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Appendix A

2-D Quantum Mechanics

In this appendix, we will study the point particle in (2+ 1)-dimensional quantum mechanics.
In [44], Lee introduced this example as a toy model to show howthe path integral of a positive-
definite action can effectively be computed by finding the saddle points of an actionthat is not
positive-definite. This toy model will allow us to understand why we are solving a system with
a negative kinetic term for the axion in (3.5).

A.1 Path integral for momentum eigenstates

Let us begin by defining the system and its path integral. We want to study quantum mechanics
of a unit mass particle moving in two spatial directions, by using polar coordinates:r(t) andθ(t).
The partition function and path integral between position eigenstates are defined and computed
as follows:

〈 rF , θF | e−H T | r I , θI 〉 =
∫

b.c.

(

Πt′ r(t′)
)

d[r(t)] d[θ(t)] exp

[

− 1
2

∫ tF

tI

dt (ṙ2 + r2 θ̇2)

]

, (A.1)

whereI andF stand for initial and final, respectively;T ≡ tF − tI ; and ‘b.c’ stands for Dirichlet
boundary conditions, i.er(tI ,F ) = r I ,F andθ(tI ,F ) = θI ,F , respectively. The product in the inte-
gration measure is simply the Jacobian for polar coordinates. For convenience, we will omit the
integration overr(t) and its kinetic term, and reinsert it when it is needed. As already mentioned
in chapter 2, this partition function can, but need not be thought of as an imaginary time path
integral. In this appendix, we will think oft as real time.

Suppose that we want to compute the partition function between initial and final angular
momentum eigenstates| ℓ 〉, as opposed to angular position eigenstates| θ 〉. Using the following
definition for the angular momentum states

| ℓ 〉 ≡
∫

dθ ei ℓ θ | θ 〉 , (A.2)
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we see that all we have to do is Fourier transform the path integral in (A.1) with respect to its
boundary conditions:

〈 rF , ℓF | e−H T | r I , ℓI 〉 =
∫

dθI dθF exp(−i ℓF θF + i ℓI θI ) 〈 rF , θF | e−H T | r I , θI 〉 . (A.3)

The Dirichlet path integral can be combined with the integral over boundary conditions to yield
one path integral without boundary conditions:

〈 rF , ℓF | e−H T | r I , ℓI 〉 =
∫

no b.c.
d[θ(t)] exp

[

− 1
2

∫ tF

tI

dt(ṙ2 + r2 θ̇2) − i ℓF θF + i ℓI θI

]

, (A.4)

where this sums over all possibleθ(t) with arbitrary boundary values. If we try to compute this
path integral via the standard saddle point approximation,the Euler-Lagrange variation of the
action w.r.t.θ will be the following:

δS = −
∫ tF

tI

dt
[

∂t(r
2 θ̇) δθ

]

+ (r2 θ̇ − i ℓ) δθ
∣

∣

∣

tF
tI
. (A.5)

Notice we do not throw away the total derivative, because there are no boundary conditions.
Since this must vanish for arbitrary variationsδθ, both terms must vanish independently. Hence,
we get the following equations:

∂t(r2 θ̇) = 0 ,

r2 θ̇
∣

∣

∣

tI ,F
= i ℓ|tI ,F . (A.6)

The first equation is a normal equation of motion forθ; however, the second is a constraint that
is inconsistent with the assumption thatθ, ℓ, andt are real. Therefore, the path integral must be
computed by means of a different method. In what follows, two methods for doing this will be
presented.

A.2 Computing the path integral: first method

In this section, we will present one of two methods for computing the path integral in (A.4). It
involves splitting up the integration into bulk and then boundary values ofθ as in (A.3). We
can easily compute the bulk integral using the usual methodsof Euler-Lagrange variations with
Dirichlet boundary conditions. Then, by Fourier transforming the result w.r.t. the boundary
conditions, we obtain the final result.

We start by evaluating the angular part of (A.1), which has Dirichlet boundary conditions
for θ:

〈 rF , θF | e−H T | r I , θI 〉 =
∫

b.c.
d[θ(t)] exp

[

− 1
2

∫ tF

tI

dt r2 θ̇2

]

. (A.7)

This is easily done by finding a saddle point through the Euler-Lagrange variation, which yields
the following equation:

∂t

(

r2 θ̇
)

= 0⇒ r2 θ̇ = ℓcl , (A.8)
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where the constantℓcl is the classical angular momentum. The solution is the following:

θ(t) = ℓcl

∫ t

tI

dt′

r2(t′)
+ θI where ℓcl = (θF − θI )

∫ tF

tI

dt′

r2(t′)
. (A.9)

DefiningI [r] ≡
∫ tF

tI
dt′/r2(t′), and substituting the solution into the action, we obtain the follow-

ing:

− 1
2

∫ tF

tI

dt r2 θ̇2 = − 1
2 ℓ

2
cl I [r] = −

(θF − θI )2

2 I [r]
. (A.10)

Because the action is quadratic inθ, the semiclassical approximation provides us with an exact
result for the path integral. Hence, evaluating the action at this saddle point and computing
the functional determinant (as we saw in chapter 2) is an an exact evaluation of this part of the
path integral. The functional determinant contains det(∂2

t ) and 1/ (Πt r(t)), which cancels the
Jacobian in the path integral overr(t). Now, in order to finish the evaluation of (A.4) (or (A.3)),
all we have to do is Fourier transform this result w.r.t. the boundary conditionsθI ,F :

∫

dθI dθF exp

(

− (θF − θI )2

2 I [r]
− i ℓF θF + i ℓI θI

)

=

∫

dθI dθ̃ exp

(

− θ̃2

2 I [r]
− i ℓF θ̃ + i θI (ℓI − ℓF)

)

=
√

2π I [r] δ(ℓF − ℓI ) exp













−
ℓ2

F I [r]

2













, (A.11)

where theδ-function comes from theθI integral, and the exponential comes from the integral
over the shifted variablẽθ ≡ θF − θI . The path integral enforces conservation of angular mo-
mentum. Substituting1 this result into the full path integral, we are left with the following:

〈 rF , ℓF | e−H T | r I , ℓI 〉 = δ(ℓF − ℓI )
∫

√

2π I [r] d[r(t)] exp













− 1
2

∫ tF

tI

dt













ṙ2 +
ℓ2

F

r2

























. (A.12)

Performing the saddle point approximation on the remainingintegration overr(t), we find the
following equations of motion:

r̈ +
ℓ2

F

r3
= 0 . (A.13)

However, had we derived the normal Euler-Lagrange equations from the standard path integral
with Dirichlet boundary conditions (A.1), these would havehad a relative minus sign between
these two terms. The result in (A.13) can alsoeffectivelybe obtained by finding the saddle point
of the following pseudo-action

S = 1
2

∫ tF

tI

dt (ṙ2 − r2 θ̇2) − ℓF θF + ℓI θI , (A.14)

and evaluating the action of the solution with it. The boundary conditions are then enforced by
the surface term. The wrong sign in front of the kinetic term of θ is analogous to the sign in front

1The fact that we have expressedℓcl as a functional ofr(t) and theθ boundary conditions means that this substitution
is legal. What would be wrong, would be to explicitly keepℓcl, and subsequently treat it as a constant upon integrating
over r(t), which it is not.
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of the axion kinetic term in (3.5). This is as though we had looked for imaginary saddle points
of the action in (A.4). Some papers in the litterature have gone as far as saying that one needs
to rotate the contour of integration ofθ into the imaginary line in the complex plane. However, I
would like to stay away from such an unnecessary and unnatural interpretation of what is really
taking place in this calculation.

The method we have presented in this section makes use of the fact that we can easily
expressℓcl in terms of the boundary values ofθ. This is, however, due to the fact that we are
doing (2+ 1)-dimensional quantum mechanics, or (0+ 1)-dimensional quantum field theory.
In higher dimensions, this task becomes more difficult; and the definition of a boundary is no
longer unique, which it was in this case. Therefore, we need amore covariant way to compute
the path integral that can be applied to higher-dimensionalfield theory.

A.3 Computing the path integral: second method

The second method we will be exploring involves the concept of dualization. The basic idea
behind this is the realization that, if one wants to compute apath integral with initial and final
momentumstates, one should be working with momentum variables in thefirst place, as opposed
to position variables.

We begin by rewriting (A.4) as follows:

〈 rF , ℓF | e−H T | r I , ℓI 〉 =
∫

b.c.
d[θ] d[ℓ] exp

[

− 1
2

∫ tF

tI

dt

(

ṙ2 +
ℓ2

r2
+ 2 i θ ℓ̇

)]

, (A.15)

where we have inserted an integration over a dummy variableℓ(t). We impose Dirichlet bound-
ary conditions onℓ, i.e. ℓ(tI ,F ) = ℓI ,F , and no boundary conditions onθ. Let us first show how
this reduces to (A.4) upon integratingℓ out. Integrating the last term by parts

−
∫ tF

tI

dti θ ℓ̇ =
∫ tF

tI

dt i ℓ θ̇ − i (θF ℓF − θI ℓI ) . (A.16)

we recognize the surface term as the one in (A.4). The first term can used to complete a square
in the action as follows:

− ℓ2

2 r2
+ i ℓ θ̇ = − 1

2 r2
(ℓ − i r 2 θ̇)2 − 1

2 r2 θ̇2 . (A.17)

The remaining integral overℓ is easy to perform:
∫

d[ℓ̃] exp

[

− 1
2

∫

dt

(

ℓ̃2

r2
+ r2 θ̇2

)

+ surface term

]

, (A.18)

where we have used the shift invariance of the measure by setting ℓ̃ = ℓ − i r 2 θ̇. Because the
boundary values ofℓ are fixed, they are not being integrated over, hence, they arenot affected
by this shift. This integral is simply a Gaussian.2 The end result is the original path integral

2The result of the determinant is a factorΠt r(t), which can be absorbed with the other equal factor we saw in (A.1)
in the measurer2 d[r ] → d[r3]. This is a bijective transformation of variables, and hence yields no problems in the
extremization process.
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(A.4) over θ. It should not come as a big surprise that one can write a partition function in
terms of a path integral overbotha variable and its momentum conjugate. Usually, in derivinga
path integral from first principles, one obtains such an integral and subsequently eliminates the
momentum variable as we just did above.

Now that we have proven that the right-hand-side of (A.15) yields (A.4) upon integratingℓ
out, let us change the order of integration, and eliminateθ first. The integral overθ is simply a
δ-functional:

∫

d[θ] exp

[

i
∫

dtθ ℓ̇

]

= δ
[

ℓ̇
]

. (A.19)

This simply imposes conservation of angular momentum. Hence, the path integral overℓ yields
the following:

∫

d[ℓ]δ
[

ℓ̇
]

exp

[

− 1
2

∫

dt

(

ℓ2

r2

)]

= δ(ℓF − ℓI ) exp













− 1
2

∫

dt













ℓ2
F

r2

























. (A.20)

Therefore, the final result is the following:

〈 rF , ℓF | e−H T | r I , ℓI 〉 = δ(ℓF − ℓI )
∫

(

Π′t r(t′)
)

d[r(t)] exp













− 1
2

∫ tF

tI

dt













ṙ2 +
ℓ2

F

r2

























, (A.21)

which is what we obtained with the previous method.
In terms of our dilaton-axion system in chapter 3, the radialcoordinater is roughly anal-

ogous to the dilatonφ, and the angular coordinateθ is analogous to the axionχ. The angular
momentum, which is the conjugate variable toθ, is analogous to the (D−1)-form field-strength.
There, the restriction thatdF = 0 implies that, locally,F = dC. Here, this translates to the
constraintℓ̇ = 0, which implies thatℓ is a constant. The conservation of angular momentum in
the two-dimensional quantum mechanical system translatesto the conservation of axion charge.

This method of dualization is preferable to the previous one, because it does not require
an explicit choice of parametrization of the boundary, and does not require us to split up path
integrals into bulk and boundary integrals. Hence, we will use this method in chapter 3.
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Appendix B

Useful formulae in Riemannian
geometry

In this appendix, I will spare the reader the annoying work ofcalculating the curvatures of
metrics with spherical or hyperbolic symmetry that are relevant in this thesis. I will first write
down some basic definitions for the sake of clarity, and to establish my conventions.

The Christoffel symbols are defined as follows:

Γρµν =
1
2 gρσ

(

∂µgνσ + ∂νgµσ − ∂σgµν
)

. (B.1)

In this thesis, I have used the following definition for the Ricci tensor:

Rµν = ∂ρΓ
ρ
µν − ∂µΓρνρ + Γρµν Γσσρ − Γρσµ Γσρν . (B.2)

The convention for metrics with Lorentzian signature is mostly plus, i.e. (− , + , . . . ,+). For
Euclidean metrics the convention is, well ... all plus.

The general Ansatz that encompasses all instanton and cosmological metrics that have been
used in this thesis can be written as follows:

ds2
D = ǫ e2A(r) dr2 + e2 B(r) r2 dΣ2

k ,D−1 , (B.3)

whereǫ = ±1 depending on the desired signature, and the two functionsA(r) and B(r) are
undetermined. In the second term,dΣ2

k ,D−1 is the line element of a (D − 1)-dimensional sphere,
plane or hyperbolic space fork = 1 , 0, and−1 respectively:

dΣ2
k ,D−1 =

dρ2

1− kρ2
+ r2 dΩ2

SD−2 . (B.4)

This can also be written as follows:

dΣ2
k ,D−1 = dψ2 + f 2(ψ) dΩ2

SD−2 , (B.5)
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where

f (ψ) =



















sin(ψ) if k = +1
ψ if k = 0
sinh(ψ) if k = −1

. (B.6)

I will now write down the radial component of the Ricci tensorasRrr and will denote transverse
components byRθθ:

Rrr = −(D − 1)

(

B′′ + B′2 − A′ B′ + 2
B′

r
− A′

r

)

, (B.7)

Rθθ = −ǫ gθθ e−2A

(

B′′ + (D − 1) B′2 − A′ B′ + 2 (D − 1)
B′

r
− A′

r
+

(D − 2)
r2

)

(B.8)

+ k gθθ e−2 B (D − 2)
r2

. (B.9)

All other components vanish. The non-vanishing Christoffel symbols are the following:

Γr
rr = A′ ,

Γr
θθ = −ǫ gθθ e−2A

(

B′ +
1
r

)

, (B.10)

Γθθr = B′ +
1
r
,

where no sum overθ is intended in the last component.

Sometimes one needs to compute the Ricci tensor of a metric that is related via a Weyl
rescaling to another metric whose Ricci tensor is already known. There is a very useful identity,
which can save time in this situation. Letgµν be the components of a metric with Ricci tensor
Rµν, and letg̃µν be the components of a metric that is related to the first metric as follows:

g̃µν = e2σ(x) gµν , (B.11)

whereσ(x) is some function on the manifold. Define the tensorBµ
κ as follows:

Bµ
κ = −∂µσ∂κσ + 1

2 (∂σ)2 δµ
κ + ∇µ(∂κσ) , (B.12)

where the covariant derivative is defined in terms of the metric gµν. Then, the Ricci tensor̃Rµν

of g̃µν is related toRµν as follows:

R̃µν = Rµν − gµν Bλ
λ − (D − 2) Bνµ . (B.13)

This formula is derived in [140]. Note that it applies to any metric, and does not require any
Ansatz for either the metric or the functionσ(x).



Appendix C

Homogeneous spaces and group
manifolds

In this appendix, I will define homogeneous spaces and isotropy, giving some examples. Then,
I will define group manifolds and illustrate with one example.

C.1 Homogeneous spaces

This section is based on a section in the book by Nakahara [140]. I will assume that the reader
is familiar with Lie groups.

Let us begin by defining the action of a group on a manifold.
Definition: Given a Lie groupG and a differentiable manifoldM, we define anactionof G on
M to be a differentiable mapσ : G × M → M, which satisfies the following conditions:

(i) σ(e, p) = p for anyp ∈ M,

(ii) σ(g1, σ(g2, p)) = σ(g1 g2, p) for anyg1, g2 ∈ G and anyp ∈ M,

wheree is the identity element of the group. The first condition needs no explanation, and the
second one just means that the group action has to respect thegroup multiplication. Notice that
each group elementg defines a diffeomorphism from the manifold to itself as follows:

σ(g, · ) : M → M . (C.1)

From basic Physics we already know many examples of groups acting on spaces. The classic
example is SO(3) acting on�3 as the group of rotations. More generally, whenever a group
G ⊂ GL(n,�) acts on ann-dimensional vector spaceV over some field�, we call that specific
action ofG onV ann-dimensional representation of the groupG.

An actionσ of groupG on a manifoldM automatically induces an actionσ∗ on the tangent
spaceTpM of any pointp on the manifold. I will not state the mathematical definitionhere,
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but I will briefly give an intuitive picture of it. Given a vector V ∈ TpM, tangent top, one can
always drawintegral curves, i.e. curves passing throughp that are tangent toV. Take one such
integral curvec(t), and letσ(g, · ), for someg ∈ G, act on it point by point. This will yield a
curve c̃(t) ≡ σ(g, c(t)) that passes throughq ≡ σ(g, p). DefineW ≡ σ∗g,p(V) as the vector in
TqM that is tangent to ˜c(t) atq. This defines what is called aninduced actionof G onT M.

We also need to define the following properties for group actions:
Definition: Let G be a Lie group that acts on a manifoldM byσ : G × M → M. The actionσ
is said to be

(a) transitiveif, for any p1, p2 ∈ M, there exists an elementg ∈ G such thatσ(g, p1) = p2;

(b) free if every non-trivial elementg , e of G has no fixed points inM. In other words, given
an elementg ∈ G, if there exists an elementp ∈ M such thatσ(g, p) = p, theng must be
the identity elemente.

Now we are ready to define a homogeneous space. A manifoldM is said to be homogeneous,
if there exists a Lie groupG that actstransitivelyon M. For instance, Lie groups act transitively
on themselves via the group multiplication. Then-sphere is homogeneous because its group
of rotations SO(n + 1) acts transitively on it. It is tempting to think that one can then simply
identify a manifold with the group that acts transitively onit, by choosing a base pointp on
the manifold, which one would identify withe, and identifying all other points with the group
elements required to go fromp to them. In general, however, given any two pointsp1 andp2 on a
homogeneous manifold, there could be several group elements that connect them. For instance,
given two points on a sphere, there are infinitely many rotations that can bring one point to the
other. One can easily show that this implies that for any point, one can find rotations that leave
it fixed. More generally this means that the action of the group is not free. This leads to the
concept ofisotropy group:
Definition: Let G be a Lie group that acts on a manifoldM. The isotropy groupof p ∈ M is a
subgroup ofG defined by

H(p) = [g ∈ G σ(g, p) = p]. (C.2)

In other words,H(p) ⊂ G is the group of elements that leavep fixed. This is also called thelittle
groupor stabilizerof p. If G acts transitively onM, one can show that the isotropy groups of
all points inM are isomorphic to each other. Let us take the example of the 2-sphere. Given a
point p, we see that any rotation along the axis passing throughp will leave the point fixed. So
the isotropy ofS2 is SO(2).
There is a remarkable theorem that states that, under certain conditions, if one has a homo-
geneous manifoldM with the groupG acting on it and with isotropy groupH, then the coset
spaceG/H is a manifold (i.e. it has a differentiable structure), and it is diffeomorphic toM, i.e.
G/H � M. The following are a few of the classic examples:

SO(n+ 1)/SO(n) � Sn ,

O((n+ 1)/O(n) � Sn ,

U(n+ 1)/U(n) � S2n+1 , (C.3)

O(n+ 1)/[O(1)×O(n)] � Sn/�2 � �Pn .
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As the reader may have noticed, a manifold can have more than one representation as a coset
space. It is this fact that will be exploited in the next section about group manifolds.

In section 4 we saw an intuitive definition of anisotropic manifold. We are now ready to
give a more mathematical one:
Definition: Let M be a manifold with a groupG acting on it viaσ (not necesarily transitively),
and letH(p) be the isotropy group of some pointp ∈ M. M is isotropic at p, if for any two
vectorsV1 andV2 in TpM, there exists an elementh ∈ H(p) such thatσ∗h,p(V1) = V2. In other
words,M is isotropic atp if all tangent vectors atp can be rotated into each other by elements
of the isotropy group ofp. This matches our intuition that isotropy means that a space‘looks’
the same in every direction, because all directions are related via a symmetry transformation. It
can be shown, that if a manifold is isotropic at every point, then it is also homogeneous. Spaces
that are homogeneous and isotropic are said to bemaximally symmetric.

None of the definitions and concepts we have defined so far haverequired us to define a
metric on the manifold in question. But when dealing with general relativity, there is always a
metric at hand. So, all of these definitions must be slightly altered from the physicist’s point of
view. Namely, every manifold must be endowed with a metric, and every groupG acting as a
group of diffeomorphisms on the manifold must leave the metric invariant, i.e. it must be a group
of isometries. This means for instance, that then-sphere will only be considered homogeneous,
if its isometry groupacts transitively on it. IfSn is endowed with the standard metric, then it
will be homogeneous, since its isometry group SO(n + 1) acts transitively on it. If, however,
it is endowed with a metric that has, for instance, no isometries whatsoever, then it will not be
called homogeneous. The concept of isotropy also changes inthat the isotropy group has to
be a subgroup of the isometry group. Again, a manifold can have a larger or smaller isotropy,
depending on the metric defined on it. A manifold will be called maximally symmetricif it is
homogeneous and isotropic under the physicist’s definitions of these two concepts.

C.2 Group manifolds

In this section, we will take thephysicsdefinitions of homogeneity and isotropy.
A group manifoldis a Lie group endowed with a metric that makes it homogeneous. In

other words, it is a manifold that is diffeomorphic to a Lie group and it has a metric, such that
its isometry group acts transitively on the manifold. One simple example is theS3 with the
standard metric

ds2 = dψ2 + sin2(ψ) dΩ2
S2 . (C.4)

This manifold is diffeomorphic to the group SU(2). Endowed with this metric, it has SO(4)
isometry and SO(3) isotropy, so we can write it as the quotient SO(4)/SO(3). It is maximally
symmetric.

However, as we mentioned before, there are more ways to identify a manifold with a quotient
of groups. We could endow it with a metric that has less isometries, and hence less isotropy. The
manifoldS3 can be regarded as a U(1) principal bundle overS2 known as theHopf fibration.
This means thatlocally

S3
� S2 × S1 . (C.5)
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So we can in principle write down a locally defined metric forS3 that has SO(3)× SO(2) as
its isometry group, and SO(2) as its isotropy group. I will not write down the explicit formulae
because they are not clarifying, but they can be found in [95]. Therefore, we can rewrite our
manifold as the following coset:

S3
�

SO(3)× SO(2)
SO(2)

, (C.6)

where the SO(2) in the denominator is a subgroup of the SO(3) in the numerator, i.e. the quotient
SO(3)/SO(2) forms theS2 factor of the Hopf fibration. This manifold is no longer maximally
symmetric, it isanisotropic.

We can even go further and write down a metric with the least amount of isometry that can
still act transitively on the manifold. The isometry group must then be at least three-dimensional.
Such a metric will then have no isotropy group left. In that case, we will be writing our manifold
as follows:

S3
�

SO(3)
· , (C.7)

where the ‘·’ represents the trivial group. This space is totally anisotropic. All of these state-
ments are valid only locally. Globally, of course,S3

� SU(2), and SO(3)� SU(2)/�2.
To summarize, we have written our manifold as three different quotients in the order of

decreasing isometry and isotropy:

S3
�

SO(4)
SO(3)

�
SO(3)× SO(2)

SO(2)
�

SO(3)
· . (C.8)

The first two forms are referred to as theroundand thesquashed3-sphere respectively. In gen-
eral relativity, one sees group manifolds as generalizations of maximally symmetric spaces, in
that they are homogeneous but potentially completely anisotropic. In the standard terminology,
which I personally find confusing, one names the group manifold after its isometry group. In the
case of the 3-sphere one would call the cases in (C.8) the SO(4)-manifold, the SO(3)× SO(2)-
manifold, and the SO(3)-manifold respectively.

All three-dimensional group manifolds were completely classified by Bianchi [141]. In
[95] they were used as internal spaces to compactify seven-dimensional pure gravity. This
yielded four-dimensional theories with gravity and scalars, with interesting exponential poten-
tials, which could be used to obtain cosmological solutionswith periods of transient accelera-
tion. In [128] some of those theories were studied as autonomous systems to find solutions with
periods of acceleration.




