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4 Macroscopic Tunnelling of Magnetisation

Magnetisation dynamics of nano-scale magnets, i.e., systems like Mn12-acetate and Fe8

have been studied experimentally and theoretically lately [FSTZ96, TLB+96, HZL+97,
LTB+97, SOP+97, WS99, PBH+98]. These molecules are the endpoint of the path to
ever smaller magnets. They are called molecular nanomagnets. Because they are small
but still have a relatively high magenetic moment, they posses interesting magnetic
properties. At sufficiently low temperatures quantum effects are observed, due to the
discreteness of the energy levels involved. When the magnetisation of a crystal of
such molecules is measured during a sweep of the external magnetic field, a staircase
hysteresis loop is obtained, see Fig. 4-1. The steep parts of the staircase correspond

Figure 4-1: Magnetisation steps in a hysteresis loop published by Thomas et
al. [TLB+96].

to the values of the external magnetic field where there is a crossing of adiabatic
energy levels. Several aspects of this quantum effect were studied in [Miy95, Miy96,
DRMS+97, MSDR98, DZ97, Gun97]. In a zero-temperature calculation, one finds that
the magnetisation can only change in steps, very similar to the steps observed in recent
experiments on high-spin molecules Mn12-acetate and Fe8.
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4.1 Qualitative Description

The lowest energy levels of Mn12-acetate can be described qualitatively using a spin
10 Hamiltonian,

H = −DS2
z − HSz, (4.1)

where D ≈ 0.61K and H is the external magnetic field. For these molecules this D is
relatively high; it induces an anisotropy, because states with components in the x − y
plane have higher energies than the ones more parallel to the z-axis. It is expedient to
express energies in units of Kelvin. Since this Hamiltonian trivially commutes with Sz,
the eigenstates of Sz are also eigenstates of H. So the energy levels of the system are
given by

Em = −Dm2 − Hm, (4.2)

where m = −10,−9, . . . , 10 label the eigenvalues of Sz . The quantum numbers repre-
sent a degree of freedom in phase space, which is the “angle” of the molecular magnet
with respect to the z axis. A plot of these levels as a function of the external magnetic
field is given in Fig. 4-2. A crossing between two levels (Em = En) occurs at values
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Figure 4-2: Magnetic field dependent energy spectrum of a toy model for a spin 10
molecule.

of the external magnetic field for which

H = −D(m + n), (4.3)
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hence at integer values times D. We can see that this also corresponds to the distance
between the steps in Fig. 4-1 (Where the magnetic field strength is given in Tesla,
so D = 0.46T ). This corroborates the idea that something special happens at the
crossing of the energy levels. Let us look more closely at a potential mechanism that
would lead to a hysteresis loop like the one shown in Fig. 4-1. As an example we
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Figure 4-3: Double well picture of transitions between magnetic eigenstates. The top
picture is the double well analogy of a system of spin 5/2. The arrows inside the left
potential denote the “direction” of the spin. The depth of the wells is regulated by
the external magnetic field. The size of the solid circle denotes the weight of a certain
state. The middle graph denotes the spectrum of the system and the bottom graph
denotes the measured magnetisation. The dashed vertical line with the arrow beneath

it points at the strength of the magnetic field at which the snapshot was taken.

take a spin 5/2 system and look at five snapshots at different points in time, see
Fig. 4-3. At a sufficiently large negative time t0, i.e., strongly negative magnetic field
H, the system is prepared in the ground state. We assume that the temperature is
lower than the difference in the lowest two energy levels, making sure that for a large
part, the system will remain in the ground state, as the system evolves to the time t1.
At this time, the first level crossing occurs. If we would only allow for semi-classical
fluctuations (between neighbouring levels in phase space) then there would be nothing
special about two levels at the same depth in both wells; the transition rate would not
be changed much by this fact. Another argument against semi-classical transition is
that for spin 10 system it is highly improbable. We already noted that the temperature
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was lower than the distance between two neighbouring (in phase space) levels, which
renders the probability for a transition between those levels, let us call it p, small. For a
spin 10 to make the transition from one minimum to the other, we need 20 consecutive
transitions with probability p. This event would have a probability of the order p20,
which is therefore highly unlikely. The idea that semi-classical fluctuations are not the
main cause for the transition is further supported by experimental data which shows
that at sufficiently low temperatures, the transition probability becomes independent
of temperature [PBH+98].

In practice, however, the transition probability is much larger at crossings of the
involved energy level with another; this is a sign of direct tunnelling between the
respective levels. Shortly after this time t1 a fraction of the system will still be in the
former ground state and the other fraction (the size of which depends on the transition
probability) will be in the new ground state. Between the times t1 and t2 there is no
crossing of levels, hence both fractions do not change, and hence the magnetisation
remains constant. At the time t2 another crossing is reached, but now the crossing is
no longer with the new ground but with an energy level just above this ground state.
Another fraction will tunnel to this state, but now thermal transition from this state
to the lower lying ground state becomes possible, because it involves only a single step
in phase space. After time t2, therefore, the system is either in the old ground state or
in the new one. At time t3 a similar transition to the last one happens, albeit now that
the thermal transition down the right well might take a bit longer. Finally, at t4 no
more tunnelling transitions are possible, after which the magnetisation should remain
stable for a reasonable time.

4.2 Tunnelling

Let us now look in more detail at what we think is happening at the crossing. The basic
quantum mechanical tunnelling mechanism for systems in a time-dependent potential
was already described in the thirties by Landau, Zener, and Stückelberg [Lan32, Zen32,
Stü32] and is now, not surprisingly, known as the Landau-Zener-Stückelberg (LZS)
mechanism (Although sometimes Stückelberg is left out). In Appendix E we give a
detailed derivation of the mechanism, the upshot of which is that the basic transition
probability between two states with crossing energy levels is given by

p = 1 − e−π (∆E)2/(2�|ε̇2−ε̇1|), (4.4)

where the ε̇i’s are speeds with which the energies of both states change and ∆E is
the energy gap between them (see Appendix E). For our purpose we need to look at
crossings of levels with general magnetisation. Say we have a crossing of a state with
magnetisation m1 (being the eigenvalue of Sz) with a state with magnetisation m2,
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then

ε1 = −g µB m1 H(t), (4.5a)

ε2 = −g µB m2 H(t), (4.5b)

where H(t) is the time-dependent external magnetic field and

H(t) = H0 t, (4.6)

H0 > 0, (4.7)

m1 < m2. (4.8)

Therefore, the probability for the system to tunnel from state m1 to state m2 is

p = 1 − exp
−π (∆E)2

2 � g µB H0 (m2 − m1)
, (4.9)

We put all the quantities in units of Kelvin, so

H ′(t) =
g µB

kB
H(t), (4.10)

∆E′ =
1

kB
∆E, (4.11)

we have

p = 1 − exp
−π kB(∆E′)2

2 � H ′
0 (m2 − m1)

. (4.12)

For tunnelling to take place, the argument of the exponent needs to be at least of
order 1. Say m2 − m1 is also of order 1 (although for Mn12 it can be as large as 20).
This means we should have

2 × 1011(∆E′)2

H ′
0

≈ O(1), (4.13)

which means for ∆E′

∆E′ � 2 × 10−6
√

H ′
0 ≈ 3 × 10−6

√
H0. (4.14)

In experiment [PBH+98] a typical value is H0 = 0.0085T/s, giving

∆E′ � 3 × 10−7Kelvin. (4.15)

In Fig. 4-4 we show experimental hysteresis data of Mn12, for which we clearly see a
finite transition probability at crossing points of the level with m = −10 and the levels
with m = 3, 2, 1, 0,−1. Also note the flat plateaus between the crossings, indicating
that at this temperature (0.199K), thermal transitions hardly play a role.
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Figure 4-4: Experimental data for a sweep of the external magnetic field at a very low
(0.199K) temperature. Courtesy of Perenboom et al. [PBH+98].

4.3 Splittings

What causes this energy splitting ∆E? If the Hamiltonian would commute with Sz

like in the toy model given in Eq. (4.1), then no transition could take place, because
the expectation value of Sz would have to remain the same. Clearly we need a term in
the Hamiltonian that does not commute with Sz , like for instance the term Γσx (see
Appendix E). We will call these contributions non-diagonal.

We have studied several spin 10 model Hamiltonians for the Mn12 system (from
[PBH+98]), and more complicated ones containing more structure of the molecule
(from [KDH99]), by exact numerical diagonalisation at the points of the crossings. It
turned out that the splittings we found were always smaller than the numerical error,
which was about 10−12K.

A hand-waving argument for this is that the non-diagonal terms, like Sx or the
Dzyaloshinsky-Morya [Dzy58, Mor60] (DM) terms, make a coupling between states
which are only one or two magnetisation levels apart. Then perturbatively, we would
need about 10−20 of such couplings in succession. Hence the resulting splitting would
be of the order (Γ/D)10−20, where Γ is the strength of the off-diagonal coupling and
D the average strength of the diagonal couplings, which is usually at least an order of
magnitude bigger than Γ. So the resulting splitting from low order off diagonal terms
will be much smaller than the 10−7K needed for a reasonable tunnelling probability.

But of course it is not really that surprising that using models that were made
to describe O(100K) physics, like neutron scattering, we get incorrect answers for
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O(10−7K) physics. Using an effective spin 10 Hamiltonian to describe an interacting
system like Mn12, consisting of eight Mn3+ ions having spin 2 and four Mn4+ ions
having spin 3/2, clearly gives incorrect predictions for the energy splittings. It is highly
doubtful indeed whether a simplified model, be it spin 10 or a more involved one, would
be able to produce the correct splittings. Of course these models do seem to work very
well for the energy/temperature range for which they were devised. A more detailed
foundation is given in De Raedt et al. [DRHD+02]. To study the tunnelling effect more
quantitatively, one would have to use less complicated molecules.

There are, however, other aspects that influence the tunnelling probability. We saw
that the temperature in the experiments is low enough to inhibit thermal transitions.
But the temperatures will again be much larger than the splitting. Furthermore, the
time-scale and therefore the range of the of the external magnetic field that is traversed
“during” the transition is also of the order of the splitting size. We can therefore imagine
that very small (but larger than the size of the splitting) fluctuations in the external
magnetic field cause the system to pass the crossing back and forth several times,
hence significantly increasing the crossing probability.

The influence of finite temperature on the transition probability and the relaxation
to the lowest level is described in mathematical detail in Saito et al. [SMDR99], al-
though this article did not cover the effect of a fluctuation in the external magnetic
field.

4.4 Feedback

For the remainder of this chapter, however, we will concentrate on an more fundamen-
tal, zero-temperature effect—namely, the influence of the molecule being embedded in
a crystal of identical molecules.

In the crystal, the magnetic field felt by a particular molecule is the sum of the
external field and the internal field due to the presence of other magnetic molecules.
As the inter-molecular magnetic couplings in these materials are weak compared to
the intra-molecular interaction between the spins, it seems reasonable to consider the
former as a perturbation. We will show that this argument fails in the case of LZS tran-
sitions. The point is that the LZS transition probability depends on the rate of change
of the effective magnetic field at the crossing, which can be changed significantly by
the presence of the internal magnetic field. The magnetisation steps are found to be
strongly affected by the type of interactions among molecules. We call this mechanism
Feedback Effect on Magnetisation Steps (FEMS).
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Figure 4-5: Magnetization dynamics of the Mn12-acetate model (4.16), for several
values for the intermolecular coupling, λ = −0.005 (top curve), −0.003, −0.001, 0,

0.003 (bottom curve).

4.5 Numerical Illustrations

We first illustrate the effect for the case of the Mn12-acetate molecules. As a model
Hamiltonian for this S = 10 system we take [PBH+98]

H = −D1 S2
z − D4 (S4

x + S4
y + S4

z ) − c t sin θ Sx − (c t cos θ + λ 〈Sz〉) Sz.

(4.16)

Compared to the model of [PBH+98] the extra feature in Hamiltonian (4.16) is the
presence of a mean-field term, the strength of which we parameterise by λ. It is clear
that in this mean-field approach any new effect appears as a result of global changes
of the internal field generated by all the molecules and not due to local fluctuations
which should be treated separately [PS96]. It is important to note that FEMS is due
to the internal spin dynamics and is also present in the absence of interactions with
other degrees of freedom[GBJC87, AR89, AR91, SS93, LL00b, LL00a, WSC+00].

Quantitative results for the zero-temperature non-equilibrium dynamics of model
(4.16) can only be obtained through a numerical integration of the Schrödinger equa-
tion. Using standard techniques [DRMS+97] we compute the magnetisation steps for
several values of λ. The results for D1 = 0.64, D4 = 0.004, tilt angle θ = 1◦ and sweep
rate c = 0.001 (see [PBH+98], in dimensionless units) are shown in Fig. 4-5. It is clear
that the dynamics of the internal field can change the size of the magnetization steps
considerably. FEMS is observed for all λ �= 0. Note that the values of |λ| we used are
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Figure 4-6: Magnetization dynamics of the S = 2 model (4.17), for several values for
the intermolecular coupling, λ = −0.03 (top curve), −0.02, −0.01, 0, 0.01 (bottom

curve).

not unrealistic (|λ| ≈ D4 � D1), but rather small if we relate λ to the dipole-dipole
interaction which would yield a λ which is 10 − 100 times larger[Wer99].

At very low temperatures experiments [PBH+98] show steps at lower values of H
than the ones at which we observe steps in our calculation. In fact, for the set of model
parameters given in (4.16) a much slower sweep rate c, much too slow for numerical
calculations, is required if we want to study the effect of the internal field at all level
crossings.

Therefore it is expedient to turn to a toy model inspired by the one used to describe
Fe8 [WS99]. We take a S = 2 model with the following Hamiltonian [WS99]:

H = −D S2
z + E( S2

x − S2
y) + Γ Sx − (c t + λ 〈Sz〉)Sz, (4.17)

where we take D = 1, E = 0.08 and Γ = 0.08. These parameters are chosen such
that we get two steps with a probability of about one half.

In Fig. 4-6 we show the magnetization during a sweep of the magnetic field, with
a sweep rate c = 0.01, for several values of λ. We see that the FEMS effect is large.
The transition probabilities are given in Table 4-1. We clearly see a large change in the
transition probabilities due to the presence of the internal field.
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λ −0.03 −0.02 −0.01 0 0.01
Step 1 0.23 0.17 0.15 0.13 0.12
Step 2 0.90 0.78 0.59 0.48 0.40

Table 4-1: Transition probabilities corresponding to the steps in Fig. 4-6.

4.6 Mean-Field Approach

A deeper understanding of the origin of the FEMS effect can be obtained by considering
the system of N S = 1/2 molecules described by the Hamiltonian

H =
N∑

i=1


−Γ σx

i − J
N∑

j>i

σz
i σz

j + c t σz
i


 , (4.18)

where c is the sweep rate, Γ is the transverse field and J determines the interaction
strength between the molecules (|J | � Γ). For simplicity we consider couplings be-
tween z-components only and assume the coupling between the molecules to be the
same. Since |J | is small, we assume that we can make a mean-field-like approximation.
The occurrence of FEMS does not depend on these simplifications (see below). This
yields a Hamiltonian of a single molecule in a background field:

H = −Γ σx − (c t + λ 〈σz〉) σz, (4.19)

where λ ∝ J is an effective interaction. The system is prepared in the ground state,
corresponding to a large negative time t, and the magnetic field is swept with constant
velocity, until a large positive time is reached. Then, in the LZS case with λ = 0, the
transition probability is given by the well-known LZS formula p = 1 − exp(−π Γ2/c).
For λ �= 0 we write the Schrödinger equation corresponding to (4.19) in component
form:

i u′ =
(−c t − λ (2 |u|2 − 1)

)
u − Γ d, (4.20a)

i d′ =
(
c t + λ (2 |u|2 − 1)

)
d − Γ u, (4.20b)

where we also have the normalisation condition |u|2+ |d|2 = 1. From numerical simula-
tions (see below) we find that the tunnelling is suppressed (enhanced) by the presence
of a feedback term with positive (negative) λ. This can be understood in terms of a
changed effective sweep rate at the point of the transition. Because the effective mag-
netic field at the position of the molecule is given by c t + λ (2 |u|2 − 1), the effective
sweep rate would be c + λd 〈σz〉/dt.

If λ is small but non-zero, the mean field term only contributes at the point of the
crossing. A Taylor expansion around the point of the transition tc (to be determined



4.6 Mean-Field Approach 85

later) gives,

u(t) = u0 + u1 (t − tc) + O((t − tc)2), (4.21)

and a similar expression for d(t). We insert this expansion in (4.20a) and (4.20b) and
obtain

i ũ′(t̃) = −c̃ t̃ ũ(t̃) − Γ d̃(t̃), (4.22a)

i d̃′(t̃) = c̃ t̃ d̃(t̃) − Γ ũ(t̃), (4.22b)

with t̃ = t − tc, c̃ = c + 4λ�(u0 u∗
1) is the renormalised sweep rate, and were �(u)

is denoting the real part of u. We define tc as the point at which c t + λ 〈σz〉 changes
sign, so

tc =
λ

c

(
1 − 2 |u0|2

)
. (4.23)

This enables us to write ũ0 = u0 and ũ1 = u1. To determine these constants we use
Zener’s solution [Zen32, AS65] (see also Appendix E) and the properties of Weber
functions. We find

|u0|2 =
π

4
δ e−π δ/4

∣∣∣∣ 1
Γ(1 + i δ/4)

∣∣∣∣
2

=
1
2
(
1 − (1 − p)2

)
, (4.24)

where p is the new probability for crossing, i.e., p = 1 − exp(−π Γ2/c̃) and δ = Γ2/c̃,
and tc = λ (1 − p)2 /c. The shift of the field at which the transition occurs can be
written as ∆H = λ (1 − p)2. To determine c̃ we calculate

�(u0 u∗
1) =

√
c̃

π δ

2
e−δ π/4 � e−i π/4

Γ (1 + i δ/4) Γ (1/2 − i δ/4)
. (4.25)

We find that (4.25) can be approximated by

�(u0 u∗
1) ≈

√
π c̃

8
δ e−δ π/4, (4.26)

with an error of maximally 10% (see Fig. 4-7). Within this approximation, c̃ is given
by the implicit equation

c̃ ≈ c + λΓ2
√

2π/c̃ e−Γ2 π/4 c̃. (4.27)

A simple relation can be obtained by replacing c̃ by c on the right hand side. Then

c̃ ≈ c + λΓ2
√

2π/c e−π Γ2/4 c, (4.28)

and

p ≈ 1 − exp

(
−π Γ2

c

1
1 + λΓ2

√
2π/c3 e−Γ2 π/4 c

)
. (4.29)



86 Macroscopic Tunnelling of Magnetisation

��
�
�

�

���������������������

�

���

���

���

���

�

Figure 4-7: Transition probability as a function of λ/
√

c, with Γ2/c such that in the
LZS case, p = 1/2. The solid line is based on a numerical integration of (4.19), the
crosses are taken from a simulation of four interacting S = 1/2 spins and the dashed

line is based on (4.29).

The resulting probabilities are shown in Fig. 4-7. The resulting probabilities based on a
numerical solution of (4.26) or (4.27) for c̃ show similar behaviour. Also shown are the
results obtained from the exact numerical solution of the Schrödinger equation (4.19).
As a test of the validity of the mean-field approximation we also show the result of
four interacting S = 1/2 spins, where we assumed λ = (N − 1) J . Clearly the exact
results confirm the validity of the mean-field approximation and the simple analytic
expression (4.29).

For values of λ below approximately −2.0 the description in terms of a renormalised
sweep rate breaks down, which can also be seen from the singularity in the argument
of the exponent in eq. (4.29). This is because the picture of a simple, single crossing
breaks down and the effective magnetic field at the position of the spin will no longer be
a strictly increasing function of time. We conclude that the expression (4.29) captures
the main features of FEMS at a single crossing.

The relevant parameters, controlling the size of FEMS, are Γ/
√

c and λ/
√

c. Only
for S=1/2 the energy-level splitting is directly proportional to Γ2. For the high-spin
molecules this is not case (see above), in particular for the levels with large |m|.
Although in these cases the effective energy level-splitting that enters the approximate
two-level description can be small, a rather small value of λ can nevertheless change
the transition probability significantly.
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4.7 Conclusions

We have shown that the magnetisation steps in the hysteresis loops of clusters of high-
spin molecules may depend sensitively on the change of the internal magnetic field at
these steps. This implies that the dynamics of this internal fields has to be incorporated
in a description of the magnetisation dynamics, even if its magnitude appears to be
small compared to the other model parameters (for large spin). At finite temperatures
the effect described in this chapter will be enhanced further due to the thermalisation
to states with lower energy and larger magnetisation [SMDR99].
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