated by typical cosmic matter distributions, their
impact on the shape of an emerging and evolving structure and the resulting cosmic foam-like
structure. Bond, Kofman & Pogosyan (1996) coined the word cosmic web in their study, in
which they drew attention to their finding that knowledge of the value of the tidal field at
a few well-chosen cosmic locations in some region would determine the overall outline of
the web-like pattern in that region. Moreover, they showed that the cosmic web is largely
defined by the position and primordial tidal fields of rare events in the medium, with the
strongest filaments between nearby clusters whose tidal tensors are nearly aligned. The close
connection between the local force field and the global matter distribution has since then been
confirmed and elucidated by, amongst others, van de Weygaert & Bertschinger (1996).

Conversely, in a void-based description of the evolution of the cosmic matter distribution
voids mark the transition scale at which density perturbations have decoupled from the Hub-
ble flow and contracted into recognizable structural features. Voids act as the key organizing
element for arranging matter concentrations into an all-pervasive cosmic network. As voids
expand matter is squeezed in between them and sheets and filaments form the void bound-
aries (Icke 1984; van de Weygaert 1991, 2002). This view has been pursued by Regős &
Geller (1991), Dubinski et al. (1993), van de Weygaert & van Kampen (1993) and Gottlöber
et al. (2003), who have described how voids evolve in numerical simulations of gravitational
clustering.

1.4 Current analysis tools and their shortcomings

The hot Big bang and gravitational instability theory provide the physical framework in which
we may understand the growth of structure in our universe. We have seen that an analytical
description of the emergence of cosmic structure is only possible in the very first linear and
semi-linear phases apart from some special, relatively simple physical configurations. This
is due to the complexity of the cosmic structure formation process, which is illustrated and
underlined by characteristics such as

• hierarchical clustering;

• anisotropic collapse;

• a complex cellular geometry with extended empty regions.
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Figure 1.7 — The central problem of this thesis: the reconstruction of a density field (right-hand
frame) from a set of points sampling this field (left-hand frame). The example in this figure shows
a 10h−1 Mpc thick slice through a particle distribution resulting from a cosmological N-body simu-
lation. This figure also illustrates another difficulty which one frequently encounters in astronomical
applications: the particle distribution is characterized by structures whose shapes and densities are
strongly varying within the simulation box. The density field shown in the right-hand frame has been
reconstructed with the DTFE, the reconstruction procedure described in this thesis.

Clearly such a high degree of complexity poses a formidable challenge for any quantitative
analysis. When studying the formation and evolution of structure in our cosmos we therefore
have to resolve to the analysis of galaxy redshift surveys and numerical simulations of cosmic
structure formation. Physical insight progresses through the comparison of these experimental
observations with predictions of theoretical models. For the case at hand, both observational
and numerical experiments involve discretely sampled density (and velocity) fields, while
theoretical models involve the corresponding continuous density (and velocity) fields.

Here we are confronted with a central problem in the analysis of galaxy redshift surveys
and numerical simulations: the transformation between a discrete set of particles {x1, . . . , xN}
and the corresponding continuous density field ρ(x). This problem is illustrated in Fig. 1.7.
The fact that this is not a trivial problem is due to the enormous degree of complexity of the
large scale matter distribution. In this thesis we argue that conventional density (and velocity)
field reconstruction methods are not able of describing the full complexity of the large scale
matter distribution. Instead, most techniques have been specifically devised to describe a
single or some of the aspects of the galaxy distribution, but at the same time are completely
inappropriate for describing other aspects, often hampering a proper subsequent analysis.

Conventional reconstruction techniques may be of two types. The conceptually most
simple ones are non-adaptive, either making use of a fixed grid or a fixed smoothing kernel.
In grid-based techniques one calculates the value of the density field at a set of locations
defined on a regular grid in accordance with a particular weighting function W, leading to a
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100 cells:

32 cells:

Figure 1.8 — The TSC density field reconstruction procedure. In the TSC procedure the field is
overlayed with a fixed regular grid. The number of points inside each grid-cell determines the value of
the density field. Clearly visible is how sensitive the reconstructed density field is to the resolution of
the grid.

description of the form

ρ̂

( n
M

)
=

M3

N

N∑

i=1

mi W
(
xi −

n
M

)
. (1.23)

Here n = (nx, ny, nz) denotes the grid-cell, M is the number of cells of the grid in each dimen-
sion, N is the number of particles and mi is the mass of particle i. The units have been chosen
such that the volume of the box is unity. The weighting function W is chosen such that the
resulting density field has the desired resolution and smoothness (e.g. Hockney & Eastwood
1981).

To subsequently obtain the value of the density field at any point in space, one may pro-
ceed by applying a smoothing scheme such as given by

ρ̂(x) =
∑N

i=1 ρ̃i W(x − xi)
∑N

i=1 W(x − xi)
, (1.24)

in which ρ̃i are the reconstructed values of ρ(x) at the positions xi by means of Eqn. 1.23 and
W(x) is the adopted filtering function, not necessarily the same as the weighting function used
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in Eqn. 1.23 (see e.g. Lombardi and Schneider 2001 for an extensive discussion of this type
of smoothing). The smoothing function has a fixed shape and size and is usually spherically
symmetric, e.g. a Gaussian.

Grid-based density field reconstructions are illustrated in Fig. 1.8. In this figure some of
the disadvantages of non-adaptive procedures are clearly visible. The most important is that
the resolution of the grid is arbitrary, while the resulting density field is highly sensitive to its
precise value. At low resolutions high density regions are poorly resolved, while anisotropic
features are not well recovered. Regions of low density seem to be recovered more accurately.
At high resolutions high density regions seem to be better resolved, but regions of low density
become hampered by shot-noise effects. Also, extended structures are breaking up into sub-
structures. The fixed geometry of the grid also produces other artefacts, an example of which
is that the reconstruction of anisotropic features depends on their orientation with respect to
the grid.

To overcome the effects of the varying resolution of physical density fields several adap-
tive procedures have been proposed, for example making use of adaptive grids or filters. A
well-known example are SPH-like schemes, in which the mass associated with each parti-
cle is smoothed with a spherically symmetric kernel (for a review see Monaghan 1992 and
references therein), usually a Gaussian or a spline function, and adding the contributions,

ρ̂(x) =
N∑

i=1

mi W(x − xi; hi) . (1.25)

Here N is the total number of particles, W is the smoothing function and hi is the smoothing
length of partilce i. The smoothing length is chosen such that the smoothing volume always
contains a certain, user-specified, fixed number of neighbors.

Even though adaptive techniques certainly represent an improvement over conventional
grid-based procedures, one may still object that they also involve rather subjective parameters,
such as the precise relation between the extent of the filter and the local density, as well as
the shape of the filter. Moreover, the rigid geometry of the filter is usually not appropriate for
describing highly anisotropic structures.

1.5 Goals and outline of this thesis
In this thesis we have developed a new tool for reconstructing a density or velocity field which
has been sampled by an irregularly distributed point set. This tool, the Delaunay Tessellation
Field Estimator (DTFE), is optimally suited for the analysis of highly complex point distri-
butions such as encountered in the large scale galaxy distributions or in cosmological N-body
simulations, in the sense that it automatically adapts to both the density and the geometry of
the sampling point distribution without any artificial smoothing.

This thesis consists of two main parts. In the first part, consisting of Chapters 2 to 4, we
describe the fundamentals and the properties of the DTFE. We extensively test the DTFE, in
particular with respect to point distributions with similar properties as the large scale galaxy
distribution. In the second part, consisting of Chapters 5 to 7, several cosmological appli-
cations of the DTFE are discussed. In Chapter 8 we discuss how the significance of DTFE
reconstructed features may be determined in practical applications and how measurement er-
rors affect a DTFE reconstructed density field.
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Figure 1.9 — Slice through a GIF N-body simulation (left) and the corresponding DTFE recon-
structed density field. Clearly visible is that all the structural details present in the particle distribution
have a counterpart in the reconstructed density field.
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In Chapter 2 we shortly present the DTFE. Its fundamentals are briefly described and an
application to the analysis of a simulation of cosmic structure formation is discussed. In Chap-
ter 3 the fundamentals of the DTFE are extensively discussed. The effective smoothing kernel
of the DTFE is compared with that of conventional reconstruction algorithms. In Chapter 4
we explicitly study the performance of the DTFE with respect to complex point distributions
whose properties resemble those of the large scale galaxy distribution. In particular, we focus
on two crucial aspects for which conventional reconstruction schemes are known to give a
suboptimal description: the hierarchy of spatial scales and densities present in the large scale
galaxy distribution and its complex cellular geometry, involving structures of widely varying
densities and anisotropies.

In Chapter 5 we study the performance of the DTFE density estimation procedure with
respect to the SPH density estimation procedure, which forms the heart of many particle-
based hydrodynamical simulation algorithms. We discuss how the SPH density estimation
recipe in simulation codes can be replaced by the DTFE estimate and to which improvements
this will lead. In Chapter 6 we apply the DTFE to a number of high resolution cosmological
N-body simulations and show that the DTFE may be used for a simultaneous modelling of
both the cosmic density and velocity field. We explicitly model a number of void-like and
filamentary regions and show that the dynamics of voids can be used to measure the value of
the cosmological constant. In Chapter 7 we apply the DTFE to the 2dF galaxy redshift sur-
vey. We present both two-dimensional galaxy surface density and three-dimensional galaxy
density maps. In Fig. 1.9 a slice through a GIF N-body simulation is shown with the cor-
responding DTFE reconstructed density field. All structural details present in the particle
distribution have a corresponding counterpart in the slice through the reconstructed density
field. The foam-like network of structures which the large scale matter distribution forms is
clearly visible and more pronounced than in the particle distribution.

In Chapter 8 we explore the statistical properties of the DTFE, resulting in a discussion
of how the significance of reconstructed features may be determined. The effects of several
types of errors are also analyzed.

Finally, in Chapter 9 we present a summary of the main findings of this thesis and a brief
outlook. We also discuss the main advantages and limitations of the DTFE.
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Le Fèvre O. et al., 2004, A&A, 428, 1023
Lemaı̂tre G., 1927, Annals of the Scientific Society of Brussels, 47A, 41
Mateo M., 1998, ARAA, 36, 435
Monaghan J.J., 1992, ARAA, 30, 543
Peacock J.A., 1999, Cosmological physics, Cambridge University Press, Cambridge, UK
Peebles P.J.E., Yu J.T., 1970, ApJ, 162, 815
Peebles P.J.E., 1980, The Large-Scale Structure of the Universe, Princeton University Press,

Princeton, USA
Press W.H., Schechter P., 1974, ApJ, 193, 437
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