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Chapter 2

Nonlocal crystal plasticity formulations versus classical

single crystal plasticity

Abstract

The aim of this chapter is to illustrate the variety of attempts to generalize classical (local)
single-crystal plasticity by nonlocal terms to incorporate the size dependence of material re-
sponse. To make a clear transition from the local crystal plasticity to non-local formulations, a
summary of the local framework will be given first. Afterwards, an overview of the recently de-
veloped nonlocal continuum crystal plasticity theories ofShu and Fleck (1999), Gurtin (2002),
Acharya and Bassani (2000) will be presented.



Chapter 2 Nonlocal crystal plasticity formulations versusclassical single crystal plasticity

2.1 Classical single-crystal plasticity: Summary

The classical crystal plasticity framework was established by the early 1970s (see e.g. Rice,
1971; Hill and Rice, 1972; Mandel, 1973) and further elaborated for numerical applications
by Asaro (1983) and by Cuitiño and Ortiz (1992). In this study, the interest will be confined to
small displacement gradients, and Cartesian tensor notation is used throughout.

The total strain ratėεεε in such a constitutive model is decomposed into the elastic strain rate
ε̇εεe and the plastic strain ratėεεεp:

ε̇εε = ε̇εεe+ ε̇εεp: (2.1)

The plastic strain rate,̇εεεp, is taken to be composed of the contributions of the active individual
slip systems. A slip systemα (α = 1; : : : ;N) is defined by a pair of unit vectors(sss(α);mmm(α)) in
the direction of slip and the slip plane normal, respectively. Hence,

ε̇εεp = ∑
α

PPP(α)γ̇(α); (2.2)

whereγ̇(α) is the shear rate on the slip systemα andPPP(α) is a symmetric second-rank crystal-
lographic tensor,

PPP(α) = 1
2
(sss(α)
mmm(α)+mmm(α)
sss(α)): (2.3)

The elastic properties of the material are assumed to be unaffected by plastic slip and, therefore,
the elastic constitutive relation can be specified by the rate form of Hooke’s law

σ̇σσ =LLL : ε̇εεe; (2.4)

with σ̇σσ the standard stress rate andLLL the elastic modulus tensor. Thus, combining (2.1)–(2.4)
one gets

σ̇σσ =LLL :
h
ε̇εε�∑

α
PPP(α)γ̇(α)i: (2.5)

To complete the constitutive law (2.5) one needs to specify the shear ratėγ(α). Before doing
so, we define the Schmid resolved shear stress on slip systemα by

τ(α) = PPP(α) : σσσ: (2.6)

For a viscoplastic material (i.e. rate-dependent plasticity) γ̇(α) is taken to depend upon the
resolved shear stress according to the power law relation

γ̇(α) = γ̇0

"
τ(α)
g(α)#����� τ(α)g(α) �����1=m�1 : (2.7)

Here,γ̇0 is a reference shear rate,m is the rate sensitivity parameter, andg(α) is the slip system
hardness. Since usuallym<< 1, slip on a systemα is possible if the actual resolved shear
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stressjτ(α)j is close tog(α). The slip system hardness ˙g(α) evolves with the slip on all glide
systems. Its rate of change is expressed by (Hill, 1966)

ġ(α) = ∑
β

hαβγ̇(β); (2.8)

in terms of the matrix of hardening modulihαβ that generally depend upon the history of slip.
The diagonal elementshαα of the hardening moduli matrix reflect the self-hardening, while
the off-diagonal elements govern the latent hardening effects. Even though there are several
general considerations about these moduli, the hardening matrix is the most elusive parameter
of the constitutive model to define. As a consequence, there is a variety of hardening models
that propose different forms of thehαβ, from very simple (e.g. Koiter, 1953; Hutchinson, 1970)
to quite sophisticated ones (e.g. Peirceet al., 1982; Cuitiño and Ortiz, 1992).

2.2 Nonlocal continuum crystal plasticity formulations

The formulation above does not contain a length scale, and therefore is not able to pick up size-
dependent behaviour. This motivates the development of more sophisticated (nonlocal) models
that incorporate such a length scale and, therefore, shouldbe able to capture size effects. There
is no unified concept yet about the structure of such nonlocaltheories. This fact triggers a
variety of ways of developing a nonlocal theory and how to introduce the nonlocality into the
theory. Therefore, there are a number of nonlocal (or strain-gradient) crystal plasticity theories
available in the literature now. In this section a summary ofthree nonlocal theories is presented,
highlighting some features of the chosen approaches.

2.2.1 Shu-Fleck theory

The formulation of the nonlocal theory by Shu and Fleck (1999) involves higher-order stresses
that are work conjugate to the strain gradients. To incorporate these higher-order stresses into
the theory the classical equilibrium condition is extendedto the formZ

V
[σi j δεi j + τi jkδηi jk ℄dV = Z

S
[Tiδui + r iδui;n℄dS; (2.9)

whereui;n is the normal derivative of the displacementui at the surfaceS, r i is the higher order
traction vector,τi jk is the so-called double stress (to be defined later) and the strain gradient

ηi jk = εi j ;k: (2.10)

The strainεi j is the sum of the elastic and plastic strains as previously defined in (2.1) in
the local plasticity formulation. The definition of the plastic strain rate adopted in the theory is
also the same as in (2.2) of the local formulation. In the samespirit, the rate of the plastic part
of the strain gradient (2.10) is defined by

η̇p
i jk = ∑

α
[γ̇(α)S Ψ(α)

Si j + γ̇(α)M Ψ(α)
Mi j ℄; (2.11)
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where

Ψ(α)
Si jk� P(α)

i j s(α)k ; Ψ(α)
Mi jk � P(α)

i j m(α)
k (2.12)

are third-order orientation tensors.γ̇(α)S andγ̇(α)M are called ’microslip rate gradients’ along the

slip directions(α)i and the slip normalm(α)
i , respectively.

For the yield condition, a new quantity —the overall effective stresss(α) depending on the
higher order stresses— is introduced. It is defined by(s(α))2 = (τ(α))2+(Q(α)

S =`S)2+(Q(α)
M =`M)2; (2.13)

where the resolved shear stressτ(α) is defined in Eq. (2.6),Q(α)
S = τi jkΨ(α)

Si jk and Q(α)
M =

τi jkΨ(α)
Mi jk are resolved double stresses, with`S and`M being internal material length scales of

the constitutive description. Yield occurs when the effective stresss(α) attains a yield strength
s(α)y .

The slip ratėγ(α) and microslip rate gradientṡγ(α)S and γ̇(α)M are defined in accordance with
normality as

γ̇(α) = γ̇(α)e
τ(α)
s(α) ; γ̇(α)S = `�2

S γ̇(α)e
Q(α)

S

s(α) ; γ̇(α)M = `�2
M γ̇(α)e

Q(α)
M

s(α) ; (2.14)

where γ̇(α)e is the effective strain rate. The evolution of the yield strength is related to the
effective strain history through

γ̇(α)e = h(γ̇(α))2+ `2
S(γ̇(α)S )2+ `2

M(γ̇(α)M )2
i1=2; (2.15)

via the hardening relation

ṡ(α)y = hc(s(α)y )γ̇(α)e (2.16)

in terms of the slip system hardening modulushc.
To complete the theory, it is supplemented with the classical elastic stress rate-strain rate

relation, Eq. (2.4) or

σ̇i j = Li jkl ε̇e
kl (2.17)

and, similar in spirit, an elastic relation between higher-order stresses and strains

τ̇i jm = `2
eLi jkl η̇e

klm; (2.18)

where`e is the elastic characteristic length.

In addition to the usual macroscopic boundary conditions that are expressed either in pre-
scribing the displacements or tractions at the material surface, any nonlocal theory requires
higher order boundary conditions. Which higher-order boundary condition is appropriate is
usually a matter of choice, rather than an unambiguous mathematical relation that directly
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emerges from the physical behaviour at the boundaries. As seen in Eq. (2.9) for this partic-
ular nonlocal theory, either the normal component of the displacement gradient,ui;n, or the
higher-order tractionr i needs to be prescribed as the higher-order boundary conditions.

In order to apply the theory for a particular boundary value problem, a number of material
parameters entering the theory, like the internal length scales(`e; `S; `M), slip system dependent
yield strengths(α)y and hardening modulush(α)c , have to be fitted either to experimental obser-
vations or lower scale simulations — for instance, discretedislocation plasticity simulations,
see e.g. Shuet al. (2001).

2.2.2 Gurtin theory

The idea to develop a nonlocal theory of the type proposed by Gurtin (2000, 2002) is the fact
that plastic deformation in crystalline solids originatesfrom the collective motion of disloca-
tions. It has been known for a long time that there is a naturalmaterial length scale related to
the presence of so-called geometrically necessary dislocations (GNDs). As a measure of the
GNDs the tensorial quantityαi j , introduced by Nye (1953), is adopted:

αi j = ejkl ∑
β

γ(β);k s(β)i m(β)
l : (2.19)

(ejkl is the alternating tensor). This dislocation tensor can be viewed as a measure of lattice
incompatibility due to the presence of dislocations.

Gurtin’s theory is based on the assumption that the presenceof the GNDs in a material leads
to an increase of the free energy of the system. This argumentis expressed by an additional
quadratic term to the classical elastic free energy, which is dependent upon the GND density
tensor as

Ψ = 1
2

εe
i j Li jlk εe

kl + 1
2
`2π0αi j αi j ; (2.20)

where` is a material length parameter andπ0 is a material strength parameter. The assumption
(2.20) also emphasizes that the elastic properties are not affected by the density of the GNDs.

The derivation of the balance laws is based on a principle of virtual work in which slips and
slip gradients are introduced as independent fields:Z

V

h
σi j δue

i j +∑
β

π(β)δγ(β)+∑
β

ξ(β)i δγ(β);i idV = Z
S
∑
β

q(β)δγ(β)dS+Z
S
tiδuidS (2.21)

and whereπ(β) andξ(β)i are their respective work-conjugates. Independent variation of δu and
δγ(β) yields the classical balanceσi j ; j = 0, a so-called microforce balance

π(β)� τ(β)�ξ(β)i;i = 0; (2.22)

with τ(β) the resolved shear stress of (2.6), and two sets of boundary conditions. The first
type of boundary conditions comprises the classical macroscopic ones for the displacements
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or tractions. The second set, implying that

q(β) = ξ(β)i ni or γ(β) (2.23)

be prescribed, represents additional (microscopic) boundary conditions for this theory. The
constitutive equations for “internal forces”π(β) and the “microstress”ξ(β)i are based on the
free energy inequality

ψ̇�σi j ε̇e
i j �∑

β

�
ξ(β)i γ̇(β);i +π(β)γ̇(β)i

�� 0; (2.24)

which is derived from the second law of thermodynamics (for details see Cermelli and Gurtin,
2002; Gurtin, 2002). For the microstress, which serves as the backstress, one gets

ξ(β)i = eipqm(β)
p Tqrs

(β)
r (2.25)

with

Tji = ∂Ψ
∂αi j

= `2π0αi j (2.26)

being a defect stress tensor. Hence, by substituting (2.26)into (2.25) one can rewrite the
definition of the microstress in the following form

ξ(β)i = `2π0eipqm(β)
p αrqs(β)r : (2.27)

By substitutingπ(β), governed by the equation

π(β) = ϕ(β)sgṅγ(β); (2.28)

into the microforce balance (2.22) and taking into account (2.27), one obtains the nonlocal
yield condition

τ(β) = ϕ(β)sgṅγ(β)+ `2π0∑
κ

eipqeqklS
(βκ)γ(κ);ki (2.29)

involving second spatial derivatives of slip. Here,ϕ(β) is the slip resistance, andϕ(β) > 0;
S(βκ) = s(β)j s(κ)j are the slip interaction coefficients. The first term in the yield condition (2.29)
can be interpreted as a source of the dissipative hardening due to slip, while the second one
represents so-called energetic hardening due to energy stored by the GNDs. The dissipative
hardening is generally assumed to be local, but can be taken to be nonlocal as well. The
nonlocal effect in the theory arises primarily from a free energy dependence on the GND
density which, in turn, gives an energetic contribution to the nonlocal yield condition (2.29).

2.2.3 Acharya and Bassani theory

The nonlocal continuum plasticity formulation of Acharya and Bassani (2000) is the simplest
one compared to the already discussed formulations of Shu-Fleck and Gurtin. Acharya and
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Bassani have proposed a theory based on the notion of latticeincompatibility, as measured by
Nye’s (1953) dislocation density tensorαi j defined in (2.19). The hypothesis is that this in-
compatibility enters the constitutive relation only as an additional contribution to the hardening
of a slip system. Therefore, the hardening matrix in Eq. (2.8) is taken to depend both on slips
γ(k) and onαi j , and, thus, the rate of change of the slip system hardness reads

ġ(α) = ∑
β

hαβ(fγ(µ)g;αi j )γ̇(β): (2.30)

Note that the theory does not incorporate the kinematic (energetic) type of hardening as, for
example, does Gurtin’s theory. One of the important consequences of this is that the theory of
Acharya and Bassani is not capable of predicting a Bauschinger effect.

Moreover, one of the still unresolved issues of the theory isthe problem of including the
nonlocal effects into the slip system hardening in case of multiple slip. The problem is that it is
not clear how to apportion the effects of the GNDs across the individual slip systems. Exactly
the same problem occurs in the theory of Gurtin when attempting to introduce nonlocality into
the dissipative hardening description.

In single slip the hardening matrix collapses into a scalarh and the following slip system
hardening rule has been adopted by Acharya and Bassani:

h(γ;γ;1) = h0

� γ
γ0
�1
�N�1h

1+ `2
�γ;1

γ0

�2ip: (2.31)

Here ` is the material length scale introduced for dimensional consistency,N is the strain
hardening exponent andp is a non-negative parameter smaller than one. The viscoplastic flow
rule as well as the constitutive relations adopted here havethe same form as those in the local
theory in section 2.1.

One of the peculiarities of this simple theory is that it preserves the classical structure of lo-
cal single crystal plasticity summarized in section 2.1 anddoes not require higher-order stresses
or additional boundary conditions (which are not always physically transparent). On the other
hand, like any other low-order continuum theory, the Acharya-Bassani theory cannot capture,
for example, the formation of boundary layers in case of hindered plasticity. The reason is
that, without the additional boundary conditions, it is notpossible to trigger inhomogeneous
plastic flow from a homogeneous initial state, so that the deformation remains uniform. The
nonlocal plasticity theories of Shu-Fleck (1999) and Gurtin (2002), which both require higher
order boundary conditions, are able to capture these boundary layers, as shown by Shuet al.
(2001) and Bittencourtet al. (2003).
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