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2 Quantum Computer Hardware

In the previous chapter we summarised a wide range of possible algorithms one can
perform on a QC. Hardware requirements for the QC performing the algorithms are:

� the hardware should consist of fairly independent two-level systems,

� the individual two-level systems should be controllable while not disturbing the
others,

� the decoherence time should be large enough, and

� the state of the system should be measurable.

To date it has proven hard, if not impossible, to satisfy all these requirements. Several
physical implementations have been suggested; to name a few:

� trapped ions [CZ95],

� polarised photons in a quantum electrodynamic cavity [THL+95],

� nuclear magnetic resonance (NMR) systems [GCL96, CFH96],

� Josephson junctions [SSH97],

� quantum dots [LD98], and

� silicon-based nuclear spins [Kan98].

In this chapter we will concentrate on the NMR implementation. This is probably not
a viable candidate for a real QC, because the number of controllable bits can hardly
be increased above a handful. But so far it is the only implementation on which real
algorithms have been tested, and is therefore very useful as a proof of principle. There
is an important difference from the other implementations, though: it is a bulk spin
system. A single quantum computation unit will be a single molecule consisting of
several atoms with a different magnetic moment. We could call the state1 of such
a molecule |Φ〉. The molecules are dissolved in a liquid and can for our purposes be
considered identical and non-interacting. In principle, the liquid can then be prepared
such that the state of the liquid containing K molecules could be written as2

|Φ〉 ⊗ |Φ〉 ⊗ · · · ⊗ |Φ〉︸ ︷︷ ︸
K times

. (2.1)

1with respect to the features we are interested in.
2A density matrix description is probably a better tool to describe the whole system, but in what

follows we will idealise the multi-particle system by a single molecule.
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Since the molecules are assumed to be non-interacting and the external electro-magnetic
pulses act on the bulk as a whole, the time evolution of such a system can be written
in a similar manner:

U ⊗ U ⊗ · · · ⊗ U︸ ︷︷ ︸
K times

. (2.2)

Now we can justify writing the state of the whole liquid as “|φ〉” and that of the unitary
time evolution as “U”. Upon measurement, however, we do not measure a single state,
because we are dealing with an ensemble. We will measure the amplitudes (probability)
directly, with K large enough, because upon measurement the liquid will be in a mixed
state with a probability distribution dictated by the amplitudes squared of the states
before measurement. This is a subtle difference from the other implementations of a
QC, where one measures a single state with a certain probability. This is why an NMR
QC is sometimes called an expectation value QC (EVQC).

We will not concern ourselves with these subtleties but will describe the system in
the same manner as in the previous chapter.

2.1 NMR

Generic QC hardware can be modelled in terms of quantum spins (qubits) that evolve
in time according to the time-dependent Schrödinger equation (TDSE)

i
∂

∂t
|Φ(t)〉 = H(t)|Φ(t)〉, (2.3)

in units such that � = 1. For present purposes it is sufficient to consider two-spin NMR
systems only. The state

|Φ(t)〉 = a(↑, ↑; t)|↑, ↑〉 + a(↑, ↓; t)|↑, ↓〉 + a(↓, ↑; t)|↓, ↑〉 + a(↓, ↓; t)|↓, ↓〉, (2.4)

describes the state of the QC at time t. The complex coefficients a(↑, ↑; t), . . . , a(↓, ↓; t)
completely specify the state of the quantum system. In the absence of interactions
with other degrees of freedom this spin one-half system can be modelled by the time-
dependent Hamiltonian

H(t) = −JSz
1Sz

2 − hz
1S

z
1 − hz

2S
z
2 − hx

1S
x
1 − hx

2Sx
2 − hy

1S
y
1 − hy

2S
y
2

− (h̃x
1S

x
1 + h̃x

2S
x
2 ) sin(ωt + φx) − (h̃y

1S
y
1 + h̃y

2S
y
2 ) sin(ωt + φy), (2.5)

where Sα
j , α = x, y, z denotes the α-th component of the spin one-half operator

representing the j-th qubit, J determines the strength of the interaction between the
two qubits, and hα

j and h̃α
j represent the strength of the applied static (magnetic) and



2.1 NMR 33

applied sinusoidal field3 (SF) acting on the j-th spin, respectively. For an NMR system,
hα

2 = γhα
1 and h̃α

2 = γh̃α
1 , for α = x, y, z where γ is a constant. The frequency and

the phase of the SF are denoted by ω and φα. As the Ising model, i.e., the first term
of (2.5), is known to be a universal QC [Llo93, BDHT94], model (2.5) is sufficiently
general to serve as a physical model for a generic QC at zero temperature. In terms of
spin matrices, the operator Qj measuring the state of qubit j is given by

Qj =
1
2
− Sz

j , (2.6)

which means we identify |↑〉 and |↓〉 with |0〉 and |1〉, respectively.
For numerical purposes it is necessary to fix as many model parameters as possi-

ble. We have chosen to simulate the two nuclear spins of the 1H and 13C atoms in
a carbon-13 labelled chloroform, a molecule that has been used in NMR-QC experi-
ments [CVZ+98, CGK98]. In these experiments hz

1/2π ≈ 500MHz, hz
2/2π ≈ 125MHz,

and J/2π ≈ −215Hz [CVZ+98]. In the following we will use model parameters rescaled
with respect to hz

1/2π, i.e., we put

J = −0.43 × 10−6, hz
1 = 1, hz

2 = 0.25. (2.7)

Note that there is a difference of many orders of magnitude between the interac-
tion J and the fields hz

j . If the duration of the SF-pulses is much shorter than 2π/|J |,
the effects of J on the time evolution during these pulses are very small. Our nu-
merical experiments (see below) are all performed under this condition. We will only
consider QC’s at zero temperature without coupling to the environment. In this sense
we simulate highly idealised NMR experiments on a closed quantum system at zero
temperature. This allows us to study a concrete physical realization of a QC and at
the same time focus on the intrinsic quantum dynamics of the QC.

A QA is usually defined in terms of the basic building block we defined in the
previous chapter. For an NMR system defined by model (2.5) other elementary opera-
tions (EO) are more natural to use as fundamental operations. We will describe these
later in this chapter. Each EO transforms the input state |Ψ(t)〉 into the output state
|Ψ(t + τ)〉 where τ denotes the execution time of the EO. The action of an EO on the
state |Ψ〉 of the quantum processor is defined by specifying how long it acts (i.e., the
time interval τ during which it is active), and the values of J and all h’s. During the
execution of an EO the values of J and all h’s are kept fixed.

The time evolution of a quantum model with H according to (2.5) is obtained
by solving TDSE (2.3) for model (2.5). The simulations have been carried out with a
software tool called Quantum Computer Emulator (QCE)4. The QCE software simu-
lates physical models of QC hardware by a Suzuki product-formula [SMK77, Suz93],

3In principle, with a sufficiently powerful NMR setup, one could generate arbitrary complicated
functions. To make the QC scalable, however, the basic instructions should be “simple”, hence our
choice.

4QCE can be downloaded from http://rugth30.phys.rug.nl/compphys/qce.htm.
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i.e., in terms of elementary unitary operations [DR87, dVDR93, DRM94]. For all prac-
tical purposes, the numerical results obtained by this technique are exact. A detailed
description of the QCE software tool can be found elsewhere [DRHMDR00].

2.2 Ideal Elementary Operations

2.2.1 Single-Qubit Operations

When describing NMR operations, one usually thinks of them as rotations of the
individual spins around the basic spatial axes. In order to do this, we can imagine the
spin to be an arrow pointing in some direction. In an NMR setup, the sample is placed
in a strong constant external magnetic field. The direction of this field we define to be
the z-axis, and eigenstates of the spins along this axis we call |↑〉 and |↓〉, respectively.

We start by looking at a single qubit and define the basis of our Hilbert space such
that

|↑〉 =
(

1
0

)
, (2.8a)

|↓〉 =
(

0
1

)
, (2.8b)

the identification we made previously. The spin operators acting on this space are the
well known Pauli matrices times �/2,

Sx =
1
2

(
0 1
1 0

)
, (2.9a)

Sy =
1
2

(
0 −i
i 0

)
, (2.9b)

Sz =
1
2

(
1 0
0 −1

)
, (2.9c)

where again we use units such that � = 1. For these operators, we have the following
commutators:[

Sα, Sβ
]

= i εαβγ Sγ , (2.10a){
Sα, Sβ

}
=

1
2
δα,β �, (2.10b)

where the summation over repeated indices is implicit. What makes the two-dimensional
spin matrices special is that their square is proportional to unity, (Sα)2 = �/4, which
results in the following:

sin (φSα) = 2Sα sin
φ

2
, (2.11a)

cos (φSα) = � cos
φ

2
. (2.11b)
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We can derive that the rotation of a spin operator by an angle φ around an axis β can
be written as

Sα(φ, β) = ei φ Sβ
Sα e−i φ Sβ

= Sα cos φ + Sγ sinφ εαβγ , (2.12)

with α and β different. For quantum computation, rotations over π/2 are especially
interesting:

X
.= ei π Sx/2 =

1√
2

(
1 i
i 1

)
, (2.13a)

Y
.= ei π Sy/2 =

1√
2

(
1 1

−1 1

)
, (2.13b)

Z
.= ei π Sz/2 =

1√
2

(
1 + i 0

0 1 − i

)
. (2.13c)

We will use these operations, together with their inverses, as the NMR EO’s. We denote
the inverses by a bar. Hence Y denotes the inverse of Y , i.e., a rotation over π/2 in
the opposite direction. Since the operations are unitary, Y is merely the Hermitian
conjugate of Y . From these EO’s, other instructions can be built, such as the Walsh-
Hadamard transformation (see Eq. (1.12)):

W = −i X2 Y = −i Y X2 = i Y X
2 = i X

2
Y =

1√
2

(
1 1
1 −1

)
. (2.14)

We see that the resulting operations differ by a factor i or −i from the definition given
in Eq. (1.12), but this is not relevant since overall phase factors in quantum mechanics
are unobservable. We also see that there is more than one possibility to implement the
WH instruction in terms of the EO’s. This turns out to be a general feature: there
are several equivalent (indistinguishable on an ideal QC) implementations for more
complicated instructions.

In the remaining part of this chapter, the EO’s will have subscripts, denoting the
qubit they operate on. Hence X2 will denote a rotation of qubit two over π/2 around
the x axis. For an ideal l-qubit QC we would have

Ol ≡ �L−1 ⊗ �L−2 ⊗ · · · ⊗ �l+1 ⊗ O ⊗ �l−1 ⊗ �l−2 ⊗ · · · ⊗ �0, (2.15)

where O denotes an arbitrary one-qubit operation. However, from this point on, we
will study two-qubit computers only and in order to have the same notation as the one
used in the QCE program, the qubits will be labelled ’one’ and ’two’, referring to the
most significant and least significant bits, respectively.

2.2.2 Two-Qubit Operations: CNOT Gate

Multi-qubit operations require some form of communication between the qubits. A
basic two-qubit operation is provided by the CNOT gate. We will express this operation
in terms that are more natural to the NMR environment again.
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Looking at the general two-spin NMR Hamiltonian (2.5) we see that the “J”
term provides the only form of interaction between the spins, so we will build our
implementation of the CNOT around this interaction.

Let us look at a Hamiltonian with an interaction term only:

HI = −J Sz
1 Sz

2 . (2.16)

The unitary time evolution using this Hamiltonian can be readily solved to be

I(τ) .= e−i HI τ

=




ei τJ/4 0 0 0
0 e−i τJ/4 0 0
0 0 e−i τJ/4 0
0 0 0 ei τJ/4


 . (2.17)

Let us recall the definition of the CNOT as given in Eq. (1.4), but now with the
first bit as the control bit

CNOT =




1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


 , (2.18)

where, as usual, the basis is given by {|00〉, |01〉, |10〉, |11〉}. The CNOT gate flips the
second spin if the first spin is in the down state, i.e., the first qubit acts as a control
qubit for the second one.

Let us study the effect of I(τ) as if qubit one were fixed. We see that we can write

I(τ) =
(

1 0
0 0

)
⊗ eiτJSz/2 +

(
0 0
0 1

)
⊗ e−iτJSz/2. (2.19)

Hence in the subspace where the first qubit is in the 0 position, the second bit gets
rotated counterclockwise, and in the subspace where the first is in the 1 position, the
second bit gets rotated clockwise, by the same amount. It turns out that the smallest
angle of rotation we need is 90◦. For the remainder we take τJ = −π (J is a negative
number, and times are generally positive), giving

I =
(

1 0
0 0

)
⊗ Z +

(
0 0
0 1

)
⊗ Z, (2.20)

where we wrote I for I(−π/J). Classically, if we just think of spins as arrows pointing
in some direction in space, we can exploit this conditional rotation by first rotating
the second qubit into the x − y plane and letting this I instruction act, then rotating
the second spin so that it points along the z-axis again. The effect of this classical
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EO |00〉 |01〉 |10〉 |11〉

Y2 ⇓ ⇓ ⇓ ⇓

I ⇓ ⇓ ⇓ ⇓

X2 ⇓ ⇓ ⇓ ⇓

|00〉 |01〉 |11〉 |10〉
Figure 2-1: The effect of the ”classical” CNOT instruction on the four possible basis

states. The time direction is from top to bottom.

solution to the problem can be seen in Fig. 2-1. Thus, our guess would be X2 I Y2.
There are, of course, three other possibilities with the same effect. We can calculate
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them all exactly and find

X2 I Y2 = e−πi/4




1 0 0 0
0 i 0 0
0 0 0 i
0 0 −1 0


 , (2.21a)

X2 I Y 2 = e−πi/4




1 0 0 0
0 i 0 0
0 0 0 −i
0 0 1 0


 , (2.21b)

Y 2 I X2 = e−πi/4




1 0 0 0
0 i 0 0
0 0 0 −1
0 0 i 0


 , (2.21c)

Y2 I X2 = e−πi/4




1 0 0 0
0 i 0 0
0 0 0 1
0 0 −i 0


 . (2.21d)

These operations are all more or less equivalent, so we will continue our discussion with
the first. We see that the classical way of thinking almost works, except for the phase
of the resulting state. Indeed, if we would only be interested in the CNOT instruction
acting on basis states, Eq. (2.21a) would suffice.

Classically, we could view these phase factors as some kind of anisotropy with
respect to the length axis of the arrows. With this idea in mind we would guess that
we have to rotate both back around the z-axis. This gives

CNOT ∝ Z1 Z2 X2 I Y2 ∝




1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


 , (2.22)

where ∝ means equal up to an unobservable overall phase factor.

2.2.3 Quantum Algorithms

Any QA can be written as a sequence of the one- and two-qubit operations discussed
above. As a simple example of a QA we take (CNOT)5, meaning: the CNOT operation
applied five times. On an ideal QC, (CNOT)2 is the identity operation and hence
(CNOT)5 = CNOT but on a physical QC this is not always the case (see below). To
illustrate the dependence of the quantum computation on the physical implementation
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and on the choice of the input state we consider two QA’s, QA1 and QA2, defined by

QA1|b1b2〉 .= (CNOT)5|b1b2〉, (2.23)

QA2|singlet〉 .= Y1(CNOT)5|singlet〉, (2.24)

where |singlet〉 = (|10〉 − |01〉)/√2. We have

(|11〉 − |01〉)/
√

2 = (CNOT)5|singlet〉, (2.25)

and hence 〈singlet|(CNOT)5 Q1(CNOT)5|singlet〉 = 1/2. We can obtain a clear-cut
answer in terms of expectation values of the qubits by applying a π/2 rotation of spin
one

|11〉 = Y1(CNOT)5|singlet〉. (2.26)

Therefore in (2.24), the CNOT operations are followed by a π/2 rotation of spin 1.
As a more complicated example of a QA, we consider Grover’s database search al-

gorithm (see Section 1.1.2) to find the needle in the haystack. Experimentally, Grover’s
QA has been implemented on a two-qubit NMR-QC for the case of a database con-
taining four items [JM98, CVZ+98]. In experiments [JM98, CVZ+98] the sequences

(D.F0) ∝ X1 Y 1 X2 Y 2 I X1 Y 1 X2 Y 2 I X1 X1 Y 1 X2 X2 Y 2, (2.27a)

(D.F1) ∝ X1 Y 1 X2 Y 2 I X1 Y 1 X2 Y 2 I X1 X1 Y 1 X2 X2 Y 2, (2.27b)

(D.F2) ∝ X1 Y 1 X2 Y 2 I X1 Y 1 X2 Y 2 I X1 X1 Y 1 X2 X2 Y 2, (2.27c)

(D.F3) ∝ X1 Y 1 X2 Y 2 I X1 Y 1 X2 Y 2 I X1 X1 Y 1 X2 X2 Y 2, (2.27d)

have been chosen to implement Grover’s search algorithm. The subscript j of Fj

corresponds to the position of the searched-for item in the database. In all four cases
the input state is |00〉.

On an ideal QC, the QA’s (2.27) are by no means unique: Various alternative ex-
pressions can be written down by using the algebraic properties of the X’s and Y ’s. This
feature has been exploited to eliminate redundant elementary operations [CVZ+98].
On an ideal QC sequences (2.27) return the correct answer, i.e., the position of the
searched-for item. This is easily verified on the QCE by selecting the elementary oper-
ations that implement an ideal QC.

2.3 Physical Quantum Computer

2.3.1 Single-Qubit Operations

NMR uses SF pulses to rotate the spins. By tuning the frequency of the SF to the
precession frequency of a particular spin (hz

j in our case), the power of the applied
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pulse (= intensity times duration) controls how much the spin will rotate. The axis of
the rotation is determined by the direction of the applied SF. The elementary model
of an NMR experiment on a single spin (qubit one for example) subject to a constant
magnetic field along the z-axis and an SF along the x-axis reads [Bay74]

i
∂

∂t
|Φ(t)〉 = −

(
hz

1S
z
1 + h̃x

1S
x
1 sinωt

)
|Φ(t)〉, (2.28)

where |Φ〉 = |↑〉〈Φ|↑〉+ |↓〉〈Φ|↓〉, |Φ(t = 0)〉 is the initial state of the two-state system
and we have set the phase φx = 0. Substituting |Φ(t)〉 = eithz

1Sz
1 |Ψ(t)〉 yields

i
∂

∂t
|Ψ(t)〉 = −h̃x

1 (Sx
1 sinωt coshz

1t + Sy
1 sinωt sinhz

1t) |Ψ(t)〉, (2.29)

where we made use of (2.12). At resonance, i.e., ω = hz
1, we find

i
∂

∂t
|Ψ(t)〉 = − h̃x

1

2
(Sy

1 + Sx
1 sin 2ωt − Sy

1 cos 2ωt) |Ψ(t)〉. (2.30)

Assuming that the effects of the higher harmonic terms (i.e., the terms in sin 2ωt and
cos 2ωt) are small [Bay74], (2.30) is easily solved to give

|Ψ(t)〉 ≈ eith̃x
1Sy

1 /2|Ψ(t = 0)〉, (2.31)

so that the overall action of a SF-pulse of duration τ can be written as

|Φ(t + τ)〉 ≈ eiτhz
1Sz

1 eiτ h̃x
1Sy

1 /2|Φ(t)〉. (2.32)

Hence it follows that application of an SF-pulse of power τ h̃x
1 = π will have the effect

of rotating spin one by an angle of π/2 about the y-axis, as is clear by comparing
(2.13b) with (2.32) and a rotation of π hz

1/h̃x
1 around the z-axis, which will become

important later.
In deriving (2.32), higher harmonics have been neglected, as indicated by the “≈”

sign. Instead of applying SF’s along the x or y direction, one may also consider using
SF’s that rotate in the x-y plane. This leads to the TDSE [Sli90]:

i
∂

∂t
|Φ(t)〉 = −

[
hz

1S
z
1 + h̃x

1(S
x
1 sinωt + Sy

1 cos ωt)
]
|Φ(t)〉, (2.33)

and instead of (2.32) we obtain

|Φ(t + τ)〉 = eiτhz
1Sz

1 eiτ h̃x
1Sy

1 |Φ(t)〉, (2.34)

an exact result, this time.
A QC contains at least two spins. If it is difficult in experiments to shield a particular

spin from the SF, an application of an SF pulse affects not only the state of the
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resonant spin but changes the state of the other spins too (unless they are perfectly
aligned along the z-axis). A general analytical, quantitative analysis of this many-body
problem is rather difficult. We will study the limiting case in which the interaction
between the spins has negligible impact on the time evolution of the spins during
application of the SF pulse. As our numerical results (see below) demonstrate, this is
the case that is relevant to the model system considered in this chapter and also to
experiments [JM98, JMH98, CVZ+98, CGK98].

We consider the two-spin system described by the TDSE:

i
∂

∂t
|Φ(t)〉 = −

[
hz

1S
z
1 + hz

2S
z
2 + h̃x

1(S
x
1 sinωt + Sy

1 cos ωt)

+h̃x
2(Sx

2 sinωt + Sy
2 cosωt)

]
|Φ(t)〉. (2.35)

Substituting |Φ(t)〉 = eitω(Sz
1+Sz

2 )|Ψ(t)〉 we obtain

i
∂

∂t
|Ψ(t)〉 = −

[
(hz

1 − ω)Sz
1 + (hz

2 − ω)Sz
2 + h̃x

1S
y
1 + h̃x

2Sy
2

]
|Ψ(t)〉. (2.36)

Our aim is to rotate spin one about an angle ϕ1 without affecting the state of spin
two. This can be accomplished as follows: First we choose

ω = hz
1, (2.37)

i.e., the frequency of the SF pulse is tuned to the resonance frequency of spin one.
Then (2.36) can easily be integrated. The result is

|Φ(t)〉 = eithz
1(Sz

1+Sz
2 )eith̃x

1Sy
1 eit�S2·�v1,2 |Φ(0)〉, (2.38)

where �vn,m
.= (0, h̃x

m, hz
m − hz

n).
The third factor in (2.38) rotates spin two around the vector �v1,2. This factor can

be expressed as

eit�Sm·�vn,m =
(

1 0
0 1

)
cos

t|�vn,m|
2

+
i

|�vn,m|
(

hz
m − hz

n −i hx
m

i hx
m hz

n − hz
m

)
sin

t |�vn,m|
2

, (2.39)

and we see that the SF pulse will not change the state of spin two if and only if the
duration t1 of the pulse satisfies

t1|�v1,2| = t1

√
(hz

1 − hz
2)2 + (h̃x

2)2 = 4πn1, (2.40)

where n1 is a positive integer.
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The second factor in (2.38) is a special case of (2.39). It is easy to see that if

t1h̃
x
1 = ϕ1, (2.41)

the second factor in (2.38) will rotate spin one about ϕ1 around the y-axis. Therefore,
if conditions (2.37), (2.40), and (2.41) are satisfied we can rotate spin one about ϕ1

without affecting the state of spin two, independent of the physical realization of the
QC. However, the first factor in (2.38) can still generate a global phase shift. Although
it drops out of the expression of the expectation value of the qubits, in general it has
to be taken into account in a QC calculation because this phase shift depends on the
state of the spins. Adding the condition

t1 hz
1 = 4π k1, (2.42)

where k1 is a positive integer (hz
i > 0 by definition), the first factor in (2.38) is always

equal to one. Summarising: If conditions (2.37), (2.40), (2.41), and (2.42) are satisfied
we can rotate spin one about ϕ1 without affecting the state of spin two and without
introducing unwanted phase shifts.

A last constraint on the choice of the pulse parameters comes from the fact that

hα
2 = γhα

1 , h̃α
2 = γh̃α

1 ; α = x, y, z. (2.43)

Without loss of generality we will assume that 0 < γ < 1, in concert with the choice
of parameters (2.7).

Using constraint (2.43) and conditions (2.37), (2.40), (2.41), and (2.42) we have

(1 − γ)2k2
1 +

γ2

4

(ϕ1

2π

)2
= n2

1, (2.44)

and reversing the role of spin one and spin two we obtain(
1 − 1

γ

)2

k2
2 +

1
4γ2

(ϕ2

2π

)2
= n2

2, (2.45)

where k1, k2, n1, and n2 are positive integers. The angles of rotation about the y-axis
can be chosen such that 0 ≤ ϕ1 < 2π and 0 ≤ ϕ2 < 2π.

In general (2.44) or (2.45) have no solution, but a good approximate solution may
be obtained if γ is a rational number and k1 and k2 are large. Let γ = N/M where
N and M are integers satisfying 0 < N < M . It follows that the representation
k1 = kMN2 and k2 = kNM2 will generate sufficiently accurate solutions of (2.44)
and (2.45) if the integer k is chosen such that

2 k N M (M − N) � 1. (2.46)

In terms of k, N , and M , the relevant physical quantities are then given by

t1 hz
1

2π
= 2 k M N2 ,

h̃x
1

hz
1

=
1

2 k M N2

ϕ1

2π
, (2.47)



2.3 Physical Quantum Computer 43

and

t2 hz
1

2π
= 2 k M3 ,

h̃x
2

hz
1

=
1

2 k M3

ϕ2

2π
. (2.48)

In our numerical experiments we use (2.47) and (2.48) to determine the duration of
the SF pulses for both the static and rotating SF’s. In the latter case the SF pulses
will be optimised in the sense that a pulse that rotates spin one/two will hardly affect
spin two/one if k satisfies condition (2.46).

The assumption of a pure sinusoidal time dependence of the applied fields serves
to simplify the analytical analysis given above. In experiments there is no good reason
to stick to a simple time dependence of the pulses [Fre96]. In general

i
∂

∂t
|Φ(t)〉 = −

[
hz

1S
z
1 + hz

2S
z
2 + w(t)h̃x

1(S
x
1 sinωt + Sy

1 cos ωt)

+w(t)h̃x
2(S

x
2 sinωt + Sy

2 cos ωt)
]
|Φ(t)〉, (2.49)

where w(t) can be almost any waveform. For ω = hz
1, the formal solution of (2.49)

reads

|Φ(t)〉 = eithz
1(Sz

1+Sz
2 ) exp

(
i

∫ t

0
duw(u)h̃x

1S
y
1

)

× exp+

{
i

∫ t

0
du

[
(hz

2 − hz
1)S

z
2 + w(u)h̃x

2S
y
2

]}
|Φ(0)〉, (2.50)

where exp+{. . .} denotes the time-ordered exponential. Expression (2.50) is an explicit
Floquet-operator representation of the time-evolution operator[EBW87]. The introduc-
tion of a general form of w(t) replaces condition (2.40) by

exp+

{
i

∫ t1

0
du

[
(hz

2 − hz
1)S

z
2 + w(u)h̃x

2S
y
2

]}
= 1, (2.51)

and condition (2.41) becomes

t1h̃
x
1

∫ t1

0
duw(u) = ϕ1, (2.52)

expressing the fact that the rotation angle ϕ1 is determined by the power of the pulse
only. Conditions (2.37) and (2.42) remain the same. There are many forms of w(u)
that will satisfy (2.52), so in this respect there is a lot of freedom in the choice of w(t).
Finding the form of w(u) such that (2.51) also holds is a (complicated) optimisation
problem, particularly when the QC contains several qubits.

To summarise: If conditions (2.37), (2.40), (2.41), and (2.42) are satisfied we can
rotate spin one about ϕ1 without affecting the state of spin two and without introducing
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unwanted phase shifts. In practice we may replace (2.40) and (2.41) with (2.51) and
(2.52), respectively.

For our choice (2.7) of the model parameters, γ = 1/4 such that N = 1 and M = 4.
In general, γ will not be a ratio of two small integers but may be approximated to any
desired precision by a rational number. Let us consider the hypothetical case (N = 11,
M = 40) such that γ = 11/40 = 0.275. Then (2.46) reads 25520 k � 1 so that
the choice k = 1 already yields an accurate solution to (2.44) and (2.45). However
as t1 hz

1/2π = 9680 and t2 hz
1/2π = 128000, rather long SF pulses are required to

perform these nearly ideal, single-qubit operations. As this example shows, the duration
of the pulses that implement accurate single-qubit operations will be determined by
the representation of γ as a ratio of two (small) integers.

From (2.47) and (2.48) it follows that |h̃x
j |  |hz

1 − hz
2| for accurate single-qubit

operations. This implies t1 hz
1(1 − γ) = 4πn1 or k1(M − N) = Mn1. For N = 1 and

M = 4 we see that k1 has to be a multiple of 4. This reasoning readily generalises:
For n spins k1(Mj − Nj) = Mj nj for integer nj and j = 2, . . . , n. In other words,
the frequencies of precession of each of the qubits have to be mutually commensurate.
Otherwise, systematic phase errors will be generated in the course of the computation.
This conclusion does not depend on the peculiarities of the NMR technique but holds
in general.

2.3.2 Two-Qubit Operations: CNOT Gate

As the CNOT sequence (2.22) has been constructed on the basis of model (2.16),
some modification is necessary to account for the fact that the two nuclear spins feel
static fields (see (2.5)). In general, the Hamiltonian reads

HNMR = −JSz
1Sz

2 − hz
1 Sz

1 − hz
2 Sz

2 . (2.53)

Comparison of (2.16) with (2.53) shows that the implementation of the CNOT op-
eration requires additional rotations around the z-axis. First, let us define the “real”
interaction instruction I ′ as follows:

I ′ .= e−i τ HNMR , (2.54)

with τ = −π/J . Because all the Sz factors commute, we can easily derive

I = ei π (hz
1 Sz

1+hz
2 Sz

2 )/J I ′. (2.55)

Eq. (2.22) can now be written as follows:

CNOT ∝ Z1Z2 X2 ei π (hz
1 Sz

1+hz
2 Sz

2 )/J I ′ Y2. (2.56)

On NMR hardware, direct rotations around the z-axis are often not possible in terms
of SF pulses because the static magnetic field is in the z direction. There are several
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different solutions to this problem. We will rotate the system to the x-axis using a
rotation around the y-axis and perform the rotation there, after which we rotate back.
This gives the following expression:

CNOT ∝ Y1 X1e
i π hz

1 Sx
1 /J Y 1 Z2 X2 Y2 ei π hz

2 Sx
2 /J Y 2 I ′ Y2. (2.57)

Using the relation Z2 X2 Y2 = X2 we can optimise this to

CNOT ∝ Y1 ei π(1/2+hz
1/J)Sx

1 Y 1 ei π(1/2+hz
2/J)Sx

2 Y 2 I ′ Y2. (2.58)

These extra rotations around the x-axis are over angles many times 2π. We can optimise
this to the following operation:

X ′
j

.= ei π(1/2+hz
j/J−2 kj)S

x
j , (2.59)

where kj is an integer which can be chosen such that −1 < 1/2 + hz
j/J − 2 kj ≤ 1.

We have seen before that our choices for operations a far from unique; there are
many different, logically equivalent sequences that implement the CNOT gate on an
NMR QC. We have chosen to limit ourselves to the representations

CNOT1 = Y1X
′
1Y 1X

′
2Y 2I

′Y2, (2.60a)

CNOT2 = Y1X
′
1X

′
2Y 1Y 2I

′Y2, (2.60b)

CNOT3 = X1Y
′
1X

′
2Y 2X1I

′Y2. (2.60c)

On an ideal QC, the sequences (2.60a) – (2.60c) give identical results. On an NMR-like
QC they do not because operations such as X1 and X2 no longer commute. We will
use sequences (2.60a) – (2.60c) to demonstrate the quantum programming problem
(QPP).

2.3.3 Quantum Algorithms

On a conventional computer, an algorithm is a sequence of logical operations that
defines a one-to-one relation between the input and output data. We expect that a
conventional computer always returns the correct result, irrespective of the input. Also,
a QC should have correct (input, output) relationships. In contrast to a conventional
computer, a QC accepts as input linear superpositions of basis states and can return
superpositions as well. If a quantum gate correctly operates on each of the basis states,
it will also do so on any general linear superposition unless the operation generates
additional phase factors that depend on the input state. Of course this does not hap-
pen on an ideal QC, but on a realistic one it may. Above we have shown how to
reduce unwanted phase errors that result from imperfections of the one- and two-qubit
operations.

For each realization of QC hardware, there is a one-to-one correspondence between
the QA and the unitary matrix that transforms the superposition accordingly. A QA will
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operate correctly under all circumstances if the whole unitary matrix representing the
QA is a good approximation to the ideal one. In other words, the magnitude and the
phase of all matrix elements should be close to their ideal values. It is not sufficient to
have, for example, two different CNOT gates that operate correctly by themselves; the
relative phases that they produce should also match. For n qubits there are 2n(2n −1)
real numbers that specify the unitary matrix corresponding to a QA. All these numbers
should be close to their ideal values; otherwise the QA is bound to produce wrong
answers.

Experimental realizations of QC’s have not yet demonstrated that a QC can cor-
rectly compute the answer for inputs other than simple basis states. However, with the
QC hardware currently available, such a test is definitely within reach. The two simple
QA’s, (2.23) and (2.24) may be used for this purpose.

In general on a physical QC, (CNOT)2 �= � and hence (CNOT)5 in (2.23) and (2.24)
does not reduce to one CNOT operation. The effect of the physical implementation of
a QC on the logical operation of a QA will be most clear if we can distinguish errors due
to faulty input data from those that are intrinsic to the physics of the qubits. Therefore
we will provide the exact input state to the QA and compare the result returned by
the QA with the exact answer. This procedure simplifies the analysis but does not
touch the essence of the matter. We prepare |b1b2〉 and |singlet〉 = (|10〉 − |01〉)/√2
by starting from the state |00〉 and by performing exact rotations of the spins.

In the case of Grover’s database search algorithm, the representation of I in terms
of the time evolution of (2.53) reads

I = e−iπS1S2 = e−iτhz
1Sz

1 e−iτhz
2Sz

2 e−iτHNMR

= Y2 X ′′
2 Y 2 Y1 X ′′

1 Y 1 e−iτHNMR , (2.61)

where τ = −π/J . This choice of τ also fixes the angles of the rotations and, through
relations (2.47) and (2.48), also all parameters of the operations X ′′

1 and X ′′
2 .

2.4 Simulation

2.4.1 Model Parameters

The parameters of model (2.5), for which e−iτH implements the EO’s of the ideal
QC, are listed in Table 2-1. On an NMR-like QC, the one-qubit operations can be
implemented by applying SF pulses, as explained above. The two-qubit operation I ′

can be implemented by letting the system evolve in time according to Hamiltonian
HNMR, given by (2.53). I ′ is the same for both an ideal or NMR-like QC. Note that
the condition τJ = −π yields τ/2π = 1162790.6977, a fairly large number (compared
to our reference hz

1 = 1, see (2.7)).

The model parameters for the fixed and rotating SF’s are determined according to
the theory outlined above. We use the integer k to compute all free parameters and
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τ/2π hx
1 hx

2 hy
1 hy

2 hz
1 hz

2

X1 0.25 1 0 0 0 0 0
X2 0.25 0 1 0 0 0 0
Y1 0.25 0 0 1 0 0 0
Y2 0.25 0 0 0 1 0 0
X ′

1 1 -0.4477 0 0 0 0 0
X ′

2 1 0 -1.4244 0 0 0 0
Y ′

1 1 0 0 0.4477 0 0 0
X ′′

1 1 -0.6977 0 0 0 0 0
X ′′

2 1 0 -1.6744 0 0 0 0
I −1/2J 0 0 0 0 1 0.25
I ′ −1/2J 0 0 0 0 1 0.25

Table 2-1: Model parameters for the elementary operations on the ideal QC. Parame-
ters of model (2.5) that do not appear in this table are zero, except for the interaction

J = −0.43 × 10−6. The TDSE is solved using a time step δ/2π = 1.

the subscript s = 2kMN2 to label the results of the QC calculation. For reference, we
present the set of parameters corresponding to k = 1 for QC’s using fixed and rotating
SF in Tables 2-2 and 2-3, respectively. Multiplying s (the duration of the SF pulse)

τ/2π ω h̃x
1 h̃x

2 h̃y
1 h̃y

2

X1 8 1.00 0 0 -0.0625000 -0.0156250
X2 128 0.25 0 0 -0.0156250 -0.0039063
Y1 8 1.00 0.0625000 0.0156250 0 0
Y2 128 0.25 0.0156250 0.0039063 0 0
X ′

1 8 1.00 0 0 0.1119186 0.0279796
X ′

2 128 0.25 0 0 0.0890262 0.0222565
Y ′

1 8 1.00 -0.1119186 -0.0279796 0 0
X ′′

1 8 1.00 0 0 0.1744186 0.0436046
X ′′

2 128 0.25 0 0 0.1046512 0.0261628

Table 2-2: Model parameters of single-qubit operations on an NMR QC for the case
(k = 1, N = 1, M = 4); see (2.47) and (2.48). Parameters of model (2.5) that do
not appear in this table are zero, except for the interaction J = −0.43× 10−6 and the
constant magnetic fields hz

1 = 1 and hz
2 = 0.25. The TDSE is solved using a time step

δ/2π = 0.01.

with the unit of time (2 ns) shows that in our simulations, single-qubit operations are
implemented by using short SF pulses that are, in NMR terminology, non-selective and
hard.
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τ/2π ω h̃x
1 , h̃y

1 h̃x
2 , h̃y

2 ϕx ϕy

X1 8 1.00 -0.0312500 -0.0078125 −π/2 0
X2 128 0.25 -0.0078125 -0.0039063 −π/2 0
Y1 8 1.00 0.0312500 0.0156250 0 π/2
Y2 128 0.25 0.0078125 0.0039063 0 π/2
X ′

1 8 1.00 0.0559593 0.0139898 −π/2 0
X ′

2 128 0.25 0.0445131 0.0111283 −π/2 0
Y ′

1 8 1.00 -0.0559593 -0.0139898 0 π/2
X ′′

1 8 1.00 0.0872093 0.0218023 −π/2 0
X ′′

2 128 0.25 0.0523256 0.0130914 −π/2 0

Table 2-3: Model parameters of single-qubit operations on an NMR QC using rotating
SF’s for the case (k = 1, N = 1, M = 4); see (2.47) and (2.48). Parameters of
model (2.5) that do not appear in this table are zero, except for the interaction J =
−0.43 × 10−6 and the constant magnetic fields hz

1 = 1 and hz
2 = 0.25. The TDSE is

solved using a time step δ/2π = 0.01.

2.4.2 Results

As a standard test, we execute all sequences on an implementation of the ideal QC
(see Table 2-1). They all give the exact answers (results not shown). Furthermore, the
results do not change if we put J = 0 in all single-qubit operations, which is not a
surprise in view of the fact that typical pulse durations are much smaller than 1/2|J |.
It is also necessary to rule out the possibility that the numerical results depend on
the time step δ used to solve the TDSE. The numerical error of the product formula
used by QCE is proportional to δ2 [DR87, dVDR93, DRM94]. It goes down by a factor
of about one hundred if we reduce the time step by a factor of 10. Within the two-
digit accuracy used to present our data, there is no difference between the results for
δ = 0.01 and δ = 0.001. Hence, we can be confident that we are solving the TDSE
with a sufficiently high accuracy.

In Table 2-4 we present simulation results for QA’s, QA1 and QA2 defined by (2.23)
and (2.24), respectively. It is clear that even the least accurate implementation (s = 8,
k = 1) nicely reproduces the correct answers if the input corresponds to one of the
four basis states. The corresponding entries for QA2 seem to suggest that CNOT1

is working well for s = 8. However, the result for s = 16 (k = 2) shows that the
apparently good result for s = 8 is accidental, as we might have expected on the basis
of criterion (2.46) (which in this case reads 24 � 1). In agreement with the theoretical
analysis of Section 2.3.A the results converge to the exact ones for sufficiently large k,
as shown in Table 2-4. For small s, the difference in the accuracy with which QA1 and
QA2 give the correct answer clearly shows that in order for a QA to work properly, it
is not sufficient to show that it correctly operates only when the input corresponds to
one of the basis states.
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EV O1|00〉 O1|01〉 O1|10〉 O1|11〉 Y1 O1|singlet〉
(1, 2) (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (1.00, 1.00)
(1, 2)8 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (0.90, 1.00)
(1, 2)16 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (0.03, 1.00)
(1, 2)32 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (0.58, 1.00)
(1, 2)64 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (0.88, 1.00)
(1, 2)256 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (0.99, 1.00)

Table 2-4: Expectation values (EV) of the two qubits as obtained by performing a
sequence of five CNOT operations (denoted by O1

.= (CNOT1)5) on a QC that uses
rotating SF’s to manipulate individual qubits. The initial states |01〉, |10〉, |11〉, and
|singlet〉 = (|10〉 − |01〉)/√2 have been prepared by starting from the state |00〉 and
performing exact rotations of the spins. The CNOT operations on the singlet state are
followed by a π/2 rotation of spin one to yield a non-zero value of qubit one. Hence
(a, b) denotes (〈ΦF |Q1|ΦF 〉, 〈ΦF |Q2|ΦF 〉), where |ΦF 〉 is the final state of the QC.
The subscript in (1, 2)s refers to the time s = τ/2π = 2kMN2 and determines the
duration and strength of the SF pulses through relations (2.47) and (2.48); see Table
2-3 for the example of the case s = 8. The CNOT operation itself was implemented by
applying sequence CNOT1 given by (2.60a). On an ideal QC, (CNOT)4 is the identity

operation. The results obtained on an ideal QC are given by (1, 2).

In the regime where phase errors are significant, the QA’s exhibit the QPP. This
is exemplified in Tables 2-5 and 2-6, where we show the results of using CNOT2 and
CNOT3 instead of CNOT1. For k < 32 there is a clear signature of the QPP: These

EV O2|00〉 O2|01〉 O2|10〉 O2|11〉 Y1 O2|singlet〉
(1, 2) (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (1.00, 1.00)
(1, 2)8 (0.24, 0.76) (0.24, 0.24) (0.76, 0.24) (0.76, 0.76) (0.98, 0.24)
(1, 2)16 (0.50, 0.26) (0.51, 0.74) (0.50, 0.74) (0.50, 0.26) (0.95, 0.74)
(1, 2)32 (0.20, 0.07) (0.20, 0.93) (0.80, 0.93) (0.80, 0.07) (0.98, 0.93)
(1, 2)64 (0.06, 0.02) (0.06, 0.98) (0.95, 0.98) (0.95, 0.02) (0.99, 0.98)
(1, 2)256 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (1.00, 1.00)

Table 2-5: Same as Table 2-4 except that instead of O1 sequence O2
.= (CNOT2)5

given by (2.60b) was used to perform the quantum computation.

logically identical QA’s are sensitive to the order in which the single-qubit operations
are carried out.

The results presented in Tables 2-4 through 2-6 have been obtained using rotating
SF’s. As explained above, in this case a single-qubit operation on qubit j exactly rotates
qubit j about the specified angle (but perturbs the state of the other spin). In Table 2-7
we present simulation results obtained by using SF in the x or y direction only. Then
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EV O3|00〉 O3|01〉 O3|10〉 O3|11〉 Y1 O3|singlet〉
(1, 2) (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (1.00, 1.00)
(1, 2)8 (0.23, 0.76) (0.23, 0.24) (0.77, 0.24) (0.77, 0.76) (0.79, 0.24)
(1, 2)16 (0.50, 0.26) (0.51, 0.74) (0.50, 0.74) (0.50, 0.26) (0.55, 0.74)
(1, 2)32 (0.20, 0.07) (0.20, 0.93) (0.80, 0.93) (0.80, 0.07) (0.82, 0.93)
(1, 2)64 (0.06, 0.02) (0.06, 0.98) (0.95, 0.98) (0.95, 0.02) (0.95, 0.98)
(1, 2)256 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (1.00, 1.00)

Table 2-6: Same as Table 2-4 except that instead of O1 sequence O3
.= (CNOT3)5

given by (2.60b) was used to perform the quantum computation.

EV O1|00〉 O1|01〉 O1|10〉 O1|11〉 Y1 O1|singlet〉
(1, 2) (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (1.00, 1.00)
(1, 2)8 (0.00, 0.03) (0.00, 0.97) (1.00, 1.00) (1.00, 0.00) (0.02, 0.98)
(1, 2)16 (0.00, 0.01) (0.00, 0.99) (1.00, 1.00) (1.00, 0.00) (0.45, 1.00)
(1, 2)32 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (0.17, 1.00)
(1, 2)64 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (0.70, 1.00)
(1, 2)256 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (0.98, 1.00)

Table 2-7: Same as Table 2-4 except that instead of rotating SF’s, SF’s along either
the x or y-axis were used to manipulate individual qubits. See Table 2-2 for the example

of the set of model parameters for s = 8.

the single-spin rotation on spin j no longer corresponds to the exact one. Nevertheless,
as Table 2-7 shows, for sufficiently large s the results nicely converge to the correct
answers. Apparently, for a QA to compute correctly, it is more important to have the
phase errors under control than to perform very accurate single-spin rotations.

The very essence of QA’s is the use of entangled states at some stage of the
calculations. It is at this point that the QA is most sensitive to (accumulated) phase
errors. As another illustration of this phenomenon, we present in Tables 2-8 and 2-
9 some typical results obtained by executing Grover’s database search algorithm on
the same model QC’s as those used in the examples discussed above. We find that
reasonably good answers are obtained if s ≥ 32, in concert with the observations based
on QA’s QA1 and QA2.

The results discussed above show effects of imperfections in the physical implemen-
tation of single-qubit operations. Thereby we assumed that J and the static applied
fields hz

1 and hz
2 are fixed in time and known to very high precision. The Ising-model

time evolution was used to perform two-qubit operations, leaving only the duration of
this operation as a possible source for causing errors. In Table 2-10 we give examples of
the extreme sensitivity of a QA to the precision with which the parameters have to be
specified. Essentially, we repeated the calculation of Table 2-4 for s = 256 but made a
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EV zero one two three

(1, 2) (0.00, 0.00) (0.00, 1.00) (1.00, 0.00) (1.00, 1.00)
(1, 2)8 (0.48, 0.53) (0.55, 0.48) (0.52, 0.50) (0.45, 0.50)
(1, 2)16 (0.15, 0.16) (0.15, 0.84) (0.85, 0.15) (0.85, 0.85)
(1, 2)32 (0.04, 0.04) (0.04, 0.96) (0.96, 0.04) (0.96, 0.96)
(1, 2)64 (0.01, 0.01) (0.01, 0.99) (0.99, 0.01) (0.99, 0.99)
(1, 2)256 (0.00, 0.00) (0.00, 1.00) (1.00, 0.00) (1.00, 1.00)

Table 2-8: Expectation values (EV) of the two qubits as obtained by running Grover’s
database search algorithm on a QC that uses rotating SF’s to manipulate individual
qubits. Results are given for the possible item positions zero (2.27a), one (2.27b),
two (2.27c), and three (2.27d). The subscript in (1, 2)s refers to the time s = τ/2π =
2kMN2 and determines the duration and strength of the SF pulses through relations
(2.47) and (2.48); see Table 2-3 for the example of the case s = 8. The results obtained

on an ideal QC are given by (1, 2).

EV zero one two three

(1, 2) (0.00, 0.00) (0.00, 1.00) (1.00, 0.00) (1.00, 1.00)
(1, 2)8 (0.92, 0.91) (0.95, 0.10) (0.09, 0.91) (0.05, 0.09)
(1, 2)16 (0.39, 0.35) (0.36, 0.65) (0.61, 0.36) (0.64, 0.64)
(1, 2)32 (0.11, 0.10) (0.10, 0.90) (0.89, 0.10) (0.90, 0.90)
(1, 2)64 (0.03, 0.03) (0.03, 0.98) (0.97, 0.03) (0.97, 0.97)
(1, 2)256 (0.00, 0.00) (0.00, 1.00) (1.00, 0.00) (1.00, 1.00)

Table 2-9: Same as Table 2-8 except that instead of rotating SF’s, SF’s along either
the x or y-axis were used to manipulate individual qubits. See Table 2-2 for the example

of the set of model parameters for s = 8.

deliberate error in the specification of the duration of I ′. As Table 2-10 shows, an error
in the eighth digit can have a devastating effect on the outcome of the QC calculation.
This again is just another manifestation of the QPP but not really a surprise: During
the application of I ′ the spins rotate around the z-axis with their resonance frequen-
cies hz

1 and hz
2. A small deviation in τ/2π from its ideal value produces phase errors.

Note, however, that the integer part of τ/2π is also essential to perform the correct
conditional phase shift. Therefore, in practice it is necessary to specify the duration of
the time evolution I ′ to at least eight digits (for the case |J |/hz

1 ≈ 10−6).

2.5 Conclusions

On a physically realizable, non-ideal QC, operations that manipulate one particular
qubit also affect the state of other qubits. This may cause unwanted deviations from
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EV O1|00〉 O1|01〉 O1|10〉 O1|11〉 Y1 O1|singlet〉
(1, 2) (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (1.00, 1.00)

(1, 2)(1)
256 (0.00, 0.52) (0.00, 0.48) (1.00, 0.48) (1.00, 0.52) (0.99, 0.50)

(1, 2)(2)
256 (0.00, 0.16) (0.00, 0.84) (1.00, 0.87) (1.00, 0.13) (0.09, 0.85)

(1, 2)(3)
256 (0.00, 0.00) (0.00, 0.00) (1.00, 1.00) (1.00, 1.00) (0.99, 1.00)

(1, 2)(4)
256 (0.00, 0.13) (0.00, 0.87) (1.00, 0.84) (1.00, 0.10) (0.01, 0.85)

(1, 2)(5)
256 (0.00, 0.48) (0.00, 0.52) (1.00, 0.48) (1.00, 0.52) (0.99, 0.50)

Table 2-10: Same as Table 2-4 except for a change in the duration of the operation I ′.
(1, 2)(1)

256: τ/2π = 1162790.4977; (1, 2)(2)
256: τ/2π = 1162790.5977; (1, 2)(3)

256: τ/2π =
1162790.6977 (correct value); (1, 2)(4)

256: τ/2π = 1162790.7977; (1, 2)(5)
256: τ/2π =

1162790.8977.

the ideal motion of the total system and lead to practical problems of programming
QC’s: An implementation of a QA that works well on one QC may fail on others.

We have classified the various physical sources that lead to deviations. The most
obvious one originates from the fact that other spins cannot be kept still during an
operation on one particular spin. If these spins do not return to their original state
when this operation is over, the quantum computation is unlikely to give correct an-
swers [DRHM+00a].

Proper optimisation of the parameters that control the single-qubit operations can
largely eliminate this source of errors. However, even if the operation gives almost
exact results for all basis states, the operation is not necessarily perfect. That is, the
operation generally yields a global phase factor which depends on the input states.
Therefore, when such an operation is applied on a linear combination of the basis
states, the relative phases of the basis states change, resulting in incorrect quantum
computation. This is a second source of deviations from correct QC operation.

We have derived additional conditions on the parameters that control the single-
qubit operations and have obtained the conditions for reliable quantum computation.
Unfortunately, these conditions cannot be satisfied simultaneously. They can, however,
be satisfied to any precision by increasing the duration of the single-qubit operations.
Using the control-NOT gate and Grover’s search algorithm as examples, we have given
concrete demonstrations of how the above-mentioned problems arise and how they can
be solved.

At this moment, we do not know how to stabilise the quantum computation by
controlling the evolution of the state of a closed quantum system. In a classical com-
puter, the presence of dissipation enables reliable computation. However, dissipation
seems detrimental to QC operation. Therefore, at this moment, the only option is to
perform each operation as perfectly as possible. In this section we showed how this
may be done.
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The condition on the commensurability of the precession frequencies of the indi-
vidual qubits leads to an increase of the execution time of single-qubit operations.
Unless the precession frequencies of the qubits are the same to great precision, the
execution time will grow rapidly with the number of qubits and substantially limit the
speed of quantum computation. Therefore, new techniques have to be developed to
compensate for this loss in efficiency. Quantum error correction schemes that work well
on an ideal QC require many extra qubits and many additional operations to detect
and correct errors. On a physical QC, however, the error-correction qubits will suffer
from the same deficiencies as those exposed in this chapter. Possibly, the clever use of
dissipation processes may help to perform automatic error correction [BW00]. All this
puts considerable demands on the technology to fabricate qubits. It remains a great
challenge to demonstrate that a QC of many qubits can perform a genuine computation
in less time than a conventional computer.
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