
 

 

 University of Groningen

Discrete dislocation and nonlocal crystal plasticity modelling
Yefimov, Serge

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2004

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
Yefimov, S. (2004). Discrete dislocation and nonlocal crystal plasticity modelling. s.n.

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 24-05-2023

https://research.rug.nl/en/publications/e2f7ffd4-8204-4b72-b0dc-ded66cb57a02


Discrete dislocation and
nonlocal crystal plasticity modelling





RIJKSUNIVERSITEIT GRONINGEN

Discrete dislocation and
nonlocal crystal plasticity modelling

Proefschrift

ter verkrijging van het doctoraat in de
Wiskunde en Natuurwetenschappen
aan de Rijksuniversiteit Groningen

op gezag van de
Rector Magnificus, dr. F. Zwarts,
in het openbaar te verdedigen op

maandag 4 oktober 2004
om 16.15 uur

door

Serge Yefimov

geboren op 2 juni 1973
te Kharkov, Oekraı̈ne



Promotor: Prof. dr. ir. E. van der Giessen

Beoordelingscommissie: Prof. dr. N. A. Fleck
Prof. dr. ir. M. G. D. Geers
Prof. dr. D. Khomskii

ISBN 90-77172-12-2



This research was carried out under project number MS97006Ain the framework of the Strate-
gic Research Program of the Netherlands Institute for Metals Research in the Netherlands
(www.nimr.nl).





Contents

1 Introduction 1

1.1 Bridging scales in metal plasticity . . . . . . . . . . . . . . . . .. . . . . . . 1

1.2 Scope and outline of the thesis . . . . . . . . . . . . . . . . . . . . . .. . . . 4

2 Nonlocal crystal plasticity formulations versus classical single crystal plasticity 7

2.1 Classical single-crystal plasticity: Summary . . . . . . .. . . . . . . . . . . . 8

2.2 Nonlocal continuum crystal plasticity formulations . .. . . . . . . . . . . . . 9

3 Single slip in a statistical-mechanics based nonlocal crystal plasticity model 15

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .16

3.2 Statistical-mechanics description for single slip . . .. . . . . . . . . . . . . . 16

3.3 Incorporation into crystal plasticity theory . . . . . . . .. . . . . . . . . . . . 19

3.4 Application to a metal-matrix composite . . . . . . . . . . . . .. . . . . . . . 21

3.5 Summary of discrete dislocation results . . . . . . . . . . . . .. . . . . . . . 26

3.6 Nonlocal crystal plasticity results . . . . . . . . . . . . . . . .. . . . . . . . . 28

3.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4 Bending of a single crystal: discrete dislocation and nonlocal crystal plasticity
simulations 37

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .38

4.2 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 39

4.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5 Multiple slip in a statistical-mechanics based nonlocal crystal plasticity model 59

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .60

5.2 Nonlocal continuum plasticity . . . . . . . . . . . . . . . . . . . . .. . . . . 61

5.3 Sensitivity of nonlocal interaction laws for constrained simple shear . . . . . . 64

5.4 Bending of a single crystal . . . . . . . . . . . . . . . . . . . . . . . . .. . . 72

5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

vii



Contents

6 Size effects in single crystal thin films: nonlocal crystalplasticity simulations 83

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .84

6.2 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 85

6.3 Summary of the constitutive theory . . . . . . . . . . . . . . . . . .. . . . . . 87

6.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

6.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

Summary 99

Samenvatting 103

References 107

Acknowledgements 111

viii



Chapter 1

Introduction

1.1 Bridging scales in metal plasticity

Beyond the elastic limit a material undergoes plastic deformation. In metals, plastic defor-
mation originates from the motion of a large number of discrete defects: dislocations. Plas-
tic deformation can be observed at various length scales. Relevant processes range from the
atomistic scale where the atomic arrangement and individual defect properties of a material
are of crucial importance for its deformation properties, up to the macroscopic scale where the
actual material microstructure is not resolved and plasticity is described on phenomenologi-
cal grounds. A schematic of the length scales and associatedplasticity models in metals is
given in Fig. 1.1, showing the four distinct length scales atwhich plasticity may be addressed:
nanometer scale (atomistic), the microscopic scale, the mesoscopic scale (tens of microns) and
the macroscopic scale.

Currently one of the most interesting issues in the computational mechanics of materials
community is how to make a smooth and clear connection between plasticity related processes
going on at the atomic scale and the plastic material behavior at the macro scale. A solution to
this issue would, in principle, lead to a development of a consistent, unified plasticity theory
based on a multi-scale strategy.

Yet, each of the four major length scale in plasticity, as depicted in Fig. 1.1, requires its own
plasticity model. For example, phenomenological continuum plasticity based models serve
well for many problems at the macroscopic scale. Starting from macroscopic engineering
mechanics problems, the increasing miniaturization of mechanical devices takes us down to
mesoscopic scales, where the material microstructure is ofgreat importance in determining the
material response. Crystal plasticity models that do account for the crystalline microstructure
by distinguishing between different crystallographic orientations have become popular and
successful models for the anisotropic plastic deformationof single crystals. The discrete slip
systems that depend on the crystal structure are incorporated into these models, but the plastic
part of deformation is still modelled in a continuum sense. One of the fundamental ingredients
of such theories, the plastic flow rule, is usually given on purely phenomenological grounds,
by e.g. Asaro (1983).

The characteristic length of a deformation microstructurebecomes significant in the analysis
of the material at a scale where the microstructure characteristic length is no longer negligible
with respect to the material size. This triggers an important question, whether and how macro-

1



Chapter 1 Introduction

b

1 100 µm∼

1 mm …∼

0.1 1 µm∼

1 nm

phenomenological
continuum plasticity

(poly-) crystal
continuum plasticity

discrete dislocation
plasticity

atomistics of
single dislocation

Figure 1.1 Plasticity in metals at various length scales.
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1.1 Bridging scales in metal plasticity

scopic overall mechanical properties as strength, hardness etc. depend upon a natural internal
length scale related to the characteristic size of the microstructures in the material. To answer
this question, a detailed knowledge of the dislocation structure generation and evolution with
the applied deformation is required.

Standard continuum plasticity models are local in the sensethat the stress at a material point
is assumed to be a function of a strain in that point only. Local theories do not make reference to
the characteristic length scale for dislocations and, therefore, are not able to resolve dislocation
structures. As a consequence, such models exhibit also no size dependence. However, there
is a considerable, and growing, body of experimental evidence that shows that the response is
in fact size dependent at length scales of the order of tens ofmicrons and smaller. Flecket
al. (1994) showed, for example, that in a torsion experiment a wire exhibits a greater strength
for smaller diameters. Size effect of the type “smaller is stronger” is common at these scales
and has been also observed, for example, by Ma and Clarke (1995), Stölken and Evans (1998)
for composites and in bending, respectively. The increase in strength in those experiments is
related to strain gradients produced by so-called geometrically necessary dislocations (Ashby,
1970) that are needed to maintain compatibility in the material. Such nonlocal dependence
of the response should be incorporated into a plasticity theory to accurately reflect the experi-
mental observations at micron-size scales. Thus, these experimental observations motivate the
development of plasticity models different from the standard continuum plasticity ones, which
should account for physical properties of the individual dislocations and, therefore, be able to
predict size effects.

One such type of plasticity theory, known as discrete dislocation plasticity (DDP), is inher-
ently nonlocal. In DDP, the dislocations are modelled as line discontinuities in a linear elastic
continuum. This approach poses a problem in calculating thestrains along the dislocation line,
i.e. inside the dislocation core. The strains in the core arejust too large for linear elasticity
theory to hold there. The core is usually only a few lattice spacings wide and its contribution
can be estimated either from the atomistic simulation of a dislocation or indirectly from exper-
iments. Outside the core, the strains can be described accurately by classical linear elasticity.
From experiments, various mechanisms involving the dislocations such as dislocation glide,
generation, annihilation, junction formation and breaking etc. are known. These mechanisms
can be directed modelled in atomistic simulations. However, the only possibility to incorpo-
rate such dislocation features into DDP is through prescribed ’constitutive rules’ mimicking
the atomistic scale behaviour. Some of the effects like junction formation, line tension, mixed
dislocations require fully three-dimensional discrete dislocation frameworks (e.g. Kubinet
al., 1992; Weygandet al., 2002). Such advanced three-dimensional DDP models are usually
computationally very costly and, thus, applicable only to rather small systems. However, for
a particular class of plasticity problems, two-dimensional dislocation plasticity can be appli-
cable, which is less computationally intensive and allows to handle complex boundary value
problems. The range of dislocation related processes whichcan be simulated is, of course,
limited to two-dimensional dislocation interactions defined by the set of constitutive rules.
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Chapter 1 Introduction

There is also another class of approaches, which are aiming to incorporate the size de-
pendence of dislocation plasticity by extending classical, local continuum descriptions with
nonlocal or strain gradient terms, e.g. Hutchinson (2000).The development of such nonlo-
cal theories is a very active field currently, with a variety of different kinds of theories which
differ in the way the nonlocality is incorporated. A subset of them is based on the idea that
the geometrically necessary dislocations associated withstrain gradients give rise to additional
hardening. Most of these employ Nye’s (1953) geometrical concept of a dislocation density
tensor, but in a variety of ways. Irrespective of the preciseformulation, a constant material
length scale that enters in such theories needs to be fitted toexperimental results (see, e.g.,
Fleck et al.,1994; Fleck and Hutchinson, 1997) or to results of numerical DDP simulations,
e.g. Bassaniet al. (2001), Bittencourtet al. (2002). Another very important and still unre-
solved issue in the formulation of phenomenological straingradient theories is the necessity
or not of additional boundary conditions, e.g. Aifantis (1984), Acharya and Bassani (2000),
Bassaniet al. (2001), Gao and Huang (2003); Gurtin (2002), Van der Giessenand Needleman
(2003). Parallel to these developments there is work by, forinstance, Arsenlis and Parks (2002)
and Everset al. (2002) where a more direct physical connection is sought between dislocation
density and hardening.

Coming back to the problem of linking plasticity theories atneighboring scales, one can say
that bridging the discrete and continuum plasticity methods would be a significant contribution
in understanding plastic deformation phenomena across thescales.

1.2 Scope and outline of the thesis

This work is a contribution in bridging the gap between the discrete dislocation description of
a crystal that contains a large number of dislocations and crystal plasticity theory by means of
a novel nonlocal continuum crystal plasticity model.

In the derivation of the theory we start from a statistical description of the motion of an en-
semble of parallel edge dislocations by Groma and co-workers (1997, 1999, 2003). Averaging
leads to two kinds of dislocation density for single slip: the standard total dislocation density
and the net-Burgers vector density, which can also be interpreted as the density of geometri-
cally necessary dislocations. The analysis leads to a continuum dislocation dynamics defined
by two coupled transport equations for these densities, which form the nonlocal extension of a
standard continuum slip model. Dislocation nucleation, the material resistance to dislocation
glide and dislocation annihilation are included in the formulation. Thus, the proposed theory
has strong dislocation background.

A necessary condition for a constitutive model to have predictive power, is that, once fitted
to a particular boundary value problem, it is able to predictother boundary value problems for
the same material. Therefore, to assess the validity of the approach, the theory is applied to
a number of two dimensional boundary value problems. For each of them a quantitative and
qualitative comparison with the corresponding results obtained by DDP is presented.
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1.2 Scope and outline of the thesis

First of all, in chapter 2 an overview of a few recent nonlocalcontinuum crystal plasticity
theories is given. Different methodologies of embedding the length scale in the theories are
discussed. Emphasis is also given to additional (higher-order) boundary conditions required
by some theories and the physical interpretation of such boundary conditions.

Chapter 3 deals with a step-by-step derivation of the novel dislocation based nonlocal plas-
ticity model in single slip. Subsequently, the analysis of the problem of simple shearing of
a model composite material is compared to the discrete dislocation simulations of the same
problem by Cleveringaet al. (1997, 1998, 1999a). The free parameters in the nonlocal theory
are fitted to the corresponding discrete dislocation results of the same problem. The contin-
uum theory is shown capable of distinguishing between the responses of two different particle
morphologies (with the same area fraction), one involving unblocked slip in veins of unrein-
forced matrix material, the other relying on particle rotations induced by plastic slip gradients
and geometrically necessary dislocations. During unloading the nonlocal theory predicts a
pronounced Bauschinger effect that is also consistent withthe discrete dislocation results.

We continue to explore the nonlocal plasticity theory in single slip in chapter 4. After the
free parameters of the theory have been fitted in the previouschapter, we aim at studying the
abilities of the theory when applied to another boundary value problem with different boundary
conditions. This time the theory is applied to bending of a single-crystal strip, using parameter
values obtained in chapter 3. The bending moment versus rotation angle and the evolution of
the dislocation structure are analyzed for different orientations and specimen sizes with due
consideration of the role of geometrically necessary dislocations. The results are compared to
those of discrete dislocation simulations of the same problem. It is shown that without any
additional fitting of the parameters, the continuum theory is able to describe the dependence
on slip plane orientation and on specimen size.

Chapter 5 concerns the problem of extending the nonlocal crystal plasticity theory developed
in chapter 3 for single slip to multiple slip. Continuum dislocation dynamics in multiple slip is
proposed and coupled to the small-strain framework of conventional continuum single crystal
plasticity. Nonlocal interactions between the dislocations of different slip systems are also
taken into account. Various interaction laws are considered on phenomenological grounds.

To validate the theory in multiple slip we compare with the results of discrete dislocation
simulations of two boundary value problems. One problem is the simple shearing of a crys-
talline strip constrained between two rigid and impenetrable walls. Key features are the for-
mation of boundary layers and the size dependence of the material response in the case of
symmetric double slip. The other problem concerns the bending of a single-crystal strip with
double slip. The bending moment versus rotation angle and the evolution of the dislocation
structure are analyzed for different slip orientations andspecimen sizes.

In chapter 6 we continue to test the nonlocal theory in multiple slip. This time we address
the problem of thermal expansion of a single crystal thin films perfectly bounded to an elastic
substrate. Symmetric double slip is considered. The stressversus temperature and the evolu-
tion of the dislocation structure are analyzed for different orientations and film thickness. The
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effect of film size is associated with the formation of a boundary layer of the dislocations at
the film-substrate interface which does not scale with the film thickness. The thickness of the
boundary layer itself is shown to be dependent on the slip system orientation.
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Chapter 2

Nonlocal crystal plasticity formulations versus classical

single crystal plasticity

Abstract

The aim of this chapter is to illustrate the variety of attempts to generalize classical (local)
single-crystal plasticity by nonlocal terms to incorporate the size dependence of material re-
sponse. To make a clear transition from the local crystal plasticity to non-local formulations, a
summary of the local framework will be given first. Afterwards, an overview of the recently de-
veloped nonlocal continuum crystal plasticity theories ofShu and Fleck (1999), Gurtin (2002),
Acharya and Bassani (2000) will be presented.



Chapter 2 Nonlocal crystal plasticity formulations versusclassical single crystal plasticity

2.1 Classical single-crystal plasticity: Summary

The classical crystal plasticity framework was established by the early 1970s (see e.g. Rice,
1971; Hill and Rice, 1972; Mandel, 1973) and further elaborated for numerical applications
by Asaro (1983) and by Cuitiño and Ortiz (1992). In this study, the interest will be confined to
small displacement gradients, and Cartesian tensor notation is used throughout.

The total strain ratėεεε in such a constitutive model is decomposed into the elastic strain rate
ε̇εεe and the plastic strain ratėεεεp:

ε̇εε = ε̇εεe+ ε̇εεp: (2.1)

The plastic strain rate,̇εεεp, is taken to be composed of the contributions of the active individual
slip systems. A slip systemα (α = 1; : : : ;N) is defined by a pair of unit vectors(sss(α);mmm(α)) in
the direction of slip and the slip plane normal, respectively. Hence,

ε̇εεp = ∑
α

PPP(α)γ̇(α); (2.2)

whereγ̇(α) is the shear rate on the slip systemα andPPP(α) is a symmetric second-rank crystal-
lographic tensor,

PPP(α) = 1
2
(sss(α)
mmm(α)+mmm(α)
sss(α)): (2.3)

The elastic properties of the material are assumed to be unaffected by plastic slip and, therefore,
the elastic constitutive relation can be specified by the rate form of Hooke’s law

σ̇σσ =LLL : ε̇εεe; (2.4)

with σ̇σσ the standard stress rate andLLL the elastic modulus tensor. Thus, combining (2.1)–(2.4)
one gets

σ̇σσ =LLL :
h
ε̇εε�∑

α
PPP(α)γ̇(α)i: (2.5)

To complete the constitutive law (2.5) one needs to specify the shear ratėγ(α). Before doing
so, we define the Schmid resolved shear stress on slip systemα by

τ(α) = PPP(α) : σσσ: (2.6)

For a viscoplastic material (i.e. rate-dependent plasticity) γ̇(α) is taken to depend upon the
resolved shear stress according to the power law relation

γ̇(α) = γ̇0

"
τ(α)
g(α)#����� τ(α)g(α) �����1=m�1 : (2.7)

Here,γ̇0 is a reference shear rate,m is the rate sensitivity parameter, andg(α) is the slip system
hardness. Since usuallym<< 1, slip on a systemα is possible if the actual resolved shear

8



2.2 Nonlocal continuum crystal plasticity formulations

stressjτ(α)j is close tog(α). The slip system hardness ˙g(α) evolves with the slip on all glide
systems. Its rate of change is expressed by (Hill, 1966)

ġ(α) = ∑
β

hαβγ̇(β); (2.8)

in terms of the matrix of hardening modulihαβ that generally depend upon the history of slip.
The diagonal elementshαα of the hardening moduli matrix reflect the self-hardening, while
the off-diagonal elements govern the latent hardening effects. Even though there are several
general considerations about these moduli, the hardening matrix is the most elusive parameter
of the constitutive model to define. As a consequence, there is a variety of hardening models
that propose different forms of thehαβ, from very simple (e.g. Koiter, 1953; Hutchinson, 1970)
to quite sophisticated ones (e.g. Peirceet al., 1982; Cuitiño and Ortiz, 1992).

2.2 Nonlocal continuum crystal plasticity formulations

The formulation above does not contain a length scale, and therefore is not able to pick up size-
dependent behaviour. This motivates the development of more sophisticated (nonlocal) models
that incorporate such a length scale and, therefore, shouldbe able to capture size effects. There
is no unified concept yet about the structure of such nonlocaltheories. This fact triggers a
variety of ways of developing a nonlocal theory and how to introduce the nonlocality into the
theory. Therefore, there are a number of nonlocal (or strain-gradient) crystal plasticity theories
available in the literature now. In this section a summary ofthree nonlocal theories is presented,
highlighting some features of the chosen approaches.

2.2.1 Shu-Fleck theory

The formulation of the nonlocal theory by Shu and Fleck (1999) involves higher-order stresses
that are work conjugate to the strain gradients. To incorporate these higher-order stresses into
the theory the classical equilibrium condition is extendedto the formZ

V
[σi j δεi j + τi jkδηi jk ℄dV = Z

S
[Tiδui + r iδui;n℄dS; (2.9)

whereui;n is the normal derivative of the displacementui at the surfaceS, r i is the higher order
traction vector,τi jk is the so-called double stress (to be defined later) and the strain gradient

ηi jk = εi j ;k: (2.10)

The strainεi j is the sum of the elastic and plastic strains as previously defined in (2.1) in
the local plasticity formulation. The definition of the plastic strain rate adopted in the theory is
also the same as in (2.2) of the local formulation. In the samespirit, the rate of the plastic part
of the strain gradient (2.10) is defined by

η̇p
i jk = ∑

α
[γ̇(α)S Ψ(α)

Si j + γ̇(α)M Ψ(α)
Mi j ℄; (2.11)

9



Chapter 2 Nonlocal crystal plasticity formulations versusclassical single crystal plasticity

where

Ψ(α)
Si jk� P(α)

i j s(α)k ; Ψ(α)
Mi jk � P(α)

i j m(α)
k (2.12)

are third-order orientation tensors.γ̇(α)S andγ̇(α)M are called ’microslip rate gradients’ along the

slip directions(α)i and the slip normalm(α)
i , respectively.

For the yield condition, a new quantity —the overall effective stresss(α) depending on the
higher order stresses— is introduced. It is defined by(s(α))2 = (τ(α))2+(Q(α)

S =`S)2+(Q(α)
M =`M)2; (2.13)

where the resolved shear stressτ(α) is defined in Eq. (2.6),Q(α)
S = τi jkΨ(α)

Si jk and Q(α)
M =

τi jkΨ(α)
Mi jk are resolved double stresses, with`S and`M being internal material length scales of

the constitutive description. Yield occurs when the effective stresss(α) attains a yield strength
s(α)y .

The slip ratėγ(α) and microslip rate gradientṡγ(α)S and γ̇(α)M are defined in accordance with
normality as

γ̇(α) = γ̇(α)e
τ(α)
s(α) ; γ̇(α)S = `�2

S γ̇(α)e
Q(α)

S

s(α) ; γ̇(α)M = `�2
M γ̇(α)e

Q(α)
M

s(α) ; (2.14)

where γ̇(α)e is the effective strain rate. The evolution of the yield strength is related to the
effective strain history through

γ̇(α)e = h(γ̇(α))2+ `2
S(γ̇(α)S )2+ `2

M(γ̇(α)M )2
i1=2; (2.15)

via the hardening relation

ṡ(α)y = hc(s(α)y )γ̇(α)e (2.16)

in terms of the slip system hardening modulushc.
To complete the theory, it is supplemented with the classical elastic stress rate-strain rate

relation, Eq. (2.4) or

σ̇i j = Li jkl ε̇e
kl (2.17)

and, similar in spirit, an elastic relation between higher-order stresses and strains

τ̇i jm = `2
eLi jkl η̇e

klm; (2.18)

where`e is the elastic characteristic length.

In addition to the usual macroscopic boundary conditions that are expressed either in pre-
scribing the displacements or tractions at the material surface, any nonlocal theory requires
higher order boundary conditions. Which higher-order boundary condition is appropriate is
usually a matter of choice, rather than an unambiguous mathematical relation that directly

10



2.2 Nonlocal continuum crystal plasticity formulations

emerges from the physical behaviour at the boundaries. As seen in Eq. (2.9) for this partic-
ular nonlocal theory, either the normal component of the displacement gradient,ui;n, or the
higher-order tractionr i needs to be prescribed as the higher-order boundary conditions.

In order to apply the theory for a particular boundary value problem, a number of material
parameters entering the theory, like the internal length scales(`e; `S; `M), slip system dependent
yield strengths(α)y and hardening modulush(α)c , have to be fitted either to experimental obser-
vations or lower scale simulations — for instance, discretedislocation plasticity simulations,
see e.g. Shuet al. (2001).

2.2.2 Gurtin theory

The idea to develop a nonlocal theory of the type proposed by Gurtin (2000, 2002) is the fact
that plastic deformation in crystalline solids originatesfrom the collective motion of disloca-
tions. It has been known for a long time that there is a naturalmaterial length scale related to
the presence of so-called geometrically necessary dislocations (GNDs). As a measure of the
GNDs the tensorial quantityαi j , introduced by Nye (1953), is adopted:

αi j = ejkl ∑
β

γ(β);k s(β)i m(β)
l : (2.19)

(ejkl is the alternating tensor). This dislocation tensor can be viewed as a measure of lattice
incompatibility due to the presence of dislocations.

Gurtin’s theory is based on the assumption that the presenceof the GNDs in a material leads
to an increase of the free energy of the system. This argumentis expressed by an additional
quadratic term to the classical elastic free energy, which is dependent upon the GND density
tensor as

Ψ = 1
2

εe
i j Li jlk εe

kl + 1
2
`2π0αi j αi j ; (2.20)

where` is a material length parameter andπ0 is a material strength parameter. The assumption
(2.20) also emphasizes that the elastic properties are not affected by the density of the GNDs.

The derivation of the balance laws is based on a principle of virtual work in which slips and
slip gradients are introduced as independent fields:Z

V

h
σi j δue

i j +∑
β

π(β)δγ(β)+∑
β

ξ(β)i δγ(β);i idV = Z
S
∑
β

q(β)δγ(β)dS+Z
S
tiδuidS (2.21)

and whereπ(β) andξ(β)i are their respective work-conjugates. Independent variation of δu and
δγ(β) yields the classical balanceσi j ; j = 0, a so-called microforce balance

π(β)� τ(β)�ξ(β)i;i = 0; (2.22)

with τ(β) the resolved shear stress of (2.6), and two sets of boundary conditions. The first
type of boundary conditions comprises the classical macroscopic ones for the displacements
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Chapter 2 Nonlocal crystal plasticity formulations versusclassical single crystal plasticity

or tractions. The second set, implying that

q(β) = ξ(β)i ni or γ(β) (2.23)

be prescribed, represents additional (microscopic) boundary conditions for this theory. The
constitutive equations for “internal forces”π(β) and the “microstress”ξ(β)i are based on the
free energy inequality

ψ̇�σi j ε̇e
i j �∑

β

�
ξ(β)i γ̇(β);i +π(β)γ̇(β)i

�� 0; (2.24)

which is derived from the second law of thermodynamics (for details see Cermelli and Gurtin,
2002; Gurtin, 2002). For the microstress, which serves as the backstress, one gets

ξ(β)i = eipqm(β)
p Tqrs

(β)
r (2.25)

with

Tji = ∂Ψ
∂αi j

= `2π0αi j (2.26)

being a defect stress tensor. Hence, by substituting (2.26)into (2.25) one can rewrite the
definition of the microstress in the following form

ξ(β)i = `2π0eipqm(β)
p αrqs(β)r : (2.27)

By substitutingπ(β), governed by the equation

π(β) = ϕ(β)sgṅγ(β); (2.28)

into the microforce balance (2.22) and taking into account (2.27), one obtains the nonlocal
yield condition

τ(β) = ϕ(β)sgṅγ(β)+ `2π0∑
κ

eipqeqklS
(βκ)γ(κ);ki (2.29)

involving second spatial derivatives of slip. Here,ϕ(β) is the slip resistance, andϕ(β) > 0;
S(βκ) = s(β)j s(κ)j are the slip interaction coefficients. The first term in the yield condition (2.29)
can be interpreted as a source of the dissipative hardening due to slip, while the second one
represents so-called energetic hardening due to energy stored by the GNDs. The dissipative
hardening is generally assumed to be local, but can be taken to be nonlocal as well. The
nonlocal effect in the theory arises primarily from a free energy dependence on the GND
density which, in turn, gives an energetic contribution to the nonlocal yield condition (2.29).

2.2.3 Acharya and Bassani theory

The nonlocal continuum plasticity formulation of Acharya and Bassani (2000) is the simplest
one compared to the already discussed formulations of Shu-Fleck and Gurtin. Acharya and
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2.2 Nonlocal continuum crystal plasticity formulations

Bassani have proposed a theory based on the notion of latticeincompatibility, as measured by
Nye’s (1953) dislocation density tensorαi j defined in (2.19). The hypothesis is that this in-
compatibility enters the constitutive relation only as an additional contribution to the hardening
of a slip system. Therefore, the hardening matrix in Eq. (2.8) is taken to depend both on slips
γ(k) and onαi j , and, thus, the rate of change of the slip system hardness reads

ġ(α) = ∑
β

hαβ(fγ(µ)g;αi j )γ̇(β): (2.30)

Note that the theory does not incorporate the kinematic (energetic) type of hardening as, for
example, does Gurtin’s theory. One of the important consequences of this is that the theory of
Acharya and Bassani is not capable of predicting a Bauschinger effect.

Moreover, one of the still unresolved issues of the theory isthe problem of including the
nonlocal effects into the slip system hardening in case of multiple slip. The problem is that it is
not clear how to apportion the effects of the GNDs across the individual slip systems. Exactly
the same problem occurs in the theory of Gurtin when attempting to introduce nonlocality into
the dissipative hardening description.

In single slip the hardening matrix collapses into a scalarh and the following slip system
hardening rule has been adopted by Acharya and Bassani:

h(γ;γ;1) = h0

� γ
γ0
�1
�N�1h

1+ `2
�γ;1

γ0

�2ip: (2.31)

Here ` is the material length scale introduced for dimensional consistency,N is the strain
hardening exponent andp is a non-negative parameter smaller than one. The viscoplastic flow
rule as well as the constitutive relations adopted here havethe same form as those in the local
theory in section 2.1.

One of the peculiarities of this simple theory is that it preserves the classical structure of lo-
cal single crystal plasticity summarized in section 2.1 anddoes not require higher-order stresses
or additional boundary conditions (which are not always physically transparent). On the other
hand, like any other low-order continuum theory, the Acharya-Bassani theory cannot capture,
for example, the formation of boundary layers in case of hindered plasticity. The reason is
that, without the additional boundary conditions, it is notpossible to trigger inhomogeneous
plastic flow from a homogeneous initial state, so that the deformation remains uniform. The
nonlocal plasticity theories of Shu-Fleck (1999) and Gurtin (2002), which both require higher
order boundary conditions, are able to capture these boundary layers, as shown by Shuet al.
(2001) and Bittencourtet al. (2003).
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Chapter 3

Single slip in a statistical-mechanics based nonlocal crystal

plasticity model. Application to a metal-matrix composite�
Abstract

A two-dimensional nonlocal version of continuum crystal plasticity theory is proposed, which
is based on a statistical-mechanics description of the collective behaviour of dislocations cou-
pled to standard small-strain crystal continuum kinematics for single slip. It involves a set of
transport equations for the total dislocation density fieldand for the net-Burgers vector density
field, which include a slip system back stress associated to the gradient of the net-Burgers vec-
tor density. The theory is applied to the problem of shearingof a two-dimensional composite
material with elastic reinforcements in a crystalline matrix. The results are compared to those
of discrete dislocation simulations of the same problem. The continuum theory is shown to be
able to pick up the distinct dependence on the size of the reinforcing particles for one of the
morphologies being studied. Also, its predictions are consistent with the discrete dislocation
results during unloading, showing a pronounced Bauschinger effect. None of these features
are captured by standard local plasticity theories.

�Based onYefimov, S., Groma I. and Van der Giessen, E., 2001. Comparison of a statistical-mechanics

based plasticity model with discrete dislocation plasticity calculations. Journal de Physique IV 11

Pr5/103-110 and onYefimov, S., Groma, I., Van der Giessen, E., 2004a. A comparison of a statistical-

mechanics based plasticity model with discrete dislocation plasticity calculations.J. Mech. Phys. Solids

52, 279–300.



Chapter 3 Single slip in a statistical-mechanics based nonlocal crystal plasticity model

3.1 Introduction

Crystal plasticity theories have become popular and successful models for the anisotropic plas-
tic deformation of single crystals. They have a hybrid, discrete/continuum, nature in the sense
that they adopt a continuum description of the plastic flow byaveraging over dislocations, but
account for the discreteness of the available slip systems.Constitutive descriptions of the flow
strengths and the hardening matrix have been given on purelyphenomenological grounds, by
e.g. Asaro (1983), but also on the basis of dislocation models, e.g. by Kockset al. (1975).

Irrespective of the precise formulation, conventional continuum plasticity theory predicts
that the plastic response is size independent. There is a considerable, and growing, body
of experimental evidence, however, that shows that the response is in fact size dependent
at length scales of the order of tens of microns and smaller, e.g. Flecket al. (1994), Ma
and Clarke (1995) and Stölken and Evans (1998). Various so-called nonlocal plasticity theo-
ries have been proposed that incorporate a size dependence,e.g. Aifantis (1984), Fleck and
Hutchinson (1997), Acharya and Bassani (2000), Gurtin (2000, 2002), but they differ strongly
in origin and mathematical structure. Although dislocation-based arguments have sometimes
been used as a motivation, the theories mentioned above are phenomenological and have not
been quantitatively derived from considerations of the behavior of dislocations. Therefore, the
material length scale that enters in such theories needs to be fitted to experimental results (see,
e.g., Flecket al. (1994) and Fleck and Hutchinson (1997)) or results of numerical discrete
dislocation simulations, e.g. Bassaniet al. (2001), Bittencourtet al. (2003).

This paper is concerned with a new nonlocal plasticity theory that combines a standard crys-
tal plasticity model with a two-dimensional statistical-mechanics description of the collective
behavior of dislocations due to Groma (1997) and to Groma andBalogh (1999). The resulting
theory contains a length scale through a set of coupled transport equations for two dislocation
density fields: one is the total dislocation density and the other is a net-Burgers vector density.
After a summary of the theory for single slip, we proceed to numerical implementation of the
theory and to a comparison with direct simulations of discrete dislocation plasticity in a model
composite material based on the work of Cleveringaet al. (1997, 1998, 1999a). Similar com-
parisons have been carried out by Bassaniet al. (2001) and Bittencourtet al. (2003) with the
nonlocal theories of Acharya and Bassani (2000) and Gurtin (2002), respectively.

3.2 Statistical-mechanics description for single slip

Let us considerN parallel edge dislocations positioned at the pointsrrr i , i = 1; :::;N, in R2. In
single slip, the Burgers vector of theith dislocation isbbbi = �bbb wherebbb is parallel to the slip
directionsss, i.e. bbb= bsss. With the commonly accepted assumption of over-damped dislocation
motion, the glide velocity of theith dislocation in the slip directionsss is given byvvvi = B�1FFF i

in terms of the dislocation drag coefficientB and the glide component of the Peach-Koehler
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3.2 Statistical-mechanics description for single slip

force,FFF i . This can be further elaborated as

vvvi = B�1

 
N

∑
j 6=i

bbbi �bbbjjbbbj j τind(rrr i � rrr j)+ τext(rrr i)! ; (3.1)

where

τind(rrr) = µb
2π(1�ν) cosθcos2θ

r
(3.2)

is the shear stress field (Hirth and Lothe, 1968) (expressed in polar coordinates,rrr = (r;θ))
created by a single dislocation atrrr, τext is the external resolved shear stress field. Here,µ is the
shear modulus andν is Poisson’s ratio.

The passage to a continuum description is carried out with a special averaging procedure
explained in detail in (Groma, 1997; Groma and Balogh, 1999). By coarse-graining the dis-
crete dislocation distribution into densities of dislocations with positive or negative signs —ρ+
andρ�, respectively— one can arrive at the following balance equations:

ρ̇+(rrr; t)+B�1 ∂
∂rrr
�bbb�Z �ρ++(rrr; rrr 0; t)�ρ+�(rrr; rrr 0; t)	τind(rrr� rrr 0; t)d2rrr 0+ρ+(rrr ; t)τext(rrr; t)�= 0; (3.3)

ρ̇�(rrr; t)+B�1 ∂
∂rrr
�bbb�Z �ρ��(rrr; rrr 0; t)�ρ�+(rrr; rrr 0; t)	τind(rrr� rrr 0; t)d2rrr 0�ρ�(rrr ; t)τext(rrr; t)�= 0; (3.4)

whereρ+�;ρ�+;ρ�� are the two-particle density functions with the corresponding signs. For
the further considerations it is useful to introduce the total dislocation density,ρ, and the sign
density,k, by

ρ(rrr; t) = ρ+(rrr ; t)+ρ�(rrr; t) ; k(rrr ; t) = ρ+(rrr; t)�ρ�(rrr; t) :
The latter is a measure of the density of net-Burgers vector,and therefore is equivalent to the
density of geometrically necessary dislocations (GNDs). By adding and subtracting Eqs. (3.3)–
(3.4) we arrive at

ρ̇(rrr; t)+B�1 ∂
∂rrr
�bbb�Z k(2)(rrr; rrr 0; t)τind(rrr� rrr 0; t)d2rrr 0+k(rrr; t)τext(rrr ; t)�= 0; (3.5)

k̇(rrr; t)+B�1 ∂
∂rrr
�bbb�Z ρ(2)(rrr; rrr 0; t)τind(rrr� rrr 0; t)d2rrr 0+ρ(rrr; t)τext(rrr; t)�= 0 (3.6)

with

k(2)(rrr; rrr 0; t) = ρ++(rrr; rrr 0; t)+ρ��(rrr; rrr 0; t)�ρ+�(rrr; rrr 0; t)�ρ�+(rrr ; rrr 0; t) ;
ρ(2)(rrr; rrr 0; t) = ρ++(rrr; rrr 0; t)�ρ��(rrr; rrr 0; t)�ρ+�(rrr; rrr 0; t)+ρ�+(rrr ; rrr 0; t):
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Chapter 3 Single slip in a statistical-mechanics based nonlocal crystal plasticity model

It is important to note that Eqs. (3.5) and (3.6) are exact, i.e. they are obtained from (3.1)
without any assumptions. However, since they depend on the two-particle distribution func-
tions they do not form a closed set of equations. Although equations can be derived for the
two-particle densities, they depend on the three-particledensities (Groma, 1997) etc., resulting
in a hierarchy of equations. In order to arrive at a set of evolution equations in closed form, this
chain of equations has to be cut by assuming a form for a certain order correlation function.

Numerical investigations by Zaiseret al. (2001) and Gromaet al. (2003) have revealed that
the dislocation-dislocation correlations in a homogeneous system have a short-range character.
Therefore, it is plausible to assume that for a system not farfrom being homogeneous, the
two-particle density functionsρi j (rrr; rrr 0; t) can be given in the form

ρi j (rrr; rrr 0; t) = ρi(rrr)ρ j(rrr 0)�1+di j (rrr; rrr 0)� i; j =+;� (3.7)

wheredi j corresponds to the correlation function of a homogeneous dislocation system. As a
consequence,di j depends only on the relative coordinaterrr� rrr 0. The actual form ofdi j can be
determined either from discrete numerical simulations or from an equation obtained by cutting
the hierarchy of the above-mentioned equations at second order; for details, see (Zaiseret al.,
2001).

Note that nucleation and annihilation of dislocations are not considered in (3.5) and (3.6) at
this stage since the analysis is for a fixed number of dislocations. The nucleation and annihila-
tion of dislocations can be taken into account by adding a source term to the right-hand side of
Eq. (3.5). However, Eq. (3.6) has to remain unchanged reflecting that for the coarse-graining
area (with sizes of a few dislocation distances) introducedfor the derivation of Eqs. (3.3)–
(3.4), dislocation multiplication or annihilation cannotmodify the net-Burgers vector, i.e. the
number of GNDs is “locally” conserved.

With the above assumption and taking (3.7) into account, we can rewrite the evolution equa-
tions (3.5) and (3.6) in the form

ρ̇+B�1 ∂
∂rrr
�bbbkfτint + τext� τsg = f (ρ;k; :::) ; (3.8)

k̇+B�1 ∂
∂rrr
�bbbρfτint + τext� τsg = 0; (3.9)

in which f (ρ;k; :::) is a term describing the dislocation creation and annihilation (to be speci-
fied later),

τint(rrr) = Z
k(rrr 0)τind(rrr� rrr 0)d2rrr 0 (3.10)

is the self-consistent, internal stress field created by thedislocations, and

τs(rrr) =�Z
k(rrr 0)dt(rrr� rrr 0)τind(rrr� rrr 0)d2rrr 0 (3.11)

is due to dislocation–dislocation correlations and will bereferred to as back stress. Here we
have introduceddt(rrr) = [2d++(rrr)+d+�(rrr)+d+�(�rrr)℄=4, taking into account that in a ho-
mogeneous systemd++(rrr) = d��(rrr) andd+�(rrr) = d�+(�rrr).
18



3.3 Incorporation into crystal plasticity theory

Since the functiondt(rrr) decays to zero within a few dislocation distances (for details, see
Zaiseret al., 2001), the Taylor expansion ofk(rrr 0) around the pointrrr can be used to approximate
the integral in (3.11) by the form (keeping only the first non-vanishing term and taking into
account thatdt(rrr) is an even function)

τs(rrr) = ∂k
∂rrr
�Z (rrr� rrr 0)dt(rrr� rrr 0)τind(rrr� rrr 0)d2rrr 0 : (3.12)

Next, we note thatdt(rrr) does not depend directly onrrr but through
pρrrr , because of dimensional

considerations. Furthermore, since the shear stressτind(rrr) is proportional to 1=r (see Eq. (3.2)),
the expression (3.12) can be rewritten as

τs(rrr) = ∂k
∂rrr
� 1

ρ(rrr) Z xxxdt(xxx)τind(xxx)d2xxx with xxx=p
ρrrr : (3.13)

From the symmetry properties ofdt(rrr) and from the actual form ofτind(rrr) in Eq. (3.2) one can
conclude that

τs(rrr) = µbbb
2π(1�ν)ρ(rrr) �D∂k

∂rrr
; (3.14)

whereD is a dimensionless constant.
It should be mentioned that Gromaet al. (2003) have put forward a more elaborate version

of the theory, which leads to an additional stress contribution. Here we confine attention to the
previous version of Groma (1997) and Groma and Balogh (1999).

3.3 Incorporation into crystal plasticity theory

The above description of the dislocation structure in termsof the density fieldsρ and k is
incorporated into the well-known framework of single crystal continuum plasticity (see, e.g.,
Asaro, 1983). Confining attention to small displacement gradients, the total strain ratėεεε in
such a constitutive model is decomposed as

ε̇εε = ε̇εεe+ ε̇εεp (3.15)

in terms of the elastic strain ratėεεεe and the plastic strain ratėεεεp which, for single slip, is
expressed in terms of the slip rateγ̇ on the slip system as,

ε̇εεp = 1
2 γ̇(sss
mmm+mmm
sss) : (3.16)

Here,mmm is the unit normal vector on the slip planes andsss is the slip direction; in this case
sss= bbb=jbbbj. The elastic strain rate is governed by Hooke’s law in the form,

ε̇εεe =LLL
�1σ̇σσ ; (3.17)

with σ̇σσ the stress rate andLLL the tensor of elastic moduli, which is expressed in terms ofµ and
ν for isotropic elasticity.

The coupling between crystal plasticity and dislocation densities comprises two steps:
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1. The driving stressτint + τext appearing in the evolution equations (3.8)–(3.9) is approx-
imated by the resolved shear stress based on the continuum stress fieldσσσ, i.e.

τint + τext� τ = mmm�σσσ �sss: (3.18)

Note that this shear stress is a local quantity, i.e. determined only by quantities at the
continuum pointrrr. τext is the local stress in the dislocated body applied through the
boundary conditions,τint is the local internal stress due to the collective fields of all dis-
locations irrespective of any dislocation–dislocation correlation. Correlation between
dislocations is taken into account in a first approximation by the back stressτs. This
is determined by the gradient of thek field, see Eq. (3.14), and therefore is nonlocal in
nature.

2. The slip ratėγ is related to the dislocation density and to the average (in the usual
continuum sense) dislocation velocityvvv through Orowan’s relation� γ̇ = ρbbb� vvv. With vvv
being approximated by

vvv= B�1bbb(τ� τs) ; (3.19)

similar to (3.1), we obtain

γ̇ = B�1b2ρ(τ� τs) : (3.20)

In addition, we stipulate that the response of the material be elastic, i.e.̇γ = 0, whenjτ� τsj< τres; (3.21)

whereτres is the slip resistance. This quantity can take into account the effect of obsta-
cles on the slip plane in the form of small precipitates or forest dislocations.

This results in a closed system of equations once the source term in Eq. (3.8) is specified. At
this point, various propositions have been made, e.g. Groma(1997) and Groma and Balogh
(1999). Let us first look at the nucleation and annihilation mechanism incorporated in the
discrete dislocation simulations of Cleveringaet al. (1997, 1998, 1999a) which will serve as
“numerical experiments” for verification in a subsequent section.

In these simulations, based on the discrete dislocation plasticity description proposed by Van
der Giessen and Needleman (1995), new dislocations are generated by mimicking the Frank-
Read mechanism. In two dimensions, a Frank-Read source is emulated by a point source on
the slip plane which generates a dislocation dipole when themagnitude of the resolved shear
stress at the source exceeds the source strengthτnuc during a period of timetnuc. Annihilation
of two dislocations on the same slip plane with opposite Burgers vectors occurs when they are
within a material-dependent, critical annihilation distanceLe, which is taken to beLe = 6b in
Cleveringaet al. (1997, 1998, 1999a). As we are here aiming at a comparison with the discrete�We do not include a term witḣρ in γ̇ for freshly generated dislocations since they have not glided yet and

therefore have not produced slip.
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3.4 Application to a metal-matrix composite

dislocation results in these references, we choose a form ofthe source term in (3.8) that mimics
the above-mentioned nucleation and annihilation rules:

f (ρ;k; :::) =Cρnucjτ� τsj�ALe(ρ+k)(ρ�k)jvj : (3.22)

The first term in the right-hand side represents nucleation from sources with a densityρnuc and
at a rate governed by the parameterC given by

C = 1
τnuctnuc

if jτ� τsj � τnuc; C = 0 otherwise; (3.23)

in terms of the nucleation strengthτnuc and the nucleation timetnuc. The second term in the
right-hand side of (3.22) describes the annihilation of positive and negative dislocations, with
densitiesρ+ = 1

2(ρ+k) andρ� = 1
2(ρ�k) respectively, at a rate determined byAjvj, with A is

a dimensionless constant. This is similar in spirit to the proposition by Tabourotet al. (2001)
that the annihilation rate is proportional toργ̇b�1 = ρ2v. However, since we distinguish here
between positive and negative dislocations, the annihilation term in (3.22) withρ2 replaced by
ρ+ρ� more closely reflects the annihilation mechanism.

It is of importance to note that the set of equations (3.8)–(3.9) and (3.15)–(3.22) is a partic-
ular non-local theory. The material length scale is introduced in the evolution equations (3.8)–
(3.9) via the gradient terms. These equations are similar inform to the reaction–diffusion-based
model proposed by Aifantis (1984), but in the present model they are actually derived from a
statistical-mechanics description of dislocation glide.Even though they have the mathematical
structure of diffusion equations, they physically represent conservations laws for dislocation
densities during dislocation glide.

3.4 Application to a metal-matrix composite

3.4.1 Problem formulation

As a first application of the theory we consider the deformation of a two-dimensional model
material containing rectangular particles arranged in a doubly periodic hexagonal packing, as
illustrated in Fig. 3.1. This is the same problem as analyzedusing discrete dislocation dynam-
ics by Cleveringaet al. (1997, 1998, 1999a), and is used to check the quality of the present
nonlocal theory in reproducing the size-dependent results. Two reinforcement morphologies
are analyzed which have the same area fraction of 20% but different geometric arrangements
of the reinforcing phase. In one morphology, called material (i), the particles are square and are
separated by unreinforced veins of matrix material while inthe other, referred to as material
(ii), the particles are rectangular and do not leave any unreinforced veins of matrix material.

Because of periodicity, a unit cell analysis is carried out with each cell having width 2w and
height 2h (w=h=p

3), see Fig. 3.1. The particles are of size 2wf �2hf with hf =wf = 0:416h
for material (i) andhf = 2wf = 0:588h for material (ii). The half-height of the unit cell,h, is
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2w 2 3h=

2h 2hf

2wf

U· hΓ·=

U· hΓ·=

x1

x2

Figure 3.1 Simple shear of a model composite material with elastic reinforcements in a hexagonal

pattern. All slip planes are parallel to the shearing direction x1.

expressed in terms of the material lengthL which in turn is taken to beL = 4000b. The effect
of particle size is studied by changing the ratioh=L.

The reinforcing particles remain elastic with shear modulus µ� = 192:3GPa and Poisson
ratioν� = 0:17. The matrix material also has isotropic elastic properties, but withµ= 26:3GPa
andν = 0:33. These values are representative for silicon carbide particles in an aluminum
matrix. The matrix material can undergo plastic deformation by single slip with the slip plane
normalmmm being in thex2-direction and the Burgers vectorbbb parallel to thex1-direction, see
Fig. 3.1. The magnitude of the Burgers vector isb = 0:25nm and the drag coefficient isB=
10�4Pas.

The unit cell is subjected to plane-strain simple shear, which is prescribed through the
macroscopic boundary conditions

u1(t) =�hΓ(t) ; u2(t) = 0 alongx2 =�h; (3.24)

whereΓ(t) is the applied macroscopic shear at timet. Periodic boundary conditions are im-
posed along the lateral sidesx1 =�w. The overall shear stress̄τ needed to sustain this defor-
mation is calculated from the virtual work statementZ

V
σσσ : εεεdV = Z

S
TTT0 �uuudS; (3.25)
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by using the actual displacement (uuu) and associated strain field (εεε) as virtual fields. The vector
TTT0 is the traction on the boundarySof the regionV. The boundary integral consists of contri-
butions of the boundaryS1 = fx1 =�wg � S, which cancel because of periodicity, and of two
contributions from the boundaryS2 = fx2 =�hg= SnS1, which add up to 2(τ̄hΓ2w). Hence,
the overall shear stress̄τ is calculated, through the virtual work statement, from

τ̄ = 1
4whΓ

Z w�w

Z h�h
σσσ : εεεdx1dx2: (3.26)

A constant macroscopic strain rate,Γ̇, is imposed until a specified shear strainΓ is reached.
Then, the material is unloaded by applyingΓ̇ in the opposite direction until the average shear
stress̄τ vanishes.

In addition to these purely mechanical boundary conditions, we specify conditions on dis-
location motion along the interfaces with the elastic particles, by requiring these interfaces to
be impenetrable.

3.4.2 Numerical implementation of the continuum model

We begin by expressing the evolution equations (3.8)–(3.9)in the particular form for the
present problem, wherebbb = beee1 everywhere in the matrix (witheeei being the Cartesian base
vectors associated with the coordinatesxi), see Fig. 3.1. Hence,

ρ̇+B�1 ∂
∂x1

[bk(τ� τs)℄ = f (ρ;k; :::) ; (3.27)

k̇+B�1 ∂
∂x1

[bρ(τ� τs)℄ = 0: (3.28)

Making reference to the expression (3.19) for the continuumdislocation velocityv, we see that
the evolution law for thek field is determined by the gradient ofρv in the slip direction. This
observation helps us in formulating physically meaningfulboundary conditions along the cell
boundariesSas well as along the particle boundariesSp. First of all, along the cell sidesS1 =fx1 =�wg with unit outer normal vectornnn=�eee1, periodic boundary conditions are applied,
so thatρ(w;x2) = ρ(�w;x2) andk(w;x2) = k(�w;x2) at all times. AlongS2 = fx2 =�hg with
nnn = �eee2 we have the natural boundary condition that there is no flux ofdislocations across
these boundaries since the slip plane is parallel to these boundaries. The conditions along the
matrix–particle interfaces,Sp, fall apart in two groups. First, there is a similar natural boundary
condition of no dislocation flux across interfaces with the normal in thex2-direction,Sp

2 � Sp.
Second, on the ones with normals in thex1-direction,Sp

1 = Sp nSp
2, we require the dislocation

flux to vanish, i.e.v1 = 0, because the particles are impenetrable. In summary, we can write

kv1n1 = ρv1n1 = 0 on matrix boundariesS2[Sp (3.29)

with n1 the component of boundary normalnnn in the slip direction.
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The dislocation density evolution equations (3.27)–(3.28) supplemented with the boundary
conditions (3.29) represent a non-linear convection-dominated diffusion problem coupled to
the single crystal continuum plasticity model described insection 3. A straightforward finite
element method is employed here to solve this set of equations.

The dislocation evolution part of the problem and the crystal plasticity part can be decoupled
by applying a staggered solution procedure for time integration. The solution of either of the
two separate problems is obtained by using an explicit time-stepping scheme, with the same
time steps for both subproblems. In principle, we may adopt independent spatial discretizations
for the two parts of the problem, but we take the two meshes to be identical for convenient
passing of information. The spatial discretization is based on quadrilateral elements consisting
of four crossed linear triangular elements.

As we are limiting attention to small strains, the solution of the crystal plasticity part departs
directly from the incremental version of the principle of virtual work (3.25). The associated
boundary conditions have already been listed in (3.24).

In addition, we solve the evolution equations (3.27)–(3.28) in the matrix using a standard
weighted-residual Galerkin method. It is well-known that this is generally not an adequate
method for convection-dominatedproblems. However, sincethe objective here is not to present
an effective numerical method but to demonstrate the predictions of the constitutive theory, the
priority at this stage is not the implementation of more complicated upwinding methods, see
e.g. Morton (1996). Therefore, we adopt a straightforward Galerkin method, and choose mesh
and time stepping so as to retain the necessary accuracy for the desired proof of principle. The
spatial discretization is based on the interpolation ofρ andk, as well as their rates, inside an
element from the nodal values; e.g.

ρ = NTρρρ; (3.30)

k= NTkkk; (3.31)

whereρρρ andkkk are the vectors of nodal values of the dislocation densitiesρ andk, respectively,
andN is the vector of theC0 continuous shape functions. As a consequence, the back stress
according to (3.14), i.e.

τs = b
T
ρ

∂k
∂x1

; T = D
µ

2π(1�ν) (3.32)

is governed by lower-dimensional interpolation. Therefore, we take the back stresses to be
defined at the integration points of elements, just like the resolved shear stress from (3.18).

After substitution of (3.32) and evaluation of the weightedresidual integral for the balance
law (3.28) fork, for instance, we obtain the system of linear equations for each triangular
element(e)

M k̇kk= Jρρρ�Hkkk� f : (3.33)

Here,

M = Z
V(e) NNTdx1dx2 (3.34)
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is the matrix that has the structure of the well known mass matrix;

J = B�1b
Z

V(e) τN
∂NT

∂x1
dx1dx2 (3.35)

is the nonsymmetric matrix of the convective term; and

H = B�1b2
Z

V(e) T
∂N
∂x1

∂NT

∂x1
dx1dx2 (3.36)

is the diffusion matrix. Note that in the derivation of this term, the densityρ in the numerator
of the convective term of (3.28) cancels theρ in the denominator of (3.32). The right-hand side
vector

f = Z
S1\S(e) NTρv1n1dS+Z

S2[Sp\S(e) NTρv1n1dS (3.37)

contains contributions from the matrix boundariesS1 andS2[Sp. Due to the applied periodic
boundary conditions atS1 and the fact that the unit normals atx1 =�w point in opposite direc-
tions, the first integral in Eq. (3.37) gives no contributionto the assembled global right-hand
side vector. Since the second contribution in (3.37) vanishes due to the boundary conditions
(3.29), we set the vectorf = 0 for all boundary elements.

The spatial discretization of Eq. (3.27) is done in the same manner as for Eq. (3.28), leading
to

M ρ̇ρρ = Jkkk�H�kkk+ f� : (3.38)

Here, the matricesM andJ are identical to those in (3.34) and (3.35), respectively, and

H� = B�1b2
Z

V(e) T
k
ρ

∂N
∂x1

∂NT

∂x1
dx1dx2 (3.39)

is the diffusion matrix; the vectorf� contains only the discretized source term (3.22), while the
contributions from the boundaries vanish for the same reason as described above for Eq. (3.37).

Integration of the integrals in (3.34)–(3.36) and (3.39) per triangular element is done by
single-point integration with the integration point located at the center of each triangle. After
assembling the contributions for Eqs. (3.38) and (3.33) from all elements, we obtain two inde-
pendent sets of linear equations for the nodal values of the total and sign density ratesρ̇ρρ andk̇kk,
respectively.

Thus, starting from a known stress configuration and dislocation density distribution, we
can compute the elastic and plastic strain rates, as well as associated stress rates, and the rate
of change of the dislocation density fields at a given instantt. To integrate the solution in time
an adaptive time stepping procedure with a maximum allowable time step∆tcrit is adopted
here. The critical time step∆tcrit is determined by the dislocation evolution subproblem and
is defined as the minimum value of all element time steps∆t(e) calculated from the stability
condition

C(e)
c =r 1

Pe2 + 1
3
� 1

Pe
; (3.40)
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where

C(e)
c = �����B�1bτ

∆t(e)
h(e) ����� ; Pe= ����� τh(e)

2Tbξ

�����
are the element Courant and Peclet numbers, respectively, with h(e) the element size;ξ = k=ρ
for Eq. (3.27) andξ = 1 for Eq. (3.28). Oscillations in the solution can be avoidedwhen the
element Peclet numberPe� 1 (Zienkiewicz and Taylor, 1991).

3.5 Summary of discrete dislocation results

In this section, we briefly summarize the results of discretedislocations simulations of the
problem at hand. The results to be presented are close to those obtained by Cleveringaet
al. (1997, 1998, 1999a) but differ in the fact that here we do notassume an initial distribu-
tion of dislocation obstacles inside the matrix. There are no dislocations present initially, and
dislocation sources are assumed to be distributed randomlyin the matrix with an average den-
sity of ρn = 61:2L�2 for morphology (i) andρn = 55:4L�2 for morphology (ii). The strength
of the dislocation sources is chosen randomly from a Gaussian distribution with mean value
τ̄nuc= 1:9�10�3µ and standard deviation∆τnuc= 0:2τ̄nuc. The nucleation time is taken to be
tnuc= 2:6�106B=µ for all sources.

Figure 3.2a shows the overall stress response to shear for morphologies (i) and (ii). Even
though there are no obstacles, the trends are equal to those found by Cleveringaet al. (1997,
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Figure 3.2 Average shear stress̄τ versus applied shear strainΓ for forward shearing and unloading

from Γ = 0:58% and fromΓ = 0:96% toτ̄ = 0 for material (i) and material (ii) according to the discrete

dislocation dynamics.
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3.5 Summary of discrete dislocation results

1998). Morphology (i) gives rise to essentially perfect plasticity, with a small amount of soft-
ening upon overall yield, while morphology (ii) leads to almost linear hardening on average.
The origin of this difference lies in the fact that there are unblocked channels of material for
morphology (i) where unrestricted slip can take place; onlya few dislocations that move over
long distances are necessary to accommodate the applied shear, see Fig. 3.2b. A few slip planes
that are blocked by one of the particles contain dislocations that are generated by virtue of the
stress concentrations at the particle corners, see Fig. 3.3a. Not shown here is the observation,
just like in Cleveringaet al. (1997, 1998), that the response of material (i) is independent of
the size of the particles.
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Figure 3.3 Dislocation distributions atΓ = 0:6% for (a) material (i) and (b) material (ii).

The hardening found for morphology (ii) is caused by many dislocations piling up against
the particles. This leads to polarized walls of dislocations on either side the central particle,
corresponding to its rotation in the shearing direction. A number of these dislocations are geo-
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Figure 3.4 Deformed finite element mesh (displacements magnified by a factor of 20) showing the local

distortions in material (ii) at the same instant,Γ = 0:6%, as depicted in Fig. 3.3b.

metrically necessary in the sense of Ashby (1970). Associated with this, the overall response is
size dependent with smaller particles giving rise to a harder material (Cleveringaet al., 1998).
Other characteristics are the development of several long pile ups against the corner particles
(Fig. 3.3b) and the fact that the total dislocation density is much higher than for morphology
(i), Fig. 3.2b. These characteristics translate into a deformation pattern as illustrated in Fig. 3.4.
Also shown in Fig. 3.2a is the response under unloading from pre-strains ofΓ = 0:58% and
0:96%. In material (i) this occurs by elastic unloading without any significant change in the
dislocation distribution. On the other hand, the long-range back stress developed in morphol-
ogy (ii) gives rise to a very significant Bauschinger effect associated with dissolution of the
dislocation structure. This confirms the assertion of Cleveringaet al. (1999a) that hardening
for this morphology originates predominantly from back stress.

3.6 Nonlocal crystal plasticity results

The discrete dislocation simulations discussed above willnow be compared with the calcu-
lations based on the nonlocal continuum plasticity theory put forward in sections 3.2 and
3.3. As in the discrete calculations, we start out from a stress free and dislocation free state,
ρ(rrr; t0) = k(rrr; t0) = 0. The results to be presented have been obtained using the same mate-
rial parameters, whenever possible, as in the discrete dislocation calculations above, both for
elastic and dislocation properties. The sources have the same densities as in the discrete dislo-
cation simulations, but are distributed uniformly in the matrix. The strength of the dislocation
sources per integration point is randomly chosen from the same Gaussian distribution as above.
An almost uniform finite element mesh consisting of 102�60 quadrilateral elements is used.

It is important to note that, compared to the discrete dislocation simulations, the continuum
theory has a few free parameters: the coefficientD in the back stress (3.14); the slip resistance
τres, cf. (3.21); and the annihilation coefficientA. Their values do not follow from the deriva-
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3.6 Nonlocal crystal plasticity results

tion (althoughD = 0:8 has been suggested in Gromaet al., 2003) and have to be specified
additionally as material parameters. For comparison with the foregoing discrete dislocation
results, the following parameter values have been employed: A= 5, D = 1 andτres= 15 MPa.

3.6.1 Effect of morphology

Figure 3.5 shows the computed overall shear stress responseto the prescribed shearΓ for the
two morphologies (i) and (ii) for the reference cell sizeh = L. For comparison, the results
of the discrete dislocation calculations from section 3.5 are included. For morphology (ii)
the result of the continuum calculations is also shown for the case of a uniform distribution
of source strength (∆τn = 0) with the reference valuēτn = 1:9�10�3µ. Consistent with the
discrete dislocation results, morphology (i) leads to a clear yield point with strain softening
afterwards, while morphology (ii) exhibits nearly linear back stress hardening. The results for
morphology (ii) for two different values of the∆τn show a strong dependence of the yield point
on the strength distribution of the dislocation sources, but the average tangent modulusdτ̄=dΓ
is hardly affected by the source strength distribution.
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Figure 3.5 Comparison of̄τ–Γ curves for material (i) and (ii) according to the discrete dislocation

dynamics and the nonlocal continuum plasticity theory.

The continuum dislocation distributions for the cases with∆τnuc = 0:2τ̄nuc are shown in
Figs. 3.6 and 3.7 in terms of theρ andk fields, respectively. The “noise” in theρ-distributions
in Fig. 3.6 for low values ofρ suggests that the chosen Galerkin-based method has some
difficulties in obtaining stable solutions. Experiments with different meshes and time steps
has convinced us nevertheless that the shown solution is sufficiently reliable for the present
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Figure 3.6 Distribution of (a) the total dislocation densityρ and (b) the sign-dislocation densityk for

material (i) atΓ = 0:6%.

purpose. Qualitatively, the results in Figs. 3.6–3.7 show similar dislocation structures as found
in the discrete dislocation analyses (Fig. 3.3): a few dislocations in the matrix, concentrated
mostly in the unblocked channels for morphology (i), Fig. 3.6. Morphology (ii) gives strong
piling up against the central reinforcing particle (Fig. 3.7a) with positive dislocations against
the left-hand side and negative ones on the other side (Fig. 3.7b), associated with the rotation
of the particle to accommodate the shear. As discussed in theprevious section, morphology (ii)
involves GNDs and the present continuum theory is able to predict them. Also seen in Fig. 3.7
are long pile-ups of the dislocations emanating from the corners of the particles; these too are
consistent with the discrete dislocation findings by Cleveringaet al. (1997, 1998) and those
shown in Fig. 3.3b.

Contours of accumulated slip,γ, are shown in Fig. 3.8. The results in Fig. 3.8a for mor-
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Figure 3.7 Distribution of (a) the total dislocation densityρ and (b) the sign-dislocation densityk for

material (ii) with∆τnuc= 0:2τ̄nuc at Γ = 0:6%.

phology (i) show that the applied macroscopic shear is accommodated in two coarse slip
bands in the continuous unblocked channels of the matrix material, whereas in morphology
(ii), Fig. 3.8b, a few bands of intense shearing near the top and bottom faces of the particles
have developed. The latter reflect the rotation of the central reinforcing particle. It is inter-
esting to note that the slip activity for morphology (i) is strongly controlled by the location
of the weakest source; this explains why the slip distribution in Fig. 3.8a is not symmetric.
This phenomenon is not seen in morphology (ii) since a large fraction of the dislocations are
geometrically necessary. It is also of importance to note bycomparison of Figs. 3.8b and 3.7b
that the localization of deformation for morphology (ii) occurs in regions that are relatively
dislocation free. Conversely, there is essentially no slipnear the vertical sides of the central
particle even though the dislocation density is high there.These observations are fully consis-
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Figure 3.8 Distribution of slipγ atΓ = 0:6% for (a) material (i) and (b) material (ii).

tent with the results of discrete dislocation simulations,but notably different (Van der Giessen
and Needleman, 2003) from the predictions of two other nonlocal continuum theories, due
to Acharya and Bassani (2000) and Gurtin (2003) as presentedin (Bassaniet al., 2001) and
(Bittencourtet al., 2003). In particular, the latter two theories predict highlevels of slip near
the vertical sides of the particle, just as predicted by standard local continuum theory. The
absence of this, just as in the discrete dislocation resultsof Fig. 3.4, is not merely due to the
no-slip condition at these interfaces, because the same condition is used in the application of
Gurtin’s theory in (Bittencourtet al., 2003). Instead, it seems to originate from the fact that
dislocation nucleation is not instantaneous and unlimited, as it is inherently assumed in stan-
dard phenomenological continuum theories as well as in the nonlocal version of Acharya and
Bassani (2000) and Gurtin (2002).
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3.6 Nonlocal crystal plasticity results

3.6.2 Size effects

The presence of GNDs in morphology (ii) but not in morphology(i) was used in Cleveringa
et al. (1997, 1998) to substantiate the difference in hardening between the two materials, even
though the area fractions of reinforcing phase are identical. The present continuum theory, us-
ing the same material constants, is able to distinguish between the different types of dislocation
distributions but also the resulting difference in hardening.

A second consequence of the GNDs is that morphology (ii) shows a marked size dependence
– with smaller being stronger– while morphology (i) is not. To assess the ability of the present
non-local continuum theory to recover these size effects, we have repeated the calculations but
with smaller (so thath= L=2) and with larger (h= 2L) particles, but leaving the area fraction
unchanged. Indeed, for morphology (i) the three responses are practically identical, while
morphology (ii) exhibits the expected tendency, as shown inFig. 3.9a. The figure displays the
systematic trend that the hardening rate as well as the flow strength increase with decreasing
particle size. The overall hardening for all sizes appears to be approximately linear with strain.
Figure 3.9b shows the evolution of the total dislocation density, normalized by the material
lengthL, for morphology (ii). It is seen that the density of dislocations increases faster than
linear with strain for all particle sizes. The dislocation density also increases with decreasing
particle size, in agreement with the discrete dislocation results.
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Figure 3.9 Comparison of (a) stress–strain curve and (b) evolution of the total dislocation densityρ for

material (ii) with three different particle sizes according to nonlocal continuum and discrete dislocation

plasticity.

3.6.3 Unloading

The discrete dislocation results in Fig. 3.2a revealed a very distinct Bauschinger effect upon
unloading for morphology (ii). This is largely due to the single slip configuration, but is not
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present in standard local calculations (see Bittencourtet al., 2003). Also the nonlocal theory of
Acharya–Bassani does not predict any Bauschinger effect (Bassaniet al., 2001), but there is in
Gurtin’s theory (Bittencourtet al., 2003). To see the capabilities of the present theory, we have
also carried out unloading computations using the continuum theory, from the same amounts
of pre-strain as in Fig. 3.2a and at the same absolute value ofthe loading rate. Overall, the
predictions of the nonlocal continuum plasticity are consistent with the findings of the discrete
dislocation simulations. The two models predict an almost elastic response for morphology
(i) and a strong Bauschinger effect for morphology (ii) withresidual plastic strains of around
0:25%. However, there is some qualitative difference in the unloading response between the
two models for morphology (ii). In case of the continuum theory, reverse plastic flow during
unloading is delayed compared to the discrete dislocation results, even though the two models
predict the same amount of residual strain. The evolution ofthe total dislocation densityρ
during unloading, shown in Fig. 3.10b, reveals that the reverse plastic flow involves not only
the motion of dislocations but also their annihilation, which is most clear for morphology (ii).
Figure 3.10a shows a comparison of the average shear stress versus shear strain curves for both
morphologies including unloading fromΓ = 0:58% according to both calculations.

Γ

τ/
µ

x
10

3

0 0.0025 0.005 0.0075 0.01
0

0.5

1

1.5

2

2.5

(i)

(ii)
discrete
continuum

|

Γ

ρL
2

0 0.0025 0.005 0.0075 0.01
0

10

20

30

40

50

(i)

(ii)
discrete
continuum

unloading

unloading

(a) (b)

Figure 3.10 Comparison of (a) stress–strain curve for forward shearingand unloading fromΓ= 0:58%,

and (b) evolution of the total dislocation densityρ during forward loading and unloading for morphologies

(i) and (ii) according to nonlocal continuum and discrete dislocation plasticity.

For morphology (ii), unloading from a pre-strainΓ = 0:96% is shown in Fig. 3.11. The
onset of reverse plastic flow is more pronounced now than during unloading from a pre-strain
Γ = 0:58%, and also more pronounced than that predicted with discrete dislocations, Fig. 3.2a.
Nevertheless, the predicted residual strain of around 0:37% agrees with the discrete dislocation
results. It is important to note that the resulting residualstrains in the continuum calculations
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depend on the chosen value ofτres= 15MPa. To demonstrate this, an additional calculation
for forward shearing and unloading fromΓ = 0:58% and fromΓ = 0:96% was carried out
with τres= 20MPa instead of 15MPa. An increase of the slip resistance decreases dislocation
activity and leads to a less pronounced Bauschinger effect upon unloading. Conversely, one
can say that the value ofτres can be fitted from unloading results.

3.7 Conclusion

We have formulated a non-local continuum crystal plasticity theory for single slip that involves
standard continuum kinematics and two state variable fields: the dislocation density and the
net-Burgers vector density. These densities are governed by two coupled evolution equations
that describe their balance during drag-controlled dislocation glide, and which are derived from
a statistical-mechanics treatment of an ensemble of gliding dislocations. The conservation law
for the dislocation density is extended to account for dislocation generation from, for instance,
Frank-Read sources and for annihilation. The non-localityof the theory is contained in the
balance laws and the presence of a back stress that is controlled by the in-plane gradient of the
net-Burgers vector density.

To investigate the capabilities of the theory, it has been applied to the problem of simple
shearing of a model composite material, and compared to the discrete dislocation simulations
by Cleveringaet al. (1997, 1998, 1999a). The continuum theory is shown capable of dis-
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tinguishing between the responses of two different particle morphologies (with the same area
fraction), one involving unblocked slip in veins of unreinforced matrix material, the other re-
lying on particle rotations induced by plastic slip gradients and GNDs. The overall response as
well as the local plastic deformation fields are in general accord with the discrete dislocation
results. In addition, the size dependence of the behavior for the morphology that has GNDs is
also picked up well.

The comparison has exemplified the importance of nucleationcontrol: continuum theories
have the inherent assumption that dislocations are presentwhenever and wherever they are
needed. This is not physical. The present theory includes a model for nucleation and does not
make this assumption, which has a significant effect on the plastic flow field.

Calculation of the responses during forward shearing as well as unloading have clearly
revealed that the theory involves two sources of hardening:(i) back stresses generated by
long-rangek fields; (ii) slip resistance. The back stresses are related to gradients ink, i.e. the
density of GNDs, which in the present problem are associatedwith the rotation of the particles.
Both hardening contributions enter the theory with a free coefficient, which needs to be fitted
either to discrete dislocation simulations, as done here, or to experimental results. The slip
resistance has been viewed here as a constant, but it can be extended to be a variable that
evolves with deformation.

The theory belongs to the group of models like those of Aifantis (1984), Fleck and Hutchin-
son (1997), Shu and Fleck (1999) and Gurtin (2002) which involve additional boundary condi-
tions compared to local continuum plasticity theories. Here, the additional boundary conditions
enter through the density evolution equations. The model isdistinctly different from Aifantis’
(1984) proposition in that his theory does not incorporate the net-Burgers vector density; it
differs from the latter three theories —Fleck and Hutchinson (1997), Shu and Fleck (1999)
and Gurtin (2002)— in that they are entirely phenomenological while the present one has a
solid dislocation basis. Accordingly, the additional boundary conditions have a clear physical
meaning for the problem analyzed here: no dislocation motion at the interfaces with particles
normal to the slip planes. Whether the model yields equally good agreement with discrete
dislocation simulations for other boundary-value problems, just as bending (Cleveringaet al.,
1999b) involving free surfaces, will be investigated in a subsequent paper.

Finally, it should be emphasized that the balance laws have been derived for single slip only.
Obviously, for the theory to become versatile, it needs to beextended to multiple slip. The first
steps into this direction have recently been made by Zaiseret al. (2001).
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Chapter 4

Bending of a single crystal: discrete dislocation and nonlocal

crystal plasticity simulations�
Abstract

In the previous chapter we have formulated a nonlocal continuum crystal plasticity theory that
is based on a statistical-mechanics description of the collective behavior of dislocations. Ki-
netic equations for the dislocation density fields have beenderived from the equation of motion
of individual dislocations and have been coupled to a continuum description of single slip. Dis-
location nucleation, the material resistance to dislocation glide and dislocation annihilation are
included in the formulation. The theory is applied in this paper to the problem of bending of
a single-crystal strip in plane strain, using parameter values obtained previously from fitting
to discrete dislocation results of a different boundary value problem. A numerical solution
of the problem is obtained using a finite element method. The bending moment versus rota-
tion angle and the evolution of the dislocation structure are analyzed for different orientations
and specimen sizes with due consideration of the role of geometrically necessary dislocations.
The results are compared to those of discrete dislocation simulations of the same problem.
Without any additional fitting of the parameters, the continuum theory is able to describe the
dependence on slip plane orientation and on specimen size.

�Based onYefimov, S., Groma, I., Van der Giessen, E., 2004b. Bending ofa single crystal: discrete

dislocation and nonlocal crystal plasticity simulations.Model. Simul. Mater. Sci. Eng. 12, 1069–1086.
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4.1 Introduction

Nonlocal or strain gradient continuum plasticity theoriesare extensions of classical (local) con-
tinuum descriptions that attempt to incorporate the size dependence of dislocation plasticity at
size scales around 1 micrometer or so, e.g. Hutchinson (2000). The development of such the-
ories is a very active field currently, with a variety of different kinds of theories which differ in
the way the nonlocality is incorporated. A subset of them is based on the idea that the geomet-
rically necessary dislocations associated with strain gradients give rise to additional hardening.
Most of these employ Nye’s (1953) geometrical concept of thedislocation density tensor, but
in a variety of ways. A central and still unresolved issue in the formulation of phenomeno-
logical strain gradient theories is the necessity or not of additional boundary conditions, e.g.
Aifantis (1984), Acharya and Bassani (2000), Bassaniet al. (2001), Gao and Huang (2003);
Gurtin (2002), Van der Giessen and Needleman (2003). Parallel to these developments there is
work by, for instance, Arsenlis and Parks (2002) and Everset al. (2002) where a more direct
physical connection is sought between dislocation densityand hardening.

In a previous paper (Yefimovet al., 2004a), we have taken yet a somewhat different route
by starting from a statistical description of the motion of an ensemble of parallel edge disloca-
tions by Groma and co-workers (1997, 1999, 2003). Averagingleads to two kinds of disloca-
tion density for single slip: the standard total dislocation density and a dislocation–difference
density that can be interpreted as the density of geometrically necessary dislocations. The
analysis leads to two coupled transport equations for thesedensities, which form the nonlocal
extension of a standard continuum slip model. It is these kinetic equations that introduce extra
boundary conditions, and they directly relate to the flux of dislocations across boundaries. To
assess the validity of the approach, we have applied it to theanalysis of shearing of a model
composite material in single slip, where impenetrable interfaces with the elastic reinforcing
particles impose zero-flux boundary conditions. The free parameters in the theory have been
fitted to results of (inherently nonlocal) discrete dislocation simulations of the same problem
(Cleveringaet al., 1997). It was shown that several key features of the discrete dislocation
results, such as the dependence on particle shape and size, were correctly picked up by the
nonlocal continuum theory (Yefimovet al., 2004a).

A necessary condition for a constitutive model to have predictive power, is that, once fitted
to a particular boundary value problem, it is able to predictother boundary value problems for
the same material. The objective of the present paper is to perform this test for the Yefimovet
al. (2004a) model by applying it to bending, again in single slip. The key in this problem is that
dislocations are completely free to leave the material, as opposed to the zero flux conditions
in the aforementioned shear problem. The paper will show howthese boundary conditions
can be represented in the present theory and will discuss thecorrespondence with results from
discrete dislocation simulations.
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4.2 Problem formulation

We consider the elastoplastic bending of a single crystal insingle slip, as sketched in Fig. 4.1.
A plane strain strip with widthL and heighth is subjected to a prescribed rotation along

its edges. With thex1–x2 being the plane of deformation, the imposed rotationθ is prescribed
through the macroscopic boundary conditions

u1(t) =�θx2 ; σ12 = 0 onx1 =�L
2

(4.1)

for the displacementsui andσi j . Traction-free boundary conditions are imposed along the top
and bottom sides of the strip:

σ12 = 0; σ22 = 0 onx2 =�h
2
: (4.2)

Figure 4.1 Sketch of the bending of a two-dimensional strip. Plastic deformation is allowed to take

place in the hatched region only.

The slip system is defined by the slip plane normalmmm and the slip direction unit vector
sss= bbb=jbbbj, wherebbb is the Burgers vector. The slip system orientation with respect to thex1

direction is specified by the angleϕ. Slip is permitted only within the hatched area of the strip
indicated in Fig. 4.1, such that the lateral sides, where displacements are prescribed, always
remain elastic.

No dislocations are presumed present initially and obstacles are not taken into account in the
analysis. New dislocations are generated from Frank-Read sources distributed in the material.
A constant macroscopic rotation rate,θ̇, is imposed until a specified rotation angle is reached.
Then, the strip is unloaded by applyingθ̇ in the opposite direction untilθ reaches zero. The
effect of specimen size is studied by varyingL andh such that the ratioh=L remains unchanged.
The overall response will be presented in terms of the work-conjugate bending momentM
calculated by

M = Z h=2�h=2
x2σ11(�L=2;x2)dx2 (4.3)

and the applied rotation angleθ. The calculations are carried out within the context of small
displacement gradients.
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4.2.1 Discrete dislocation plasticity

A discrete dislocation plasticity analysis of the problem follows the formulation by Van der
Giessen and Needleman (1995) and the application to bendingby Cleveringaet al. (1999b).
In this section we give a brief summary of the methodology confining to two-dimensional
boundary value problems and single slip.

The dislocations are modelled as line defects in a linear elastic continuum. The computation
of the deformation history is carried out in an incremental manner. Each time step involves
three main computational stages: (i) determining the forces on the dislocations, i.e. the Peach-
Koehler force; (ii) determining the rate of change of the dislocation structure, which involves
the motion of dislocations, the generation of new dislocations, their mutual annihilation, and
their possible pinning at obstacles; (iii) determining thestress and strain state for the updated
dislocation arrangement. The fields are written as the superposition of fields, denoted by(˜),
as if the dislocations were in infinite space, and the complementary (or image) fields, denoted
by (ˆ), to correct for the actual boundary conditions. Thus, for the displacements and stresses

uuu= ũuu+ ûuu; σσσ = σ̃σσ+ σ̂σσ : (4.4)

The(˜) are singular at the dislocations, and are known analytically. The boundary value prob-
lem for the image fields is regular and can be solved by, e.g., the finite element method.

In this plane strain analysis, only edge dislocations are considered which are restricted to
glide on their slip planes. The glide component of the Peach-Koehler forceF i acting on theith
dislocation is calculated as

F i = mmmi � (σ̂σσ+∑
j 6=i

σσσ j) �bbbi ; (4.5)

and includes the interactions with all other dislocations in the material. The glide velocityvi

of dislocationi alongsssi is taken to be linearly related to the Peach-Koehler force through the
drag relation

F i = Bvi (4.6)

with drag coefficientB.
New dislocations are generated by mimicking the Frank-Readmechanism. In two dimen-

sions, a Frank-Read source is emulated by a point source on the slip plane which generates
a dislocation dipole when the magnitude of the resolved shear stress at the source exceeds
the source strengthτnuc during a period of timetnuc. The distanceLnuc between the newly
generated dislocations is specified as

Lnuc= µ
4π(1�ν) b

τnuc
; (4.7)

whereµ is the shear modulus andν is Poisson’s ratio. Annihilation of two dislocations on
the same slip plane with opposite Burgers vectors occurs when they are within a material-
dependent, critical annihilation distanceLe.
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4.2.2 Nonlocal continuum plasticity

The nonlocal continuum crystal plasticity formulation adopted here is based on the theory
proposed in Yefimovet al. (2004a). The theory is developed for single slip and involves a
statistical-mechanics description of the collective behavior of dislocations coupled to standard
single crystal continuum slip description.

In summary, the plastic partε̇εεp of the strain rate,

ε̇εε = ε̇εεe+ ε̇εεp; (4.8)

is expressed, as usual in single slip, in terms of the slip rate γ̇ on the slip system as

ε̇εεp = 1
2 γ̇(sss
mmm+mmm
sss) ; (4.9)

but with γ̇ linked to the average continuum dislocation glide velocitygiven by

vvv= B�1bbb(τ� τs) : (4.10)

Here, as an approximation (see Yefimovet al., 2004a),τ is the resolved shear stress,

τ = mmm�σσσ �sss; (4.11)

andB is the same drag coefficient as in (4.6). To take into account the effect of obstacles on
the slip plane in the form of small precipitates or forest dislocations, Yefimovet al. (2004a)
introduced the additional (and completely phenomenological) notion that the response of the
material be elastic, i.e.̇γ = 0, when jτ� τsj< τres; (4.12)

whereτres is the slip resistance.
The back stressτs in (4.10) and (4.12) follows from the state variable field description in

terms of the total dislocation density,ρ, and the net-Burgers vector density,k, which is an
integral part of the theory. A statistical treatment of an ensemble of gliding dislocations by
Groma (1997) leads to the following coupled balance equations:

∂ρ
∂t

+ ∂
∂rrr
� (kvvv) = f (ρ;k; :::) ; (4.13)

∂k
∂t

+ ∂
∂rrr
� (ρvvv) = 0; (4.14)

with the back stress arising from the gradient of the net-Burgers vector density along the slip
direction, according to

τs(rrr) = µbbb
2π(1�ν)ρ(rrr) �D∂k

∂rrr
: (4.15)

Here,D is a dimensionless constant on the order of unity (see Zaiseret al., 2001).
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The function f in the right-hand side of (4.13) is the source term to the total dislocation
density and is taken to have the form

f (ρ;k; :::) =Cρnucjτ� τsj�ALe(ρ+k)(ρ�k)jvvvj : (4.16)

The first term in the right-hand side of (4.16) represents nucleation from sources with a density
ρnuc and at a rate governed by the parameterC given by

C = 1
τnuctnuc

if jτ� τsj � τnuc; C = 0 otherwise; (4.17)

in terms of the nucleation strengthτnuc and the nucleation timetnuc. The second term in the
right-hand side describes the annihilation of dislocations at a rate determined byAjvvvj, with A
being a dimensionless constant. Details can be found in Yefimov et al. (2004a).

The constitutive model is supplemented with the elastic strain rateε̇εεe being governed by
Hooke’s law in the form,

ε̇εεe =LLL
�1σ̇σσ ; (4.18)

with σ̇σσ the stress rate andLLL the tensor of elastic moduli, which is expressed in terms ofµ and
ν for isotropic elasticity.

In addition to the macroscopic mechanical boundary conditions (4.1)–(4.2), “microscopic”
boundary conditions on the dislocation dynamics Eqs. (4.13)–(4.14) are required. Taking into
account that slip is confined to the plastic zone in Fig. 4.1 the kinetic boundary conditions are
specified only along its boundaryS. This boundary consists of the boundary partS1 = fx2 =
x1 tanϕ� 1

2(h�L tanϕ)g � Salong the elastic-plastic interfaces andS2 = SnS1 at the top and
bottom surfacesfx2 =�h=2g. TheS1 boundary is parallel to the slip planes, so that in single
slip

v? = vvv�mmm= 0 alongS1: (4.19)

If S1 is not parallel to the slip planes, it may be physically reasonable to assume that this
boundary is impenetrable for dislocations so that the normal flux vvv�nnn= 0 with nnn the normal to
S1.

Along S2 –the free surfaces– natural dislocation outflow occurs. Dislocation nucleation at
the surfaces is not taken into account and therefore there isno additional dislocation inflow
from the surfaces. There are several choices for a boundary condition when a flow is expected
to go out of the computational domain, e.g. continuative, periodic, outflow, natural etc. Which
one would be best depends on the physical conditions of the problem. Continuative boundary
conditions comprise zero normal derivatives at the “open” boundary and are intended to repre-
sent a smooth continuation of the flow through the boundary, and is used for example in studies
by Zienkiewiczet al. (1985) and Peraire (1986). However, this type of boundary conditions
has no strong physical basis, but rather is a mathematical statement which in some situations
provides the desired flow behavior. In this study, we assume that, as in the discrete dislocation
simulations, dislocations leave the domain with no reflection from the surfaces and that there
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is no additional inflow. Thus, a physically meaningful boundary condition atS2 is a natural
boundary condition rather than an essential one. However, we do not explicitly impose the
boundary condition on the continuous problem (4.13)–(4.14), but implicitly within its approx-
imation by the finite element method, as discussed in the following section. This approach is
similar to the successful treatment by Papanastasiouet al. (1992) of the outflow boundary in
finite element simulations of the Navier-Stokes equations with no boundary condition at the
outflow boundary.

4.2.3 Numerical implementation of the continuum model

The dislocation density evolution equations (4.13)–(4.14) supplemented with the boundary
conditions (4.19) represent a non-linear convection-dominated diffusion problem coupled to
the single crystal continuum plasticity model described above in the section. A standard finite
element method is employed to solve this set of equations; see Yefimovet al. (2004a) for
details.

The dislocation evolution part of the problem and the crystal plasticity part can be decoupled
by applying a staggered solution procedure for time integration. The solution of either of the
two separate problems is obtained by using an explicit time-stepping scheme, with the same
time steps for both subproblems. In principle, we may adopt independent spatial discretizations
for the two parts of the problem, but we take the two meshes to be identical for convenient
passing of information. The spatial discretization uses quadrilateral elements consisting of
four crossed linear triangular elements.

The solution of the crystal plasticity part departs directly from the incremental version of
the principle of virtual work. The associated boundary conditions have already been listed in
(4.1)–(4.2).

In addition, we solve the evolution equations (4.13)–(4.14) in the plastic zone using a stan-
dard weighted-residual Galerkin method. Generally, the Galerkin discretization is not appli-
cable for solving convection-dominated diffusion problems due to oscillatory behavior of the
solution, unless element Peclet numbers are small enough. However, for the particular case
of systems without specification of boundary conditions at free surfaces, standard Galerkin
weighting results in quite acceptable solutions even for quite high Peclet numbers (Zienkiewicz
and Taylor, 1991).

The spatial discretization is based on the interpolation ofρ andk, as well as their rates,
inside an element from the nodal values; e.g.ρ =NTρρρ, k=NTkkk, whereρρρ andkkk are the vectors
of nodal values of the dislocation densitiesρ andk, respectively, andN is the vector of theC0

continuous shape functions. As a consequence, the back stress according to (4.15), i.e.

τs = b
T
ρ

∂k
∂rrr
�sss; T = D

µ
2π(1�ν) ; (4.20)

is governed by lower-dimensional interpolation. Therefore, we take the back stresses to be
defined at the integration points of elements, just like the resolved shear stress from (4.11).
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After substitution of (4.20) and evaluation of the weightedresidual integral for the balance
law (4.14) fork, for instance, we obtain the system of linear equations for each triangular
element in Cartesian coordinatesrrr = (x1;x2)

M k̇kk= Jρρρ�Hkkk� fff : (4.21)

Here, the matrices are given by

M = Z
V(e) NNTdV; (4.22)

J = B�1b
Z

V(e) τN
∂NT

∂rrr
�sssdV (4.23)

and

H = B�1b2
Z

V(e) Tsss� ∂N
∂rrr

∂NT

∂rrr
�sssdV: (4.24)

The right-hand side vector

fff = Z
S
(e)
1

NTρvvv�nnnds+Z
S
(e)
2

NTρvvv�nnnds= Z
S
(e)
2

NTρvvv�nnnds (4.25)

(s being a coordinate along the surface) contains contributions from the boundariesS1 andS2.
The first contribution in (4.25) vanishes due to the boundarycondition (4.19) withnnn=mmmonS1.
The remaining contribution, through the natural boundary outflux condition, is just evaluated
from the velocity field alongS2 computed through (4.10). The latter boundary condition is
unusual because, in the weak formulation, it appears to impose no boundary condition at all at
the dislocation densities outflow.

The spatial discretization of Eq. (4.13) is done in a fully similar manner as for Eq. (4.14)
and is not presented for brevity.

After assembling the contributions for Eqs. (4.13) and (4.14) from all elements, we obtain
two independent sets of linear equations for the nodal values of the total and sign density rates
ρ̇ρρ andk̇kk, respectively, and solve them using the method of Gaussian elimination.

4.3 Results

The nonlocal crystal plasticity model described in the previous section is applied to the prob-
lem of bending of a single crystal. The results are compared to those of discrete dislocation
plasticity simulations of the problem. The discrete dislocation plasticity simulations are based
on the work of Cleveringaet al. (1999b).

4.3.1 Reference case

The results for a strip of dimensionsL = 12µm andh = 4µm subjected to a bending rate of
θ̇ = 103 s�1 will serve as a reference for subsequent parameter studies.The slip system is
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oriented atϕ =+30Æ degrees from thex1 axis. The same material parameters have been used,
whenever possible, as in the discrete dislocation calculations of Cleveringaet al. (1999b), both
for elastic and dislocation properties. Contrary to Cleveringaet al. (1999b), however, we do
not incorporate obstacles in our analysis. The material is taken to be elastically isotropic, with
shear modulusµ= 26:3GPa and Poisson ratioν = 0:33. The magnitude of the Burgers vector
is b = 0:25nm for all (edge) dislocations and a valueB= 10�4Pas for the drag coefficient is
taken.

A uniform finite element mesh consisting of 66�38 quadrilateral elements is used to dis-
cretize the domain for both mechanical and dislocation dynamics subproblems. For the latter
subproblem we define a plastic subdomain bounded bySas discussed in the above. To treat the
degrees of freedom at the elastic-plastic interfacesS1 the mesh has been designed so that one of
two diagonals of any element is parallel toS1. The interface can then be simply discretized by
letting two of the four sub-triangles of a boundary quadrilateral fall inside the plastic domain
and the other two in the elastic domain. Compatibility between the subdomains at the interface
S1 is thus achieved without additional mesh refinement. Mesh size dependence of the solution
will be discussed later in this section.

In the discrete dislocation calculations the active slip planes are distributed with a uniform
spacing of 100b inside the plastic zone, so that none of them intersects the lateral sidesx1 =�L=2 where displacements are prescribed. The material is takento be initially dislocation free,
and two dislocation sources are randomly positioned on eachslip plane. Thus, for the reference
case, there is a total of 101 slip planes and 202 sources. Thisleads to an average source density
ρnuc= 10µm�2 (inside the plastic zone) that enters the nonlocal continuum model as a material
parameter. In both discrete and continuum approaches, the strength of the dislocation sources
is chosen randomly from a Gaussian distribution with mean value τ̄nuc = 1:9� 10�3µ and
standard deviation∆τnuc= 0:2τ̄nuc, the nucleation time is taken to betnuc= 2:6�106B=µ for
all sources andLe = 6b. In the nonlocal continuum calculations the sources are distributed
uniformly over all integration points in the matrix with a uniform densityρnuc.

The continuum theory has a few free parameters: the coefficient D in the back stress (4.15);
the slip resistanceτres, cf. Eq. (4.12); and the annihilation coefficientA. Their values do not
follow from the derivation and were fitted by Yefimovet al. (2004a) to discrete dislocation
simulations for the problem of shearing of a two-dimensional composite material. The same
values:A= 5, D = 1 andτres= 15 MPa, are employed in this study. Hence, no further fitting
is being done later in the paper.

The bending moment response to the imposed rotation according to both plasticity descrip-
tions is shown in Fig. 4.2a. The momentM is normalized by a reference moment,Mref, defined
as

Mref = 2
h

Z h=2�h=2
τ̄nucx

2
2 dx2 = 2

3
τ̄nuc

�
h
2

�2 : (4.26)

This reference moment is the moment that would result from the linear stress distribution over
the height:̄τnucx2=(h=2).
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Figure 4.2 Comparison of (a) bending moment,M, versus imposed rotation,θ, curves and (b) evolution

of the total dislocation densityρ, for the reference case according to nonlocal continuum anddiscrete

dislocation plasticity.

The initiation of plasticity is caused by the motion of the first generated dislocations and
depends quite strongly on the position of the weakest sources relative to the outer fibers of
the strip. These results suggest that the initial yield point is a stochastic quantity to a certain
extent, and this effect is more pronounced in the discrete dislocation calculations due to the
natural discreteness of the dislocation events. The ultimate hardening in the bending moment–
rotation curves, however, is hardly affected by the source distribution and controlled largely
by the average source strength. The two models predict similar behavior of the material with
an almost linear increase of bending moment with rotation. The prediction of the continuum
model for the total dislocation density evolution is also ingood agreement with the discrete
dislocation simulations, Fig. 4.2b.

The discrete dislocation distribution atθ = 0:015 is shown in Fig. 4.3. Only few of the
101 available slip planes have been activated, and those arenow heavily populated with dis-
locations. The dislocations are arranged in well-defined long pile-ups with dislocation-free
areas near the free surfaces (because of the attraction by the surfaces). Only dislocations of the
same sign are present in the material; the ones with the opposite sign have exited the material
through one of the free surfaces. Thus, the dislocation density is the minimum required density
to accommodate the applied deformation by producing local rotations; all dislocations at this
stage are “geometrically necessary”.

The continuum dislocation distributions atθ = 0:015 are shown in Figs. 4.4a and 4.4b in
terms of theρ andk fields, respectively. Qualitatively, these fields show similar dislocation
structures as found in the discrete dislocation analysis ofFig. 4.3. The levels of the total
dislocation density,ρ, and the net-Burgers vector density,k, are practically identical, implying
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Figure 4.3 Dislocation distribution atθ = 0:015 for the reference case. The corresponding movie can

be found at http://www.iop.org/EJ/mmedia/0965-0393/12/6/002/.

that positive dislocations dominate in the material and that they are all geometrically necessary,
as in the discrete simulations. We also see (especially fromthe enhanced moving version
of the figure) that the dislocations form pile-ups, which originate near the free surfaces and
accumulate towards the center of the strip. The continuum model predicts dislocation-free
boundary layers near the free surfaces, much like the discrete simulations. However, near a
neutral line atx2 = 0, where the applied resolved shear stressτ vanishes, the continuum model
shows a different dislocation structure than that from the discrete dislocations simulations.
Due to a zero contribution ofτ to the total driving stress, the dislocations are driven only
by self produced back stressτs. The discrete dislocation results, as Fig. 4.3 shows, reveal
a dislocation flow through the neutral line even in the absence of τ, while in the continuum
simulations, a narrow dislocation free zone occurs. This zone appears due to the applied slip
resistanceτres= 15MPa in the threshold condition (4.12). The width of the zone is controlled
by the value of the slip resistance.

Figure 4.5 shows the distribution of the total dislocation density in case of no slip resistance.
These results reveal no dislocation free zone near the neutral line x2 = 0, and are qualitatively
similar to those from the discrete dislocation simulations.

Figure 4.6 demonstrates how the strip bends by showing the deformed finite element mesh.
The deformation pattern is characterized by bands of localized deformation in the slip direction
and by slip steps at the free surfaces created by dislocations exiting the material.

The continuum deformation pattern, Fig. 4.6b, is evidentlysmoother since localized flow
now has to be represented through the finite elements. In the discrete dislocation computations
localization comes from the displacement discontinuitiesacross the slip planes, which are
represented analytically (cf. Cleveringaet al., 1999b).

The respective distributions ofσ11 are shown in Fig. 4.7. In both types of calculations, the
material is relaxed near the free surfaces due to the outflow of negative dislocations and more
stressed close to the faces of the elastic-plastic interface inside the strip. The latter feature gives
rise to the continued dislocation generation activity seenin Figs. 4.3 and 4.4. The continuum
prediction, Fig. 4.7b, obviously does not exhibit the stress fluctuations seen in the discrete
dislocation field, Fig. 4.7a, because these are due to the individual dislocation singularities.
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Figure 4.4 Distributions of (a) the total dislocation densityρ and (b) the sign-dislocation density

k at θ = 0:015 for the reference case. The corresponding movie for the density ρ can be found at

http://www.iop.org/EJ/mmedia/0965-0393/12/6/002/.
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Figure 4.5 Distribution of the total dislocation densityρ at θ = 0:015 for the reference case with

τres= 0.
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(a)

(b)

Figure 4.6 Deformed finite element mesh for the reference case atθ = 0:015. (a) Discrete dislocation

plasticity. (b) Nonlocal continuum plasticity. Displacements are multiplied by 20.

The behavior of the material upon unloading is shown in Fig. 4.8. The discrete dislocation
results reveal a distinct Bauschinger effect, but this is much less so for the continuum model.
To study the possible reasons for such a significant qualitative difference, a simulation with
zero slip resistance,τres= 0, instead of the reference valueτres= 15MPa has been performed.
Comparison of the results for these two values ofτres reveals that the dislocations, which were
not participating in plastic flow due to the threshold condition (4.12) in the reference case,
contribute significantly to the overall response. During loading the effect of no slip resistance
leads to a significant drop of the yield point, but the ultimate hardening rate remains unchanged.
Upon unloading the Bauschinger effect that leads to nearly zero residual plastic deformation
and seen in the discrete dislocation calculations, is picked up.

To analyze the mesh size dependence of the numerical solution of the continuum problem,
a sequence of calculations with different mesh sizes was performed. A comparison of the
results in terms of bending moment versus rotation angle curves is shown in Fig. 4.9. The
coarser 50� 28 mesh gives a somewhat higher moment with respect to the reference 66�
38 and finer 100� 58 meshes. A significant difference between the finer and the reference
meshes is seen only at the initial stage of plastic deformation. It is due to a difference in
spatial distribution of the nucleation strength of sources, which is dependent upon a number
of integration points of the mesh. For larger strains, the curves for the reference mesh and
the finer one almost coincide. From this comparison, we conclude the reference mesh to be
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Figure 4.7 Distribution of σ11 for the reference case atθ = 0:015. (a) Discrete dislocation plasticity.

(b) Nonlocal continuum plasticity.

sufficiently fine to produce nearly mesh-size independent results, consuming less computation
power than necessary for the finer mesh.

Bending necessarily involves strain gradient. For comparison, a tensile test calculation was
performed for the same strip using both plasticity models. Figure 4.10 shows the calculated
stress response to plane strain tension in thex1-direction. The boundary conditions are stress-
free surfaces atx2 =�h=2 as in the bending test, and a prescribed uniform fixed displacement
rate ˙u1 atx1 =�L=2. As seen in Fig. 4.10, the two models predict that the material exhibits es-
sentially perfect plasticity. The wiggles in the discrete dislocation curve are due to the discrete
nucleation events. The deformed mesh in Fig. 4.11 shows thatthe plastic deformation is highly
localized within one slip band. The discrete dislocation and continuum plasticity calculations
predict different locations of the slip band (see Figs. 4.11a, b). This arises from different source
distributions and therefore from different locations of the weak sources in those calculations.
This is also responsible for the difference in yield stress seen in Fig. 4.10.
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Figure 4.8 Comparison of moment–rotation curve for forward bending loading and unloading from

θ= 0:015 according to nonlocal continuum and discrete dislocation plasticity. Nonlocal plasticity results
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Figure 4.10 Comparison ofσ� ε curves in plane strain tension for the reference case according to

nonlocal continuum and discrete dislocation plasticity.
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Figure 4.11 Deformed finite element mesh for the reference case in plane strain tension atε = 0:0035.

(a) Discrete dislocation plasticity. (b) Nonlocal continuum plasticity. Displacements are multiplied by

20.

4.3.2 Effect of slip orientation

The ability of the continuum theory to pick up the effect of different slip orientations is stud-
ied by repeating the calculation for a slip plane orientation of ϕ = 60Æ. Figure 4.12a shows

52



4.3 Results

θ

M
/M

re
f

0 0.005 0.01 0.015 0.02
0

0.5

1

1.5

2

2.5

discrete
continuum

ϕ=+30°

ϕ=+60°

κp (µm-1)

ρ
(µ

m
-2
)

0 0.001 0.002 0.003
0

5

10

15

20

25

ϕ=+30°

ϕ=+60°
1/b1

1/b1

discrete

continuum

(a) (b)

Figure 4.12 The effect of slip plane orientation on (a) the moment versusrotation curve. (b) the

evolution of the total dislocation density versus plastic curvature.

the bending moment response according to the two models, in comparison with theϕ = 30Æ
reference case. In both cases the material exhibits nearly linear hardening, but for the case of
60Æ the tangent modulus is somewhat lower than that for the 30Æ case.

According to Fig. 4.12b, the total dislocation density increases linearly with the plastic
curvatureκp for both slip orientations. The plastic curvature is computed at each deformation
stage as

κp = 2θ
L
� M

EI
(4.27)

(cf. Cleveringaet al., 1999b). The first term in the right-hand side is the total curvature and
the second is the elastic curvature, whereEI = µh3=6(1�ν) is the bending stiffness in plane
strain. According to Nye (1953) and Ashby (1970), the GND density for bending is

ρG = κp

b1
; (4.28)

whereb1 = bcosϕ is the component of the Burgers vector parallel to thex1-axis. This relation
implies that the GND density increases linearly with the curvatureκp. This line is plotted
in Fig. 4.12b for comparison, from which we see that the simulations predict the dislocation
density to grow with a slope slightly smaller than 1=b1. This deviation has been explained by
Cleveringaet al. (1999b) to arise from the dislocation-free layers near the free surfaces (see
Figs. 4.3, 4.4 and 4.13).

Figure 4.13 shows that, asb1 is smaller, there are indeed many more dislocations in the
60Æ specimen than in the reference case (see Figs. 4.3–4.4), where only few slip planes are
activated near the elastic-plastic interface. Also, the dislocation distribution inside the plastic
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zone is more uniform in comparison to the reference case. Thecontinuum model (Fig. 4.13b)
is able to resolve to some extent the formation of individualslip bands seen in the discrete
dislocation simulations, Fig. 4.13a.
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Figure 4.13 Distribution of (a) dislocations according to discrete dislocation plasticity and

(b) the total dislocation densityρ at θ = 0:015. The corresponding movies can be found at

http://www.iop.org/EJ/mmedia/0965-0393/12/6/002/.

4.3.3 Size effects

Next we consider the effect of specimen size on the bending response of the strip. Figure 4.14a
compares the response for the reference 12µm�4µm specimen with that of a two times smaller
specimen (6µm� 2µm) for one slip system at+30Æ. Both specimens have the same source
density as defined in the reference case. For the discrete dislocation simulations, random
distributions of position and strength of the sources are generated independently for the two
specimens, so that this by itself can give some statistical difference in the response in addition
to the size effect. The continuum plasticity calculations use the same Gaussian distribution of
source strength as generated for the reference case.

Due to the presence of the GNDs, the specimen exhibits a size-dependent bending response,
consistent with the conventional tendency of ’smaller being stronger’ at this size scale. This
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Figure 4.14 Effect of specimen size for slip systems at (a)+30Æ or (b)+60Æ on the moment versus

rotation angle according to nonlocal continuum and discrete dislocation plasticity.

size effect is not only predicted by discrete dislocation plasticity (Cleveringaet al., 1999b),
but also by the continuum strain gradient theory used here. The size effect for crystals with a
slip system at+60Æ is shown in Fig. 4.14b. Figures 4.14a and 4.14b also reveal that the size
effect is mainly associated with the hardening rate increasing with decreasing specimen size.
The overall hardening for all sizes and slip orientations appears to be approximately linear
with rotation. A size effect on the yield point found in discrete dislocation simulations is only
owing to different probabilities of finding a weak source near the highly stressed outer fibers.

Figure 4.15 compares the total dislocation density distributions for two different specimen
sizes forϕ = 60Æ at the same rotation. One observes that the number of pronounced slip
bands is nearly the same for the two specimens, so that the mean spacing between the slip
bands scales linearly with the specimen size. This feature has been observed earlier in the
discrete dislocation plasticity study by Cleveringaet al. (1999b). There it has been explained
as a consequence of the competition between dislocations ina pile-up being geometrically
necessary and repelling each other. Apparently, the continuum theory is able to pick these
effects up as well.

4.4 Conclusion

We have applied the recently formulated nonlocal crystal plasticity theory (Yefimovet al.,
2004a) to bending of a single crystal by single slip. This boundary-value problem involves a
number of free boundaries and we have discussed the treatment of the boundary conditions
for the dislocation transport equations. It turns out that free outflux of dislocations across
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Figure 4.15 Distributions of the total dislocation densityρ for the cases in Fig. 4.13 atθ = 0:01.

(a) 12µm� 4 µm; (b) 6µm� 2 µm.

such boundaries is automatically captured by natural boundary conditions where the flux is
just computed from the average dislocation equation of motion. This contrasts the zero-flux
boundary conditions adopted in the composite shear problemconsidered previously (Yefimov
et al., 2004a).

The continuum theory has a number of material parameters, most of which are analogous to
parameters in the discrete dislocation model. It has an additional few ones that have been fitted
by Yefimovet al. (2004a) to discrete dislocation dynamics simulations of the above-mentioned
composite shear problem. Using these values, the bending response and the dislocation density
distributions are outcomes of the continuum theory calculations. Compared to discrete dislo-
cation dynamics results of the same problem, the continuum theory has proved to be able of
picking up: (i) the moment–rotation response; (ii) its sizedependence; (iii) the dependence on
slip plane orientation, as well as (iv) characteristics of the dislocation distributions.

The present study together with the previous one (Yefimovet al., 2004a) belong to a series
of comparisons between nonlocal continuum theories and discrete dislocation simulations (e.g.
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Bittencourtet al., 2002; Bassaniet al., 2001; Shuet al., 2001). The purpose of these works
is to help the development of nonlocal theories (cf. Van der Giessen and Needleman, 2003).
Geometrically necessary dislocations play a central role in such theories, but their effects are
implemented in quite different ways in the theories available at the moment. The present one is
designed to be close to the dynamics of dislocations, which makes the form of the constitutive
equations different from the ones considered in (Bittencourt et al., 2002; Bassaniet al., 2001;
Shuet al., 2001). While the latter ones explicitly introduce a lengthscale as a material constant,
the length scale in the present statistical-mechanics based theory enters implicitly through the
source densityρnuc. Because of the physical origin of the dislocation evolution equations,
the boundary conditions in the present theory are directly related, if not identical, to those
in discrete dislocation theory, which make them physicallytransparent. A limitation of the
current theory evidently is that it has been derived only forsingle slip. Zaiseret al. (2001)
have recently made the first steps towards the extension to multiple slip.

In addition to this limitations, the theory currently suffers from the fact that it is two di-
mensional, as are the discrete dislocation simulations that were used for comparison. Three-
dimensional discrete dislocation frameworks that accountfor aspects like junction formation
and line tension are available these days (e.g. Kubinet al., 1992; Weygandet al., 2002), but
the statistical continuum theory needs to be developed. It is emphasized that this does not put
a restriction on the conclusions of the present paper. Not only is bending a two-dimensional
problem when the crystal is properly oriented, the objective here was to demonstrate that the
continuum formulation is appropriate for traction-free boundary value problems, just as bend-
ing.
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Chapter 5

Multiple slip in a statistical-mechanics based nonlocal crystal

plasticity model�
Abstract

In the previous chapters we focused on a nonlocal continuum crystal plasticity theory for sin-
gle slip, which is based on a statistical-mechanics description of the collective behavior of
dislocations in two dimensions. In the present paper we address the extension of the theory
from single slip to multiple slip. Continuum dislocation dynamics in multiple slip is defined
and coupled to the small-strain framework of conventional continuum crystal plasticity. Dislo-
cation nucleation, the material resistance to dislocationglide and dislocation annihilation are
included in the formulation. Various nonlocal interactionlaws between different slip systems
are considered on phenomenological grounds. To validate the theory we compare with the
results of dislocation simulations of two boundary value problems. One problem is simple
shearing of a crystalline strip constrained between two rigid and impenetrable walls. Key fea-
tures are the formation of boundary layers and the size dependence of the response in the case
of symmetric double slip. The other problem is bending of a single crystal strip under double
slip. The bending moment versus rotation angle and the evolution of the dislocation structure
are analyzed for different slip orientations and specimen sizes.

�Based onYefimov, S. and Van der Giessen, E., 2004c. Multiple slip in a statistical-mechanics based

strain-gradient plasticity model(submitted).



Chapter 5 Multiple slip in a statistical-mechanics based nonlocal crystal plasticity model

5.1 Introduction

There is a growing body of experimental evidence that anisotropic plastic flow in crystalline
solids is inherently size dependent at length scales of the order of tens of micrometers and
smaller. Size effects of the type “smaller is stronger” are common at these scales and have
been observed, for example, by Flecket al. (1994) in torsion, and by Ma and Clarke (1995)
and by Stölken and Evans (1998) in composites and in bending, respectively.

Standard continuum crystal plasticity models are local anddo not make reference to the mi-
crostructural characteristic lengths that are significantat these scales. As a consequence, such
models exhibit no size dependence. This creates a motivation to develop more sophisticated
(nonlocal) models that incorporate such a length scale and,therefore, should be able to capture
size effects (Hutchinson, 2000). However, there is no unified structure of such nonlocal theo-
ries. Therefore, there are a number of nonlocal (or strain-gradient) crystal plasticity theories
available in the literature which introduce nonlocality indifferent ways. A subset of them is
based on the idea that the geometrically necessary dislocations associated with strain gradients
give rise to additional hardening. Most of these employ Nye’s (1953) geometrical concept of
a dislocation density tensor, but in a variety of ways. Irrespective of the precise formulation, a
constant material length scale enters in such theories which needs to be fitted to experimental
results (see, e.g., Flecket al. (1994) and Fleck and Hutchinson (1997)) or to results of discrete
dislocation simulations, e.g. Bassaniet al. (2001), Shuet al. (2001), Bittencourtet al. (2002).

While the above-referencedapproaches are completely phenomenological, this paper is con-
cerned with an alternative approach: a recently proposed nonlocal crystal plasticity theory
(Yefimovet al., 2004a) that augments a standard crystal plasticity description with a statistical-
mechanics description of the collective behavior of dislocations (Groma, 1997). Initially, the
theory was proposed in single slip (Yefimovet al., 2004a). Starting out from a statistical-
mechanics treatment of an ensemble of gliding dislocations, the resulting dislocation dynamics
is governed by two coupled balance equations for the total dislocation density and net-Burgers
vector density. The latter can be interpreted as the densityof geometrically necessary disloca-
tions (GNDs).

To assess the validity of the approach, it has been applied totwo boundary value problems.
First we have analyzed shearing of a model composite material having elastic reinforcing par-
ticles (Yefimovet al., 2004a), while the other problem concerned bending of a single-crystal
strip (Yefimovet al., 2004b). The nonlocal plasticity results were compared with those of
discrete dislocation simulations of the same problems. Thecomparisons for the two problems
have revealed the ability of the theory in single slip to capture the nonlocal effects and to treat
the boundary value problems with physically different of boundary conditions.

The goal of the present study is to extend the theory from single slip to multiple slip. The key
in multiple slip is the interaction between dislocations ondifferent slip systems. By lack of a
better procedure, several phenomenological interaction rules are proposed. They are evaluated
first by analyzing the simple shearing of a crystal with two slip systems between two rigid and
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impenetrable walls. The results are compared with those of adiscrete dislocation study by Shu
et al. (2001) of the same problem, with emphasis on the formation ofboundary layers and
the associated size effects. One of the interaction laws is adopted subsequently in the study
of bending of a single-crystal strip. We will show how the theory can handle this problem
in symmetric double slip and will also discuss the correspondence with results of discrete
dislocation simulations (Cleveringaet al., 1999b).

5.2 Nonlocal continuum plasticity

The nonlocal continuum crystal plasticity formulation adopted here is based on the single-
slip theory proposed by Yefimovet al. (2004a). The theory involves a statistical-mechanics
description of the collective behavior of dislocations coupled to standard single crystal contin-
uum slip description. In this section we first give a brief summary of the theory for single slip
and then proceed with an extension to multiple slip.

5.2.1 Summary of the theory for single slip

Starting out from the equation of motion of individual dislocations with Burgers vectorbbb and
applying a statistical averaging procedure, Groma (1997) has derived a continuum dynamics
for dislocation densities. It involves the following set ofcoupled transport equations for the
total dislocation density fieldρ and for the net-Burgers vector density fieldk:

∂ρ
∂t

+ ∂
∂rrr
� (kvvv) = f (ρ;k; :::) ; (5.1)

∂k
∂t

+ ∂
∂rrr
� (ρvvv) = 0: (5.2)

Here,vvv is the continuum dislocation glide velocity, defined as

vvv= B�1bbb(τ� τs) ; (5.3)

with τ = mmm�σσσ �sss being the resolved shear stress on the slip system defined by the unit vectors(sss;mmm) of the slip direction and the slip plane normal, respectively; σσσ is the stress tensor. The
back stressτs in (5.3) arises from the gradient of the net-Burgers vector density along the slip
direction as

τs(rrr) = µbbb
2π(1�ν)ρ(rrr) �D∂k

∂rrr
: (5.4)

Here,µ andν are shear modulus and Poisson’s ratio, respectively, andB is the dislocation drag
coefficient.D is a dimensionless constant.

The functionf in the right-hand side of (5.1) governs the rate of production of dislocations
and is taken to have the form

f (ρ;k; :::) =Cρnucjτ� τsj�ALe(ρ+k)(ρ�k)jvvvj : (5.5)
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The first term in the right-hand side represents nucleation from sources with a densityρnuc and
at a rate governed by the parameterC given by

C = 1
τnuctnuc

if jτ� τsj � τnuc; C = 0 otherwise; (5.6)

in terms of the nucleation strengthτnuc and the nucleation timetnuc. The second term in the
right-hand side of (5.5) describes the annihilation of dislocations at a rate determined byAjvvvj,
with A being a dimensionless constant andLe a material-dependent annihilation distance. De-
tails can be found in Yefimovet al. (2004a).

The above continuum dislocation kinetics is coupled to the small-strain framework of single
crystal continuum plasticity (see, e.g., Asaro, 1983). In summary, the plastic parṫεεεp of the
strain rate,

ε̇εε = ε̇εεe+ ε̇εεp ; (5.7)

is expressed in terms of the slip rateγ̇ on the slip system as

ε̇εεp = 1
2 γ̇(sss
mmm+mmm
sss) ; (5.8)

and withγ̇ linked to the average continuum dislocation glide velocityasγ̇ = ρbbb� vvv. Elasticity
is specified by Hooke’s law in the conventional form

ε̇εεe =LLL
�1σ̇σσ ; (5.9)

with LLL the tensor of elastic moduli.
In Yefimov et al. (2004a) we have also introduced the additional (and completely phe-

nomenological) notion that the response of the material be elastic, i.e.γ̇ = 0, whenjτ� τsj< τres; (5.10)

whereτres is the slip resistance.

5.2.2 Extension to multiple slip

Let us consider a planar single crystal havingN � 1 active slip systems, identified by Greek
superscripts (no summation convention). Each slip systemα (α = 1; : : : ;N) is defined by a pair
of the unit vectors(sss(α);mmm(α)) in the direction of slip and the slip plane normal, respectively.

To define a continuum dislocation dynamics in multiple slip,we apply the single slip dy-
namics, Eqs. (5.1)–(5.2), for each slip system individually as follows:

∂ρ(α)
∂t

+ ∂
∂rrr
� (k(α)vvv(α)) = f (α) ; (5.11)

∂k(α)
∂t

+ ∂
∂rrr
� (ρ(α)vvv(α)) = 0: (5.12)

The velocityvvv(α) is defined as
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vvv(α) = B�1bbb(α)(τ(α)� τ(α)tot ) (5.13)

in terms of the resolved shear stressτ(α) = mmm(α) �σσσ � sss(α) and the total back stressτ(α)tot on the
slip systemα. The actual form ofτ(α)tot will be discussed later.

The production termf (α) in Eq. (5.11) is defined similar to that in (5.5) in single slipwith
τs being substituted byτ(α)tot , i.e.

f (α) =C(α)ρ(α)nucjτ(α)� τ(α)tot j�ALe(ρ(α)+k(α))(ρ(α)�k(α))jvvv(α)j : (5.14)

The nucleation parameterC(α) is therefore defined by

C(α) = 1
τnuctnuc

if jτ(α)� τ(α)tot j � τnuc; C(α) = 0 otherwise: (5.15)

The elastic-plastic threshold is also defined per slip system and now expressed as

γ̇(α) = 0 if jτ(α)� τ(α)tot j< τres: (5.16)

The slip rateγ̇(α) is linked to the average continuum dislocation glide velocity vvv(α) from
Eq. (5.13) according tȯγ(α) = ρ(α)bbb(α) �vvv(α).

Zaiseret al. (2001) have proposed a proper statistical treatment of two-dimensional dislo-
cation dynamics in multiple slip, as a generalization of Groma’s (1997) single slip approach
adopted here. That generalized model includes a full range of dislocation-dislocation inter-
actions and requires higher-order dislocation densities to describe the higher-order pair corre-
lations of the dislocations in case of multiple slip. Due to the natural complexity of such an
approach and its current status, it is difficult to derive explicit expressions for the nonlocal in-
teractions between different slip systems based only on single dislocation densities available in
this study. Therefore, to define the nonlocal interactions between the dislocations of different
slip systems expressed here by the total back stress, we willadopt here a purely phenomeno-
logical approach.

We assume the total back stress is defined as a superposition of the single slip measures of
back stress of all available slip systems with orientation dependent weight factors. Thus, we
can defineτ(α)tot as

τ(α)tot = N

∑
α=1

S(αβ)τ(β)s ; (5.17)

with S(αβ) being interpreted as a projection matrix andτ(α)s is the back stress from single slip
approximation, cf. Eq. (5.4),

τ(α)s = µbbb(α)
2π(1�ν)ρ(α) �D∂k(α)

∂rrr
: (5.18)

On the other hand,τ(α)tot can be also interpreted as a resolved shear component of the total back
stress tensorσσσtot (Harder, 1999; Zaiseret al., 2001),

τ(α)tot = mmm(α) �σσσtot �sss(α): (5.19)
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Here, we distinguish between two possibilities of constructing the total back stress tensor. Sub-
stitution into (5.19) and taking into account (5.17) yieldsthe associated form for the projection
matrixS(αβ):
version 1:

σσσtot = ∑
α

τ(α)s [mmm(α)
sss(α)℄; (5.20)

S(αβ) = mmm(α) � (mmm(β)
sss(β)) �sss(α) = (mmm(α) �mmm(β))(sss(α) �sss(β)); (5.21)

version 2:
σσσtot = ∑

α
τ(α)s [sss(α)
mmm(α)+mmm(α)
sss(α)℄; (5.22)

S(αβ) = mmm(α) � (sss(β)
mmm(β)+mmm(β)
sss(β)) �sss(α): (5.23)

The second of these is the symmetric version of the first. In addition, we consider a simple
interaction rule that involves only the slip directions:

version 3:
S(αβ) = sss(α) �sss(β); (5.24)

which is similar to that used by Gurtin (2002) in his strain-gradient single crystal plasticity
theory.

In all three proposed versions,S(αβ) = S(βα) and the diagonal components ofS(αβ) are equal
to unity, so that the back stress produced by a slip systemα has the largest effect on that slip
system itself and a smaller effect on the other slip systems.

As the total back stressτ(α)tot is specified, the continuum dislocation dynamics in multiple
slip, Eqs. (5.11)–(5.17), can be coupled to the same framework of single crystal continuum
plasticity as follows. The plastic slip rateε̇εεp is related to the slip rateṡγ(α) via

ε̇εεp = N

∑
α=1

γ̇(α)PPP(α) ; (5.25)

wherePPP(α) is the Schmid orientation tensor given by

PPP(α) = 1
2(sss(α)
mmm(α)+mmm(α)
sss(α)) : (5.26)

The elastic strain rate remains being governed by Hooke’s law, Eq. (5.9).

5.3 Sensitivity of nonlocal interaction laws for constrained simple shear

5.3.1 Problem formulation

The three interaction laws proposed above are benchmarked by considering the simple shearing
of a crystalline strip constrained between two rigid and impenetrable walls, as illustrated in

64



5.3 Sensitivity of nonlocal interaction laws for constrained simple shear

ϕ 1( ) ϕ 2( )

+

–

+

–

u1 U t( ) u2, 0= =

H

w

x1

x2

u1 0 u2, 0= =

Figure 5.1 Simple shear of a crystal with two slip systems between two impenetrable walls.

Figure 5.1. This problem was analyzed originally by Shuet al. (2001) and compared to a strain
gradient theory of Shu and Fleck (1999), while subsequentlyit has been used for comparison
with Gurtin’s (2002) theory by Bittencourtet al. (2003). The crystal is assumed to have two
slip systems. The strip is taken to be infinitely long but periodic, so that only a region of width
w needs to be analyzed with periodic boundary conditions atx1 = 0 andx1 = w. The boundary
conditions at the top and bottom of the strip are

u1 = 0 ; u2 = 0 alongx2 = 0;

u1 =U(t) = HΓ̇t ; u2 = 0 alongx2 = H, (5.27)

whereΓ̇ is the prescribed shear rate, taken to be constant in timet. In case of a classical
local plasticity theory, the solution to this simple shearing boundary value problem for a ho-
mogeneous material and for uniform initial conditions is such that the only nonvanishing strain
component,ε12, is spatially uniform.

This changes drastically however in discrete dislocation plasticity when it is assumed that
the dislocations cannot penetrate the top and bottom boundaries. This analysis is carried out
using the Van der Giessen and Needleman (1995) approach, which is discussed in detail in
(Shu et al., 2001). Within that framework, the dislocations are treated as line defects in a
linear elastic continuum. The computation of the deformation history is carried out in an
incremental manner. Each time step involves three main steps: (i) determining the forces on the
dislocations, i.e. the Peach-Koehler force; (ii) determining the rate of change of the dislocation
structure, which involves the motion of dislocations, the generation of new dislocations, their
mutual annihilation, and their possible pinning at obstacles; and (iii) determining the stress and
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strain state for the updated dislocation arrangement. The latter is obtained by superposition of
the long-range singular fields for individual dislocationsin infinite space and the image field
that is calculated with the finite element method.

The numerical results for a strip withH = 1µm (and cell widthw = 1µm) subjected to a
constant shear ratėΓ= 103 s�1 will serve as a reference for subsequent parameter studies.Two
slip systems are considered, with the slip planes oriented at ϕ(1) = 60Æ andϕ(2) = 120Æ degrees
from thex1 axis. We will also analyze the effect of strip size by varyingthe heightH of the strip
and keeping the widthw unchanged. In all cases, the material parameters of the crystal being
used in the nonlocal continuum calculations are identical,whenever possible, to those of the
discrete dislocation calculations of Shuet al. (1999), both for elastic and dislocation properties.
The material is taken to be elastically isotropic, with shear modulusµ= 26:3GPa and Poisson
ratio ν = 0:33. The magnitude of the Burgers vector isb= 0:25nm for all (edge) dislocations
and a valueB= 10�4Pas for the drag coefficient is taken. These values are representative for
aluminum.

In the analysis no dislocations are present initially and obstacles are not taken into account.
In the discrete dislocation simulations new dislocations are generated in pairs from Frank-
Read sources distributed in the material at a densityρnuc = 138µm�2 for each slip system,
when the resolved shear strength exceeds the source strength τnuc during a sufficiently long
time tnuc = 10�8s. The glide velocityvvv(I) of dislocationI is linearly related to the Peach-
Koehler force through the drag relationFFF(I) = Bvvv(I). Opposite-signed dislocations annihilate
when they approach each other to within a distance ofLe = 6b.

Beside the material constants, the continuum theory has a few free parameters: the coef-
ficient D in the back stress (5.4); the slip resistanceτres, cf. Eq. (5.10); and the annihilation
coefficientA in (5.5). Their values do not follow from the derivation of the transport equations
and were fitted by Yefimovet al. (2004a) to discrete dislocation simulations for the problem
of shearing of a two-dimensional composite material. The same values —A = 5, D = 1 and
τres= 15 MPa— are employed in this study. Hence, no further fitting is being done later in the
paper.

Irrespective of the strip height, a uniform finite element mesh consisting of 30�30 quadri-
lateral elements is used to discretize the domain for both mechanical and dislocation dynamics
subproblems. In the nonlocal continuum calculations the sources are distributed uniformly
over all integration points in the matrix with a uniform density ρnuc per slip system. The
strength of the dislocation sources is chosen randomly froma Gaussian distribution with mean
valueτ̄nuc= 1:9�10�3µ and standard deviation∆τnuc= 0:2τ̄nuc for both approaches.

Discretization of the nonlocal crystal plasticity equations is done by using the standard finite
element method, and reported in detail in Yefimovet al. (2004a) for another boundary value
problem. The dislocation dynamics part of the problem and the crystal plasticity part are
decoupled by applying a staggered solution procedure for time integration. The solution of
either of the two separate problems is obtained by using an explicit time-stepping scheme,
with the same time steps for both subproblems.
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Here, we pay attention only to the microscopic boundary conditions, required to solve the
dislocation dynamics subproblem for this particular boundary value problem. Along the lateral
sidesx1 = 0 andx1 = w of the unit cell, periodic boundary conditions are applied,so that
ρ(α)(w;x2) = ρ(α)(0;x2) andk(α)(w;x2) = k(α)(0;x2) at all times. At the top and the bottom
of the strip we model impenetrable walls for the dislocations. Thus, at these boundaries we
require the dislocation velocity component normal to the boundary to vanish, i.e.vvv(α) �nnn= 0,
wherennn is the unit normal to the top and bottom surfaces.

5.3.2 Numerical results for the reference case

The overall material response is presented in terms of average shear stress,σave
12 , given by

σave
12 = 1

w

Z w

0
σ12(x1;h)dx1 ; (5.28)

and its work-conjugate, the applied shearΓ.
The overall shear stress versus shear strain response usingdifferent nonlocal interaction

laws is shown in Fig. 5.2. The shear stressσave
12 is normalized by the mean strength of the

dislocation sources,̄τnuc= 50MPa. Figure 5.2 shows that the material response is very sensitive
to the nonlocal interaction law. In the continuum calculations the material exhibits a gradual
transition to yield with nearly linear strain hardening at the largest strain levels. In the discrete
dislocation simulations, despite the pronounced serrations due to individual dislocation events,
a similar hardening tendency is observed. The hardening is related to the fact that the slip is

Γ

σ 12av
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Figure 5.2 Sensitivity of the average shear stressσave
12 versus applied shear strainΓ response to different

slip systems interaction laws. Result of discrete dislocation plasticity is also shown.
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blocked at the top and the bottom surfaces of the strip. Thus,the dislocations on the inclined
slip planes pile-up against the surfaces and therefore produce a back stress on each activated
slip system, which, in turn, significantly affects the overall response. This effect is picked up by
the nonlocal theory as well, but depending upon the type of the applied nonlocal interactions,
Eqs. (5.21), (5.23) and (5.24).

By comparing the nonlocal plasticity results with the discrete dislocation observation, it is
seen that the best match is achieved by applying the interaction rule denoted as ‘version 2’,
Eq. (5.23). The other interaction rules, including the uncoupled one, tend to overestimate the
magnitude of the total back stressτ(α)tot , which, in turn, shifts the yield point upwards and gives
rise to a higher hardening rate.

These observations confirm the conclusion in the discrete dislocation analysis by Shuet al.
(2001) that the effective back stress on a slip system is smaller than the back stress from that
individual slip system. The back stress that develops on oneslip system is relaxed by the back
stress produced by a dislocation structure of the other slipsystem. In the nonlocal continuum
model the interaction rule (5.23) implies a similar behaviour due to compensating interactions
arising from the negative off-diagonal elements of the projection matrixS(αβ) in Eq. (5.23).
The other tested interaction rules give the opposite effectwith S12 = S21 being non-negative.
Thus, in the remainder of this paper we will use the nonlocal interaction rule from Eq. (5.23).

The continuum dislocation distributions atΓ= 0:015 for slip system 1 oriented atϕ(1) = 60Æ
are shown in Figs. 5.3a and 5.3b in terms of theρ andk fields, respectively. The corresponding
plots for the second slip system (ϕ(2) = 120Æ) are omitted here for brevity because they are
similar. Qualitatively, Fig. 5.3 reveals the same dislocation structures as found in the discrete
dislocation analysis of Shuet al. (2001), sampled in Fig. 5.4 at the same instant. Both ap-
proaches predict the formation of two distinct layers at thetop and bottom surfaces of the strip,
densely populated by dislocations. The layers have been formed by the motion of like-signed
dislocations (see Fig. 5.1 for the sign convention) that move from the core of the strip towards
the surfaces. These so-called geometrically necessary dislocations (GNDs) pile-up against the
top and bottom surfaces because of the imposed no-slip condition in the direction normal to
the surfaces. The continuum plasticity calculations predict the thickness of each layer to be
roughly 0.1–0.15µm, which is consistent with the discrete dislocation observations (Shuet al.,
2001).

The formation of the boundary layers leads to a non-uniform spatial distribution of the
shear strain component across the strip thickness. This is conveniently measured by the shear
γ averaged over thex1 direction, i.e.

γ(x2) = 2
w

Z w

0
ε12(x1;x2)dx1 : (5.29)

Figure 5.5 shows the predictions of theγ distribution across the strip according to nonlocal
continuum and discrete dislocation plasticity for the reference case. The results of the two
approaches are in good agreement showing the systematic trend in boundary layer formation.
The width of the boundary layers is increasing with ongoing deformation until aroundΓ =
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Figure 5.3 Distributions of (a) the total dislocation densityρ and (b) the sign-dislocation densityk at

Γ = 0:015 for the slip systemϕ(1) = 60Æ inside the unit cell forH = 1µm.
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Figure 5.4 Discrete dislocation distribution atΓ = 0:015 in the unit cell forH = 1µm. Positive dislo-
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0:01, and remains nearly constant afterwards. The width of theboundary layer in the strain
profile atΓ = 0:015 is roughly the same as the thickness of the dislocation boundary layer seen
in Figs. 5.3 and 5.4 at the same instant.

5.3.3 Size effects

In order to test the ability of the continuum theory to pick upsize effects (Shuet al., 2001), we
perform calculations for various strip heightsH but otherwise identical parameters. Figure 5.6
shows the effect of the strip height on the overall stress–strain response according to discrete
dislocation and nonlocal continuum plasticity. The figure displays the systematic trend for the
hardening rate as well as the flow strength to increase with decreasing strip heightH. Evidently,
the discrete dislocation results contain statistical effects, mostly on initial yield, through the
distribution of source strengths; however, calculations for five different realizations of source
strengths yield a spread of only 20% in the yield point. In thecontinuum plasticity calculations
the size effect mainly appears in the initial flow strength, while the hardening rate dependence
upon strip height is slightly less pronounced than that predicted in the discrete dislocation
simulations. Nevertheless, beyond the elasticity-plasticity transition, the overall hardening for
all sizes appears to be approximately linear with strain according and the tangent modulus
dσave

12 =dΓ drops as the strip height increases.
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Figure 5.6 Effect of strip heightH on stress–strain response according to (a) discrete dislocation and

(b) nonlocal continuum plasticity.

The size effect is triggered by the presence of the distinct boundary layers of GNDs through
a delicate interplay between boundary layer thickness, internal strain gradient and plastic strain
in the bulk. Figure 5.7 demonstrates the effect of size on thestrain distribution for various strip
heights, by plottingγ(x2=H). If this field were identical for the different values ofH, the
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Figure 5.7 Shear strain profiles atΓ = 0:015 for various strip heightsH according to nonlocal contin-

uum and discrete dislocation plasticity.

boundary layer, as measured by this quantity, would scale with the strip size; complete scaling
with H would evidently imply size independence. The response is size dependent but the strain
profile is not a very sensitive exponent of it.

5.4 Bending of a single crystal

The second benchmark problem to confront the nonlocal theory against discrete dislocation
results is bending of a single crystal in double slip, as analyzed originally by Cleveringaet
al. (1999b). A strip of widthL and heighth is subjected to a rotationθ along its edges (see
Fig. 5.8) through the boundary conditions

u1(t) =�θx2 ; σ12 = 0 onx1 =�L=2; (5.30)

with plane strain conditions normal to thex1-x2 plane. Traction-free boundary conditions are
imposed along the top and bottom sides of the strip:

σ12 = σ22 = 0 onx2 =�h=2: (5.31)

Slip by the motion of edge dislocations (b = 0:25nm) on two slip systems occurs inside the
highlighted area of the strip in Fig. 5.8; this region is designed so that the lateral sides, where
displacements are prescribed alongx1 =�L=2, always remain elastic.

Most of the results will be presented for a strip having dimensionsL = 12µm andh= 4µm
(the reference case), subjected to a bending rate ofθ̇ = 103s�1. The strip has two slip systems,
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5.4 Bending of a single crystal

Figure 5.8 Plastic bending of a two-dimensional strip with two symmetric slip systems.

oriented atϕ(1) = 30Æ andϕ(2) = 150Æ degrees from thex1 axis. The plasticity parameters are
the same, both elastically and plastically, as in the previous section and as in Yefimovet al.
(2004b) where the same problem was addressed but in single slip.

No dislocations are presumed present initially, but Frank-Read sources are distributed in the
material, having a mean strengthτ̄nuc = 1:9�10�3µ and standard deviation∆τnuc = 0:2τ̄nuc.
For the reference case there are 202 sources that are evenly distributed and randomly positioned
among 101 slip planes per slip system. This leads to an average source densityρnuc= 10µm�2

(inside the plastic zone) for each slip system. In the continuum calculations the sources are
distributed uniformly over all integration points in the matrix with a uniform densityρ(α)nuc =
10µm�2 for each of the two slip systems. The strength distribution of the sources is calculated
separately for the two slip systems. The nucleation time is taken to be equal totnuc = 10�8s
for all sources.

A uniform finite element mesh consisting of 66�38 quadrilateral elements is used to dis-
cretize the domain for both mechanical and dislocation dynamics subproblems. Numerical
discretization of the model as well as treatment of the microscopic boundary conditions for the
dislocation dynamics subproblem have been discussed in detail in Yefimovet al. (2004b).

The effect of strip size is studied by varyingL andh such that the ratioh=L remains un-
changed. The overall response will be presented in terms of the bending moment,M, calculated
from the stress state by

M = Z h=2�h=2
x2σ11(�L=2;x2)dx2 : (5.32)

The momentM is normalized by a reference moment,

Mref = 2
h

Z h=2�h=2
τ̄nucx

2
2dx2 = 2

3
τ̄nuc

�
h
2

�2

(5.33)

that would result from the linear stress distributionτ̄nucx2=(h=2).
The bending moment response to the imposed rotation according to both plasticity descrip-

tions is shown in Fig. 5.9a for the reference case. The continuum plasticity result for the case
with only one slip system atϕ(1) = 30Æ is shown for comparison. The bending response for
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Figure 5.9 Comparison of (a) bending response and (b) evolution of the accumulated total dislocation

densityρ = ρ(1)+ρ(2), for the reference case(30Æ, 150Æ) according to nonlocal continuum and discrete

dislocation plasticity. Result for single slip case (ϕ = 30Æ) is also shown.

single slip is seen to be significantly harder than for doubleslip. In the latter case, a very low
hardening rate (on average) is observed. The prediction of the continuum model for the total
dislocation density evolution is also in good agreement with the discrete dislocation simula-
tions.

The discrete dislocation distribution atθ = 0:015 is shown in Fig. 5.10. Only few of the
101 available slip planes of each slip system have been activated. It is also seen that the two
slip systems are, on average, equally populated with dislocations and that they are arranged
mainly in well-defined pile-ups with dislocation-free areas near the top and bottom free sur-
faces. There are a few locations in the matrix, where some of the pile-ups of one slip system are
blocked by dislocations on the other slip system. Slip becomes locally hindered there, the local
stress from dislocations on one slip systems increases and can trigger dislocation generation

-6 -3 0 3 6
-2

0

2

Figure 5.10 Dislocation distribution atθ = 0:015 for the reference case(30Æ, 150Æ).
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5.4 Bending of a single crystal

on other slip systems. The dislocations being nucleated dueto such process are “statistical”
ones rather than the GNDs that are required to accommodate the applied deformation. This
explains why the total dislocation density for double slip is higher than that in single slip (cf.
Yefimovet al., 2004b).

The continuum dislocation distributions in terms of theρ andk fields atθ= 0:015 are shown
in Figs. 5.11 and 5.12 for slip systems 1 and 2, respectively.

Qualitatively, these fields have a similar structure as found in the discrete dislocation anal-
ysis in Fig. 5.10. The levels of the total dislocation density, ρ(1), and the net-Burgers vector
density,k(1), show that in slip system 1 (ϕ(1) = 30Æ) the positive dislocations dominate, even
though, for the reason described above, not all of them are GNDs. The second slip system
(ϕ(2) = 150Æ) reveals qualitatively similar behaviour, but with negative dislocations dominat-
ing. We also see that the continuum model predicts dislocation-free boundary layers near the
free surfaces, much like the discrete simulations. This effect has been explained in detail by
Yefimovet al. (2004b). The development of the statistical dislocation population in the matrix

-6 -3 0 3 6
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0

2
1 10 19 29 38 47 56 66 75

ρ(1) (µm-2)

(a)

-6 -3 0 3 6
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2
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k(1) (µm-2)

(b)

Figure 5.11 Distributions of (a) the total dislocation densityρ(1) and (b) the sign-dislocation density

k(1) atθ = 0:015 on slip system 1 in the reference case(30Æ, 150Æ).
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Figure 5.12 Distributions of (a) the total dislocation densityρ(2) and (b) the sign-dislocation density

k(2) atθ = 0:015 on slip system 2 in the reference case(30Æ, 150Æ).
can be observed in Fig. 5.13, where the evolution of the totaldislocation density accumulated
on the two slip systems is plotted versus plastic curvature.The plastic curvature is computed
at each deformation stage as (Cleveringaet al., 1999b)

κp = 2θ
L
� M

EI
: (5.34)

The first term in the right-hand side is the total curvature and the second is the elastic cur-
vature, whereEI = µh3=6(1�ν) is the bending stiffness in plane strain. According to Nye
(1953) and Ashby (1970) the GND density for bending reads

ρG = κp

b1
; (5.35)

whereb1 = bcosϕ. Figure 5.13 shows that the total dislocation density initially increases
linearly with the plastic curvatureκp with a slope slightly smaller than 1=b1, but from around
κp = 0:001 the dislocation density increases faster than linear. The latter is attributed to a
growing contribution of the statistical dislocations to the total dislocation density. Despite
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Figure 5.13 Evolution of the total dislocation densityρ = ρ(1)+ρ(2) versus plastic curvature for the

reference case(30Æ, 150Æ) according to discrete and continuum plasticity.

some quantitative deviation from the discrete dislocationresult, the continuum model with the
chosen rule for nonlocal interactions is capable of pickingup this effect qualitatively correctly.

To study the effect of slip system orientation with the nonlocal continuum model, we repeat
the calculation for a strip having two slip systems atϕ(1) = 60Æ andϕ(2) = 120Æ. For this
case we take the dislocation source densityρnuc = 17µm�2 (inside the plastic zone for each
slip system), which corresponds to 670 dislocation sourcesevenly distributed between the
335 slip planes per slip system in the discrete dislocation simulations. Comparison of results
from discrete and continuum calculations in Fig. 5.14 reveals that the continuum model with
the applied symmetric nonlocal interaction rule (5.23) is also able to predict the dependence
of bending response on slip system orientation, as seen originally in dislocation simulations.
Figure 5.15a shows that the dislocation distribution for the (60Æ, 120Æ) orientation is more
uniform than in the reference case. The discrete dislocation simulations predict the formation
of individual, regularly spaced slip bands, while the continuum model (Fig. 5.15b) gives rise
to a dislocation-free zone near the neutral line (y= 0) and resolves a few individual slip bands
near the elastic-plastic interface. As discussed for single slip by Yefimovet al. (2004b), the
dislocation-free core originates from a non-zero value ofτres.

Next we consider the effect of specimen size on the bending response. Figure 5.16a com-
pares the bending response for the reference 12µm�4µm specimen with that of a two times
larger specimen (24µm�8µm) with two slip systems atϕ(1) = 30Æ andϕ(2) = 150Æ. The big-
ger specimen has the same source density as defined in the reference case. In the continuum
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Figure 5.14 Bending moment,M, versus imposed rotation,θ, curves for the case (60Æ, 120Æ) according

to nonlocal continuum and discrete dislocation plasticity.
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Figure 5.15 Distribution of (a) dislocations according to discrete dislocation plasticity and (b) the

accumulated total dislocation densityρ(1)+ρ(2) of two slip systems 60Æ and 120Æ atθ = 0:015.
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Figure 5.16 Effect of specimen size for slip systems at (30Æ;150Æ) on (a) the moment versus rotation

angle and (b) total dislocation density evolution versus plastic curvature according to nonlocal continuum

and discrete dislocation plasticity.

calculations the Gaussian distribution of source strengthis the same for both specimens, as gen-
erated in the reference case. For the discrete dislocation simulations the random distributions
of position and strength of the sources are generated independently for the two specimens, so
that this by itself gives some statistical difference in theresponse in addition to the size effect.

The results of the two calculations show that, due to the presence of the GNDs in the speci-
men, the response is size dependent and consistent with the conventional tendency of ‘smaller
being stronger’. A similar conclusion is obtained for slip systems at 60Æ and 120Æ as shown
in Fig. 5.17. The two models predict also that the total dislocation density grows faster with
plastic deformation for the bigger specimen and deviates from the linear asymptotic behaviour
according to (5.35) (see Figs. 5.16b and 5.17b). However, inthe bigger strip the deviation
from the linear slope of the total density versus plastic curvature curve occurs at smaller plas-
tic strains and is more prominent due to a larger population of statistical dislocations than for
the reference size. In the continuum calculations, the dislocation density is generally some-
what lower with respect to the results of the discrete simulations, but the effect is picked up
qualitatively well.

5.5 Conclusion

We have addressed the problem of extending the recently formulated nonlocal crystal plasticity
theory for single slip (Yefimovet al., 2004a) to multiple slip in two dimensions. Continuum
dislocation dynamics in multiple slip has been proposed based on the dynamics derived for
single slip, and coupled to the small-strain framework of conventional continuum single crystal
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Figure 5.17 Effect of specimen size for slip systems at (60Æ;120Æ) on (a) the moment versus rotation

angle and (b) total dislocation density evolution versus plastic curvature according to nonlocal continuum

and discrete dislocation plasticity.

plasticity. Nonlocal interactions between the dislocations on different slip systems have been
taken into account and the key issue of the form of these interactions has been addressed.
Several possibilities to account for the orientation dependence of the nonlocal interactions
have been considered on phenomenological grounds.

To investigate the capabilities of the theory in multiple slip, it has been applied to two bound-
ary value problems. One problem is the simple shearing between two rigid and impenetrable
walls of a single crystal oriented for symmetric double slip. Comparison of the results for
different nonlocal interactions rules with discrete dislocation results of Shuet al. (2001) has
singled-out the one that gives rise to negative off-diagonal elements of the projection matrix.
The other interaction rules tend to overestimate the flow stress and shift the yield point up-
wards. Based on this comparison, the interaction law expressed in (5.22) and (5.23) is the best
among those considered here. Numerous other phenomenological ones may be analyzed and a
more accurate interaction may be found, but within the present approach it seems more suited
to await the rigorous statistical analysis of multiple slipalong the lines of Zaiseret al. (2001).

The nonlocal plasticity calculations predict the formation of two distinct layers at the top
and bottom surfaces of the strip, densely populated by the GNDs, much like the discrete sim-
ulations. The thickness of the boundary layers and the shapeof the non-uniform shear strain
profiles across the strip thickness are also in a good agreement with the results of the discrete
dislocation plasticity simulations. The theory is also shown to be able to predict the size effect
triggered by the presence of the boundary layers of GNDs, whose thickness does not scale with
the strip height.

The other problem that has been addressed in this study concerns the bending of a single-
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crystal strip in plane strain with double slip. The nonlocalplasticity calculations have shown
that, consistent with the discrete dislocation predictions of Cleveringaet al. (1999b) for the
same problem, the bending response for double slip shows significantly less hardening than
in single slip. The presence of a significant population of statistically stored dislocations in
the material, which originate, to large extent, from nonlocal interactions between different slip
systems, has been also predicted. The orientation dependence of the bending response and the
size effects for different slip orientations are consistent with the results of discrete dislocation
simulation of the problem.

The present study for multiple slip, together with the previous ones (Yefimovet al., 2004a,
2004b) for single slip, have shown that the proposed nonlocal continuum theory is able to
handle various boundary value problems with different types of boundary conditions and to
capture nonlocal effects. The length scale in this theory isnot a constant, as in all phenomeno-
logical theories to date, but is controlled by the dislocation density which generally evolves
with deformation. This series of the studies has also revealed that, once fitted to a particular
boundary value problem, the theory is able to produce physically relevant solutions of other
boundary value problems for the same material without any additional tuning. The variety of
applications that the theory can handle is limited, however, by the two-dimensional nature of
the theory.
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Chapter 6

Size effects in single crystal thin films: nonlocal crystal

plasticity simulations

Abstract

Stress relaxation in single crystalline thin films on substrates subjected to thermal loading is
studied using the nonlocal continuum crystal plasticity theory proposed in the previous chap-
ter. The theory is founded on a statistical-mechanics description of the collective behavior of
dislocations in multiple slip, which is coupled to a small-strain continuum crystal plasticity
formulation. The theory is inherently nonlocal with the length scale being determined by the
evolving dislocation density. Symmetric double slip is considered while the film is in plane
strain. The predicted stress versus temperature response and the evolution of the dislocation
structure are analyzed for different orientations and film thicknesses. The effect of film size is
associated with the formation of a boundary layer of dislocations at the film-substrate interface
which does not scale with the film thickness. The width of the boundary layer itself is shown
to be dependent on the slip system orientation. The results are consistent with those of recent
discrete dislocation simulations.



Chapter 6 Size effects in single crystal thin films: nonlocalcrystal plasticity simulations

6.1 Introduction

The continuing demand in modern high-tech industries is thedevelopment of smaller and
smaller devices for various applications in microelectronics, communication technology, opti-
cal electronics, Micro-Electro-Mechanical Systems (MEMS) etc. Thin films having thickness
of a few microns or even a fraction of a micron are commonly used as components in MEMS
and in microelectronic devices. Successful industrial implementation of thin films requires
knowledge of their mechanical properties. The mechanical properties of thin films are dif-
ferent from those of their bulk counterparts because of their unique microstructure, reduced
dimensions and the constraints imposed by the substrate.

During thermal excursions in processing steps or in service, large stresses can develop in
the thin films as a result of the difference between the thermal expansion coefficient of the
films and the (semiconductor) substrates. It has been observed that as the thickness of a thin
crystalline film decreases, the stress that is built up increases. Figure 6.1 shows a typical size
dependent stress-temperature response for thin films underthermal cycling, which was ob-
tained experimentally by Leunget al. (2000) for bare and passivated gold films on a silicon
substrate using the wafer curvature technique. Upon cooling a film from an almost stress-free
state at a relatively high temperature, the deformation is initially elastic, but as cooling pro-
ceeds plastic deformation eventually occurs. Stress relaxation is apparently less efficient in
thinner films, where the resulting stress levels are higher than in thicker films, cf. Fig. 6.1(b)
with 6.1(a). When the film is re-heated, the stress level in the film at first reduces (in absolute
value) elastically, with reverse plastic deformation subsequently occurring for a sufficiently
large temperature change. Reverse plastic deformation occurs earlier and stress levels increase
more rapidly for thinner films. These effects have been observed for fine and coarse-grained

Figure 6.1 Stress relaxation in thin gold films upon cooling. (a) film thickness of 0:75µm; (b) 0:5µm.

(from Leunget al., 2000).
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films as well as for single crystalline films. We will confine our attention here to single crys-
talline films to avoid the grain-size effect that complicates matters significantly.

The size-dependent plastic deformation in micron-scale films is primarily caused by the
dimensional constraints of the films (Arzt, 1998). However,classical local plasticity theories
are insensitive to such constraints due to lack of a materiallength scale. Various dislocation
based arguments have been put forward to explain the size dependence. The most successfull
of these is the single dislocation model proposed by Freund (1987) and Nix (1998) based on
the confined motion of a threading dislocation in a single crystal film, which suggests that the
yield strength scales with the film thicknessh ash�1.

To study the problem of stress relaxation in single crystalline thin films on a substrates
subjected to thermal loading, the nonlocal crystal plasticity model developed in the previous
chapters is used. The numerical results of the problem are compared with those of a discrete
dislocation study by Nicolaet al. (2003a). There it has been found that the effect of film size is
associated with the formation of a boundary layer of piled-up dislocations at the film-substrate
interface. One aim of our study is to see if this is recovered by our nonlocal continuum theory.
A similar comparison has been carried out by Nicolaet al. (2004b) with the nonlocal theory
of Gurtin (2002).

6.2 Problem formulation

We consider a two-dimensional representation of a metallicsingle-crystalline thin film that
is perfectly bonded to an infinitely large elastic substrate, as sketched in Fig. 6.2, and has a
free surface at the top. A Cartesian coordinate system is used with thex1-axis parallel to the
film-substrate interface andx2 in the thickness direction. The film-substrate system is subject
to thermal expansion with a prescribed constant temperature rateṪ while maintaining plane
strain conditions in the out-of-plane direction. The film has a thickness ofh and is assumed to
have two slip systems. The slip systems are oriented at an angle ϕ(β) (β = 1;2) with respect to
thex1 axis and are defined by pairs of unit vectors(sss(β);mmm(β)) in the direction of slip and the
slip plane normal, respectively. The film-substrate interface is taken to be impenetrable for the
dislocations, so that the substrate remains elastic. The linear thermal expansion coefficients
of the film and the substrate are denoted byαf andαs, respectively, withαs < αf for typical
systems of metallic films on a Si substrate. Young’s modulusE and Poisson ratioν are taken
to be identical for the film and the substrate. Ovecogluet al. (1987) have shown that the
difference in the elastic properties between film and substrate does not qualitatively change the
dislocation motion. Thus, the thermal stress that builds upin the system is solely caused by
the constrained thermal expansion due to the difference betweenαf andαs. Because of this,
and since we are interested only in the stress relaxation, the original problem in Fig. 6.2 can be
replaced with the problem depicted in Fig. 6.3a, where the film is subject to thermal expansion
with thermal expansion coefficientα = αf �αs, while the substrate does not expand (as in the
discrete dislocation simulations of Nicolaet al., 2003a). Moreover, since we are aiming to

85



Chapter 6 Size effects in single crystal thin films: nonlocalcrystal plasticity simulations

study only plasticity in the film and the substrate is very large, the substrate can be removed
from the consideration (see Fig. 6.3b), and its role replaced approximately by the boundary
conditions at the bottom of the film:

u1 = 0; u2 = 0 alongx2 = 0. (6.1)

This is equivalent to assuming the substrate to be rigid and this ignores the small amount of
deformation in the top layer of the substrate; the findings inNicola et al. (2003a) suggest that
these effects are negligible. At the top surface of the film traction-free boundary conditions are
imposed,

σ12 = 0; σ22 = 0 alongx2 = h. (6.2)

We take the film to be infinitely long but periodic with a periodof L, so that only a unit cell of
width L (see Fig. 6.3b) needs to be analyzed with the following periodic boundary conditions

u1(0;x2) = u1(L;x2) and u2(0;x2) = u2(L;x2): (6.3)

Figure 6.2 Sketch of the problem: a single crystal thin film bonded to a half-infinite elastic substrate.sss

andmmm are unit vectors denoting the slip direction and the slip plane normal, respectively.

(a) (b)

Figure 6.3 (a) Simplified problem formulation with the uniform thermalexpansion separated off; (b)

Unit cell of the thin film with widthL as it is actually analyzed.
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6.3 Summary of the constitutive theory

The nonlocal crystal plasticity formulation proposed in Yefimov and Van der Giessen (2004c)
is used to solve the boundary value problem. The theory was originally developed for single
slip (Yefimovet al., 2004a). It is based on a statistical-mechanics description of the collective
behavior of dislocations in two dimensions, and comprises two coupled parts: a continuum
dislocation dynamics and the small-strain framework of single crystal continuum plasticity
(see, e.g., Asaro, 1983). The extension to multiple slip adopted here was proposed by Yefimov
and Van der Giessen (2004c). The continuum dislocation dynamics in multiple slip is defined
by the following set of transport equations for the total dislocation densityρ(β) on a slip system
β and for the net Burgers-vector dislocation densityk(β):

∂ρ(β)
∂t

+ ∂
∂rrr
� (k(β)vvv(β)) = f (β) ; (6.4)

∂k(β)
∂t

+ ∂
∂rrr
� (ρ(β)vvv(β)) = 0: (6.5)

Here,vvv(β) is the average continuum dislocation glide velocity and is defined as

vvv(β) = B�1bbb(β)(τ(β)� τ(β)tot ) ; (6.6)

whereB is the dislocation drag coefficient andbbb(β) is the Burgers vector of the dislocations on
slip systemβ. τ(β) = mmm(β) �σσσ �sss(β) andτ(β)tot are the resolved shear stress and the total backstress
on slip systemβ, respectively. The latter is given by

τ(β)tot = ∑
ζ

S(βζ)τ(ζ)s ; (6.7)

with S(βζ) being a projection matrix andτ(ζ)s the self back stress from the single slip approxi-
mation (Yefimovet al., 2004a),

τ(ζ)s = µbbb(ζ)
2π(1�ν)ρ(ζ) �D∂k(ζ)

∂rrr
: (6.8)

The nondimensional coefficientD enters through consideration of the dislocation-dislocation
correlation functions (Gromaet al., 2003) and is of order unity. The projection matrixS(βζ)
governs the nonlocal interactions between the dislocations on different slip systems and we
take it to have the form

S(βζ) = mmm(β) � hsss(ζ)
mmm(ζ)+mmm(ζ)
sss(ζ)i �sss(β): (6.9)

The production termf (β) in Eq. (6.4) is given by

f (β) =C(β)ρ(β)nucjτ(β)� τ(β)tot j�ALe(ρ(β)+k(β))(ρ(β)�k(β))jvvv(β)j : (6.10)
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The first term in the right hand side represents dislocation nucleation from sources at a density
ρ(β)nuc, with the parameterC(β) being defined by

C(β) = 1
τnuctnuc

if jτ(β)� τ(β)tot j � τnuc; C(β) = 0 otherwise. (6.11)

The second term controls the annihilation of the opposite sign dislocations on the same slip
system, whereA is a dimensionless parameter andLe is the annihilation distance.

The continuum dislocation dynamics, governed by Eqs. (6.4)–(6.11), is coupled to a single
crystal plasticity framework as follows. The plastic strain rateε̇εεp is determined in the usual
way (e.g. Asaro, 1983) by the slip ratesγ̇(β) according to

ε̇εεp = ∑
β

γ̇(β)PPP(β) ; (6.12)

wherePPP(β) is the Schmid orientation tensor given by

PPP(β) = 1
2

h
sss(β)
mmm(β)+mmm(β)
sss(β)i : (6.13)

The slip ratėγ(β) is, in turn, linked to the dislocation glide velocityvvv(β) from Eq. (6.6) through
the Orowan relation

γ̇(β) = ρ(β)bbb(β) �vvv(β):
The thermo-elastic constitutive relation is specified in rate form as

σ̇σσ =LLL : ε̇εεe� E
1�2ν

αṪ III ; (6.14)

whereLLL is the isotropic elastic modulus tensor,

Li jkl = E
1+ν

�1
2

�
δikδ jl +δil δ jk

�+ ν
1�2ν δi j δkl

� ;
in terms of Young’s modulusE and Poisson’s ratioν, andIII is the unit tensor. The total strain
is εεε = εεεe+ εεεp.

We also stipulate the material response to be elastic (γ̇(β) = 0) unlessjτ(β)�τ(β)tot j> τres. The
introduction of this slip resistanceτres is a phenomenological fix to the dislocation dynamics
discussed in Yefimovet al. (2004a) for reversal of the direction of dislocation motion.

In addition to purely mechanical boundary conditions (6.1)-(6.3), the theory requires addi-
tional boundary conditions for the dislocation dynamics part. Along the lateral sidesx1 = 0 and
x1 =L of the unit cell, periodic boundary conditions are applied,so thatρ(β)(L;x2)= ρ(β)(0;x2)
andk(β)(L;x2) = k(β)(0;x2) at all times. At the bottom of the film we model an impenetrable
wall for the dislocations, consistent with the discrete dislocation calculations of Nicolaet al.,
2003a). Thus, we require the dislocation velocity component normal to the boundary to vanish,
i.e.

vvv(β) �nnn= 0 alongx1 = 0, (6.15)
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wherennn is the unit normal to the bottom surface. At the top of the film where the macroscopic
free surface condition (6.2) is applied, a natural dislocation outflow may occur. We assume
the dislocations leave the domain with no reflection from thesurface atx2 = h and apply no
essential boundary condition at the outflow boundary. The same natural boundary condition
has been adopted in previous studies of the bending of a single crystal strip (Yefimovet al.,
2004b, c).

The numerical implementation of the nonlocal crystal plasticity model uses the standard
finite element method, as reported in detail by Yefimovet al. (2004a) for another boundary
value problem. The dislocation dynamics part of the problemand the crystal plasticity part are
solved incrementally in a staggered manner. An explicit time integration scheme is used with
the same time steps for both subproblems. The spatial discretization is based on quadrilateral
elements consisting of four crossed linear triangular elements. The two meshes for the two
subproblems are taken to be identical for convenient passing of information.

The finite element analysis of the crystal plasticity part isbased on a Lagrangian formulation
of the field equations and the rate principle of virtual workZ

V
σ̇σσ : δε̇εεdV = Z

S
ṪTT �δu̇uudS; (6.16)

whereV andSare the volume and surface of the body in the reference configuration, respec-
tively, nnn� is the unit outer normal toS, and

εi j = 1
2
( ∂ui

∂x j
+ ∂u j

∂xi
) ; Ti = σi j n

�
j : (6.17)

The associated boundary conditions have already been givenin (6.1–6.3).
The spatial discretization of the dislocation dynamics part is based on the interpolation of

ρ(β) andk(β) density fields. Inside each finite element, these fields are expressed via the nodal
values according to

ρ(β) = NTρρρ(β); (6.18)

k(β) = NTkkk(β); (6.19)

whereρρρ(β) andkkk(β) are the vectors of nodal values of the dislocation densitiesρ(β) andk(β),
respectively.N is the vector ofC0 continuous shape functions. As a consequence,ρ(β) and
k(β) are continuous across the element boundaries, while their derivatives are not. Therefore,
the back stresses, cf. Eq. (6.8), are governed by a lower-dimensional interpolation and defined
at the integration points of elements, just like the resolved shear stressτ(β). Further details on
weighted-residual Galerkin method implementation for thedislocation dynamics part can be
found in Yefimovet al. (2004a).
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6.4 Results

Most of the results to be presented here are for a film with a thickness ofh= 1µm, and we will
study size effects in a separate subsection. In all cases thecell width is L = 2µm. For these
dimensions, a uniform finite element mesh consisting of 80�40 elements is used. Convergence
studies have been performed to make sure that this mesh can resolve the heterogeneities in the
solution. The simulations start from a stress free state at atemperature ofT0 = 600K and
cooling is imposed at a rate oḟT = 4�107K s�1. This is an unrealistically high cooling rate
but the same as used in the dislocation simulations by Nicolaet al. (2003a), in order to facilitate
comparison.

There are two slip systems in the film, which are oriented atϕ(1) = 60Æ andϕ(2) = 120Æ
degrees from thex1 axis. To study the effect of slip systems orientation we alsomodel a film
having slip systems oriented atϕ(1) = 30Æ andϕ(2) = 150Æ. These orientations differ by a
90Æ rotation and have the same magnitude of the Schmid factor. Irrespective of the orienta-
tion, the film is taken to be elastically isotropic, with Young’s modulusE = 70GPa, Poisson’s
ratio ν = 0:33 and thermal expansion coefficientαf = 23:2�10�6K�1. These values are rep-
resentative for aluminium. For the thermal expansion coefficient of the substrate we take a
value correspondent to silicon,αs = 4:2� 10�6K�1. Thus, the effective thermal expansion
coefficient of the film, used in the calculations, isα = 19�10�6K�1.

Consistent with the plane-strain condition, only edge dislocations are taken into account
with their Burgers vector in thex1-x2 plane. The magnitude of the Burgers vector isb= 0:25nm
for all dislocations. The drag coefficient is taken to have the valueB= 10�4Pas. In discrete
dislocation simulations, new dislocations are generated from discrete sources distributed in the
film. In the present continuum theory, sources are represented through the production term
f as specified by (6.10) with a uniform densityρnuc = 60 µm�2 for every slip system. The
source strengthτnuc at each integration point is chosen randomly from a Gaussiandistribution
with mean valuēτnuc= 25MPa and standard deviation∆τnuc= 5MPa separately for each slip
system. The nucleation time is taken to betnuc = 10�8s for all sources andLe = 6b. All
the values of the material parameters are identical to thoseof discrete dislocation plasticity
simulations of Nicolaet al. (2003a).

Besides the material parameters, the nonlocal continuum theory has a few fitting parameters:
the coefficientD in the back stress (6.8); the annihilation coefficientA; and the slip resistance
τres. The values of these parameters have been fitted by Yefimovet al. (2004a) to discrete
dislocation simulations of shearing of a two-dimensional composite material in single slip; the
same values were used subsequently in other single and multiple slip problems (Yefimovet al.,
2004b; Yefimov and Van der Giessen, 2004c). In the present study we employ the valuesA= 5
andD = 1 according to Yefimovet al. (2004a), while we choose a value of 7.5 MPa forτres

rather than 15MPa as in the previous studies. The reason for taking the two times smaller value
of the slip resistance is that the mean nucleation strengthτ̄nuc here is also two times smaller
than in the previous studies.
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6.4.1 Effect of slip orientation

Figure 6.4 shows distinct dependence of the material response upon slip plane orientation in
the film crystal. The overall response to cooling, shown in Fig. 6.4a, is presented in terms of
the film-average stress parallel to the interface,σave

11 , defined by

σave
11 = Z h

0

Z L

0
σ11(x1;x2)dx1dx2 :

The corresponding plots of the total dislocation density,ρtot = ρ(1)+ρ(2), accumulated on both
slip systems are shown for the two films in Fig. 6.4b.

Prior to the first nucleation event, the resolved shear stress is uniform and has the same
absolute value for both slip systems, either(60Æ;120Æ) or (30Æ;150Æ). Both films have the same
distribution of sources and, therefore, start to yield at the same temperatureTY = 591K, as seen
in Fig. 6.4a. After initial yield, starting at approximately T = 585 K the film with(60Æ;120Æ)
slip systems exhibits a harder response than the other film with 30Æ and 150Æ slip systems. The
latter film shows very little overall hardening and apparently requires less dislocation activity
to relax the stress, as seen in Fig. 6.4b.
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Figure 6.4 Effect of slip system orientation on (a) stress-temperature curve and (b) evolution of accu-

mulated total dislocation densityρtot = ρ(1)+ρ(2) with temperature.

It should be noted that the nonlocal theory predicts a nonlinear type of hardening from initial
yield atT = 591K down to approximatelyT = 500K. This finding is somewhat at odds with the
discrete dislocation results of Nicolaet al. (2003a) which suggest a linear hardening on average
during the whole cooling process. However, as cooling goes on further fromT = 500K, the
hardening rate in the nonlocal plasticity simulations remains nearly constant and equal to that
predicted by the discrete dislocation simulations. Although we have not been able to exactly
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trace the origin of the initial nonlinear hardening, we suspect it has to do with the nonlocal
interaction law (6.7) between slip systems; as discussed before, this interaction law is fully
phenomenological and chosen on the basis of a comparison forsimple shearing. We have
checked that it is not a coincidental result for the chosen nucleation distribution, by repeating
the calculations with other random ones. The responses wereall practically identical to the
one shown in Fig. 6.4a.

The accumulated total dislocation density in both films increases linearly with temperature
as seen in Fig. 6.4b. Figure 6.4b also shows that the density in the film with (60Æ;120Æ) slip
systems differs from that in(30Æ;150Æ) film by a factor cos30=cos60, which is consistent with
the dislocation-based stress relaxation mechanism proposed by Nicolaet al. (2004a) in their
study of hardening mechanisms in single crystal thin films.

The dislocation structure, reflected in the distribution ofthe ρ field, that has been formed
in the film at the end of the cooling process is depicted in Fig.6.5 for the two crystal orien-
tations. The model predicts the formation of a distinct layer at the bottom surface of the each
film, densely populated by dislocations, while in the rest ofthe film the dislocation density is
significantly lower. The spatial fluctuations in the dislocation density are to be attributed to the
random distribution of source properties. The width of the dislocation layer in both films is
less than 0:1µm but it is slightly larger for the(60Æ, 120Æ) film. These finding are consistent
with the discrete dislocation plasticity study of Nicolaet al. (2003a).

The formation of the boundary layer is triggered by the dislocations that move towards the
bottom surface of the film and pile-up against the impenetrable wall atx2 = 0. From the distri-
bution of the net-Burgers vector densities in the(60Æ, 120Æ) film shown in Fig. 6.6, it is seen
that positive dislocations of slip system 1 and the negativeones on the slip system 2 domi-
nate. The corresponding opposite sign dislocations from the two slip systems have left the film
through the top surface. Figure 6.6 also reveals that the twoslip systems contribute approxi-
mately equally to the boundary layer sincejk(1)j � jk(2)j everywhere. Since the densities on
the two slip systems are also roughly the same, it follows from comparison of Fig. 6.6 with
Fig. 6.5(a) that almost all dislocations are geometricallynecessary. A dislocation structure
similar to that in Fig. 6.6 has been found in the(30Æ, 150Æ) film and is therefore not shown.

Dislocation nucleation and motion lead to stress relaxation in the core of the film. The
near-interface region, where plasticity is hindered, remains stressed, and high back stresses are
created by the dislocation pile-ups in the dislocation layer represented by the gradients in the
k(β) fields. Distributions of the in-plane stressσ11 are shown in Fig. 6.7 for the two films after
cooling down toT = 400K. The stress is normalized by the elastic stress

σn = E(1�ν)α(T�T0); (6.20)

which would be present in the film if plastic relaxation had not occurred. For the set of pa-
rameters employed in this study,σn = 397MPa. According to Fig. 6.7 the stress distribution is
qualitatively insensitive to the crystal orientation. Thewidth of the highly stressed layer seems
to be correlated with the boundary layer thickness in each ofthe two films. Quantitatively, the
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Figure 6.5 Distributions of the accumulated total dislocation density ρtot = ρ(1)+ρ(2) for the case (a)

(60Æ, 120Æ) and (b) (30Æ, 150Æ) at the end of cooling,T = 400K.

core region is more relaxed and the highly stress boundary layer is thinner in the (30Æ, 150Æ)
film than in the one with(60Æ, 120Æ) slip systems. These two features give rise to an overall
softer response of the(30Æ, 150Æ) film that was shown in Fig. 6.4.

6.4.2 Size effects

To analyze the influence of size on the material response, we perform calculations for various
film thicknesses. Figure 6.8 compares the results for films having thicknessesh = 0:5µm,
1µm or 2µm for two slip systems atϕ(1) = 60Æ andϕ(2) = 120Æ. The size effect for the same
thicknesses but for slip systems at 30Æ and 150Æ is shown in Fig. 6.9.
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Figure 6.6 Distributions of the sign-dislocation densityk for (a) the slip system 1 (ϕ(1) = 60Æ) and (b)

for the slip system 2 (ϕ(2) = 120Æ) atT = 400K.

Figures 6.8a and 6.9a display the systematic trend that the hardening rate increases with
decreasing film thickness, independent of the slip system orientation. For all cases analyzed the
first nucleation process occurs at the same temperature ofT = 591K, since it is controlled by
the strength of the weakest dislocation source and the Schmid factor. The stress strain response
for the films of all sizes shows no size effect until the films are cooled down to approximately
T = 585 K and a stress level of 30MPa is reached. Upon further cooling, the response of a(30Æ,
150Æ) film of anyh is seen to be softer than that of the film with(60Æ, 120Æ) systems of the same
thickness. The accumulated total dislocation densities increase linearly with temperature in all
cases analyzed, Figs. 6.8b and 6.9b. The total density decreases with increasing film thickness,
roughly speaking, because most dislocations are located inthe boundary layer, noticed before

94



6.4 Results

0 0.5 1 1.5 2
0

0.5

1
0.0 0.1 0.2 0.3 0.4 0.5

σ11/σn

(a)

0 0.5 1 1.5 2
0

0.5

1
0.0 0.1 0.2 0.3 0.4 0.5

σ11/σn

(b)

Figure 6.7 Distribution of σ11 normalized byσn for the films with two slip systems: (a) (60Æ, 120Æ)

and (b) (30Æ, 150Æ) after cooling down toT = 400K.

in Fig. 6.5, whose thickness does not scale with the film thickness.
The size-dependence of the overall response originates from the boundary layer being highly

stressed. This effect can be seen in Fig. 6.10, where the through-thickness profile of the in-
plane stress< σ11 > (x2), averaged over thex1 direction, i.e.< σ11 > (x2) = 1

L

Z L

0
σ11(x1;x2)dx1 ; (6.21)

is plotted for three values of the film thickness and for both orientations. The total averages
σave

11 in the films are also shown for comparison. The stress profilesclearly show that the
contribution of the boundary layer to the film average stressis largely independent of film
thickness. It is also seen that for the(60Æ, 120Æ) films the stress inside the layer is at least three
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Figure 6.8 Effect of film thicknessh on (a) stress–temperature response and (b) evolution of theρtot

density versus temperature for slip systems(60Æ;120Æ).
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Figure 6.9 Effect of film thicknessh on (a) stress–temperature response and (b) evolution of theρtot

density versus temperature for slip systems(30Æ;150Æ).
times higher than the total averaged stress. Although the stresses in the boundary layer are
much higher than those in the relaxed part of the film, the maincontribution to the total stress
originates, however, from the relaxed part of the film. A similar conclusion holds for the(30Æ,
150Æ) film but the difference between the total average and the stress levels in the boundary
layer is somewhat smaller.
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Figure 6.10 Profiles of< σ11 > (x2) for different film thicknesses in (a)(60Æ;120Æ) film and (b)(30Æ;150Æ) film at 400K. The vertical lines denote the corresponding filmaveragesσave
11 .

6.5 Conclusion

We have studied stress relaxation in thin films by means of therecently formulated nonlocal
crystal plasticity theory (Yefimov and Van der Giessen, 2004c). The multiple-slip model used
here is a generalization of the single-slip theory (Yefimovet al., 2004a) which is founded on
a rigorous statistical-mechanics treatment of the behavior of an ensemble of edge dislocations
on parallel glide planes by Groma (1997). The only approximation made in the derivation
concerns the correlation function between dislocations. The natural length scale that emerges
from the derivation is the mean dislocation spacing 1=pρ. While a truly multiple slip analysis
is underway (cf. Zaiseret al., 2001) but not ready, we have simply generalized the single-slip
theory to multiple slip systems and checked it against discrete dislocation simulations for the
confined shearing of a single crystalline strip (Yefimov and Van der Giessen, 2004c).

The numerical solution of the addressed thin film problem hasbeen obtained by applying the
finite elements method and using the parameter values determined in the previous studies of the
nonlocal theory (Yefimovet al., 2004a, b; Yefimov and Van der Giessen, 2004c) for the same
material. No additional fitting has been done. Nevertheless, the predictions are in quite good
agreement with discrete dislocation plasticity results. The nonlocal theory has been shown
able to pick up the orientation dependance of the overall stress vs. temperature response, the
formation of a boundary layer of dislocations at the film-substrate interface and the associated
size effect. All these findings give further confidence in theinteraction law (6.7) governing
the contribution of back stress generated on one slip systemonto another one. It should be
emphasized, however, that this interaction law does not rest on solid grounds and that better
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versions are likely to be possible.
The present work supplements other nonlocal continuum plasticity studies of thin films.

Gudmundson (2004) has given a closed-form solution of the same problem using his own strain
gradient theory. The latter belongs to a class of phenomenological strain gradient theories
for crystal plasticity that incorporate a length scale via the dependence of plastic flow on the
dislocation density tensor. The latter is Nye’s (1953) representation of geometrically necessary
dislocations. In both Gudmundson’s (2004) and Gurtin’s (2002) theory, the dislocation density
tensor enters through an additional contribution to the free energy. Gurtin’s original proposal
for this defect energy function was used in (Nicolaet al., 2003b), but was found to be unable
to pick up the orientation dependence discussed for the present theory in Sec. 6.4.1. A few new
energy functions have been proposed and studied very recently (Nicola et al., 2004b).

It is emphasized that the class of phenomenological strain-gradient theories mentioned in
the previous paragraph share the property that the materiallength scale is constant, whereas in
the present theory it is an evolving quantity. Also, among the theories mentioned explicitly,
the present theory has so far proved to be the only one that, with the same set of material
parameters, can capture the behaviour of diverse boundary-value problems such as shearing of
a composite, bending, shearing of constrained layer and thin films.
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Summary

The increasing miniaturization of mechanical devices triggers a growing interest in modelling
of plastic deformation at micrometer scales and smaller. A general conclusion from various
experimental observations is that when dimensions of crystalline materials get smaller at these
scales they become harder, i.e. the stresses become higher.This may have major implications
for reliability of the devices and therefore has triggered alarge research interest in the plasticity
at small scales.

The starting point for much theoretical work is that standard continuum plasticity models
fail to predict any size dependence of mechanical response due to the lack of any material
length scale. There are, however, two alternative approaches that resolve this: discrete dislo-
cation plasticity (DDP) and strain gradient (or nonlocal) continuum crystal plasticity models
which are relevant at these scales and can capture such size dependence. The main advan-
tage of DDP is that it is inherently nonlocal but at the same time it is also computationally
very demanding on scales where a large number of dislocations need to be simulated. The
so-called nonlocal continuum crystal plasticity models aim to incorporate the size dependence
of dislocation plasticity usually by extending classical,local continuum descriptions with non-
local or strain gradient terms based on phenomenological grounds. Irrespective of the precise
formulation, such theories introduce a constant material length scale that needs to be fitted to
experimental results or to results of numerical DDP simulations.

In this thesis a novel two-dimensional nonlocal plasticitytheory is proposed that has strong
dislocation grounds. The theory comprises a continuum description of dislocation dynamics
and standard small-strain crystal continuum kinematics. The dislocation dynamics is derived
by statistically averaging the equations of motion of an ensemble of interacting edge disloca-
tions. Contrary to phenomenological strain-gradient theories the proposed theory is inherently
nonlocal with the length scale being determined by the evolving dislocation densities.

After a brief introduction to the problem of plasticity in metals at different length scales in
chapter 1, an overview of a few recent phenomenological nonlocal continuum crystal plasticity
theories is given in chapter 2. Different methodologies of embedding the length scale in the
theories are discussed. Emphasis is also given to additional (higher-order) boundary conditions
required by some theories and the physical interpretation of such boundary conditions.

Chapter 3 presents a step-by-step derivation of the novel two-dimensional nonlocal plastic-
ity model in single slip. It is distinctly different from existing phenomenological theories in
that it involves two coupled diffusion-convection equations for two dislocation densities, one
of which represents the density of geometrically necessarydislocations. Moreover, these trans-
port equations comprise a source term for dislocation generation and annihilation. These are
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well-established physical mechanisms that are absent in all currently existing continuum plas-
ticity models, which, instead, presume that dislocations are available whenever and wherever
they are needed for plastic flow.

Subsequently, the analysis of the problem of simple shearing of a model composite material
is compared to the DDP simulations of the same problem to validate the novel approach in
single slip. A numerical solution of the problem is obtainedusing a finite element method.
The free parameters in the nonlocal theory are fitted to the corresponding DDP solution. The
continuum theory is shown capable of distinguishing between the responses of two different
particle morphologies (with the same area fraction), one involving unblocked slip in veins of
unreinforced matrix material, the other relying on particle rotations induced by plastic slip gra-
dients and geometrically necessary dislocations. During unloading the nonlocal theory predicts
a pronounced Bauschinger effect that is also consistent with the DDP results. Comparison with
the predictions of other strain gradient theories emphasizes that they cannot deal with source-
limited plasticity in small-scale structures.

A necessary condition for a constitutive model to have predictive power is that, once fitted to
a particular problem, it is able to predict other boundary value problems for the same material.
Therefore, in chapter 4 the theory is applied to another boundary value problem with different
boundary conditions, namely bending of a single-crystal strip. Rather than no-slip conditions,
this problem involves traction-free boundary conditions.The parameter values used are identi-
cal to those obtained in chapter 3. The bending moment versusrotation angle and the evolution
of the dislocation structure are analyzed for different orientations and specimen sizes with due
consideration of the role of geometrically necessary dislocations. The results are compared to
those of DDP simulations of the same problem. It is shown thatwithout any additional fit-
ting of the parameters, the continuum theory is able to describe the dependence on slip plane
orientation and on specimen size.

In chapter 5 the problem of extending the nonlocal crystal plasticity theory from single slip
to multiple slip is addressed. Continuum dislocation dynamics in multiple slip is proposed
based on the dynamics derived for single slip, and coupled tothe small-strain framework of
conventional continuum single crystal plasticity. The keyin multiple slip is to incorporate the
nonlocal interactions between the dislocations of different slip systems. Awaiting a rigorous
derivation, a few interaction laws are considered on phenomenological grounds.

To investigate the capabilities of the theory in multiple slip, it is applied to two boundary
value problems. One problem is the simple shearing of a crystalline strip constrained between
two rigid and impenetrable walls. Key features like the formation of boundary layers and the
associated size dependence of the material response are addressed for crystals in symmetric
double slip orientations. The other problem is bending of a single-crystalline strip under double
slip (contrary to the single slip results in chapter 4). Again, the overall response and the
evolution of the dislocation structure are analyzed for different slip orientations and specimen
sizes. After identification of the most proper interaction law, the results of both problems are
shown to be in a qualitative and quantitative agreement withthose of DDP simulations for the

100



same problems.
Chapter 6, finally, deals with the nonlocal plasticity simulations of the stress relaxation in

single crystalline thin films on substrates subjected to thermal loading. Symmetric double slip
is considered. The stress versus temperature and the evolution of the dislocation structure are
analyzed for different orientations and film thickness. Theeffect of film size is associated with
the formation of a boundary layer of piled-up dislocations at the film-substrate interface, the
thickness of which does not scale with the film thickness. Thethickness of the boundary layer
itself, however, is shown to be dependent on the slip system orientation.
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Samenvatting

De toenemende miniaturisatie van mechanische apparaten drijft de groeiende interesse in het
modelleren van plastische misvorming op micrometer schaalen nog kleiner. Een algemene
conclusie van diverse experimentele waarnemingen is, dat wanneer de afmetingen van kristal-
lijne materialen kleiner zijn dan tientallen micrometers,ze harder worden: kleiner is harder.
Dit wil zeggen dat de spanningen toenemen bij dezelfde vervorming en dit kan belangrijke
implicaties hebben voor de mechanische betrouwbaarheid van de apparaten (breuk, slijtage,
e.d.).

Het startpunt voor veel theoretisch werk is dat de klassiekecontinuümplasticiteitsmodellen
er niet in slagen om de schaal- afhankelijkheid van mechanisch gedrag te voorspellen omdat ze
geen materiële lengteschaal bevatten. Er zijn echter tweealternatieve benaderingen voor één-
kristallen die dit kunnen oplossen: (i) discrete-dislocatieplasticiteit (DDP) en (ii) rekgradiënt
(of niet-lokale) continuümplasticiteitsmodellen. Zij zijn fysisch relevant op deze schalen en
kunnen schaalafhankelijk gedrag wel beschrijven. Het grote voordeel van DDP is dat het in-
herent niet-lokaal is, maar daar tegenover staat dat het veel computertijd kost om de berekenin-
gen uit te voeren vanwege het grote aantal dislocaties die moeten worden gesimuleerd. De
zogenaamde niet-lokale of rekgradiënt continuümplasticiteitsmodellen pogen de materiële
lengteschaalafhankelijkheid te introduceren door klassieke (lokale) continuümbeschrijvingen
uit te breiden met niet-lokale of rekgradiënt argumenten die op fenomenologische gronden
berusten. Ongeacht de precieze formulering, introducerendergelijke theorieën een materiële
lengteschaal als nieuwe materiaalconstante. De waarde daarvan voor een bepaald materiaal
moet gefit worden aan experimentele resultaten of aan die vannumerieke DDP simulaties.

Als alternatief voor deze fenomenologische niet-lokale modellen wordt in dit proefschrift
een nieuwe tweedimensionale niet-lokale continuümplasticiteitstheorie voorgesteld, die een
sterke dislocatiegrondslag heeft. De theorie bestaat uit een continuümbeschrijving van dis-
locatiedynamica en de klassieke continuümkinematica (voor kleine vormingingen). De dis-
locatiedynamica wordt afgeleid van de statistisch gemiddelde bewegingsvergelijkingen van
een ensemble van interacterende randdislocaties. In tegenstelling tot fenomenologische rek-
gradiënt theorieën is de lengteschaal in de voorgesteldetheorie inherent niet-constant maar
bepaald door de evoluerende dislocatiedichtheid.

Na een korte inleiding over plasticiteitsmodellen in metalen bij verschillende lengteschalen
in hoofdstuk 1, wordt in hoofdstuk 2 een overzicht gegeven van een paar recente fenomenol-
ogische niet-lokale modellen. Verschillende methodologieën voor de implementatie van de
lengteschaal in de theorieën wordt besproken. Met nadruk wordt daarbij aandacht besteed
aan de extra (hogere-orde) randvoorwaarden die sommige theorieën vereisen, en de fysieke
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interpretatie daarvan.

Hoofdstuk 3 presenteert een stap-voor-stap afleiding van het nieuwe plasticiteitsmodel voor
enkelvoudige slip, d.w.z. dislocatiebeweging over parallele glijvlakken. Het model bli-
jkt duidelijk verschillend van bestaande fenomenologische theorieën in zoverre dat het twee
gekoppelde diffusie-convectie vergelijkingen met zich meebrengt voor twee dislocatiedichthei-
dsvelden. Eén van deze velden vertegenwoordigt de dichtheid van geometrisch noodzake-
lijke dislocaties, een grootheid die algemeen gezien wordtals de belangrijkste oorzaak voor
schaalafhankelijke plasticiteit. Verder bevatten deze transportvergelijkingeneen bronterm voor
dislocatiegeneratie en -annihilatie. Dit zijn reeds lang gevestigde fysieke mechanismen, maar
die zijn in al de huidige bestaande continuümplasticiteitsmodellen afwezig, welke, in plaats
daarvan, veronderstellen dat de dislocaties beschikbaar zijn wanneer en waar zij voor plastis-
che vervorming nodig zijn.

Vervolgens wordt de theorie aan zijn eerste toets onderworpen, namelijk de analyse van een
composietmateriaal dat wordt onderworpen aan zgn. simpeleafschuiving. De resultaten wor-
den vergeleken met de DDP simulaties van hetzelfde probleemom de niet-lokale benadering
te bevestigen. De numerieke oplossing wordt verkregen dooreen eindige-elementenmethode.
De vrije parameters in de niet-lokale theorie worden gefit aan de overeenkomstige DDP resul-
taten. Daarna blijkt dat de continuümtheorie in staat is omonderscheid te maken tussen de
respons van twee verschillende composieten die slechts verschillen in de vorm van de deeltjes:
één waarbij er kanalen van niet-versterkt materiaal zijnen één waarbij plastische deformatie
slechts mogelijk is dankzij geometrisch noodzakelijke dislocaties. Tevens voorspelt de niet-
lokale theorie een uitgesproken Bauschinger effect dat wordt ondersteund door de DDP resul-
taten. De vergelijking met de voorspellingen van andere rekgradiënt theorieën benadrukt dat
zij bron-beperkte plasticiteit in kleinschalige structuren niet kunnen behandelen.

Een noodzakelijke voorwaarde voor een constitutief model is dat het een voorspellende
waarde heeft, d.w.z. dat wanneer de materiaalparameters gefit zijn voor een bepaald prob-
leem, het model voorspellengen kan doen voor andere randwaardeproblemen voor hetzelfde
materiaal. In hoofdstuk 4 wordt de theorie daarom toegepastop een probleem met totaal an-
dere randvoorwaarden en vervormingscondities, namelijk het buigen van een één-kristallijne
strip waarbij de randen tractievrij zijn in plaats van ondoordringbaar voor dislocaties. De ge-
bruikte parameterwaarden zijn identiek aan die verkregen in hoofdstuk 3. Het buigend moment
als functie van buigingshoek alsmede de evolutie van de dislocatiestructuur worden berekend
voor verschillende orintaties en voor diverse afmetingen.Vergelijking van de resultaten met
die van de DDP simulaties toont aan, dat zonder enige extra aanpassing van de parameters, de
continuümtheorie zowel het schaalgrootte-effect als de afhankelijkheid van de kristaloriëntatie
kan beschrijven.

In hoofdstuk 5 wordt de uitbreiding van de theorie voor enkelvoudige slip tot meervoudige
slip aangepakt. Een continuümdislocatiedynamicavoor meervoudige slip wordt voorgesteld op
grond van die voor enkelvoudige slip, en wederom gekoppeld aan het kinematisch raamwerk
van de klassieke kristalplasticiteitstheorie. De sleutelin meervoudige slip is de niet-lokale
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interactie tussen de dislocaties op verschillende glijsystemen. Vooruitlopend op een strenge
afleiding hiervan, worden diverse interactiewetten besproken op fenomenologische gronden.

Om de mogelijkheden van de theorie in meervoudige slip te onderzoeken, wordt het
toegepast op twee randwaardeproblemen. Eén daarvan is de eenvoudige afschuiving van één-
kristallijne strip tussen twee stijve en ondoordringbare muren. De essentie van dit probleem
is de vorming van grenslagen en de bijbehorende schaalafhankelijkheid voor kristallen die
georiënteerd zijn voor symmetrische dubbele slip. Het andere probleem dat wordt bestudeerd is
de buiging van één-kristallijne strip met twee glijsystemsen (in tegenstelling tot enkelvoudige
slip in hoofdstuk 4). Opnieuw worden de overall respons en deevolutie van de dislocatiestruc-
tuur geanalyseerd voor verschillende kristaloriëntaties en specimengroottes. Na identificatie
van de meest juiste interactiewet, blijken de voorspellingen voor beide problemen in een kwal-
itatieve en kwantitatieve overeenstemming te zijn met die van de DDP simulaties.

Hoofdstuk 6, tenslotte, behandelt de niet-lokale plasticiteitsberekeningen van spanningsre-
laxatie in één-kristallijne dunne lagen op substraten. Spanning bouwt op in deze lagen als
gevolg van het verschil in thermische uitzettingscoefficient tussen dunne laag (bijvoorbeeld
aluminium of koper) en substraat (typisch silicium), maar wordt gedeeltelijk gerelaxeerd door
plasticiteit in de film. Net als in het vorige hoofdstuk worden symmetrische dubbele glijsys-
temsen worden beschouwd. De spanning versus temperatuur ende evolutie van de dislo-
catiestructuur worden geanalyseerd voor verschillende oriëntaties en filmdikten. Het effect
van filmgrootte is gerelateerd aan de vorming van een grenslaag van opgestapelde dislocaties
bij de film-substraat interface, waarvan de dikte niet schaalt met de dikte van de film. De dikte
van de grenslaag zelf, echter, is afhankelijk van de kristaloriëntatie.
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