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The king received a message that a sea captain had landed on the coast with a strange
animal called an elephant. So he called his wise men and said: "Oh wise men, go
down to the seaport and report to me what manner of beast this elephant is." The wise
men got into the king’s carriages, clip-clop, clip-clop, clip-clop, and they went to the
ship. But they’d been reading books so damn long they were blind as bats. When
they got there, one felt the legs of the elephant. He said, "hmm." Another one felt the
side. He said, "hmmm." Another one felt the ear, "hmmmm." Another one felt the tusk,
another one felt the trunk, another one pulled the tail - bad luck for him.

Well, they all got into the carriages and went back to the palace. They bowed low and
one said, "Your Majesty, this elephant is very much like the trunk of a tree." Another
one said, "Why, you’re very much mistaken. I felt it myself. It’s like the side of a
building." The third started screaming, "Why you’re both crazy! I felt it - it’s like
a large leaf of a plant." The next one said, "No, it’s like a smooth spear," another
one said, "No, it’s like a huge snake!" Now they were all shouting, and the last one
screamed at the top of his lungs, "No, it’s like a rope that hangs down from heaven,
and when you pull on it, the heavens open up with waste."

Adaptation by Pete Seeger of the parable ofThe Blind Men and the Elephant-
an animated rendering of the concept of duality.
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Chapter 1

Introduction

This thesis deals with the construction of different gauged supergravities that can arise as low-
energy effective descriptions of string and M-theory. The latter are thought to be consistent
theories of quantum gravity, which unify the four different forces and thus merge quantum
field theory (QFT) and general relativity (GR). To fully appreciate their emergence and mer-
its, we will first sketch the historical development of particle and high-energy physics during
the last century.

The inception of particle physics spanned the larger part of the twentieth century, starting
with Thompson’s discovery of the electron in 1897. We now know that all elementary parti-
cles are either bosons or fermions, depending on whether their spin is integer or half-integer.
The fermionic sector contains all matter and consists of three generations, comprising two
quarks (which cluster into hadrons) and an electron and a neutrino (known as leptons). The
lightest of these three generations makes up for nearly all known matter. The matter particles
interact by exchanging bosons: the electromagnetic, weak and strong force are described by
the exchange of photons, W± and Z0 intermediate vector bosons and gluons, respectively.

All these particles are described very elegantly by the Standard Model (SM) of parti-
cle physics, which was completed in the 1970s. It is a particular quantum field theory (of
infinitely many possible ones), unifying the early twentieth century theories of quantum me-
chanics and special relativity. Such QFTs can be plagued by non-sensible infinities, in which
case they are said to be non-renormalisable. It was shown by ’t Hooft and Veltman [1] that
such problems do not occur for QFTs whose interactions are based on internal gauge sym-
metries. The particular gauge group of the SM isSU(3)× SU(2)× U(1). In such theories,
all particles are a priori massless, in contradiction with experiment. This is resolved by the
introduction of the Higgs boson, whose interaction with the matter particles gives them their
masses.

Note that the Standard Model does not contain the fourth fundamental force, gravity. In
many situations (with low enough energy) this is a very reasonable approximation since the
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strengths of the three SM forces are much stronger than gravity, see figure 1.1.
The experimental confirmation of the SM up to the scale of102 GeV is excellent1. How-

ever, the Higgs sector has eluded discovery so far; this is one of the primary goals of the new
LHC accelerator of CERN, which raises the experimental scale up to∼ 104 GeV. Also, there
are compelling theoretical arguments to consider possible extensions. Firstly, one would not
expect a fundamental theory to contain the nineteen parameters that are present in the Stan-
dard Model. In addition, the reason why there are three generations of matter particles is not
understood. Also, it is difficult to explain the smallness of the Higgs mass (withmH . 1
TeV/c2), which goes under the name of the hierarchy problem. In addition, it turns out that
the strengths of the three forces become equal at very high energy (the GUT scale of∼ 1014

GeV), see figure 1.1, which suggests a unification of these forces. However, for the Stan-
dard Model, the match is not exact. Moreover, perhaps the most troublesome feature from
our point of view is that the SM only describes three of the four forces and does not include
gravity.

10 10
3

10
9 15 GeV

α

α

1

10−10

10−20

10−30

1,2,3

G

Figure 1.1: A sketch of the different strengthsa1,2,3 of the three SM forces andαG of gravity
at different energies. From [3].

One theoretical improvement of the Standard Model is to introduce a different type of
symmetry, called supersymmetry. The introduction of supersymmetry to the Standard Model
solves the hierarchy problem and yields perfect agreement ofα1,2,3 at 1016 GeV, see fig-
ure 1.1. However, it also introduces many new particles, the supersymmetric partners of the
SM particles (the so-called sparticles), which have not been observed. If supersymmetry
exists, it must therefore be spontaneously broken, yielding sparticles of higher mass. It is
strongly hoped that these will be discovered at the LHC.

In addition to the development of QFT and the SM in particle physics, the previous cen-
tury has also provided us with the framework to describe gravity: Einstein proposed his
theory of general relativity in 1914, which accommodates for gravity by the curvature of

1The recently claimed non-zero neutrino masses [2] can be accommodated within the Standard Model without
too drastic changes.
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space-time. It describes the gravitational attraction at cosmological scales, where gravity is
the dominant force since the other three forces are either short-ranged or their effects cancel
out (e.g. for electrically neutral cosmological objects). In contrast, the gravitational force has
infinite range and cannot cancel out since all matter attracts and never repulses.

Again, the experimental confirmation of GR is overwhelming. Among other tests, it has
skillfully explained the anomalous precession of Mercury’s perihelion and the deflection of
light by massive objects like the sun. From a theoretical point of view, however, GR cannot
be the final word. It is only understood classically and so far has resisted all attempts to
quantisation: gravity is non-renormalisable. The reason for these difficulties is due to its
coupling constantGN , which is not dimensionless. Rather, the dimensionless combination is
GNE2, which becomes arbitrarily strong at high enough energies (see figure 1.1).

A theory of quantum gravity is only called for in extreme conditions, but these do arise in
the universe. For example, GR predicts the generic occurrence of space-time singularities [4]
inside black holes. Due to the infinitely strong gravitational field, the negligence of gravity
by the SM is then no longer a valid approximation. One can infer the energy scale of this
situation: for a particle to qualify as a black hole, its Schwarzschild radiusRS = 2mGN/c2

must be larger than its Compton wavelengthλC = h/mc. The saturating caseRS = λC

defines the Planck mass or energy

EPl = mPlc
2 =

( hc

2GN

)1/2

∼ 1019GeV. (1.1)

The corresponding length scale is the Planck length∼ 10−33 cm (whereas typical hadron
sizes are of the order of10−13 cm). Such high energies also occurred in the very early
universe (10−43 seconds after the Big Bang). Therefore, a quantum theory of gravity is also
of great relevance to cosmology.

In addition to its non-renormalisability, another problem of GR is provided by the vacuum
energy of the Standard Model. This would yield a cosmological constant of at least 50 orders
of magnitude larger than its experimental bound [5]. To reconcile this, one would need to
introduce a bare cosmological constant in GR with enormous finetuning.

Despite great differences, there are also many similarities between the Standard Model
and general relativity. Of importance here is that both are based on gauge groups: the internal
symmetriesSU(3) × SU(2) × U(1) and the space-time symmetries of general coordinate
transformations, respectively. Both transform bosons to bosons and fermions to fermions
but do not mix the two species [6]. The previously introduced supersymmetry (susy) is an
interesting generalisation hereof: it is neither an internal symmetry nor an ordinary space-
time symmetry but can rather be viewed as a space-time symmetry of fermionic coordinates.
It relates fermions and bosons [7] via

δ(boson) = fermion, δ(fermion) = d(boson) , (1.2)

whered represents the translation operation. No field is invariant under this operation, which
generically implies that all fields transform under susy. Thus, susy requires equal amounts of
bosonic and fermionic degrees of freedom.
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Due to the success of gauge theories like the SM and GR, it seems natural to consider
theories based on local supersymmetry. From (1.2) one infers that local susy also introduces
general coordinate transformations (with local translations being the infinitesimal form of
these) and therefore gravity. Such theories are called supergravities, the first one of which
was constructed in 1976 [8, 9]. They were met enthusiastically when it was found that the
inclusion of local susy softens the divergences of perturbative quantum gravity; indeed, up to
the 1980s it was thought that supergravities could well be renormalisable. Despite the past
fervour, it is now generally believed that this is not the case; there seems to be no reason to
expect cancellation of certain non-renormalisable infinities.

A more radical idea than supergravity seems to be required for quantum gravity. At the
moment, the most promising candidate is string theory. It first surfaced in the 1960s in the
context of certain scattering amplitudes of hadrons [10] (where the string was a flux tube
between two quarks), but only in 1974 it was interpreted as a theory of quantum gravity [11].

In string theory, elementary particles are replaced by small strings of Planck size. These
strings can vibrate in different ways. However, since the strings are so small, we cannot see
their extended character and their vibration: the different vibrational modes are interpreted
as different elementary particles. Amongst the massless modes is a graviton, which is why
string theory includes gravity. In addition, string theory provides a discrete but infinite tower
of massive vibration modes. Their mass scale is the only parameter of string theory, which is
of the order of the Planck mass.

The presence of the graviton was the first surprise of string theory. In supersymmetric
versions of string theory2, the graviton is (at the massless level) accompanied by the super-
gravity field content. Indeed, the low-energy approximation of string theory yields supergrav-
ity. The status of supergravity within string theory is often compared to Fermi’s theory of the
four-fermion interaction as an approximation of the weak force. Fermi’s theory is correct at
low energies, where the fermions seemingly interact at a point; however, its dimensionless
coupling strength isGF E2, yielding infinite strength at high enough energies and causing
non-renormalisability. A resolution of this divergence is to smear out the interaction by the
exchange of an intermediate vector boson. The situation is much alike in supergravity, where
the coupling strength isGNE2; at high energies, this is replaced by an interaction of two
strings, see figure 1.2. Indeed, string theory has finite scattering amplitudes. The massive
modes of string theory (or, equivalently, the extended nature of the string) are responsible for
the alteration of the ultraviolet behaviour of supergravity.

Another amazing property of string theory is its critical dimension: all superstring the-
ories necessarily live in ten rather than in four dimensions. One could take this as a virtue
rather than a vice. It has been known for a long time that higher-dimensional theories have
a number of attractive features. Already in the 1920s, Kaluza [12] and Klein [13] tried to
unify Einstein’s and Maxwell’s theories by embedding 4D gravity and electromagnetism in
a 5D space-time. Similarly, in string theory, we take the internal six coordinates to be very

2Bosonic string theory is plagued by an unphysical particle called the tachyon, see section 2.1.
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W
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a) b)

Figure 1.2: The resolutions of the point-like interactions: on the left,a) andb) represent the
tree-level and one-loop diagrams of Fermi’s four-fermion theory, whilec) is the resolution of
a) in the weak theory. On the right,a) is the tree-level diagram of supergravity, whileb) is its
resolution in string theory. From [3].

small3 and therefore invisible to present-day experiments. This procedure is called Kaluza-
Klein theory or dimensional reduction. The idea of such small dimensions is perhaps less
mystifying than it sounds at first: it also appears in the cosmological Big Bang paradigm for
the closed universe, where all spatial dimensions are of Planck size in the very early universe
and gradually expand into the present-day 4D universe.

The idea of string theory as quantum gravity was not picked up directly. This changed
during (what is now known as) the first superstring revolution in the mid 1980s, in which
three appealing features were unveiled. Firstly, it was found that 10D supergravity (with 16
supercharges, see section 3.2) is chiral and free of anomalies provided it is coupled to a Yang-
Mills sector with gauge groupsSO(32) or E8 × E8 [15]. Secondly, heterotic string theories
with exactly these gauge groups were constructed [16], whose low-energy limit reduces to
the corresponding supergravity. Thirdly, a class of compactification models (so-called Calabi-
Yau manifolds) were found to yield a 4D effective description that was reasonably close to
the SM [17].

After this period, one was left with five different superstring theories: four of closed
strings (the two type II and heterotic theories) and one of open and closed strings (the type
I theory). The five-fold possibility for the supposedly ultimate theory was considered an
embarrassment of riches. In addition, only perturbative descriptions of these theories were
available, corresponding to the first quantisation4 of the particle (where its motion is treated
quantum-mechanically in a classical background of force fields). In the perturbative expan-
sion, the sum of Feynman diagrams is replaced by a sum of Riemann surfaces due to the
extended nature of the string, see figure 1.2. For this reason, it is impossible to go to finite

3An alternative idea is the brane-world scenario [14], in which we are thought to be living on a hypersurface in
higher-dimensional space-time. We will mainly consider traditional compactification, however.

4The string analogue of second quantisation, leading to string field theory instead of QFT, is not well understood.
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coupling.
This situation changed due to the discovery of string dualities, culminating in the sec-

ond superstring revolution of the mid 1990s. It was found that the different string theories
are related to each other, for different values of certain parameters. For example, the strong
coupling limit of one theory yields another theory at weak coupling (called S-duality). In ad-
dition, string theories on different backgrounds were found to be equivalent (called T-duality).
The upshot was that the five string theories could be unified in a single eleven-dimensional
theory, which was named M-theory [18]. The different string theories are thus understood as
perturbative expansions in different limits of the parameter space of M-theory. This appreci-
ation is known as U-duality [19] and has spectacularly changed our understanding of string
theory and the distinction between perturbative and non-perturbative effects.

Another important development is the AdS/CFT correspondence, which was proposed in
1997 by Maldacena [20]. It explicitly realises earlier ideas about certain limits of gauge theo-
ries [21] and holography [22,23], which connects quantum gravity to a QFT in one dimension
less. The correspondence basically relates a string theory in a particular background (IIB on
AdS5 × S5) to a particular and supersymmetric QFT (N = 4 SYM in D = 4). However, the
link contains a non-perturbative duality: where the quantum field theory is well-behaved we
have little control over the string theory and vice versa. Due to the large amount of supersym-
metry one can still extract information from the non-perturbative domain and thus check the
conjectured correspondence. The hope is to learn something about non-perturbative effects
in QFT, such as quark confinement, from this approach.

Of central importance for the different dualities are certain ingredients of string theory
called D-branes [24], which are extended objects ofp spatial dimensions5. These branes are
required to fill out the multiplets of string dualities, e.g. the fundamental string is mapped
onto the D-brane withp = 1 under S-duality. In addition, different descriptions of D-branes
play a crucial role in the string theory calculation [25] of the Bekenstein-Hawking entropy of
a black hole [26,27]

S =
A

4GN~
, (1.3)

which relates the areaA of the event horizon to the black hole entropyS. The latter is
a (classically) non-decreasing quantity, very much like the thermodynamic entropy. The
AdS/CFT correspondence can be seen as an extension of this idea for the D-brane withp = 3.

In addition, it is hoped that string theory will solve the information paradox of black holes
[28]. In a semi-classical approximation, black holes emit Hawking radiation [29] of a black-
body spectrum. Therefore, different infalling matter seems to end up as the same radiation:
information has been lost, which is forbidden in quantum theory. A possible resolution would
lie in certain correlations of the outcoming radiation [30]. This requires a subtle non-locality,
which string theory seems to possess. A rigorous proof, requiring to go beyond the semi-
classical approximation, is still lacking.

5The nomenclature is particle, string, membrane,. . ., p-brane for objects of spatial dimension0, 1, 2, . . . , p.



13

Thus we have gained a better understanding of perturbative and non-perturbative string
theory and their unification in M-theory. However, there are still many interesting open is-
sues. An outstanding obstacle to make contact with our 4D world is the problem of vacuum
selection: there are infinitely many ways to compactify the internal directions, yielding dif-
ferent four-dimensional descriptions. The expectation is that string theory itself will prefer
one of these vacua, but this seems impossible to determine from the perturbative theory. An-
other avenue to be explored is cosmology: due to the enormous energies in the remote past,
this is a laboratory to directly test string theory predictions. String theory should shed light
on inflation, the expansion of the universe and, if recent astronomical observations [31, 32]
are right, the acceleration of this expansion. Recently, the cosmological implications of string
theory have gained an enormous interest.

The low-energy limit of string theory, supergravity, remains an important tool to study the
different phenomena in string theory. Many features of string and M-theory are also present
in its supergravity limit, such as D-branes and U-duality, and therefore it is interesting to
study this effective description. In particular, one can extract effective lower-dimensional
descriptions by considering string or M-theory on a compact internal manifold, which is taken
to be very small (i.e. dimensional reduction). Different reductions give rise to different lower-
dimensional supergravities. Thus it is clearly very desirable to have a proper understanding
of the different reduction procedures and their resulting lower-dimensional descriptions. In
particular, we will be interested in gauged supergravities as the lower-dimensional theories.

Ungauged supergravities have a global symmetry group which is called the U-duality
group (and indeed is a consequence of the U-duality of M-theory). In gauged supergravi-
ties a subgroup of this global group is turned into a gauge symmetry by the introduction of
mass parameters. The combination of a gauge group and local supersymmetry implies the
appearance of a scalar potential, which is quadratic in the mass parameters.

It is the scalar potential which makes gauged supergravities interesting since it gener-
ically breaks the Minkowski vacuum to solutions like (Anti-)de Sitter space-time (AdS or
dS), domain walls or cosmological solutions. These play important roles in the AdS/CFT
correspondence6 and its generalisation, the DW/QFT correspondence [33, 34], brane-world
scenarios [14, 35] and accelerating cosmologies [36, 37]. From various points of view, it
would therefore be highly advantageous to have a classification of gauged supergravities in
the different dimensions.

We are only interested, however, in gauged supergravities with a higher-dimensional ori-
gin in string or M-theory: the lower-dimensional theory must be obtainable via dimensional
reduction. Our approach consists of the dimensional reduction of eleven- and ten-dimensional
maximal supergravities and the investigation of the resulting gauged supergravity. We have
applied two reduction methods, both preserving supersymmetry: reduction with a twist and
reduction on a group manifold. In the twisted reduction one employs a global symmetry of
the parent theory to induce a gauging of one of its subgroups in the lower dimension. In the

6Indeed, the effective description of string theory on the particular background AdS5 × S5 is a gauged super-
gravity: theN = 4 SO(5) theory inD = 5, see also section 5.5.
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group manifold reduction one reduces over a number of isometries that do not commute and
form the algebra of a Lie group. This results in the gauging of this group in the lower dimen-
sion. The consistency of both reductions is guaranteed by symmetry, as proven by Scherk and
Schwarz in 1979 [38,39] and as opposed to reduction on a coset manifold, whose consistency
remains to be understood in generality.

The outline of this thesis is as follows. In chapter 2 string and M-theory are introduced.
Chapter 3 is devoted to their low-energy limits: we discuss the different supergravity theories,
their solutions and their relations. Next, in chapter 4 we describe a number of techniques to
generate lower-dimensional gauged supergravities. In particular, reduction with a twist, over
a group manifold and over a coset manifold are explained in sections 4.3 to 4.5, respectively.
One finds their application in chapter 5, where different gauged theories are constructed. By
applying reductions with a twist and over a group manifold, we have generated a number of
mass parameters in nine and eight dimensions, as can be found in sections 5.3 and 5.4. We
also discuss a family of mass parameters in lower dimensions, which are obtainable only by
reduction over a coset or other manifolds in section 5.5. Finally, in chapter 6 we construct and
discuss half-supersymmetric domain wall solutions for the different gauged supergravities.
The D8-brane is the topic of section 6.1, while lower-dimensional domain walls and their
relation to higher-dimensional branes are disclosed in section 6.2. The particular cases of
9D and 8D are emphasised in sections 6.3 and 6.4. To end with, we discuss intersections of
domain walls and strings in section 6.5.



Chapter 2

String and M-Theory

In this chapter we will consider string theory and M-theory, the main candidates for theories
of quantum gravity. We will discuss the different string theories, their interrelations and the
emergence of supergravities and M-theory. The literature on this introductory subject is vast.
Good textbooks are the classics [40, 41] and the more recent reviews [42, 43], including the
recent developments on D-branes and dualities.

2.1 Bosonic Strings

In this section we will discuss the classical dynamics and the quantisation of the bosonic
string.

Free String Theory

For reasons of analogy, let us start with the more familiar notion of a particle. A particle mov-
ing in D-dimensional space-time is described by coordinatesXµ(τ) with µ = 0, . . . , D− 1.
The parameterτ is the time-evolution parameter (which is not equal to the time coordinate
X0(τ)). The motion of the particle is a function ofτ and defines a trajectory in space-time,
the world-line. A free particle, experiencing no force, moves in a straight line. Its dynamics
are therefore dictated by the minimalisation of the length of its world-line:

S = −m

∫
dτ

√
−det(∂τXµ∂τXνηµν) , ηµν = diag(−1, 1, . . . , 1) (2.1)

wherem is the mass andηµν the Minkowski space-time metric. To describe a particle in a
more general background, e.g. in a curved space-time, it suffices to replaceηµν with gµν(τ).
The corresponding field equations forXµ(τ) will define a geodesic in this curved back-
ground.
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A string inD-dimensional space-time is described by coordinatesXµ(τ, σ). Apart from
the time-evolution parameter the space-time coordinates depend on a spatial parameterσ ∈
(0, l). The string motion sweeps out a two-dimensional surface in space-time, the world-
sheet, which is parameterised byσi = (τ, σ). Again the dynamics of the free string are
dictated by the minimalisation of the surface of the world-sheet:

S = −T

∫
d2σ

√
− det(gij) , gij = ∂iX

µ∂jX
νηµν . (2.2)

This is the Nambu-Goto action, wheregij will be called the induced metric on the world-
sheet and is the pullback of the space-time metricηµν . The constantT is the tension of the
string and has mass dimension2. Often it is rewritten asT = 1/α′ = 1/ls

2. The parameter
ls =

√
α′ is called the string length, which introduces a fundamental scale in the theory.

Agreement with general relativity, emerging later, requiresls ∼ 10−33 cm. Generic strings
are of the order of this size; only in this regime objects are no longer point-like.

The square root in the string action (2.2) troubles analysis. It is convenient to introduce
an auxiliary fieldγij , which we call the world-sheet metric. The alternative action then
reads [44]

S = − 1
2T

∫
d2σ

√−γγijgij , (2.3)

giving rise to the equation of motion for the auxiliary fieldγ

δL
δγij

= − 1
2T
√−γ[gij − 1

2γijγ
mngmn] = 0 (2.4)

and is solved byγmn = Ω(σi)gmn. After substitution of this solution in the action (2.3) one
easily obtains the original Nambu-Goto action (2.2). Instead of eliminatingγ, consider the
symmetries of (2.3). The action is invariant under [45]:

• global space-time Poincaré transformations:Xµ → X ′µ = Λµ
νXν + Aµ,

• local world-sheet reparameterisations:σi → σ′ i = f i(σj),

• local world-sheet Weyl invariance:γij → γ ′ij = Γ(σi)γij .

One can use the second symmetry to obtain the so-called orthonormal gauge whereγij =
∆(τ, σ)ηij with ηij = diag(−1, 1) and∆ arbitrary. In this gauge, the equation of motions
for Xµ read

(∂ 2
τ − ∂ 2

σ )Xµ = 0 . (2.5)

This is the wave equation and its solution splits up in a left- and a right-moving sectorXµ
±(τ±

σ). In addition one must satisfy the boundary condition

(∂σXµ)δXµ


σ=l

σ=0
= 0 , (2.6)
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which can be done in three ways:

∂σXµ(τ, 0) = ∂σXµ(τ, l) = 0 , - Neumann (open),

δXµ(τ, 0) = δXµ(τ, l) = 0 , - Dirichlet (open),

Xµ(τ, σ) = Xµ(τ, σ + l) , - Periodic (closed). (2.7)

One can take Neumann boundary conditions for all coordinates, giving rise to a freely moving
open string. Changing Neumann to Dirichlet boundary conditions forn of the spatial coordi-
nates, one obtains an open string whose endpoints are stuck on a(D − n − 1)-dimensional
hypersurface, which is called a D-brane1. In contrast, one can also impose periodic boundary
conditions for all coordinates but time, giving a closed string. The different possibilities are
illustrated in figure 2.1. Note that one must also satisfy the equation of motion ofγ (2.4),
which now reads

gij − 1
2ηijη

mngmn = 0 , (2.8)

and requires the vanishing of the 2D energy-momentum tensor. This gives rise to the Virasoro
constraints, which play an important role in the quantisation of the string.

Figure 2.1: From left to right: strings with Dirichlet, Neumann and periodic boundary con-
ditions. The dashed lines indicate the D-brane on which open strings with Dirichlet boundary
conditions can end.

To obtain the spectrum of the string it is instructive to compare two ways of quantisa-
tion. Light-cone quantisation first solves for the constraints (2.8), after which quantisation is
straight-forward. To regain Lorentz covariance in the final results this requiresD = 26. To
determine the correct number of states, one compares these results to those of covariant quan-
tisation. This formalism is manifestly Lorentz covariant and imposes (2.8) by requirements

1For many years, this boundary condition was thought unphysical due to the breaking of Poincaré invariance;
lately, such hypersurfaces are celebrated ingredients of the second superstring revolution.
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on physical states (analogous to the Gupta-Bleuler method in electrodynamics). Physical
null states arise, which are completely decoupled (having vanishing matrix element with any
physical state). To determine the number of these null states, one combines the results of the
two formalisms.

It turns out that the open string spectrum consists of the following modes of vibration:

• the vacuum|0, k > with M2 = −}/α′, corresponding to a tachyonic scalar,

• the first excited state|1, k > with M2 = 0, corresponding to a massless vectorAµ

with 24 independent components,

plus an infinite tower of massive modes. The scalar particle, having imaginary mass, is a
tachyon and moves faster than the speed of light. This unwanted feature of the theory will be
projected out when considering the superstring. The mass gap between subsequent modes is√
}/α′ and to make contact with gravity (which will emerge later) this must be of the order

of 1019 GeV.
The closed string spectrum is a bit richer; its lowest modes are

• the vacuum|0, k > with M2 = −4}/α′, which corresponds to a tachyonic scalar,

• the first excited state|1, k > with M2 = 0. This state is the product of two vector
representations and has242 independent components. These split up into massless
representations of the little group in 26 dimensions,SO(24):

24× 24 = 299 + 276 + 1 , (2.9)

corresponding to the space-time fieldsgµν , Bµν , φ of spin2, 1 and0, respectively.

The tachyonic states present in both spectra will be lost when going to the superstring and
therefore we will not worry about them. Rather we will focus on the massless states of the
closed string spectrum.

Interactions and Background

Interactions are introduced by coupling the string to the background fields. The most general
covariant action for the closed string with two world-sheet derivatives reads

S = − 1
4πα′

∫
d2σ

[√−γγijgij − εijBij − α′
√−γ φR]

(2.10)

wheregij = ∂iX
µ∂jX

νgµν and Bij = ∂iX
µ∂jX

νBµν are the pullbacks of the space-
time fieldsgµν andBµν andR is the Ricci scalar of the world-sheet metricγij . This action is
called the non-linearσ-model. Note that, due to the space-time dependence of the background
fields, this action is no longer bilinear inXµ.
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One can now calculate scattering amplitudes between different string modes via the string
path integral. Here one sums over the different topologies of the world-sheet; perturbative
string theory can be seen as a sum of conformal field theories on different Riemann surfaces
of genusg. This is the string analogue of Feynman diagrams. There is of course a number of
differences. While the number of Feynman diagrams grows rapidly with the number of loops,
there is a (topologically) unique Riemann surface of genusg. In addition, all such scattering
amplitudes are finite, in contrast to QFT and GR.

The third term of the action (2.10) has a special feature. Assuming a constant mode of
the dilatonφ0, this part is proportional to the Euler characteristicχ:

χ =
1
4π

∫
d2σ

√−γ R = 2− 2g

where the genusg is the number of holes of the world-sheet. Therefore, we find that the
amplitude of a string diagram of genusg is multiplied by(eφ0)2g−2. This implies that we can
associate the expectation value ofeφ with the string coupling constantgs. String theory can
therefore generate its own coupling constant by restricting the possible dilaton backgrounds.

The scattering amplitudes for the massless modes can be summarised by the effective
action. For the closed bosonic string, it reads

S =
1

2κ2

∫
d26X

√−ge−2φ
[
R + 4(∂φ)2 − 1

2H ·H]
. (2.11)

whereR is the Ricci scalar for the background metricgµν andH = dB is the field strength
tensor ofBµν (where we use form notation, see appendix A). This action is a low energy
approximation since we have included only the massless modes of the spectrum and the
zeroth order inα′. Note that these terms all comes from tree-level contributions (g = 0),
as can be seen from the factor ofe−2φ. Another way to obtain this effective action is by
requiring the classical Weyl symmetry to hold at the quantum level as well [46], in which
case the vanishing of theβ-functions are interpreted as field equations of (2.11). After a
suitable rescaling of the metricgµν → e4φ/(D−4)gµν , the above action contains the known
Einstein-Hilbert term in26 dimensions. This rescaling takes one from string frame (which
is the geometry seen by strings) to Einstein frame (which is more convenient for gravity).
Including terms of higher order inα′ leads to corrections to general relativity.

Note that one can distinguish two different perturbative expansions in string theory. The
first one is in the string coupling constantgs, which is the string analogue of~. This parameter
controls the contribution of higher-loop diagrams to the effective action. The limitgs → 0
corresponds to the inclusion of only zero-genus diagrams. The second expansion is inα′,
which is the square of the string length. This parameter has no counterpart in field theory and
arises from the intrinsic scale of strings. The limitα′ → 0 corresponds to the field theory
limit.
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2.2 Superstrings

In the previous section we have obtained the spectra of the open and closed string. Associat-
ing space-time particles with every mode, only bosons are present in these spectra. To obtain
space-time fermions one needs to introduce Grassmann-odd variables on the world-sheet2.
This will be done in such a way as to obtain world-sheet and space-time supersymmetry.
Supersymmetry relates bosons and fermions since its parameter is a fermion; for a more
extensive discussion see section 3.1.

To the bosonic string action (2.3) in orthonormal gauge we add a term includingD
fermionsψµ = (ψµ

+, ψµ
−) with real components of opposite chirality:

S = − 1
2T

∫
d2σ [∂iX

µ∂iXµ + iψ̄µγi∂iψµ] , (2.12)

whereγi areΓ-matrices in two dimensions, satisfying{γi, γj} = 2ηij . This action is invari-
ant under the global world-sheet supersymmetry

δXµ = iε̄ψµ , δψµ = γi∂iX
µε , (2.13)

with fermionic parameterε = (ε−, ε+). Note that the bosonic and fermionic sectors decouple
in this free theory. We therefore take the same bosonic solutions with left- and right-moving
sectorsXµ

±(τ ± σ). In addition, the fermionic solutions also split up inψµ
±(τ ± σ).

There is also a fermionic boundary condition, which can be satisfied in two ways for open
strings. Choosingψµ

+(τ, 0) = ψµ
−(τ, 0) without loss of generality, we have

• ψµ
+(τ, l) = +ψµ

−(τ, l) Ramond

• ψµ
+(τ, l) = −ψµ

−(τ, l) Neveu-Schwarz

So, as for the bosonic string, we can impose different boundary conditions. Upon quantisation
these yield different spectra: the Neveu-Schwarz sector contains a tachyonic scalar and a
massless vector whereas the Ramond sector comprises two space-time spinors of opposite
chirality. Another feature of the superstring is a different critical dimension: its quantisation
is only consistent ifD = 10. A second goal is space-time supersymmetry, a fermionic
symmetry between the bosonic and fermionic background fields. A necessary requirement for
this is an equal number of degrees of freedom in the bosonic and fermionic sector (see section
3.1). To achieve this, we apply the Gliozzi-Scherk-Olive (GSO) projection [50], which boils
down to the truncation of states that do not have a counterpart in the other sector. After this
projection, the entire spectrum is invariant under supersymmetry transformations with one
fermionic parameter: we have obtained the so-calledN = 1 space-time supersymmetry. In

2We will discuss the Neveu-Schwarz-Ramond superstring [47,48] here, which has world-sheet fermions. Another
approach is due to Green and Schwarz [49], with world-volume bosons and manifest space-time supersymmetry from
the onset.
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the massless sector we are left with the Neveu-Schwarz vector and a Ramond spinor:

N = 1 vector: (8v)B + (8c)F , (2.14)

corresponding to the space-time fieldsAµ andλ. These form a multiplet under the supersym-
metry, which is denoted by the vector multiplet ofN = 1 supersymmetry inD = 10.

For closed strings one can take periodic or anti-periodic boundary conditions for the
fermions:

• ψµ
±(τ, σ) = +ψµ

±(τ, σ + l) Ramond

• ψµ
±(τ, σ) = −ψµ

±(τ, σ + l) Neveu-Schwarz

Since we can impose (anti-)periodicity for the left- and right-moving componentsψµ
± sepa-

rately, we get four different sectors, denoted by e.g. (NS,R) with a Neveu-Schwarz boundary
condition onψµ

+ and Ramond onψµ
−. Upon quantisation one obtains a rich spectrum, with

a tachyon in the (NS,NS) sector and several massless modes. As for the fermionic open
string, we apply a GSO projection. This can be done separately on the left- and right-moving
sectors, giving rise to two possibilities, leading to IIA and IIB string theory (depending on
whether the GSO projections of the two sectors have opposite or equal signs, respectively).
In truncating the spectrum by the GSO projection we have obtained supersymmetry with two
fermionic parameters: this is calledN = 2 space-time supersymmetry. Again, the massless
modes form multiplets under this symmetry, which are denoted by the graviton multiplets of
IIA and IIB supersymmetry inD = 10, respectively:

IIA: [8v + 8c]× [8v + 8s] = [(35v + 28 + 1)NS-NS+ (56v + 8v)R-R]B
+ ([(56s + 8s)NS-R + (56c + 8c)R-NS]F ,

IIB: [8v + 8c]× [8v + 8c] = [(35v + 28 + 1)NS-NS+ (35c + 28 + 1)R-R]B
+ [(56s + 8s)NS-R + (56s + 8s)R-NS]F , (2.15)

where8v,8s,8c are theSO(8) vector representation and spinor representations of opposite
chirality, respectively. The corresponding space-time fields will be discussed in section 3.2.

Due to the decoupling of the left- and right-moving sectors of closed strings one can
take different choices for either sector, as we have seen in the GSO-projection to IIA and
IIB string theory. A more radical difference would be to take a bosonic left-moving and a
supersymmetric right-moving sector, leading to the so-called heterotic string [16]. Due to the
different critical dimensions (D = 26 andD = 10, respectively), one has to compactify 16
internal dimensions of the left-moving sector. This can be done consistently in two different
ways, yielding gauge groupsSO(32) or E8 × E8 in D = 10. Both heterotic string theories
haveN = 1 space-time supersymmetry.

The remaining possibility consists of both open and closed strings. Note that it is not
consistent to only include open strings, since interactions will then lead to closed strings as
well. This leads to type I string theory, which is required to have anSO(32) gauge group



22 String and M-Theory

and also hasN = 1 space-time supersymmetry. Alternatively, this theory can be obtained by
modding out IIB string theory with world-sheet parityΩ, flipping the sign ofσ.

The spectrum of theN = 1 string theories is free of tachyons, while its massless modes
consist of theN = 1 graviton multiplet, given by

N = 1 : [8v + 8c]× 8v = (35v + 28 + 1)B + (56s + 8s)F , (2.16)

coupled to 496 vector multiplets, giving rise to theSO(32) or E8×E8 gauge groups [15]. In
addition there is an infinite tower of massive modes, with mass gap proportional to

√
~/α′.

Recapitulating, we find that there are five consistent ten-dimensional string theories.
These haveN = 1 or N = 2 space-time supersymmetry and the massless modes consist
of the graviton multiplet (plus vector multiplets forN = 1). Analogous to the discussion of
section 2.1, one can investigate their effective actions. These turn out to be so-called super-
gravity actions (to lowest order and in string frame). Thus, supergravity in ten dimensions
appears as the low-energy effective action of the corresponding string theories; for this reason
we will discuss these extensively in section 3.

Note however that there are two important modifications. Firstly, the supergravity actions
will have a tower ofα′-corrections. These introduce higher-derivative terms, as can be antic-
ipated on dimensional grounds. Secondly, there is a tower of massive modes of mass

√
~/α′,

which will become important when considering higher energies. These modifications cure
the (alleged) non-renormalisable divergences of supergravity.

2.3 M-theory and Dualities

In the previous section we have considered perturbative superstring theory. It turned out that
there were five different candidates for the alleged Theory of Everything; this is often called
an embarrassment of riches. In this section we will relate the differentD = 10 theories and
sketch the appearance of an 11D theory, called M-theory. Excellent introductions are [51,52].

In choosing the periodic boundary conditions for the closed string in (2.7) in the previous
section we have assumed that the space-time manifold is non-compact. If one assumes one
compact direction one can impose a generalised periodic boundary condition in the compact
directionX9:

X9(τ, σ) = X9(τ, σ + l) + 2πn R , (2.17)

with R the radius of the circle. This corresponds to a closed string, windingn times around
the circle. It turns out that one can no longer distinguish between IIA and IIB string theory on
such manifolds. To be precise, IIA on a circle with radiusR is equivalent to IIB on a circle
with radiusR̃ with the relationR̃ = α′/R [53, 54]. Generically, such a relation between
theories on different compactification manifold is called T-duality [55].

To understand how this comes about in the effective actions, we expand the 10D super-
gravities over the circle. As explained in section 4.1, this yields 9D massless and massive
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modes. The massless modes can be seen to coincide: the decomposition ofSO(8) represen-
tations underSO(7) reads

IIA:





NS-NS: 35v → 27 + 7 + 1 , 28 → 21 + 7 , 1 → 1 ,

R-R : 56v → 35 + 21 , 8v → 7 + 1 ,

NS-R: 56s → 48 + 8 , 8s → 8 ,

R-NS: 56c → 48 + 8 , 8c → 8 ,

IIB:





NS-NS: 35v → 27 + 7 + 1 , 28 → 21 + 7 , 1 → 1 ,

R-R : 35c → 35 , 28 → 21 + 7 , 1 → 1 ,

NS-R: 56s → 48 + 8 , 8s → 8 ,

R-NS: 56s → 48 + 8 , 8s → 8 ,

(2.18)

while the corresponding relations between supergravity fields is given in (B.9) and (B.14).
Thus the massless modes of IIA and IIB supergravity onS1 are equivalent and indeed are de-
scribed by the same effective theory, the uniqueD = 9 maximal supergravity. However, the
IIA and IIB massive modes, sometimes called momentum modes, are distinct. For this reason
IIA and IIB supergravity are only equivalent forR → 0 andR̃ → 0, where such modes be-
come infinitely massive (for more detail, see section 4.1). String theory modifies this situation
in the following way. Due to the fact closed strings can wind around the internal direction
(2.17), there is an entire tower of massive winding multiplets. Note that this phenomenon is
intrinsic to string theory and does not have a counterpart in field theory. It turns out that the
combination of massive momentum states and massive winding states yields the same result
for IIA and IIB string theory; indeed, these towers of massive states are interchanged under
the T-duality transformation3 onS1 [53,54].

Yet more surprises are in store when considering the strong coupling limit of IIA string
theory. It is believed that one obtains symmetry enhancement in the strong coupling limit:
rather than ten-dimensional one finds eleven-dimensional Lorentz covariance [18]! This
means that such a theory lives in 11D; an extra dimension opens up in the strong coupling
limit of IIA string theory. The eleven-dimensional theories goes under the name of M-theory,
where the meaning of M can range from Membrane to Mother.

A first piece of evidence can be found in the low-energy limit of IIA string theory. Indeed
the IIA graviton multiplet can be grouped to representations ofSO(9), the little group in
11D:

B : 35v + 8v + 1 → 44 , 56v + 28 → 84 ,

F : 56s + 8s + 56c + 8c → 128 , (2.19)

3A first confirmation can be found in the gauge vectors of 9D supergravity that couple to these momentum and
winding states. These areA1 andA, respectively, for the IIA theory and interchanged for the IIB theory, see (B.9)
and (B.14). For a more extensive discussion of the role of these massive states in 9D supergravity, see [56].
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with the corresponding relations between supergravity fields given in (B.4). Indeed, IIA
supergravity can be obtained as a reduction of the unique supergravity theory inD = 11.
Due to the relations with IIA string theory and supergravity, this 11D supergravity is the
low-energy effective theory of M-theory. In particular, from the relation (B.4) between the
supergravity fields one can read off the following relations between the parameters of IIA and
11D on a circle:

ls
2 =

lp
3

R
, gs =

(R

lp

)3/2

, (2.20)

wherelp is the 11D Planck length andR the radius of the internal circle. Indeed, strong
coupling in IIA corresponds to a large radius. Though the appearance of eleven-dimensional
Lorentz covariance can not be proven in perturbative IIA string theory (since its size is propor-
tional toeφ), a lot of evidence for the existence of M-theory has been put forward [18,57,58].
For example, the massive Kaluza-Klein states of 11D supergravity are interpreted as the D0-
brane states of IIA string theory [58,59].

The strong coupling limit of IIB string theory can be understood from its conjectured
SL(2,Z) symmetry [19]. Indeed, this symmetry is shared by its low-energy approximation
and one of its generators acts on the IIB supergravity fields asφ → −φ (for vanishing axion
background). This corresponds to a strong-weak coupling transformation due to the interpre-
tation of the dilaton and is called S-duality. For this reason, IIB string theory is understood to
be self-dual4. At weak coupling, strings are the fundamental, perturbative degrees of freedom
while at strong coupling, this role is played by the Dp-branes withp = 1.

TheN = 1 string theories are also related via dualities. The two heterotic theories, with
gauge groupsSO(32) andE8 × E8, are T-dual to each other: upon compactification on a
circle these yield the same theory. One can understand this T-duality from the construction
of the heterotic string. Remember that one combines a bosonic left-moving sector with a
fermionic right-moving sector. The former is then reduced over 16 dimensions, which can be
done in two different ways. However, these two compactification procedures turn out to be
equivalent upon reducing over an extra circle [61].

As for the strong coupling ofN = 1 theories, the twoN = 1 string theories withSO(32)
gauge groups have been found to be S-dual [18, 62]. The strong coupling of the remaining
theory, heterotic string theory withE8 × E8, turns out to be M-theory on an intervalS1/Z2,
breaking half of the supersymmetry [63,64].

Thus we obtain a web of dualities, as sketched in figure 2.2. M-theory is the fundamental
theory for all values of the different parameters, corresponding to the bulk of the octagon;
not too much is known about this theory for generic parameters, however. Only around the
corners of the octagon does one have a well-defined theory, corresponding to perturbative
string theory or 11D supergravity. The different points are related by the web of dualities.
HereΩ maps IIB onto type I, as mentioned in section 2.2. This point of view of M-theory is
reminiscent of the definition of a manifold, consisting of charts related by transition functions.

4This is very similar to the conjecturedSL(2,Z) duality ofN = 4 super-Yang Mills theory in 4D [60].
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Figure 2.2: M-theory and the web of relations between the different theories at the corners
in the parameter space of M-theory.SandT stand for S- and T-duality,S1 andS1/Z2 denote
uplift or reduction over a circle and an interval, respectively, whileZ2 represents modding
out with theZ2 symmetryΩ.

The web of dualities in figure 2.2 deals with the dualities between different descriptions of
M-theory onS1. One expects a generalisation when considering M-theory onTn for n ≥ 2.
Indeed, it has been conjectured [19] that M-theory on a torus is invariant under the duality
groups given in table 2.1. This duality group of M-theory consists of a combination of T- and
S-dualities of string theory and is called the U-duality group. For example, M-theory onT 2

would have anSL(2,Z) U-duality group; this implies that M-theory on different backgrounds
that are related bySL(2,Z) are equivalent. These U-duality groups will reappear as global
symmetry groups of the corresponding supergravity theories, see section 3.3.

D U-duality T-duality

9 SL(2,Z) −
8 SL(3,Z)×

×SL(2,Z)
SL(2,Z)×
×SL(2,Z)

7 SL(5,Z) SO(3, 3;Z)

6 SO(5, 5;Z) SO(4, 4;Z)

Table 2.1: The U-duality groups of M-theory onT 11−D and T-duality groups of IIA and IIB
string theory onT 10−D for 6 ≤ D ≤ 9.
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Chapter 3

Supergravity

As we have mentioned in the previous chapter, supergravities in ten and eleven dimensions
emerge as the effective low-energy description of string and M-theory. In this section we will
first discuss supersymmetry and supergravity in various dimensions, some supersymmetric
solutions and then discuss their interrelations.

3.1 Supersymmetry

Superalgebra and Supercharges

The symmetry of supergravity theories is the super-Poincaré symmetry, which is an extension
of the usual Poincaré symmetry of gravity theories with the generators of supersymmetry.
Thus, it contains the Lorentz generators, the generators of translations (a vector under the
Lorentz symmetry) and the supersymmetry generators (spinors under the Lorentz symmetry).
In addition, the super-Poincaré algebra, or superalgebra in short, can be extended with a
number of gauge generators, which are bosonic generators whose parameter is ap-form.

Due to the intertwining of the fermionic generators of supersymmetry and the bosonic
generators of translations and gauge symmetries in the superalgebra, the requirement of local
supersymmetry [8] has profound implications. In particular, it leads to the inclusion of grav-
ity, due to the presence of translations in the superalgebra. Thus any locally supersymmetric
theory contains gravity and is usually called a supergravity.

For the discussion of supersymmetry inD dimensions we will now consider fermionic
representations of the Lorentz groupSO(1, D − 1). This is the Dirac representation and its
generators are given by[Γµ,Γν ], where theΓ-matricesΓµ satisfy the Clifford algebra

{Γµ, Γν} = 2ηµν . (3.1)
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The minimal dimension1 of the representation of the Clifford algebra is2[D/2]+1, where the
notation[D/2] means the integer part ofD/2.

Since spinors transform under the fermionic representation of the Lorentz group, their
number of components in principle equals the dimension of the Dirac representation. These
are called Dirac spinors. However, in certain dimensions Dirac spinors are reducible, al-
lowing one to impose conditions that are preserved under Lorentz symmetry. For example, in
even dimensions one can impose a chirality condition: spinors are required to have eigenvalue
±1 under the chirality operator

Γc = iD/2−1Γ01···D−1 , (3.2)

giving rise to Weyl spinors. In other cases it is possible to impose a reality condition, leading
to Majorana spinors. In addition it is possible that both these conditions can be imposed,
leading to Majorana-Weyl spinors. In table 3.1 we give the minimal spinors in different
dimensions and their number of componentsq, where minimal spinors have the smallest
number of components, i.e. all possible and mutually consistent conditions are imposed. A
more detailed account can be found in e.g. [65,66].

Dimension Spinors Components (q)

2 mod 8 Maj.-Weyl 2D/2−1

3,9 mod 8 Majorana 2(D−1)/2

4,8 mod 8 Majorana 2D/2

5,7 mod 8 Dirac 2(D+1)/2

6 mod 8 Weyl 2D/2

Table 3.1: The different minimal spinors in different space-time dimensions and their number
of components.

The parameter of supersymmetry is a spinor and thus the number of superchargesQ,
associated to supersymmetry generators, is always a multipleN of the dimension of the
irreducible representation:

Q = Nq . (3.3)

However, there is a bound on the number of supercharges [67]. For theories with global su-
persymmetry, thus not containing gravity, the bound is 16 supercharges. Theories with local
supersymmetry, therefore including gravity, can have up to 32 supercharges. Superalgebras

1We always refer to thereal dimension.
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with more than 32 supercharges will only have representations that include states of helicity
higher than two. When coupling these to other fields one breaks the associated gauge symme-
try, thus rendering the interaction inconsistent. For this reason these higher-spin theories are
usually discarded, although there are attempts to remedy the problems [68]. Theories with
exactly 32 supercharges are called maximal supergravities.

Dimension Supergravity (N )

11 1

10 1, IIA, IIB

7,8,9 1,2

6 1, iia, iib, 4

Table 3.2: Supergravity in different space-time dimensions, labelled by their number of su-
persymmetry generators.

Possible Supergravity Theories

When combining the bound on the number of supercharges with the dimension of the minimal
spinor in the different dimensions, we can survey the different possibilities forN in different
dimensions2, as summarised in table 3.2. One dramatic conclusion is that in dimensions
twelve or higher there are no supergravity theories3 since the dimension of the minimum
spinor is 64. ThusD = 11 is the tip of the pyramid of supergravities, where one can only
have maximal supergravity with 32 supercharges. This agrees strikingly with the discussion
of M-theory in section 2.3, which unifies all string theories in eleven dimensions and of which
11D supergravity is the low-energy description. We will discuss 11D supergravity in section
3.2.

In ten dimensions one can have eitherN = 1 or N = 2 supersymmetry, corresponding to
16 or 32 supercharges, respectively. Only the first of these cases does not necessarily contain
gravity. The second case contains two Majorana-Weyl spinors of certain chiralities and thus
allows for two different theories with spinors of either the opposite or the same chirality: type
IIA and IIB supergravity with(1, 1) or (2, 0) supersymmetry, respectively (in this notation
the first and second entries denote the number of supersymmetry generators with positive
and negative chirality, respectively). In fact,D = 10 is the only dimension which has two
inequivalent maximal supergravities; it is unique in all other dimensions. Again, this nicely

2We will always restrict ourselves toD > 2, since theories in two dimensions are special in many respects.
3At least with Lorentzian signature, as is our assumption here.
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dovetails with our string theory findings, where we found maximally supersymmetric IIA and
IIB string theory inD = 10. We will discuss IIA and IIB supergravity in subsection 3.2.

The next possibility for Weyl spinors occurs in six dimensions, where they have 8 com-
ponents. Of the maximal superalgebras withN = 4, only the(2, 2) case gives rise to a
supergravity theory; other choices contain states with higher helicity. When considering 16
supercharges, there are two choices: one finds(1, 1) and(2, 0) supersymmetry as well, lead-
ing to two distinctQ = 16 supergravities in six dimensions, labelled iia and iib. In all other
dimensions than six, the superalgebra withQ = 16 supercharges is unique.

We would like to make a few remarks about the explicit supergravity realisation of the
superalgebras. The supergravity fields form massless multiplets under supersymmetry, called
supermultiplets. These are usually christened after the field with the highest helicity. The
best-known example is the graviton multiplet, which includes the graviton (spin 2), the grav-
itino (spin 3/2) and fields with lower spin. All supergravity theories contain this multiplet.
Maximal supersymmetry only allows for this supermultiplet while a smaller amount of su-
persymmetry allows for other multiplets without gravity as well. Examples are the gravitino
and the vector multiplet with highest spins3/2 and1, respectively.

Name Symbol Spin On-shell d.o.f.

Graviton gµν 2 1
2 (D − 2)(D − 1)− 1

Gravitino ψµ 3/2 1
2 (D − 3) · q

Rank-d potential C
(d)
µ1···µd 1

(
D − 2

d

)

Dilatino λ 1/2 1
2 · q

Scalar φ or χ 0 1

Table 3.3: On-shell degrees of freedom of D-dimensional supergravity fields.

For supersymmetry to be a consistent symmetry, all supermultiplets must have an on-shell
matching of bosonic and fermionic degrees of freedom. The on-shell degrees of freedom are
multiplets of the little groupSO(D − 2) for massless fields and are given in table 3.3 for
generic supergravity fields4,5. Note that ad-form potentialC(d) carries the same amount
of degrees of freedom as ãd-form potential withd̃ = D − 2 − d. What corresponds to
an electric charge in one potential is a magnetic charge in its dual potential and vice versa.

4We distinguish between two types of scalars: dilatonsφ and axionsχ. Loosely speaking, the difference between
these is that axions only appear with a derivative whereas the dilatons also occur without it. A stricter definition of
this distinction will be discussed in section 3.3.

5In the cased = (D − 2)/2 one can impose a self-duality constraint on the(d + 1)-form field strength. The
potential would then give rise to half the degrees of freedom as listed in table 3.3.
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This equivalence between two potentials is called Hodge duality and is a generalisation of
the well-known electric-magnetic duality in 4D to higher ranksd andd̃ and dimensionD.

3.2 Maximal Supergravities in 11D and 10D

Supergravity in 11D

In eleven dimensions one has maximal supersymmetry. The superalgebra allows for the
inclusion of a rank-2 and a rank-5 gauge symmetry. As is always the case with maximal
supersymmetry, there is only one massless supermultiplet: the graviton multiplet, which we
already encountered in section 2.3. It consists of the on-shell degrees of freedom

D=11: (44 + 84)B + (128)F , (3.4)

which are multiplets ofSO(9). In 11D supergravity theory the graviton multiplet is usually
represented by the fields

D=11: {eµ
a, Cµνρ; ψµ} . (3.5)

These are the Vielbein, a three-form gauge potential and a Majorana gravitino, respectively.
The bosonic part of the corresponding Lagrangian [69] reads

L =
√−g[R− 1

2G ·G− 1
6 ? (G∧G∧C)] , (3.6)

whereG = dC. Note that it consists of the Einstein-Hilbert term, a kinetic term for the rank-
three potential and a Chern-Simons term. The latter only depends on the rank-three potential
and is independent of the metric; for this reason it is also called a topological term.

The 11D supergravity theory has anR+ symmetry which acts as

gµν → λ2gµν , Cµνρ → λ3Cµνρ , ψµ → λ1/2ψµ , (3.7)

with λ ∈ R+. Two remarks are in order here. The above symmetry acts covariantly on the
field equations (as all symmetries) but does not leave the Lagrangian invariant: it transforms
asL → λ9L. All terms in L scale with the same weight: for this reason it is called a
trombone symmetry [70]. Secondly, the covariant scaling ofL only holds at lowest order.
Higher-derivative corrections will scale with different weights and thus break the symmetry
(3.7) of the field equations.

The occurrence of trombone symmetries will be a generic feature in ungauged or massless
supergravities. The weights of the fields are always determined by a simple rule: for the
bosonic fields the weights equal the number of Lorentz indices while for the fermions it
is one-half less. The Lagrangian will scale asL → λD−2L under such symmetries. The
scaling of bosonic terms is easily understood from the two derivatives they contain. Thus this
symmetry is broken by terms with less (as in scalar potentials, to be encountered in chapter 5)
or more (as in higher-order corrections) than two derivatives.
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Minimal Supergravity in 10D

In 10D the minimal spinor is a 16-component Majorana-Weyl spinor. MinimalN = 1 super-
symmetry in 10D therefore has 16 supercharges. Its superalgebra allows for the inclusion of a
rank-one and a self-dual rank-five gauge symmetry. Being non-maximal supersymmetry, one
finds different supermultiplets [67], some of which we already encountered in section 2.2:

N=1:





vector: (8v)B + (8c)F ,

graviton: [8v + 8c]× 8v = (35v + 28 + 1)B + (56s + 8s)F ,

gravitino A: [8v + 8c]× 8s = (56v + 8v)B + (56s + 8s)F ,

gravitino B: [8v + 8c]× 8c = (35c + 28 + 1)B + (56s + 8s)F ,

(3.8)

Note that the little groupSO(8) has three 8-dimensional representations: one bosonic, the
vector8v, and two fermionic, spinors of opposite chirality8c and8s. This special property
of SO(8) is known as triality.

Due to the appearance of several supermultiplets, non-maximal supergravity is not unique.
It always contains the graviton multiplet, which can be coupled in various ways to vector mul-
tiplets, leading to e.g. a Yang-Mills sector. An example was encountered in section 2.2, where
the low-energy limit of the threeN = 1 string theories consisted of the graviton multiplet
plus 496 vector multiplets to obtain theSO(32) or E8 × E8 gauge groups [15].

IIA and IIB Supergravity

Turning to maximalN = 2 supersymmetry in 10D, one has two possibilities: one can choose
Majorana-Weyl spinors of either opposite or equal chirality, leading to the non-chiral IIA or
the chiral IIB supergravity theories with(1, 1) and(2, 0) supersymmetry, respectively. The
IIA superalgebra can be extended with gauge symmetries of rank 0,1,2,4 and 5, while IIB
allows for 1,1,3,5+,5+ and 5+, where all five-form gauge parameters 5+ are self-dual. In fact,
the IIB superalgebra has an additionalSO(2) R-symmetry, rotating the two supersymmetry
spinors of equal chirality. Under this R-symmetry, the central charges form doublets (for
rank 1 and 5+) and singlets (for rank 3 and 5+). We will discuss R-symmetries of lower-
dimensional superalgebras in section 3.3.

As always, maximal supersymmetry allows for only one massless multiplet, whose on-
shell degrees of freedom are given by

IIA: [8v + 8c]× [8v + 8s] = [(35v + 28 + 1)NS-NS+ (56v + 8v)R-R]B
+ [(56s + 8s)NS-R + (56c + 8c)R-NS]F ,

IIB: [8v + 8c]× [8v + 8c] = [(35v + 28 + 1)NS-NS+ (35c + 28 + 1)R-R]B
+ [(56s + 8s)NS-R + (56s + 8s)R-NS]F , (3.9)

Note that theseN = 2 supermultiplets are constructed from theN = 1 supermultiplets: both
N = 2 graviton multiplets consist of theN = 1 graviton and a gravitino multiplet. This is
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possible in 10D due to triality, which yieldsN = 1 graviton and gravitino multiplets of equal
size.

We will now consider the field-theoretic realisation of the graviton multiplet. The com-
mon bosonic subsector, which is called the NS-NS subsector, contains gravity, a rank-two
potential and a dilaton. The remaining bosonic part is called the Ramond-Ramond subsec-
tor and will only contain R-R rank-d potentials whered is odd in IIA and even in IIB. The
standard forms of the theories haved = 1, 3 for IIA and d = 0, 2, 4 for IIB:

IIA: {gµν , Bµν , φ, C(1)
µ , C(3)

µνρ; ψµ, λ} ,

IIB: {gµν , Bµν , φ, C(0), C(2)
µν , C(4)+

µνρσ;ψµ, λ} . (3.10)

In the IIA case the fermions are real and contain two minimal spinors of both chiralities, while
in the IIB case they are complex and contain two minimal spinors of the same chirality. The
field strength of the IIB rank-four potentialC(4)+ satisfies a self-duality constraint, halving
the number of degrees of freedom.

We would also like to present a special formulation of IIA and IIB supergravity which
emphasises the equivalence of dual R-R potentials, based on [71], and introduces an extra
feature of IIA supergravity. To this end we will enlarge the field content by including all odd
or even R-R potentials, thus allowing for the rangesd = 1, 3, 5, 7, 9 andd = 0, 2, 4, 6, 8. The
field contents of IIA and IIB supergravity read in the double formulation

IIA : {gµν , Bµν , φ, C(1)
µ , C(3)

µνρ, C
(5)
µ···ρ, C

(7)
µ···ρ;ψµ, λ} ,

IIB : {gµν , Bµν , φ, C(0), C(2)
µν , C

(4)
µ···ρ, C

(6)
µ···ρ, C

(8)
µ···ρ;ψµ, λ} . (3.11)

To get the correct number of degrees of freedom, one must by hand impose duality relations
between the field strengths of rank-d and rank-(8− d) potentials, which read [71]

G(d+1) = (−)[(d+1)/2] e(d−4)φ/2 ? G(9−d) , G(d+1) = dC(d) − dB∧C(d−2) . (3.12)

for vanishing fermions. The (bosonic part of the) field equations forC(d) can be derived from
the action [71]

L =
√−g[R− 1

2 (∂φ)2 − 1
2e−φH ·H −

∑

d

1
4e(4−d)φ/2G(d+1) ·G(d+1)] , (3.13)

subject to the duality relations (3.12). Due to these constraints, the above is called a pseudo-
action [72]. Note that the doubling of Ramond-Ramond potentials has two effects: the kinetic
terms have coefficients1/4 instead of the canonical1/2 and there are no explicit Chern-
Simons terms in the action.

We would like to make the following two remarks. Note that the duality constraint on the
five-form field strength of IIB can not be eliminated, in contrast to the other duality relations;
it is a constraint on one field strengthG(5) while the others relate two different field strengths
G(d+1) andG(9−d) for d 6= 4.
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Secondly, one can include a nine-form potentialC(9) in (3.11), which carries no degrees
of freedom (and thus is consistent with (3.9)) but is very natural from the point of view of
R-R equivalence [24]. The corresponding field strength trivially satisfies the Bianchi identity.
Its Hodge dual is a rank-zero field strength, which has no corresponding potential nor a field
equation. Its Bianchi identity implies it to be constant. Thus we have effectively introduced
a mass parameter in the theory, given by

G(0) = e−5φ/2 ? G(10) . (3.14)

The corresponding action is given by (3.13) withd = −1, 1, . . . , 9 [71] and the field strengths
[73]

G(d+1) = dC(d) − dB∧C(d−2) +
1

(d + 1)/2 !
G(0)B∧ . . . ∧B . (3.15)

Due to the equivalence of the different formulations, one should expect this mass parameter
to appear in the normal formulation as well. Indeed this deformation of massless to massive
IIA supergravity has been found [74], shortly after the inception of its massless counterpart
[75, 76]. In this chapter, we concentrate on the massless part and we will come back to
the massive deformations in sections 5.2 and 6.1. Also, we leave the formulation with R-R
equivalence here and return to the standard formulation (3.10).

The (bosonic part of the massless) IIA Lagrangian is given by

LIIA =
√−g[R− 1

2 (∂φ)2 − 1
2e−φH ·H −

∑

d=1,3

1
2e(4−d)φ/2G(d+1) ·G(d+1)+

− 1
2 ? (dC(3)∧dC(3)∧B)] , (3.16)

The IIA theory has twoR+ symmetries. The first is a symmetry of the Lagrangian (3.16) and
is given by

eφ → λeφ , Bµν → λ1/2Bµν , C(1)
µ → λ−3/4C(1)

µ , C(3)
µνρ → λ−1/4C(3)

µνρ , (3.17)

with λ ∈ R+ and other fields invariant. The other is the 10D analog of the 11D trombone
symmetry (3.7) with weights as explained below the 11D weights.

The (bosonic part of the) field equations for IIB supergravity [77,78] can be derived from
the Lagrangian

LIIB =
√−g[R− 1

2 (∂φ)2 − 1
2e−φH ·H −

∑

d=0,2,4

1
2e(4−d)φ/2G(d+1) ·G(d+1)+

+ 1
2 ? (C(4)∧dC(2)∧dB)] , (3.18)

which has to be supplemented6 with the self-duality relation (3.12) ford = 4 (for this reason it
is called a pseudo-action [72]). The IIB supergravity theory has a globalSL(2,R) symmetry

6An action without extra constraints can only be constructed when including auxiliary fields [79].
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[80]

τ → aτ + b

cτ + d
, Bi → (Ω−1)j

iBj , C(4) → C(4) , Ωi
j =

(
a b
c d

)
∈ SL(2,R) ,

ψµ →
(

c τ∗ + d

c τ + d

)1/4

ψµ , λ →
(

c τ∗ + d

c τ + d

)3/4

λ , ε →
(

c τ∗ + d

c τ + d

)1/4

ε , (3.19)

where we have defined the doubletBi = (−B, C(2)) and the complex scalarτ = χ + ie−φ

with the axionχ = C(0). In terms of the real and imaginary parts ofτ the action ofSL(2,R)
reads

eφ → (cχ + d)2eφ + c2e−φ , χ → ac + e2φ(aχ + b)(cχ + d)
c2 + e2φ(cχ + d)2

, (3.20)

Note that the scalars transform non-linearly. We will discuss a more covariant way to view
thisSL(2,R) symmetry in section 3.3. TheSL(2,R) symmetry of IIB supergravity is broken
to SL(2,Z) in IIB string theory, as we found in section 2.3. The element(a, b; c, d) =
(0, 1;−1, 0) corresponds to the transformationφ → −φ (for vanishing axion background),
which relates the strong and weak string coupling. For this reason this transformation is
called S-duality. In addition the IIB symmetry also has a trombone symmetry.

T-duality in Supergravity

In (2.19) we showed the decomposition of the on-shell 11DSO(9) into IIA SO(8) represen-
tations. This can also be done in terms of supergravity fields and amounts to dimensionally
reducing the 11D supergravity, a procedure which is being elaborated upon in section 4.1,
while only retaining the massless modes. These relations are given in (B.4). Indeed, the full
11D Lagrangian (3.6) and supersymmetry transformations (B.1) in this way give rise to the
IIA counterparts (3.16) and (B.5).

Similarly, we have seen in (2.18) that the decomposition of theSO(8) representations of
IIA and IIB underSO(7) coincides. At the supergravity level, the corresponding reduction
Ansätze for IIA and IIB supergravity are given in (B.9) and (B.14), respectively. These reduce
the IIA and IIB supersymmetry transformations and field equations to their 9D counterparts.
Also the IIA Lagrangian (3.16) can be reduced to the correct 9D action. The IIB case requires
a bit more discussion due to the self-duality constraint on the 5-form field strength. Upon
reduction it gives rise to a 4-form and a 5-form field strength and a duality relation between
the two. The latter can be used to eliminate either of the field strengths, which is usually
the 5-form. If properly treated the IIB pseudo-Lagrangian (3.18) can also be reduced to the
9D Lagrangian. In accordance with their accompanying string theories, the map between the
(dimensionally reduced) IIA and IIB supergravities is usually called T-duality.
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3.3 Scalar Cosets and Global Symmetries inD ≤ 9

We now turn to the remaining maximal supergravities inD ≤ 9. Being unique these can
all be obtained by dimensional reduction of any of the higher-dimensional theories, in the
same way that IIA supergravity can be obtained from 11 dimensions. Their construction is
rather straightforward and we will not consider it in great detail. One aspects deserves proper
discussion however: the scalar section and its transformation under the global symmetries of
the theory. See [81] for a clear discussion.

Scalar Cosets

The field content of anyD ≤ 9-dimensional maximal supergravity is easily obtained by
dimensional reduction; its bosonic subsector consisting of gauge potentials is given in table
3.4. The same holds for the Lagrangians and general formulae for maximal supergravity in
any dimension have been obtained [82]. The bosonic part generically reads

LD =
√−g[R− 1

2 (∂~φ)2 −
∑

d,i

1
2e~αi

d·~φG
(d+1)
i ·G(d+1)

i ] + LCS , (3.21)

where theG(d+1)
i are rank-(d+1) field strengths of gauge potentialsC

(d)
i with d = 0, . . . , 3.

The indexi denotes the differentd-form potentials; its range can be inferred from table 3.4.
The number of dilatons~φ always equals11 −D since all reduced dimensions will give rise
to one dilaton. The length of the vectors~αi

d will always be given by

~αi
d · ~αi

d = 4− 2d(D − d− 2)
D − 2

, (3.22)

in maximal supergravity.
Of special interest in this Lagrangian is the scalar sector, which we rewrite as

Lscalars=
√−g[− 1

2 (∂~φ)2 −
∑

i

1
2e~αi·~φG

(1)
i ·G(1)

i ] . (3.23)

whereG
(1)
i are the one-form field strengths of the axionsχi and where we have dropped the

subscript0 on the vectors~αi. The vectors~αi can be interpreted as positive root vectors of
a simple Lie algebra. In the Cartan-Weyl basis, the generators of this algebra are the Cartan
generators~H, the positive root generatorsE~αi and the negative root generatorsE−~αi with
commutation relations

[ ~H, ~H] = 0 , [ ~H,E~αi ] = ~αiE~αi , [E~αi , E~αj ] = N(~αi, ~αj)E~αi+~αj , (3.24)

and similarly for the negative root generators (replacing~αi → −~αi). The coefficients
N(~αi, ~αj) are constants (possibly zero) and characterise the algebra. We will now show
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that the scalar sector (3.23) is invariant under the action of the corresponding semi-simple
groupG.

To this end we construct a particular representative ofG, defined by7

L = exp(
∑

i

χiE~αi)exp(−~φ ~H/2) , (3.25)

with parameters~φ corresponding to the Cartan generators andχi to the positive root gener-
ators. This parameterises the cosetG/H with H the maximal compact subgroup ofG. The
groupH will turn out to be the R-symmetry group of the superalgebra. Upon acting with a
group elementg ∈ G from the left, the elementgL will generically no longer have the form
of theG/H representative (3.25), i.e. this can in general not be expressed as a transformation
~φ → ~φ′ andχi → χi′. However, one can employ the Isawa decomposition, which states that

L → gL = L′h , (3.26)

i.e. the resulting matrix can be decomposed asL′ of the form (3.25) and a remainderh ∈ H.
The latter will be dependent on~φ andχi in general. Due to the Isawa decomposition we have
defined a transformation

L(~φ, χi) → L′ = gL(~φ, χi)h−1 = L(~φ′, χi′) , (3.27)

consisting of a left-actingG element and a compensating right-actingH element. Note that
for globalG transformations, the action ofH will be local due to the field dependence via
~φ and χi. The H transformation is called compensating since it compensates for theG
transformation that does not preserve theG/H representative (3.25).

The relevance of the transformation properties ofL stems from the fact that the scalar
kinetic terms (3.23) can be written as

Lscalars=
√−g[ 14Tr(∂M∂M−1)] , (3.28)

where we have definedM = LLT . Note thatM does not see the compensatingH transfor-
mation: it transforms asM → gMgT under (3.27). Thus the scalar section is by construction
invariant under globalG transformations. It turns out that this group is a symmetry not only
of the scalar subsector but of the entire theory8, i.e. when also including the potentials of
higher rank and the fermions.

Let us take a step back and consider the significance of the compensating transforma-
tion H. We have shown that the scalar kinetic terms (3.23) are invariant under the global
symmetryG by constructing a particularG/H representativeL. EveryG transformation is
accompanied by a compensatingH transformation to keepL of the same form. This can be

7Other choices for this representative are related by field redefinitions.
8In many cases, however, the groupG is a symmetry of the equations of motion rather than the Lagrangian, since

it requires e.g. the dualisation of some gauge potentials.
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seen as the gauge fixed version (with gauge choice (3.25)) of a more covariant system with
globalG and localH symmetry. The covariant system has kinetic term (3.28) for arbitrary
L ∈ G. The extra degrees of freedom that are introduces inL are cancelled by the extra gauge
degrees of freedomL → Lh with h ∈ H local. This is a completely equivalent formulation
of the scalar sector with advantages due to its covariance.

Example: SL(2,R) Symmetry of IIB

To make matters more concrete let us discuss the scalar sector of IIB supergravity as an
example. From its Lagrangian one reads off that it has one dilaton and one axion with positive
root vectorα = 2. This corresponds to the simple Lie algebrasl(2) with generators (in the
fundamental representation)

H =
(

1 0
0 −1

)
, E+2 =

(
0 1
0 0

)
, E−2 =

(
0 0
1 0

)
, (3.29)

satisfying the algebra (3.24). Next we define theSL(2,R)/SO(2) representative

L = eχE+2e−φH/2 =
(

e−φ/2 eφ/2χ
0 eφ/2

)
. (3.30)

Any left-actingSL(2,R) transformation onL can be compensated by a right-acting field-
dependentSO(2) transformation. Indeed one can easily identify these in the explicitSL(2,R)
transformations (3.19) of IIB supergravity. The two-form potentials transform linearly under
G while the fermions only transform under the compensatingSO(2) transformations. With-
out gauge fixing theG transformations would read (omittingSL(2,R) indices)

L → g L h−1
SO(2) , B → (g−1)T B , C(4) → C(4) ,

ψµ → h
1/2
U(1)ψµ , λ → h

3/2
U(1)λ , ε → h

1/2
U(1)ε . (3.31)

whereg andh are given by

g =
(

a b
c d

)
∈ SL(2,R) , hSO(2) = exp

(
0 θ(x)

−θ(x) 0

)
, hU(1) = exp(iθ(x)) .

This clearly shows the two different symmetries that act independently in the covariant formu-
lation. The gauge fixing condition translates in the role ofH as compensating transformation
with

θ = −arccos

(
eφ(cχ + d)√

c2 + e2φ(cχ + d)2

)
. (3.32)

Indeed, the transformations (3.31) with constraint (3.32) reduce to the non-linear transforma-
tions (3.19).
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Global Symmetries of Maximal Supergravities

Having dealt with the simplest example inD = 10, we now turn to lower-dimensional scalar
cosets. In table 3.4 we give the groupsG andH that one encounters. The dimension of
the scalar cosetG/H equals the number of scalars; the number of axions is given by the
number of positive roots of the algebra corresponding toG while the number of dilatons
equals(11 − D) (one for every reduced dimension). In table 3.4 we also give the bosonic
potentials of higher rank and their transformation under theG groups. The potentials form
linear representations ofG while they are invariant underH. We do not give the fermionic
field content; see e.g. [66]. In contrast to the bosons, the fermions are invariant underG but
transform underH. One can check these statements in the example ofSL(2,R) symmetry
in IIB supergravity, see (3.19) and (3.31).

D G H Dim[G/H] d = 1 d = 2 d = 3 d = 4

11 1 1 − − − 1 −
IIA R+ 1 1 1 1 1 −
IIB SL(2,R) SO(2) 2 − 2 − 1+

9 SL(2,R)× R+ SO(2) 3 2 + 1 2 1 −
8 SL(3,R)×

×SL(2,R)
SO(3)×
×SO(2) 7 (3,2) (3,1) (1,2)+ −

7 SL(5,R) SO(5) 14 10 5 − −
6 SO(5, 5) SO(5)× SO(5) 25 16 10+ − −
5 E6(+6) USp(8) 42 27 − − −
4 E7(+7) SU(8) 70 56+ − − −

Table 3.4: The groupsG andH and thed-form gauge potentials as representations ofG of
maximal supergravity in6 ≤ D ≤ 11. The+ denotes self-dual representations: there are
duality constraints that halve the number of degrees of freedom. In all but the IIB case the
constraints can be eliminated at the cost of breaking manifestG covariance.

Note that the global symmetry groupG in D dimensions is often larger than theSL(11−
D,R) that is expected from the connection with eleven-dimensional supergravity (as will
be explained in section 4.2). For this reason, the groupG is known as a hidden symmetry
[83–85]. Another important feature in even dimensions is that they are only symmetries of
the equations of motion and not of the Lagrangian. For example, this can come about when
the symmetry transformation involves a Hodge dualisation of a gauge potential, which can
only be performed straightforwardly on the field equations and not on the Lagrangian. This
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is the origin of the self-dual representations in table 3.4.
A number of complications turn up inD ≤ 5, as can be inferred from table 3.4. First of

all, the exceptional groups of the A-D-E-classification (of simply-laced simple Lie algebras)
appear. Secondly, one needs to dualise potentials of higher rank to axions to realise the
symmetry groupG. Also theH groups are no longer orthogonal and one needs a generalised
notion of orthogonality. Some details can be found in [86].

The appearing symmetry groupsG can be represented by Dynkin diagrams. Here each
node represents a simple root (spanning the space of positive roots) and the number of lines
(zero, one, two or three) between two nodes corresponds to an angle of 90, 120, 135 or 150
degrees between the associated simple roots. In the algebras that we encounter all simple root
vectors have the same length (simply laced algebras) and angles of 120 degrees with respect
to each other. The Dynkin diagrams of maximal supergravity are distilled into figure 3.1.
Indeed, continuation toD < 6 brings one to the exceptional Lie algebras.
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Figure 3.1: The Dynkin diagrams of the symmetry groupsG of maximal supergravity in
different dimensions summarised in one picture. GivenD, the part to the left of the corre-
sponding split is relevant. The horizonal and vertical fillings correspond to the 11D and IIB
origin, respectively.

Note that the Dynkin diagram is very reminiscent of the possible maximal supergravities;
with a highest node in 11D, two possibilities in 10D and unique possibilities inD ≤ 9.
Indeed, one can view the symmetry groupG as coming from the higher-dimensional origin:
reduction over ad-torus gives rise to anSL(d,R) symmetry (as explained in section 4.2).
Thus, one can understand the horizontally filled nodes as coming from 11D while the vertical
fillings come from IIB. Together, these two subgroups generate the full duality groupG in
any dimensionD ≤ 9 [87].

As an amusing note we would like to mention that the same phenomenon occurs inQ =
16 supergravity. As discussed in section 3.1, these are unique in all dimensions but six,
where one encounters non-chiral iia and chiral iib, similar to IIA and IIB inD = 10. Again,
the existence of this extra supergravity in six dimensions gives rise to an extraSL(2,R)
symmetry in four dimensions.

However, despite many similarities, the above discussion does not directly carry over to
theories with less supersymmetry. For example, the global symmetry groupG is always max-
imally non-compact for the case of maximal supersymmetry. In less supersymmetric cases
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this is not necessarily true, in which case one should not exponentiate all Cartan generators
but only the non-compact ones. Some of these issues are discussed in [81].

3.4 Supergravity Solutions

Generic Brane Solutions

In the previous subsections we have seen that supergravity theories generically contain bosonic
fields of spin 0,1 and 2, corresponding to a scalar, a rank-d potential and the graviton. In this
subsection we will take a step back and discuss generic solutions to this system calledp-brane
solutions. These are generalisations of the extremal Reissner-Nordström charged black hole
to d 6= 1 (the rank of the gauge potential) andD 6= 4 (the dimension of space-time). These
will occur frequently as supersymmetric solutions of supergravities, as we will find below.
For reviews see e.g. [88,89].

The starting point is the D-dimensional toy model Lagrangian

L =
√−g[R− 1

2 (∂φ)2 − 1
2eaφG(d+1) ·G(d+1)] , (3.33)

with the rank-(d+1) field strengthG(d+1) = dC(d). It consists of an Einstein-Hilbert term, a
dilaton kinetic term and a kinetic term for a rank-d potential with arbitrary dilaton coupling,
parameterised bya. For future use we define the constants [90]

∆ = a2 +
2dd̃

D − 2
, d̃ = D − d− 2 . (3.34)

The constant∆ will play an important role in the characterisation of solutions. In particular,
in many supergravities it will be given by4/n with n a positive integer and the corresponding
p-brane solutions will preserve a fraction1/2n of the supersymmetry.

Due to the presence of the gauge potential, solutions to this system can carry electric and
magnetic charge, defined by

Qe =
∫

Sd̃+1
eaφ ? G(d+1) , Qm =

∫

Sd+1
G(d+1) . (3.35)

These are conserved due to the field equation ofC(d) and the Bianchi identity ofG(d+1),
respectively, and can be seen as generalisations of the Maxwell charges in 4D. Hodge duali-
sation interchanges the electric and magnetic charges since the dual field strengths are related
by (in analogy to (3.12))

eaφG(d+1) = ?G(d̃+1) , (3.36)

whereG(d̃+1) = dC(d̃). Under this dualisation the field equations forC(d) is transformed to
the Bianchi identity for the dual field strengthG(d̃+1) while the Bianchi identity forG(d+1)
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corresponds to the field equation for the dual potentialC(d̃). Also∆ is invariant under Hodge
dualisation since this interchangesd andd̃ and flips the sign ofa.

The system (3.33) allows for twop-brane solutions, wherep refers to the dimensionality
of the spatial extension of the brane, that carry one of the charges (3.35):

electricp-brane: p = d− 1 ,

magneticp-brane: p = d̃− 1 .

The dimension of the world-volume equalsp + 1 while the remainderD − p − 1 is the
dimension of the transverse space and is called the codimension.

We will discuss the electric and magneticp-brane solutions at the same time. To this end,
we split up the coordinates in the world-volumet, xi with i = 1, . . . , p and the transverse
spacexm with m = p + 1, . . . , D − 1. The metric and dilaton are given by

ds2 = H−4d̃/(∆(D−2))(−dt2 + dxi
2) + H4d/(∆(D−2))dxm

2 , eφ = H±2a/∆ , (3.37)

where the electric and magnetic solutions have a+ and a− sign, respectively. The corre-
sponding field strengths are given by9,10

G(d+1)
e =

2√
∆

dt∧dx1∧ · · · ∧dxp∧dH−1 , G(d+1)
m =

2√
∆

? (dt∧dx1∧ · · · ∧dxp∧dH) .

(3.38)

Thep-branes are characterised by the functionH(xm), which is given by (for the moment
we assumep < D − 3; we will discuss the other cases later)

H = c +
Q

rD−p−3
, (3.39)

with r = ‖xm‖. The integration constantsc andQ are taken both positive to avoid naked
singularities at finiter. All suchp-brane solutions haveISO(1, p)×SO(D−p−1) isometry.
For branes witha 6= 0 the constantc can be related to the asymptotic value ofφ via gs =
exp(φ)∞ = c±2a/∆.

Thep-brane solutions have a horizon atr = 0. Depending onD, p and∆ the horizon may
coincide with a singularity or it may be possible to find a geodetically complete extension of
the solution. We will not pursue the solution behind the horizon and will content ourselves
with the description of the0 < r < ∞ part of space-time, thus avoiding the possible necessity
for a source term. This part interpolates between two different vacua of the theory [91]: one

9We give only the so-called brane solutions with positive charge; anti-brane solutions carry negative charge and
have an extra− sign in (3.38).

10An additional possibility ford = D/2 − 1 is the dyonic brane carrying both electric and magnetic charge. In
such cases, both lines of (3.38) are valid, with an extra factor of1/2 on the right-hand sides.
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finds D-dimensional Minkowski space forr → ∞ and a metric which is conformal to a
product of Anti-de Sitter space11 and a higher-dimensional sphere:

ds2 = H2a2/(∆(D−p−3))(ds2(AdSp+2) + ds2(SD−p−2)) , (3.40)

for r → 0, which is called the near-horizon limit.
Thep-brane solutions carry mass and charge density. The ADM mass per unitp-brane

volume is given by

M =
4Q(D − p− 3)g−a/2

s ΩD−p−2√
∆

, (3.41)

whereΩD−p−2 is the volume of the unit(D − p − 2)-sphere that surrounds thep + 1-
dimensional world-volume. Computing the charge densities from (3.35), one finds that there
is an equality between the mass and (the absolute value of) the charge density:M = |Qe| for
the electric solution andM = |Qm| for the magnetic solution. In supergravity theories this
will generically lead to an amount of preserved supersymmetry.

There are several generalisations of the prime examples (3.37), (3.38) ofp-brane solu-
tions. For instance, one can replace the functionH = H(xm) by any solution to the Laplace
equation

¤H(xm) = ∂n∂nH(xm) = 0 , (3.42)

in (D − p− 1)-dimensional flat transverse space. Examples are

• the multi-centerp-brane solution with

H = c +
∑

i

Qi

‖xm − xm
i ‖D−p−3

, (3.43)

with all Qi positive to avoid naked singularities at finitexm. Its interpretation consists
of a number ofp-branes located atxm

i . Physically, this solution is possible since all
separatep-branes have equal mass and charge; for this reason their attractive force (due
to gravity and the scalar) cancels their repulsive force (due to the rank-d potential).

• the smearedp-brane solution withH = H(xm) a harmonic function in a subspace of
the full transverse space. An example is the following function forp < D − 4:

H = c +
Q

‖xm̃‖D−p−4
, (3.44)

wherem̃ = p+1, . . . , D−2, i.e. the harmonic function does not depend onxD−1. This
can be interpreted as the configuration of a smooth distribution ofp-brane in thexD−1-
direction. The smeared solutions will be very relevant later for the relation between the
different solutions.

11An exception is the casea2 = 2d̃2/(D − 2): in this case the radius of the Anti-de Sitter space-time becomes
infinite and the AdS-part reduces to (p+2)-dimensional Minkowski space-time [91,92].



44 Supergravity

These generalisations break part of the isometry group. However, since the mass and charge
of these solutions are still equal, they will preserve supersymmetry in a supergravity theory.

It is also possible to add mass to thep-brane solution without affecting its charge:Qe,m <
M . This generically breaks the supersymmetry and (part of the) isometry of the solutions. For
example, one can construct non-supersymmetric solutions with isometry groupR×ISO(p)×
SO(D − p − 1) [93, 94]. Such deformations are only possible for the single-center solution
(3.39) and not for its multi-center generalisation (3.43), as can physically be understood from
the inequality of mass and charge: the attractive and repulsive forces between different con-
stituents no longer cancel.

Branes with Little Transverse Space

Let us now discuss branes withp ≥ D − 3, starting with the case that saturates this bound.
Such branes are sometimes called vortex branes and have a two-dimensional transverse space.
The most symmetric harmonic function reads (withr = ‖xm‖)

H = c + Q log(r) , (3.45)

giving rise toISO(1, D − 3) × SO(2) isometry. The limitr → ∞ in this case does not
yield D-dimensional Minkowski but an asymptotically locally flat space-time; locally this is
Minkowski but a global difference occurs in the form of a deficit angle in the 2D transverse
space, stemming from the mass density of the(D−3)-brane solution. The other limit,r → 0,
is not well-defined since the harmonic function becomes negative at finiter, thus rendering
this solution valid only forr large enough. However, there are modifications of this solution
with the same large-r behaviour and a well-defined interior [95].

The next case concerns(D − 2)-branes which are usually referred to as domain walls.
Their transverse space is one-dimensional, on which the most general harmonic function
reads (wherey = xD−1)

H = c + Qy , (3.46)

where we takeQ positive. Note that a potential of rankD − 1, corresponding to an electric
domain wall, carries no degrees of freedom (see table 3.3). Its Hodge dual

G(0) = eaφ ? G(D) = 2Q/
√

∆ , (3.47)

is a constant zero-form field strength and can be interpreted as a mass parameter. We thus
find that mass parameters can support domain walls. A necessary condition for this is the
quadratic term in (3.33) withd = 0. Rather than a kinetic term it is called a scalar potential
(due to the coupling to the dilaton) and its form determines the possible properties of domain
wall solutions. We will encounter many examples of scalar potentials in gauged supergravi-
ties, see section 5.

Again, one might wonder if the domain wall solution interpolates between different
vacua. Due to the one-dimensional transverse space, the domain walls differ in this respect
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from the otherp-branes. One can always do a reparameterisation of the transverse coordi-
nate [96] to obtain the metric of either conformal Anti-de Sitter space-time or of conformal
Minkowski space-time. However, the domain wall as it stands is certainly not a globally
well-defined solution12: one finds that the harmonic function vanishes for finitey. To remedy
the resulting singularity, one has to patch solutions with different values for the mass param-
eters. This requires the presence of source terms, whose charge is related to the difference
between the values of the mass parameters on both sides of the domain wall. We will discuss
an example of such a source term in section 6.1.

Domain walls of the above type are usually called thin domain walls: the source term
corresponds to a object of infinitesimal thickness in the transverse direction. Such source
terms are always necessary with potentials of the form (3.33) withp = D − 2, which have
only one asymptotic minimum (withφ → ±∞). In contrast, potentials with more than
one (local) minima allow for solutions interpolating between two minima. Such smooth
configurations are called thick domain walls. We will mostly encounter the thin version in
this thesis, however.

Taking thep-brane classification one step further by consideringp = D − 1 brings us
to space-time-filling branes. All of space-time is world-volume and there is no transverse
space. Though not very interesting from a supergravity point of view there is an appreciation
of space-time filling branes in string theory [24,97].

Maximally Supersymmetric Solutions

In section 3.2 we have encountered different supergravity theories in eleven and ten dimen-
sions. In this subsection we will discuss solutions of these theories that preserve a fraction of
supersymmetry.

From the supersymmetry transformations one can deduce which solutions can preserve
supersymmetry. We will only consider bosonic solutions. For these to preserve supersymme-
try, the right-hand side of the supersymmetry transformations of the fermions must vanish.
These conditions are the Killing spinor equations. Here one distinguishes two possibilities:
either all terms in the variation of the fermions vanish separately, leading to maximally su-
persymmetric solutions, or there is a cancellation between non-zero terms. The latter case
will involve a condition on the supersymmetry parameterε due to the differentΓ-structures.
The supersymmetry parameter subject to this condition is called the Killing spinor. Since it
is constrained this will lead to solutions preserving only fractions of supersymmetry.

All maximally supersymmetric solutions to maximal supergravity in eleven and ten di-
mensions have been classified [98]. Minkowski space-time without field strengths is a max-
imally supersymmetric solution to 11D, IIA and IIB supergravity. In addition to this triv-
ial vacuum, there are so-called AdS× S and plane wave solutions that preserve all su-
persymmetry. The AdS× S metric consists of a product of a(d + 1)-dimensional Anti-

12Except for the casea = 0, in which the domain wall solution yields Anti-de Sitter space-time (without confor-
mal factor). Indeed, the scalar potential becomes a pure cosmological constant in this limit.
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de Sitter space-time and an(D − d − 1)-dimensional sphere, whose isometry group is
SO(1, d+1)×SO(D−d) (which is considerably larger than that of the brane solutions with
rank-(d+1) field strengths). In addition, there is a flux of the rank-(d+1) field strength though
the sphere. In eleven dimensions one has such solutions withd = 3 andd = 6 [99,100] while
IIB allows for thed = 4 case. The plane wave solution, found in 11D [101] and in IIB [102],
has the metric of a gravitational plane wave and a constant null flux of the rank-four and
self-dual rank-five field strength, respectively. Only recently has it been appreciated [103]
that the maximally supersymmetric plane wave is the Penrose limit [104, 105] of the AdS×
S solutions.

Half-supersymmetric Solutions

The solutions preserving half supersymmetry have also received a lot of attention. Here the
Killing spinor is subject to a projection:

1
2 (1±O)ε = ε , O2 = 1 . (3.48)

The possible projectors of 11D, IIA and IIB supergravity are given in table 3.5. Each the-
ory has a number ofp-brane solutions while they have the plane wave and Kaluza-Klein
monopole in common.

O 11D, IIA, IIB solution O 11D solution

Γ01 pp-wave Γ012 M2-brane

Γ1234 Kaluza-Klein monopole Γ12345 M5-brane

O IIA solution O IIB solution

Γ0Γ11 D0-brane iΓ01? D1-brane

Γ01Γ11 F1-brane Γ01? F1-brane

Γ012 D2-brane Γ01234? D3-brane

Γ12345 D4-brane iΓ1234? D5-brane

Γ1234Γ11 NS5-brane Γ1234? NS5-brane

Γ123Γ11 D6-brane iΓ12 D7-brane

Table 3.5: Possible projection operators of the supersymmetry transformations of 11D, IIA
and IIB supergravity and the corresponding half-supersymmetric solutions.

The branes of table 3.5 are labelled by their value ofp, which equalsd−1 for the electric
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solution andd̃ − 1 = D − d − 3 for the magnetic solution. Their metric, dilaton and field
strength are given in (3.37) and (3.38). In addition, their values ofa (the dilaton coupling to
the field strength kinetic term in the electric formulation) can be read off from (3.6), (3.16)
and (3.18):

• a = 0 for the M-branes [106,107],

• a = −1 for the F1-brane [108],

• a = 1
2 (3− p) for the D-branes [93],

• a = +1 for the NS5-brane [109].

From (3.34) it follows that these branes all have∆ = 4. Such branes preserve half of su-
persymmetry. Note thata vanishes for the M2-, M5- and D3-brane13. This has an important
consequence: their near-horizon limits (3.40) are of the formAdS4 × S7, AdS7 × S4 and
AdS5 × S5 (without conformal factor), respectively, which are maximally supersymmetric
vacua of 11D and IIB supergravity. Thus one finds isometry and supersymmetry enhancement
in the near-horizon limit for these branes.

We can now interpret the brane solutions of IIA and IIB supergravity in the context of
string theory. An important tool will be the dependence of the mass on the coupling constant
gs, which is given by14

M ∼ g−(2a+p+1)/4
s . (3.49)

The F1-solution corresponds to the fundamental string, which is charged with respect to the
NS-NS 2-formB. Its mass scales likegs

0. The Dp-brane solutions are interpreted as thep+1-
dimensional hyperplanes on which open strings can end [62], due to the Dirichlet boundary
condition (2.7) (see figure 2.1). These carry charge of the corresponding R-R potentialC(p+1)

and their masses scale as1/gs, which is in between fundamental and solitonic behaviour.
The microscopic understanding of D-branes in terms of open strings with Dirichlet boundary
conditions was one of the key insights that led to the second superstring revolution. Note that
the remaining brane solution, the NS5-brane, has a mass that scales like1/gs

2 and can thus
be considered truly solitonic.

In addition to the brane solutions one has so-called pp-wave solutions15. Its metric and
field strength read (in light-cone coordinatesx± = t± x1 andxm with m = 2, . . . , D − 1):

ds2 = 2dx+dx− + H(xm, x−)(dx−)2 + (dxm)2 , G(d+1) = dx−∧ξ(d) , (3.50)

13In fact, the D3-brane carries both electric and magnetic charge (it is dyonic), due to the self-duality condition
on its five-form field strength. For this reason, in contrast to all other branes, both lines of (3.38) are valid, but with
an extra factor of1/2 on the right-hand sides.

14The difference with (3.41) is due to the field redefinitiongµν → eφ/2gµν between Einstein and string frame.
15Herepp stands forplane fronted with parallel rays. The former refers to the planar nature of the wave fronts

while the latter denotes the existence of a covariantly constant null vector.
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whereH andξ(d) satisfy the requirements

¤H = − 1
4‖ξ(d)‖2 , dξ(d) = d ? ξ(d) = 0 , (3.51)

which are all defined on the transverse Euclidean space with coordinatesxm (for all x−).
The field strengthG(d+1) can be the four-form field strength of 11D or several field strengths
of IIA and IIB. This pp-wave solution generically preserves half supersymmetry (with the
projector as given in table 3.5) but special choices ofH andξ(d) give rise to more supersym-
metry [110–113]. For 11D and IIB one obtains maximal supersymmetry for the truncation to
the plane wave

11D:

{
ξ(3) = µdx2∧dx3∧dx4 ,

H(xm, x−) = − 1
9µ2((x2)2 + (x3)2 + (x4)2)− 1

36µ2((x5)2 + · · ·+ (x10)2) ,

IIB:

{
ξ(4) = µdx2∧dx3∧dx4∧dx5 + µdx6∧dx7∧dx8∧dx9 ,

H(xm, x−) = −4µ2((x2)2 + · · ·+ (x9)2) .
(3.52)

Another special case is the Brinkmann wave [114], a purely gravitational solution withξ(d) =
0. It is described in terms of one harmonic function, i.e. a function satisfying¤H = 0. There
is in general no supersymmetry enhancement for this case.

Another purely gravitational solution of 11D, IIA and IIB is provided by the Kaluza-Klein
monopole [115,116] (m = 1, 2, 3 andi = 5, . . . , D − 1):

ds2 = −dt2 + dx2
i + H−1(dx4 + Amdxm)2 + Hdx2

m , (3.53)

where the functionsH = H(xm) andAm = Am(xn) are subject to the condition

Fmn = 1
2 (∂mAn − ∂nAm) = εmnp∂pH . (3.54)

This metric is the product of a Minkowski space-time and the 4D Euclidean Taub-NUT space
with isometry directionx4. TheSO(3) isometric case is given by (wherer = ‖xm‖)

H = c +
Q

r
. (3.55)

This gives rise to a regular geometry if the isometry directionx4 is compact with period
4πQ [117]. Its near-horizon limitr → 0 gives rise to flat space-time and thus indeed gives
rise to both isometry and supersymmetry enhancement. In addition to theSO(3) isometric
case, one can take also take multi-centered solutions or smeared versions, as discussed in 3.4.
The Kaluza-Klein monopole also preserves half of supersymmetry for generic choices of the
harmonic function.



3.4 Supergravity Solutions 49

Relations between Half-Supersymmetric Solutions

The above solutions constitute all known maximally and half-supersymmetric solutions of
eleven- and ten-dimensional maximal supergravity. Since the theories in 10D and 11D are
related to each other upon dimensional reduction, as we found in section 3.2, one can also
relate their solutions. One provision is that the solution must have the correct isometry to
allow for this reduction. Reduction in a transverse direction is therefore only possible for
smeared solutions with harmonic functions that have an extra isometry. Reduction in a world-
volume direction is always possible. Thus, reduction of the two M-branes gives rise to four
different brane solutions of IIA supergravity. Similar remarks hold for the relations between
IIA and IIB solutions.

NS5

NS−NS:

R−R:

NS−NS:

R−R:

M2GW

GW

GW

D=10

D=11

NS5

M5

F1

F1 KK

KK

KK

IIB

IIA

D1 D5D3 D7

D0 D2 D4 D6

Figure 3.2: The web of half-supersymmetric solutions and their relations in D=10 and D=11
maximal supergravities. Solid lines correspond to dimensional reduction or T-duality, the
dashed lines correspond to S-duality. If an arrow ends with a head, the operation leads to the
maximally isometric solution; if not, one obtains a smeared version. Adapted from [97].

In figure 3.2 we show the relations between the different solutions that preserve half
of supersymmetry. Note that the solutions in the NS-NS sectors of IIA and IIB transform
into each other; the same holds for the D-branes16 of the R-R sectors. As for the pp-wave
solutions, we have only considered their purely gravitational limit (the gravitational wave)
since the solution is then expressible in terms of a harmonic function, which greatly simplifies

16Indeed, T-duality interchanges the Neumann and Dirichlet boundary conditions of section 2.1; for this reason it
also relates the different D-branes in string theory.
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the T-duality discussion.
Furthermore, solutions with less than 1/2 supersymmetry have been studied extensively.

For example, it has been known for long that 11D supergravity allows for solutions preserving
1/4 or 1/8 supersymmetry [107]. Only later these were understood as intersections of different
solutions preserving 1/2 supersymmetry [118]. A lot of intersections have been studied since,
see [119] for a review.



Chapter 4

Dimensional Reduction

In the previous chapters we have learned that the most promising candidates for quantum
gravity are M- and string theory. It is of interest to investigate which four-dimensional ef-
fective descriptions can be obtained from these ten- and eleven-dimensional theories. As
a first step, in this chapter we will discuss the techniques of extracting different effective
descriptions from a higher-dimensional field theory.

4.1 Introduction

Scalar Field and Kaluza-Klein States

Consider a complex scalar field1 φ̂ in D̂ dimensions, depending on the coordinatesxµ̂ =
(xµ, z). One can expand the dependence on one of the coordinates via the Fourier decompo-
sition:

φ̂(x, z) =
∫

dkeikzφk(x) , (4.1)

in terms of componentsφk with momentumk. If, in addition, thez direction is taken to be
compact of length2πR and we impose the boundary conditionφ̂(x, 0) = φ̂(x, 2πR), the
integral becomes the sum

φ̂(x, z) =
∑

n

einz/Rφn(x) , (4.2)

over a discrete spectrum of fieldsφn with momentumk = n/R in the compact direction.

1For our conventions concerning dimensional reduction, see appendix A.
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Suppose the complex scalarφ̂ is subject to the Klein-Gordon equation̂¤φ̂ = 0 where
¤̂ = ∂µ∂µ + ∂z∂

z. Upon inserting the Fourier transform in this equation, one obtains
separate equations for components with different momentum:

¤φk − k2φk = ¤φn − (n/R)2φn = 0 , (4.3)

where¤ = ∂µ∂µ. This is the equation for a scalar of (mass)2 k2 or (n/R)2. Thus a massless
scalar inD̂ dimensions splits up in an infinite number of scalar fields inD = D̂ − 1 dimen-
sions. In the context of dimensional reduction, these are called Kaluza-Klein states. Only
one of these (the componentφ0) is massless, while the other ones are massive. The spectrum
of Kaluza-Klein states is continuous for a non-compact internal direction and discrete forz
compact. The latter spectrum therefore has a mass gap, which is an important ingredient
when considering compactifications.

Consistency of Truncations

The fact that one obtains separate equations for the different Fourier components lies at the
heart of dimensional reduction. First one expresses a higher-dimensional field in an infinite
tower of lower-dimensional fields by expanding the dependence on the internal coordinates
into harmonics on the internal manifold. Next, one observes that one can consistently truncate
to a finite number of fields and set the rest of the spectrum equal to zero. Here, a consistent
truncation refers to the origin in the higher-dimensional theory: every lower-dimensional
solution should uplift to a higher-dimensional one.

Usually, one truncates to only the massless sector for the following reason. In dimensional
reduction the masses are inversely proportional to the size of the internal manifold (as can
be seen on dimensional grounds and in the example (4.3)). Since we live in an effectively
four-dimensional world, any internal directions must be very small. But this means that the
mass of states with non-zero momentum becomes very large. Therefore, these modes are too
massive to be physically interesting and are usually discarded. In the above example, this
would correspond to keeping onlyφ0 and truncating the other components.

Note however that one does not need to take a very small size of the internal manifold for
the massive modes to decouple; in many cases it is always a consistent truncation to retain
only the massless modes, irrespective of whether the internal manifold is small or large or
indeed, whether it is compact or non-compact. Again, the scalar field serves as an example:
the Klein-Gordon equation for̂φ splits up in many lower-dimensional equations, which are all
solved by¤φ0 = 0 andφk = 0 (in the non-compact case) orφn = 0 (in the compact case).
Thus any solution to the equation forφ0 will also solve the higher-dimensional Klein-Gordon
equation forφ̂.

Another important point is that the lower-dimensional degrees of freedom are not always
massless. In such cases, the Fourier expansion of a field over the internal manifold does not
comprise any massless fields. A consistent truncation then only keeps the lightest modes
of a field. The set of lower-dimensional fields then do not have the same mass: some may
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be massless (such as gravity and gauge vectors) while others are massive (such as scalars).
In the above discussion of consistent truncation, this corresponds to replacing massless with
lightest.

In the reduction procedures that we consider in this chapter, the number of degrees of
freedom is unchanged by the dimensional reduction: every higher-dimensional degree of
freedom corresponds, after the expansion and truncation, to one lower-dimensional degree
of freedom. These lower-dimensional fields fall in multiplets of the isometry group of the
internal manifold. In particular, when expanding a theory including gravity over a manifold
with isometry groupG, one expects non-Abelian gauge vectors ofG to be among the massless
lower-dimensional modes, see e.g. [120]. This will be an essential feature in sections 4.4 and
4.5.

Thus dimensional reduction consists of an expansion over an internal manifold and a
subsequent truncation to the lightest subsector. However, this is usually not what is done
in practice. Rather, a reduction Ansatz is constructed, relating higher-dimensional fields to
a set of lower-dimensional fields. This is the result of the expansion and truncation: the
lower-dimensional fields are the lightest modes of the expansion. Dimensional reduction
then consists of substituting the reduction Ansatz in the field equations or Lagrangian. In
many cases the reduction Ansatz contains a certain dependence on the internal coordinates.
To be able to interpret the resulting equations as a lower-dimensional theory, this dependence
should cancel at the end of the day. This requirement is equivalent to the consistency of
truncations to the finite number of lower-dimensional fields.

In this chapter we will consider toroidal and twisted reductions and reductions over group
and coset manifolds, all of which are consistent reductions. In the case of toroidal reduc-
tion, the reduction Ansatz is taken independent of the internal coordinateszm. Toroidal
reduction is therefore obviously consistent. The other three reductions require a certainzm-
dependence. For reductions with a twist and over a group manifold, the cancellation of the
internal coordinate dependence is guaranteed on group-theoretical grounds, as will be ex-
plained in sections 4.3 and 4.4. In the remaining reduction over a coset manifold this cancel-
lation is quite miraculous and poorly understood; it has been proven only in a small number
of cases, see section 4.5. Examples of reductions whose consistency (in the above sense) has
not been proven are Calabi-Yau compactifications2, which we will not consider.

4.2 Toroidal Reduction

In this section we will consider the reduction Ansätze for toroidal reduction of gravity, gauge
potentials and fermions. As indicated above, for reduction over a torus one does not include
dependence on the internal coordinates and thus its consistency is guaranteed. More infor-
mation can be found in e.g. [81].

2The metric of Calabi-Yau spaces are not known in full generality so explicit reduction Ansätze are not available.
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Gravity on a Circle

We will now consider the reduction of gravity in̂D dimensions over a circle toD = D̂ − 1
dimensions. To this end, the coordinates are split up according toxµ̂ = (xµ, z). We will use
the following choice for the decomposition of̂D-dimensional gravity intoD-dimensional
fields:

d̂s
2

= e2αφds2 + e2βφ(dz + Aµdxµ)2 , (4.4)

i.e. gravity decomposes into a lower-dimensional gravity plus a vectorAµ and a scalarφ. The
constantsα andβ are in principle arbitrary. This Ansatz gives rise to a lower-dimensional
theory with the Lagrangian

L =
√
−ĝR̂ =

√−g[R− 1
2 (∂φ)2 − 1

2 2!e
2(β−α)φF 2] , (4.5)

with F = dA. Here we have chosen the constants to the values

α2 =
1

2(D − 1)(D − 2)
, β = −(D − 2)α , (4.6)

to obtain the lower-dimensional Lagrangian in the conventional form (4.5), i.e. without dila-
ton coupling for the Ricci scalar and with the factor1

2 in the dilaton kinetic term. Note
that this a system of the form that was considered in section 3.4 on brane solutions3, with
parameter∆ as defined in (3.34) equal to4 for all dimensionsD.

The appearance of the Maxwell kinetic term was the reason for Kaluza [12] and Klein [13]
to consider such dimensional reductions: it seemed possible to unify gravity and electromag-
netism in 4D by the introduction of a fifth coordinate. Note however that there is also an
extra scalar, which can not be simply set equal to zero: this would be inconsistent with the
higher-dimensional field equations. Often these extra fields are called the Kaluza-Klein scalar
and vector. Also, the general procedure of obtaining a lower-dimensional description from
a higher-dimensional theory is sometimes called Kaluza-Klein theory. We will not use this
terminology, however, since we need to make a distinction between the different possibilities
within Kaluza-Klein theory.

One can understand the lower-dimensional symmetries of the Lagrangian (4.5) by consid-
ering its higher-dimensional origin. In particular, thêD-dimensional Einstein-Hilbert action
is invariant under general coordinate transformations

δxµ̂ = −ξ̂µ̂ , ⇒ δĝµ̂ν̂ = ξ̂ρ̂∂ρ̂ĝµ̂ν̂ + ĝρ̂ν̂∂µ̂ξ̂ρ̂ + ĝµ̂ρ̂∂ν̂ ξ̂ρ̂ . (4.7)

In general, such a transformation will not preserve the form of the reduction Ansatz (4.4),
i.e. the resulting metric will not be expressible as (4.4) with transformed fields. The Ansatz

3The corresponding electric and magnetic brane solutions will uplift to the gravitational wave and Kaluza-Klein
monopole inD̂ dimensions, respectively, as also seen in figure 3.2.



4.2 Toroidal Reduction 55

will only transform covariantly under transformations with specific parameters. Such Ansatz-
preserving transformations and their effect on the lower-dimensional fields are the following:

δxµ = −ξµ(x) , ⇒





δgµν = ξρ∂ρgµν + gρν∂µξρ + gµρ∂νξρ ,

δAµ = ξρ∂ρAµ + Aρ∂µξρ ,

δφ = ξρ∂ρφ ,

δz = −λ(x) , ⇒
{

δAµ = ∂µλ ,

δz = −cz , ⇒





δgµν = −2αcgµν/β ,

δAµ = −cAµ ,

δφ = c/β .

(4.8)

These can respectively be understood asD-dimensional general coordinate transformations,
U(1) gauge transformations and a global scale symmetry.

The latter can be integrated to give a finite, rather than infinitesimal, transformation. In
addition one has the higher-dimensional trombone symmetryĝµ̂ν̂ → λ2ĝµ̂ν̂ , which also re-
duces to a finite scale symmetry of the lower-dimensional theory. One can construct linear
combinations of these symmetries to obtain the following transformations

gµν → λ1
2gµν , Aµ → λ1Aµ , (4.9)

whereλ1 ∈ R+. This is the lower-dimensional trombone symmetry (with coefficients as
explained in section 3.2), which scales all terms in the Lagrangian with the same factor, and
is only a symmetry of the field equations. The other combination reads

Aµ → λ2
α−βAµ , eφ → λ2e

φ , (4.10)

also withλ2 ∈ R+. This corresponds to the only scale symmetry of the Lagrangian. Indeed,
this explains the twoR+ symmetries of IIA supergravity: they stem from combinations of
the 11D trombone symmetry and internal coordinate transformations.

Gravity on a Torus

The reduction of gravity over a torusTn can be seen as successive reductions overn circles.
The reduction Ansatz of̂D-dimensional gravity over ann-torus toD = D̂ − n dimensions
reads (with a coordinate splitxµ̂ = (xµ, zm) wherem = 1, . . . , n)

d̂s
2

= e2αφds2 + e2βφMmn(dzm + Am
µ dxµ)(dzn + An

µdxµ) . (4.11)

The lower-dimensional field strength is a generalisation of the result of a torus reduction:
in addition to gravity one findsn vectorsAm

µ , a dilatonφ and a scalar matrixMmn which
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parameterises a cosetSL(n,R)/SO(n) (see section 3.3 for scalar cosets). The latter corre-
sponds ton− 1 dilatons and12n(n− 1) axions. Again, one can obtain the lower-dimensional
Lagrangian by a reduction of the Einstein Hilbert term:

L =
√
−ĝR̂ =

√−g[R− 1
2 (∂φ)2 + 1

4Tr(∂M∂M−1)− 1
2 2!e

2(β−α)φMmnFmFn] ,
(4.12)

with Fm = dAm. The convenient values forα andβ now read

α2 =
n

2(D + n− 2)(D − 2)
, β = − (D − 2)α

n
, (4.13)

yielding the Lagrangian in the conventional form (4.12).
As in the reduction over the circle, one can wonder which general coordinate transfor-

mations (4.7) preserve the form of the reduction Ansatz and induce a lower-dimensional
transformation. For the torus reduction (4.11) these turn out to be

ξ̂µ = ξµ(x) , ξ̂m = λm(x) + Λm
nzn . (4.14)

These can respectively be understood asD-dimensional general coordinate transformations,
U(1)n gauge transformations and a globalGL(n,R) symmetry. As in the torus case, the
global transformations can be integrated to finite transformations, where it is convenient to
use a split intoSL(n,R) andR+. The former acts in the obvious way on theSL(n,R)
indices while the latter can again be combined with the reduced trombone symmetry to yield
the lower-dimensional trombone symmetry and the dilaton scale symmetry (formulae (4.9)
and (4.10) with an extram index forAµ). Thus, in comparison with the circle case, the new
features of then-torus reduction are then Abelian gauge symmetries and the globalSL(n,R)
symmetry.

Inclusion of Gauge Potentials

We will now consider the reduction of a gauge potential of rankd over a circle. The dynamics
of the higher-dimensional potential̂C(d), coupled to gravity and possibly a dilaton̂ϕ, is
determined by

L =
√
−ĝ[− 1

2 (∂ϕ̂)2 − 1
2eaϕ̂Ĝ(d+1) · Ĝ(d+1)] . (4.15)

with Ĝ(d+1) = dĈ(d), where we have included the dilaton kinetic term. The parametera
characterises the dilaton coupling. For gravity we will take the reduction Ansatz (4.4) while
the rest of the reduction Ansatz reads

Ĉ(d) = C(d) + (dz + A)∧C(d−1) , ϕ̂ = ϕ . (4.16)
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whereA is the Kaluza-Klein vector field of the gravity Ansatz (4.4). The resulting Lagrangian
is described by

L =
√−g[− 1

2 (∂ϕ)2 − 1
2eaϕ−2dαφG(d+1) ·G(d+1) − 1

2eaϕ+2(D−d−1)αφG(d) ·G(d)] ,
(4.17)

with field strengthsG(d+1) = dC(d) +F∧C(d−1) andG(d) = dC(d−1). Note that∆, defined
in (3.34), is preserved under the operation of dimensional reduction; the value associated to
Ĝ(d+1) is also found for bothG(d+1) andG(d):

∆ = a2 +
2d(D̂ − d− 2)

D̂ − 2
,

= a2 + (2dα)2 +
2d(D − d− 2)

D − 2
,

= a2 + (2(D − d− 1)α)2 +
2(d− 1)(D − d− 1)

D − 2
. (4.18)

Indeed, this corresponds to the statement from section 3.4 that the parameter∆ is invariant
under toroidal reduction.

The reduction of ad-form gauge potential over a circle can be performed a number of
times. This corresponds to the reduction over a torus. We will not discuss the explicit Ansatz
here since it follows from (4.16) but clearly there are general formulae for the reduction of
a gauge potential over a torus, similar to (4.11). However, it is useful to know the resulting
field content. From subsequent applications of (4.16) it can be seen that the reduction of a
d-form over ann-torus gives rise to an amount of

(
n

d− d̃

)
, where d− n ≤ d̃ ≤ d , (4.19)

forms of rankd̃. For example, reduction of a2-form over a2-torus gives rise to a2-form, two
vectors and a scalar.

Upon reduction over a torus, the gauge symmetryδĈ(d) = dλ̂(d−1) splits up in different
lower-dimensional gauge transformations, corresponding to the differentd̃-form potentials.
In the case of a circle, for example, the gauge transformations that act covariantly on the
lower-dimensional potentials are

λ̂(d−1) = λ(d−1) + (dz + A)∧λ(d−2) , (4.20)

whereA is the Kaluza-Klein vector. The gauge parametersλ(d−1) andλ(d−2) correspond to
the potentialsC(d) andC(d−1), respectively.

In addition, the higher-dimensional Lagrangian is of course invariant under the general
coordinate transformations (4.7). As in the case of gravity, the reduction Ansatz for gauge
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potentials over a torus is only covariant for the restricted transformations (4.14). The lower-
dimensional potentials transform in the usual way under the lower-dimensional coordinate
transformations and they can also be assigned a weight under the global scale symmetries.
Moreover, thed̃-form potentials, the number of which is given by (4.19), form linear repre-
sentations of the globalSL(n,R) symmetry.

Global Symmetry Enhancement

However, this is not the full story of gravity and gauge potentials on tori. It turns out that, in
special cases, one obtains a larger symmetry group than theSL(n,R) whose appearance was
guaranteed by the higher-dimensional coordinate transformations. An obvious example is
provided by the Lagrangian (4.5), which is the reduction of the Einstein-Hilbert action over a
circle. Reduction of (4.5) over ann-torus will lead to the global symmetrySL(n+1,R) rather
thanSL(n,R). In this case one can understand the symmetry enhancement by the higher-
dimensional origin of (4.5). However, there are also examples where such an explanation is
not available.

As an example, consider the bosonic string, whose low-energy limit was given in (2.11).
It consists of gravity, a dilaton and a rank-two gauge potential. After appropriate field re-
definitions, the action takes the canonical form (3.33) of the gravity-dilaton-potential system
of section 3.4, with a dilaton coupling corresponding to∆ = 4. Upon reduction over an
n-torus, it turns out that the global symmetry group is enhanced fromSL(n,R) to SO(n, n),
see e.g. [66]. In addition, the scalar coset is enhanced as well:

SL(n,R)
SO(n)

⇒ SO(n, n)
SO(n)× SO(n)

. (4.21)

For this to be possible, there is a conspiracy between the scalars coming from the metric
(giving rise to the smaller coset) and those coming from the two-form, together giving rise to
the larger coset.

Another example is provided by the reduction of (the bosonic sector of) eleven-dimensional
supergravity, whose symmetry groups are given in table 3.4. Again, the symmetry groups
and scalar cosets are larger than the naiveSL(n,R). In this case this requires a collaboration
between the scalars coming from the metric and those coming from the three-from gauge
potential. Although often appearing in the low-energy limits of string or M-theory, it should
be stressed that such symmetry enhancement is a miraculous phenomenon and strongly de-
pendent on the details of interactions.

Fermionic Sector

If one wants to dimensionally reduce a supergravity theory, clearly a recipe is required for
the fermionic sector. Since this is rather strongly dependent on the dimensions of the higher-
and lower-dimensional theories, we will not present explicit formulae but only discuss the
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conceptual aspects. In the explicit reduction of supergravities that we will perform later, such
explicit formulae are given while in this chapter however, we will mainly consider the bosonic
part. For more detail see e.g. [81,120].

The essential idea in fermionic dimensional reduction is to split up the spinors as a ten-
sor product of spinors in the lower-dimensional space and the internal space. For toroidal
reduction, the internal spinors are taken constant. Thus, the reduction Ansatz for a dilatino
sketchily reads

λ̂ =
∑

i

λi ⊗ ηi , (4.22)

whereλi are the lower-dimensional spinors andηi the internal spinors. The range ofi is equal
to the number of independent spin-1/2 components on the internal manifold and therefore
strongly depends on̂D−D. This range corresponds to the quotient of the degrees of freedom
of the minimal spinors in the higher- and lower-dimensional theory. For example, reducing
over a seven-torus, the32-component minimal spinor̂λ splits up in4-component minimal
spinorsλi and thereforei ranges from1 to 8. This corresponds for example to the reduction
of N = 1 supergravity in 11D toN = 8 supergravity in 4D over the seven-torus, which
indeed allows for eight constant internal spinors.

In the case of spin-3/2 fermions, i.e. if the fermions are carrying a space-time index as
well, the procedure is a combination of the bosonic and fermionic Ansätze. Both spinorial
and space-time indices are split up into the lower-dimensional ranges:

ψ̂µ =
∑

i

ψi
µ ⊗ ηi , ψ̂m =

∑

j

λj ⊗ ηj
m , (4.23)

whereηi andηj
m are constant fermions on the internal space of spin 1/2 and 3/2, respectively.

Thus the resulting fermions are the gravitiniψi
µ and the dilatiniλj .

We will indicate the changes in the fermionic Ansätze in the upcoming cases of twisted
reduction and reductions over group manifolds.

4.3 Reduction with a Twist

We will now discuss a generalisation of toroidal reduction, leading to a different lower-
dimensional description including e.g. a scalar potential. This generalisation is possible
whenever the higher-dimensional theory contains a global symmetry [38].

Boundary Conditions and Twisted Expansions

In section 4.1 we considered the expansion of a complex scalar field over an internal dimen-
sion under the assumption̂φ(x, 2πR) = φ̂(x, 0), i.e. a periodic boundary condition. One can
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also impose the generalised boundary condition

φ̂(x, 2πR) = e2πimRφ̂(x, 0) , (4.24)

for some constantm. We will call this the twisted boundary condition, giving rise to reduction
with a twist. It leads to the expansion

φ̂(x, z) =
∑

n

ei(m+n/R)zφn(x) , (4.25)

with a discrete spectrum of fieldsφn. Note that this twisted expansion is invariant under the
transformation

m → m + 1/R , φn → φn+1 . (4.26)

For this reason one can always take|m| ≤ 1
2/R without loss of generality. Substitution into

the Klein-Gordon equation yields

¤φn − (m + n/R)2φn = 0 . (4.27)

Again, the higher-dimensional equation decouples into separate equations for all components
φn of (mass)2 (m + n/R)2.

Again, we would like to truncate to the sector with the lowest mass; to which component
φn this corresponds to is determined by the parameterm. Adhering to the above convention
of taking |m| ≤ 1

2/R, the lowest sector corresponds to the componentφ0, as in the massless
case. Note however that the lower-dimensional description is different; the periodic boundary
condition gave rise to a massless scalar while the twisted boundary condition leads to a scalar
of (mass)2 m2. However, both reductions are consistent: the field equations forφn with
n 6= 0 are satisfied and, equivalently, the dependence on the internal coordinatez has dropped
out.

Note that one can takem = n/R, leaving the above convention, and truncate consistently
to the componentφ0. However, this does not correspond to the lightest mode. Indeed, due to
the above symmetry (4.26), this corresponds to a toroidal reduction with expansion (4.2) and
subsequent truncation to a heavier mode. The ambiguity in the lower-dimensional description
(i.e. a massless or massive scalar) stems from the possibility to consistently truncate the
Kaluza-Klein tower (4.2) in infinitely many ways.

Global Symmetries and Monodromy

One can extend the generalised boundary condition (4.24) forU(1) to other groups if the
theory is invariant under a global symmetry groupG. Consider a set of fieldŝφ, which we
take to be scalars for concreteness but the discussion can easily be extended to other fields.
The fieldsφ̂ are taken to transform linearly under a global transformation:φ̂ → gφ̂ with
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g ∈ G, where we suppress group indices. This allows us to impose a more general twisted
boundary condition:

φ̂(x, 2πR) = M(g)φ̂(x, 0) . (4.28)

Upon traversing the circle, the fields come back to themselves up to a symmetry transfor-
mation: this transformation is called the monodromy. This boundary condition leads to the
twisted reduction Ansatz (i.e. expansion and truncation to the lightest modes)

φ̂(x, z) = g(z)φ(x) , ⇒ M(g) = g(z = 2πR)g(z = 0)−1 , (4.29)

with an elementg(z) ∈ G which depends onz. This is the generalisation to arbitrary groups
G of theU(1) twisted Ansatz (4.25) withφn 6=0 = 0. For general groupsG, the elementg(z)
has to satisfy a consistency criterium: the combination

C = g(z)−1∂zg(z) . (4.30)

must be a constant, which is required by the cancellation of thez-coordinate in the lower-
dimensional field equations and thus ensures consistency of the truncation to the lightest
modesφ. Clearly, it can be solved by thez-dependence

g(z) = exp(Cz) , with M = exp(2πRC) . (4.31)

Thus the constantsC constitute an element of the Lie algebra ofG. It determines which
linear combination of the generators ofG is employed in the twisted reduction.

This reduction Ansatz brings one from the higher-dimensional massless Klein-Gordon
equations to lower-dimensional massive Klein-Gordon equations:

¤̂φ̂ = 0 ⇒ ¤φ + C2φ = 0 . (4.32)

For this reason, the matrixC is usually called the mass matrix. The eigenvalues ofC2 are
related to the (masses)2 of the fieldsφ: negative eigenvalues correspond to positive (masses)2

and vice versa. This depends on the compactness of the subgroups ofG generated byC.
Note that the symmetryG is generically broken upon twisted reduction: elements ofG

do not preserve the field equations but rather transform the mass matrix by

C → g−1Cg . (4.33)

Only transformations for which the two mass matricesC andg−1Cg are equal preserve the
lower-dimensional field equations. This is in general only met by group elements of the
form as employed in the twisted reduction, i.e. of the form exp(λC). Note thatG is always
preserved forC = 0, i.e. under toroidal reduction.

A special case consists of a mass matrixC 6= 0 that gives rise to a trivial monodromy
M = I. This is possible whenG contains a compact subgroup and is the equivalent of
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the choicem = 1/R considered in the previous subsection: it corresponds to an expansion
without twist (yielding trivial monodromy) which is truncated to a massive mode (giving rise
to the mass matrix), rather than the massless mode [121]. This situation will be encountered
in section 5.3.

In this toy example, the groupG plays a central role. IfG is not a symmetry of the
theory, the reduction will not be consistent: one will (generally) not find cancellation of all
z-dependence in the lower-dimensional field equations. Thus, the existence ofG allows for
the twisted reduction Ansatz, as was first recognised by Scherk and Schwarz4 [38].

Another important point is the fact thatG is only a global symmetry in the higher-
dimensional theory. It is impossible to perform twisted reductions of this kind with local
symmetries, as can easily be seen from our toy example. Suppose that the higher-dimensional
theory had a local symmetryG. Then the group elementg(z) in the reduction Ansatz
φ̂(x, z) = g(z)φ(x) can be brought to the left-hand side, where it acts onφ̂. But this is
just a symmetry transformation, which leaves the higher-dimensional theory invariant. Thus
the reduction Ansätzêφ(x, z) = φ(x) andφ̂(x, z) = g(z)φ(x) will give the same result, a
massless lower-dimensional theory, ifg ∈ G is a local symmetry acting on̂φ.

Gravity and Gaugings

We would like to apply our twisted reductions to supergravity in chapter 5. For this reason it
is imperative to include gravity, which will bring in a number of new features.

A useful subsector of supergravities to consider consists of only gravity and the scalars.
As in all maximal supergravities, the scalars parameterise a cosetG/H, denoted byM . Ex-
amples ofG andH are given in table 3.4. The Lagrangian reads

L̂ =
√
−ĝ[R̂ + 1

4Tr(∂M̂∂M̂−1)] . (4.34)

Toroidal reduction of this theory would correspond to the reduction Ansatz (in the case of a
circle)

d̂s
2

= e2αφds2 + e2βφ(dz + Aµdxµ)2 , M̂ = M , (4.35)

with the constantsα and β given in 4.6. However, this theory has a global symmetry5,
which acts asM → ΩMΩT with Ω ∈ G. Therefore it also allows for a twisted reduction,
parameterised by a mass matrixC of the Lie algebra ofG. The corresponding reduction
Ansatz reads

d̂s
2

= e2αφds2 + e2βφ(dz + Aµdxµ)2 , M̂ = U(z)MU(z)T , (4.36)

4Their motivation was the spontaneous breaking of supersymmetry.
5We restrict to symmetries of the action here. In the case of symmetries that scale the action, e.g. trombone

symmetries, there is a subtlety that is addressed in section 4.6.
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for an elementU(z) = exp(Cz) ∈ G. The resulting lower-dimensional Lagrangian is given
by

L =
√−g [R− 1

2 (∂φ)2 + 1
4Tr(DMDM−1)− 1

2 2!e
2(β−α)φF 2 − V ] , (4.37)

where we have defined

DM = dM + (CM + MCT )A , V = 1
2e2(α−β)φTr[C2 + CT M−1CM ] , (4.38)

whereDM andV are the scalar field strength and the scalar potential, respectively. These
contain the deformations in terms of the mass matrixC.

In the previous discussion we have found the fate of the symmetryG under twisted reduc-
tion. Only a one-dimensional subgroup (with generatorC) was preserved while the remaining
transformations were broken. When including gravity, it is interesting to consider the action
of the general coordinate transformations on the fields in the twisted reduction. Recall the
decomposition (4.14) of the higher-dimensional coordinate transformationsδxµ̂ = −ξ̂µ̂ into
lower-dimensional coordinate transformations, aU(1) gauge symmetry and a global symme-
try. The first of these transformations is unchanged, i.e. also the lower-dimensional theory
has diffeomorphism invariance. The latter two are modified due to the twist, however.

TheU(1) factor corresponds to the parameterξ̂z = λ(x). Note that the scalar reduction
Ansatz (4.36) is not invariant under this coordinate transformation:

M̂ = U(z)MU(z)T → M̂ = U(z − λ)MU(z − λ)T . (4.39)

UsingU(z) = exp(Cz) ∈ G, an internal coordinate transformation corresponds to the lower-
dimensional transformation

M → exp(−Cλ)Mexp(−CT λ) , Aµ → Aµ + ∂µλ . (4.40)

Indeed, the scalar field strength transforms covariantly under this local transformation. Thus
it turns out that the one-dimensional subgroup ofG generated byC is in fact gauged. This
means that the global parameter of this transformation is elevated to a local one. For this
reason we say that twisted reduction leads to a non-trivial gauging in the lower-dimensional
theory.

The remaining parameter of the higher-dimensional diffeomorphisms, the constantc in
the decomposition (4.14), acts as

M̂ = U(z)MU(z)T → M̂ = U(z − cz)MU(z − cz)T . (4.41)

However, unlike the localU(1) action (4.39), this can not be interpreted as a lower-dimensional
(i.e.z-independent) transformation onM . For this reason the extra scale symmetry is broken
by the mass parametersC. Another way to see this stems from the scale weight of the scalar
potential under the global symmetry with parameterc given in (4.14). It is easily seen that the
kinetic terms scale differently than the scalar potential, which therefore breaks this symmetry.
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In addition to the Ansätze for gravity and scalars presented in this section, one can con-
struct similar formulae for the twisted reduction of e.g. gauge potentials and fermions. The
guiding principle is the global symmetry: one modifies the toroidal Ansätze by inserting the
transformationU(z) in the appropriate places, while the consistency of such reductions is
guaranteed by the global symmetryG. We will perform twisted reductions of supergravities
in section 5.3.

Enhanced Gaugings

However, one feature of enlarged field contents is noteworthy. In special cases, the existence
of extra gauge potentials in twisted reduction gives rise to an enhancement of the gauging.
This means that, in addition to the gauging of the twisted symmetry, one finds other sym-
metries that have been elevated to local ones in the gauged theory. Clearly, for this to be
possible, one needs the global part of these symmetries to be present in the ungauged the-
ory. An additional requirement is the presence of the corresponding gauge vectors, which are
necessary to gauge the extra symmetries.

Rather than the most general possibility we will consider a specific example, which will
be important in section 5.3. In addition to gravity and the scalar cosetM̂mn of the previous
subsection, we include a gauge vectorV̂ . The twist symmetry that we employ scales this
gauge vector with a certain weightα, i.e. V̂ → ΩαV̂ with Ω ∈ R+. In addition, we have the
gauge transformationδV̂ = dλ̂.

As explained in the previous subsection, the transformation under the twist symmetry
determines the internal dependence of the reduction Ansatz, which therefore reads

V̂ = Uα(V + χ(dz + A)) , λ̂ = Uαλ (4.42)

whereV̂ splits up in a vectorV and an axionχ, while the vectorA comes from the metric. We
have also included the reduction Ansatz for the gauge parameterλ̂. The internal dependence
is inserted via theR+ group elementU = exp(mz).

Note that in the lower-dimensional theories there are two vectors: the Kaluza-Klein vector
A coming from the metric and the vectorV coming from the higher-dimensional vector. We
will call the gauge parametersλA andλV , respectively. Their action on the axionχ reads

δAχ = mλAχ , δV χ = mλV . (4.43)

Thus one mass parameter yields two independent local transformations: we find gauge sym-
metry enhancement. In fact, in this case the two gaugings are non-Abelian, since

[δA, δV ] = m2λAλV . (4.44)

These form the unique two-dimensional non-Abelian group, which we will denote byA(1).
Though a general proof on the appearance of enhanced gaugings is lacking, the above ex-

ample seems to be typical for this phenomenon. The generic rule, applicable throughout this
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thesis, is that any higher-dimensional gauge vector that transforms under the twist symmetry
will give rise to an extra gauging upon reduction. We will encounter different examples of
enhanced gaugings in section 5.3 and 5.4, including the two-dimensional groupA(1).

4.4 Reduction over a Group Manifold

In the previous section we have seen how twisted reduction employs the global symmetries
of the higher-dimensional theory. In this section we will focus on the global symmetries of
the internal space instead, leading to group manifolds as internal spaces. For this reason, the
corresponding reduction procedure is only possible for theories which include gravity.

Group Manifolds

A group manifoldG with coordinateszm consists of group elementsg = g(zm) ∈ G (omit-
ting group indices): points on the manifold correspond to elements of the group and the di-
mensionn of the manifold equals dim(G). Group multiplication, e.g.g → ΛLg or g → gΛR,
corresponds to a coordinate transformation. Both left and right multiplications correspond to
transitively acting coordinate transformations6 due to the group structure.

However, these coordinate transformations are not necessarily isometries of the metric.
To ensure that left multiplication gives rise to an isometry of the metric, we make the choice

ds2
G = gmnσmσn , Tmσm = g−1dg , (4.45)

with gmn arbitrary,Tm generators andg = g(zm) elements of the groupG. The combina-
tionsσm are called the Maurer-Cartan one-forms and can be written asσm = Um

ndzn with
Um

n = Um
n(zp). Since left multiplicationg → ΛLg leavesσm invariant it is an isometry

of the metric, which is therefore called the left-invariant metric. Note that the group mani-
fold with metric (4.45) is homogeneous7 for all values ofgmn due to the transitively acting
isometries of left multiplication. These isometries are generated by the Killing vectorsLn,
which by definition satisfy the Maurer-Cartan equations

[Lm, Ln] = fmn
pLp , (4.46)

where thefmn
p are given by

fmn
p = −2(U−1)r

m(U−1)s
n ∂[rU

p
s] . (4.47)

Due to Lie’s second theorem, these are always independent ofzm and indeed are the structure
constants of the groupG. Thus a group manifold with metric (4.45) hasn transitively acting

6Coordinate transformations are said to act transitively if they relate all points on the manifold.
7We call a manifold homogeneous if its metric allows for transitively acting isometries.
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isometries that span the groupG. Explicit examples of such Killing vectors are given in
section 5.4.

With the choice of metric (4.45), right multiplication does not give rise to an isometry for
generalgmn: the transformationg → gΛR is an isometry of the metric (4.45) if and only if
gmn is given by the Cartan-Killing metric of the groupG. Such a particular metric is referred
to as the bi-invariant metric since its isometry group isGL ×GR.

Gravity on a Group Manifold

To see how such group manifolds arise in reductions, we start out with the Ansatz for toroidal
reduction

d̂s
2

= e2αφds2 + e2βφMmn(dzm + Am
µ dxµ)(dzn + An

µdxµ) , (4.48)

with α andβ given in (4.13). As noted before, this reduction Ansatz transforms covariantly
under general coordinate transformations of the special form

ξ̂µ = ξµ(x) , ξ̂m = λm(x) + Λm
nzn . (4.49)

The latter term corresponds toGL(n,R) transformations on the internal coordinateszm.
These will reduce to global symmetries of the lower-dimensional theory.

As is the case of global symmetries of the higher-dimensional theories, these internal
transformations can also be used for a generalised reduction procedure [39]. In complete
analogy to the twisted reduction, one can take the toroidal reduction Ansatz and perform a
GL(n,R) transformation on the lower-dimensional fields, whose parameter we callU . If
this is a constant parameter, the lower-dimensional theory is clearly unchanged due to its
global symmetry. However, we allow for a certain internal coordinate dependence of the
transformation parameter:Um

n = Um
n(zp). Thus, for reduction of gravity, the Ansatz can

be obtained by applyingUm
n transformations on all fields in the toroidal Ansatz (4.48) and

reads

d̂s
2

= e2αφds2 + e2βφUm
pU

q
nMpq(dzm + (U−1)m

rA
r
µdxµ)(dzn + (U−1)n

sA
s
µdxµ) ,

= e2αφds2 + e2βφMmn(σm + Am
µ dxµ)(σn + An

µdxµ) , (4.50)

with σm = Um
ndzn. Thus the internal part of this metric, given by

ds2
G = e2βφMmnσmσn , (4.51)

corresponds to the left-invariant metric of a group manifold. Therefore this reduction proce-
dure corresponds to the reduction over a group manifoldG, where one uses the left-invariant
metric on the group manifold [39,122,123].

Upon reduction of the Einstein-Hilbert term, theGL(n,R) transformation will cancel in
many places, due to the fact that it is a global symmetry of the lower-dimensional theory.
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Only when the parametersUm
n run into internal derivatives, the cancellation of such terms

is no longer guaranteed. However, it turns out that the only combination ofUm
n’s that

survives upon reduction is exactly the combinationfmn
p of (4.47). Therefore, to obtain a

lower-dimensional theory withoutzm dependence, one has to require that the combinations
fmn

p arezm independent. As we have seen in the previous subsection, this is guaranteed if
one takes the internal dependence ofUm

n such that

TmUm
ndzn = g−1dg , (4.52)

for group elementsg = g(zm).
Explicitly, the lower-dimensional result of the reduction of the higher-dimensional action

with Einstein-Hilbert term is given by8

L =
√−g

[
R + 1

4Tr(DMDM−1)− 1
2 (∂φ)2 − 1

4e2(α−β)φFmMmnFn − V
]
, (4.53)

where the field strengths are given by

Fm = 2∂Am − fnp
mAnAp , DMmn = ∂Mmn + 2fq(m

pAqMn)p . (4.54)

In addition, one has a scalar potential

V = 1
4e2(β−α)φ [2Mnqfmn

pfpq
m +MmqMnrMpsfmn

pfqr
s] . (4.55)

Thus we find two differences when compared with toroidal reduction: the modification of
field strengths and the appearance of a scalar potential. These deformations of the massless
theory are linear and quadratic in the structure constants, respectively.

Gaugings from Group Manifolds

Again, it is natural to wonder about the lower-dimensional symmetries. The higher-dimensional
coordinate transformations that act covariantly on the reduction Ansatz are

ξ̂µ = ξµ(x) , ξ̂m = Um
nλn(x) , (4.56)

consisting of lower-dimensional coordinate transformations with parameterξµ(x) and gauge
transformations with parameterλn(x). The effect of the latter on the lower-dimensional fields
is given by

δAm
µ = ∂µλm + fnp

mλnAp
µ , δMmn = fmp

qλpMqn + fnp
qλpMmq , (4.57)

while the metric is invariant. These are non-Abelian gauge transformations with gauge vec-
torsAm

µ and structure constantsfmn
p.

8Here we restrict to unimodular groups, having structure constants with vanishing trace:fmn
n = 0. For non-

unimodular groups there is a number of complications which will be addressed in section 4.6.
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As in the twisted reduction, the global symmetry employed in the reduction is generi-
cally broken for the larger part. In the group manifold case, this symmetry isGL(n,R) and
comes from the internal coordinate transformations withξ̂m = Λm

nzn. In the gauged the-
ory, theGL(n,R) is in general no longer a symmetry since it does not preserve the structure
constants. The unbroken part is exactly given by the automorphism group of the structure
constants, i.e. the transformations satisfying

fmn
p = Λm

qΛn
r(Λ−1)s

pfqr
s . (4.58)

Of course it always includes the gauge group, which is embedded in the global symmetry
groupGL(n,R) via

Λn
m = eλkfkn

m

, (4.59)

whereλk are the local parameters of the gauge transformations. However, the full automor-
phism group can be bigger; for instance, its dimension isn2 in case offmn

p = 0. Of course
this amounts to the fact that the ungauged theory has aGL(n,R) symmetry. All other cases
have Dim(Aut)< n2 and thus break theGL(n,R) symmetry to some extent.

Thus reduction over a group manifold leads to a gauging, where the adjoint representation
of the gauge group is embedded in the fundamental representation of the global symmetry
group (4.59). Therefore, reduction over a torusTn leads to a theory without gauging, since
the adjoint ofU(1)n is trivial; we call this an ungauged theory. In contrast, gauge groups with
non-trivial adjoints lead to the gauging of a number of global symmetries; these are called
gauged theories.

Although we have only discussed gravity on a group manifold in this section, the same
reasoning can be applied to other fields, as was already done in [39]. The behaviour under the
internal transformations (4.49) determines the reduction Ansatz and guarantees consistency
of the reduction. In section 5.4 we will apply group manifold reductions toD = 11 maximal
supergravity.

Consistency of Reduction over Group Manifolds

The consistency of this procedures is guaranteed by group-theoretical arguments: there is
always an internal dependence such that only the structure constants appear in the lower-
dimensional theory. An equivalent statement is that the Kaluza-Klein tower of fields, stem-
ming from the expansion over the group manifold, is truncated to fields that are singlets under
GL. Since singlets can never generate non-singlets, this guarantees that the field equations for
the non-singlets are automatically satisfied. In other words, the consistency of this reduction
can be understood from the presence of the transitively acting isometries ofGL, over which
one can reduce.

The metric (4.50) includes deformations from the bi-invariant metric, which are parame-
terised by the lower-dimensional fields. Since the metric always retains a set of transitively
acting isometries, these are called homogeneous deformations and reduce the isometry group
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from GL × GR to GL × HR whereHR ⊂ GR. In the literature, such deformations are
referred to as squashings of the maximally symmetric metric [120].

Another result from group theory is that the matrixUm
n, parameterising the dependence

on the internal coordinates, can be taken independent of a set of coordinates that correspond to
commuting isometries. Clearly, an extreme case is the torus, having all isometries commuting
and indeed allowing for a constantUm

n. The opposite extreme has no two isometries that
commute, in which caseUm

n depends on all but one internal coordinates.

Twisted vs. Group Manifold Reductions

Having treated both twisted and group manifold reductions, we would like to comment on
some similarities and differences.

An important common feature of the two reduction schemes is the reliance on global
symmetries in the reduction Ansatz. The twisted reduction employs a global symmetry of
the higher-dimensional theory while group manifold reduction makes use of the global sym-
metries of the internal manifold. Due to these global symmetries, one can introduce a cer-
tain dependence on the internal coordinate viaU(zp), which will either cancel or appear
in the specific combinationsCm

n or fmn
p defined in (4.30) and (4.47). Thus, to interpret

the emerging equations as lower-dimensional, one has to require these combinations to be
z-independent. ForCm

n this implies that it is the Lie algebra element corresponding to the
twisted reduction while thefmn

p’s are interpreted as the structure constants of the isometry
group of the internal manifold.

This brings us to an equally important difference: due to the different dependences on
the internal coordinates, the resulting deformations will be different as well. In the twisted
case, the mass matrixCm

n induces a gauging which is always one-dimensional and therefore
Abelian (in the generic cases without enhanced gaugings). On the contrary, the structure
constantsfmn

p necessarily involve non-Abelian gaugings. Both gaugings induce a scalar
potential.

However, in certain cases there is a relation between the two reduction schemes. Consider
reduction over group manifolds withn− 1 commuting isometries: these can be split up in a
toroidal reduction overn− 1 dimensions followed by a twisted reduction over the remaining
dimension. In this scenario, the twist symmetry is a subgroup of theGL(n − 1,R) global
symmetry obtained from the toroidal reduction of gravity. Thus, a twisted reduction with a
symmetry that has a higher-dimensional origin can also be interpreted as a group manifold
reduction. Indeed, in such cases one must encounter the phenomenon of gauging enhance-
ment, as discussed in section 4.3: the twisted reduction must lead to a non-Abelian gauging.
In this example, the extra gauge vectors, transforming under the twist symmetry, are provided
by the reduction of gravity over theTn−1. Explicit cases will be discussed in sections 5.3
and 5.4.
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4.5 Reduction over a Coset Manifold

We turn to the most complicated reduction procedure that we will discuss, reduction over
a coset manifold. Unlike the preceding reductions, its consistency is not secured by group-
theoretical arguments and has been proven only in very special cases.

Coset Manifolds

A coset manifold is defined as follows. Consider a group manifoldG with group elements
g ∈ G. A subgroup ofG, denoted byH, can be used to construct a coset manifold by
identifying group elements that are related by a right-acting transformation of an element of
H:

g ∼= gh , ∀g ∈ G , ∀h ∈ H ⊂ G . (4.60)

The corresponding coset manifold is denoted byG/H. Its dimensionn is equal to dim[G]−
dim[H].

Remember that a group manifold has coordinate transformations corresponding to left-
and right-acting group multiplication. Indeed, the bi-invariant metric has isometry group
GL × GR. For coset manifolds, only the left-acting group multiplication corresponds to
coordinate transformations, while right-acting multiplication takes one outside of the coset
manifold:

g → gΛR � ghΛR ← gh , (4.61)

sinceΛ−1
R hΛR is not an element ofH in general. Therefore, the most symmetric metric

on a coset manifoldG/H will have isometry groupG (omitting the subscript) rather than
GL × GR. This metric is usually called the round metric. The subgroupH is known as the
isotropy group.

An important example of a coset manifold is the sphereSn, which has isometry group
G = SO(n + 1) and isotropy groupH = SO(n). Indeed, for every point on the sphere,
one can performSO(n) rotations that leave this point invariant. This corresponds to the
identification (4.60).

Coset Reductions

The maximal isometry group of a coset manifoldG/H is G. However, for generic metrics,
the coset manifold has no isometries at all. Therefore, the deformations from the maximally
symmetric metric are called inhomogeneous: they break all isometries and thus also homo-
geneïty. The lower-dimensional fields parameterise these deformations and fall in multiplets
of the maximal isometry groupG. In particular, one expects massless gauge vectors corre-
sponding toG.
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The lack of isometries is an important issue in reductions over coset manifolds. Due to
this feature, reduction over a coset is a highly non-trivial procedure whose consistency is not
guaranteed by group-theoretical arguments. Only in very special cases the consistency has
been proven, though not at all understood. Most of these cases are concerned with spheres
Sn, resulting in masslessSO(n+1) gauge vectors upon reduction. A necessary requirement
for this to be possible is the presence of1

2n(n + 1) gauge vectors in the lower dimensions.
In addition, which is the condition we will focus on, the ungauged theory must have a global
symmetry that containsSO(n + 1). This rules out coset reductions of pure gravity: we have
seen in section 4.2 that reduction of gravity overTn leads to anSL(n,R) global symmetry
group, which does not containSO(n + 1) and therefore does not allow for such a gauge
group.

Extending gravity with gauge fields and scalars, the situation looks more promising. We
already encountered examples of such global symmetry enhancement in section 4.2. Indeed,
as we will discuss, these all allow for coset reductions. We will consider gravity, a dilatonφ
and ann-form field strengthG(n) = dC(n−1) whose coupling to the dilaton is parameterised
by the constanta. Its Lagrangian reads

L =
√−g[R− 1

2 (∂φ)2 − 1
2eaφG(n) ·G(n)] , (4.62)

which is identical to the system giving rise to the brane solutions of section 3.4 withn =
d + 1. Note that the dilaton decouples fora = 0 and can be consistently truncated away.
Due to Hodge duality, the field strengthsG(n) andG(D−n) are equivalent and therefore we
restrict ton ≤ 1

2D. It turns out [124] that reduction of this system overTn gives rise to an
SL(n + 1,R) global symmetry (rather than just theSL(n,R) that follows from gravity) if
the dilaton coupling is given by

a2 =
8− 2(n− 3)(D − n− 3)

D − 2
, (4.63)

corresponding to the value∆ = 4. This is only a necessary and (in general) not a sufficient
condition. The following cases do allow for coset reductions:

• n = 1: This is clearly not the most interesting of all cases since the manifoldS1 ∼
SO(2)/SO(1) is not a coset sinceSO(1) is trivial. A related point is that the neces-
sarySL(2,R) symmetry is already present in the higher-dimensional system (4.62).
Therefore, in the discussion of coset reductions, we will not consider this case.

• n = 2: In this case the system (4.62) can be exactly obtained from the reduction
of pure gravity over a circle (4.4). This higher-dimensional origin clearly explains
the appearance of theSL(3,R) symmetry rather thanSL(2,R), as noted in section
4.2. The consistent reduction of this system overS2 has been proven in [124]. An
equivalent way to view this coset reduction of the Einstein-Maxwell-dilaton system is
to perform anSO(3) group manifold reduction on the higher-dimensional gravity [34].
We will encounter an example of this in section 5.4.
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• n = 3: This is exactly the effective action of the bosonic string inD dimensions,
encountered in section 2.1 (after field redefinitions). Indeed, the reduction of this ef-
fective action on ann-torus gives a global symmetry groupSO(n, n), as discussed in
section 4.2. The casen = 3 then corresponds toSO(3, 3) ∼ SL(4,R), which allows
for a gauging ofSO(4). The consistency of the correspondingS3 coset reduction was
proven in [124].

• n = 4: Reality ofa impliesD ≤ 11. Let us first considerD = 11, in which casea
vanishes. It has been proven that the reduction of the system (4.62) is inconsistent: one
needs an extra interaction term, which is called a Chern-Simons term and which is ex-
actly present in (the bosonic sector of) 11D supergravity, see (3.6). The corresponding
reduction Ansätze onS4 [125, 126] andS7 [127] have been proven to be consistent.
Indeed, maximal supergravity inD = 7 andD = 4 include global symmetry groups
SL(5,R) andSL(8,R). Other cases withD < 11 anda 6= 0 correspond to toroidal
reduction of 11D supergravity toD dimensions, followed by the coset reductions.

• n = 5: Reality of a implies D ≤ 10. Again, in the limiting caseD = 10 one
finds a vanishing dilaton couplinga. Reduction of the system (4.62) is not consistent,
however: one needs to impose a self-duality constraint on the five-form field strength.
The corresponding reduction Ansatz has been constructed in [128]. Note that one
again encounters a (bosonic subsector of) supergravity, in this case IIB supergravity9.
Indeed, 5D maximal supergravity includes a global symmetry groupSL(6,R). Lower-
dimensional cases witha 6= 0 are obtainable by toroidal reduction of the prime example
in D = 10.

This concludes all possible sphere reductions. Cases withn > 5 and reala are all related to
any of the above cases by Hodge duality.

Of these coset reductions, the first case withn = 2 is readily understood from its higher-
dimensional origin. Indeed, one can always split up a reduction over the groupG into a
reduction over the subgroupH ⊂ G followed by a coset reductionG/H [129]. Clearly, the
consistency of such a coset reduction is implied by its higher-dimensional origin. The above
example corresponds toG = SO(3) andH = SO(2).

The next case, which hasn = 3, allows for a reduction over the coset manifoldS3 =
SO(4)/SO(3), leading to anSO(4) gauge group, of which three corresponding vectors
are provided by the metric while the remaining three are provided by the three-form field
strength. This can be contrasted to the reduction of the same theory over the group mani-
fold SO(3). As discussed in section 4.4, this gives rise to the gauge groupSO(3) of which
the vectors are provided by the metric only. The peculiar feature in this case is that the
group and coset manifolds coincide for the maximally symmetric case, having isometries
SO(4) ∼ SO(3)×SO(3). The two reduction schemes differ in the deformations that are in-
cluded in the reduction Ansätze. In the group manifold these only parameterise homogeneous

9However, the consistency of theS5 reduction of the full IIB supergravity has not been proven so far.
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deformations, keeping a transitively actingSO(3) group of isometries. In contrast, the coset
manifold reduction includes also inhomogeneous deformations, breaking all isometries.

Another noteworthy feature of the bosonic string effective action is the global symmetry
groupSO(n, n) that appears upon reduction over ann-torus. This has led to the conjecture
[130] that it allows for a consistent truncation over the coset manifold(G×G)/G, whereG
has dimensionn and is a compact subgroup ofSO(n). Though not proven in generality, such
a truncation is believed to be consistent, of which the above casen = 3 (whose consistency
has been proven [124]) provides an example.

It is remarkable that for the remaining casesn = 4 andn = 5, purely bosonic consid-
erations lead to subsectors of the highest-dimensional supergravities, while consistency of
the reduction requires exactly the interactions provided by supergravity. These spherical re-
ductions have been employed to generate lower-dimensional gauged supergravities. We will
discuss these in more detail in section 5.5.

Method Requirement Manifold Gauging Min. Max.

Toroidal − U(1)n − U(1)n U(1)n

Twisted Global symmetry U(1) U(1) U(1) U(1)

Group manifold Gravity G GR GL GL ×GR

Coset manifold Gravity and flux G/H G − G

Table 4.1: The different reduction schemes with the requirements, the internal manifolds and
the resulting gaugings of the lower-dimensional theories. We also give the minimum and
maximum possible isometry groups of the internal manifold. Adapted from [129].

In addition to the aforementioned spherical reductions, one can also consider reductions
over hyperboloid spaces defined by a hypersurface

n∑

i=1

qiµi
2 = 1 , (4.64)

with parametersqi = ±1. The case with allqi = +1 is the only compact manifold, corre-
sponding to the sphere, while the other cases are non-compact. Despite its non-compactness,
one can still perform consistent reductions over such spaces, giving rise to non-compact
SO(p, q) gaugings withp + q = n. The consistency of reductions over such hyperboloids
can be deduced from analytical continuation of the corresponding spherical reduction [131].
We will encounter examples of such hyperboloids in section 5.5.
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4.6 Lagrangian vs. Field Equations

In the preceding sections on toroidal, twisted and group manifold reductions, we have of-
ten substituted the reduction Ansatz in the Lagrangian to obtain the lower-dimensional La-
grangian. However, the reduction Ansatz comprises a truncation to the lightest modes, and
the consistency of truncations is determined by the field equations. In general, there is no
reason to assume that substitution in the Lagrangian yields the same result as substitution
in the field equations, as illustrated in figure 4.1. In this section we will first discuss an ex-
plicit example in which this issue arises and then discuss general conditions in which the two
schemes yield the same result, i.e. in which the operations in figure 4.1 do commute.

FIELD EQS

ACTION

action
field eqs

Figure 4.1: Reductions of the action or the field equations do not necessarily yield equiva-
lent lower-dimensional field equations, i.e. the operations of minimalisation (denoted by the
solid arrows) and reduction (denoted by the dashed arrows) of the action do not necessarily
commute.

Toy Example

As a toy model in 10D, we start with the truncation of IIA and IIB supergravity to the metric
and the dilaton. The Lagrangian reads

L̂ =
√
−ĝ[R̂− 1

2 (∂φ̂)2] , (4.65)

while the corresponding Euler-Lagrange equations are given by

[ĝµ̂ν̂ ] : R̂µ̂ν̂ − 1
2 R̂ĝµ̂ν̂ − 1

2∂µ̂φ̂∂ν̂ φ̂ + 1
4 (∂φ̂)2ĝµ̂ν̂ = 0 ,

[φ̂] : ¤φ̂ = 0 . (4.66)

This system has two global symmetries, as discussed in section 3.2: one can either scale the
metric or one can shift the dilaton, parameterised bymg andmφ, respectively:

ĝµ̂ν̂ → e2mg ĝµ̂ν̂ , φ̂ → φ̂ + mφ . (4.67)

The shift of the dilaton is a symmetry of the Lagrangian. The trombone symmetry, scaling
the metric, is a symmetry of the field equations only; it scales the Lagrangian. This will prove
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an important difference when performing twisted reductions. We will show that one has to
reduce field equations, rather than the Lagrangian, when performing reductions with twist
symmetries of the field equations only.

Using an arbitrary linear combination of the two global symmetries we make the follow-
ing Ansatz for twisted reduction overz to nine dimensions:

ĝµ̂ν̂ = e2mgz

(
e
√

7ϕ/14gµν 0
0 e−

√
7ϕ/2

)
, φ̂ = φ + mφz , (4.68)

where we have omitted the Kaluza-Klein vectorAµ for simplicity. Using this Ansatz the 10D
field equations yield the following 9D equations:

[ĝµν ] : Rµν − 1
2Rgµν − 1

2∂µφ∂νφ + 1
4 (∂φ)2gµν − 1

2∂µϕ∂νϕ + 1
4 (∂ϕ)2gµν+

+ e4ϕ/
√

7( 1
4mφ

2 + 28mg
2)gµν = 0 ,

[φ̂] : ¤φ + 8mgmφe4ϕ/
√

7 = 0 ,

[ĝzz] : ¤ϕ− 2√
7
mφ

2e4ϕ/
√

7 = 0 . (4.69)

Note that the field equations of the metric and both scalars get bilinear massive deformations.
In addition one has the reduction of theĝzµ field equation

[ĝzµ] : 2
√

7mg∂µϕ + 1
2mφ∂µφ = 0 , (4.70)

which is the equation of motion for the Kaluza-Klein vectorAµ.
We would like to discuss whether the field equations can be reproduced by a Lagrangian.

We will not consider the field equation for the vector (4.70) since it is not important for our
argument, and restrict to (4.69). If one performs the twisted reduction on the 10D Lagrangian,
instead of on the field equations, the result readsL̂ = e8mgzL with the 9D Lagrangian given
by

L =
√−g[R− 1

2 (∂φ)2 − 1
2 (∂ϕ)2 − V (φ, ϕ)] with V (φ, ϕ) = e4ϕ/7( 1

2mφ
2 + 72mg

2) .
(4.71)

The corresponding Euler-Lagrange equations read

[gµν ] : Rµν − 1
2Rgµν − 1

2∂µφ∂νφ + 1
4 (∂φ)2gµν − 1

2∂µϕ∂νϕ + 1
4 (∂ϕ)2gµν+

+ e4ϕ/
√

7( 1
4mφ

2 + 36mg
2)gµν = 0 ,

[φ] : ¤φ = 0 ,

[ϕ] : ¤ϕ− 4√
7
e4ϕ/

√
7( 1

2mφ
2 + 72mg

2) = 0 . (4.72)

These Euler-Lagrange equations only coincide with the reduction of the 10D Euler-Lagrange
equations (4.69) providedmg = 0. Thus the twisted reduction of the Lagrangian does not
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give the correct answer if the Lagrangian scales: the Euler-Lagrange equations (4.72) are not
equal to the field equations (4.69) formg 6= 0. In fact, the situation is worse [132, 133]: for
mg 6= 0 there is no LagrangianL with potentialV (φ, ϕ) whose Euler-Lagrange equations
are the correct field equations (4.69). The metric field equation would require

V (φ, ϕ) = e4ϕ/
√

7( 1
2mφ

2 + 56mg
2) , (4.73)

but this is inconsistent with theφ andϕ field equations formg 6= 0.
Thus we conclude that twisted reduction of the Lagrangian is only legitimate when the

exploited symmetry leaves the Lagrangian invariant rather than covariant. For symmetries
that scale the Lagrangian one has to reduce the field equations. Including the full field content,
such as the Kaluza-Klein vectorAµ, does not change this conclusion.

However, it is possible that certain truncations do lead to the possibility of an action. In
our toy model, an example hereof is provided by the identification

2
√

7mgϕ = − 1
2mφφ . (4.74)

It can be seen that this truncation is fully consistent with the field equations (4.69) and (4.70).
The resulting field equations can be derived from the Lagrangian

L =
√−g[R− 1

2c2(∂ϕ)2 − 1
2c2mφ

2e4ϕ/7] , (4.75)

with c2 = 1 + 112mg
2/mφ

2. However, note that this is not the same result as the insertion
of this truncation in the reduced Lagrangian (4.71).

General Requirements

In the above example we have found that in the case of twisted reduction with a trombone
symmetry, one should reduce the field equations and not the action. The lower-dimensional
field equations do not even allow for a corresponding Lagrangian, i.e. the field equations
can not be interpreted as Euler-Lagrange equations stemming from the minimalisation of an
action. The general rule for twisted reduction seems to be that the Lagrangian should be
invariant under the twist symmetry to allow for a lower-dimensional Lagrangian. Reduction
of the Lagrangian and the field equations are equivalent in such cases. An example is provided
by the twisted reduction with the global symmetry of a scalar coset, as considered in section
4.3. Though we know of no general proof of this statement, it is generally believed to be
consistent and no counterexamples are known.

As for group manifold reductions, one finds a rather similar condition. It turns out
[134, 135] that only group manifolds with traceless structure constants, i.e.fmn

n = 0, al-
low for reduction of the Lagrangian10. Indeed, such manifolds employ a symmetry (stem-
ming from the higher-dimensional diffeomorphisms) that leaves the higher-dimensional La-
grangian invariant. In terms ofUm

n, this corresponds to theSL(n,R) subgroup of the full

10Note that this also proves the correctness of the reduction of the Lagrangian for toroidal reduction, having
fmn

p = 0.
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GL(n,R). Reduction over such group manifolds give rise to gauge groups whose adjoint is
embedded in theSL(n,R) global symmetry group.

In contrast, group manifolds with traceful structure constants allow for reduction of the
field equations. Indeed, these employ a symmetry that scales the higher-dimensional La-
grangian. Such symmetries are only embeddable inGL(n,R) and not inSL(n,R). The
corresponding group manifold reduction gauges a subgroup of theGL(n,R) global symme-
try group of the theory, of which onlySL(n,R) is a symmetry of the Lagrangian. Examples
of such reduction spaces are hyperbolic group manifolds, which we will encounter in sections
5.3 and 5.4.

This distinction between traceless and traceful structure constants, corresponding to uni-
modular and non-unimodular groups respectively, has been the cause of some confusion in
the literature on group manifold reduction. It has been claimed [39, 135] that it is inconsis-
tent to reduce over group manifolds withfmn

n 6= 0. Another point of view, however, puts
emphasis on the consistency of reduction of the field equations [129,136,137], where lower-
dimensional theories are consistent if every solution uplifts to a higher-dimensional solution
as well. In this thesis, we will adhere to the latter, yielding lower-dimensional theories with-
out actions that uplift consistently to the higher dimension. The same distinction directly
carries over to twisted reductions with symmetries of the Lagrangian and the field equations,
respectively.

Indeed, the same situation is encountered in coset reductions, in which one reduces field
equations rather than Lagrangians as well. However, in contrast to the twisted reduction with
a trombone symmetry or over a non-unimodular group manifold, the lower-dimensional field
equations can be obtained from an action. This action can not be derived by substitution
the reduction Ansatz in the higher-dimensional action, though. This is very much like the
truncation (4.74) in our toy model, leading to field equations that allow for an action but that
do not follow from the reduced action. We will encounter such situations after reduction over
non-unimodular group manifolds in section 5.4.
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Chapter 5

Gauged Maximal Supergravities

5.1 Introduction

In this chapter we will consider a number of deformations of the massless supergravities with
maximal supersymmetry, as discussed in chapter 3. These deformations are proportional to
a parameterm of mass dimension one. Indeed, some fields will acquire masses proportional
to the deformation parameterm. Often, another consequence of the parameter will be the
gauging of a global symmetry of the massless theory. For this reason, such theories will be
called gauged supergravities, which comprise the larger part of this chapter. In cases where
the mass parameter does not induce a gauging, the theory is called a massive supergravity.
The only known example of such a deformation of maximal supergravity is the massive IIA
supergravity [74]. Examples with sixteen supercharges are the massive iia supergravities in
six dimensions [138].

An important property of the massive deformations that we consider is that they do not
break any supersymmetry. The gauged or massive supergravities therefore have the same
number (i.e. 32) of supercharges as the corresponding ungauged or massless supergravity.
This preservation of supersymmetry under the massive deformation is in many cases guar-
anteed due to a higher-dimensional origin: if a gauged supergravity can be obtained by any
of the techniques of chapter 4, it necessarily has the same amount of supercharges as the
higher-dimensional theory. Equivalently stated, reduction with a twist or over a group or
coset manifold does not break supersymmetry1. Starting from a maximal higher-dimensional
supergravity, one can apply the different reductions of chapter 4 to generate many gauged
maximal supergravities. We will perform such reductions to construct gauged maximal su-
pergravities in ten, nine and eight dimensions. In addition, we will include massive IIA su-

1This can be contrasted with e.g. Calabi-Yau compactifications, which break a fraction of the supersymmetry.
Reduction of IIA supergravity over the four-dimensional Calabi-Yau manifold K3 with fluxes yields the massive iia
supergravities withN = 2 in D = 6 [138], see also [139,140].
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pergravity, which is the only massive deformation of maximal supergravity without a known
higher-dimensional origin.

Throughout this chapter we will reduce supersymmetry variations and field equations
rather than Lagrangians, since some of the rigid symmetries we employ for reduction scale
the Lagrangian. As was explained in detail in section 4.6, reduction with a symmetry that
scales the Lagrangian can only be performed on the field equations and the supersymmetry
variations, but not on the Lagrangian.

As a consequence of the non-trivial dimensional reduction, the supersymmetry varia-
tions and field equations receive two types of massive deformations. There are implicit mass
terms that appear via the covariant field strengths, which generally acquire terms that are
proportional to the mass parameter. In addition, the supersymmetry transformations and field
equations have explicit mass terms. The explicit deformations of the massless supersymme-
try variationsδ0 are denoted byδm, which are linear in the mass parameterm. The fermionic
field equations, symbolically denoted byX = 0, also consist of a massless partX0 plus
linear deformationsXm. In contrast, the bosonic field equations receive quadratic massive
deformations.

In the cases where it is possible to construct a Lagrangian, the quadratic deformations of
the bosonic field equations can be derived from the explicit mass terms in the Lagrangian.
These are also quadratic inm, only depend on the scalars and are therefore called the scalar
potentialV . In many cases, the scalar potential can be written in terms of a superpotential
W , which is linear in the mass parameter:

V =
1
4

(
gAB δW

δΦA

δW

δΦB
− D − 1

D − 2
W 2

)
. (5.1)

HeregAB is the inverse of the scalar metricgAB which occurs as−gAB∂ΦA∂ΦB in the
kinetic scalar terms, whereΦA represents the different scalars of the theory (both dilatons
and axions). This expression follows from the requirement of positive energy [141], as we
will show in section 6.2. In supergravities with a scalar potential of this form, the explicit
deformationδm of the gravitinoψµ and the dilatiniλ are proportional to the superpotential
W and its derivativesδW/δΦA, respectively. We will encounter such deformations in all
maximal supergravities except 11D and IIB.

A useful truncation of the full field content of the gauged or massive supergravities con-
sists of the metric and the scalars only, for which we will derive the bosonic field equations.
This subsector is interesting to us for two reasons. Firstly, it allows for an investigation of the
feasibility of combinations of mass parameters. Suppose one has a massless theory with two
different, separate deformations. One can wonder whether it is possible to combine these two
while preserving all supersymmetry. As we will show, an investigation of the bosonic field
equations for the metric and scalars suffices to answer this question. Secondly, the vacua of
gauged or massive theories are often carried by the metric and scalars only, as we will see in
chapter 6.

In the next section we will review the possible deformations in IIA supergravity. In the
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following two sections we will construct different gauged maximal supergravities in nine and
eight dimensions, respectively. In the last section of this chapter we will consider a general
structure of gauged maximal supergravities in various dimensions, which are obtainable via
coset manifold and other reductions. Furthermore, we will discuss the relation to the gauged
supergravities in ten, nine and eight dimensions of the preceding three chapters.

5.2 Massive and Gauged IIA Supergravity

In this section we will consider two deformations of IIA supergravity, one of which leads to
a massive version of IIA while the other gives rise to the gauged IIA theory.

IIA Supergravity

As discussed in section 3.2, toroidal reduction of the eleven-dimensional theory over a circle
yields the massless and ungauged IIA theory in ten dimensions. The appropriate reduction
Ansätze given in (B.4) withm11 = 0. The field content of theD = 10 IIA supergravity
theory is given by

D=10 IIA: {eµ
a, Bµν , φ, C(1)

µ , C(3)
µνρ;ψµ, λ} , (5.2)

with corresponding Lagrangian (3.16) and supersymmetry transformations rules (B.5). As
discussed in section 3.2 and indicated in table 5.1, the IIA theory has two scaling symme-
tries2. One is calledα, which scales the Lagrangian and is the reduction of the 11D trombone
symmetry. The other isβ, which leaves the Lagrangian invariant and stems from the internal
coordinate transformations of 11D supergravity.

R+ eµ
a B eφ C(1) C(3) ψµ λ ε L Origin

α 9
8 3 3

2 0 3 9
16 − 9

16
9
16 9 11D

β 0 1
2 1 − 3

4 − 1
4 0 0 0 0

Table 5.1: The scaling weights of theD = 10 IIA supergravity fields and action under the
scaling symmetriesα andβ and their origin as higher-dimensional scaling symmetries.

Note that the Ramond-Ramond vectorA is invariant underα while it scales underβ. This
has important consequences when considering the possible gaugings of IIA supergravity.
Since gauge vectors transform in the adjoint of the gauge group and the adjoint ofR+ is
trivial, only the symmetryα can be gauged while this is impossible for the symmetryβ [75].
Indeed, we will encounter the gauging ofα below. In addition, the IIA theory allows for
another deformation, which we will first discuss.

2We use a different basis of these symmetries in this section than in section 3.2.
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Massive IIA Supergravity

The first massive deformation, with mass parametermR, was already encountered in sec-
tion 3.2 and was constructed by Romans [74]. The explicit deformations of the supersymme-
try transformations are denoted byδmR and are given in terms of a superpotentialW and its
derivative with respect to the dilaton:

δmRψµ = − 1
32WΓµε , δmRλ = δφWε , W = e5φ/4mR , (5.3)

whereδφW = δW/δφ. Furthermore, there are implicit massive deformations to the original
supersymmetry rulesδ0, given in (B.5), due to the fact that one must replace all massless field
strengths by the following massive counterparts:

G(2) = dC(1) + mRB , H = dB , G(4) = dC(3) + C(1)∧H + 1
2mRB∧B . (5.4)

The Lagrangian contains terms linear and quadratic inmR. Again there are implicit
deformations, via the massive field strengths, and explicit deformations. The explicit de-
formations of the bosonic sector are quadratic in the mass parameter and define the scalar
potential, which can be written in terms of the superpotentialW and its derivative via the
general expression (5.1):

VmR = 1
2 (δφW )2 − 9

32W 2 = 1
2e5φ/2m2

R . (5.5)

Note that this scalar potential can be naturally included in the massless IIA Lagrangian (3.16)
by including the case ofd = −1 in the summation (and identifyingG(0) = mR).

In the fermionic sector, one finds the following linear deformations of the gravitino and
dilatino field equations in the massive IIA theory:

XmR(ψ
µ) = mRe5φ/4Γµν( 1

4ψν + 5
288Γνλ) ,

XmR(λ) = mRe5φ/4Γν(− 5
4ψν − 21

160Γνλ) . (5.6)

The undeformed equations,X0(ψµ) = 0 andX0(λ) = 0, are given in (B.7).
Supersymmetry transforms the fermionic field equations,X0+XmR = 0, into the bosonic

equations of motion. For later purposes it is convenient to truncate away all bosonic fields ex-
cept the metric and the dilaton. After this truncation we find that the fermionic field equations
transform into

(δ0 + δmR)(X0 + XmR)(ψ
µ) = 1

2Γνε [Rµ
ν − 1

2Rgµ
ν − 1

2 (∂µφ)(∂νφ) + 1
4 (∂φ)2gµ

ν+

+ 1
4m2

Re5φ/2gµ
ν ] = 0 ,

(δ0 + δmR)(X0 + XmR)(λ) = ε [¤φ− 5
4m2

Re5φ/2] = 0 . (5.7)

At the right hand side, we thus find the massive IIA bosonic field equations for the metric and
the dilaton. Indeed, these field equations can be derived from the massless Lagrangian plus
the scalar potential (5.5).
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The parametermR breaks both symmetriesα andβ of the IIA theory. This can easily be
seen from the scalar potential (5.5): the former symmetry is broken since the dilaton scales
while the Lagrangian is invariant, while the trombone symmetry is broken since the scalar
potential is not a two-derivative term like the other bosonic terms. However, there is a linear
combination that is not broken by the massive terms: it is given by the linear combination
12β − 5α.

As argued in section 3.2, the mass parametermR should be seen as a zero-form Ramond-
Ramond field strength: it appears naturally in the democratic formulation, including all
Ramond-Ramond potentials and field strengths. The scalar potential (5.5) then appears as
the kinetic term for the zero-form field strength. The corresponding D-brane is the D8-brane
of section 6.1, which is magnetically charged with respect tomR [24].

The massive IIA theory is different from the other massive deformations that we will
consider in this chapter. Firstly, it is not known to have a higher-dimensional supergravity
origin3. Secondly, it is not a gauged supergravity: no global symmetry of the massless theory
has been promoted to a local one. Therefore, this deformation of IIA gives rise to a massive
rather than gauged supergravity.

Gauged IIA Supergravity

The second massive deformation, with mass parameterm11, does give rise to a gauged IIA
supergravity, where the symmetryα has been gauged. It was first obtained in [132], on whose
procedure we will comment below. Afterwards, it was shown in [133] that the same theory
can also be obtained by a twisted reduction ofD = 11 supergravity using the trombone
symmetry (3.7). The corresponding twisted reduction Ansätze are given in (B.4) withm11 6=
0.

This leads to the following explicit massive deformations of theD = 10 IIA supersym-
metry rules:

δm11ψµ = 9
16m11e

−3φ/4ΓµΓ11ε , δm11λ = 3
2m11e

−3φ/4Γ11ε . (5.8)

The implicit massive deformations of the original supersymmetry rulesδ0 arise from the
massive bosonic field strengths

Dφ = dφ + 3
2m11C

(1) , G(2) = dC(1) ,

H = dB + 3m11C
(3) , G(4) = dC(3) + C(1)∧H , (5.9)

while the covariant derivative of the supersymmetry parameter is given by

Dµε = (∂µ + ωµ + 9
16m11Γµ /C

(1))ε . (5.10)

3For different approaches to the M-theory origin of massive IIA supergravity, see [142–144].
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There is no Lagrangian for the IIA gauged supergravity, but there are field equations. The
linear deformations of the fermionic field equations read in this case

Xm11(ψ
µ) = m11e

−3φ/4Γ11Γµν(− 9
2ψν + 17

48Γνλ) ,

Xm11(λ) = m11e
−3φ/4Γ11Γν( 3

2ψν − 9
16Γνλ) . (5.11)

We first consider the truncation with all bosonic fields equal to zero except the metric and the
dilaton. Under supersymmetry the fermionic field equations transform into

(δ0 + δm11)(X0 + Xm11)(ψ
µ) = 1

2Γνε
[
Rµ

ν − 1
2Rgµ

ν − 1
2 (∂µφ)(∂νφ) + 1

4 (∂φ)2gµ
ν+

+ 36m2
11e

−3φ/2gµ
ν

]
+

+ Γ11ε[3m11e
−3φ/4∂µφ] = 0 ,

(δ0 + δm11)(X0 + Xm11)(λ) = ε [¤φ] + ΓνΓ11ε[9m11e
−3φ/4∂νφ] = 0 . (5.12)

The terms involvingΓ11 are part of the vector field equation. Therefore, to obtain a consistent
truncation, we must further truncate the dilaton to zero. One is then left with only the metric
satisfying the Einstein equation with a positive cosmological constant.

The reduced theory is a gauged supergravity, where the scaling symmetryα of table 5.1
has been gauged. In particular, the gauge parameter and transformation of the Ramond-
Ramond potentials read as follows4:

Λ = ewαm11λ , C(1) → C(1) − dλ , C(3) → e3m11λ(C(3) − dλB) , (5.13)

wherewα are the weights underα. One can take two different limits of theα gauge trans-
formations. Firstly, the limitm11 → 0 leads to the massless gauge transformations of the
Ramond-Ramond potential. Secondly, one can take the limit whereα is constant. This leads
to the ungauged scaling symmetryα of table 5.1.

A noteworthy feature of theD = 10 gauged supergravity is that no Lagrangian can be
defined for it, since the symmetry that is gauged is not a symmetry of the Lagrangian but
only of the equations of motion. This is clear from its higher-dimensional origin, which
involves a twisting with a symmetry of the field equations only. As discussed in section
4.6, this generally gives rise to field equations that can not be interpreted as Euler-Lagrange
equations.

As mentioned above, there exists an alternative way to construct this theory. In [132] it
was constructed by allowing for a more general solution of the Bianchi identities ofD = 11
superspace involving a conformal spin connection. This generalised connection is equivalent
to standardD = 11 supergravity for a topologically trivial space-time but leads to a new
possibility for a non-trivial space-time of the formM10 × S1. The reduction over the circle
leads to theD = 10 gauged supergravity theory. It is not properly understood why these two
procedures give rise to the same lower-dimensional description.

4It is understood that each field withwα 6= 0 is multiplied byΛ. Also, the gauge parameter should not be
confused with the dilatino, which is also denoted byλ.
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Combinations of Mass Parameters andα′ Corrections

In the previous subsections we have considered two deformations of IIA supergravity. We
would like to examine the possibility to combine these massive deformations [145]. If pos-
sible, the resulting theory will have two mass parameters characterising the different defor-
mations. However, not all combinations are necessary consistent with supersymmetry. This
complication only appears when investigating the bosonic field equations: the supersymme-
try algebra with a combination of massive deformations always closes, as can be seen from
the following argument.

Suppose one has a supergravity with one massive deformationm and supersymmetry
transformationsδ0 + δm. In all cases discussed in this chapter, only the supersymmetry
variations of the fermions receive explicit massive corrections:δm(boson) = 0. This implies
that the issue of the closure of the supersymmetry algebra is a calculation withm-independent
parts and parts linear inm, but no parts of higher order5 in m. On the one hand[δ(ε1), δ(ε2)]
has no terms quadratic inm, since one of the twoδ’s acts on a boson. On the other hand the
supersymmetry algebra closes modulo fermionic field equations, which also only have terms
independent of and linear inm. Therefore, given the closure of the massless algebra, the
closure of the massive supersymmetry algebra only requires the cancellation of terms linear
in m.

The closure of the supersymmetry algebras with a single massive deformation is guaran-
teed by their higher-dimensional origin. The argument of linearity then allows one to com-
bine different massive deformations. Suppose one has two massive supersymmetry algebras
with transformationsδ0 + δma andδ0 + δmb

. Both supersymmetry algebras close modulo
fermionic field equations with (different) massive deformations. Then the combined massive
algebra with transformationδ0 + δma + δmb

also closes modulo fermionic field equations
whose massive deformations are given by the sum of the separate massive deformations lin-
ear inma andmb. The closure of the combined algebra is guaranteed by the closure of the
two massive algebras, since it requires a cancellation at the linear level.

Under supersymmetry variation of the fermionic field equations, one in general finds
linear and quadratic deformations of the bosonic equations of motion. In addition to these
corrections, we find that there are also algebraic equations posing constraints on the mass pa-
rameters. Solving these equations generically excludes the possibility of combining massive
deformations by requiring mass parameters to vanish. At first sight, it might seem surprising
that the supersymmetry variation of the fermionic equations of motion leads to constraints
other than the bosonic field equations. However, one should keep in mind that the multiplets
involved cannot be linearised around a Minkowski vacuum solution. Therefore, the usual
rules for linearised Minkowski multiplets do not apply here.

As a first application of this rationale, let us try to combine the two massive deformations
mR andm11 of IIA supergravity theory. Based on the linearity argument presented Above,

5That is, up to cubic order in fermions. We have not checked the higher-order fermionic terms, but we do not
expect these to affect any of our findings.
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one would expect a closed supersymmetry algebra. The bosonic field equations (with up to
quadratic deformations) can be derived by applying the supersymmetry transformations (with
only linear deformations) to the fermionic field equations (containing only linear deforma-
tions). For simplicity, we truncate all bosonic fields to zero except the metric and the dilaton,
since inclusion of the full field content will not change the conclusions. We thus find

(δ0 + δmR + δm11)(X0 + XmR + Xm11)(ψ
µ) =

= 1
2Γνε [Rµ

ν − 1
2Rgµ

ν − 1
2 (∂µφ)(∂νφ) + ( 1

4 (∂φ)2 + 1
4m2

Re5φ/2 + 36m2
11e

−3φ/2)gµ
ν ]

+ Γ11ε[3m11e
−3φ/4∂µφ] + Γ11Γµε [ 154 mRm11e

φ/2] = 0 ,

(δ0 + δmR + δm11)(X0 + XmR + Xm11)(λ) =

= ε [¤φ− 5
4m2

Re5φ/2] + ΓνΓ11ε[9m11e
−3φ/4∂νφ] + Γ11ε [ 332 mRm11e

φ/2] = 0 . (5.14)

At the right hand sides we find four different structures. Three of them correspond to the
field equations of the metric, dilaton and Ramond-Ramond vector. The vector field equation
corresponds to the term containingm11∂µφ, which implies that truncating away the Ramond-
Ramond vector forces one to setφ = c, providedm11 6= 0. More interesting is the fourth
structure which is bilinear in the mass parameters, leading to the requirementmRm11 = 0.
This constraint cannot be a remnant of a higher-rank form field equation due to its lack of
Lorentz indices. It could only fit in the scalar field equation, but theΓ11 factor prevents this.
It is an extra constraint which does not restrict degrees of freedom but rather restricts mass
parameters.

Independent of this constraint from supersymmetry, one can question whether the mass
parametersmR and m11 are consistent with higher-order corrections of IIA string theory
to supergravity. Starting with the former, it is believed that the massive IIA deformation
is allowed at all orders inα′, due to the connection with the D8-brane. As for the second
mass parameter, it arises from the trombone symmetry of 11D supergravity. However, the
higher-order derivative terms which arise as corrections in M-theory break this symmetry.
The twisted reduction of [133] will therefore be prohibited by M-theory corrections to 11D
supergravity. Presumably this also means that the method of [132] involving the generalised
spin connection does not work in the presence of higher-order corrections.

Concluding, IIA supergravity allows for two massive deformations with parametersmR

andm11. While the closure of the algebra is a linear calculation and therefore always works
for combinations, the bosonic field equations rule out the possibility of including both mass
parameters [145]. Moreover, string theory corrections to IIA supergravity exclude them11

massive deformations. We therefore conclude that only Romans’ massive IIA supergravity is
consistent with supersymmetry and string theory.
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5.3 Gauged Maximal Supergravities inD = 9

In this section we will consider a number of massive deformations of maximal supergravity
in D = 9, which all give rise to gauged supergravities and have a higher-dimensional origin.
In addition, we will find relations between these parameters and investigate to which extent
one can combine the different deformations. To end with, we will discuss the quantisation
of a certain class of mass parameters. Many of the results of this section were first obtained
in [145].

Maximal Supergravity in D = 9

Toroidal reduction of both massless IIA and IIB supergravity over a circle yields the unique
D = 9, N = 2 massless supergravity theory, as explained in section 3.2. Its field content is
given by

D=9: {eµ
a, φ, ϕ, χ,Aµ, Ai

µ, Bi
µν , Cµνρ; ψµ, λ, λ̃} , (5.15)

with SL(2,R) indicesi = 1, 2. These indices are raised and lowered withεij = −εij with
ε12 = −ε21 = 1.

The supersymmetry rulesδ0 of the massless or ungauged 9D supergravity are given
in (B.16). The theory inherits several global symmetries from its higher-dimensional par-
ents. Among these is theSL(2,R) symmetry6 from IIB supergravity. The latter comprises
an ellipticSO(2) symmetryθ, a hyperbolicSO(1, 1)+ ∼ R+ symmetryγ and a parabolicR
symmetryζ. With a fixed gauge of the localSO(2) symmetry (see section 3.3), theSL(2,R)
transformations in 9D read

τ → aτ + b

cτ + d
, Ai → Ωi

jAj , Bi → Ωi
jBj , Ωi

j =
(

a b
c d

)
∈ SL(2,R) .

ψµ →
(

c τ∗ + d

c τ + d

)1/4

ψµ , λ →
(

c τ∗ + d

c τ + d

)3/4

λ ,

λ̃ →
(

c τ∗ + d

c τ + d

)−1/4

λ̃ , ε →
(

c τ∗ + d

c τ + d

)1/4

ε , (5.16)

while ϕ andC are invariant.
In addition toSL(2,R), including the scaling symmetryγ, the 9D theory inherits two

other scaling symmetriesα andβ from IIA and one trombone symmetryδ from IIB. The
weights of the different scaling symmetries are given in table 5.2. It turns out that only three
of the four scaling symmetries are linearly independent:

8α− 48β = 18γ + 9δ . (5.17)

6As can be seen in (5.16), the symmetry transformations of both the scalars and the fermions do not change if we
replaceΩ by−Ω; therefore these fields transform underPSL(2,R). In this section, we will usually only consider
group elementsΩ that are continuously connected to the identity.
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eµ
a eφ eϕ χ A A1 A2 B1 B2 C ψµ, ε λ, λ̃ L Orig.

α 9
7 0 6√

7
0 3 0 0 3 3 3 9

14 − 9
14 9 11D

β 0 3
4

√
7

4 - 3
4

1
2 − 3

4 0 − 1
4

1
2 − 1

4 0 0 0 IIA

γ 0 −2 0 2 0 1 −1 1 −1 0 0 0 0 IIB

δ 8
7 0 − 4√

7
0 0 2 2 2 2 4 4

7 − 4
7 8 IIB

Table 5.2: The scaling weights of the 9D supergravity fields and action under the scal-
ing symmetriesα, β, γ and δ, subject to the relation(5.17), and their origin as higher-
dimensional scaling symmetries.

This relation gives rise to the following pattern. Using (5.17) to eliminate one of the scaling
symmetries, we are left with three independent scaling symmetries. Each of the three gauge
fieldsAµ, A1

µ, A2
µ has weight zero under two linear combinations of these three symmetries:

one is a symmetry of the action, the other is a symmetry of the equations of motion only. As
we found in 10D, the symmetries that leave a vector invariant can be gauged. We will now
construct the corresponding massive deformations by performing twisted reductions of IIA
and IIB supergravity.

Twisted Reduction of IIB using SL(2,R)

We will start with the case that has received most attention in the literature: twisted reductions
of D = 10 IIB supergravity using theSL(2,R) symmetry. It has been treated in increasing
generality by [133,146,147].

The reduction Ansätze are given in (B.14) withmIIB = 0. This yields three mass param-
eters~m = (m1,m2,m3) in 9D, parameterising the algebra element

Ci
j = 1

2

(
m1 m2 + m3

m2 −m3 −m1

)
. (5.18)

The massive deformations will always occur via the superpotential, containing the scalars via
theSL(2,R)/SO(2) cosetM :

W = e2ϕ/
√

7 Tr(MQ) , Qij = εikCk
j = 1

2

( −m2 + m3 m1

m1 m2 + m3

)
, (5.19)

whereε12 = −ε21 = −1, giving rise to the symmetric matrixQ.
The twisted reduction results in explicit deformations of the supersymmetry transforma-

tions, given in [148]

δ~mψµ = 1
28γµWε , δ~mλ = i(δφW + ie−φδχW )ε∗ , δ~mλ̃ = iδϕWε∗ , (5.20)
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while the implicit massive deformations read

Dτ = dτ + e−2ϕ/
√

7−φ(δφW + ie−φδχW )A ,

F = dA , Fi = dAi − Ci
jBj , Hi = dBi −AF j ,

G = dC + BiF
i + 1

2Ci
jBiBj , (5.21)

for the bosons and

Dµε = (∂µ + ωµ + i
4eφ∂µχ− 1

4 ie−2ϕ/
√

7WAµ)ε (5.22)

for the supersymmetry parameter.
The bosonic sector of the field equations is deformed via a scalar potential, that has the

generic form for twisted reductions (4.38):

V~m = 1
2e4ϕ/

√
7Tr[C2 + CT M−1CM ]

= 1
2e4ϕ/

√
7 [2Tr(MQMQ)− (Tr(MQ))2]

= 1
2 (δφW )2 + 1

2 e−2φ(δχW )2 + 1
2 (δϕW )2 − 2

7W 2 , (5.23)

which we have also written in terms of the mass matrixQ and the form (5.1) with the super-
potentialW and its derivatives. The field equations of the 9D fermions receive the following
explicit massive corrections:

X~m(ψµ) = − 1
4γµν [Wψν − 1

16 i(δφW + ie−φδχW )γνλ∗ − 1
16 iδϕWγν λ̃∗] ,

X~m(λ) = −iγµ[(δφW + ie−φδχW )ψ∗µ − 1
12 iWγµλ− 2

9
√

7
i(δφW + ie−φδχW )γµλ̃] ,

X~m(λ̃) = −iγν [δϕWψ∗ν − 2
9
√

7
i(δφW − ie−φδχW )γνλ− 1

28 iWγν λ̃] . (5.24)

The inclusion of the three mass parameters breaks theSL(2,R) invariance. Rather than
being a symmetry, the transformations now relate theories with different mass parameters:

C → Ω−1CΩ . (5.25)

This can always be used to setm1 = 0, yielding an off-diagonal matrixC and a diagonal
matrix Q. Due to (5.25), one says that the massive theories are covariant underSL(2,R)
transformations rather than invariant. Note that the combinationdet(C) = det(Q) =
1
4 (−m1

2−m2
2 +m3

2) is always invariant under these transformations, which can therefore
be used to label the different massive deformations.

As discussed in section 4.3, the mass matrix is only invariant under (5.25) if

Ω = exp(Cλ) , (5.26)
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The transformations of this one-dimensional subgroup have special properties; for example,
the superpotentialW is invariant under it. In fact, this subgroup of the globalSL(2,R)
symmetry has been gauged by the massive deformations~m:

Ω = eCλ , A → A− dλ , Bi → Ωi
j(Bj −Aj dλ) , (5.27)

with gauge vectorA and parameterλ. We distinguish three distinct cases depending on the
value ofdet(Q) [143,149,150]:

• det(Q) = 0: we gauge theR subgroup ofSL(2,R) with parameterζ,

• det(Q) < 0: we gauge theSO(1, 1)+ subgroup ofSL(2,R) with parameterγ,

• det(Q) > 0: we gauge theSO(2) subgroup ofSL(2,R) with parameterθ.

All these three cases are one-parameter massive deformations. At the end of this section we
will discuss the quantisation of the mass parametersm1, m2 andm3 in the context of string
theory.

Toroidal Reduction of Massive IIA

In addition to the twisted reductions, one can also generate mass terms in nine dimensions
by reducing higher-dimensional deformations, i.e. the massive and gauged IIA supergravity
theories of section 5.3. We will start with reducing the first possibility.

Toroidal reduction of the massive IIA supergravity, with reduction Ansätze (B.9) with
m4 = mIIA = 0, leads to a gauged nine-dimensional supergravity. Its deformations coincide
with those parameterised by the mass parameters~m with the identifications [146]

~m = (0,mR,mR) . (5.28)

Thus the reduction of massive IIA supergravity corresponds to a twisted reduction of IIB
supergravity, employing theR subgroup ofSL(2,R). This nine-dimensional equivalence is
called massive T-duality and can be seen as a deformation of the massless T-duality.

An interesting feature of massive T-duality is that massive IIA becomes a gauged the-
ory upon reduction. The emergence of this gauging can be seen as a generalisation of the
enhanced gaugings discussed in section 4.3, in which the extra gauge vector comes from a
higher-dimensional vector. In the massive IIA case, however, the gauge vector isA, which
comes from the Neveu-Schwarz two-formB in IIA.

Overview of Massive Deformations in 9D

In addition to theSL(2,R) twisted reduction of IIB, we can also perform twisted reductions
of both IIA and IIB using the scaling symmetriesα, β andδ; the corresponding mass param-
eters are denoted bymIIA , m4 andmIIB , respectively. The reduction Ansätze are given in
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Gauge Group

Gauge Vector

Gauged Symmetry

IIA m

11D

10D

9D

11D

IIBIIARIIA m

mR m11 mIIA

R

A

m4 m=0 mIIB mi

A2 A1 A1 A A
R RR R R, SO(1,1), SO(2)+ + + + +

ζ α α δβ ζ,γ,θ

ζ,γ,θδβ
α

α

KK−reduction

SS−reduction

No action

11

Figure 5.1: Overview of all twisted reductions performed in this section with the employed
symmetries and resulting mass parameters. Mass parameters in the same box form a multiplet
underSL(2,R) (see table 5.3). We also give the gauged symmetry and gauge vector in 9D.

(B.9) and (B.14). Also, like the massive IIA theory, the gauged version of IIA supergravity
can be toroidally reduced to nine dimensions. The different possibilities are illustrated in
figure 5.1, while the resulting implicit and explicit deformations of the 9D theory are given in
appendix B.4. In total, this amounts to seven deformations of the uniqueD = 9 supergravity,
with parametersm1,m2,m3,m4,mIIA , mIIB andm11. As noted before, the parametermR is
not independent but yields a subset of the parameters~m.

However, various massive deformations are related. Symmetries of the massless theory
become field redefinitions in the gauged theory, that only act on the massive deformations
(exactly like in (5.25)). This means that the mass parameters transform under such trans-
formations: they have a scaling weight under the different scaling symmetries and fall in
multiplets ofSL(2,R). In table 5.3, the multiplet structure of the massive deformations un-
derSL(2,R) is given. The mass parameterm̃4 is defined as the S-dual partner ofm4 and
can not be obtained by a twisted reduction of IIA supergravity.

As an example, consider the two mass parameters(m11 andmIIA), which form a doublet
underSL(2,R) field redefinitions. This can be understood from their higher-dimensional
origin. FormIIA one first performs an ordinary toroidal reduction and next a twisted reduc-
tion with α, while for m11 the order of these reductions is reversed: one first performs a
twisted reduction withα and next a toroidal reduction. SinceSL(2,R) in 9D comes from the
reparameterisations of the two-torus, it also relates the two mass parametersm11 andmIIA .
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Mass parameters SL(2,R)

(m1,m2, m3) adjoint
(m4, m̃4) doublet

(m11,mIIA) doublet
mIIB singlet

Table 5.3: TheD = 9 mass parameters of the different reduction schemes (see figure 5.1)
form different multiplets underSL(2,R).

All the 9D deformations correspond to a gauging of a global symmetry. As shown in
section 4.3, it is always the symmetry that is employed in the twisted reduction Ansatz that
becomes gauged upon reduction. The corresponding gauge vector is provided by the metric,
i.e. it is the Kaluza-Klein vector of the dimensional reduction (beingA1 for IIA and A for
IIB). In all cases but one, this is the complete story and one finds an Abelian gauged super-
gravity. The exception is the mass parameterm4, which leads to a non-Abelian symmetry.
Indeed, the 10D vector of IIA has a non-trivial scaling under
beta; as discussed in section 4.3, this leads to symmetry enhancement. In the other cases
such enhancement is impossible, due to the absence of gauge vectors with a non-trivial scal-
ing weight.

Combining Massive Deformations in 9D andα′ Corrections

We would like to consider the feasibility of combinations of massive deformations in nine
dimensions. One might hope that, due to the large amount of mass parameters, the bosonic
field equations do not exclude all possible combinations, as we found inD = 10.

For the present purposes, we will focus on specific terms in the supersymmetry variations
of the fermionic field equations. In the following,δm andXm are understood to mean the
supersymmetry variation and fermionic field equation at linear order containing the sum of
all seven possible massive deformations derived in the previous subsections. Variation of the
fermionic field equations gives, amongst otherγ-structures, the terms

(δ0 + δm)(X0 + Xm)(ψµ) ∼ i γµε[. . .] + γµε∗[. . .] + i γµε∗[. . .] ,
(δ0 + δm)(X0 + Xm)(λ) ∼ ε[. . .] + i ε[. . .] ,

(δ0 + δm)(X0 + Xm)(λ̃) ∼ ε[. . .] + i ε[. . .] + ε∗[. . .] , (5.29)

where the[. . .] denote different bosonic real expressions of bilinear mass terms and scalar
factors. These are the analogue of the ten-dimensional expression[mRm11e

φ/2] (see (5.14))
and give rise to constraints on the mass parameters. Requiring all expressions[. . .] to vanish,
one is led to the following possible combinations (with the other mass parameters vanishing):
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• Case 1with {mIIA, m4}: this combination can also be obtained by twisted reduction
of IIA employing a linear combination of the symmetriesα andβ, which guarantees its
consistency. It is also a gauging of both this symmetry and (form4 6= 0) the parabolic
subgroup ofSL(2,R) in 9D, giving a non-Abelian gauge group.

• Case 2,3,4with {~m,mIIB}: as in the case withmIIB = 0 and only~m this combination
contains three different, inequivalent cases depending ondet(Q) (depending crucially
on the fact thatmIIB is a singlet underSL(2,R)):

– Case 2with {~m,mIIB} anddet(Q) = 0.

– Case 3with {~m,mIIB} anddet(Q) > 0.

– Case 4with {~m,mIIB} anddet(Q) < 0.

All these combinations can also be obtained by twisted reduction of IIB employing a
linear combination of the symmetriesδ and (one of the subgroups of)SL(2,R), imply-
ing consistency of the combinations. All cases (assuming thatmIIB 6= 0) correspond
to the gauging of an Abelian scaling symmetry in 9D.

• Case 5with {5m4 = −12mIIA,m2 = m3}: this case can be understood as the twisted
reduction of Romans’ massive IIA theory, employing the scaling symmetry that is not
broken by themR deformations: it is given by the combination12β − 5α of table 5.1.
This deformation gauges both the linear combination of scaling symmetries and the
parabolic subgroup ofSL(2,R) in 9D, which form a non-Abelian gauge group.

Another solution to the quadratic constraints has parameters{mIIA,m11}, but this combina-
tion does not represent a new case: it can be obtained from onlymIIA (and thus a truncation
of case 1) via anSL(2,R) field redefinition (since they form a doublet). Thus the most gen-
eral deformations are the five cases given above, all containing two mass parameters. All of
these are gauged theories and have a higher-dimensional origin. Both case 1 and case 5 have
a non-Abelian gauge group providedm4 6= 0.

We will now consider the viability of the different mass parameters in string theory rather
than supergravity. The massive deformations that are based on a symmetry that is broken by
α′ corrections do not correspond to a sector of compactified string theory. Only the sym-
metries that are preserved by the higher-order string corrections to supergravity give rise to
gauged supergravities that are embeddable in string theory. We have two such symmetries:

• The SL(2,R) (or rather itsSL(2,Z) subgroup) symmetry of IIB. Thus the~m =
(m1,m2,m3) deformations correspond to the low-energy limits of three different sec-
tors of compactified IIB string theory (depending ondet(Q) = 1

4 (−m1
2 − m2

2 +
m3

2)).

• The linear combinationα + 12β of scaling symmetries of IIA. Thus one can define
a massive deformationms within case 1 with{mIIA = ms,m4 = 12ms} which
corresponds to the low-energy limit of a sector of compactified IIA string theory.
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One gains a better understanding of thems massive deformation and theα+12β symme-
try of IIA from the following point of view. This combination of scaling symmetries of IIA
can be understood from its 11D origin as the general coordinate transformationx11 → λx11.
This explains why allα′ corrections transform covariantly under this specific scaling sym-
metry: the higher-order corrections in 11D are invariant under general coordinate transfor-
mations and upon reduction they must transform covariantly under the reduced coordinate
transformations, among which is theα + 12β scaling symmetry.

In fact, the twisted reduction from IIA to 9D using the transformationx11 → λx11 is
equivalent to the unique group manifold reduction from 11D to 9D: upon relating the compo-
nents offab

c (of which only one is independent for 2D groups) toms, the deformations from
the twisted and group reductions coincide. Indeed, this explains why thems deformations
correspond to a gauging of the 2D non-Abelian group rather than only the scaling symmetry
α + 12β. This is an example of the relation between the different methods of dimensional
reduction, as indicated in section 4.4.

Quantisation Conditions onSL(2,R) Mass Parameters

The classicalSL(2,R) symmetry of IIB supergravity is broken toSL(2,Z) by string theory,
as discussed in section 2.3. We would like to consider the effect of this on the twisted re-
ductions of IIB with theSL(2,R) symmetry of section 5.3. In particular, it implies that the
monodromy matrix must be an element ofSL(2,Z), the arithmetic subgroup ofSL(2,R):

M(x + 2πR) = Λ M(x)ΛT with Λ = e2πR C ∈ SL(2,Z) , (5.30)

whereC is given by (5.18). This will imply a quantisation of the mass parameters~m.
We will apply the following procedure. The mass parameters will be parameterised by

~m = m̃ (p, q, r). Then, given the radius of compactificationR and the relative coefficients
(p, q, r) of the mass parameters, one should choose the overall coefficientm̃ such that the
monodromy lies inSL(2,Z). This is not always possible; a necessary requirement in all
cases but one will be that(p, q, r) are integers and satisfy a so-called diophantic equation,
i.e. an equation for integer numbers. Furthermore we must requireq andr to be either both
even or both odd. Thus we get allSL(2,Z) monodromies that can be expressed as products
of the elements

S =
(

0 1
−1 0

)
, T =

(
0 1
0 0

)
, (5.31)

and their inverses. The conjugacy classes ofSL(2,Z) have been classified in [151,152]. We
will discuss the results for the different possibilities ofdet(Q) [149,150].

The casedet(Q) < 0 gives rise to a monodromyΛ ∈ SL(2,Z) provided we have

m̃ =
arccosh(n/2)
πR
√

n2 − 4
and p2 + q2 − r2 = n2 − 4 , (5.32)
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for some integern ≥ 3. One set of solutions to this diophantic equation is(p, q, r) =
(±n, 0,±2) with monodromyΛ = (S T−n)±1. There are other conjugacy classes, however:
not all other solutions are related to it bySL(2,Z).

Fordet(Q) = 0, we find thatΛ is an element ofSL(2,Z) provided we have

m̃ =
1

2πR
and p2 + q2 − r2 = 0 . (5.33)

All the solutions of the diophantic equation are related viaSL(2,Z) to the solution(p, q, r) =
(0, n, n) with n an arbitrary integer. This gives rise to the monodromyΛ = Tn. The quanti-
sation onm̃ is the same charge quantisation condition as found in [146].

For the remaining case,det(Q) > 0, we find that there are three distinct possibilities for
Λ to be an element ofSL(2,Z). For the first possibility we must have

m̃ =
1

4R
and p2 + q2 − r2 = −4 . (5.34)

One solution to this diophantic equation is(p, q, r) = (0, 0,±2), yielding Λ = S±1. All
other solutions to the diophantic equation are related bySL(2,Z). For the second possibility
one must require

m̃ =
1

3
√

3R
and p2 + q2 − r2 = −3 ., (5.35)

which is solved by(p, q, r) = (±1, 0,±2) with monodromyΛ = (T−1 S)±1. Again all other
solutions are related bySL(2,Z). The third possibility is of a different sort: it requires

m̃ =
1
R

and p2 + q2 − r2 = −4 , (5.36)

but (p, q, r) are not necessarily integer-valued. This gives rise to trivial monodromyΛ = I
and thus corresponds to a truncation of the untwisted Kaluza-Klein tower to a set of massive
rather than massless modes, see section 4.3 and [121].

5.4 Gauged Maximal Supergravities inD = 8

In this section we will perform all possible 3D group manifold reductions of 11D supergrav-
ity, resulting in different 8D gauged maximal supergravities. These results were first obtained
in [136,153].
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The Bianchi Classification of 3D Groups

We will first review the Bianchi classification7 [159] of three-dimensional Lie groups. The
generators of the group satisfy the commutation relations (m, n, p = (1, 2, 3))

[Tm, Tn] = fmn
pTp , (5.37)

with constant structure coefficientsfmn
p subject to the Jacobi identityf[mn

qfp]q
r = 0. For

three-dimensional Lie groups, the structure constants have nine components, which can be
conveniently parameterised by

fmn
p = εmnqQ

pq + 2δ[m
pan] , Qpqaq = 0 . (5.38)

HereQpq is a symmetric matrix with six components, andam is a vector with three com-
ponents. The constraint on their product follows from the Jacobi identity. Havingaq = 0
corresponds to an algebra with traceless structure constants:fmn

n = 0. The Bianchi classifi-
cation distinguishes between class A and B algebras which have vanishing and non-vanishing
trace, respectively.

Of course Lie algebras are only defined up to changes of basis:Tm → Rm
n Tn with

Rm
n ∈ GL(3,R). The corresponding transformation of the structure constants and its com-

ponents reads

fmn
p → f ′mn

p = Rm
qRn

r(R−1)s
pfqr

s :

{
Qmn → det(R)((R−1)T QR−1))mn ,

am → Rm
nan .

(5.39)

These transformations are naturally divided into two complementary sets. First there is the
group of automorphism transformations withfmn

p = f ′mn
p, whose dimension is given in

table 5.4 for the different algebras [160]. Then there are the transformations that change the
structure constants, and these can always be used [160,161] to transformQpq into a diagonal
form andaq to have only one component. We will explicitly go through the argument.

Consider an arbitrary symmetric matrixQmn with eigenvaluesλm and orthogonal eigen-
vectors~um. Taking

RT = (
√

d2d3 ~u1,
√

d1d3 ~u2,
√

d1d2 ~u3) , (5.40)

with dm 6= 0 andsgn(d1) = sgn(d2) = sgn(d3) we find that

Qmn → diag(d1λ1, d2λ2, d3λ3) . (5.41)

We now distinguish between four cases, depending on the rank ofQmn:
7Actually, the classification method used nowadays and presented here is not Bianchi’s original one, but it is due

to Schücking and Behr (see Kundt’s paper based on the notes taken in a seminar given by Schücking [154] and the
editorial notes [155]), and the earliest publications in which this method is followed are [156, 157]. The history of
the classification of three- and four-dimensional real Lie algebras is also reviewed in [158]. We will adhere to the
common use of Bianchi classification, however.
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• Rank(Qmn) = 3: in this case all components ofam necessarily vanish (due to the
Jacobi identity), and we can takedm = ±1/|λm| to obtain

Qmn = ±diag(sgn(λ1), sgn(λ2), sgn(λ3)) , am = (0, 0, 0) . (5.42)

• Rank(Qmn) = 2: in this case one eigenvalue vanishes which we take to beλ1. Then
we setdi = ±1/|λi|, with i = 2, 3, to obtainQmn = ±diag(0, sgn(λ2), sgn(λ3)).
From the Jacobi identity, it then follows thatam = (a, 0, 0). We distinguish between
vanishing and non-vanishing vector. In the casea 6= 0, one might think that one can
used1 to seta = 1, but from the transformation rule ofam (5.39) and the form ofR
(5.40) it can be seen thata ∼ √

d2d3, and thereforea can not be fixed byd1. In this
case we thus have a one-parameter family of Lie algebras:

Qmn = ±diag(0, sgn(λ2), sgn(λ3)) ,

{
am = (0, 0, 0) ,

am = (a, 0, 0) .
(5.43)

• Rank(Qmn) = 1: in this case two eigenvalues vanish, e.g.λ1 = λ2 = 0. We setd3 =
±1/|λ3| to obtainQmn = ±diag(0, 0, sgn(λ3)). Again one distinguishes between
am = 0 andam 6= 0. In the latter case one is left with a vectoram = (a1, a2, 0),
of which a1 ∼

√
d2d3 anda2 ∼

√
d1d3. Thus, one can used1 andd2 to adjust the

length of~a to 1, after which anO(3) transformation in the(1, 2)-subspace gives the
final result:

Qmn = ±diag(0, 0, sgn(λ3)) ,

{
am = (0, 0, 0) ,

am = (1, 0, 0) .
(5.44)

• Rank(Qmn) = 0: in this case all three eigenvalues vanish and thereforeQmn = 0.
Thus, the transformation with matrix (5.40) is irrelevant. Foram 6= 0, it follows
from (5.39) that one can first do a scaling to get|~a| = 1 and then anO(3) transforma-
tion to obtain:

Qmn = diag(0, 0, 0) ,

{
am = (0, 0, 0) ,

am = (1, 0, 0) .
(5.45)

Thus, we find that the most general three-dimensional Lie algebra can be described by

Qmn = diag(q1, q2, q3) , am = (a, 0, 0) . (5.46)

In this basis the commutation relations take the form

[T1, T2] = q3T3 − aT2 , [T2, T3] = q1T1 , [T3, T1] = q2T2 + aT3 . (5.47)
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The different three-dimensional Lie algebras are obtained by taking different signatures of
Qmn and are given in table 5.4. Naïvely one might conclude that the classification as given
above leads to ten different algebras. However, it turns out that one has to treat the sub-
casea = 1/2 of (5.43) as a separate case8. Thus, the total number of inequivalent three-
dimensional Lie algebras is eleven, two of which are one-parameter families.

Bianchi a (q1, q2, q3) Class Algebra Dim(Aut)

I 0 (0, 0, 0) A u(1)3 9

II 0 (0, 0, 1) A heis3 6

III 1 (0,−1, 1) B 4

IV 1 (0, 0, 1) B 4

V 1 (0, 0, 0) B 6

VI0 0 (0,−1, 1) A iso(1, 1) 4

VIa a (0,−1, 1) B 4

VII 0 0 (0, 1, 1) A iso(2) 4

VII a a (0, 1, 1) B 4

VIII 0 (1,−1, 1) A so(2, 1) 3

IX 0 (1, 1, 1) A so(3) 3

Table 5.4: The Bianchi classification of three-dimensional Lie algebras in terms of the com-
ponentsa andq1, q2, q3 of their structure constants. Note that there are two one-parameter
families VIa and VIIa with special cases VI0, VII0 and VIa=1/2=III. The algebraheis3 de-
notes the three-dimensional Heisenberg algebra. The table also gives the dimensions of the
automorphism groups.

Of the eleven Lie algebras, onlySO(3) andSO(2, 1) are simple while the rest are all
non-semi-simple [160,162]. In the non-semi-simple cases, we can always chooseq1 = 0. In

8The distinction betweena = 1/2 anda 6= 1/2 arises when considering the isometries on the group manifold,
see also [153].
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this case, the Abelian invariant subgroup consists ofT2 andT3, sinceT1 does not appear on
the right-hand side in (5.47). The algebras of class B with non-vanishing tracefmn

n always
give rise to non-compact groups [163]. In contrast, the algebras of class A correspond to both
compact and non-compact groups; an example is the algebra of type IX, which always gives
rise to the compactSO(3) group. All algebras of class A can be seen as group contractions
and analytic continuations ofso(3), see section 5.5.

Reduction over a 3D Group Manifold

In this subsection we perform the reduction ofD = 11 supergravity over a three-dimensional
group manifold toD = 8 dimensions. The prime example is the reduction over the three-
sphereS3, which gives rise to theSO(3) gauged supergravity of Salam and Sezgin [164].
By choosing other structure constants, corresponding to other three-dimensional Lie alge-
bras, one employs other group manifolds, some of which give rise to non-compact gaugings.
Since these algebras are ordered via the Bianchi classification, the different group manifold
reductions give rise to a Bianchi classification of 8D gauged maximal supergravities [153].

To perform the dimensional reduction, it is convenient to make an8 + 3 split of the
eleven-dimensional space-time:xµ̂ = (xµ, zm) with µ = (0, 1, . . . 7) andm = (1, 2, 3).
Eleven-dimensional fields will be hatted while unhatted quantities are 8D. Using a particular
Lorentz frame the reduction Ansatz for the eleven-dimensional fields is

êµ̂
â =

(
e−ϕ/6eµ

a eϕ/3Lm
iAm

µ

0 eϕ/3Ln
i Un

m

)
, (5.48)

and

Ĉabc = eϕ/2 Cabc , Ĉabi = Li
mBm ab ,

Ĉaij = e−ϕ/2 εmnpLi
mLj

n Va
p , Ĉijk = e−ϕεijk` , (5.49)

for the bosonic fields and

ψ̂a = eϕ/12(ψa − 1
6ΓaΓiλi) , ψ̂i = eϕ/12λi , ε̂ = e−ϕ/12ε , (5.50)

for the fermions. Thus the full eight-dimensional field content consists of the following
128 + 128 field components (omitting space-time indices on the potentials):

8D : {eµ
a, Lm

i, ϕ, `, Am, V m, Bm, C; ψµ, λi} . (5.51)

We will now describe the quantities appearing in this reduction Ansatz.
The matrixLm

i describes the five-dimensionalSL(3,R)/SO(3) scalar coset of the in-
ternal space. It transforms under a globalSL(3,R) acting from the left and a localSO(3)
symmetry acting from the right. We take the following explicit representative (3.25), thus
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fixing the gauge of the localSO(3) symmetry:

Lm
i =




e−σ/
√

3 e−φ/2+σ/2
√

3χ1 eφ/2+σ/2
√

3χ2

0 e−φ/2+σ/2
√

3 eφ/2+σ/2
√

3χ3

0 0 eφ/2+σ/2
√

3


 , (5.52)

which contains two dilatonsφ, σ and three axionsχ1, χ2, χ3. It is useful to define theSO(3)
invariant scalar matrix

Mmn = Lm
iLn

jηij , (5.53)

whereηij = I3 is the internal flat metric. Similarly, the two-dimensionalSL(2,R)/SO(2)
scalar coset is parameterised by the dilatonϕ and the axioǹ via theSO(2) invariant scalar
matrix

WIJ = eϕ

(
`2 + e−2ϕ `

` 1

)
. (5.54)

The only dependence on the internal coordinateszm comes in via theGL(3,R) matrices
Um

n. These can be interpreted as the components of the three Maurer-Cartan one-forms
σm = Um

ndzn of some three-dimensional Lie group. By definition they satisfy the Maurer-
Cartan equations (4.46), giving rise to the structure constantsfmn

p of the group, which are
independent ofzm. Using a particular frame in the internal directions, the explicit coordinate
dependence of the Maurer-Cartan one-forms is given by

Um
n =




1 0 −s1,3,2

0 eaz1
c2,3,1 eaz1

c1,3,2 s2,3,1

0 −eaz1
s3,2,1 eaz1

c1,3,2 c2,3,1


 , (5.55)

where we have used the following abbreviations

cm,n,p = cos(
√

qm
√

qn zp) , sm,n,p =
√

qm sin(
√

qm
√

qn zp)/
√

qn , (5.56)

This gives rise to structure constants (5.38) with (5.46). It is understood that the structure
constants satisfy the Jacobi identity, amounting toq1a = 0.

A subtlety which is not obvious from the analysis by Scherk and Schwarz [39] is that
one only can reduce the action for traceless structure constants (fmn

n = 0). These cases
lead to the class A gauged supergravities. For structure constants with non-vanishing trace
(fmn

m 6= 0), one has to resort to a reduction of the field equations, see section 4.6. These
cases lead to the class B gauged supergravities. Note that the adjoint of the gauge groupG in
embedded in the fundamental ofGL(3,R):

gn
m = eλkfkn

m

, (5.57)

whereλk are the parameters of the gauge transformations. Therefore, in the case of a non-
vanishing trace, the gauge groupG is a subgroup ofGL(3,R) and not ofSL(3,R).
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The relation between the Maurer-Cartan one-formsσm and the three-dimensional isom-
etry groups is as follows. The metric on the group manifold reads

ds2
G = e2ϕ/3Mmnσmσn , (5.58)

where the scalarsϕ andM are constants from the three-dimensional point of view. A vector
field L defines an isometry if it leaves the metric invariant

LLgmn = 0 . (5.59)

For all values of the scalars, the group manifold has three isometries generated by the left
invariant Killing vector fields, as explained in section 4.4. These fulfill the stronger require-
ment

LLmσn = 0 (5.60)

for all three Maurer-Cartan forms on the group manifold and generate the algebra as given
in (4.46). In the class A case, i.e.a = 0, the left-invariant Killing vectors generating the three
isometries are given by

L1 =
c1,2,3

c1,3,2

∂

∂z1
− s2,1,3

∂

∂z2
+

c1,2,3 s3,1,2

c1,3,2

∂

∂z3
,

L2 =
s1,2,3

c1,3,2

∂

∂z1
+ c1,2,3

∂

∂z2
− s1,2,3 s1,3,2

c1,3,2

∂

∂z3
, (5.61)

L3 =
∂

∂z3
,

whereas in the class B case, i.e.q1 = 0 anda 6= 0, they are given by

L1 =
∂

∂z1
− (az2 + q2z

3)
∂

∂z2
+ (q3z

2 − az3)
∂

∂z3
,

L2 =
∂

∂z2
, L3 =

∂

∂z3
. (5.62)

Here,∂/∂z2 and∂/∂z3 are manifest isometries. This follows from the fact that the matrix
Un

m is independent ofz2 andz3.
In this section, we have not heeded any global issues concerning the group manifold

reductions. This amounts to taking the universal cover of the group manifold. For this reason,
the manifolds of types I-VIII are non-compact and have the topology ofR3, while the type
IX manifold has the topology ofS3. The latter case therefore does not raise any issues when
compactifying. In the case of non-compact groups, there are two approaches:

• One reduces over a non-compact group manifold. Supersymmetry is preserved, but the
non-compact internal manifold leads to a continuous spectrum in the lower-dimensional
theory; this spectrum can be consistently truncated to an 8D gauged maximal super-
gravity, however. This is the so-called non-compactification scheme.
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• The group manifold is compactified by dividing out by discrete symmetries [165]. For
all Bianchi types except types IV and VIa, it is possible to construct compact manifolds
in this way [166]. Sometimes, supersymmetry is preserved under this operation, like
for the three-torus. In other cases, in particular for class B group manifolds, we do not
know whether any supersymmetry is preserved under such an identification.

In this thesis, we will concentrate on local aspects, and therefore not take sides regarding this
issue.

Supersymmetry Transformations and Global Symmetries

With the Ansatz above, all class A and B gauged supergravities can be obtained. We will
first consider the supersymmetry transformations of these theories. Reduction of the 11D
supersymmetry rules (B.1) yields

δeµ
a =− i

2
εΓaψµ

δψµ =2∂µε− 1
2

/ωµε +
1
2
L[i|mDµLm|j]Γijε +

1
24

e−ϕ/2fijkΓijkΓµε− 1
6

e−ϕ/2fij
jΓµΓiε

+
1
24

eϕ/2ΓiL m
i (Γ νρ

µ − 10δ ν
µ Γρ)Fmνρε− i

12
e−ϕΓijkLi

mLj
nLk

pG(1)
µmnpε

+
i

96
eϕ/2(Γ νρδε

µ − 4δ ν
µ Γρδε)Gνρδεε +

i

36
ΓiL m

i (Γ νρδ
µ − 6δ ν

µ Γρδ)Hνρδmε

+
i

48
e−ϕ/2ΓiΓjL m

i L n
j (Γ νρ

µ − 10δ ν
µ Γρ)Fνρmnε ,

δλi =
1
2
L m

i Ljn /DMmnΓjε− 1
3

/∂ϕΓiε− 1
4
e−ϕ/2(2fijk − fjki)Γjkε

+
1
4
eϕ/2L m

i Mmn /F
n
ε +

i

144
eϕ/2Γi /Gε +

i

36
(2δ j

i − Γ j
i )L m

j /Hmε

+
i

24
e−ϕ/2ΓjL m

j L n
k (3δ k

i − Γ k
i )/Fmnε +

i

6
e−ϕΓjkLi

mLj
nLk

p /G
(1)
mnpε ,

δAm
µ =− i

2
e−ϕ/2L m

i ε(Γiψµ − Γµ(ηij − 1
6
ΓiΓj)λj) ,

δVµ mn =εmnp[− i

2
eϕ/2L p

i ε̄(Γiψµ + Γµ(ηij − 5
6
ΓiΓj)λj)− ` δAp

µ] ,

δBµν m =L i
m ε̄(Γi[µψν] +

1
6
Γµν(3δ j

i − ΓiΓj)λj)− 2 δAn
[µVν] mn ,

δCµνρ =
3
2
e−ϕ/2ε̄Γ[µν(ψρ] −

1
6
Γρ]Γiλi)− 3δAm

[µBνρ] m ,

L n
i δLnj =

i

4
eϕ/2ε(Γiδ

k
j + Γjδ

k
i − 2

3
ηijΓk)λk ,
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δϕ =− i

2
εΓiλi ,

δ` =− i

2
eϕε̄Γiλi . (5.63)

where reduction of the 11D field strengtĥG gives rise to the 8D field strengths

G = dC + Fm∧Bm , Fmn = DVmn − fmn
pBp + `εmnpF

p ,

Hm = DBm + Fn∧Vmn , G(1)
mnp = εmnpd` + 3

(
Vr[m + `Aqεqr[m

)
fnp]

r , (5.64)

and where the field strengths of the Kaluza-Klein vectors are given by

Fm = dAm − 1
2fnp

mAn∧Ap , (5.65)

which are the non-Abelian gauge field strengths.
The ungauged theory has a global symmetry group (see table 3.4)

SL(3,R)× SL(2,R) . (5.66)

The first group acts on the indicesm,n, p of the bosonic sector in the obvious way. For
SL(2,R) covariance, one needs to construct theSL(2,R)/SO(2) scalar cosetWIJ given in
(5.54) and the doublet of vector field strengthsF I m = (εmnpFnp, F

m), with I = 1, 2. The
SO(1, 1)+ ∼ R+ subgroup ofSL(2,R) can be combined with theSL(3,R) group to yield
the full GL(3,R), that one would expect from the 11D origin.

In the gauged theory, thisGL(3,R) is in general no longer a symmetry, since it does not
preserve the structure constants. The unbroken part is exactly given by the automorphism
group of the structure constants as given in table 5.4. Of course, this always includes the
gauge group, which is embedded inGL(3,R) via (5.57). However, the full automorphism
group can be bigger. For instance, it is nine-dimensional in theU(1)3 case; this amounts
to the fact that the ungaugedD = 8 theory has aGL(3,R) symmetry. Note that all other
cases have Dim(Aut)< 9 and thus break theGL(3,R) symmetry to some extent. The scaling
symmetry that corresponds to the determinant of theGL(3,R) element (or, equivalently, to
the SO(1, 1)+ subgroup ofSL(2,R)), is broken by all non-vanishing structure constants.
To understand the fate of the other subgroups ofSL(2,R), one needs to define the doublet
f I

mn
p = (fmn

p, 0). Under a globalSL(2,R) transformation the full theory is invariant up to
a transformation of the structure constants:

f I
mn

p → ΩI
Jf I

mn
p , ΩI

J ∈ SL(2,R) . (5.67)

From this transformation, one can see that theSO(2) andR+ subgroups ofSL(2,R) are
broken by any non-zero structure constants and thus in all theories except the Bianchi type I.
In contrast, the doublet of structure constants (5.67) is invariant under anR subgroup of the
SL(2,R) symmetry.
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Lagrangian for Class A Theories

The bosonic part of the eight-dimensional action for class A theories reads

L =
√−g

[
R + 1

4Tr(DMDM−1) + 1
4Tr(∂W∂W−1)− 1

4F I mMmnWIJF J n+

− 1
2·3!HmMmnHn − 1

2·4!e
ϕG2 − V − 1

6 ? (CS)
]

, (5.68)

with Chern-Simons term

CS =`G∧G + 2εmnpG∧Hm∧Vnp − 2G∧(F̃m + `Fm)∧Bm + 2G∧∂`∧C+

+ εmnpHm∧Hn∧Bp + 2Hm∧(F̃m + `Fm)∧C , (5.69)

where we have defined̃Fm = εmnpGnp. The scalar potentialV reads

V = 1
4e−ϕ [2Mnqfmn

pfpq
m + MmqMnrMpsfmn

pfqr
s]

= − 1
2 e−ϕ [(Tr(MQ))2 − 2Tr(MQMQ)] , (5.70)

where we have used the relation (5.38) between the structure constants and the mass matrix.
The massive deformations of class A can be written in terms of a superpotentialW , which

is given by

W = e−ϕ/2Tr(MQ) . (5.71)

The deformations of the supersymmetry transformation of the gravitino can be written in
terms ofW , while the dilatino variations contain terms withδΦW , whereΦ denotes a generic
scalar. The scalar potential (5.70) can also be written in terms of the superpotential and its
derivatives via the general formula (5.1). We will come back to this in section 5.5.

Lagrangians for Truncations of Class B Theories

The class B gaugings and group manifolds are parameterised by three parametersa 6= 0
and (q2, q3) while q1 = 0. The full set of field equations for class B gaugings cannot be
derived from an action. However, for specific truncations this is possible, as discussed in
section 4.6. We know of three such cases, leading to a Lagrangian with a single exponential
potential [167]:

• Type III with the truncation9

M =




e−σ/
√

3 0 0
0 eσ/2

√
3cosh( 1

2

√
3σ) −eσ/2

√
3sinh(1

2

√
3σ)

0 −eσ/2
√

3sinh( 1
2

√
3σ) eσ/2

√
3cosh( 1

2

√
3σ)


 (5.72)

9The off-diagonal components ofM (corresponding to non-zero axions) are consequences of our basis choice
for the structure constants. AnSO(2) rotation rendersM diagonal but introduces off-diagonal components inQ.
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which corresponds to the manifoldS1 ×H2. It leads to the Lagrangian

L =
√−g[R− 1

2 (∂ϕ)2 − 1
2 (∂σ)2 − 3

2e−ϕ−σ/
√

3] , (5.73)

which has∆ = −1.

• Type V withM = I3, corresponding to the manifoldH3:

L =
√−g[R− 1

2 (∂ϕ)2 − 3
2e−ϕ] , (5.74)

with a dilaton coupling giving rise to∆ = −4/3.

• Type VIIa with M = I3, also corresponding to the manifoldH3 and leading to the
same Lagrangian (5.74).

Note that in all three cases the group manifold (partly) reduces to a hyperbolic manifold,
i.e. the maximally symmetric space of constant negative curvature with enhanced isometry
and isotropy groups.

Nine-dimensional Origin

In this subsection, we will discuss how allD = 8 gauged supergravities, except those whose
gauge group is simple (i.e.SO(3) or SO(2, 1)), can be obtained by a twisted reduction of
maximalD = 9 ungauged supergravity using its global symmetry groupR+ × SL(2,R).
This is possible since all these theories follow from the reduction over a non-semi-simple
group manifold, which has two commuting isometries. These can always be arranged to be
manifest, as in (5.55) withq1 = 0. In these cases, one first can perform a toroidal reduction
overT 2 to nine dimensions, followed by a twisted reduction to eight dimensions.

Restricting ourselves to symmetries that are not broken byα′-corrections, theD = 9
global symmetry group is given by

SL(2,R)× R+ . (5.75)

Here the duality groupSL(2,R) is a symmetry of the action and is not broken byα′-
corrections, since it descends from the duality groupSL(2,R) of type IIB string theory.
We denote its elements byΩ. The explicitR+ symmetry with elementsΛ is given by10 the
combination4α − 3δ of table 5.2 and is valid on the equations of motion only. Since it has
an M-theory origin as the scaling symmetryxµ → Λxµ for µ = 10, 11, this symmetry is not
broken byα′-corrections either. This scaling symmetry is precisely the transformation with
parameterΛ = exp(az1), generated by the matrixUm

n, see (5.55), forq1 = q2 = q3 = 0.
Note that this scaling symmetry scales the volume-element of the two-torus, which explains
why it is only a symmetry of theD = 9 equations of motion.

10The symmetryα + 12β considered in section 5.3 is a linear combination of the explicitR+ and the
SO(1, 1)+ ∼ R+ symmetry ofSL(2,R).
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D = 9 ⇒ D = 8 Λ = 1 Λ 6= 1
Reduction Ansatz (⇒ class A) (⇒ class B)

Ω = I2 I = U(1)3 V

Ω ∈ R II = Heis3 VI

Ω ∈ R+ VI0 = ISO(1, 1) III = VI a=1/2, VIa

Ω ∈ SO(2) VII 0 = ISO(2) VII a

Table 5.5: TheD = 8 non-semi-simple gauged maximal supergravities, resulting from re-
duction ofD = 9 ungauged maximal supergravity by using the different global symmetries
in D = 9. HereΩ andΛ denote elements ofSL(2,R) andR+, respectively.

When performing theD = 9 to D = 8 twisted reduction [38], we distinguish between the
cases whereΛ = 1 (a = 0) and whereΛ 6= 1 (a 6= 0). Furthermore, we allowΩ to be either
the identity or an element of the three subgroups ofSL(2,R). Reduction toD = 8 thus gives
rise to eight different possibilities, one of which has to be split in two. These correspond to
the nineD = 8 gauged maximal supergravities with non-semi-simple gauge groups, i.e. all
Bianchi types except type VIII with gauge groupSO(2, 1) and type IX with gauge group
SO(3). The result is given in table 5.5.

It can be seen that class A gauged supergravities are obtained by using only a subgroup of
SL(2,R), which is a reduction that can be performed on theD = 9 ungauged action. Class B
gauged supergravities, however, require the use of the extra scaling symmetry which indeed
can only be performed at the level of the field equations.

An alternative to the twisted reduction of 9D ungauged theories is the trivial reduction of
the gauged theories of section 5.3. When restricting to gauge groups that are embeddable in
string theory, we have four possibilities in nine dimensions: the three subgroupsζ, γ andθ of
SL(2,R) and the scaling symmetryα + 12β. Upon reduction, we find that these theories are
related to Bianchi types up toSO(2) ⊂ SL(2,R) rotation of90 degrees. The specific types
are II, VI0 and VII0 (of class A) and III (of class B), respectively.

5.5 CSO Gaugings of Maximal Supergravities

In this section we will discussCSO gauged maximal supergravities, appearing in diverse
dimensions, and describe the relation to the previously constructed theories. We will conclude
by mentioning some other possibilities of gauged maximal supergravities.
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CSO Algebras and Groups

An important role in gauged maximal supergravity is played by the so-calledCSO groups,
see e.g. [168–170]. These groups can be seen as analytic continuations and group contractions
of SO groups, as is demonstrated below.

We start with the algebraso(n) with generators in the fundamental representation (with
i, j, . . . = 1, . . . , n)

(gij)k
l = δk

[iQj]l , (5.76)

with Q equal to the identity matrix forso(n). The generators are labelled by an anti-
symmetric pair of indices, giving rise to12n(n − 1) different generators. These satisfy the
commutation relations

[gij , gkl] = fij,kl
mngmn , fij,kl

mn = 2δ
[m
[i Qj][kδ

n]
l] . (5.77)

The corresponding group elements leave the matrixQ invariant:

exp(λijgij)Qexp(λijgT
ij) = Q , (5.78)

whereλij are the (real) parameters of the group elements. The above properties hold for an
arbitrary matrixQ, which equalsIn for theSO(n) group.

Consider the following scaling of theso(n) algebra, wherei, j = 1, . . . , n− 1:

gij → gij , gin → λgin (5.79)

A straightforward calculation shows that the only effect on the above algebra is a scaling of
the matrixQ:

Q = In →
(
In−1 0

0 λ−2

)
. (5.80)

Therefore, different choices forλ result in different algebras:

• λ → 1 is the trivial case, retaining theso(n) algebra,

• λ → i is an analytic continuation, yielding theso(n− 1, 1) algebra and

• λ →∞ corresponds to a group contraction, giving theiso(n− 1) algebra,

as can be seen from the defining equation (5.78). Thus, the (imaginary or infinite) rescaling
of the generators (5.79) takes one from theso(n) algebra withQ = In to the algebrasso(n−
1, 1) or iso(n− 1).
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One can perform the operation (5.79) a number of times with different generators, leading
to the algebra (5.76) with the matrix

Q =



Ip 0 0
0 −Iq 0
0 0 0r


 , (5.81)

with p+q+r = n. The corresponding algebra is called thecso(p, q, r) algebra, satisfying the
equations (5.76)-(5.78). Therefore, thecso(p, q, r) algebras withp + q + r = n are analytic
continuations and group contractions of the prime exampleso(n). This generalises theso(n)
algebra to[n2/4 + n] different possible algebras.

Note that a generatorgij vanishes if and only ifQii = Qjj = 0. For this reason, the ma-
trix (5.81) gives rise to12r(r− 1) vanishing generators. The number of non-trivial generators
of a cso(p, q, r) algebra therefore equals

1
2 (p + q + r)(p + q + r − 1)− 1

2r(r − 1) = 1
2 (p + q)(p + q + 2r − 1) . (5.82)

Also note thatcso(p, q, r) andcso(q, p, r) are isomorphic, whilecso(p, q, 0) = so(p, q) and
cso(p, q, 1) = iso(p, q).

          SO(3)

ISO(2)

    (1,1,1)
SO(2,1)

Heisenberg

C

A

C

C

ISO(1,1)

(1,−1,1)

(0,−1,1)

(0,0,1)

(0,1,1)

1

2

2A

1

C2 2

Figure 5.2: Relations between the differentCSO groups withn = 3 under analytic continu-
ationsA and group contractionsC. The boxes give the groups and the diagonal components
of Q.

The correspondingCSO group elements satisfy (5.78). The simplest examples are

• n = 2: SO(2), SO(1, 1), ISO(1) ∼ R,

• n = 3: SO(3), SO(2, 1), ISO(2), ISO(1, 1), CSO(1, 0, 2) ∼ Heis3.

Then = 2 case are the one-dimensional subgroups ofSL(2,R), while then = 3 case exactly
comprises the class A groups of the Bianchi classification (see table 5.4). The relations under
analytic continuations and group contractions are illustrated in figure 5.2 forn = 3.
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Gauged Maximal Supergravity

One might have noticed a certain familiarity with theCSO(p, q, r) groups withp+q+r = n
for n = 2 andn = 3. Indeed, these are exactly the gauge groups for a subset of the gaugings
considered in sections 5.3 and 5.4. SuchCSO groups also emerge in lower-dimensional
gauged maximal supergravities11, as we will now discuss.

It has been known for long that certain gauged maximal supergravities with global sym-
metry groupsSL(n,R) allow for the gauging of theSO(n) subgroup of the global symmetry.
An example is theSO(8) gauging in four dimensions [173]. Subsequently, it was realised
that such gauged supergravities could be obtained by the reduction of a higher-dimensional
supergravity over a sphere, with a flux of some field strength through the sphere. An exam-
ple is the reduction of 11D supergravity overS7, with magnetic flux of the four-form field
strength through the seven-sphere, yielding theSO(8) theory [127]. Other examples are
given in table12,13 5.6.

D n φ Origin

10 1
√

Massive IIA [74]

9 2
√

IIB with SO(2) twist [147]

8 3
√

IIA on S2 [164]

7 5 − 11D onS4 [125,126]

6 5
√

IIA on S4 [175]

5 6 − IIB on S5 [128,174]

4 8 − 11D onS7 [127]

Table 5.6: The different gauged maximal supergravities inD dimensions withn mass pa-
rameters. The relevant scalar subsector consists of the cosetSL(n,R)/SO(n) plus, for the
cases with a

√
in the third column, an extra dilatonφ. We also give the higher-dimensional

origin of theSO(n) prime examples.

In addition toSO(n), the global symmetry groupSL(n,R) has more subgroups that can
be gauged. It was found that many more gaugings could be obtained from theSO(n) prime

11For the purposes of uniformity, we will restrict ourselves toD ≥ 4. Gauged maximal supergravities inD = 3
have a number of remarkable properties, see e.g. [171,172].

12We have included massive IIA supergravity in table 5.6, even though it is not a gauged theory and its higher-
dimensional origin is unknown, for reasons that will be discussed in the next subsection.

13TheS5 reduction of IIB has not (yet) been proven in full generality. The linearised result was obtained by [174]
while the full reduction of theSL(2,R) invariant part of IIB supergravity was performed by [128].
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examples by analytic continuation or group contraction of the gauge group [176, 177]. This
leads one fromSO(n) to the groupCSO(p, q, r) with p + q + r = n, as we have seen in the
previous subsection.

At first the generalisation ofSO(p, q) to CSO(p, q, r) was thought to be possible only
for even-dimensional gauged supergravities, due to problems with the number of degrees of
freedom of gauge potentials in odd dimensions. The resolution lies in the role played by
the massive self-dual gauge potentials in odd dimensions [178]. For example, the resulting
field content inD = 5 contains15 + r gauge vectors and12 − r massive self-dual two-
form potentials [169]. InD = 7 one would expectr massless two-forms and5 − r massive
self-dual three-forms, of which the caser = 1 is confirmed in [175]. Surprisingly, this
phenomenon does not occur inD = 9, where one has one massless three-form potential for
all values ofr [147]. This is related to the fact that the 9D potential is a singlet, while the
lower-dimensional potentials transform non-trivially under the gauge group, see table 3.4. In
this section, we will be concerned with the scalar subsector of these theories and therefore
not mind the subtleties associated with the gauge potentials.

The question of the higher-dimensional origin14 of theCSO(p, q, r) gaugings was clar-
ified in [131], where the same operations of analytic continuations and group contractions
were applied to the internal manifold. The resulting manifolds are hypersurfaces defined by

n∑

i=1

qiµi
2 = 1 , (5.83)

with n parameters15 qi of which p are positive,q are negative andr are vanishing; hence
p + q + r = n. The manifold corresponding to (5.83) is denoted byHp,q × T r [131]. The
hyperbolic manifoldHp,q can be endowed with a positive-definite metric, which generically
is inhomogeneous [181]; the exceptions are the (maximally symmetric) coset spaces

Sn = Hn+1,0 ' SO(n + 1)
SO(n)

, Hn = H1,n ' SO(1, n)
SO(n)

, (5.84)

i.e. the sphere and the hyperboloid. Generically the spacesHp,q are non-compact; the only
exception is the sphere withq = 0.

Thus non-compact gauge groupsCSO(p, q, r) with q 6= 0 are obtained from reduction
over non-compact manifolds, as first suggested in [182]. It can be argued that the correspond-
ing reduction is consistent provided the compact case, with reduction overSn−1, has been
proven consistent [131].

A special case of this reduction is provided byp + q = 1 or 2. In such cases,Hp,q

corresponds to a one-dimensional manifold, over which one performs a twisted reduction
(see section 4.3). The difference between(p, q, r) = (2, 0, 0), (1, 1, 0) and(1, 0, 1) is the

14For discussions of the higher-dimensional origin of self-duality relations, see [125,137,178].
15Another approach to the introduction of these parameters in the lower dimension is the inclusion ofn Killing

vectors in 11D supergravity [142,147,179,180].
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flux of the scalars: the different values correspond to twisting with the subgroupsSO(2),
SO(1, 1) andR of a global symmetry groupSL(2,R), respectively.

Examples of these cases are provided by the reduction of IIB with anSL(2,R) twist,
giving rise toCSO gauged supergravity in 9D withn = 2 (see section 5.3). This requires
the identification

Q = 1
2

( −m2 + m3 m1

m1 m2 + m3

)
=

(
q1 0
0 q2

)
, (5.85)

between the parameters~m = (m1,m2,m3) of theSL(2,R) twisted reduction (B.14) and the
parameters(q1, q2) of the reduction over the hypersurface (5.83). The choice of diagonalQ
corresponds to vanishingm1, which can always be obtained bySL(2,R) field redefinitions
(as explained in section 5.3). Note that generic twisted reductions (4.36) give rise to a trace-
less matrixC, which only forn = 2 can be related to a symmetric matrixQ, see (5.19). The
explicit relation between the twisted reduction coordinatey and the Cartesian coordinatesµi

reads

µ1 = sin(
√

q1q2y)/
√

q1 , µ2 = cos(
√

q1q2y)/
√

q2 . (5.86)

This explains the relation between twisted reduction and the casep + q ≤ 2 of (5.83).
Another noteworthy remark concerns the next case,p + q = 3. This defines two-

dimensional spaces, e.g.S2 andH2, over which one can perform coset reductions. Alterna-
tively, these cases can be viewed as group manifold reductions over three-dimensional group
manifolds, e.g.SO(3) andSO(2, 1). For example, one can either perform a two-dimensional
coset reduction of IIA or a three-dimensional group manifold reduction of 11D to obtain the
class A gauged supergravities in 8D [136]. The structure constants of these class A group
manifolds are given by

fmn
p = εmnqQ

pq , Qmn = diag(q1, q2, q3) , (5.87)

which relates the parameters of the group manifold reduction and the reduction over the
hypersurface. Note that the structure constants only contain a symmetric matrixQ for the
casen = 3, confirming the relation between 3D group manifolds and (5.83) withn = 3.
Explicitly, the relations between the three-dimensional group manifold reductions and the
reductions over the two-dimensional hypersurface (5.83) are

µ1 = sin(
√

q2q3 y2)/
√

q1 ,

µ2 = sin(
√

q1q3 y1) cos(
√

q2q3 y2)/
√

q2 , (5.88)

µ3 = cos(
√

q1q3 y1) cos(
√

q2q3 y2)/
√

q3 ,

wherey1,2 are the two coordinates of the 3D group manifold that remain after reduction over
the manifest isometry directiony3.
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We expect the following relations between the different maximal supergravities with
CSO gauge groups upon toroidal reduction. Consider the mass parameters in dimensions
D andd < D, denoted bynD andnd ≥ nD, respectively. Then thenD mass parameters
in D dimensions reduce to thend mass parameters ind dimensions withnd − nD vanishing
entries:

QD

TD−d

=⇒ Qd =
(

QD 0
0 0nd−nD

)
. (5.89)

Therefore, the set of allCSO gaugings inD dimensions reduces to (generically) a subset
of all CSO gaugings ind dimensions. In the reduction Ansatz from 11D or 10D tod di-
mensions, thend − nD vanishing mass parameters correspond to a torusTD−d over which
one can reduce first, as can be seen from (5.83). This conjecture relating the differentCSO
gauged supergravities will be proven below for the scalar subsector of the theories.

Scalar Potential

In addition to the gauging of the groupCSO(p, q, r), the non-trivial reduction over the spaces
Hp,q × T r gives rise to a scalar potential. To this end, we consider the scalar subsector of
these theories.

In all cases, it contains a scalar cosetSL(n,R)/SO(n), which is parameterised by a
symmetric matrixM . We will restrict ourselves to a diagonal matrix, for reasons that will be
explained in section 6.2. The diagonal part of the scalar is given by

M = diag(e~α1·~φ, . . . , e~αn·~φ) , (5.90)

where then vectors~αi = {αiI} are weights ofSL(n,R) fulfilling the following relations

∑

i

αiI = 0 ,
∑

i

αiI αiJ = 2 δIJ , ~αi · ~αj = 2 δij − 2
n

. (5.91)

In addition, the scalar coset can contain an extra scalarφ, as indicated in table 5.6. Note
thatM andφ generically do not correspond to the full scalar coset, as can be inferred from
table 3.4; however, they do constitute the part that is relevant to theCSO gauging and scalar
potential. Similarly, the full global symmetry will often be larger thanSL(n,R); it is for
example given bySO(5, 5) in 6D. Its SL(n,R) subgroup will generically be the largest
symmetry of the Lagrangian, however, and is the only part of the symmetry group that is
relevant for the present discussion.

The scalar potential of allCSO gaugings has the universal form

V = − 1
2eaφ((Tr[QM ])2 − 2Tr[QMQM ]) , Q = diag(q1, . . . , qn) , (5.92)
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in terms of the mass parametersqi of the hypersurface (5.83). The dilaton couplinga is given
by

a2 =
8
n
− 2

D − 3
D − 2

, (5.93)

for the different cases. This scalar potential can be written in terms of the superpotential

W = eaφ/2Tr[QM ] , (5.94)

via the general formula (5.1) for the scalar potential:

V = 1
2 (δφW )2 + 1

2 (δ~φW )2 − D − 1
4(D − 2)

W 2 . (5.95)

This superpotential also parameterises the explicit deformations of the supersymmetry trans-
formations: the gravitino variation will be proportional toW while the dilatini variations will
be proportional toδW/δ~φ andδW/δφ.

In accordance with table 5.6,a vanishes for(D, n) = (7, 5), (5, 6) and(4, 8), for which
the extra dilatonφ is absent. TheSL(2,R) twisted reduction of IIB and class A group
manifold reduction of 11D yield scalar potentials (5.23) and (5.70) that coincide with (5.92)
for (D,n) = (9, 2) and(8, 3), respectively. In addition, the scalar potential (5.5) of massive
IIA also is of exactly this form with(D, n) = (10, 1) and is therefore included in table 5.6.

For theSO(n) cases, i.e. allqi = 1, the scalar subsector can be truncated by setting
M = I. In this truncation, the scalar potential reduces to a single exponential potential

V = − 1
2n(n− 2)eaφ , (5.96)

Note the dependence of the sign of the potential onn: it is positive forn = 1, vanishing for
n = 2 and negative forn ≥ 3. If a = 0 (which necessarily impliesn ≥ 3 in D ≥ 4), the
scalar potential becomes a cosmological constant and allows for a fully supersymmetric AdS
solution; for this reason, such theories are called AdS supergravities. Theories witha 6= 0 are
called DW supergravities since the natural vacuum is a domain wall solution, see section 6.2.

Group Contraction and Dimensional Reduction

We would like to consider two operations on the scalar sector of theCSO gauged supergrav-
ity. The first operation corresponds to a contraction of theCSO gauge group and corresponds
to setting one mass parameter equal to zero, as explained above. For concreteness, it is taken
to be the last one:qi = (qp, 0), where we have split upi = (p, n) andp = 1, . . . , n− 1. The
superpotential now reads

W = eaφ/2
∑

p

qpe
~αp·~φ = eaφ/2+~β·~φ ∑

p

qpe
~βp·~φ , (5.97)
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where we have chosen to extract an overall part~β · ~φ according to~αp = ~β + ~βp. A convenient
choice for~β is

~β = − 1
n− 1

~αn = (0, . . . , 0,
1√

n(n− 1)/2
) . (5.98)

This corresponds to the scalar coset split

M =

(
e

~β·~φM̃ 0
0 e−(n−1)~β·~φ

)
, M̃ = diag(e~β1·~φ, . . . , e

~βn−1·~φ) , (5.99)

where the weight vectors~βp are subject to the reduction of (5.91):

∑
p

βpI = 0 ,
∑

p

βpI βpJ = 2 δIJ , ~βp · ~βq = 2 δpq − 2
n− 1

, (5.100)

while the last component of all vectors~βp vanishes:βpn = 0. . Therefore, the contracted
superpotential (5.97) only depends on the smaller cosetSL(n− 1,R)/SO(n−1). Also note
that the overall dilaton coupling has changed due to the contraction. For the scalar potential,
this will amount toaφ + 2~β · ~φ instead ofaφ. After a change of basis, corresponding to an
SO(n + 1) rotation in(φ, ~φ)-space, this takes the form̃aφ̃ with

ã2 = a2 + 4~β · ~β =
8

n− 1
− 2

D − 3
D − 2

> a , (5.101)

which is exactly the original relation (5.93) withn decreased by one. It should be clear that
this contraction can be employed several times, each time reducingn by one.

The second operation we wish to perform corresponds to dimensionally reducing the
scalar sector. We take trivial Ansätze for the scalars,M̂ = M and φ̂ = φ, and the usual
Ansatz (4.4) for the metric (obtaining Einstein frame with a canonically normalised Kaluza-
Klein scalarϕ in the lower dimension):

d̂sD
2 = e2γϕdsD−1

2 + e−2(D−3)γϕdz2 , γ2 =
1

2(D − 2)(D − 3)
, (5.102)

where we have truncated the Kaluza-Klein vector away. The resulting scalar potential is of
the same form (5.92), but again the dilaton coupling has changed: the factoraφ is replaced
by aφ + 2γϕ. After a field redefinition, this corresponds toãφ̃ with

ã2 = a2 + 4γ2 =
8
n
− 2

D − 4
D − 3

> a , (5.103)

which is exactly the original relation (5.93) withD decreased by one. Again, dimensional
reduction can be performed any number of times, reducingD by one at each step.
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Concluding, after any number of group contractions or dimensional reductions, the scalar
subsector will always have a scalar potential (5.92) with dilaton coupling (5.93). The only
effect of these operations is to decreaseD or n by one, respectively: the resulting system still
satisfies all equations with the new values of the parametersD andn. This proves that the
scalar subsectors of different gauged supergravities reduce onto each other upon matchingD
andn by dimensional reductions and/or group contractions. We expect this to hold for the
full theories as well.

Other Gauged Maximal Supergravities

TheCSO gaugings generalise the gaugings of subgroups ofSL(2,R) andSL(3,R) in nine
and eight dimensions, respectively. These are not the only possibilities in lower dimensions,
however. Other examples were constructed in e.g. [170,183].

An interesting approach was taken in [171,184], where possible gaugings were classified
by a purely group-theoretical analysis. For example, different gaugings were found in 4D,
depending on the global symmetry group of the Lagrangian16 [184]. The Lagrangian with
SL(8,R) invariance allows for theCSO(p, q, r) gauging withp + q + r = n, as found
above, but other gaugings inD = 4 andD = 5 were also found. For example, after a
number of Hodge duality transformations can bring one to an equivalent Lagrangian with
SL(6,R)×SL(2,R)×SO(1, 1) invariance, which allows for other gaugings. These gauged
theories are obtainable from dimensional reduction of IIB supergravity [185]. Indeed, the
global symmetry group has a natural origin from the IIB point of view: theSL(6,R) stems
from the six internal coordinates, while theSL(2,R) is already present in ten dimensions.

In addition to theories with a Lagrangian, it was found in sections 5.3 and 5.4 that M-
theory allows for other gauged supergravities, that do not have an action but only field equa-
tions. In nine dimensions, there was one such theory with parameterms. In eight dimensions,
there were five theories, with parametersq2, q3 anda. Clearly, one can expect such theories
also in the lower dimensions. It is not clear to us what the general pattern will be, however.

16Hodge duality relates electric and magnetic vectors in 4D. While this does not affect the symmetry group of the
field equations, the different choices give rise to different global symmetries of the Lagrangian.
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Chapter 6

Domain Walls

In this chapter, we will construct half-supersymmetric domain wall solutions to the massive
and gauged supergravities of the previous chapter and we will discuss their physical interpre-
tation in terms of branes. In the last section we will consider 1/4 supersymmetric intersections
of domain walls with strings.

6.1 D8-brane in Massive IIA

D8-brane Solution

In section 3.4 we have discussed the different supersymmetric solutions of massless IIA su-
pergravity. The situation for massive IIA supergravity is radically different: there is no maxi-
mally supersymmetric solution [98] and only one half-supersymmetric solution, the D8-brane
solution [62]. It is carried by the metric and the dilaton, which read

ds2 = H1/8dx9
2 + H9/8dy2 , eφ = H−5/4 . (6.1)

Note that this is of the form of the genericp-brane solutions (3.37) withd = 9, d̃ = −1
and ∆ = 4, and has

√−ggyy = 1. It is expressed in terms of one harmonic function
H = c + mRy, where we takemR positive andc is an arbitrary integration constant. This
solution preserves half of supersymmetry under the supersymmetry rules (B.5) with explicit
massive deformations (5.3) with Killing spinor

ε = H1/32ε0 , with (1 + Γy) ε0 = 0 , (6.2)

whereε0 is a constant spinor that satisfies the above linear constraint. Thus the D8-brane has
16 unbroken supersymmetries.
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For later use we would also like to present the D8-brane in a different coordinate system,
which is related via

H̃ = 2mRỹ + c̃ = H(y)2 . (6.3)

In the new transverse coordinateỹ the solution reads

ds2 = H̃1/16dx9
2 + H̃−7/16dỹ2 , eφ = H̃−5/8 . (6.4)

Note that we now have
√−ggtt = −1. For the present section, we will use the first parame-

terisation (6.1), however.
As discussed in section 3.4, a domain wall with harmonic functionH = c + mRy is not

well-defined. The zeroes inH induce singularities in the solution. To avoid these, one has
to include source terms (corresponding to a thin domain wall) to modify the behaviour of the
harmonic function. We will discuss such source terms for the D8-brane solution in the next
subsection.

Source Terms and Piecewise Constant Parameters

To this end we introduce a number of source terms, corresponding to eight-branes. Since
these couple to a nine-form potential it is necessary to dualise the mass parameter of massive
IIA to a ten-form field strength:

mR = e−5φ/2 ? G(10) , G(10) = dC(9) , (6.5)

as discussed in section 3.2. In the absence of sources, the field equation forC(9) implies
mR to be constant. When sources are present, however, the parametermR is required to
be piecewise constant, i.e. it can take different (constant) values in different regions of the
transverse space. This property is the reason why the corresponding solution is called a
domain wall; the eight-brane sources separate physically different regions.

The eight-brane source terms are given by

S8 = − 2π

(2π`s)9

∫
d9x{e−φ

√−g(9) + 1
9!ε

(9)C(9)} , (6.6)

with ε(9) µ0···µ8 = ε(10) µ0···µ8y and we use the rangesµ, ν = (0, . . . , 8) in this section.
Depending on the coefficients ofS8 in the total action, the source terms have a different
interpretation in string theory:

• Objects with positive coefficients correspond to D8-branes. Passing through such a
domain wall leads to a decrease of the slope of the harmonic function [62, 71, 186].
The prime example is

H =

{
c−mRy , y > 0 ,

c + mRy , y < 0 ,
(6.7)
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with c andmR positive. This can be written asH = c − mR|y|, where the absolute
value of the transverse coordinatey can be seen as a consequence of the piecewise
constant parametermR. It follows thatH will vanish for some critical value ofy.

• Objects with negative coefficients correspond to so-called O8-planes. These are orien-
tifold planes1, which arise by dividing out by a specificZ2 symmetry. In this case the
relevant symmetry isIyΩ, whereIy is a reflection in the transverse space andΩ is the
world-sheet parity operation. Its effect on the IIA supergravity fields reads

y → −y ,{
φ, gµν , Bµν

} → {
φ, gµν ,−Bµν

}
,

{
C

(2n−1)
µ1···µ2n−1

} → (−)n+1
{
C

(2n−1)
µ1···µ2n−1

}
,{

ψµ, λ, ε
} → Γy

{
ψµ,−λ, ε

}
, (6.8)

and the parity of the fields with one or more indices in they-direction is given by the
rule that every index in they-direction gives an extra minus sign compared to the above
rules.

Due to the inclusion of such source terms, the harmonic function will be e.g.H =
c + mR|y| with c andmR positive [71,186]. ThusH is positive for all values ofy and
has a minimum at the O8-plane.

One thus finds that the introduction of D8-branes leads to zeroes inH and thus to a ’critical
distance’. It forces one to include O8-planes at a smaller distance, such that the zero inH is
avoided. If the transverse space isR/Z2, we can take one O8-plane with Ramond-Ramond
charge−16 (in units where a D8-brane has charge+1) andn D8-branes and their images
with n ≤ 8. Forn > 8 the total tension is positive and a zero in the harmonic function will
occur. On the other hand, if the transverse space isS1/Z2 (i.e. the range ofy is compact),
the total tension has to vanish and one is led to type I′ string theory with two O8-planes at the
two fixed points and 16 D8-branes and their images in between [62].

Type I′ String Theory and Supergravity

We will consider an example of the latter situation in full detail. First we choose our space-
time to beM9 × S1. All fields satisfyΦ(y) = Φ(y + 2πR) with R the radius ofS1.
Furthermore, the fields are either even or odd underI9Ω. Modding out thisZ2 symmetry, the
odd fields vanish on the fixed pointsy = 0 andy = πR of the orientifold, where we will
put the brane sources. However, the type IIA theory would be inconsistent under orientifold
truncation unless extra gauge degrees of freedom appear in the theory. It turns out we have to
place 32 D8-branes between these O8-planes [62], leading to typeI′ string theory. It is T-dual

1Orientifold planes arise when modding out with a discrete symmetry that involvesΩ, the string world sheet
parity operation; see [187] for a nice introduction.
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to type I string theory, which is obtained by modding the IIB theory with theZ2 symmetryΩ,
as discussed in section 2.2. This also explains the origin of the 32 D8-branes: the type I gauge
groupSO(32) can be seen to come from 32 unoriented D9-branes (filling all of space-time)
and performing T-duality yields the 32 D8-branes [64].

We will consider the special situation where all D-branes coincide with either one of
the O-planes. In addition, we assume that there is no matter on the branes. Thus, we are
describing the vacuum solution of the D-brane system, switching off the excitations on the
branes. Therefore, our total effective action is given by

S = 2(n− 8)S8δ(y) + 2(8− n)S8δ(y − πR)− 2π

(2π`s)9

∫
d9xLbulk , (6.9)

which is given by the bulk action and an O8-plane and2n D8-branes aty = 0 and an O8-
plane and32 − 2n D8-branes atπR. For definiteness we will take8 < n ≤ 16, i.e. the
D8-branes dominate the O8-plane aty = 0 while the latter dominates aty = πR.

The D8-brane solution is given by (6.1) with harmonic function [71]

H = c +
(8− n)
2π`s

|y| . (6.10)

Thus we may identify the mass parameter as follows:

mR =





8− n

2π`s
, y > 0 ,

n− 8
2π`s

, y < 0 .
(6.11)

The harmonic function (6.10) with piecewise constant mass parametermR will have a zero if
the range ofy is too large; the distance between the branes must be small enough to prevent
the harmonic function from vanishing. The radius of the circle and distance between the
O-planes is thus restricted to

R <
2c`s

(n− 8)
. (6.12)

The saturating case is called the critical distanceRc. Thus it seems that typeI′ string theory
is consistent only onM9 × (S1/Z2) with a circle of restricted radius.

Of course we have only considered a special case of the typeI′ theory with all D-branes
on one of the fixed points. However, also with D-branes in between the O-planes we expect
the vacuum solution to imply a critical distance: each O8-plane necessarily has16 D8-branes
in its vicinity. The same phenomenon of typeI′ was found in [62] in the context of the
duality between the heterotic and type I theories. Note that the maximal distance depends on
the distribution of the D-branes. In the most asymmetric case (n = 16) it is smallest while in
the most symmetric case (n = 8) there is no restriction onR.
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Note that the identification (6.11) implies a quantisation of the mass parameter of massive
IIA supergravity. Upon dimensional reduction, this should coincide with the special case of
theSL(2,R) mass parameters

~m = (0,
ñ

2πR
,

ñ

2πR
) , ñ ∈ Z , (6.13)

as can be seen from (5.28) and (5.33). At first sight, these quantisation conditions do not
seem to match. The resolution can be found in [73], where factors ofgs are properly taken
into account. Being related to the mass of D-branes, both quantised masses (6.11) and (6.13)
are inversely proportional togs of IIA and IIB, respectively (see the discussion below (3.49)):

mA =
±(n− 8)
2π`sgA

, mB =
ñ

2πRBgB
, (6.14)

where we have included the A and B labels and omitted thes subscript ofgs. The T-duality
relations between the IIA and IIB parameters

RARB = `s
2 , gA`s = gBRB , (6.15)

then exactly relate the two expressions for the quantised mass withñ = ±(n− 8).
It is clear that the D8-O8 system can be generalized further. To start with, placing D-

branes in any compact transverse space requires the presence of oppositely charged branes
that need to have opposite tensions in order to be in supersymmetric equilibrium [71]. If all
the negative-tension branes are identified with orientifold planes, as we have suggested here,
then the compact transverse spaces must be orbifolds with the orientifold planes placed at
the orbifold points. TheZ2 reflection symmetries associated to the orientifold planes can be
part of more general orbifold groups (Zn etc.). It would be interesting to realize these bulk &
brane configurations explicitly.

6.2 Domain Walls inCSO Gaugings and their Uplift

The DW/QFT Correspondence

Due to the AdS/CFT correspondence [20], it has been realized that there is an intimate rela-
tionship between certain branes of string or M-theory and corresponding lower-dimensional
SO(n) gauged supergravities. The relation is established via a maximally supersymmetric
vacuum configuration of string or M-theory, which is the direct product of an AdS space and
a sphere (see section 3.4): for ap-brane withn transverse directions, we are dealing with an
AdSp+2×Sn−1 vacuum configuration. On the one hand, this vacuum configuration arises as
the near-horizon limit of an M2-, D3- or M5-brane; on the other hand, the coset reduction over
the spherical part leads to the relatedSO(n) gauged supergravity inp+2 dimensions, which
allows for a maximally supersymmetricAdSp+2 vacuum configuration (see section 5.5). The
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gauge theory of the AdS/CFT correspondence can be taken at the boundary of thisAdSp+2

space. All dilatons are constant for this vacuum configuration (with no extra dilaton present,
i.e.a = 0). This is related to the conformal invariance of the gauge theory.

There are two ways to depart from conformal invariance, which both involve exciting
some of the dilatons in the vacuum configuration. The first deformation can be introduced via
then− 1 dilatons of the AdS supergravities. By exciting some of these dilatons one obtains
a deformed Anti-de Sitter configuration. In the AdS/CFT correspondence this corresponds to
considering the (non-conformal) Coulomb branch of the gauge theory [20].

Alternatively, one can obtain a non-conformal theory by considering the other branes of
string and M-theory, for which there is an extra dilaton present in the scalar potential of the
gauged supergravities (corresponding to the

√
in table 6.1). This leads to DW supergravities,

where the maximally supersymmetric AdS vacuum is replaced by a non-conformal and half-
supersymmetric domain wall solution. This situation is encountered when one generalises
the AdS/CFT correspondence to a DW/QFT correspondence [33,34].

D n φ Brane

10 1
√

D8

9 2
√

D7

8 3
√

D6

7 5 / 4 − /
√

M5 / NS5A

6 5
√

D4

5 6 − D3

4 8 / 7 − /
√

M2 / D2

Table 6.1: The domain walls and gauged supergravities inD dimensions withn mass pa-
rameters are related to M- or D-branes withn transverse directions.

A natural generalisation is to excite some of then − 1 dilatons describing the Coulomb
branch of the CFT and the extra dilaton that leads to a non-conformal QFT at the same time.
This leads to domain wall solutions ofSO(n) gauged DW supergravities [188] that describe
the Coulomb branch of the (non-conformal) QFT. The uplift of these multiple domain walls
leads to (the near-horizon-limit of) brane distributions in string or M-theory, as we will see in
the next subsections. This is based on results from [189].

A p-brane can be reduced in two ways: via a double dimensional reduction (leading to
a (p − 1)-brane in one dimension lower) or a direct dimensional reduction (leading to ap-
brane in one dimension lower). It has been pointed out [34] that direct dimensional reduction
leads fromSO(n) gauged supergravities to the generalisedCSO gauged supergravities of
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[176, 177]. Thus, direct dimensional reduction corresponds to a group contraction of the
gauged supergravity (see section 5.5). In contrast, double dimensional reduction of a brane
corresponds to a dimensional reduction of the gauged supergravity, which was discussed in
the same section. Recapitulating, we have the following correspondences between the brane
and gauged supergravity points of views:

Brane Gauged supergravity

direct dimensional reduction ⇔ group contraction
double dimensional reduction⇔ toroidal reduction

Note that not all branes of string or M-theory are present in table 6.1. The missing cases of
the D0 and F1A can rather easily be included, as has been done in [189]. The corresponding
D = 1, 2 gauged supergravities haven = 9, 8, respectively [190, 191]. The remaining
cases are the IIB doublets of NS5B/D5 and F1B/D1 branes. The associated theories are
the reduction of IIB overS3 or S7 with an electric or magnetic flux of the NS-NS/R-R three
form field strength [124,129]. For theD = 3 SO(8) theories corresponding to the IIB strings
(which are different from the F1A result), see [191]. The five-brane cases are supposed to
lead to newD = 7 SO(4) gauged supergravities, which might be related to the theories
constructed in [180].

Domain Walls

In this subsection, we give a unified description of a class of domain wall solutions for the
CSO gauged supergravities in various dimensions, which is of particular relevance to the
DW/QFT correspondence.

We consider the following Ansatz for the domain wall withD − 1 world-volume coordi-
nates~x and one transverse coordinatey:

ds2 = g(y)2d~x2 + f(y)2dy2 , M = M(y) , φ = φ(y) . (6.16)

The idea is to substitute this Ansatz into the action, consisting of the Einstein-Hilbert term,
scalar kinetic terms and the scalar potential (5.92), and write this as a sum of squares [192].
Using (5.93), the reduced one-dimensional action can be written as

S =
∫

dy gD−1f
[ D − 1
4(D − 2)

(2(D − 2)
fg

dg

dy
−W

)2

− 1
2

( 1
f

d~φ

dy
+ ~∂W

)2

+

− 1
2

( 1
f

dφ

dy
+ ∂φW

)2

+
1
f

dW

dy
+ (D − 1)

1
fg

dg

dy
W

]
, (6.17)

which is a sum of squares, up to a boundary term. Minimalisation of this action therefore cor-
responds to the vanishing of the squared terms. This gives rise to the first-order Bogomol’nyi
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equations

1
f

d~φ

dy
= −~∂W ,

1
f

dφ

dy
= −∂φW ,

2(D − 2)
fg

dg

dy
= W , (6.18)

Note that one should not expect a Bogomol’nyi equation associated tof since it can be
absorbed in a reparameterisation of the transverse coordinatey.

The Bogomol’nyi equations can be solved by the elegant domain wall solution, general-
ising [188,193],

ds2 = h1/(2D−4)d~x2 + h(3−D)/(2D−4)dy2 ,

M = h1/ndiag(1/h1, . . . , 1/hn) , eφ = h−a/4 , (6.19)

written in terms ofn harmonic functionshi and their producth:

hi = 2qiy + l2i , h = h1 · · ·hn . (6.20)

Note that this transverse coordinate basis2 has
√−ggtt = −1. The functionshi are necessar-

ily positive since the entries ofM are positive. For allqi ≥ 0, this implies thaty can range
from 0 to∞; if there is at least oneqi < 0, the range ofy is bounded from above.

The solution is parameterised byn integration constants3 li. However, if a chargeqi

happens to be vanishing, the correspondingli can always be set equal to one (bySL(n,R)
transformations that leave the scalar potential invariant). In addition, one can eliminate one
of the remainingli’s by a redefinition of the variabley. Therefore we effectively end up with
p + q− 1 independent constants, parameterising thep + q harmonics. We definem to be the
number of linearly independent harmonicshi with qi 6= 0 and call the corresponding solution
(6.19) anm-tuple domain wall. For different values of the constantsli, one finds different
numbersm of linearly independent harmonics. For examples of truncations to single domain
walls, see tables 6.2 and 6.3.

It should not be a surprise that all scalar potentials of table satisfy the relation (5.93) since
these are embedded in a supergravity theory, whose Lagrangian “is the sum of the super-
symmetry transformations” and therefore always yields first-order differential equations. For
this reason, domain wall solutions to the separate terms in (6.17) will always preserve half of
supersymmetry. The corresponding Killing spinor is given by

ε = h1/(8D−16)ε0 , (1 + Γy)ε0 = 0 , (6.21)

where the projection constraint eliminates half of the components ofε0. An exception is
a = 0, qi = 1 andli = 0, in which case the domain wall solution (6.19) becomes a max-
imally (super-)symmetric Anti-De Sitter space-time in horospherical coordinates. Then the
singularity aty = 0 is a coordinate artifact and there is an extra Killing spinor, yielding fully
unbroken supersymmetry.

2ForD = 10 andn = 1, the solution (6.19) coincides with the D8-brane in theỹ-coordinate (6.4).
3Strictly speaking, it isli2 rather thanli that appears as integration constant, allowing for positive and negative

li
2. However, one can always take these positive by shiftingy, in which case the crucial distinction betweenli and

li
2 disappears.
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Higher-dimensional Origin and Harmonics

Upon uplifting these domain walls, one obtains higher-dimensional solutions, which are re-
lated to the 1/2 supersymmetric brane solutions of 11D, IIA and IIB supergravity, as given
in table 6.1. Note that the number of mass parameters (and therefore the number of har-
monic functionshi of the transverse coordinate) always equals the transverse dimension of
the brane. Thus, inD dimensions, the numbern of mass parameters is given by the co-
dimension of the half-supersymmetric(D − 2)-brane of IIA, IIB or M-theory.

The metric of the uplifted solution can in all cases be written in the form

ds2 = H(2−n)/(D+n−3)
n dx2

D−1 + H(D−1)/(D−n−3)
n ds2

n , (6.22)

whereHn is a harmonic function on the transverse space, whose powers are appropriate for
the corresponding D-brane solution in ten dimensions or M-brane solution in eleven dimen-
sions (as can be checked from section 3.4). From the form of the metric one infers that the
solution corresponds to some brane distribution. For allqi = 1, these solutions were found
in [192–194] for the D3-, M2- and M5-branes and in [188,195] for other branes.

The harmonic function takes the form

Hn(y, µi) = h−1/2
( n∑

i=1

q2
i µ2

i

hi

)−1

, (6.23)

whereµi are Cartesian coordinates, fulfilling (5.83). The transverse part of the metric is given
by [193]

ds2
n = H−1

n h−1/2dy2 +
n∑

i=1

hi dµ2
i , (6.24)

With a change of coordinates, it can be seen that then-dimensional transverse space is flat4

[193,196]

zi =
√

hiµi , ds2
n =

n∑

i=1

dzidzi . (6.25)

The above is easily verified

dzi = h
−1/2
i qiµi dy + h

1/2
i dµi ,

n∑

i=1

dzidzi =
n∑

i=1

q2
i µ2

i

hi
dy2 +

n∑

i=1

hi dµ2
i , (6.26)

where we have used
∑n

i=1 qi µi dµi = 0, which follows from (5.83). Note that one has√−ggii = 1 after the coordinate change tozi.

4For D = 10 andn = 1, this coordinate transformation coincides with (6.3). Indeed, the brane solution (6.22)
is identical to the D8-brane with transversey-coordinate (6.1).
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The harmonic functionHn specifies the dependence on then transverse coordinateszi.
The constantsli parameterise the possible harmonics that are consistent with the reduction
Ansatz. The mass parametersqi specify this reduction Ansatz. Thus, changing a mass pa-
rameterqi changes both the reduction Ansatz and the harmonic function that is compatible
with that Ansatz. Sending a mass parameter to zero, e.g.qn → 0, corresponds to truncating
the harmonic function onn-dimensional flat space to

Hn(qn = 0, ln = 1) = Hn−1 , (6.27)

i.e. a harmonic function on(n− 1)-dimensional flat space.
It is difficult to obtain the explicit expression for the harmonic functionHn in terms

of the Cartesian coordinateszi (the example ofn = 2 will be given in the next section).
Nevertheless, one can show thatHn is indeed harmonic onRn for all values ofqi, thus
extending the analysis of [194] whereqi = 1. The calculation is facilitated by the following
definitions

Am =
n∑

i=1

qm
i z2

i

hm
i

, Bm =
n∑

i=1

qm
i

hm
i

. (6.28)

In terms ofAm andBm we calculate

∂iHn = h−1/2
(
− qizi

hi

B1

A2
2

+ 4
qizi

hi

A3

A3
2

− 2
q2
i zi

h2
i

1
A2

2

)
, (6.29)

from which we finally get

n∑

i=1

∂i∂iHn = h−1/2
(
2
B2

A2
2

− 2
B1A3

A3
2

− 16
A4

A3
2

+ 16
A2

3

A4
2

− 2
B2

A2
2

+ 16
A4

A3
2

+ 2
B1A3

A3
2

− 16
A2

3

A4
2

)

= 0 , (6.30)

which proves the harmonicity ofHn onRn.

Brane Distributions for SO(n) Harmonics

Since the harmonic functionHn depends on the angular variables in addition to the radial,
the uplifted solution will in general correspond to a distribution of branes rather than a single
brane. ForD < 9 and allqi = 1 (i.e. theSO(n) cases5 with n ≥ 3) this means that the
harmonic function can be written in terms of a charge distributionσ as follows [188,193]

Hn(~z) =
∫

dnz′
σ(~z ′)

|~z − ~z ′|n−2
, (6.31)

5Note that we can also include the cases where someqi = 0, using (6.27).
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and sinceHn appears without an integration constant, the distributions will actually be a
near-horizon limit of the brane distribution.

It turns out that the distributions are given in terms of higher dimensional ellipsoids [193,
197]. The dimensions of these ellipsoids are given in terms of the numberm of independent
harmonicshi or, equivalently, the numberm−1 of non-vanishing constantsli. It is convenient
to define

xm−1 = 1−
m−1∑

i=1

z2
i

l2i
, ~l = (l1, . . . lm−1, 0, . . . , 0) , (6.32)

where the lastn −m + 1 constantsli are vanishing. Starting with the casem = n, i.e. all
harmonicshi independent and onlyln equal to zero, we have a negative charge distributed
inside the ellipsoid and a positive charge distributed on the boundary:

σn ∼ 1
l1 · · · ln−1

(
− x

−3/2
n−1 Θ(xn−1) + 2 x

−1/2
n−1 δ(xn−1)

)
δ(1)(zn) , (6.33)

whereΘ(x) is the Heaviside step function:Θ(x < 0) = 0 andΘ(x > 0) = 1. Upon sending
ln−1 to zero, the charges in the interior of the ellipsoid cancel, leaving one with a positive
charge on the boundary of a lower dimensional ellipsoid:

σn−1 ∼ 1
l1 · · · ln−2

δ(xn−2) δ(2)(zn−1, zn) , (6.34)

which is the brane distribution corresponding ton − 1 independent harmonics sincehn−1

and hn are linearly dependent. Next, the contraction of more constants will yield brane
distributions over the inside of an ellipsoid. The distributionσ(zi) is then a product of a delta-
function and a theta-function and the branes are localised alongn −m + 1 coordinates and
distributed within anm−1-dimensional ellipsoid, defined byxm−1 = 0. For2 ≤ m ≤ n−2
non-zero constants, one has

σm ∼ 1
l1 · · · lm−1

x
(n−m−3)/2
m−1 Θ(xm−1) δ(n−m+1)(zm, . . . , zn) . (6.35)

Finally, one is left with all constantli vanishing, in which case the distribution has collapsed
to a point and generically reads

σ1 = δ(n)(z1, . . . , zn) , (6.36)

i.e. we are left with a single brane with all harmonicshi linearly dependent. All these distri-
butions satisfy

σm−1 = δ(zm−1)
∫

σm , (6.37)
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Figure 6.1: The distributions of NS5A-branes corresponding to the uplift of the 7DISO(4)
domain walls with three, two, one and zero non-vanishingli’s, respectively.

consistent with the picture of distributions that collapse thezm−1-coordinate upon sending
lm−1 to 0. The case of NS5A-branes is illustrated in figure 6.1.

The general lesson to be drawn from this section is that the domain wall solutions uplift
to branes with harmonic functions given by (6.23). For the cases with allqi ≥ 0, these
harmonic functions correspond to the near-horizon limit of the brane distributions (6.33). In
the simplest case, with all relevantli = 0 and thereforem = 1, this distribution collapses to
a point (6.36) and the harmonic function stems from the near-horizon limit of a single brane.
In the next sections we will see whether these findings also hold for the special casesn = 2
andn = 3.

6.3 Domain Walls in 9D and Uplift to IIB

In this section, we will consider domain wall solutions to the 9D gauged supergravities that
were constructed in section 5.3. We will first focus on theSL(2,R) gauged theories and later
comment on the possibility of domain walls in the other 9D gauged theories.

Domain Walls in SL(2,R) Gauged Supergravities

We first consider domain walls in theSL(2,R) gauged supergravities in 9D, which are spec-
ified by three mass parameters. We will takem1 = 0, which can be obtained by anSL(2,R)
transformation. Thus, we are left with a symmetric mass matrixQ with diagonal entriesq1

andq2, see (5.85). By choosing appropriate values forq1 andq2, one can still cover each of
the three conjugacy classes ofSL(2,R), corresponding toq1q2 positive, negative or vanish-
ing.

For the present purpose of domain walls, it suffices to consider a truncation to gravity and
the scalars. The supersymmetry transformations of the fermions, which are given in (B.16)
in full generality, then reduce to (see (B.16) and (5.20))

δψµ = (∂µ + ωµ + i
4eφ∂µχ + 1

28γµW )ε ,

δ0λ = i(/∂φ + δφW ) ε∗ − eφ(/∂χ + δχW ) ε∗ ,

δ0λ̃ = i(/∂ϕ + δϕW ) ε∗ , (6.38)
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with the superpotentialW given by (5.19). The projector corresponding to a domain wall
Ansatz is

ΠDW = 1
2 (1 + γy) , (6.39)

wherey indicates a tangent space direction, see appendix A.
Half-supersymmetric domain walls correspond to configurations satisfying the Killing

spinor equations, which are obtained by requiring (6.38) subject to the projection (6.39) to
vanish. The most general solutions were first classified in [150] (for other discussions of 9D
domain walls, see [198,199]) and read6

ds2 = h1/14(−dt2 + dx2
7) + h−3/7dy2 ,

eφ = h−1/2h1 , e
√

7ϕ = h−1 , χ = c1h1
−1 , (6.40)

with the functions

h = h1h2 − c2
1 , h1 = 2q1y + l1

2 , h2 = 2q2y + l2
2 . (6.41)

This is the most general half-supersymmetric domain wall solution.
The general domain walls are parameterised by three constants. However, as also ex-

plained for the general case in section 6.2, one can always do a coordinate transformation
y → y + c to shift eitherl1 or l2 to zero. The third parameterc1 can be understood as
corresponding to the gauge symmetry with constant parameters: by performingSL(2,R)
transformations of the form (5.26) one shiftsc1. For this reason, one can always choose a
gauge in which it vanishes. In this case the Killing spinor reads

ε = h1/56 ε0 , (6.42)

while in general it depends onc1. Since the transformation to shiftc1 to zero is a gauge
transformation with constant parameter, it does not affect the gauge potentials. Note that the
most general domain walls therefore areSL(2,R) orbits of the prime example (6.19) and is
expressed in terms of two harmonic functions and one constant. In theSL(2,R) frame with
c1 = 0, it can be seen as a harmonic superposition of the domain walls with harmonicsh1

andh2. Due to the two independent harmonic functions, we call this the double domain wall.
In certain truncations, the general solution (6.40) becomes a single domain wall with

only one independent harmonic function. This can happen either due to the vanishing of
a mass parameterqi or due to special values of the constantsli. In table 6.2 we give the
two possible truncations leading to single domain walls and the corresponding value of∆ as
defined in [90]. Note that theSO(2) case cannot be assigned a∆-value since it has vanishing
potential, as already noted in [150]. The domain wall is carried by the non-vanishing massive
contributions to the BPS equations. In other words, the potential is zero but there is a non-
vanishing superpotential.

6In [150] a different transverse coordinateỹ was used, which is related viah(y) = h̃(ỹ)2, where the function
h̃(ỹ) appears in the metrics of [150] and is not necessarily harmonic. Each different conjugacy class has a different
functionh̃(ỹ) and therefore requires a different coordinate transformation.
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Gauge group (q1, q2) h1 h2 ∆

R (0, q) 1 2qy 4

SO(2) (q, q) 2qy 2qy ×

Table 6.2: The single domain walls as truncations of the 9D double domain wall solution.
We give the two possible truncations and the corresponding value of∆. Note that there does
not exist a∆-value in theSO(2) case due to the vanishing of the potential.

Seven-branes and Orientifold Planes

As discussed in the section 6.1, the occurrence of domain walls with positive tension leads
to a harmonic function that vanishes at a point in the transverse space. To avoid this, one
has to include orientifold planes with negative tension as well, which can be introduced by
modding out the theory with aZ2-transformation. In 10D IIA the relevant symmetry isIyΩ
(6.8) which introduces (in the case ofy compact) 16 D8-branes and their images and two
O8-planes. In 9D the relevantZ2-symmetry can be obtained from the IIA transformation
IyΩ (6.8) by the reduction in a direction other thany. Alternatively, one could reduce the
IIB transformation(−)FLIxyΩ in thex direction. Upon reduction these give the same trans-
formation and therefore are T-dual [71]. In particular, the 9DZ2-symmetry acts on the mass
parameters asQ → −Q. Thus all three mass parameters flip sign. However, one can always
use anSL(2,R)-transformation to setm1 = 0. Then one is left withq1 andq2 and since
both mass parameters flip sign, one introduces orientifold planes which carry a charge of
−16 with respect to bothq1 andq2. Takingy compact (for a non-compact transverse space
the discussion is analogous), one also has to introduce a number of positive tension branes to
cancel the total charges. For theq2-charge this correspond to 32 D7-branes. The cancellation
of q1-charge requires 32 Q7-branes, which are defined as S-duals of the D7-branes. Thus the
following picture seems to emerge:

• Two orientifold planes, one at each of the fixed points of theS1, each carrying a charge
of (−16,−16) with respect to the two mass parameters(q1, q2).

• Sixteen D7-branes and their images, located at arbitrary points between the two O7-
planes and each carrying a charge of(0, 1).

• Sixteen Q7-branes and their images, defined as S-duals of the D7-branes, also dis-
tributed between the two O7-planes and each carrying a charge of(1, 0).

Depending on the positioning of the various 7-branes, the mass parameters can take different
values. Note that the gauge group can change when passing through a 7-brane, since it can
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affect onlyq1 or q2 and thusdet(Q) need not be invariant. The reduction of the type I′ theory
would correspond to a special case of this general set-up, in which eight of the Q7-branes
and their images are positioned at each O7-plane, thereby cancelling the(−16, 0) charge and
inducingq1 = 0 everywhere in the bulk7.

Uplift to IIB and D7-branes

Instead of the nine-dimensional discussion of source terms above, one can also uplift the
domain walls to solutions of IIB supergravity. The general formula (6.23) applied to the 9D
case yields the harmonic function

H2 =
(√

h2µ1
2 +

√
h1µ2

2
)−1

, (6.43)

with the identifications (5.86) to make contact with the explicit twisted reduction Ansatz
(B.14) with reduction coordinatey. In this case, it is straightforward (though perhaps not
very insightful) to perform the coordinate transformation tozi, which yields:

H2 =
(αz1

2 + βz2
2 + γ(z1

2 + z2
2)

2γ2

)1/2

, (6.44)

with the definitions

α = q1q2(z1
2 + z2

2) + q1l
2
2 − q2l

2
1 ,

β = q1q2(z1
2 + z2

2)− q1l
2
2 + q2l

2
1 ,

γ =
√

1
2 (α2 + β2) + q1q2(z1

2 − z2
2)(α− β) .

(6.45)

Indeed, it can be checked that this function is harmonic with respect to flat(z1, z2)-space for
all values ofqi andli.

The harmonic functionH2 generically depends on bothz1
2 + z2

2 andz1
2 − z2

2. Note
that the dependence on the latter only disappears ifα = β = γ, in which case the harmonic
function reads

H2 = (q1q2)−1/2 . (6.46)

This requires the relationq1l
2
2 = q2l

2
1. This cannot be satisfied with the charges(q1, q2) =

(1,−1) and(1, 0) while keeping bothhi > 0. Therefore, the only possibility is charges(1, 1),
implying that the two constantsli need to be equal, yielding a harmonic function given by
H2 = 1. Another case with a manifest isometry is provided by the charges(1, 0), where the
harmonic function becomes

H2(q2 = 0) = |z1|/l2 , (6.47)

7Toroidal compactifications of type I′ string theory have been considered in [200] from a somewhat different
point of view. It would be interesting to link its results to our analysis here.
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Figure 6.2: The distributions of D7-branes corresponding to the uplift of the 9DSO(2)
domain walls with one and zero non-vanishingli’s, respectively. The cross indicates the
conical singularity of the locally flat space-time.

which is a harmonic function in a one-dimensional transverse space, in agreement with (6.27).
For theSO(2) case, in which we takeq1 = q2 = 1, the IIB solution can be understood as

a distribution of D7-branes. Without loss of generality we takel2 = 0. Then one has

H = 1 +
∫

dz′1dz′2σ(z′1, z
′
2; l1) log((z1 − z′1)

2 + (z2 − z′2)
2) , (6.48)

with the D7-brane distribution

σ(z′1, z
′
2;1 ) =

1
2πl1

[
− (

1− z′1
2

l12

)−3/2Θ
(
1− z′1

2

l12

)
+ 2

(
1− z′1

2

l12

)−1/2
δ
(
1− z′1

2

l12

)]
,

(6.49)

for the casem = 2 (implying that l1 6= 0). Note that this distribution consists of a line
interval of negative D7-brane density with a positive contribution at both ends of the interval.
Both positive and negative contributions diverge but these cancel exactly:

∫
dz′1dz′2σ(z′1, z

′
2) = 0 , (6.50)

i.e. the total charge in the distribution (6.49) vanishes.
The parameterl1 of the generalSO(2) solution can be set to zero, truncating to only one

independent harmonic function:m = 1. This corresponds to a collapse of the line interval to
a point, as can be seen from (6.49). However, due to the fact that the total charge vanishes,
this leaves us without any D7-brane density:

σ(z′1, z
′
2; l1 = 0) = 0 , (6.51)

Indeed, the general harmonic function (6.44) equals one for theSO(2) case withl1 = l2 = 0.
The D7-brane distributions are shown in figure 6.2.

Therefore, the two-dimensionalSO(2) harmonic function (6.48) of the D7-brane differs
in two important ways from the genericSO(n) harmonic function withn > 2. Firstly,
the total charge distribution of D7-branes vanishes, while it adds up to a finite and positive
number in the other cases. Secondly, but not unrelated, one needs to include a constant in the
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harmonic function (6.48) in terms of the distribution. In the generic cases this constant was
absent, corresponding to the near-horizon limit of these branes. In this respect, the D7-brane
is special, as can also be seen from the following observation.

As discussed in section 3.4, the near-horizon limit of D-branes (3.40) yields a metric that
is conformally8 AdS× S. To absorb the conformal factor, one needs to go to the so-called
dual frame, in which the tension of the brane is independent of the dilaton:

gdual
µν = exp

(
(3− p)
2(p− 7)

φ

)
gEinstein

µν . (6.52)

In the dual frame, the near-horizon geometry of all D-branes withp ≤ 6 reads AdSp+2 ×
Sn−1. Clearly, this formula does not hold for the D7-brane; a related complication is the fact
that the dual object is the D-instanton, which lives on a Euclidean space.

Having found the generalSL(2,R) domain walls, we would like to impose the different
quantisation conditions on~m of section 5.3. For theSO(2) case withq1 = q2 = q, these
translate in a deficit angle: since the argument of the trigonometric functions ofµi (5.86) is√

q1q2y and the variabley is identified up to2πR, our SO(2) angular variable has a range
of 2πqR. For this reason, the locally flat space-times withH2 = 1 are conical space-times
with a deficit angle2π(1 − qR). Let us go through the three quantisation possibilities for
SO(2) [150], giving the result forl1 = l2:

• The first quantisation condition (5.34) hasq = 1/(4R) and thus yields a deficit angle
of 3π/2. In other words, this is a half-supersymmetric Mink8×C/Z4 space-time with
non-trivial monodromy, the bosonic part of which was also mentioned in [95].

• The second quantisation condition (5.35) cannot be applied toq but only to anSL(2,R)
related partner of our uplifted domain wall, since it requires an off-diagonal matrixQ.
It gives rise to a deficit angle of5π/3, leading to a half-supersymmetric Mink8×C/Z6

space-time with non-trivial monodromy.

• The third quantisation condition (5.36) hasq = 1/R and thus leads to fully super-
symmetric Mink10 space-time. The monodromy is trivial and there is a second Killing
spinor with opposite chirality. For the previous two quantisation conditions this second
Killing spinor had a different monodromy and was therefore not a globally consistent
solution of the Killing spinor equations.

Domain Walls for other Gauged Supergravities

In the previous subsections, we have constructed and discussed the most general domain wall
solution to the threeSL(2,R) gauged supergravities. In this subsection we would like to
address the possibility of domain walls for the other 9D gauged supergravities of section 5.3.

8Except for the casep = 5, which has Minkowski7 rather than AdS7 [91].
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Since we are looking for 1/2 BPS solutions, we have to solve the Killing spinor equations.
These are obtained by setting the supersymmetry variation of the gravitino and dilatini to
zero, while the supersymmetry parameter is subject to a certain projection. The projector for
a domain wall is given by12 (1± γy), wherey denotes the transverse direction.

In this way we solve first order equations instead of second order equations, which we
would encounter if we would solve the field equations directly. For static configurations,
a solution to the Killing spinor equation is also a solution to the field equations. From an
analysis of the massive supersymmetry transformationsδ0 + δm of the gravitino and the
dilatino, it was found [145] that to solve the Killing spinor equations, one has to set all mass
parameters to zero except for~m. Therefore, there are not more half-supersymmetric domain
wall solutions than the ones given in (6.40) with mass parametersq1 andq2.

By analysing the possibilities for other projectors in nine dimensions (i.e. demanding that
the projector squares to itself and that its trace is half of the spinor dimension), we find that
there is another projector given by12 (1 ± iγt). This projector would give a time-dependent
solution, which can be seen as a Euclidean domain wall having time as a transverse direction.
See [201] for an example.

6.4 Domain Walls in 8D and Uplift to IIA and 11D

In this section, we will construct the most general half-supersymmetric domain wall solution
to the 8D gauged maximal supergravities of section 5.4. We will start with the class A theories
and only comment on class B at the end.

Domain Walls of Class A Theories

In section 5.4 we have obtained the bosonic action (5.68) and supersymmetry transformations
(5.63) of theD = 8 gauged maximal supergravities with gauge groups of class A. We now
look for domain wall solutions that preserve half of the supersymmetry, following [136]. For
an earlier discussion of a subset of these solutions, see [202].

We consider the following domain wall Ansatz:

ds2 = g(y)2dx7
2 + f(y)2dy2 , M = M(y) , ϕ = ϕ(y) , ε = ε(y) . (6.53)

Our Ansatz only includes the metric and the scalars. All other fields are vanishing except
the SL(2,R)/SO(2) scalar` which we have set constant. It turns out that there are no
half-supersymmetric domain walls for non-constant`. We need to satisfy the Killing spinor
equations (which are a truncation of (5.63) to the fields of the Ansatz (6.53))

δψµ = 2∂µε− 1
2 /ωµε + 1

2 /Qµε + 1
24e−ϕ/2fijkΓijkΓµε = 0 ,

δλi = −/P ijΓ
jε− 1

3
/∂ϕΓiε− 1

4e−ϕ/2(2fijk − fjki)Γjkε = 0 ,



6.4 Domain Walls in 8D and Uplift to IIA and 11D 135

where the Killing spinor satisfies the condition

(1 + Γy123)ε = 0 . (6.54)

The indices1, 2, 3 refer to the internal group manifold directions.
The most general class A domain wall solution reads

ds2 = h
1
12 dx2

7 + h−
5
12 dy2 ,

eϕ = h
1
4 , eσ = h

− 1
2
√

3 h

√
3

2
1 , eφ = h−

1
2 h
− 1

2
1 (h1h2 − c2

1) ,

χ1 = c1h
−1
1 , χ2 = χ1χ3 + c2h

−1
1 , χ3 = (c1c2 + c3h1)

(
h1h2 − c2

1

)−1
, (6.55)

where the dependence on the transverse coordinatey is governed by

h(y) = h1h2h3 − c2
3h1 − c2

2h2 − c2
1h3 − 2c1c2c3 ,

h1 = 2q1y + l1
2, h2 = 2q2y + l2

2, h3 = 2q3y + l3
2 . (6.56)

The corresponding Killing spinor is quite intricate so we will not give it here. Note that the
solution is given by three harmonic functionhi. For this reason we call the general solution
a triple domain wall.

The general solution has six integration constantsci andli. As before, one can eliminate
one of the constantsli by a redefinition of the variabley. The other three constantsc1, c2

and c3 can be understood to come from the following symmetry. The mass deformations
do not break the full globalSL(3,R); indeed, they gauge the three-dimensional subgroup
of SL(3,R) that leaves the mass matrixQ invariant. Thus one can use the unbroken global
subgroup to transform any solution9, introducing three constants. In our solution these corre-
spond toc1, c2 andc3, which can therefore be set to zero by fixing theSL(3,R) frame. From
now on we will always assume the frame choicec1 = c2 = c3 = 0 unless explicitly stated
otherwise. This results in

χ1 = χ2 = χ3 = 0 , M = h−2/3diag(h2h3, h1h3, h1h2) , h = h1h2h3 . (6.57)

In thisSL(3,R) frame the expression for the Killing spinor simplifies considerably and reads
ε = h1/48ε0. Thus, analogously to 9D, we find that the most general domain wall solution to
these gauged supergravities is given by theSL(3,R) orbits of the generic solution (6.19).

The triple domain wall can be truncated to double or single domain walls when restricting
the constantsl1, l2 andl3. In table 6.3 we give the three possible truncations leading to single
domain walls and the corresponding value of∆ as defined in [90]. The Bianchi II case was
given in [202] and the Bianchi IX case in [34] (up to coordinate transformations). Note that
the Bianchi VII0 case cannot be assigned a∆-value since it has vanishing potential. The
domain wall is carried by the non-vanishing massive contributions to the BPS equations. The
same mechanism occurs inSO(2) gaugedD = 9 supergravity [150], see section 6.3.

9Note that one cannot use the unbroken local subgroup ofSL(3,R) (the gauge transformations) since this would
induce non-vanishing gauge vectors and thus would be inconsistent with our Ansatz (6.53).
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Bianchi Q = diag h1 h2 h3 ∆ Uplift

II (0, 0, q) 1 1 2qy 4 (6.70)

VII 0 (0, q, q) 1 2qy 2qy × (6.68)

IX (q, q, q) 2qy 2qy 2qy − 4
3 (6.65)

Table 6.3: The single domain walls as truncations of the 8D triple domain wall solution. Note
that there exists no∆-value in the Bianchi VII0 case due to the vanishing of the potential. In
the last column we indicate where the uplifted solution to 11D is given.

Uplift to IIA and D6-branes

The special case of theSO(3) D6-brane distributions (with allqi = 1) was first discussed
in [188]. This splits up in three separate possibilities, withm = 3, 2 or1. The first distribution
σ3 consists of positive and negative densities and is given by the general formula (6.33). Upon
sendingl2 to zero, this collapses to

σ2 ∼ 1
l1

δ
(
1− z1

2

l12

)
δ(2)(z2, z3) . (6.58)

This is a distribution at the boundary of a one-dimensional ellipse, i.e. it is localised at the
pointsz1 = ±l1. For this reason, the corresponding harmonic function is given by

H3(~z, l1) =
1

2((z1 − l1)2 + z2
2 + z3

2)1/2
+

1
2((z1 + l1)2 + z2

2 + z3
2)1/2

, (6.59)

i.e. the near-horizon limit of the double-centered harmonic. Upon sendingl1 to zero, the
brane distributionσ1 collapses to a point, as given in (6.36). Indeed, the harmonic function
becomes

H3 =
1
|~z| , (6.60)

i.e. the near-horizon limit of the single-centered harmonic withSO(3) isometry. The different
distributions of D6-branes are shown in figure 6.3.

Uplift to 11D and KK-monopoles

The D6-brane solution is different from the other branes in table 6.1 in the following sense:
they can be uplifted to a purely gravitational solution in 11D, the Kaluza-Klein monopole
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Figure 6.3: The distributions of D6-branes corresponding to the uplift of the 8DSO(3)
domain walls with two, one and zero non-vanishingli’s, respectively.

(see also section 3.4). In thezi coordinates, the higher-dimensional metric reads

ds2 = dx2
7 + H−1(dy3 +

3∑

i=1

Aidzi)2 +
3∑

i=1

Hdzi
2 , (6.61)

wherey3 is the isometry direction of the KK-monopole. The functionH = H(zi) is given
implicitly in (6.23) with n = 3 andAi = Ai(zj) is subject to the condition (3.54).

However, since we do not have the harmonic functionH = H(zi) explicitly, we will
rather use the coordinatesy andµi. Theµi are related to the coordinatesy1 andy2 of the
group manifold via (5.89). In these coordinates and using theSL(3,R) frame of (6.57), the
triple domain wall solutions becomes a purely gravitational solutions with a metric of the
form d̂s2 = dx7

2 + ds4
2, where

ds4
2 = h−

1
2 dy2 + h

1
2

(
σ2

1

h1
+

σ2
2

h2
+

σ2
3

h3

)
. (6.62)

Hereσ1, σ2 andσ3 are the Maurer-Cartan 1-forms defined in (4.46) (withyi instead ofzi),
h = h1h2h3 and the three harmonicshi are defined in (6.56). The uplifted solutions are all
half-supersymmetric.

The solutions (6.62) are cohomogeneity one solutions of different Bianchi types. The
SO(3) expression of this four-dimensional metric was obtained previously in the context of
gravitational instanton solutions as self-dual metrics of Bianchi type IX with all directions
unequal [203]. More recently, the Heisenberg,ISO(1, 1) andISO(2) cases and their re-
lations to domain wall solutions were considered in [133, 204], whose results are related to
ours via coordinate transformations. In the following discussion we will focus on the four-
dimensional part of the eleven-dimensional metric since it characterises the uplifted domain
walls.

Without loss of generality, we takeq3 = 2 in this subsection. The coordinate transforma-
tion 2y = 1

2r4 − l3
2 then eliminates the constantl3 and results in the metric

ds4
2 = (k1k2k3)−1/2

[
dr2 + r2(k2k3σ

2
1 + k1k3σ

2
2 + k1k2σ

2
3)

]
, (6.63)

wherekj = qj/2 + sjr
−4 with sj = lj

2 − qj l3
2 for j = 1, 2, andk3 = 1. As anticipated,

the metric (6.63) depends only on two constant parameterss1 ands2, which are restricted by
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the (gauge group dependent) condition

sj > −qjr
4/2 , (6.64)

in order to satisfy the requirementshj > 0.
In general the metrics have curvatures that both go to zero asr−6 for larger and diverge

at r = 0 andkj = 0, producing incomplete metrics [203, 205]. There are two exceptions to
this behaviour, which coincide with the special cases of the D6-brane discussion withSO(3)
isometry:

• The first one corresponds to the case withs1 = s2 = 0, which can only be obtained
for theSO(3) case due to (6.64). Takingq1 = q2 = 2, the metric is locally flat space:

ds4
2 = dr2 + r2(σ2

1 + σ2
2 + σ2

3) , (6.65)

wherer is the radius of the three-dimensional spheres. This corresponds to the uplift
of the 9D Bianchi type IX single domain wall or the D6-brane with harmonic function
(6.60).

• The second exception corresponds to theSO(3) gauging (takingq1 = q2 = 2) with
s1 = s2 = s < 0. It is known as the Eguchi-Hanson (EH), or Eguchi-Hanson II,
metric [205]:

ds4
2 =

(
1 +

s

r4

)−1

dr2 + r2(σ2
1 + σ2

2) +
(
1 +

s

r4

)
σ2

3 . (6.66)

This metric corresponds to the uplift of the D6-brane with harmonic function (6.59).

Another case that we want to discuss, although it is singular, is obtained in theSO(3) gauging
(with q1 = q2 = 2) by choosings1 = s 6= 0 ands2 = 0:

ds4
2 =

(
1 +

s

r4

)−1

(dr2 + r2σ2
1) +

(
1 +

s

r4

)
(σ2

2 + σ2
3) . (6.67)

This metric is called the Eguchi-Hanson I (EH-I) metric [205].
The uplifted metrics for the singular cases withdet(Q) = 0 are also given in (6.63).

Among them are two special metrics, which can be obtained by contraction of the EH metrics
(6.66) and (6.67). This contraction is possible because the solutions contain at least one non-
zero constantsi, and must be performed before identifying the chargesq1 andq2 and the
constantss1 ands2. We will takeq1 = 0 (which impliess1 > 0 due to (6.64)) andq2 6= 0 to
get the uplifted metrics for theISO(2) gaugings.

As an example, let us perform such contractions on the contracted EH metrics, leading
from SO(3) isometries toISO(2) isometries. After contraction, the expression for the EH-I
metric is

ds4
2 =

( s

r4

)−1/2

(dr2 + r2σ2
1) +

( s

r4

)1/2

(σ2
2 + σ2

3) , (6.68)
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and the EH-II metric reads

ds4
2 =

( s

r4
(1 +

s

r4
)
)−1/2

dr2 +
( s

r4
(1 +

s

r4
)
)1/2

σ2
3+

+ r2
(
(1 +

r4

s
)1/2σ2

1 + (1 +
r4

s
)−1/2σ2

2

)
, (6.69)

In the EH-I contracted metric (6.68) we have takens1 = s whereas in the EH contracted
metric (6.69) we have sets1 = s2 = s, while q2 = q3 = 2 in both cases. Notice that the
contracted EH-I metric withISO(2) isometry is precisely the four-dimensional part of the
uplifted metric for the Bianchi type VII0 single domain wall.

The metrics with Heisenberg isometry are obtained by a further contractionq2 = 0 in the
metric (6.63). Among these metrics, there is again one special case that can also be obtained
by a contraction of the contracted EH metric with isometryISO(2). Notice that it is not
possible to have a contracted EH-I metric with Heisenberg isometry since this would require
s2 = 0 and the metrics with Heisenberg isometry haves2 6= 0. The expression for the
contracted EH metric with Heisenberg isometry is

ds4
2 =

( s

r4

)−1

dr2 + r2(σ2
1 + σ2

2) +
( s

r4

)
σ2

3 ,

=
( s

r4

)−1

dr2 + r2(dz1
2 + dz2

2) +
( s

r4

)
(dz3 + 2z1dz2)2 , (6.70)

wheres2 = s andq3 = 2. This is the four-dimensional part of the uplifted metric for the
Bianchi type II single domain wall. This contraction was considered previously in [206].

It is interesting to note that the uplifting of the triple domain wall solution (6.55) does
not lead to the most general four-metrics. For example, there are three complete and non-
singular hyper-Kähler metrics withSO(3) isometry in four dimensions: the Eguchi-Hanson,
Taub-NUT and Atiyah-Hitchin metric (for a useful discussion of these metrics, see [207]).
The absence of the Taub-NUT and Atiyah-Hitchin metrics in our analysis stems from the fact
that only the Eguchi-Hanson metric allows for a covariantly constant spinor that is indepen-
dent of theSO(3) isometry directions [208]. In performing the group manifold reductions,
we have assumed that our spinors are independent of the internal coordinates. This is not
compatible with the Taub-NUT and the Atiyah-Hitchin metrics, which therefore reduce to
non-supersymmetric domain walls in 8D. It would be interesting to see whether one can alter
the procedure of group manifold reductions, to allow for the Taub-NUT and Atiyah-Hitchin
metrics to reduce to half-supersymmetric domain walls inD = 8 dimensions.

Isometries of the 3D Group Manifold

The internal three-dimensional manifolds are by definition invariant under the three-dimensional
group of isometries given in (5.61) and (5.62). This holds for arbitrary values of the scalars
in (5.58). However, there can be more isometries, which rotate two of the Maurer-Cartan
one-formsσi andσj into each other. This is an isometry of the metric in two cases:
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• qi = qj = 0: In this case one can use the automorphism group to setli = lj = 1.
Equation (6.62) shows that a rotation betweenσi andσj is an isometry for all solutions
of this class.

• qi = qj 6= 0: In this case one must setli = lj by hand, after which a rotation between
σi andσj is an isometry. Thus, this only holds for a truncation of the solutions of this
class and sincehi = hj corresponds to decreasingm by one.

This leads to the different possibilities summarised in table 6.4. These exhaust all possible
number of isometries on three-dimensional class A group manifolds [153].

Bianchi (q1, q2, q3) m = 0 m = 1 m = 2 m = 3

I (0, 0, 0) 6 - - -

II (0, 0, 1) - 4 - -

VI0 (0,−1, 1) - - 3 -

VII 0 (0, 1, 1) - 6 3 -

VIII (1,−1, 1) - - 4 3

IX (1, 1, 1) - 6 4 3

Table 6.4: The numbers of isometries of the three-dimensional group manifold for the differ-
ent multiple domain wall solutions withm independent harmonic functionshi. For a given
type one finds isometry enhancement by decreasingm, i.e. upon identifying two harmonic
functions.

The extra fourth isometry was constructed by Bianchi [159] for the types II, VIII and
IX. He claimed that type VII0 did not allow for isometry enhancement but the existence of
three extra Killing vectors10 was later shown in [209]. These three extra isometries appear
upon identifying the twoy-dependent harmonics. Note that the extra isometries may not be
isometries of the full manifold in which the group submanifold is embedded. Indeed, this is
what happens for type VII0 where two of the extra isometries arey-dependent and therefore
do not leave the full metric invariant [209]. The extra Killing vectors of the group manifold
for the uplifted domain wall solutions (6.55) are explicitly given by [153]

10We thank Sigbjørn Hervik for a valuable discussion on this point.



6.4 Domain Walls in 8D and Uplift to IIA and 11D 141

• Type I withQ = diag(0, 0, 0):

L4 = −z2 ∂

∂z1
+ z1 ∂

∂z2
, L5 = −z3 ∂

∂z1
+ z1 ∂

∂z3
,

L6 = −z3 ∂

∂z2
+ z2 ∂

∂z3
. (6.71)

• Type II with Q = diag(0, 0, 1):

L4 = −z2 ∂

∂z1
+ z1 ∂

∂z2
+ 1

4 ((z1)2 − (z2)2)
∂

∂z3
. (6.72)

• Type VII0 with Q = diag(0, 1, 1) with h(y) = h2 = h3:

L4 = −h−1/2z2 ∂

∂z1
+ h1/2z1 ∂

∂z2
,

L5 = −h−1/2z3 ∂

∂z1
+ h1/2z1 ∂

∂z3
, (6.73)

L6 = −z3 ∂

∂z2
+ z2 ∂

∂z3
.

• Type VIII with Q = diag(1,−1, 1):

L5 =
s3,2,1s1,3,2

c1,3,2

∂

∂z1
+ c3,2,1

∂

∂z2
+

s3,2,1

c1,3,2

∂

∂z3
. (6.74)

• Type IX with Q = diag(1, 1, 1):

L4 = −c3,2,1s1,3,2

c1,3,2

∂

∂z1
+ s2,3,1

∂

∂z2
− c3,2,1

c1,3,2

∂

∂z3
,

L5 =
s3,2,1s1,3,2

c1,3,2

∂

∂z1
+ c3,2,1

∂

∂z2
+

s3,2,1

c1,3,2

∂

∂z3
, (6.75)

L6 = − ∂

∂z1
,

where we have used the definitions (5.56). The extra Killing vectorsL4, L5 andL6 corre-
spond to rotations betweenσ1 andσ2, σ1 andσ3 andσ2 andσ3, respectively.

As we have mentioned above, two of the class A solutions uplift to flat space-time in
D = 11: the Bianchi type IX solutions withm = 1 and all Bianchi type I solutions (having
m = 0). In view of the discussion above, we can now understand why this happens. One
can check that the only way to embed three-dimensional submanifolds of zero (for type I) or
constant positive (for type IX) curvature in four Euclidean Ricci-flat dimensions is to embed
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them in four-dimensional flat space. Indeed, this is exactly what we find: the two solutions
both have a maximally symmetric group manifold with six isometries and hence constant
curvature and uplift to flatD = 11 space-time.

The type VII0 group manifold can also have six isometries and zero curvature. For the
domain wall solutions above, this cannot be embedded in four-dimensional flat space due
to they-dependence of two of its isometries. Note, however, that there is another type VII0

solution with flat geometry and vanishing scalars that coincides with the type I solution (6.55)
given above11. The corresponding group manifold can be embedded in four-dimensional flat
space and indeed this solution uplifts to 11-dimensional Minkowski just as the type I solution.
However, unlike its type I counterpart, the eight-dimensional type VII0 solution with flat
geometry and vanishing scalars breaks all supersymmetry.

Domain Walls for Class B Theories

We would like to see whether there are also supersymmetric domain wall solutions to the
class B supergravities of section 5.4. It turns out that for this case there are no domain
wall solutions preserving any fraction of supersymmetry, much like the situation in nine
dimensions. This can be seen as follows.

The structure of the BPS equations requires the projector for the Killing spinor of a half-
supersymmetric domain wall solution to be the same as (6.54). The presence of the extra term
in δψµ (see (5.63)), depending on the trace of the structure constants, implies that there are no
domain wall solutions with this type of Killing spinor, since the structure ofΓ-matrices of this
term cannot be combined with other terms. To get a solution, one is forced to putfij

j = 0,
thus leading back to the class A case. This also follows fromδλi, since the resulting equation
is symmetric in two indices, except for a single antisymmetric term, containingfij

j .

6.5 Domain Walls with Strings Attached

In this section, we will consider an extension of the domain walls of the previous sections
where strings and particles are included. The resulting solutions will be 1/4-supersymmetric.
The analysis will only be performed in massive IIA supergravity andSL(2,R) gauged su-
pergravity inD = 9, but we expect that some generalisation exists for allCSO gauged
supergravities of section 5.5.

D8-F1-D0 Solution

As explained in chapter 2, it was found in the mid 1990’s that D-branes can be understood
as hyperplanes on which a fundamental string, or F-string, can end [24]. The endpoint of an
F-string appears as an electrically charged particle on the world-volume of the D-brane. An

11This solution coincides, after anSO(2) rotation of 90 degrees, with the Kaluza-Klein reduction of the Mink9

solution [145,148] of theSO(2) gauged supergravity inD = 9.
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exception to this generic phenomenon is the D-particle, on which a single F-string cannot end
due to charge conservation12 [210,211].

The situation changes in the presence of a domain wall in which case charge conservation
no longer forbids an F-string to end on a D-particle [212]. In fact, when a D-particle crosses
a D8-brane, a stretched fundamental string with endpoints on the D0- and D8-brane is cre-
ated [213–215]. This process is, via duality, related to the Hanany-Witten effect in which
a stretched D3-brane is created if a D5-brane crosses an NS5-brane [216]. The intersecting
configuration for this case is given by13

D5 : × ××−−−×××−
NS5 : × ×××××−−−−
D3 : × ××−−−−−−×

(6.76)

The intersecting configuration of [213–215] is obtained by first applying T-duality in the di-
rections 1 and 2, next applying an S-duality and, finally, applying a T-duality in the directions
6,7 and 8:

D0 : × −−−−−−−−−
D8 : × ××××××××−
F1 : × −−−−−−−−×

(6.77)

In this subsection, we consider the massive IIA supergravity background of the F1-string
that is stretched between the D8-domain wall and the D0-particle. It is given by the following
solution14 [219] to the equations of motion of theD = 10 Romans’ massive IIA supergravity
theory [74]:

ds2 = −H1/8H̃−13/8dt2 + H9/8H̃−5/8dy2 + H1/8H̃3/8dx2
8 ,

Bty = −H̃−1 , C
(1)
t = HH̃−1 , eφ = H−5/4H̃1/4 , (6.78)

where the harmonic functionsH andH̃ are defined as

H = c + mRy , H̃ = 1 +
Q

r6
, (6.79)

and the radial coordinate is given in terms of the coordinates longitudinal to the D8-brane,
r2 = x2

1 + . . . + x2
8. The solution preserves 1/4 of supersymmetry and the Killing spinor is

annihilated by the following projectors

ΠD0 = 1
2 (1 + Γ0Γ11) , ΠF1 = 1

2 (1 + Γ0y) , ΠD8 = 1
2 (1 + Γy) , (6.80)

where any of the three projectors can be obtained from the other two. The solution is a
harmonic superposition of two elements, which can be obtained by taking different limits:

12Indeed, the Born-Infeld vector, which carries the corresponding degrees of freedom on the D-brane world-
volume, is not present on the world-line of the D-particle.

13Each horizontal entry indicates one of the 10 directions0, 1, . . . , 9 in space-time. A×(−) means that the
corresponding direction is in the world-volume or (transverse to) the brane.

14There are also other string-like solutions to massive IIA supergravity [217,218], which we will not consider.
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• The limit Q → 0 leads to the single D8-brane solution (6.1) which preserves 1/2
supersymmetry.

• The limit mR → 0 leads to an (infinite) F-string with D-particles smeared in the string
direction, preserving 1/4 supersymmetry. The F1- and D0-brane charges are related and
therefore it is not possible to obtain these as single objects from the above solution.

More precisely, the flux distributions of the F-string and D-particle described by the solution
(6.78) are given by

Q1 = e−φ ? (dB) = −QH dΩ7 ,

Q0 = e3φ/2 ? (dC(1) + mRB) = Q dy ∧ dΩ7 , (6.81)

with dΩ7 the volume form ofS7. To obtain the corresponding charges these are to be inte-
grated overS7 andS7 × R, respectively, whereS7 together with the 8D radiusr spansR8

andR covers they-direction transverse to the domain wall. The flux distributions are related
by

dQ1 = −mRQ0 , (6.82)

as required by the field equation forB. This relation shows that in the presence of a domain
wall (mR 6= 0), the D-particle (Q0 6= 0) leads to the creation of a fundamental string (dQ1 6=
0). A similar result was obtained in [218] for the NS5-D6-D8 system, i.e. when a NS5-brane
passes through a D8-brane a D6-brane, stretched between the NS5-brane and the D8-brane,
is created. Both processes are related to the Hanany-Witten effect via duality.

We now return to the distribution of D-particles and F-strings described by (6.78). First
of all we note that all non-zero tensor components of (6.78) are even under theZ2 orientifold
symmetryIyΩ (6.8). If this were not the case, one would be forced to include a source term,
corresponding to the non-zero tensor components, which is smeared over a 9D hyperplane.
The only odd field that we allow for is the mass parameter and the corresponding source
terms are the domain walls. The supergravity solution (6.78) that we consider only has even
non-zero tensor components and the inclusion of source terms for this solution was discussed
in [220]15, resulting in a globally well-defined solution onS1/Z2. We will now discuss its
physical implications.

We note that the distribution of F-strings is linear inH, see (6.81). When we are dealing
with a D8-brane, we haveH = c − mR|y| which is a linearly increasing function when
going towards the domain wall. This is in agreement with the idea of creation of strings when
passing through a D8-brane [213–215]. It is pictorially given in figure 6.4, where we have
taken all D8-branes to coincide with one of the orientifolds. The strings are unoriented due to
the identificationy ∼ −y which superposes two strings of opposite orientation, see e.g. [215].

15The particle and strings source terms of [220] are smeared in they-direction and directly relate to the charge
distributions (6.81).
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It should be noted that the linear behaviour ofQ1 is an artifact of the coordinate frame for
the transverse coordinatey. The important feature is that it is monotonically increasing when
approaching the domain wall.

�� �������� ������

�� F1D0O8
+16−16

O8 + 32 D8

Figure 6.4: The creation of strings in type I′: a (continuous) distribution of D-particles with
a monotonically increasing distribution of unoriented F-strings ending on the D8-branes.
The distribution of these F-strings has a maximum at the position of the D8-branes.

Domain Walls with SL(2,R) Strings in D = 9

In [221] the D8-F1-D0 solution of massive IIA has been generalised to the 9D gauged super-
gravities with gauge groupCSO(p, q, r) with p + q + r = 2.

We start from a general Ansatz, respectingSO(7) symmetry. The fields are thus allowed
to depend onr = (x1

2 + . . . + x7
2)1/2 and the transverse directiony. Our strategy will be

to solve the BPS-equations obtained from the supersymmetry variations of the fermions. In
analogy with the solution (6.78) for the Romans’ mass parameter, we will assume that the
dependence onr andy coordinates can be separated in a product, i.e.f(y, r) = f(r) f(y).
This assumption will simplify the equations drastically.

The BPS-equations are obtained by requiring the spinorε to be annihilated by the projec-
tion operators for the relevant branes. We search for solutions, which include domain walls,
strings and particles. Since we search for 1/4 BPS solutions the 3 projection operators cor-
responding to the domain walls, strings and particles should not be independent. In other
words, once we have two of the operators, the third should follow as a combination of these.
In contrast to the IIA solution (6.78), we have the possibility ofSL(2,R) doublets of both
the particles and the strings in 9D. By analysing the supersymmetry variations in type IIB in
D = 10, it can be seen that the projectors for the F1- and the D1-strings are actually different,
and this will therefore also be the case for the strings and particles inD = 9. Choosing a
specific string projector corresponds to choosing anSL(2,R) frame. We take the following
projectors

ΠD0 = 1
2 (1 + γ0∗) , ΠF1 = 1

2 (1 + γ0y∗) , ΠDW = 1
2 (1 + γy) , (6.83)
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where∗ is seen as an operator, i.e.∗ε = ε∗. Any third projector is implied by the other two:

ΠDW = ΠD0 + ΠF1− 4 ΠD0ΠF1 , (6.84)

and cyclic. Sinceε transforms underSL(2,R), the choice ofSL(2,R) frame can be seen
as a choice ofε. To get the most general solution, we should keep the mass parameters as
general as possible. We can, however, still performSL(2,R) transformations, which are
upper triangular, without changingε. This can easily be seen by noting thatε transforms as

ε →
(cτ∗ + d

cτ + d

) 1
4
ε (6.85)

under theSL(2,R) transformation

Λ =
(

a b
c d

)
. (6.86)

We see thatε is invariant forc = 0. The mass matrix transforms underΛ as well. Even with
c = 0 we can always useΛ to putm1 to zero.

Analysing the BPS equations we find that, in order to make up the relevant projection
operators, the following components must be put to zero:

Fty = Ftm = F 1
ty = F 1

tm = Hi
tmn = H2

tym + χH1
tym = 0 , (6.87)

wherem,n are indices of the spatial coordinatesxm 6= y. The Bianchi identity forF 1 reads
dF 1 = −q1H

2. SinceF 1 = 0, this will lead to further restrictions whenq1 is non-vanishing.
We find thatH2 = 0 and, using (6.87), alsoχH1

tyi = 0. We requireH1 6= 0, since otherwise
no F-strings would be present and we conclude thatχ = 0 if q1 6= 0. If q1 = 0, one can draw
the same conclusion but from a different argument. In this case, the BPS equations directly
imply ∂µχ = 0 and thereforeχ is a constant. The only non-zero mass parameterq2 gauges
theR subgroup ofSL(2,R), which shifts the axion. Thus one can always use a global gauge
transformation to setχ = 0. Then (6.87) impliesH2 = 0. On top of this we takeF 2

ty = 0
since a non-zero value requires D0-brane sources smeared on the domain-wall world-volume
and we want to avoid such ’walls’ of D0-branes. We thus find that, for all values of the mass
parameters, we are left with just two non-vanishing tensor components,F 2

tr andH1
tyr.

We now substitute our Ansatz in the supersymmetry variations of the fermions, which
are given in (B.16) and (5.20). This leads to two undetermined functions, one depending on
r and one depending ony. The latter can be fixed arbitrarily by using a general coordinate
transformations iny. To determine the function ofr, we need at least one field equation,
e.g. the one forϕ. We have computed this field equation, and the result is that ther-dependent
function can be expressed in terms of a harmonic function. The resulting particle-string-
domain wall solution can be expressed in a unified way, i.e. including all casesdet(Q) = 0,
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det(Q) > 0 anddet(Q) < 0, as follows

ds2 = −(h1h2)1/14H̃−11/7dt2 + (h1h2)−3/7H̃−4/7dy2 + (h1h2)1/14H̃3/7dx2
7 ,

eφ = h
1/2
1 h

−1/2
2 , e

√
7ϕ = (h1h2)−1H̃ ,

A2
t = −h

1/2
2 h−1 , B1

ty = −h
−1/2
2 h−1 , (6.88)

ε = (h1h2)1/56H̃−11/28 ε0 .

The solution is given in terms of three harmonic functions

h1 = 2q1y + l1
2 , h2 = 2q2y + l2

2 , H̃ = 1 +
Q

r5
. (6.89)

The q’s are given in terms of the mass parameters in (5.85) andl1 and l2 are integration
constants. Just as inD = 10, the solution is a harmonic superposition of D-particles, F-
strings and domain walls with string and particle fluxes

Q1 = e−φ−ϕ/
√

7 ? (dB1) = −Qh2
1/2 dΩ6 ,

Q0 = eφ+3ϕ/
√

7 ? (dA2 + q2B
1) = −Qh2

−1/2 dy ∧ dΩ6 , (6.90)

with dΩ6 the volume form of theS6. The charges are obtained by integrating the fluxes over
S6 andS6 × R, respectively, where theS6, together with the 7D radiusr, spansR7 andR
covers they-range. The flux distributions are related by

dQ1 = q2Q0 , (6.91)

as required by theB2 equation of motion.
Of course one can perform anSL(2,R) transformation on the solution (6.88) and obtain

intersections with more general strings and particles. TheSL(2,R) generalised flux distribu-
tions are given by

Qi 1 = e−ϕ/
√

7Mij ? (dBj) = qi 1Q1 ,

Qi 0 = e3ϕ/
√

7Mij ? (dAj −QjkBk) = qi 0Q0 , (6.92)

where the massive field strengths are taken from (5.21). In this notation the F-strings and D-
particles (6.90) have chargesqi 1 = (1, 0) andqi 0 = (0, 1). A transformation with parameter

Λ =
(

r p
s q

)
∈ SL(2,R) , (6.93)

would take the distributions of F-strings and D-particles (6.90) toqi 1 = (r, s) andqj 0 =
(p, q). This corresponds to(p, q)-particles and(r, s)-strings subject to the conditionqr−ps =
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1. Furthermore, theSL(2,R) transformation (6.93) rotates the diagonal background (5.85)
into

Qij = 1
2

( −m′
2 + m′

3 m′
1

m′
1 m′

2 + m′
3

)
=

(
q2q1 + s2q2 −pqq1 − rsq2

−pqq1 − rsq2 p2q1 + r2q2

)
. (6.94)

From now on we will omit the primes on the mass parameters. Thus we find that the most
general intersection of(p, q)-particles,(r, s)-strings and an(m1,m2,m3)-domain wall is
subject to two conditions:

• The SL(2,R) condition qr − ps = 1 should be satisfied. This condition requires
orthogonality of the strings and particle charges. It can be expressed asεijqi 0qi 1 = 1.

• The form of the mass matrix is given in (6.94). This mass matrix contains only two
independent parametersq1 andq2 rather than three for an arbitrary but symmetric mass
matrix. This restriction corresponds toQijqi 0qi 1 = 0.

The two orthogonality conditions are manifestlySL(2,R) invariant and the parametersq1

andq2 specify the onlySL(2,R) orbits that solves the BPS equations.
The physical picture consists of a distribution of particles from which strings are ema-

nating towards the domain wall, like in the IIA case. However, we now have anSL(2,R)
generalisation of(r, s)-strings stretching between(p, q)-particles in an(m1,m2,m3) back-
ground with two orthogonality conditions. The two conditions reduce the seven parameters
to five, three of which correspond to theSL(2,R) freedom while the two remaining param-
eters areq1 andq2. In addition the chargeQ is the unit string charge. The general solution
is illustrated in figure 6.5. The interval in this case is Max(−q1/l1

2,−q2/l2
2) < y < 0

with all qi positive. Note that the charge distribution of the strings is not linear, as opposed
to the massive IIA solution in 10D. This is due to the freedom of reparameterisation of the
y-coordinate; the important feature is thatQ0 is continuous and positive, implyingQ1 to be
monotonically increasing on this interval.

(m1,m2,m3)−background

�� �������� ������

�� (p,q)−particle

(r,s)−string

Figure 6.5: The creation of strings in 9D: a (continuous) distribution of(p,q)-particles with a
monotonically increasing distribution of emanating oriented(r,s)-strings in an(m1,m2,m3)-
background. There are two orthogonality conditions on the charges.
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One can take different limits of the general solution (6.88). First of all, one can set
the parameterq1 = 0. This case corresponds to the reduction of the massive IIA solution
of [219] and indeed the Kaluza-Klein reduction (B.9) of (6.78) along one of the world-volume
directions of the D8-brane gives (changingy to ỹ for reasons that will become clear shortly)

ds2 = −H1/7H̃−11/7dt2 + H8/7H̃−4/7dỹ2 + H1/7H̃3/7dx2
7 ,

eφ = H−1 , e
√

7ϕ = H−2H̃ , (6.95)

B1
tỹ = −H̃−1 , A2

t = −HH̃−1 ,

where the harmonic functions are defined as

H = c + 2mRỹ , H̃ = 1 +
Q

r5
. (6.96)

The above is a special solution to the nine-dimensional gauged supergravity where the mass
parameters obeyq1 = 0 andq2 = mR. Exactly the same identifications were found in the
case of the reduced massive IIA supergravity, see (5.28). It is related to the generic solution
(6.88) by a coordinate transformationy = y(ỹ) defined byh2(y) = H(y)2, which is a special
case of the coordinate transformation of footnote 6 of this chapter.

Another possible truncation of the general solution (6.88) is obtained by setting both
mass parametersq1 andq2 equal to zero. This yields a harmonic superposition of the F-string
solution with a distribution of D-particles on it. The two charge distributions are related (both
are linear inQ) and therefore it is impossible to obtain either one separately.

�� �������� ������

��

O7
(−16,−16) (+16,+16)

(r,s)−string
(p,q)−particle

O7 + 32 Q7 + 32 D7

Figure 6.6: The creation of strings in 9D onS1/Z2: a (continuous) distribution of(p,q)-
particles with a monotonically increasing distribution of unoriented(r,s)-strings ending on
the D7- and Q7-branes.

The 9D particle-string-domain wall solution (6.88) corresponds to a region between two
domain walls on theS1/Z2, as illustrated in figure 6.5. One might wonder about the possi-
bility of extending this to a globally well-defined solution by including source terms for the
domain walls and the particle-string intersection. Note that all tensor components of (6.88)
are even under the relevant 9DZ2-symmetry. In fact, the reason to discard the possibility of
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non-zeroF 1
ty was its odd transformation under thisZ2-symmetry. Thus one is led to think

that it is possible to embed the solution (6.88) in a globally well-defined solution onS1/Z2,
as is illustrated in figure 6.6. It would be interesting to investigate the boundary conditions in
a manner analogous to the IIA analysis of [220].

Recapitulating, the 9D solution (6.88) consists of a smeared distribution of(p, q)-particles,
from which(r, s)-strings are emanating and ending on the(m1, m2, m3)-domain wall. There
are two orthogonality conditions on the seven parameters,εijq1 0qi 1 = 1 andQijq1 0qi 1 = 0,
which are manifestlySL(2,R) invariant. This is the natural generalisation of the 10D IIA so-
lution (6.78). These solutions suggest new possibilities of string creation in nine dimensions
that are not the result of the reduced type I′ mechanism.

In the light of the general domain wall solution (6.19) of section 6.2, it would be very
interesting to extend our 10D and 9D analysis here and consider intersections of domain walls
and strings in all dimensions. It is not obvious to us, however, what the general structure in
D ≤ 7 will be. Consider as example theSO(5) gauged theory inD = 7. Due to the lack
of one- and two-forms in the fundamental representation ofSO(5), our construction does
not trivially carry over. We do expect solutions like (6.88) in theISO(4) gauged theory
in D = 7, however. It would be very interesting to investigate such solutions in lower-
dimensional gauged supergravities and their uplift to the higher-dimensional theories.
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Conventions

Generalities

We use mostly plus signature(−+ · · ·+). Greek indicesµ, ν, ρ . . . denote world coordinates
and Latin indicesa, b, c . . . represent tangent space-time. The different indices are related by
the Vielbeinsea

µ and inverse Vielbeinseµ
a, that satisfy

ea
µeb

νgµν = ηab , eµ
aeν

bηab = gµν . (A.1)

Hereηab is the Minkowski space-time metric and the space-time metric isgµν . Underlined
explicit indices0, . . . , D − 1 refer to the tangent space-time coordinates.

The covariant derivative on fermions is given byDµ = ∂µ + ωµ with the spin connection
ωµ = 1

4ωµ
abΓab, where

ωabc = −Ωabc + Ωbca − Ωcab , Ωab
c = ea

µeb
ν∂[µec

ν] . (A.2)

The Riemann curvature tensor is given in terms of the spin connection by

Rµνa
b = 2∂[µ ων]a

b − 2ω[µ|ac ω|ν]c
b . (A.3)

We symmetrise and anti-symmetrise with weight one.
Gauge potentials of rankd are denoted byC(d) with field strengthG(d+1). For notational

compactness, we sometimes omit the superscript label and denote gauge potentials of rank0
up to3 by χ, A or V , B andC respectively. The corresponding field strengths are given by
the symbolG(1), F, H andG, respectively.

Our conventions in form notation inD dimensions are as follows:

P (p) =
1
p!

P
(p)
µ1···µpdxµ1∧ · · · ∧dxµp ,

P (p) ·Q(p) =
1
p!

P
(p)
µ1···µpQ(p) µ1···µp ,
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P (p)∧Q(q) =
1

p!q!
P

(p)
µ1···µpQ

(q)
µp+1···µp+qdxµ1∧ · · · ∧dxµp+q ,

? P (p) =
1

(D − p)!p!
√−gε

(D)
µ0···µD−1P

(p) µD−p···µD−1dxµ0∧ · · · ∧dxµD−p−1 ,

with ε
(D)
0123···D−1 = −ε0123...D−1 = 1 ,

? ? P (p) =(−)p(D−p)+1P (p) ,

d = ∂µdxµ , (A.4)

where the last line is the exterior derivative, acting from the left.
In the case of dimensional reduction, we will always be reducing aD-dimensional the-

ory to aD-dimensional one, over an internal manifold ofn = D − D dimensions. The
higher-dimensional fields will be hatted and the lower-dimensional ones unhatted. The cor-
responding split in the coordinates readsxµ = (xµ, zm), with indicesµ andµ ranging from
0 to D − 1 andD − 1, respectively, whilem = 1, . . . , n.

Spinors andΓ-matrices in Various Dimensions

We will denote theΓ-matrices byΓµ (of dimensions 32) in eleven and ten dimensions and by
γµ (of dimensions 16) in nine dimensions. They can be chosen to satisfy

Γ†µ = ηµµΓµ and γ†µ = ηµµγµ , (A.5)

respectively. We can also choose theΓ-matrices to be real, while in nine dimensions they will
be purely imaginary, which implies that

ΓT
µ = ηµµΓµ and γT

µ = −ηµµγµ . (A.6)

The following notation is used to denote the antisymmetric product ofn Γ-matrices:

Γµ1···µn = Γ[µ1 · · ·Γµn] . (A.7)

Slashes are used to contractΓ-matrices and field strengths in the following sense:

6H = HµνρΓµνρ , 6Hµ = HµνρΓνρ , (A.8)

with similar formulae for other field strengths. In nine dimensions the same notation is used
with Γ replaced byγ.

In eleven and ten dimensions we use the 32-dimensional spinor representation, withΓ-
matricesΓµ (andΓ11 in 10D). Upon reduction to nine dimensions we will split this into
16-dimensional representations, withΓ-matricesγµ. This will be discussed below. In con-
trast, upon reduction to eight dimensions we will use the corresponding spinor representa-
tion; rather, we preserve the 32-dimensional representation, withΓ-matricesΓµ andΓi with
i = 1, 2, 3.
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In ten dimensions the minimal spinor is a 32-component Majorana-Weyl spinor with 16
(real) degrees of freedom. With the choice

Γ11 = −Γ0···9 , Γ11 =
(
1 0
0 −1

)
, (A.9)

we can write a ten-dimensional Majorana-Weyl spinor as being composed of nine-dimensional,
16 component, Majorana-Weyl spinors according to

ψMW
+ =

(
ψ1

0

)
, ψMW

− =
(

0
ψ2

)
, (A.10)

whereψi are nine-dimensional Majorana-Weyl spinors and+ or− denotes the chirality of the
ten-dimensional spinor. The split of an arbitrary ten-dimensional spinor into two Majorana-
Weyl spinors of opposite chirality can of course be done without reference to nine dimensions
(through the specific choice ofΓ11), but each ten-dimensional Majorana-Weyl spinor will
then in general have 32 non-zero components even though it only has 16 degrees of freedom.
In order to reduce to nine dimensions we use

Γ11 = σ3 ⊗ 1 , Γz = σ1 ⊗ 1 , Γa = σ2 ⊗ γa , (A.11)

wherez is the reduction coordinate and the Pauli matrices are defined as

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (A.12)

As mentioned above the nine dimensionalγ-matrices are purely imaginary. If we work with
a reduction of type IIB, where the two spinors have the same chirality, it may be convenient
to introduce complex, nine-dimensional, Weyl spinors according to

ψc = ψ1 + iψ2 , λc = λ2 + iλ1 , (A.13)

εc = ε1 + iε2 , λ̃c = λ̃2 + iλ̃1 , (A.14)

which in ten-dimensional notation can be written as, e.g.,

ψW
+ =

(
ψ1

0

)
+ i

(
ψ2

0

)
. (A.15)

If we instead work with a reduction of type IIA the two spinors will have opposite chirality,
and can thus be composed into a ten-dimensional Majorana spinor according to

ψM =
(

ψ1

0

)
+

(
0
ψ2

)
. (A.16)
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 M32R
 D32C Majorana -  MW16R

Weyl -

 W16C Majorana
-Weyl -

Figure A.1: Schematic view of how a ten-dimensional Dirac spinor can be projected down to
a Majorana-Weyl spinor along two different routes. The number of real or complex degrees of
freedom for each spinor is also indicated. The relation between the spinors at the intermediate
stage (in nine dimensions) is given by (A.17).

When working with these non-minimal spinors, which are either just Majorana (ψM
µ ) or

just Weyl (ψW
µ ) [150], the two formulations are (in nine dimensions) related via

1
2 (1 + Γ11)ψM

µ = Re(ψW
µ ) ,

1
2 (1 + Γ11)λM = Im(Γzλ

W ) ,

1
2 (1 + Γ11)λ̃M = Im(Γzλ̃

W ) ,

1
2 (1 + Γ11)εM = Re(εW ) ,

1
2 (1− Γ11)ψM

µ = Im(Γzψ
W
µ ) ,

1
2 (1− Γ11)λM = Re(λW ) ,

1
2 (1− Γ11)λ̃M = Re(λ̃W ) ,

1
2 (1− Γ11)εM = Im(Γzε

W ) ,

(A.17)

for positive (ψW
µ , εW ) and negative (λW , λ̃W ) chirality Weyl fermions. With the above men-

tioned decomposition into nine-dimensional Majorana-Weyl spinors we can write

ψM
µ =

(
ψ1

ψ2

)
, εM =

(
ε1
ε2

)
, λM =

(
λ1

λ2

)
, λ̃M =

(
λ̃1

λ̃2

)
(A.18)

and

ψW
µ =

(
ψ1 + iψ2

0

)
, εW

µ =
(

ε1 + iε2
0

)
, (A.19)

λW =
(

0
λ2 + iλ1

)
, λ̃W =

(
0

λ̃2 + iλ̃1

)
, (A.20)

where the spinors without anM or W superscript are Majorana-Weyl spinors. The two
different routes to obtain Majorana-Weyl spinors are illustrated in figure A.1. Note also that
it follows from the Clifford algebra and the choice ofΓ11 thatΓz is off-diagonal, which is
crucial for this construction.



Appendix B

Supergravity and Reductions

B.1 11D Supergravity

11D Supersymmetry Transformations and Field Equations

The supersymmetry transformation rules ofN = 1 eleven-dimensional supergravity read

δeµ
a = ε̄Γaψµ ,

δCµνρ = −3 ε̄Γ[µνψρ] ,

δψµ = Dµε + 1
192 (/GΓµ − 1

3Γµ /G)ε , (B.1)

with the field strengthsG = dC andDµε = (∂µ + ωµ)ε. The 11D fermionic field content
consists solely of a 32–component gravitino, whose field equation reads

X0(ψµ) = ΓµνρDνψρ = 0 , (B.2)

with Dν = ∂ν + ων and where we have set the three-form equal to zero. Under supersym-
metry this fermionic field equations transforms into

δ0X0(ψµ) = 1
2Γνε [Rµ

ν − 1
2Rgµ

ν ] , (B.3)

which implies the bosonic Einstein equation for the metric.



156 Supergravity and Reductions

11D Reduction Ansätze to IIA

We use the following reduction Ansätze (where hatted quantities are 11D and unhatted are
IIA)

êµ̂
â = em11z

(
e−φ/12eµ

a −e2φ/3C
(1)
µ

0 e2φ/3

)
,

ψ̂a = e−m11z/2eφ/24[ψa − 1
24Γaλ] ,

ψ̂z = 1
3e−m11z/2eφ/24Γzλ ,

ε̂ = em11z/2e−φ/24ε ,

Ĉµνρ = e3m11zC(3)
µνρ ,

Ĉµνz = −e3m11zBµν , (B.4)

to arrive at the IIA supersymmetry transformations in ten dimensions, where

• m11 = 0 for toroidal reduction and

• m11 6= 0 for twisted reduction using the trombone symmetry of 11D supergravity.

B.2 IIA Supergravity

IIA Supersymmetry Transformations and Field Equations

The supersymmetry transformation rules of ten-dimensional massless or ungauged IIA su-
pergravity read

δ0eµ
a = εΓaψµ ,

δ0ψµ =
(
Dµ + 1

48e−φ/2( /HΓµ + 1
2Γµ /H)Γ11 + 1

16e3φ/4(/G
(2)Γµ − 3

4Γµ /G
(2))Γ11+

+ 1
192eφ/4(/G

(4)Γµ − 1
4Γµ /G

(4))
)
ε ,

δ0Bµν = 2eφ/2εΓ11Γ[µ(ψν] + 1
8Γν]λ) ,

δ0C
(1)
µ = −e−3φ/4εΓ11(ψµ − 3

8Γµλ) ,

δ0C
(3)
µνρ = −3e−φ/4εΓ[µν(ψρ] − 1

24Γρ]λ) + 3C
(1)
[µ δ0Bνρ] ,

δ0λ =
(
/∂φ + 1

12e−φ/2 /HΓ11 + 3
8e3φ/4 /G

(2)Γ11 + 1
96eφ/4 /G

(4))
ε ,

δ0φ = 1
2ελ , (B.5)

with the following field strengths:

G(2) = dC(1) , H = dB , G(4) = dC(3) + C(1)∧H , (B.6)
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andDµε = (∂µ + ωµ)ε. Upon (massless) reduction with our Ansätze the 11D field equation
splits up in two field equations for the 10D IIA fermionic field content, a gravitino and a
dilatino:

X0(ψµ) = ΓµνρDνψρ − 1
8 (/∂φ)Γµλ = 0 , X0(λ) = ΓνDνλ− Γν(/∂φ)ψν = 0 , (B.7)

with Dν = (∂ν + ων) and where we have set the vector, two- and three-form equal to zero.
Under supersymmetry these fermionic field equations transform into

δ0X0(ψµ) = 1
2Γνε [Rµ

ν − 1
2Rgµ

ν − 1
2 (∂µφ)(∂νφ) + 1

4 (∂φ)2gµ
ν ] ,

δ0X0(λ) =ε [¤φ] , (B.8)

which imply the usual graviton-dilaton field equations.

IIA Reduction Ansätze to 9D

We use the following reduction Ansatz withz-dependence implied by theSO(1, 1)-symmetries
(where hatted quantities are IIA and unhatted are 9D):

êµ̂
â = e9mIIA z/8

(
eφ/16−3ϕ/16

√
7eµ

a e−7φ/16+3
√

7ϕ/16A1
µ

0 e−7φ/16+3
√

7ϕ/16

)
,

ψ̂a = e−9mIIA z/16e−φ/32+3ϕ/32
√

7[ψa + 1
32Γa(λ− 3√

7
λ̃)] ,

ψ̂z = − 7
32e−9mIIA z/16e−φ/32+3ϕ/32

√
7Γz(λ− 3√

7
λ̃) ,

B̂µν = −e3mIIA z+m4z/2(B1
µν − 2A1

[µAν]) ,

B̂µz = −e3mIIA z+m4z/2Aµ ,

Ĉ(1)
µ = −e−3m4z/4(A2

µ + χA1
µ) ,

Ĉ(1)
z = −e−3m4z/4χ ,

Ĉ(3)
µνρ = e3mIIA z−m4z/4(Cµνρ − 3Ai [µBi

νρ] + 6A1
[µA2

νAρ]) ,

Ĉ(3)
µνz = −e3mIIA z−m4z/4(B2

µν − 2A2
[µAν]) ,

λ̂ = 1
4e−9mIIA z/16e−φ/32+3ϕ/32

√
7(3λ +

√
7λ̃) ,

ε̂ = e9mIIA z/16eφ/32−3ϕ/32
√

7ε ,

φ̂ = 1
4 (3φ +

√
7ϕ) +

(
3
2mIIA + m4

)
z , (B.9)

where the mass parameters are given by

• mIIA = 0 andm4 = 0 for toroidal reduction,

• mIIA = 0 andm4 6= 0 for twisted reduction using the scale symmetryα,
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• mIIA = 0 andm4 6= 0 for twisted reduction using the trombone symmetryβ and

• mIIA 6= 0 andm4 6= 0 for a combination of the latter two.

B.3 IIB Supergravity

IIB Supersymmetry Transformations and Field Equations

The supersymmetry transformation rules of ten-dimensional IIB supergravity read (in com-
plex notation)

δeµ
a = 1

2ε Γaψµ + h.c.,

δψµ = Dµε− i
16·5! /G

(5)Γµε

+ i
16·3!e

φ/2
(
ΓµΓ(3) + 2Γ(3)Γµ

) (
H2 + τH1

)
(3)

ε∗ ,

δλ = −eφ /∂τε∗ − 1
2·3!e

φ/2Γ(3)
(
H2 + τH1

)
(3)

ε ,

δB1
µν = eφ/2

(
ε∗ Γ[µψν] − i

8εΓµνλ
)

+ h.c.,

δB2
µν = −eφ/2τ∗

(
ε∗Γ[µψν] − i

8εΓµνλ
)

+ h.c.,

δC
(4)
µνλρ = 2i ε Γ[µνλψρ] − 3

2 Bi [µνδBi
λρ] + h.c.,

δχ = − 1
4e−φελ∗ + h.c.,

δφ = i
4ελ∗ + h.c., (B.10)

with the complex scalarτ = χ + ie−φ, the axionχ = C(0), the doubletBi = (−B,C(2))
and the field strengths1

Hi = dBi , G(5) = dC(4) + 1
2Bi∧Hi . (B.11)

Indicesi, j of SL(2,R) are contracted withεij = −εij with ε12 = −ε21 = 1. The covariant
derivative of the IIB Killing spinor reads

Dµε = (∂µ + ωµ + i
4eφ∂µχ)ε . (B.12)

When truncating to the metric, scalars and fermions, the massless 9D fermionic field equa-
tions read

X0(ψµ) = Γµνρ(∂ν + ων + 1
4 ieφ∂νχ)ψρ + 1

8eφ(/∂τ)Γµλ∗ = 0 ,

X0(λ) = Γµ(∂µ + ωµ + 3
4 ieφ∂µχ)λ + eφΓµ(/∂τ)ψ∗µ = 0 . (B.13)

1Note thatG(5) is not of the canonical form (3.12); the difference amounts to a field redefinition.
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IIB Reduction Ansätze to 9D

The reduction Ansätze we used for reducing the above rules are (where hatted quantities are
IIB and unhatted are 9D)

êµ̂
â = emIIB z

(
e
√

7ϕ/28eµ
a −e−

√
7ϕ/4Aµ

0 e−
√

7ϕ/4

)
,

ψ̂a = e−mIIB z/2e−
√

7ϕ/56

(
cτ∗ + d

cτ + d

)1/4

(ψa + 1
8
√

7
Γaλ̃∗) ,

ψ̂z = −
√

7
8 e−mIIB z/2e−

√
7ϕ/56

(
cτ∗ + d

cτ + d

)1/4

Γzλ̃
∗ ,

λ̂ = ie−mIIB z/2e−
√

7ϕ/56

(
cτ∗ + d

cτ + d

)3/4

λ ,

ε̂ = emIIB z/2e
√

7ϕ/56

(
cτ∗ + d

cτ + d

)1/4

ε ,

τ̂ =
aτ + b

cτ + d
,

B̂i
µν = e2mIIB z(Ω(z)−1)j

i Bj
µν , B̂i

µz = −e2mIIB z(Ω(z)−1)j
i Aj

µ ,

Ĉ
(4)
µνλρ = e4mIIB zDµνλρ , Ĉ

(4)
µνλz = e4mIIB z(−Cµνλ + 3

2Ai [µBi
νρ]) , (B.14)

where we take theΩ to bez-dependent:

Ω(z)i
j = exp

(
1
2m1z

1
2 (m2 + m3)z

1
2 (m2 −m3)z − 1

2m1z

)
,

=
(

cosh(αz) + m1
2α sinh(αz) 1

2α (m2 + m3) sinh(αz)
1
2α (m2 −m3) sinh(αz) cosh(αz)− m1

2α sinh(αz)

)
, (B.15)

whereα2 = 1
4 (m1

2 + m2
2 −m3

2). The mass parameters~m = (m1,m2,m3) andmIIB take
the following values in the different reduction schemes

• ~m = 0 andmIIB = 0 for toroidal reduction,

• ~m 6= andmIIB = 0 for twisted reduction with theSL(2,R) symmetry,

• ~m = 0 andmIIB 6= 0 for twisted reduction with the trombone symmetry and

• ~m 6= 0 andmIIB 6= 0 for a combination of the latter two.
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B.4 9D Maximal Supergravity

9D Supersymmetry Transformations and Field Equations

The unique nine-dimensionalN = 2 supergravity theory has the following supersymmetry
transformations:

δ0eµ
a = 1

2 ε̄γaψµ + h.c.,

δ0ψµ = Dµε + i
16e−2ϕ/

√
7
(

5
7γµγ(2) − γ(2)γµ

)
F(2)ε

− 1
8·2!e

3ϕ/2
√

7
(

5
7γµγ(2) − γ(2)γµ

)
eφ/2

(
F 2 + τF 1

)
(2)

ε∗

+ i
8·3!e

−ϕ/2
√

7
(

3
7γµγ(3) + γ(3)γµ

)
eφ/2

(
H2 + τH1

)
(3)

ε∗

− 1
8·4!e

ϕ/
√

7
(

1
7γµγ(4) − γ(4)γµ

)
G(4)ε ,

δ0λ̃ = i/∂ϕ ε∗ − 1√
7
e−2ϕ/

√
7 /Fε∗ − 3i

2·2!√7
e3ϕ/2

√
7eφ/2γ(2)

(
F 2 + τ∗F 1

)
(2)

ε

+ 1
2·3!√7

e−ϕ/2
√

7eφ/2γ(3)
(
H2 + τ∗H1

)
(3)

ε

+ i
4!
√

7
eϕ/

√
7 /Gε∗ ,

δ0λ = i/∂φ ε∗ − eφ /∂χ ε∗ − i
2·2!e

3
√

7ϕ/14eφ/2γ(2)
(
F 2 + τF 1

)
(2)

ε

− 1
2·3!e

−√7ϕ/14eφ/2γ(3)
(
H2 + τH1

)
(3)

ε ,

δ0Aµ = i
2e2ϕ/

√
7ε̄(ψµ − i√

7
γµλ̃∗) + h.c.,

δ0A
1
µ = i

2eφ/2e−3ϕ/2
√

7
(
ε∗ψµ + i

4εγµλ + 3i
4
√

7
ε∗γµλ̃∗

)
+ h.c.,

δ0A
2
µ = − i

2eφ/2τ∗e−3ϕ/2
√

7
(
ε∗ψµ + i

4εγµλ + 3i
4
√

7
ε∗γµλ̃∗

)
+ h.c.,

δ0B
1
µν = −eφ/2eϕ/2

√
7
(
ε∗γ[µψν] + i

8εγµνλ− i
8
√

7
ε∗γµν λ̃∗

)
−A[µδ0A

1
ν] + h.c.,

δ0B
2
µν = eφ/2τ∗eϕ/2

√
7
(
ε∗γ[µψν] + i

8εγµνλ− i
8
√

7
ε∗γµν λ̃∗

)
−A[µδ0A

2
ν] + h.c.,

δ0Cµνρ = 3
2e−ϕ/

√
7ε̄γ[µν

(
ψρ] + i

6
√

7
γρ]λ̃

∗
)
− 3

2Bi [µν δ0A
i
ρ] + h.c.,

δ0ϕ = − i
4 ε̄λ̃∗ + h.c.,

δ0χ = 1
4e−φελ∗ + h.c.,

δ0φ = − i
4ελ∗ + h.c., (B.16)
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with the complex scalarτ = χ + ie−φ. The field strengths read

G(1) = dχ , F = dA , F i = dAi , Hi = dBi −A∧F i , G = dC + Bi∧F i .
(B.17)

The covariant derivative of the Killing spinor reads

Dµε = (∂µ + ωµ + i
4eφ∂µχ)ε . (B.18)

When truncating to the metric, scalars and fermions, the massless 9D fermionic field equa-
tions read

X0(ψµ) = γµνρ(∂ν + ων + 1
4 ieφ∂νχ)ψρ − 1

8eφ(/∂τ)γµλ∗ + 1
8 i(/∂ϕ)γµλ̃∗ = 0 ,

X0(λ) = γµ(∂µ + ωµ + 3
4 ieφ∂µχ)λ + eφγµ(/∂τ)ψ∗µ = 0 ,

X0(λ̃) = γµ(∂µ + ωµ − 1
4 ieφ∂µχ)λ̃− iγµ(/∂ϕ)ψ∗µ = 0 . (B.19)

Under supersymmetry these yield the variation

δ0X0(ψµ) = 1
2γνε [Rµ

ν − 1
2Rgµ

ν − 1
2 ((∂µφ)(∂νφ)− 1

2 (∂φ)2gµ
ν)+

− 1
2e2φ((∂µχ)(∂νχ)− 1

2 (∂χ)2gµ
ν)− 1

2 ((∂µϕ)(∂νϕ)− 1
2 (∂ϕ)2gµ

ν)] ,

δ0X0(λ) = ε∗[−eφ(¤χ + 2(∂µφ)(∂µχ))] + iε∗[¤φ− e2φ(∂χ)2] ,

δ0X0(λ̃) = iε∗[¤ϕ] , (B.20)

which are the massless bosonic field equations for the metric and the scalars.

Twisted Reduction of IIA using β

The reduction of massless IIA supergravity using the scale symmetryβ of table 5.1 for twist-
ing, with reduction Ansätze (B.9) withmIIA = 0, leads to a massive deformation with mass
parameterm4. Only the supersymmetry variations of the dilatini receive explicit massive
deformations:

δm4λ = 3
4m4e

φ/2−3ϕ/2
√

7ε , δm4 λ̃ =
√

7
4 m4e

φ/2−3ϕ/2
√

7ε . (B.21)

The implicit massive deformations read:

Dφ = e−φDeφ , Dϕ = e−ϕDeϕ , G(1) = Dχ + 3
4m4A

2 , G = DC + Bi∧F i ,

F = DA + 1
2m4B

1 , F 1 = dA1 , F 2 = DA2 ,

H1 = DB1 −A∧F 1 , H2 = DB2 −A∧F 2 − 1
4m4(C + 3A2∧B1) . (B.22)

TheR+ covariant derivative is defined byD = d− wβ m4A
1 with wβ theβ scale weight of

the field it acts on, as given in the table 5.2, andDD = −wβ m4F
1. The covariant derivative

of the supersymmetry parameter has no massive deformation.
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As for the field equations, the explicit deformations in the bosonic sector are given by the
scalar potential

V = 1
2eφ−3ϕ/

√
7m4

2 , (B.23)

which can not be written in terms of a superpotential as (5.1). The explicit deformations of
the fermionic field equations read

Xm4(ψ
µ) = im4e

φ/2−3ϕ/2
√

7γµν [−i 3
256γνλ− i

√
7

256γν λ̃] ,

Xm4(λ) = −m4e
φ/2−3ϕ/2

√
7γν [ 34ψν + 2

9
√

7
iγν λ̃∗] ,

Xm4(λ̃) = −m4e
φ/2−3ϕ/2

√
7γν [

√
7

4 ψν − 2
9
√

7
iγνλ∗] . (B.24)

These massive deformations can be seen as a gauging of the scale symmetryβ with gauge
field transformation

Λ = e−wβm4λ1
, A1 → A1 − dλ1 , (B.25)

with gauge vectorA1 and parameterλ1. In addition, we find that the parabolicR subgroup
of SL(2,R) is gauged:

χ → χ + 3
4m4λ

2 , B2 → B2 − 3
4m4λ

2B1 , A2 → A2 − dλ2 − 3
4m4λ

2A1 , (B.26)

with gauge vectorA2 and parameterλ2. These two symmetries do not commute but rather
form the two–dimensional non-Abelian Lie group, consisting of scalings and translations in
one dimension (so-called collinear transformations [222]). The algebra reads

[T1, T2] = T2 , (B.27)

which is non–semi–simple. The emergence of this non-Abelian group is an example of the
enhanced gaugings of section 4.3 and can be understood by the scaling of the 10D vectorAµ

underβ, see table 5.1.

Twisted Reduction of IIA using α

The twisted reduction of massless IIA supergravity based on theα symmetry of table 5.1, with
reduction Ansätze (B.9) withm4 = 0, leads to a gauged supergravity with mass parameter
mIIA. The explicit massive deformations in this case appear in the variation of the gravitino
and one of the dilatini:

δmIIA ψµ = − 9
14 imIIA eφ/2−3ϕ/2

√
7γµε∗ , δmIIA λ̃ = 6√

7
mIIA eφ/2−3ϕ/2

√
7ε . (B.28)
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The implicit massive deformations are given by

Dφ = e−φdeφ , Dϕ = e−ϕDeϕ , G(1) = dχ , G = DC + Bi∧F i ,

F = DA + 3mIIA B1 , F 1 = dA1 , F 2 = dA2 ,

H1 = DB1 −A∧F 1 , H2 = DB2 −A∧F 2 + 3mIIA C . (B.29)

TheR+ covariant derivative is defined byD = d − wα mIIA A1 with wα the scale weight
underα of the field it acts on, as given in the table 5.2, andDD = −wα mIIA F 1. The
covariant derivative of the supersymmetry parameter is given by

Dµε = (∂µ + ωµ + i
4eφ∂µχ− 9

14mIIA Γµ /A
1)ε . (B.30)

The 9D fermionic field equations have the following explicit massive deformations:

XmIIA (ψµ) = imIIA eφ/2−3ϕ/2
√

7γµν [ 92ψ∗ν − i 9
32γνλ + i 3

4
√

7
γν λ̃] ,

XmIIA (λ) = −mIIA eφ/2−3ϕ/2
√

7γν [−i
√

7
6 γν λ̃∗] ,

XmIIA (λ̃) = −mIIA eφ/2−3ϕ/2
√

7γν [ 6√
7
ψν − 11

6
√

7
iγνλ∗ + 1

7 iγν λ̃∗] . (B.31)

This massive deformation is a gauging of the scale symmetryα with transformation:

Λ = e−wαmIIA λ1
, A1 → A1 − dλ1 , (B.32)

with gauge vectorA1 and parameterλ1.

Twisted Reduction of IIB using δ

The other possibility for twisted reduction ofD = 10 IIB supergravity involves the trom-
bone symmetry of IIB supergravity. We use the reduction Ansätze given in (B.14) with
m1 = m2 = m3 = 0, yielding a massive deformation with parametermIIB . The explicit
deformations of the supersymmetry rules read

δmIIB ψµ = − 4
7 imIIBe2ϕ/

√
7γµε , δmIIB λ̃ = − 4√

7
mIIBe2ϕ/

√
7ε∗ . (B.33)

The implicit deformations read

F = dA , F i = dAi − 2mIIBBi , Hi = dBi −A∧F i ,

G = dC + Bi∧F i + mIIBBi∧Bi , Dϕ = dϕ− 4√
7
mIIBA , (B.34)

for the bosons and

Dµε = (∂µ + ωµ + i
4eφ∂µχ + 4

7mIIBΓµ /A)ε (B.35)
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for the supersymmetry parameter. The explicit deformations of the fermionic field equations
read

XmIIB (ψµ) = imIIBe2ϕ/
√

7γµν [4ψν − 15
16
√

7
iγν λ̃∗] ,

XmIIB (λ) = mIIBe2ϕ/
√

7γν [ 49 iγνλ] ,

XmIIB (λ̃) = mIIBe2ϕ/
√

7γν [ 4√
7
ψ∗ν − i 4

7γν λ̃] . (B.36)

This is a supergravity where the scale symmetryδ has been gauged, whose action reads

Λ = ewδmIIB λ , A → A− dλ , Bi → e2mIIB λ(Bi −Ai dλ) , (B.37)

with gauge vectorA and parameterλ.

Toroidal Reduction of Gauged IIA

Finally, one can also consider the toroidal reduction of theD = 10 IIA gauged supergravity
of section 5.3, again with reduction Ansätze (B.9) withm4 = mIIA = 0. This leads to a
D = 9 gauged supergravity with the following explicit deformations

δm11ψµ = 9
14 im11e

φ/2−3ϕ/2
√

7τγµε∗ , δm11 λ̃ = − 6√
7
m11e

φ/2−3ϕ/2
√

7τ∗ε . (B.38)

The bosonic implicit deformations read

Dϕ = dϕ− 6√
7
m11A

2 , F = DA + 3m11B
2 , G = DC + +Bi∧F i ,

F i = dAi , H1 = DB1 −A∧F (1) − 3m11C , H2 = DB2 −A∧F (2) , (B.39)

with the scale covariant derivative of a field with weightw defined byD = d − wαm11A
2.

For the supersymmetry parameter we find

Dµε = (∂µ + ωµ + i
4eφ∂µχ + 9

14m11Γµ /A
2)ε . (B.40)

The fermionic field equations are deformed by the massive contributions

Xm11(ψ
µ) = −im11e

φ/2−3ϕ/2
√

7γµν [ 92τψ∗ν − i 9
32τ∗γνλ + i 3

4
√

7
τγν λ̃] ,

Xm11(λ) = m11e
φ/2−3ϕ/2

√
7γν [−iτ

√
7

6 γν λ̃∗] ,

Xm11(λ̃) = m11e
φ/2−3ϕ/2

√
7γν [ 6√

7
τ∗ψν − 11

6
√

7
iτγνλ∗ + 1

7 iτ∗γν λ̃∗] . (B.41)

This massive deformation is a gauging of the scale symmetryα, reading

Λ = e−wαm11λ2
, A2 → A2 − dλ2 , (B.42)

with gauge vectorA2 and parameterλ2.
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Samenvatting

Dit proefschrift behandelt verschillende geijkte supergravitaties die een rol spelen binnen
de snaartheorie en haar uitbreiding, de M-theorie. Om deze wellicht raadselachtige zaken te
verduidelijken geven we eerst een historisch overzicht van de deeltjes- en hoge-energiefysica.

De deeltjesfysica kwam in 1897 tot leven met Thompson’s ontdekking van het elektron,
om vervolgens in de twintigste eeuw te volgroeien. Inmiddels weten we dat de elementaire
deeltjes van de natuur zijn onderverdeeld in bosonen en fermionen, die sterk van elkaar ver-
schillen. De fermionen vormen de bouwstenen van alle materie, en zijn opgesplitst in drie
families, die ieder twee quarks, een elektron en een neutrino tellen. De verschillende ma-
teriedeeltjes beïnvloeden elkaar door het uitwisselen van bosonen, die als krachtdeeltjes of
boodschappers fungeren. De elektromagnetische, zwakke en sterke krachten worden doorge-
geven door respectievelijk fotonen, W± en Z0 vector bosonen en gluonen.

Deze bosonen en fermionen zijn elegant vervat in het Standaard Model (SM) van de deel-
tjesfysica, dat werd vervolmaakt in de 1970’er jaren. Het SM is een zogenaamde quantumvel-
dentheorie (QVT) en omvat derhalve de quantummechanica en de speciale relativiteitsleer,
beiden stammend uit het begin van de 20e eeuw. Dergelijke QVTen worden vaak geplaagd
door onzinnige oneindigheden in bepaalde berekeningen, waardoor zij onbruikbaar zijn; in
deze gevallen wordt een theorie niet-renormaliseerbaar genoemd. Het werk van ’t Hooft en
Veltman bewees dat dit niet het geval was voor een bepaalde klasse van QVTen, waarvan de
interacties op ijksymmetrieën zijn gebaseerd. Het succesvolle SM is hiervan een voorbeeld,
met de specifieke ijkgroepSU(3)× SU(2)× U(1).

Het Standaard Model beschrijft drie van de fundamentele krachten. Er is echter nog
een vierde kracht, de zwaartekracht, die niet opgenomen is in het SM. Voor situaties met
lagere energieën is dit een bijzonder goede benadering, aangezien de drie SM-krachten in dit
regime veel sterker zijn dan gravitatie. Dit is geïllustreerd in figuur B.1, waar de sterktes van
de verschillende krachten als functie van de gebruikte energie worden weergegeven.

De experimentele bevestiging van het SM tot energieën van102 GeV is uitmuntend. Ech-
ter, het zogeheten Higgs-deeltje, dat verantwoordelijk is voor de massa’s van alle andere
deeltjes, is nog niet experimenteel aangetoond. Daarnaast is er een aantal theoretische ar-
gumenten om het SM niet als de ultieme theorie te zien. Ten eerste verwacht men in een
dergelijke theorie niet al te veel parameters aan te treffen, terwijl het SM er negentien heeft.
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Bovendien valt in figuur B.1 te zien dat de sterktes van de drie krachten min of meer sa-
menkomen bij een energie van ongeveer1014 GeV, wat een gemeenschappelijke afkomst
suggereert; dit is echter in het SM niet exact het geval. Wellicht het belangrijkste bezwaar
tegen het SM, vanuit ons oogpunt, is dat het een beschrijving is van slechts drie krachten,
terwijl de zwaartekracht buitenspel staat.

10 10
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9 15 GeV

α

α
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10−10

10−20

10−30

1,2,3

G

Figuur B.1: Een schets van de verschillende sterktesa1,2,3 van de drie SM-krachten enαG

van gravitatie bij verschillende energieën. Uit [3].

Men kan het Standaard Model uitbreiden met een bepaald soort symmetrie, genaamd
supersymmetrie (waarop we later nog terugkomen). Het invoeren van supersymmetrie zorgt
onder andere voor een perfect samenkomen vanα1,2,3 in figuur B.1. Echter, het brengt ook
een aantal nieuwe deeltjes met zich mee: de supersymmetrische partners van de deeltjes van
het SM. Als supersymmetrie inderdaad bestaat moet het in een zogeheten gebroken fase zijn,
waardoor de extra deeltjes zwaarder zijn dan die van het SM. Er bestaat sterke hoop dat deze
zullen worden ontdekt in de LHC-versneller van het CERN te Genève, die naar verwachting
in 2006 van start zal gaan.

Naast de ontwikkeling van de QVT en het SM in de deeltjesfysica is in de 20e eeuw
ook een beschrijving van de zwaartekracht opgesteld: Einstein publiceerde zijn Algemene
Relativiteitstheorie (ART) in 1914. Deze theorie beschrijft gravitatie door de kromming van
ruimte en tijd en is van toepassing op kosmologische processen, waarbij de zwaartekracht de
drie krachten van het SM domineert.

Ook de experimentele confirmatie van de ART is uitstekend. Naast andere testen heeft
zij de verandering van de baan van Mercurius en de afbuiging van licht door bijvoorbeeld de
zon nauwkeurig voorspeld. Toch kan Einstein met de ART niet het laatste theoretische woord
hebben. De ART is een klassieke theorie en kan niet worden ingepast binnen een QVT: de
theorie is niet-renormaliseerbaar.

Door haar niet-renormaliseerbaarheid is de ART slechts toepasbaar bij lagere energieën.
Men hoopt dat er een modificatie van de ART bestaat die geldig is voor alle energieën. Deze
langgezochte theorie van quantumgravitatie is derhalve slechts vereist voor extreme situaties,
die zich echter voordoen in het universum. De ART voorspelt bijvoorbeeld het bestaan van
zogeheten zwarte gaten, waarbij het zwaartekrachtsveld oneindig sterk wordt. Hierdoor is
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de benadering van het SM niet meer geldig. Dit is het geval voor deeltjes met een energie
van 1019 GeV, wat de Planck-energie wordt genoemd. De bijbehorende lengteschaal is de
Planck-lengte van ongeveer10−33 cm. Omdat dergelijke energieën ook voorkwamen in het
erg jonge heelal (zo’n10−43 seconden na de Big Bang), is een theorie van quantumgravitatie
van groot belang voor de kosmologie.

Naast grote verschillen zijn er ook veel overeenkomsten tussen het Standaard Model en de
Algemene Relativiteitstheorie. Een belangrijke overeenkomst is dat beiden zijn gebaseerd op
ijksymmetrieën: in het geval van het SM zijn dit de interne symmetrieënSU(3)× SU(2)×
U(1), terwijl dit voor de ART de symmetrie onder coördinatentransformaties is. Beide sym-
metrieën transformeren bosonen naar bosonen en fermionen naar fermionen, maar mengen de
twee soorten niet. De bovengenoemde supersymmetrie is een interessante uitbreiding: deze
symmetrie relateert bosonen en fermionen via

δ(boson) = fermion, δ(fermion) = d(boson) , (B.43)

waard de translatieoperator is. Aangezien de laatste geen veld onberoerd laat, transformeren
alle velden onder supersymmetrie; om deze reden vereist supersymmetrie gelijke aantallen
bosonen en fermionen.

Gelet op de grote successen van ijktheorieën als het SM en de ART lijkt het logisch
om ook theorieën met locale supersymmetrie te beschouwen. Aangezien deze aanleiding
geeft tot locale translaties, zie (B.43), zal ook de zwaartekracht worden meegenomen; om
deze reden worden ze supergravitatietheorieën genoemd, waarvan de eerste in 1976 werd op-
gesteld. Aanvankelijk was er groot enthousiasme toen bleek dat supersymmetrie bepaalde
oneindigheden ophief. Inmiddels is het geloof in de renormaliseerbaarheid van supergravi-
tatie weggeëbd: met ziet geen reden om aan te nemen dat bepaalde funeste termen zullen
wegvallen.

Op het moment wordt de snaartheorie als de meest veelbelovende kandidaat voor het
verenigen van de QVT en de ART gezien. In de snaartheorie worden elementaire objecten
niet als puntdeeltjes gezien maar als kleine snaren, van de Planck-grootte. Door hun kleine
omvang zien wij deze snaren als deeltjes. Er is echter een groot verschil: een snaar kan op
verschillende manieren trillen. De verschillende trillingstoestanden worden waargenomen als
verschillende elementaire deeltjes. Eén van de massaloze trillingstoestanden is een graviton,
dat het krachtdeeltje van de zwaartekracht is: de snaartheorie omvat gravitatie. Ook zijn er
verschillende vector bosonen en een oneindig aantal massieve deeltjes met een massa van de
Planck-orde.

Door de aanwezigheid van het graviton werd de snaartheorie als veelbelovend gezien.
De eerste constructie had echter ook een aantal nadelen, waaronder een tachyonisch deeltje.
Daarom werden al snel supersymmetrische versies van de snaartheorie opgesteld. In deze
supersnaartheorieën wordt het graviton vergezeld door een voltallig supergravitatiemultiplet
(naast de massieve deeltjes). In de laagenergetische benadering verschijnt inderdaad super-
gravitatie als effectieve theorie. Snaartheorie kan dus worden gezien als een modificatie van
supergravitatie bij hoge energieën, zoals geïllustreerd in figuur B.2. Een andere opvallende
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eigenschap van de supersnaartheorie is het feit dat zij slechts in negen, in plaats van de ge-
bruikelijke drie, ruimtelijke dimensies kan bestaan. De zes extra dimensies worden erg klein
gekozen en hebben om die reden ontdekking ontlopen.

graviton

a) b)

Figuur B.2: De interacties van a) supergravitatie en b) snaartheorie: de uitwisseling van
een graviton in het linker diagram kan worden gezien als de laagenergetische benadering
van het samensmelten en opsplitsen van de snaren in het rechter diagram. Uit [3].

Na de eerste toepassing van snaartheorie als theorie van quantumzwaartekracht door
Scherk en Schwarz in 1974 zijn er twee periodes in het bijzonder geweest waarin veel ont-
dekkingen werden gedaan. De eerste vond plaats in 1984-85, waarin belangrijke eigenschap-
pen van de supersnaren werden ontdekt. Na deze periode wist men dat er vijf verschillende
theorieën zijn, die type I, IIA, IIB, HetSO(32) en HetE8 × E8 worden genoemd. De-
ze vijfvoudige mogelijkheid voor de veronderstelde unieke en allesomvattende theorie werd
als teleurstellend ervaren. Daarnaast beschikte men slechts over perturbatieve beschrijvin-
gen, analoog aan de eerste quantisatie van een quantummechanisch deeltje in een klassieke
achtergrond.

Deze situatie veranderde tijdens de tweede opleving in het midden van de jaren ’90. De
verschillende snaartheorieën bleken gerelateerd door middel van zogeheten dualiteiten. De
kern van dit idee is dat twee theorieën op verschillende achtergronden gelijke fysica kunnen
opleveren (zogeheten T-dualiteit). Hetzelfde geldt voor twee theorieën met verschillende kop-
pelingsconstanten (zogeheten S-dualiteit). Uiteindelijk bleken alle vijf theorieën gerelateerd
aan een unieke elfdimensionale theorie, die tot M-theorie werd omgedoopt. De betekenis van
M kan variëren van Matrix of Membraan tot zelfs Moeder of Mysterie. In dit plaatje zijn de
verschillende snaartheorieën perturbatieve expansies in verschillende parametergebieden van
de onderliggende M-theorie, zoals aangegeven in figuur B.3.

De afgelopen jaren hebben dus een verbeterd begrip van de verschillende snaartheorieën
en de opkomst van M-theorie laten zien. Desalniettemin blijft er een aantal open vragen.
Een van de belangrijkste hiervan is de relatie met de experimenteel getoetste theorieën: is
het mogelijk om bv. het SM uit te leggen aan de hand van M-theorie? Een andere onder-
zoeksrichting betreft de kosmologie. Zoals eerder aangegeven speelt de quantumgravitatie
een belangrijke rol in het vroege universum, en de snaartheorie zal daarom voorspellingen
kunnen doen aangaande inflatie, de expansie van het universum en de versnelling van deze
uitdijing (mits recente astronomische waarnemingen bestand blijken tegen de tand des tijds).
Derhalve hebben de kosmologische implicaties van M-theorie de laatste tijd veel aan belang-
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Figuur B.3: M-theorie en de verschillende hoeken in de parameterruimte. Meer gedetail-
leerde informatie over de verschillende symbolen wordt in sectie 2.3 gegeven.

stelling gewonnen.
Bij deze onderzoeksvragen blijft de effectieve beschrijving van snaar- en M-theorie bij

lage energieën, supergravitatie, een belangrijk instrument. Veel van de cruciale eigenschap-
pen zoals de dualiteiten van snaartheorie zijn ook aanwezig in de supergravitatielimiet. In het
bijzonder kan supergravitatie goed worden gebruikt voor het construeren van verschillende
lagerdimensionale effectieve theorieën. Deze worden verkregen door zogeheten dimensio-
nele reducties, waarbij een aantal van de ruimtelijke dimensies als een compacte en interne
variëteit wordt gezien. Door deze reducties op verschillende manieren uit te voeren worden
verschillende effectieve beschrijvingen verkregen.

In sommige gevallen zijn deze beschrijvingen zogeheten geijkte supergravitaties. Onge-
ijkte supergravitatietheorieën hebben een globale symmetriegroep, welke een gevolg is van
de S- en T-dualiteiten van de onderliggende snaartheorieën. In geijkte supergravitatie wordt
een subgroep van deze globale symmetrie lokaal gemaakt: door het invoeren van een extra
parameter ontstaan de vereiste structuren, zoals covariante afgeleiden, voor de extra ijksym-
metrie. Daarnaast leidt de combinatie van locale supersymmetrie en de extra ijksymmetrie
tot een nieuw ingrediënt: een potentiële energie voor de scalaire velden van de theorie.

Deze zogeheten scalaire potentiaal geeft aanleiding tot interessante eigenschappen van de
geijkte supergravitatie. Het zorgt er bijvoorbeeld voor dat de vlakke Minkowski-metriek niet
langer een oplossing is: afhankelijk van de potentiaal wordt de ruimtetijd nu gegeven door
Anti-de Sitter, een domeinvlak of een kosmologische oplossing. Deze spelen een belangrijke
rol in de zogeheten AdS/CFT equivalentie van Maldacena, haar DW/QFT generalisatie en
modellen voor het versneld uitdijende universum. Een classificatie van geijkte supergravita-
tietheorieën zou daarom vanuit verschillende perspectieven van grote waarde zijn.

We zijn echter alleen geïnteresseerd in geijkte supergravitaties die te verkrijgen zijn uit
snaar- of M-theorie. De procedure van dimensionele reductie biedt een nuttig instrument
hiervoor: verschillende geijkte supergravitaties kunnen vanuit de achterliggende theorieën
worden afgeleid. Onze aanpak bestaat uit het dimensioneel reduceren van 11D en 10D maxi-
male supergravitatie tot lagerdimensionale geijkte maximale supergravitatie (met maximaal
wordt het aantal superladingen bedoeld, te weten 32). Hierbij hebben we gebruik gemaakt
van verschillende reducties, die allemaal supersymmetrie behouden. Het merendeel hiervan
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is gebaseerd op het gebruik van symmetrieën, zoals door Scherk en Schwarz gepropageerd
is. We bespreken ook de zogeheten cosetreducties, die niet op een symmetrie gebaseerd zijn.

De opbouw van deze dissertatie is als volgt. Als inleiding wordt in hoofdstuk 1 de his-
torische achtergrond geschetst. Hoofdstuk 2 bestaat uit een inleiding in de snaar- en M-
theorie, gevolgd door een uitvoeriger behandeling van de verschillende supergravitaties en
hun relaties in hoofdstuk 3. Vervolgens worden in hoofdstuk 4 de verschillende dimensionele
reducties uit de doeken gedaan, waarbij we ons beperken tot procedures die supersymme-
trie behouden. In het bijzonder besteden we in secties 4.3-4.5 aandacht aan de zogeheten
reducties met een twist, over een groepvariëteit en over een cosetvariëteit, respectievelijk.
Sectie 4.6 is gewijd aan de mogelijkheid dat bewegingsvergelijkingen worden verkregen die
niet uit een actieprincipe volgen. Dit besluit het algemenere gedeelte van dit proefschrift.

In hoofdstuk 5 worden bovengenoemde reducties toegepast bij de constructie van geijkte
maximale supergravitaties in diverse dimensies. Primair worden in secties 5.3 en 5.4 de ver-
schillende ijkingen in respectievelijk negen en acht dimensies onderzocht, die tot stand komen
door reducties met een twist of over een groepvariëteit. Het blijkt dat de reducties tot negen
dimensies met eenSL(2,R)-twist aanleiding geven tot drie verschillende geijkte theorieën,
wiens ééndimensionale ijkgroepen de subgroepen vanSL(2,R) zijn. Daarnaast construeren
we een vierde geijkte supergravitatie in negen dimensies, waarvan de bewegingsvergelijkin-
gen niet uit een actieprincipe volgen. Deze theorie heeft een tweedimensionale niet-Abelse
ijkgroep. In acht dimensies vallen de verschillende ijkingen in de Bianchi classificatie van
driedimensionale Lie groepen. We stellen vijf verschillende theorieën op met driedimensio-
nale ijkgroepen die binnenSL(3,R) liggen. Verder vinden we vijf geijkte theorieën die niet
uit een Lagrangiaan volgen, waarvan de driedimensionale ijkgroepen binnenGL(3,R) lig-
gen. Secundair komen in sectie 5.5 de zogehetenCSO-ijkingen in verschillende dimensies
en hun relatie tot M- of snaartheorie aan bod. Deze worden verkregen door reducties over
coset- of andere variëteiten. De nadruk wordt gelegd op de sector van deze theorieën met
het graviton en de verschillende scalairen; in het bijzonder bespreken we de relatie tussen de
dimensionele reductie en de scalaire potentiaal.

Daarnaast worden de domeinvlak-oplossingen van de geijkte theorieën geconstrueerd in
hoofdstuk 6. Het D8-braan bijt het spits af in sectie 6.1, waarbij brontermen worden behan-
deld en de relatie met type I′ snaartheorie duidelijk wordt gemaakt. Vervolgens construeren
we de domeinvlakken vanCSO-geijkte theorieën in sectie 6.2. Hierbij wordt de nadruk
wordt gelegd op de relatie tussen geijkte supergravitaties en de verschillende branen van M-
en snaartheorie. Het blijkt dat de dimensionele oxidatie van veelCSO-domeinvlakken be-
staat uit distributies van M- of D-branen. In secties 6.3 en 6.4 wordt dieper ingegaan op de
bijzondere eigenschappen van de domeinvlakken in negen en acht dimensies en de correspon-
derende distributies. Tot besluit worden intersecties van domeinvlakken, snaren en deeltjes
in zowel tien als negen dimensies beschouwd in sectie 6.5.
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