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Introduction

Controlling nanoscopic devices, i.e., physical systems in which the smallest control-
lable element is of the order of a few—or even one—atoms, becomes more and more
important for a wide scope of disciplines. Ranging from biological fields such as DNA
manipulation to micro-electronics and computation. This thesis will concentrate on the
latter two.

There are very few technological developments which have had such an impact
on society as micro-electronics has had, and is still having. Clearly the end of the
innovations coming in essence from micro-electronics and computation is not in sight.

What is coming to an end, however, is the validity of Moore’s law [Moo65]. Moore is
one of the co-founders of Intel 1 corporation, the biggest microprocessor manufacturing
company in the world. In 1965 he observed that the number of transistors2 in high-end
integrated circuits (IC) doubled every year. The numbers on which he based his law
are given in Table 1. In 1965 he looked back at the past few years, and based on the

Year Nr. of Transistors

1959 1
1962 8
1963 20
1964 32
1965 64

Table 1: Development of the number of transistors per integrated circuit after the
invention of the transistor.

trend he saw—a doubling of the numbers of transistors per IC in little over a year—he
predicted that this trend would continue in the following years. What is amazing is
that not only was the law valid for the next few years, it has remained valid until at
least the year this thesis is written, i.e., 2001. This can be seen in Fig. 1. The doubling
time has increased somewhat to about two years, but the validity of the law is stunning
nonetheless. Moore’s law is not a law of nature, of course, but describes what scientists
and engineers can accomplish when driven by enthusiasm and, not to forget, market
forces.

There is a fundamental limit to this law, however. When IC’s are continued to be
built in an essentially two-dimensional manner, doubling the amount of transistors per
fixed surface area will mean that at some point in the future, the transistors have to

1Intel, i386, i486 and Pentium are trademarks of Intel Corporation.
2A transistor is a controllable switching device. The smallest electronical unit, up to a diode.
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Figure 1: Development of Intel chips over the last 40 years.

become of atomic size. Extrapolating Moore’s law, this will happen around the year
2015. On the way to this point, quantum mechanical effects will start to interfere
with the movement of the electrons around the different parts of the IC and the semi-
classical ways of designing an IC will no longer be adequate. Controlling transistors the
size of molecules or even atoms will require completely different techniques.

These quantum mechanical effects seem to be a burden at first glance. Recent
discoveries, however, hinted at already by Feynman [Fey85], indicate a whole new range
of computational techniques based on the quantum mechanical effects themselves.
Notions like superposition and entanglement are opening whole new directions for
theoretical computation. In Chapter 1 we give an introduction into this subject, not
surprisingly named quantum computation.

Although hordes of people have thought up new algorithms that exploit the new
possible operations and states that the quantum computer (QC) offers, there are no
experimental realisations yet, based on a single quantum mechanical system, on which
to perform these calculations. There are systems, however, that provide an interest-
ing proof of principle, the most well known being that based on a nuclear magnetic
resonance (NMR) setup. Chapter 2 describes this hardware implementation. We show
some potentially fundamental shortcomings which might prove to be very persistent
and hard to combat. This is not the most popular obstacle towards real quantum
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computation. Most attention goes to finite temperature effects, the most important
being decoherence. We will not address these effects in this thesis, as the problem we
describe is also present at zero temperature.

The remainder of the thesis concentrates on the more general subject of modelling
nano-particles and macroscopic quantum effects. In Chapter 3 we prove the validity
of an algorithm to calculate density of states, which could be implemented to run
efficiently on a QC, but is also very useful on a normal computer. With this algorithm
it is possible to describe the properties and dynamics of nano-particles of up to about
twenty quantum mechanical degrees of freedom. For instance, a molecule with twenty
spin one-half elements.

One of the first macroscopic quantum mechanical effects measured are steps in the
magnetisation of hysteresis curves of magnetic molecules. The steps themselves are
believed to be caused by the Landau-Zener-Stückelberg (LZS) transition. Chapter 4
shows the importance of a non-linear effect on these LZS transitions in coherent mag-
netic systems. These systems could in principle be used as building blocks for QC’s.
Furthermore, this effect could also be of importance on other systems in which level
crossings occur.

Appendix A describes several mathematical operators used throughout this thesis.
In Appendix B we give a few proofs of theorems used in Chapter 1. Appendices C
and D contain the extensive calculations needed for the bounds given in Chapter 3. In
Appendix E we give the derivation of the Landau-Zener-Stückelberg transition.
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1 Quantum Computers

This chapter serves as an introduction to the subject of Quantum Computation. It
contains no new results, though certain derivations and proofs are given in an original
manner.

Before describing what a QC is, let us first look at what a classical computer is in
terms we will later use to describe a QC.

A classical computer is built up of a collection of two state systems (bits). These
states are usually labelled 0 and 1, so information can be represented using several of
these states.

Numbers can be represented quite easily by using these bits. For instance the num-
ber 11 can be represented by a collection of four of these bits, 1011b (see Appendix A).
It has been shown that all the manipulations of this information can be broken down
into one two-bit operator called the NAND instruction. The results of this operation
are given in Table 1-1.

NAND 0 1
0 1 1
1 1 0

Table 1-1: Truth table for the NAND instruction. The horizontal and vertical axis
labels denote the input bits.

The state S of a two-bit computer can be described as a unit length vector S =
(s1, s2, s3, s4), representing the state of the computer in the “Hilbert” space with
basis vectors {(00b), (01b), (10b), (11b)}. So S denotes the state s1(00b) + s2(01b) +
s3(10b) + s4(11b). Of course, on a deterministic classical computer, only one of the
components can be different from 0.

We can now write a NAND instruction, which takes the two bits and stores the
result in the first bit, as a matrix acting on this state-vector. On the basis states it acts
as follows

(00b) → (10b), (1.1a)

(01b) → (11b), (1.1b)

(10b) → (10b), (1.1c)

(11b) → (01b). (1.1d)
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Therefore we can write

NAND =




0 0 1 0
0 0 0 1
0 0 1 0
0 1 0 0


 . (1.2)

The NAND operation is universal, i.e., any operation on a classical computer can be
decomposed into NAND instructions.

Clearly this operation does not have an inverse. So a classical computer that uses
the NAND instruction as a building block for higher order instruction performs an
irreversible operation. Hence, from a thermodynamic point of view, such a computer
will have to exchange energy with its surroundings [Lan61].

It is possible to find universal operations which do have an inverse. This makes
reversible classical computing possible, at the cost of more storage space.1

1.0.1 Qubits and Bytes

A QC is also built up of a collection of two level systems (now called qubits). These
states are usually labelled |0〉 and |1〉, so, like before, information can be represented
using several of these states.

For example, one could use a spin one-half system and make the identification
|0〉 .= |↑〉 and |1〉 .= |↓〉 (for details on the representation of numbers on a QC see
Appendix A).

Due to the nature of quantum mechanics, we can only act on the qubits with unitary
operations, since all the operations are based on quantum mechanical time evolutions,
i.e., solutions of the time-dependent Schrödinger equation. Hence we cannot implement
the NAND instruction directly. There is another two-qubit instruction, however, called
the Control-NOT (CNOT) instruction, which can be implemented unitarily. It acts on
the basis states as follows

|00b〉 → |00b〉, (1.3a)

|01b〉 → |11b〉, (1.3b)

|10b〉 → |10b〉, (1.3c)

|11b〉 → |01b〉, (1.3d)

and therefore the CNOT instruction can be written as

CNOT =




1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0


 . (1.4)

1When we want to calculate a function that does not have an inverse, in a reversible manner, we
have to keep the input value in memory as well.
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It is clear that this operation has an inverse and is also unitary. In general, an operation
on a QC can be any unitary transformation. So clearly the CNOT instruction by itself
cannot be universal for the QC in the same sense a NAND instruction is universal for the
classical computer. It has been shown, [DiV95, SW95, Llo95, DBE95] however, that the
CNOT instruction combined with arbitrary one-qubit phase rotations are universal, i.e.,
any unitary operation can be expressed in terms of them. In general, the decomposition
of an arbitrary unitary operation on n qubits into two-qubit operations might take an
exponential number of them [BBC+95].

1.0.2 Larger Scale Operations

Like with classical computers, the most elementary instructions are not the most sen-
sible operations to express algorithms in. It is expedient to construct operations like
addition, multiplication, etc., and use these as the basic building blocks. In order to get
a taste for how to build more complicated operations, we first introduce a graphical
notation for the one-, two-, and three-qubit operations, see Fig. 1-1. The Toffoli gate
can be seen as a Control-Control-Not, where a qubit is flipped on the condition that
two other qubits are 1. The graphical notation was introduced by Feynman [Fey85].

a′a
a′a

b b′

a′a

b b′

c c′

a b c a′ b′ c′

0 0 0 0 0 0
0 0 1 0 0 1
0 1 0 0 1 0
0 1 1 0 1 1
1 0 0 1 0 0
1 0 1 1 0 1
1 1 0 1 1 1
1 1 1 1 1 0

a a′

0 1
1 0

a b a′ b′

0 0 0 0
0 1 0 1
1 0 1 1
1 1 1 0

Figure 1-1: Schematic notation together with the truth tables for the NOT, the CNOT,
and the Toffoli gates. The operations should be read from left to right. The × denotes

a (conditional) write operation and the ◦ symbolises a read operation.

These logical operations can be combined to obtain arithmetical ones, see Fig. 1-2, the
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easiest one being the addition of two qubits [Fey85]. Like with classical computers, we
have to take care of overflows and define a carry, defined as the product a × b of the
two qubits. From the basic building blocks like the ones given in given in Fig. 1-2 one

b

a

0

a

a ⊕ b

a × b 0

0

b

a

a ⊕ b

a × b

a

b

Figure 1-2: For the addition of two qubits, the left figure suffices. However, if we want
to construct an adder for registers of arbitrary size, the right building block will prove
more useful because it can also “carry” along the carry from the previous addition.

can construct more complex operations, like the addition of two registers2. Examples
of how such instructions can be constructed are given in Ref. [VBE96]. The general
upshot is that the construction goes along similar lines as on classical computers, ex-
cept that in general more memory space will be required, because the operations are
intrinsically reversible.

1.0.3 Superposition and Entanglement

Two important notions that distinguish quantum mechanics from classical mechanics
are superposition and entanglement. For a QC this means that it does not have to be
in a definite state, i.e., it can be in a superposition.

Say we have a function f(x). We can implement this function as a unitary operation
Uf on a quantum register. So we could have

Uf (|x〉 ⊗ |0〉) = |x〉 ⊗ |f(x)〉. (1.5)

See Appendix A.2 for more details on the meaning of |x〉. So far, this is not different
from a classical computer. But we can also have this function act on a superposition
of states

Uf
1√
N

N∑
x=0

|x〉 ⊗ |0〉 =
1√
N

N∑
x=0

|x〉 ⊗ |f(x)〉, (1.6)

thus we have calculated f(x) for N values of x at once. In principle this “quantum
parallelism” could provide an exponential speedup, although making use of this feature
is not a trivial matter.

In the final state (1.6) we not only have a clear case of superposition, but also of
entanglement, i.e., the final state cannot be written as a direct product of the states
of the input register |x〉 and the output register |f(x)〉.

2By register we mean a collection of (qu-)bits representing a larger number.
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1.1 Algorithms

For a QC to be of any practical use, one has to build algorithms that specifically use the
superposition of states. Probably the most widely known example of such an algorithm
is Shor’s algorithm to factor large integers, see [Sho94, Sho97, Sho99]. The important
core of this algorithm is based on a quantum fast Fourier transform (FFT) that provides
the exponential speedup. We will describe this algorithm in detail in Section 1.1.3. But
as a test of the feasibility of quantum computation, this algorithm is far too complex
for present-day hardware. Less involved algorithms, like the Grover algorithm [Gro96]
(See Section 1.1.2) to search an unsorted database, are better suited to fit this purpose.
But we will start with arguably the simplest, the Deutsch-Josza algorithm [DJ92].

1.1.1 Deutsch-Josza

Consider the task of telling whether a coin is fair, i.e., to check if it has both a head
and a tail and not two heads or two tails. What a classical observer would have to
do is look at both sides of the coin and check if they are different. So, classically,
two operations have to be done: Look at side 1 and Look at side 2. For a QC this
is not necessarily the case. A QC can make use of a superposition of the operations
Look-at-side-1 and Look-at-side-2 to perform both operations at the same time.

Let us state this in more mathematical terms and generalise it a little. We introduce
a two-valued function f for the output of the coin. Let the input be an L-bit number
x. Now we have

f(x) = {0, 1}, (1.7)

where x is an integer number between 0 (inclusive) and 2L. A toss of the coin is now
simulated by generating a random number x and calculating f(x), e.g., 0 is heads and 1
is tails. For a fair coin, exactly half the number of inputs gives 0 and the other half gives
1. If this is the case we call the function balanced. If, however, the function produces
0 (or 1) whatever the input we call it constant. As an example we look at all the
possible functions with one bit input values, see Table 1-2. In this case, there are only

x f1(x) f2(x) f3(x) f4(x)
0b 0 1 0 1
1b 0 1 1 1

Table 1-2: All the possible functions for one bit inputs values. The subscript b denotes
a binary representation, see Appendix A.2.

constant or balanced functions, and with a classical algorithm we would have to “look”
twice to determine to which class our function belongs. For two bit input values, the
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number of functions that fall in the classes constant or balanced increases, see Table 1-
3. Classically, if we have N = 2L possible different input values, we have to “look”

x f1(x) f2(x) f3(x) f4(x) f5(x) f6(x) f7(x) f8(x)
00b 0 1 0 1 1 0 1 0
01b 0 1 0 1 0 1 0 1
10b 0 1 1 0 1 0 0 1
11b 0 1 1 0 0 1 1 0

Table 1-3: All the possible functions for two bit inputs values that fall in the class
constant or balanced.

maximally N/2 + 1 times, to determine whether the function belongs to the balanced
or the constant class. So the maximum time needed to perform a classical algorithm
scales exponentially in the length L of the input x. The average time, however, is much
smaller. Given N , the number of constant functions is 2 and the number of balanced
functions is given by

NB =
(

N

N/2

)
. (1.8)

So how long does it take on the average to see whether a function is balanced? A
general balanced function starts with (as a function of x) p > 0 ones (zeros), then a
zero (one), and then N/2 − p ones (zeros) distributed over N − p − 1 positions, e.g.,

N︷ ︸︸ ︷
1, 1, · · · , 1︸ ︷︷ ︸

p

, 0, 0, 1, 1, 0, 1, 1, 0, 0, 0, 0, 1, 1, 0, · · · , 1︸ ︷︷ ︸
N/2−p ones and N/2−1 zeros

. (1.9)

It takes p + 1 “measurements” to determine that such a function is balanced. So now
we can easily derive that the average number of trials to determine whether a function
is constant or balanced is

Nc =
1

2 +
(

N
N/2

)

2(N/2 + 1) + 2

N/2∑
p=1

(p + 1)
(

N − p − 1
N/2 − p

)
= 3 − 4

N + 2
+

N − 2
N + 2

N

2 +
(

N
N/2

) , (1.10)

and Nc → 3 as N → ∞. So a classical algorithm that samples the functions at random
will on the average need approximately three trials.

The claim is now that on a QC we only have to “look” once. How do we go about
achieving this? Classically, we have to calculate f(x) for every possible input value,



1.1 Algorithms 11

x. With a QC, this is no different, except that now we have the possibility to do it
somehow in parallel, using a superposition of all the possible input values. Let us write
the input x as

|X〉 =
1√
2L

2L−1∑
x=0

|x〉. (1.11)

Now we want to apply f to this superposition and read out a result which tells us
that f is either constant or balanced. Intuitively we would make the guess to map the
result of f(x) to a phase rotation of some sort, such that if f(x) = 0 we get a rotation
in one direction and with f(x) = 1 in the opposite, giving an overall phase rotation
if f is constant and no phase rotation if f is balanced. Let us look at this in more
mathematical terms. We make a quantum register with L+1 bits and label the states
a |x, y〉, where x is an L qubit number and y is a single qubit. We initialise the QC
with |x〉|y〉 = 1/

√
2|0〉 (|0〉 − |1〉). A way to generate the full superposition (1.11) is to

perform a Walsh-Hadamard (WH) transformation on all the qubits separately. A WH
transformation acts on a single qubit as

W |0〉 =
1√
2
(|0〉 + |1〉), (1.12a)

W |1〉 =
1√
2
(|0〉 − |1〉). (1.12b)

We define a WH transformation on an L-qubit register as follows

WT =
L−1∏
p=0

Wp, (1.13)

where p labels the qubit of the register the transformation Wp acts on. For a register
in a general state |x〉 we have

Wp|x〉 = Wp|(x0 . . . xp . . . xL−1)b〉
=

1√
2

[|(x0 . . . 0 . . . xL−1)b〉 + (−1)xp |(x0 . . . 1 . . . xL−1)b〉]

=
1√
2

1∑
zp=0

(−1)zpxp |(x0 . . . zp . . . xL−1)b〉, (1.14)
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therefore

WT |x〉 =
L−1∏
p=0

Wp|x〉

=
1√
2L

1∑
z0,z1,...,zL−1=0

(−1)x0z0+x1z1+···+xL−1zL−1 |(z0z1 . . . zL−1)b〉

=
1√
2L

2L−1∑
z=0

(−1)(x,z)|z〉, (1.15)

where (x, z) denotes a bitwise inner product between x and z. For x = 0 we have
a special case, which is often used to generate a uniform superposition of a set of
numbers,

WT |0〉 =
1√
2L

2L−1∑
z=0

|z〉. (1.16)

Indeed, we use this operation on the x-register of our QC,

WT
1√
2
|0〉 (|0〉 − |1〉) =

1√
2L+1

2L−1∑
z=0

|z〉 (|0〉 − |1〉) . (1.17)

Now we represent our f as a unitary operation, such that

Uf |x, y〉 = |x, y ⊕ f(x)〉, (1.18)

where ⊕ denotes modular addition, i.e., a ⊕ b = (a + b) mod 2. It is clear that

UfUf |x, y〉 = Uf |x, y ⊕ f(x)〉 = |x, y ⊕ f(x) ⊕ f(x)〉 = |x, y〉. (1.19)

If we apply this operation to our quantum register, we have

Uf
1√

2L+1

2L−1∑
x=0

|x〉 (|0〉 − |1〉) =
1√

2L+1

2L−1∑
x=0

|x〉(|f(x)〉 − |1 ⊕ f(x)〉)

=
1√

2L+1

2L−1∑
x=0

(−1)f(x)|x〉(|0〉 − |1〉), (1.20)

and we apply WT , which gives

WT
1

2(L+1)/2

2L−1∑
x=0

(−1)f(x)|x〉(|0〉 − |1〉)

=
1

2L+1/2

2L−1∑
x,z=0

(−1)f(x)+(x,z)|z〉(|0〉 − |1〉). (1.21)
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We have now arrived at our final state and measure the value of the register. If we find
our system to be in the state |0〉 then our function was constant; if not, our function
was balanced. How do we see this? Well, let us calculate the probability for the input
register to be in the state |0〉, we have∣∣∣∣∣∣〈0| 1

2L

2L−1∑
x,z=0

(−1)f(x)+(x,z)|z〉
∣∣∣∣∣∣
2

=

∣∣∣∣∣∣ 1
2L

2L−1∑
x,z=0

(−1)f(x)+(x,z)〈0|z〉
∣∣∣∣∣∣
2

=

∣∣∣∣∣∣ 1
2L

2L−1∑
x=0

(−1)f(x)

∣∣∣∣∣∣
2

. (1.22)

It is easy to see that for a balanced function this probability is 0 and for a constant func-
tion it is 1. Hence we see that with a quantum algorithm (QA), we only need to “calcu-
late” f once. Of course there are some remarks one should make about how the number
of operations scales with L. Measuring the whole register takes O(L) = O(log N) ob-
servations. But in principle, we could say the same about reading of the result of a
classical computer. The same holds for the WT operation, which can be build up from
L one-qubit operations. Addition on a classical computer, for instance, is generally
counted as an O(1) operation, while in principle it is an O(log(N)) operation. It is
just that most modern computers can do addition for numbers below some maximum
number in a constant amount of time.

1.1.2 Searching an Unordered List

Finding an object according to some criteria is a basic problem which turns up as an
intermediate or final step in many algorithms. For every problem we need to do different
preprocessing on our data, e.g., calculating the length of a path, the assessment of a
chess position, the remainder of a division, etc. We will not go into this preprocessing
because it is far from generic. We will assume that there is a function f(n), where
n labels the objects, that returns −1 if the object in question is the desired one, and
1 otherwise. Suppose now we have N objects with no special order, for which f(n)
returns −1 for a single object only.

On a classical computer we cannot do better than a simple linear search, starting
with the first object. Assuming a homogeneous distribution, the probability for finding
the desired object in the first try is 1/N , for finding it in two trials it is (N − 1)/N ×
1/(N − 1) = 1/N , etc. The only special case is the penultimate one, because if we
have not found the object after N − 1 trials, we know for certain it is the last one.
Thus the average numbers of trials is given by

N−2∑
trials=1

trials

N
+ 2

N − 1
N

=
N2 + N − 2

2N
, (1.23)



14 Quantum Computers

which goes like O(N) for large N , as is to be expected. The total execution time of a
program based on this algorithm scales like O(N) times the average time it takes to
calculate f(n).

How can we do better on a QC? This question is answered by Grover [Gro96].
Armed with the tricks we have described so far, the first thing we have to do is define
a unitary operation F , such that

F |n〉 = f(n)|n〉, (1.24)

and apply this to a uniform superposition of states, such that

1√
N

N−1∑
n=0

|n〉 → F
1√
N

N−1∑
n=0

|n〉 =
1√
N

N−1∑
n=0

f(n)|n〉, (1.25)

assuming of course that the preprocessing, i.e., calculating f(n), is done on the QC.
Otherwise we would have to calculate f(n) for N different values of n in a sequential
manner, which would make our algorithm use O(N) steps again.

Simply measuring the state of the system at this stage is evidently of no use, since
the probability for finding the right state is again given by 1/N . We need to increase
the probability for finding the state with amplitude −1 and on a QC we can only do
this through a unitary operation.

Let us denote this unitary operation by D. Considering the symmetry of the prob-
lem, D should not depend on the manner in which we labelled our objects. The basis
state |n〉 is transformed into

D|n〉 =
N−1∑

m=0, m �=n

Dnm|m〉 + Dnn|n〉. (1.26)

But n is just a label, so the previous equation should not depend on it. Furthermore,
within the sum, we could have changed the labelling of the other states also. Combining
these ideas we see that we should be able to write D as

D = λ
N−1∑
n=0

|n〉〈n| + Γ
N−1∑

n,m=0

|n〉〈m|. (1.27)

We want D to be unitary, so we have

D†D = |λ|2
N−1∑
n=0

|n〉〈n| + (λΓ∗ + λ∗Γ)
N−1∑

n,m=0

|n〉〈m| + |Γ|2
N−1∑

n,m,k,l=0

|n〉〈m|k〉〈l|

= |λ|2
N−1∑
n=0

|n〉〈n| + (
λΓ∗ + λ∗Γ + N |Γ|2) N−1∑

n,m=0

|n〉〈m|

=
N−1∑
n=0

|n〉〈n|, (1.28)
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which leads to the equations

|λ|2 = 1, (1.29a)

λΓ∗ + λ∗Γ + N |Γ|2 = 0. (1.29b)

Since we are only interested in the final probability, i.e., the absolute square of the
amplitude, we can take out an overall phase factor, and choose λ = −1. The first
equation is now automatically satisfied and with Γ .= γ exp ir the second equation
reduces to

γ =
2
N

cos r, (1.30)

where −π/2 < r ≤ π/2, since γ ≥ 0. Now we return to our goal: we want to increase
as much as possible the probability for finding the state for which f(n) = −1.

Let us first generalise this requirement a little. Suppose the state of our QC is such
that the amplitude of the state |needle〉 we want to find is −a and that of the other
states is b where 0 ≤ a ≤ 1 and we have (N − 1)b2 + a2 = 1. Hence the state of the
QC is given by

F |Φ0〉 = b
N−1∑

n=0, n �=needle

|n〉 − a|needle〉, (1.31)

where |Φ0〉 is the initial state of the QC, i.e., the uniform superposition with a = b =
1/

√
N . Now we apply D and look at the resulting amplitude a′ of the state |needle〉

only

a′ = −1(−a) +
2
N

(
(N − 1)

√
1 − a2

N − 1
− a

)
eir cos r, (1.32)

assuming that b =
√

(1 − a2)/(N − 1) is the positive root. The probability for finding
the state |needle〉 upon measurement of the QC is given by

|a′|2 = a2 +
4

N2

(√
(1 − a2)(N − 1) − a

)
×
[√

(1 − a2)(N − 1) + (N − 1)a
]
cos2 r. (1.33)

We want to increase the probability, so |a′|2 > a2. This gives the following restriction√
(1 − a2)(N − 1) − a > 0. (1.34)

This restriction is independent of our choice for r, i.e., D. If this inequality is not
satisfied, there is no unbiased unitary operation that increases the amplitude of the
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state |needle〉. Thus once the amplitude has grown beyond
√

(N − 1)/N , it can no
longer be increased.

Eq. (1.33) determines D, because the optimal value (maximising |a′|2) for r is 0,
hence D can be written as

D
.= −

N−1∑
n=0

|n〉〈n| + 2
N

N−1∑
n,m=0

|n〉〈m|. (1.35)

If we look closely at this transformation, we see that for every basis state it does

amplitude → −amplitude + 2 × (average amplitude), (1.36)

hence it reflects the amplitude with respect to the average. The effect of this trans-

|2〉

|0〉 |1〉 |2〉 |3〉 |0〉 |1〉 |3〉 |0〉 |1〉 |2〉 |3〉

F D
1

1
4

1
2

Figure 1-3: The effect of the unitary operations F and D of Grover’s algorithm on a
list of 4 items, represented by a uniform superposition of 4 basis states. The desired

object is located in position 2.

formation is shown in Fig. 1-3. We can write the effect of several consecutive D · F
transformations as a recursion relation for the amplitudes a and b. Let us denote the
amplitudes after t applications of D · F by at and bt respectively. This gives

a0 =
1√
N

, (1.37a)

b0 =
1√
N

, (1.37b)

at+1 = at +
2
N

((N − 1)bt − at) , (1.37c)

bt+1 = −bt +
2
N

((N − 1)bt − at) . (1.37d)

We can solve this relation with the following matrix equation(
at

bt

)
=

1√
N

(
1 − 2/N 2(N − 1)/N
−2/N −1 + 2(N − 1)/N

)t( 1
1

)

=
1√
N

(
cos 2tz

√
N − 1 sin 2tz

− sin 2tz/
√

N − 1 cos 2tz

)(
1
1

)
, (1.38)
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where

sin z =
1√
N

, cos z =

√
1 − 1

N
, tan z =

1√
N − 1

. (1.39)

Finally, this gives the amplitude of the state |needle〉 after t consecutive applications
of D · F

at = sin((2t + 1)z). (1.40)

For large N we have z ≈ 1/
√

N . Thus if we want to make the probability for finding
the state |needle〉 of order 1, we need to apply D · F exactly t times with

t =
⌊

π

4 arcsin 1/
√

N
− 1

2

⌋
=

⌊
π
√

N

4
− 1

2

⌋
. (1.41)

We can conclude that on a QC finding a needle in a haystack takes O(
√

N) steps,
which is only polynomially faster than on a classical computer.

There remains one thing we have to show: D as defined in (1.35) is not a local
unitary transformation, i.e., it acts on all the qubits at the same time. Therefore we
have to find a way to decompose D into local unitary transformations, i.e., one or two
qubit operations.

For simplicity, let us assume N = 2L is a power of two. In matrix notation, we
have

D = −� +
2
N




1 1 · · · 1
1 1 1
...

. . .
...

1 1 · · · 1




= −� +
2
N




1
1
...
1


 · ( 1 1 · · · 1

)
. (1.42)

The last part of this expression is the matrix product of the uniform superposition and
its hermitian conjugate. We know that this uniform superposition can be written as
WT |0〉, hence we can write

D = −� + 2WT |0〉 · (WT |0〉)† = WT (−� + 2 |0〉〈0|) WT

= WT · R · WT , (1.43)

where we used WT = W †
T . R is diagonal and merely a conditional phase shift, i.e., all

the states |n〉 are transformed to −|n〉, except for n = 0. WT takes L local3 unitary

3By local we mean a one or two qubit operation.
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operations (see Eq. (1.13)). Grover [Gro96] calls R a local operation, but even though
R is a rather trivial matrix, it is not local. This is due to the fact that the conditional
phase flip depends on all the qubits because only the amplitude of the state with all
qubits in the zero position is not flipped. Thus an OR-like operation between all the
qubits is needed to decide if the amplitude gets multiplied by a factor −1. For this
total OR operation we need O(log2

2 N) operations.

So if we now combine all the steps so far, we need

O(
√

N)︸ ︷︷ ︸
Iterations

×O(log2
2 N)︸ ︷︷ ︸

D

, (1.44)

steps to perform the whole Grover algorithm. Of course we still have to multiply this
with the worst case (not the average, like in the classical algorithm) time it takes to
calculate f(n), needed to define F .

1.1.3 Number Factoring

Although the idea of quantum computation is much older than Shor’s algorithm for
number factoring [Sho94], it is this contribution that got many more people interested
in the field. This is because many of the public-key encryption schemes (see Inter-
mezzo 1-1), which are used in most secure internet transactions today, are based on
the assumption that factoring a product of two large primes is assumed to be a hard
computational problem. The opposite, i.e., creating the product by multiplication, is an
efficient process. This makes it possible to construct “one-way functions”, necessary
for public-key encryption schemes. The first such scheme was developed by Rivest,
Shamir, and Adleman [RSA78] and is now known under the almost household name:
RSA (see Intermezzo 1-2).

The section is loosely based on Ref. [EJ96]. The key to “cracking” the encryption
algorithm is to factor a number. Say the number we want to factor is N . Let us now
look at the following integer equation [Rie85]

x2 modN = 1, (1.45)

which always has two trivial classes of solutions, because it means that x2 − 1 has to
be a multiple of N . So we have

x ≡ ±1 (modulo N). (1.46)

If N is an odd prime, these are the only two solutions. If x is composite, however,
say a product of two primes (k = 2), then there are two more non-trivial solutions.
Take for example, N = 3 × 7 = 21; then Eq. (1.45) has two more solutions, namely
x ≡ ±8 (modulo 21).
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Before explaining what public or asymmet-
ric key encryption is, let us first look at the
more familiar symmetric key encryption. Say
two parties, Alice (A) and Bob (B), want to
exchange information without a third party
eavesdropping. They build a case with a lock
to which they both have a copy of the same
key. All the information they send to each
other, they send in this locked briefcase. In
principle this method will work very well, but
there are a few drawbacks. The most im-
portant drawback, especially when it comes
to communication over the Internet, is that
without Alice and Bob physically meeting, a
key has to be transfered between them before
the first secure transaction. If an eavesdrop-
per were there at the right time, he could
copy the key, and from then on monitor all
the communications between Alice and Bob,
without their knowledge. Another problem is
that this method does not scale very well: If
Alice or Bob would want to communicate with
other people too, they would make a case and
corresponding set of distinct keys per commu-
nication channel. Since the number of possi-
ble communication channels is N(N − 1)/2,
where N is the number of parties, this is very
unpractical.
A very elegant way out of this is the public-
key encryption system. A real life analogy
of this system would be a box with a lock
that fits two different keys, one of which can
only turn the lock clockwise and another only
counterclockwise (hence antisymmetric).
With this protocol everybody has two keys:
a public one and secret one. Public keys are
exactly what their name says: public, i.e., ev-
erybody has access to them, even third par-
ties. Let us denote the keys by kpub

A , ksec
A ,

kpub
B , and ksec

B . Now we assume that Alice
has access to Bob’s public key and there ex-
ists an encoding function E(kpub

B , M) (E for
encode) which generates an encrypted mes-
sage out of the original message M . This

is the message that Alice sends to Bob via
an open non-secure, channel. Of course one
might say that since the message is based on
kpub

B and M and the full information of M

is still contained in E(kpub
B , M), there should

exist a function B (for break) with the prop-

erty B(kpub
B , E(kpub

B , M)) = M . So every-
body with the sufficient knowledge of E and
kpub

B could in principle construct such a func-
tion. Indeed this is always true, but the trick
is to make sure that this B would take ages,
i.e., thousands of years, to calculate. But how
will Bob be able to read the message then?
Well, if there exists a function D (for decode),

with the property D(ksec
B , E(kpub

B , M)) = M ,
which is very easy to calculate, Bob can de-
code the message easily. Everybody can have
this D, but without the knowledge of Bob’s
secret key ksec

B it would be impossible to de-
rive M . So, provided we find a suitable set of
E and D and make sure that calculating B
takes a very long time, we have cured both
problems describe above. Everybody can give
everybody access to their public key (There
is the “man-in-the-middle” problem, but this
can be cured easily by key-certification au-
thorities) and the number of necessary dis-
tinct keys scales with N .
This method also introduces a new fea-
ture, the possibility of digital signatures. Al-
ice can also encrypt the message with her
own secret key, i.e., send Bob the mes-
sage E(ksec

A , M). Of course everybody would
be able to read this message now, because
everybody has access to Alice’s public key
and can do D(kpub

A , E(ksec
A , M)) = M . A

third party wanting to fake being Alice needs
a function F (for fake) with the property

D(kpub
A , F (kpub

A , M)) = M , and this function
F is just as hard to make as D, described
above.

Now Alice can combine both techniques to

send an encrypted and authenticated message

to Bob, using E(kpub
B , E(ksec

A , M)).

Intermezzo 1-1: Public-key encryption scheme.
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In 1978 Rivest, Shamir, and Adle-
man [RSA78] developed an encryption
method, now called RSA encryption. The
core of the scheme is based on the assumption
that multiplying two prime numbers is expo-
nentially faster than doing the reverse, i.e.,
finding the prime factors of a large integer.
Multiplication of two L bit numbers takes
O(L log(L) log log(L)) operations [SS71]
whilst the fastest known algorithm to factor
a large integer takes expO(L1/3 log2/3 L)
operations [LL93].
The RSA algorithm consists of a few compu-
tationally straightforward steps:

1. Find two large prime numbers, p and
q, and calculate their product N = pq

2. Choose two numbers, d and e, smaller
than N such that they have no factors
in common with φ(N) = (p−1)(q−1)
(see Eq. (1.52)) and are multiplicative
inverses, i.e., de = 1 (modulo φ(N))
(see Appendix B.1).

From these numbers, the encryption functions
we talked about in Intermezzo 1-1 are defined
as follows:

E({N, e}, M) .= Me mod N,

D({N, d}, C) .= Cd modN.

The secret and public keys used in the previ-
ous intermezzo are given by the pairs ksec

A =
{N, d} and kpub

A = {N, e}, respectively, and
M is the message (coprime to N) that Bob
wants to send to Alice in the form of cipher-
text C. Alice can distribute her public key
without fear that her secret key {N, d} is de-
rived from the public one {N, e} in polyno-
mial time (although this has not been proven
rigorously). We can check that the decryp-
tion function works by letting it act on the

encryption function:

D(kpub
A , E(ksec

A , M))

=(Me mod N)d mod N

=Mde mod N = M1+xφ(N) mod N

=((M mod N)×
(Mφ(N) mod N)x) modN = M.

The last step follows from Euler’s theo-
rem (1.52) and from M being coprime to N .
These manipulations seem surprisingly sim-
ple, but there are no other known ways to
derive M from C without the knowledge of
d, except one that involves the factoring of
N . The hardest part of the algorithm is find-
ing large enough prime numbers (p and q)
that are not in the class of primes that give
“easily” factorable numbers.
To make the method more concrete, let us
illustrate it with an example. First Alice has
to make a set of keys (she only has to do
this only once). She generates two prime
numbers, p = 7919 and q = 9733, ran-
domly. This gives N = pq = 77075627 and
φ(N) = (p − 1)(q − 1) = 77057976. She
can choose e at random with no factors in
common with φ(N), say e = 44857 and find
d by calculating d = (xφ(N) + 1)/e for in-
creasing values of x until d is an integer.
The first such value is d = 19501129. Now
Alice can distribute her public key, kpub

A =
{77075627, 44857}, and keep her secret key,
ksec

A = {77075627, 19501129}, in a safe
place. Suppose Bob wants to send the mes-
sage M = ’Hi’ to Alice. Using ASCII coding
(H ≡ 72, i ≡ 105), we have M = 72 · 256 +
105 = 18537. Using Alice’s public key he
calculates C = 1853744857 mod 77075627 =
48578037 and passes this ciphertext to Alice.
Alice now uses her secret key and calculates
4857803719501129 mod 77075627 = 18537 ≡
’Hi’.

Intermezzo 1-2: Public-key encryption scheme based on the product of two large
primes.



1.1 Algorithms 21

Let us look at the more general case, where N = n1n2 and gcd(n1, n2) = 1. In
this case Eq.(1.45) can be split up in

x2 modn1 = 1, (1.47a)

x2 modn2 = 1, (1.47b)

using the Chinese remainder theorem (see Appendix B.2), because the unique (for
0 ≤ x2 < N) solution to (1.47) is given by

x2 ≡ 1 (modulo N). (1.48)

The solutions to (1.47) can be split up into the solutions of the four different sets of
equations,

x ≡ 1 (modulo n1)
x ≡ 1 (modulo n2)

}
A,

x ≡ −1 (modulo n1)
x ≡ −1 (modulo n2)

}
B,

x ≡ −1 (modulo n1)
x ≡ 1 (modulo n2)

}
C,

x ≡ 1 (modulo n1)
x ≡ −1 (modulo n2)

}
D. (1.49)

Now we can use the Chinese remainder theorem again to get the solutions to these
sets of equations. A and B clearly lead to the trivial solutions, x ≡ ±1 (modulo N).
But C and D must lead to non-trivial solutions, i.e., x ≡ ±a (modulo N). From the
base equation (1.45) we have

(a − 1)(a + 1) ≡ 0 (modulo N), (1.50)

therefor N divides (a − 1)(a + 1) but not a ± 1 separately, because the solution of
C and D can be chosen to be smaller than N (see Appendix B.2). So if |a| > 1,
then from C and D we can see that a ± 1 contains one and only one of the factors
n1, n2. Thus finding the greatest common denominator of N and a±1, i.e., calculating
gcd(N, a ± 1), will give us a factor of N .

We have replaced the task of finding factors of N with finding solutions to (1.45).
But finding a solution to these equations directly, using Grover’s algorithm for instance,
only gives a polynomial speedup (square root actually). Somehow we have to make
use of the superposition to get some global property of a function, such as frequency.

Let us look at the equation

fy,N (a) .= ya modN = 1, (1.51)

where y is a number coprime to N . We know this equation has a solution (for a, with
y fixed), because Euler’s theorem (see [Sch90], Section 8.3) states that

yφ(N) modN = 1, (1.52)
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where y is a number coprime to N and φ(N) is the number of integers smaller than
N and coprime to N . For a prime number φ(p) = p − 1, for a product of two primes
φ(pq) = (p− 1)(q − 1), etc. Let us call the smallest solution to Eq. (1.51) r. We then
see that

fy,N (r + a) = yr+a modN

= ((yr modN)(ya modN)) modN

= ya modN

= fy,N (a), (1.53)

so not only is r a solution to (1.51), it is also the period of the function fy,N (a).
Now, if this period r turns out to be even we have also found a solution to (1.45),
namely x = yr/2. Since r is the smallest value for a that solves (1.51), r/2 can-
not be a solution. Therefore r does not give the trivial solution to (1.45) with x =
1 (modulo N). Intuitively, we would guess that the probability of finding an even r
and yr/2 �= −1 (modulo N) is about one half. Actually, it has been proven that, for a
general number N with prime decomposition

N = pα1
1 pα3

2 pα3
3 · · · pαk

k , (1.54)

given a random number y coprime to N , we have

P(r even and yr/2 �= −1 (modulo N)) ≥ 1 − 1
2k−1

. (1.55)

For a complete proof we refer to Ref. [EJ96]. In the worst case—for a product of two
primes—we have

P(r even and yr/2 �= −1 (modulo N)) ≥ 1
2
. (1.56)

Thus the average number of trials necessary is smaller than or equal to two.
So everything boils down to finding the period of the function fy,N (a). Since a

period of a function is a global property, we might be able to use a QC to find it
exponentially faster than a classical computer can. This was also the case with the
Deutsch-Josza problem, which was also concerned with a global property. To find this
period, we will need a quantum Fourier transform.

1.1.4 Quantum Fourier Transform

The fastest known algorithms to perform a Fourier transform on a classical computer
are based on an implementation generally known as the Fast Fourier Transform (FFT).
The number of operations necessary to perform a Fourier transform in this way scales
like O (q log2 q), where q is the length of the vector to be transformed. In our case
q would have to be at least of the same order as N , later on we will show that we
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need a number which is at least N2. Were we to use a classical computer to continue
the algorithm we have described so far, it would be the FFT that would cause the
algorithm to scale exponentially in the input size (log2 N) again.

It was shown by Shor [Sho94], however, that on a QC, a Fourier transform can be
performed in O (

log2
2 q
)

steps. The algorithm is based on the FFT algorithm given by
Knuth [Knu81].

We want a unitary operator, which can be written as follows:

DFTq =
1√
q

q−1∑
a,c=0

e2πiac/q|c〉〈a|. (1.57)

Naively, we have to calculate this sum, containing q2 terms, giving O(q2) operations.
In what follows, it will be convenient to reverse the order of the output register |c〉,
hence we define

|b〉 = |bL−1, bL−2, . . . , b0〉 = |c0, c1, . . . , cL−1〉. (1.58)

Of course it would only take �L/2� two-qubit operations to reverse the order of the
bits in a L qubit register. We will continue to derive an algorithm that accomplishes

DFT2L =
1√
2L

2L−1∑
a,b=0

e2πiac/2L |b〉〈a|, (1.59)

where ci
.= bL−1−i. Like with the FFT, we take q to be a power of two. Now we split

the calculation into two parts

DFT2L =
1√
2L

2L−1−1∑
b=0

2L−1∑
a=0

(
e2πia2c/2L|b〉〈a| + e2πia(2c+1)/2L|b + 2L−1〉〈a|

)

=
1√
2L

2L−1−1∑
b=0

2L−1∑
a=0

e2πiac/2L−1
(
|0, b〉〈a| + eπia/2L−1|1, b〉〈a|

)
, (1.60)

where we note that b’s with 0 ≤ b < 2L−1 correspond to the even c’s and b’s with
2L−1 ≤ b < 2L to the odd c’s. We have also written the most significant bit of b
explicitly, hence the notation change |b + 2L−1〉 → |1, b〉.

So far we have split a sum of 2L terms into two sums of 2L−1 terms, with no
obvious gain. We see that a still runs from 0 to 2L − 1, but now the exponents within
the sum are periodic in a with period 2L−1, which means that we can rewrite the sum
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as

DFT2L =
1√
2L

2L−1−1∑
a,b=0

e2πiac/2L−1
(
|0, b〉[〈a| + 〈a + 2L−1|]

+|1, b〉
[
eπia/2L−1〈a| + eπi(a+2L−1)/2L−1〈a + 2L−1|

])
=

1√
2L

2L−1−1∑
a,b=0

e2πiac/2L−1

×
(
|0, b〉[〈0, a| + 〈1, a|] + eπia/2L−1|1, b〉 [〈0, a| − 〈1, a|]

)
. (1.61)

We still have done nothing but rewrite the sum and use the periodicity property of the
complex exponent. If we look closely at the beginning of the expression, it looks a lot
like DFT2L−1 . Indeed, it might be possible to write DFT2L = (�L−1 ⊗ DFT2L−1) M ,
where �L−1 denotes a unit operation on the most significant qubit and M is a trans-
formation we are looking for.

We know that the square of the WH operation is the unit operation. So we multiply
from the right with WL−1WL−1 (L− 1 denoting the WH transformation on the most
significant qubit), giving

DFT2L =
1√

2L−1

2L−1−1∑
a,b=0

e2πiac/2L−1
(
|0, b〉〈0, a| + eπia/2L−1 |1, b〉〈1, a|

)
WL−1.

(1.62)

Now we only have to get rid of the exp(πia/2L−1) term to be left with DFT2L−1 . We
can write this exponent as

eπia/2L−1
=

L−2∏
l=0

eπial2
l/2L−1

. (1.63)

From (1.62) we see that we need to add an a dependent phase, if the (L− 1)-th qubit
in the output is 1. In (1.63) we showed that this a dependence can be split up into an
ai dependence. We will therefore define the following two qubit operator

Bk,l =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 eπi/2l−k


 , (1.64)

acting on qubits k and l. Inserting this result into (1.62), we obtain

DFT2L =
1√

2L−1

2L−1−1∑
a,b=0

(|0, b〉〈0, a| + |1, b〉〈1, a|)

× B0,L−1B1,L−1 . . . BL−2,L−1WL−1. (1.65)
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From the last expression we see that we have almost turned the expression into a
recursive one, where DFT2L depends on DFT2L−1 . We can easily identify DFT2L−1

and solve the recursion relation,

DFT2L = (�L−1 ⊗ DFT2L−1)
∏

l=0,L−2

Bl,L−1WL−1

=
L−1∏
k=0

[(
k−1∏
l=0

Bl,k

)
Wk

]
, (1.66)

where the product is a product of matrices, so the order is important. We take

u∏
k=l

Mk
.= Ml · Ml+1 · Ml+2 · · ·Mu−1 · Mu. (1.67)

In Fig. 1-4 a schematic example is given for DFT16, i.e., a Fourier transform on four

a3
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a1

a0

b3, c0

b2, c1

b1, c2

b0, c3W

W

B

B

B

W

B

B W

B

Figure 1-4: Schematic representation of a QFT on four qubits. The order of the
operations is to be read from left to right.

qubits.
We have managed to perform a Fourier transform of q = 2L “numbers” in L one-

qubit operations and L(L − 1)/2 two-qubit operations, i.e., L(L + 1)/2 operations in
total. In terms of q this would be O (

log2
2 q
)

operations.
Actually the algorithm is not much different from the classical FFT. So where is the

exponential speedup? For a general Fourier transform there is none, as we will show.
Only in special cases can we use the exponential speedup of the QC.

Assume our input state is the following:

|input〉 =
2L−1∑
a=0

f(a)|a〉, (1.68)
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where f(a) is an arbitrary function of a. Therefore, up to a global phase factor, this
state could be called a representation of the function (information) f(a).

If we perform DFT2L on this state, we get an output state with the following
property:

|output〉 = DFT2L |input〉 =
1√
2L

2L−1∑
a,b=0

e2πiac/2L
f(a)|b〉 =

2L−1∑
b=0

F (c)|b〉, (1.69)

with

F (c) =
1√
2L

2L−1∑
a=0

e2πiac/2L
f(a), (1.70)

i.e., the Fourier transform of f(a). As shown above, this operation would take L(L +
1)/2 steps. We could say now that the output state represents the Fourier transform of
f(a) and we have performed a Fourier tranform “exponentially faster” than a classical
FFT.

However, there is a catch. The rules of quantum mechanics tell us that a single
measurement of the output register (in the basis used here), just gives us a single
number.

Say we are interested in knowing |F (c)|2 only, for every 0 ≤ c < 2L. Then for an
arbitrary probability distribution, we would still need to perform the measurement, and
therefore the whole algorithm O (

2L
)

times.
If f(a) is periodic, however, and we are interested in one property only, e.g., the

period, there is a way out, as we will show in the next subsection.

1.1.5 Period Finding

We will now continue with Shor’s algorithm and try to find the period r of the function
fy,N (a). We choose y coprime4 to N at random. Let us prepare our QC such that it
represents the function fy,N (a), like we described in the last part of the previous
subsection. A first guess would be to devise a QA that does

|0〉 → 1√
q

q−1∑
a=0

|a〉 → 1√
q

q−1∑
a=0

|fy,N (a)〉. (1.71)

There is a problem, however. Since fy,N (a) is periodic with period r and r < q, this
function has no inverse on this interval, hence it cannot be represented by a unitary
transformation. For the whole calculation to be reversable, we have to keep track of
a. One can show that if the algorithm is carried out as follows:

|0, 0〉 → 1√
q

q−1∑
a=0

|a, 0〉 → 1√
q

q−1∑
a=0

|a, fy,N (a)〉, (1.72)

4If y was not coprime, we could stop the algorithm, because we would have found a factor of N .
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it is invertable and can therefore be implemented using a unitary transformation. The
details of how to carry out this step are given by Beckman et al. [BCDP96].

The first register has to have log2 q = L qubits and the second register needs
�log2 N�. It is on the final state of (1.72) where we want to apply the Fourier transform
as follows:

1
q

q−1∑
g,d,a=0

e2πidg/q (|g〉〈d| ⊗ �) |a, fy,N(a)〉 =
1
q

q−1∑
g,a=0

e2πiag/q|g, fy,N(a)〉. (1.73)

By the ⊗� we mean to say that we leave the register containing f untouched.

At this point we observe the state of the QC. We should make clear that we do
not measure the probability distribution, which would take at least O (

2L
)

repeated
measurements. We measure the state of the machine once, giving a number c for
the first register and a number ζ for the second register. The probability for a single
measurement to give the numbers c and ζ is given by∣∣∣∣∣∣1q

q−1∑
g,a=0

e2πiag/q〈c, ζ|g, fy,N(a)〉
∣∣∣∣∣∣
2

=

∣∣∣∣∣1q
q−1∑
a=0

e2πiac/qδζ,fy,N (a)

∣∣∣∣∣
2

. (1.74)

Now we define k to be the lowest integer, such that ζ = fy,N (k). Since f is periodic
in a with period r, we have 0 ≤ k < r and we define m = �(q − k − 1)/r� + 1. The
delta function in (1.74) is only non-zero at values a = b r + k. This reduces the sum
in (1.74) to

∣∣∣∣∣1q
m−1∑
b=0

e2πi(br+k)c/q

∣∣∣∣∣
2

=

∣∣∣∣∣1q
m−1∑
b=0

e2πibrc/q

∣∣∣∣∣
2

=

∣∣∣∣∣1q e2πimcr/q − 1
e2πicr/q − 1

∣∣∣∣∣
2

=
sin2 πmcr/q

q2 sin2 πcr/q
. (1.75)

In the expression above, we can replace cr with {cr}q, where {cr}q is defined such that
it is congruent to cr mod q, i.e., can be written as cr − dq, and has minimal absolute
value. We can see that −q/2 < {cr}q ≤ q/2. In the unlikely case that r is a divisor of
q, the above expression reduces to a delta function with non-zero values only at points
where cr is a multiple of q, i.e., {cr}q = 0. In general, however, this will not be the
case, but the probability distribution will be strongly peaked around values for which
{cr}q will be relatively small. Let us approximate the probability for values of {cr}q

for which ‖{cr}q‖ ≤ r/2. The probability to find such a state is given by

P =
sin2 πmur/q

q2 sin2 πur/q
, (1.76)
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where u is a number between −1/2 and 1/2. Because of the definition of k and m,
we have |mr − q| < r. We define s = mr − q (one can check that |s| < r) and write

P =
sin2 (πu(1 + s/q))

q2 sin2 πur/q
. (1.77)

We want to find a lower limit for this probability. For the numerator we have

sin2 (πu(1 + s/q)) ≥ (2u)2 sin2 (π(1 + s/q)/2) ≥ 4u2

(
1 − π2r2

4q2

)
, (1.78)

as long as r/q ≤ 1, and for the denominator we have

q2 sin2 πur/q ≤ π2u2r2. (1.79)

Combining the last two inequalities, we find that the probability of finding a state
labelled by c, and ‖{cr}q‖ ≤ r/2 is

P =
sin2 (πu(1 + s/q))

q2 sin2 πur/q
≥ 4

π2r2
− 1

q2
. (1.80)

Suppose now we have measured a number c that satisfies this requirement. Then there
exists a number d, such that

|cr − dq| ≤ r

2
, (1.81)

or, written differently∣∣∣∣ cq − d

r

∣∣∣∣ ≤ 1
2q

. (1.82)

In the case where r is a divisor of q, i.e., {cr}q is zero, we can easily find d and r
by dividing c/q down to the lowest fraction (provided r is coprime to d). In general,
however, the only thing we have is (1.82). We could just look for two numbers d and
r, such that this inequality holds, but searching naively would just take O(r) ≡ (N)
steps again. There is a way, however, to find d/r in polynomial time, using continued
fractions [HW79, Knu81]. We use a theorem that says that given a positive real number
ξ and two positive integers d and r∣∣∣∣ξ − d

r

∣∣∣∣ ≤ 1
2r2

, (1.83)

then the rational number d/r is a convergent (see Appendix B.3) of the continued
fraction expansion of ξ. In order to satisfy this equation, we need q ≥ r2. We do not
know r yet, but we know that r < N . So if q ≥ N2 then (1.83) is satisfied, provided
that (1.82) is satisfied.
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Once we have found the convergent using the technique described in Appendix B.3
for which (1.82) holds, we have found d/r in lowest terms. If d also happens to
be coprime to r, then we have found that r. d is a random number smaller than
r. The number of integers smaller than r that are coprime to r is given by Euler’s
totient function φ(r) [Knu81, HW79, Sch90]. And from (1.74), on we calculated the
probability for finding c and ζ. There are, however, r possible values for ζ that lead
to |{cr}q| ≤ r/2 with the same probability. Moreover, we could have sufficed with
measuring c alone, ignoring the second register. So the probability for finding a value
for c from which we can deduce r is bounded from below by

PL = rφ(r)
(

4
π2r2

− 1
q2

)
. (1.84)

For Euler’s totient function we have

φ(r)
r

≥ eγ − δ(r)
log log r

, (1.85)

where γ is Euler’s constant and δ(r) is a monotone decreasing sequence of reals con-
verging to zero. Therefore, the probability of success of a single run of this algorithm
is of O (1/ log log r). Finally, we can estimate the avarage number of operations to be

(O(log N)︸ ︷︷ ︸
WH

+O(log3 N)︸ ︷︷ ︸
fy,N

+O(log2 N)︸ ︷︷ ︸
QFT

) × O(log log N)︸ ︷︷ ︸
Inverse success rate

= O(log3 N log log N),

(1.86)

and O(log N) memory space. An explicit example of the whole algorithm is given in
Fig. 1-5.
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Let us assume we want to factor N = 15.
Now we have to choose a q = 2L with N2 ≤
q. Take for instance L = 8, q = 256. This
means we need an 8 qubit register to store q
and a 4 qubit register to store ya mod N . So
we need a 12 bit QC where we write the base
functions in terms of |s, t〉, where s is an 8
bit number with 0 ≤ s < 256 and t is a 4 bit
number with 0 ≤ t < 16.
We initialize the QC with the state

|Φ0〉 = |0, 0〉
and perform Walsh-Hadamard operations on
the s register, such that

|Φ1〉 =
1
16

255∑
a=0

|a, 0〉.

Now we have to choose a random y with
1 < y < 15 coprime to 15. Take y = 8, for
instance. Then we perform the calculation of
8a mod 15 and store it in the t register. The
state of the QC is now

|Φ2〉 =
1
16

255∑
a=0

|a, 8a mod 15〉.

One can verify that the period of 8a mod 15
is 4, and that the first 4 values are 1, 8, 4, and
2. Thus we can rewrite |Φ2〉 as

|Φ2〉 =
1
16

63∑
b=0

(|4b, 1〉 + |4b + 1, 8〉

+|4b + 2, 4〉 + |4b + 3, 2〉) .

The next step is to perform a discrete quan-
tum Fourier transform on the state Φ2. This
gives a new state

|Φ3〉 =
1

256

255∑
g=0

63∑
b=0

e2πig4b/256 (|g, 1〉

+e2πig/256|g, 8〉 + e4πig/256|g, 4〉
+e6πig/256|g, 2〉

)
.

The sum over b gives rise to a delta func-
tion; it is only non-zero if g is a multiple of
q/r = 64, in that case it equals q/r = 64. So
the final state will be

|Φ3〉 =
1
4
[|0〉 ⊗ (|1〉 + |8〉 + |4〉 + |2〉)

+|64〉 ⊗ (|1〉 − |8〉 + |4〉 − |2〉)
+|128〉 ⊗ (|1〉 + |8〉 + |4〉 + |2〉)
+|192〉 ⊗ (|1〉 − |8〉 + |4〉 − |2〉)].

We now decide to measure the first register
only. Although both registers are still a bit
entangled, for the probability distribution for
the first register, this is of no influence and
there are four equally probable outcomes:

|0〉 Bad luck, we have to start over again;
it tells us nothing about r

|64〉 Calculate c/q = d/r and cancel to
lowest fraction; this gives 1/4. As-
sume gcd(d, r) = 1 and conclude
r = 4. Calculate gcd(8r/2 − 1, 15) =
gcd(63, 15) = 3. Found factor!

|128〉 Calculate c/q = d/r and cancel to
lowest fraction; this gives 1/2. As-
sume gcd(d, r) = 1 and conclude
r = 2. Calculate gcd(8r/2 − 1, 15) =
gcd(7, 15) = 1 and gcd(8r/2+1, 15) =
gcd(9, 15) = 3. Found factor! But
this really was a coincidence, since r
was not 2, because the assumption
gcd(d, r) = 1 was false.

|192〉 Calculate c/q = d/r and cancel to
lowest fraction; this gives 3/4. As-
sume gcd(d, r) = 1 and conclude
r = 4. Calculate gcd(8r/2 − 1, 15) =
gcd(63, 15) = 3. Found factor!

Thus two out of four outcomes gave the right
answer in the predicted manner.

Figure 1-5: Factoring 15.
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In the previous chapter we summarised a wide range of possible algorithms one can
perform on a QC. Hardware requirements for the QC performing the algorithms are:

� the hardware should consist of fairly independent two-level systems,

� the individual two-level systems should be controllable while not disturbing the
others,

� the decoherence time should be large enough, and

� the state of the system should be measurable.

To date it has proven hard, if not impossible, to satisfy all these requirements. Several
physical implementations have been suggested; to name a few:

� trapped ions [CZ95],

� polarised photons in a quantum electrodynamic cavity [THL+95],

� nuclear magnetic resonance (NMR) systems [GCL96, CFH96],

� Josephson junctions [SSH97],

� quantum dots [LD98], and

� silicon-based nuclear spins [Kan98].

In this chapter we will concentrate on the NMR implementation. This is probably not
a viable candidate for a real QC, because the number of controllable bits can hardly
be increased above a handful. But so far it is the only implementation on which real
algorithms have been tested, and is therefore very useful as a proof of principle. There
is an important difference from the other implementations, though: it is a bulk spin
system. A single quantum computation unit will be a single molecule consisting of
several atoms with a different magnetic moment. We could call the state1 of such
a molecule |Φ〉. The molecules are dissolved in a liquid and can for our purposes be
considered identical and non-interacting. In principle, the liquid can then be prepared
such that the state of the liquid containing K molecules could be written as2

|Φ〉 ⊗ |Φ〉 ⊗ · · · ⊗ |Φ〉︸ ︷︷ ︸
K times

. (2.1)

1with respect to the features we are interested in.
2A density matrix description is probably a better tool to describe the whole system, but in what

follows we will idealise the multi-particle system by a single molecule.
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Since the molecules are assumed to be non-interacting and the external electro-magnetic
pulses act on the bulk as a whole, the time evolution of such a system can be written
in a similar manner:

U ⊗ U ⊗ · · · ⊗ U︸ ︷︷ ︸
K times

. (2.2)

Now we can justify writing the state of the whole liquid as “|φ〉” and that of the unitary
time evolution as “U”. Upon measurement, however, we do not measure a single state,
because we are dealing with an ensemble. We will measure the amplitudes (probability)
directly, with K large enough, because upon measurement the liquid will be in a mixed
state with a probability distribution dictated by the amplitudes squared of the states
before measurement. This is a subtle difference from the other implementations of a
QC, where one measures a single state with a certain probability. This is why an NMR
QC is sometimes called an expectation value QC (EVQC).

We will not concern ourselves with these subtleties but will describe the system in
the same manner as in the previous chapter.

2.1 NMR

Generic QC hardware can be modelled in terms of quantum spins (qubits) that evolve
in time according to the time-dependent Schrödinger equation (TDSE)

i
∂

∂t
|Φ(t)〉 = H(t)|Φ(t)〉, (2.3)

in units such that � = 1. For present purposes it is sufficient to consider two-spin NMR
systems only. The state

|Φ(t)〉 = a(↑, ↑; t)|↑, ↑〉 + a(↑, ↓; t)|↑, ↓〉 + a(↓, ↑; t)|↓, ↑〉 + a(↓, ↓; t)|↓, ↓〉, (2.4)

describes the state of the QC at time t. The complex coefficients a(↑, ↑; t), . . . , a(↓, ↓; t)
completely specify the state of the quantum system. In the absence of interactions
with other degrees of freedom this spin one-half system can be modelled by the time-
dependent Hamiltonian

H(t) = −JSz
1Sz

2 − hz
1S

z
1 − hz

2S
z
2 − hx

1S
x
1 − hx

2Sx
2 − hy

1S
y
1 − hy

2S
y
2

− (h̃x
1S

x
1 + h̃x

2S
x
2 ) sin(ωt + φx) − (h̃y

1S
y
1 + h̃y

2S
y
2 ) sin(ωt + φy), (2.5)

where Sα
j , α = x, y, z denotes the α-th component of the spin one-half operator

representing the j-th qubit, J determines the strength of the interaction between the
two qubits, and hα

j and h̃α
j represent the strength of the applied static (magnetic) and
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applied sinusoidal field3 (SF) acting on the j-th spin, respectively. For an NMR system,
hα

2 = γhα
1 and h̃α

2 = γh̃α
1 , for α = x, y, z where γ is a constant. The frequency and

the phase of the SF are denoted by ω and φα. As the Ising model, i.e., the first term
of (2.5), is known to be a universal QC [Llo93, BDHT94], model (2.5) is sufficiently
general to serve as a physical model for a generic QC at zero temperature. In terms of
spin matrices, the operator Qj measuring the state of qubit j is given by

Qj =
1
2
− Sz

j , (2.6)

which means we identify |↑〉 and |↓〉 with |0〉 and |1〉, respectively.
For numerical purposes it is necessary to fix as many model parameters as possi-

ble. We have chosen to simulate the two nuclear spins of the 1H and 13C atoms in
a carbon-13 labelled chloroform, a molecule that has been used in NMR-QC experi-
ments [CVZ+98, CGK98]. In these experiments hz

1/2π ≈ 500MHz, hz
2/2π ≈ 125MHz,

and J/2π ≈ −215Hz [CVZ+98]. In the following we will use model parameters rescaled
with respect to hz

1/2π, i.e., we put

J = −0.43 × 10−6, hz
1 = 1, hz

2 = 0.25. (2.7)

Note that there is a difference of many orders of magnitude between the interac-
tion J and the fields hz

j . If the duration of the SF-pulses is much shorter than 2π/|J |,
the effects of J on the time evolution during these pulses are very small. Our nu-
merical experiments (see below) are all performed under this condition. We will only
consider QC’s at zero temperature without coupling to the environment. In this sense
we simulate highly idealised NMR experiments on a closed quantum system at zero
temperature. This allows us to study a concrete physical realization of a QC and at
the same time focus on the intrinsic quantum dynamics of the QC.

A QA is usually defined in terms of the basic building block we defined in the
previous chapter. For an NMR system defined by model (2.5) other elementary opera-
tions (EO) are more natural to use as fundamental operations. We will describe these
later in this chapter. Each EO transforms the input state |Ψ(t)〉 into the output state
|Ψ(t + τ)〉 where τ denotes the execution time of the EO. The action of an EO on the
state |Ψ〉 of the quantum processor is defined by specifying how long it acts (i.e., the
time interval τ during which it is active), and the values of J and all h’s. During the
execution of an EO the values of J and all h’s are kept fixed.

The time evolution of a quantum model with H according to (2.5) is obtained
by solving TDSE (2.3) for model (2.5). The simulations have been carried out with a
software tool called Quantum Computer Emulator (QCE)4. The QCE software simu-
lates physical models of QC hardware by a Suzuki product-formula [SMK77, Suz93],

3In principle, with a sufficiently powerful NMR setup, one could generate arbitrary complicated
functions. To make the QC scalable, however, the basic instructions should be “simple”, hence our
choice.

4QCE can be downloaded from http://rugth30.phys.rug.nl/compphys/qce.htm.
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i.e., in terms of elementary unitary operations [DR87, dVDR93, DRM94]. For all prac-
tical purposes, the numerical results obtained by this technique are exact. A detailed
description of the QCE software tool can be found elsewhere [DRHMDR00].

2.2 Ideal Elementary Operations

2.2.1 Single-Qubit Operations

When describing NMR operations, one usually thinks of them as rotations of the
individual spins around the basic spatial axes. In order to do this, we can imagine the
spin to be an arrow pointing in some direction. In an NMR setup, the sample is placed
in a strong constant external magnetic field. The direction of this field we define to be
the z-axis, and eigenstates of the spins along this axis we call |↑〉 and |↓〉, respectively.

We start by looking at a single qubit and define the basis of our Hilbert space such
that

|↑〉 =
(

1
0

)
, (2.8a)

|↓〉 =
(

0
1

)
, (2.8b)

the identification we made previously. The spin operators acting on this space are the
well known Pauli matrices times �/2,

Sx =
1
2

(
0 1
1 0

)
, (2.9a)

Sy =
1
2

(
0 −i
i 0

)
, (2.9b)

Sz =
1
2

(
1 0
0 −1

)
, (2.9c)

where again we use units such that � = 1. For these operators, we have the following
commutators:[

Sα, Sβ
]

= i εαβγ Sγ , (2.10a){
Sα, Sβ

}
=

1
2
δα,β �, (2.10b)

where the summation over repeated indices is implicit. What makes the two-dimensional
spin matrices special is that their square is proportional to unity, (Sα)2 = �/4, which
results in the following:

sin (φSα) = 2Sα sin
φ

2
, (2.11a)

cos (φSα) = � cos
φ

2
. (2.11b)
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We can derive that the rotation of a spin operator by an angle φ around an axis β can
be written as

Sα(φ, β) = ei φ Sβ
Sα e−i φ Sβ

= Sα cos φ + Sγ sinφ εαβγ , (2.12)

with α and β different. For quantum computation, rotations over π/2 are especially
interesting:

X
.= ei π Sx/2 =

1√
2

(
1 i
i 1

)
, (2.13a)

Y
.= ei π Sy/2 =

1√
2

(
1 1

−1 1

)
, (2.13b)

Z
.= ei π Sz/2 =

1√
2

(
1 + i 0

0 1 − i

)
. (2.13c)

We will use these operations, together with their inverses, as the NMR EO’s. We denote
the inverses by a bar. Hence Y denotes the inverse of Y , i.e., a rotation over π/2 in
the opposite direction. Since the operations are unitary, Y is merely the Hermitian
conjugate of Y . From these EO’s, other instructions can be built, such as the Walsh-
Hadamard transformation (see Eq. (1.12)):

W = −i X2 Y = −i Y X2 = i Y X
2 = i X

2
Y =

1√
2

(
1 1
1 −1

)
. (2.14)

We see that the resulting operations differ by a factor i or −i from the definition given
in Eq. (1.12), but this is not relevant since overall phase factors in quantum mechanics
are unobservable. We also see that there is more than one possibility to implement the
WH instruction in terms of the EO’s. This turns out to be a general feature: there
are several equivalent (indistinguishable on an ideal QC) implementations for more
complicated instructions.

In the remaining part of this chapter, the EO’s will have subscripts, denoting the
qubit they operate on. Hence X2 will denote a rotation of qubit two over π/2 around
the x axis. For an ideal l-qubit QC we would have

Ol ≡ �L−1 ⊗ �L−2 ⊗ · · · ⊗ �l+1 ⊗ O ⊗ �l−1 ⊗ �l−2 ⊗ · · · ⊗ �0, (2.15)

where O denotes an arbitrary one-qubit operation. However, from this point on, we
will study two-qubit computers only and in order to have the same notation as the one
used in the QCE program, the qubits will be labelled ’one’ and ’two’, referring to the
most significant and least significant bits, respectively.

2.2.2 Two-Qubit Operations: CNOT Gate

Multi-qubit operations require some form of communication between the qubits. A
basic two-qubit operation is provided by the CNOT gate. We will express this operation
in terms that are more natural to the NMR environment again.
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Looking at the general two-spin NMR Hamiltonian (2.5) we see that the “J”
term provides the only form of interaction between the spins, so we will build our
implementation of the CNOT around this interaction.

Let us look at a Hamiltonian with an interaction term only:

HI = −J Sz
1 Sz

2 . (2.16)

The unitary time evolution using this Hamiltonian can be readily solved to be

I(τ) .= e−i HI τ

=




ei τJ/4 0 0 0
0 e−i τJ/4 0 0
0 0 e−i τJ/4 0
0 0 0 ei τJ/4


 . (2.17)

Let us recall the definition of the CNOT as given in Eq. (1.4), but now with the
first bit as the control bit

CNOT =




1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


 , (2.18)

where, as usual, the basis is given by {|00〉, |01〉, |10〉, |11〉}. The CNOT gate flips the
second spin if the first spin is in the down state, i.e., the first qubit acts as a control
qubit for the second one.

Let us study the effect of I(τ) as if qubit one were fixed. We see that we can write

I(τ) =
(

1 0
0 0

)
⊗ eiτJSz/2 +

(
0 0
0 1

)
⊗ e−iτJSz/2. (2.19)

Hence in the subspace where the first qubit is in the 0 position, the second bit gets
rotated counterclockwise, and in the subspace where the first is in the 1 position, the
second bit gets rotated clockwise, by the same amount. It turns out that the smallest
angle of rotation we need is 90◦. For the remainder we take τJ = −π (J is a negative
number, and times are generally positive), giving

I =
(

1 0
0 0

)
⊗ Z +

(
0 0
0 1

)
⊗ Z, (2.20)

where we wrote I for I(−π/J). Classically, if we just think of spins as arrows pointing
in some direction in space, we can exploit this conditional rotation by first rotating
the second qubit into the x − y plane and letting this I instruction act, then rotating
the second spin so that it points along the z-axis again. The effect of this classical
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EO |00〉 |01〉 |10〉 |11〉

Y2 ⇓ ⇓ ⇓ ⇓

I ⇓ ⇓ ⇓ ⇓

X2 ⇓ ⇓ ⇓ ⇓

|00〉 |01〉 |11〉 |10〉
Figure 2-1: The effect of the ”classical” CNOT instruction on the four possible basis

states. The time direction is from top to bottom.

solution to the problem can be seen in Fig. 2-1. Thus, our guess would be X2 I Y2.
There are, of course, three other possibilities with the same effect. We can calculate
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them all exactly and find

X2 I Y2 = e−πi/4




1 0 0 0
0 i 0 0
0 0 0 i
0 0 −1 0


 , (2.21a)

X2 I Y 2 = e−πi/4




1 0 0 0
0 i 0 0
0 0 0 −i
0 0 1 0


 , (2.21b)

Y 2 I X2 = e−πi/4




1 0 0 0
0 i 0 0
0 0 0 −1
0 0 i 0


 , (2.21c)

Y2 I X2 = e−πi/4




1 0 0 0
0 i 0 0
0 0 0 1
0 0 −i 0


 . (2.21d)

These operations are all more or less equivalent, so we will continue our discussion with
the first. We see that the classical way of thinking almost works, except for the phase
of the resulting state. Indeed, if we would only be interested in the CNOT instruction
acting on basis states, Eq. (2.21a) would suffice.

Classically, we could view these phase factors as some kind of anisotropy with
respect to the length axis of the arrows. With this idea in mind we would guess that
we have to rotate both back around the z-axis. This gives

CNOT ∝ Z1 Z2 X2 I Y2 ∝




1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


 , (2.22)

where ∝ means equal up to an unobservable overall phase factor.

2.2.3 Quantum Algorithms

Any QA can be written as a sequence of the one- and two-qubit operations discussed
above. As a simple example of a QA we take (CNOT)5, meaning: the CNOT operation
applied five times. On an ideal QC, (CNOT)2 is the identity operation and hence
(CNOT)5 = CNOT but on a physical QC this is not always the case (see below). To
illustrate the dependence of the quantum computation on the physical implementation
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and on the choice of the input state we consider two QA’s, QA1 and QA2, defined by

QA1|b1b2〉 .= (CNOT)5|b1b2〉, (2.23)

QA2|singlet〉 .= Y1(CNOT)5|singlet〉, (2.24)

where |singlet〉 = (|10〉 − |01〉)/√2. We have

(|11〉 − |01〉)/
√

2 = (CNOT)5|singlet〉, (2.25)

and hence 〈singlet|(CNOT)5 Q1(CNOT)5|singlet〉 = 1/2. We can obtain a clear-cut
answer in terms of expectation values of the qubits by applying a π/2 rotation of spin
one

|11〉 = Y1(CNOT)5|singlet〉. (2.26)

Therefore in (2.24), the CNOT operations are followed by a π/2 rotation of spin 1.
As a more complicated example of a QA, we consider Grover’s database search al-

gorithm (see Section 1.1.2) to find the needle in the haystack. Experimentally, Grover’s
QA has been implemented on a two-qubit NMR-QC for the case of a database con-
taining four items [JM98, CVZ+98]. In experiments [JM98, CVZ+98] the sequences

(D.F0) ∝ X1 Y 1 X2 Y 2 I X1 Y 1 X2 Y 2 I X1 X1 Y 1 X2 X2 Y 2, (2.27a)

(D.F1) ∝ X1 Y 1 X2 Y 2 I X1 Y 1 X2 Y 2 I X1 X1 Y 1 X2 X2 Y 2, (2.27b)

(D.F2) ∝ X1 Y 1 X2 Y 2 I X1 Y 1 X2 Y 2 I X1 X1 Y 1 X2 X2 Y 2, (2.27c)

(D.F3) ∝ X1 Y 1 X2 Y 2 I X1 Y 1 X2 Y 2 I X1 X1 Y 1 X2 X2 Y 2, (2.27d)

have been chosen to implement Grover’s search algorithm. The subscript j of Fj

corresponds to the position of the searched-for item in the database. In all four cases
the input state is |00〉.

On an ideal QC, the QA’s (2.27) are by no means unique: Various alternative ex-
pressions can be written down by using the algebraic properties of the X’s and Y ’s. This
feature has been exploited to eliminate redundant elementary operations [CVZ+98].
On an ideal QC sequences (2.27) return the correct answer, i.e., the position of the
searched-for item. This is easily verified on the QCE by selecting the elementary oper-
ations that implement an ideal QC.

2.3 Physical Quantum Computer

2.3.1 Single-Qubit Operations

NMR uses SF pulses to rotate the spins. By tuning the frequency of the SF to the
precession frequency of a particular spin (hz

j in our case), the power of the applied
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pulse (= intensity times duration) controls how much the spin will rotate. The axis of
the rotation is determined by the direction of the applied SF. The elementary model
of an NMR experiment on a single spin (qubit one for example) subject to a constant
magnetic field along the z-axis and an SF along the x-axis reads [Bay74]

i
∂

∂t
|Φ(t)〉 = −

(
hz

1S
z
1 + h̃x

1S
x
1 sinωt

)
|Φ(t)〉, (2.28)

where |Φ〉 = |↑〉〈Φ|↑〉+ |↓〉〈Φ|↓〉, |Φ(t = 0)〉 is the initial state of the two-state system
and we have set the phase φx = 0. Substituting |Φ(t)〉 = eithz

1Sz
1 |Ψ(t)〉 yields

i
∂

∂t
|Ψ(t)〉 = −h̃x

1 (Sx
1 sinωt coshz

1t + Sy
1 sinωt sinhz

1t) |Ψ(t)〉, (2.29)

where we made use of (2.12). At resonance, i.e., ω = hz
1, we find

i
∂

∂t
|Ψ(t)〉 = − h̃x

1

2
(Sy

1 + Sx
1 sin 2ωt − Sy

1 cos 2ωt) |Ψ(t)〉. (2.30)

Assuming that the effects of the higher harmonic terms (i.e., the terms in sin 2ωt and
cos 2ωt) are small [Bay74], (2.30) is easily solved to give

|Ψ(t)〉 ≈ eith̃x
1Sy

1 /2|Ψ(t = 0)〉, (2.31)

so that the overall action of a SF-pulse of duration τ can be written as

|Φ(t + τ)〉 ≈ eiτhz
1Sz

1 eiτ h̃x
1Sy

1 /2|Φ(t)〉. (2.32)

Hence it follows that application of an SF-pulse of power τ h̃x
1 = π will have the effect

of rotating spin one by an angle of π/2 about the y-axis, as is clear by comparing
(2.13b) with (2.32) and a rotation of π hz

1/h̃x
1 around the z-axis, which will become

important later.
In deriving (2.32), higher harmonics have been neglected, as indicated by the “≈”

sign. Instead of applying SF’s along the x or y direction, one may also consider using
SF’s that rotate in the x-y plane. This leads to the TDSE [Sli90]:

i
∂

∂t
|Φ(t)〉 = −

[
hz

1S
z
1 + h̃x

1(S
x
1 sinωt + Sy

1 cos ωt)
]
|Φ(t)〉, (2.33)

and instead of (2.32) we obtain

|Φ(t + τ)〉 = eiτhz
1Sz

1 eiτ h̃x
1Sy

1 |Φ(t)〉, (2.34)

an exact result, this time.
A QC contains at least two spins. If it is difficult in experiments to shield a particular

spin from the SF, an application of an SF pulse affects not only the state of the
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resonant spin but changes the state of the other spins too (unless they are perfectly
aligned along the z-axis). A general analytical, quantitative analysis of this many-body
problem is rather difficult. We will study the limiting case in which the interaction
between the spins has negligible impact on the time evolution of the spins during
application of the SF pulse. As our numerical results (see below) demonstrate, this is
the case that is relevant to the model system considered in this chapter and also to
experiments [JM98, JMH98, CVZ+98, CGK98].

We consider the two-spin system described by the TDSE:

i
∂

∂t
|Φ(t)〉 = −

[
hz

1S
z
1 + hz

2S
z
2 + h̃x

1(S
x
1 sinωt + Sy

1 cos ωt)

+h̃x
2(Sx

2 sinωt + Sy
2 cosωt)

]
|Φ(t)〉. (2.35)

Substituting |Φ(t)〉 = eitω(Sz
1+Sz

2 )|Ψ(t)〉 we obtain

i
∂

∂t
|Ψ(t)〉 = −

[
(hz

1 − ω)Sz
1 + (hz

2 − ω)Sz
2 + h̃x

1S
y
1 + h̃x

2Sy
2

]
|Ψ(t)〉. (2.36)

Our aim is to rotate spin one about an angle ϕ1 without affecting the state of spin
two. This can be accomplished as follows: First we choose

ω = hz
1, (2.37)

i.e., the frequency of the SF pulse is tuned to the resonance frequency of spin one.
Then (2.36) can easily be integrated. The result is

|Φ(t)〉 = eithz
1(Sz

1+Sz
2 )eith̃x

1Sy
1 eit�S2·�v1,2 |Φ(0)〉, (2.38)

where �vn,m
.= (0, h̃x

m, hz
m − hz

n).
The third factor in (2.38) rotates spin two around the vector �v1,2. This factor can

be expressed as

eit�Sm·�vn,m =
(

1 0
0 1

)
cos

t|�vn,m|
2

+
i

|�vn,m|
(

hz
m − hz

n −i hx
m

i hx
m hz

n − hz
m

)
sin

t |�vn,m|
2

, (2.39)

and we see that the SF pulse will not change the state of spin two if and only if the
duration t1 of the pulse satisfies

t1|�v1,2| = t1

√
(hz

1 − hz
2)2 + (h̃x

2)2 = 4πn1, (2.40)

where n1 is a positive integer.
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The second factor in (2.38) is a special case of (2.39). It is easy to see that if

t1h̃
x
1 = ϕ1, (2.41)

the second factor in (2.38) will rotate spin one about ϕ1 around the y-axis. Therefore,
if conditions (2.37), (2.40), and (2.41) are satisfied we can rotate spin one about ϕ1

without affecting the state of spin two, independent of the physical realization of the
QC. However, the first factor in (2.38) can still generate a global phase shift. Although
it drops out of the expression of the expectation value of the qubits, in general it has
to be taken into account in a QC calculation because this phase shift depends on the
state of the spins. Adding the condition

t1 hz
1 = 4π k1, (2.42)

where k1 is a positive integer (hz
i > 0 by definition), the first factor in (2.38) is always

equal to one. Summarising: If conditions (2.37), (2.40), (2.41), and (2.42) are satisfied
we can rotate spin one about ϕ1 without affecting the state of spin two and without
introducing unwanted phase shifts.

A last constraint on the choice of the pulse parameters comes from the fact that

hα
2 = γhα

1 , h̃α
2 = γh̃α

1 ; α = x, y, z. (2.43)

Without loss of generality we will assume that 0 < γ < 1, in concert with the choice
of parameters (2.7).

Using constraint (2.43) and conditions (2.37), (2.40), (2.41), and (2.42) we have

(1 − γ)2k2
1 +

γ2

4

(ϕ1

2π

)2
= n2

1, (2.44)

and reversing the role of spin one and spin two we obtain(
1 − 1

γ

)2

k2
2 +

1
4γ2

(ϕ2

2π

)2
= n2

2, (2.45)

where k1, k2, n1, and n2 are positive integers. The angles of rotation about the y-axis
can be chosen such that 0 ≤ ϕ1 < 2π and 0 ≤ ϕ2 < 2π.

In general (2.44) or (2.45) have no solution, but a good approximate solution may
be obtained if γ is a rational number and k1 and k2 are large. Let γ = N/M where
N and M are integers satisfying 0 < N < M . It follows that the representation
k1 = kMN2 and k2 = kNM2 will generate sufficiently accurate solutions of (2.44)
and (2.45) if the integer k is chosen such that

2 k N M (M − N) � 1. (2.46)

In terms of k, N , and M , the relevant physical quantities are then given by

t1 hz
1

2π
= 2 k M N2 ,

h̃x
1

hz
1

=
1

2 k M N2

ϕ1

2π
, (2.47)
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and

t2 hz
1

2π
= 2 k M3 ,

h̃x
2

hz
1

=
1

2 k M3

ϕ2

2π
. (2.48)

In our numerical experiments we use (2.47) and (2.48) to determine the duration of
the SF pulses for both the static and rotating SF’s. In the latter case the SF pulses
will be optimised in the sense that a pulse that rotates spin one/two will hardly affect
spin two/one if k satisfies condition (2.46).

The assumption of a pure sinusoidal time dependence of the applied fields serves
to simplify the analytical analysis given above. In experiments there is no good reason
to stick to a simple time dependence of the pulses [Fre96]. In general

i
∂

∂t
|Φ(t)〉 = −

[
hz

1S
z
1 + hz

2S
z
2 + w(t)h̃x

1(S
x
1 sinωt + Sy

1 cos ωt)

+w(t)h̃x
2(S

x
2 sinωt + Sy

2 cos ωt)
]
|Φ(t)〉, (2.49)

where w(t) can be almost any waveform. For ω = hz
1, the formal solution of (2.49)

reads

|Φ(t)〉 = eithz
1(Sz

1+Sz
2 ) exp

(
i

∫ t

0
duw(u)h̃x

1S
y
1

)

× exp+

{
i

∫ t

0
du

[
(hz

2 − hz
1)S

z
2 + w(u)h̃x

2S
y
2

]}
|Φ(0)〉, (2.50)

where exp+{. . .} denotes the time-ordered exponential. Expression (2.50) is an explicit
Floquet-operator representation of the time-evolution operator[EBW87]. The introduc-
tion of a general form of w(t) replaces condition (2.40) by

exp+

{
i

∫ t1

0
du

[
(hz

2 − hz
1)S

z
2 + w(u)h̃x

2S
y
2

]}
= 1, (2.51)

and condition (2.41) becomes

t1h̃
x
1

∫ t1

0
duw(u) = ϕ1, (2.52)

expressing the fact that the rotation angle ϕ1 is determined by the power of the pulse
only. Conditions (2.37) and (2.42) remain the same. There are many forms of w(u)
that will satisfy (2.52), so in this respect there is a lot of freedom in the choice of w(t).
Finding the form of w(u) such that (2.51) also holds is a (complicated) optimisation
problem, particularly when the QC contains several qubits.

To summarise: If conditions (2.37), (2.40), (2.41), and (2.42) are satisfied we can
rotate spin one about ϕ1 without affecting the state of spin two and without introducing
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unwanted phase shifts. In practice we may replace (2.40) and (2.41) with (2.51) and
(2.52), respectively.

For our choice (2.7) of the model parameters, γ = 1/4 such that N = 1 and M = 4.
In general, γ will not be a ratio of two small integers but may be approximated to any
desired precision by a rational number. Let us consider the hypothetical case (N = 11,
M = 40) such that γ = 11/40 = 0.275. Then (2.46) reads 25520 k � 1 so that
the choice k = 1 already yields an accurate solution to (2.44) and (2.45). However
as t1 hz

1/2π = 9680 and t2 hz
1/2π = 128000, rather long SF pulses are required to

perform these nearly ideal, single-qubit operations. As this example shows, the duration
of the pulses that implement accurate single-qubit operations will be determined by
the representation of γ as a ratio of two (small) integers.

From (2.47) and (2.48) it follows that |h̃x
j |  |hz

1 − hz
2| for accurate single-qubit

operations. This implies t1 hz
1(1 − γ) = 4πn1 or k1(M − N) = Mn1. For N = 1 and

M = 4 we see that k1 has to be a multiple of 4. This reasoning readily generalises:
For n spins k1(Mj − Nj) = Mj nj for integer nj and j = 2, . . . , n. In other words,
the frequencies of precession of each of the qubits have to be mutually commensurate.
Otherwise, systematic phase errors will be generated in the course of the computation.
This conclusion does not depend on the peculiarities of the NMR technique but holds
in general.

2.3.2 Two-Qubit Operations: CNOT Gate

As the CNOT sequence (2.22) has been constructed on the basis of model (2.16),
some modification is necessary to account for the fact that the two nuclear spins feel
static fields (see (2.5)). In general, the Hamiltonian reads

HNMR = −JSz
1Sz

2 − hz
1 Sz

1 − hz
2 Sz

2 . (2.53)

Comparison of (2.16) with (2.53) shows that the implementation of the CNOT op-
eration requires additional rotations around the z-axis. First, let us define the “real”
interaction instruction I ′ as follows:

I ′ .= e−i τ HNMR , (2.54)

with τ = −π/J . Because all the Sz factors commute, we can easily derive

I = ei π (hz
1 Sz

1+hz
2 Sz

2 )/J I ′. (2.55)

Eq. (2.22) can now be written as follows:

CNOT ∝ Z1Z2 X2 ei π (hz
1 Sz

1+hz
2 Sz

2 )/J I ′ Y2. (2.56)

On NMR hardware, direct rotations around the z-axis are often not possible in terms
of SF pulses because the static magnetic field is in the z direction. There are several
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different solutions to this problem. We will rotate the system to the x-axis using a
rotation around the y-axis and perform the rotation there, after which we rotate back.
This gives the following expression:

CNOT ∝ Y1 X1e
i π hz

1 Sx
1 /J Y 1 Z2 X2 Y2 ei π hz

2 Sx
2 /J Y 2 I ′ Y2. (2.57)

Using the relation Z2 X2 Y2 = X2 we can optimise this to

CNOT ∝ Y1 ei π(1/2+hz
1/J)Sx

1 Y 1 ei π(1/2+hz
2/J)Sx

2 Y 2 I ′ Y2. (2.58)

These extra rotations around the x-axis are over angles many times 2π. We can optimise
this to the following operation:

X ′
j

.= ei π(1/2+hz
j/J−2 kj)S

x
j , (2.59)

where kj is an integer which can be chosen such that −1 < 1/2 + hz
j/J − 2 kj ≤ 1.

We have seen before that our choices for operations a far from unique; there are
many different, logically equivalent sequences that implement the CNOT gate on an
NMR QC. We have chosen to limit ourselves to the representations

CNOT1 = Y1X
′
1Y 1X

′
2Y 2I

′Y2, (2.60a)

CNOT2 = Y1X
′
1X

′
2Y 1Y 2I

′Y2, (2.60b)

CNOT3 = X1Y
′
1X

′
2Y 2X1I

′Y2. (2.60c)

On an ideal QC, the sequences (2.60a) – (2.60c) give identical results. On an NMR-like
QC they do not because operations such as X1 and X2 no longer commute. We will
use sequences (2.60a) – (2.60c) to demonstrate the quantum programming problem
(QPP).

2.3.3 Quantum Algorithms

On a conventional computer, an algorithm is a sequence of logical operations that
defines a one-to-one relation between the input and output data. We expect that a
conventional computer always returns the correct result, irrespective of the input. Also,
a QC should have correct (input, output) relationships. In contrast to a conventional
computer, a QC accepts as input linear superpositions of basis states and can return
superpositions as well. If a quantum gate correctly operates on each of the basis states,
it will also do so on any general linear superposition unless the operation generates
additional phase factors that depend on the input state. Of course this does not hap-
pen on an ideal QC, but on a realistic one it may. Above we have shown how to
reduce unwanted phase errors that result from imperfections of the one- and two-qubit
operations.

For each realization of QC hardware, there is a one-to-one correspondence between
the QA and the unitary matrix that transforms the superposition accordingly. A QA will
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operate correctly under all circumstances if the whole unitary matrix representing the
QA is a good approximation to the ideal one. In other words, the magnitude and the
phase of all matrix elements should be close to their ideal values. It is not sufficient to
have, for example, two different CNOT gates that operate correctly by themselves; the
relative phases that they produce should also match. For n qubits there are 2n(2n −1)
real numbers that specify the unitary matrix corresponding to a QA. All these numbers
should be close to their ideal values; otherwise the QA is bound to produce wrong
answers.

Experimental realizations of QC’s have not yet demonstrated that a QC can cor-
rectly compute the answer for inputs other than simple basis states. However, with the
QC hardware currently available, such a test is definitely within reach. The two simple
QA’s, (2.23) and (2.24) may be used for this purpose.

In general on a physical QC, (CNOT)2 �= � and hence (CNOT)5 in (2.23) and (2.24)
does not reduce to one CNOT operation. The effect of the physical implementation of
a QC on the logical operation of a QA will be most clear if we can distinguish errors due
to faulty input data from those that are intrinsic to the physics of the qubits. Therefore
we will provide the exact input state to the QA and compare the result returned by
the QA with the exact answer. This procedure simplifies the analysis but does not
touch the essence of the matter. We prepare |b1b2〉 and |singlet〉 = (|10〉 − |01〉)/√2
by starting from the state |00〉 and by performing exact rotations of the spins.

In the case of Grover’s database search algorithm, the representation of I in terms
of the time evolution of (2.53) reads

I = e−iπS1S2 = e−iτhz
1Sz

1 e−iτhz
2Sz

2 e−iτHNMR

= Y2 X ′′
2 Y 2 Y1 X ′′

1 Y 1 e−iτHNMR , (2.61)

where τ = −π/J . This choice of τ also fixes the angles of the rotations and, through
relations (2.47) and (2.48), also all parameters of the operations X ′′

1 and X ′′
2 .

2.4 Simulation

2.4.1 Model Parameters

The parameters of model (2.5), for which e−iτH implements the EO’s of the ideal
QC, are listed in Table 2-1. On an NMR-like QC, the one-qubit operations can be
implemented by applying SF pulses, as explained above. The two-qubit operation I ′

can be implemented by letting the system evolve in time according to Hamiltonian
HNMR, given by (2.53). I ′ is the same for both an ideal or NMR-like QC. Note that
the condition τJ = −π yields τ/2π = 1162790.6977, a fairly large number (compared
to our reference hz

1 = 1, see (2.7)).

The model parameters for the fixed and rotating SF’s are determined according to
the theory outlined above. We use the integer k to compute all free parameters and
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τ/2π hx
1 hx

2 hy
1 hy

2 hz
1 hz

2

X1 0.25 1 0 0 0 0 0
X2 0.25 0 1 0 0 0 0
Y1 0.25 0 0 1 0 0 0
Y2 0.25 0 0 0 1 0 0
X ′

1 1 -0.4477 0 0 0 0 0
X ′

2 1 0 -1.4244 0 0 0 0
Y ′

1 1 0 0 0.4477 0 0 0
X ′′

1 1 -0.6977 0 0 0 0 0
X ′′

2 1 0 -1.6744 0 0 0 0
I −1/2J 0 0 0 0 1 0.25
I ′ −1/2J 0 0 0 0 1 0.25

Table 2-1: Model parameters for the elementary operations on the ideal QC. Parame-
ters of model (2.5) that do not appear in this table are zero, except for the interaction

J = −0.43 × 10−6. The TDSE is solved using a time step δ/2π = 1.

the subscript s = 2kMN2 to label the results of the QC calculation. For reference, we
present the set of parameters corresponding to k = 1 for QC’s using fixed and rotating
SF in Tables 2-2 and 2-3, respectively. Multiplying s (the duration of the SF pulse)

τ/2π ω h̃x
1 h̃x

2 h̃y
1 h̃y

2

X1 8 1.00 0 0 -0.0625000 -0.0156250
X2 128 0.25 0 0 -0.0156250 -0.0039063
Y1 8 1.00 0.0625000 0.0156250 0 0
Y2 128 0.25 0.0156250 0.0039063 0 0
X ′

1 8 1.00 0 0 0.1119186 0.0279796
X ′

2 128 0.25 0 0 0.0890262 0.0222565
Y ′

1 8 1.00 -0.1119186 -0.0279796 0 0
X ′′

1 8 1.00 0 0 0.1744186 0.0436046
X ′′

2 128 0.25 0 0 0.1046512 0.0261628

Table 2-2: Model parameters of single-qubit operations on an NMR QC for the case
(k = 1, N = 1, M = 4); see (2.47) and (2.48). Parameters of model (2.5) that do
not appear in this table are zero, except for the interaction J = −0.43× 10−6 and the
constant magnetic fields hz

1 = 1 and hz
2 = 0.25. The TDSE is solved using a time step

δ/2π = 0.01.

with the unit of time (2 ns) shows that in our simulations, single-qubit operations are
implemented by using short SF pulses that are, in NMR terminology, non-selective and
hard.



48 Quantum Computer Hardware

τ/2π ω h̃x
1 , h̃y

1 h̃x
2 , h̃y

2 ϕx ϕy

X1 8 1.00 -0.0312500 -0.0078125 −π/2 0
X2 128 0.25 -0.0078125 -0.0039063 −π/2 0
Y1 8 1.00 0.0312500 0.0156250 0 π/2
Y2 128 0.25 0.0078125 0.0039063 0 π/2
X ′

1 8 1.00 0.0559593 0.0139898 −π/2 0
X ′

2 128 0.25 0.0445131 0.0111283 −π/2 0
Y ′

1 8 1.00 -0.0559593 -0.0139898 0 π/2
X ′′

1 8 1.00 0.0872093 0.0218023 −π/2 0
X ′′

2 128 0.25 0.0523256 0.0130914 −π/2 0

Table 2-3: Model parameters of single-qubit operations on an NMR QC using rotating
SF’s for the case (k = 1, N = 1, M = 4); see (2.47) and (2.48). Parameters of
model (2.5) that do not appear in this table are zero, except for the interaction J =
−0.43 × 10−6 and the constant magnetic fields hz

1 = 1 and hz
2 = 0.25. The TDSE is

solved using a time step δ/2π = 0.01.

2.4.2 Results

As a standard test, we execute all sequences on an implementation of the ideal QC
(see Table 2-1). They all give the exact answers (results not shown). Furthermore, the
results do not change if we put J = 0 in all single-qubit operations, which is not a
surprise in view of the fact that typical pulse durations are much smaller than 1/2|J |.
It is also necessary to rule out the possibility that the numerical results depend on
the time step δ used to solve the TDSE. The numerical error of the product formula
used by QCE is proportional to δ2 [DR87, dVDR93, DRM94]. It goes down by a factor
of about one hundred if we reduce the time step by a factor of 10. Within the two-
digit accuracy used to present our data, there is no difference between the results for
δ = 0.01 and δ = 0.001. Hence, we can be confident that we are solving the TDSE
with a sufficiently high accuracy.

In Table 2-4 we present simulation results for QA’s, QA1 and QA2 defined by (2.23)
and (2.24), respectively. It is clear that even the least accurate implementation (s = 8,
k = 1) nicely reproduces the correct answers if the input corresponds to one of the
four basis states. The corresponding entries for QA2 seem to suggest that CNOT1

is working well for s = 8. However, the result for s = 16 (k = 2) shows that the
apparently good result for s = 8 is accidental, as we might have expected on the basis
of criterion (2.46) (which in this case reads 24 � 1). In agreement with the theoretical
analysis of Section 2.3.A the results converge to the exact ones for sufficiently large k,
as shown in Table 2-4. For small s, the difference in the accuracy with which QA1 and
QA2 give the correct answer clearly shows that in order for a QA to work properly, it
is not sufficient to show that it correctly operates only when the input corresponds to
one of the basis states.
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EV O1|00〉 O1|01〉 O1|10〉 O1|11〉 Y1 O1|singlet〉
(1, 2) (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (1.00, 1.00)
(1, 2)8 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (0.90, 1.00)
(1, 2)16 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (0.03, 1.00)
(1, 2)32 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (0.58, 1.00)
(1, 2)64 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (0.88, 1.00)
(1, 2)256 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (0.99, 1.00)

Table 2-4: Expectation values (EV) of the two qubits as obtained by performing a
sequence of five CNOT operations (denoted by O1

.= (CNOT1)5) on a QC that uses
rotating SF’s to manipulate individual qubits. The initial states |01〉, |10〉, |11〉, and
|singlet〉 = (|10〉 − |01〉)/√2 have been prepared by starting from the state |00〉 and
performing exact rotations of the spins. The CNOT operations on the singlet state are
followed by a π/2 rotation of spin one to yield a non-zero value of qubit one. Hence
(a, b) denotes (〈ΦF |Q1|ΦF 〉, 〈ΦF |Q2|ΦF 〉), where |ΦF 〉 is the final state of the QC.
The subscript in (1, 2)s refers to the time s = τ/2π = 2kMN2 and determines the
duration and strength of the SF pulses through relations (2.47) and (2.48); see Table
2-3 for the example of the case s = 8. The CNOT operation itself was implemented by
applying sequence CNOT1 given by (2.60a). On an ideal QC, (CNOT)4 is the identity

operation. The results obtained on an ideal QC are given by (1, 2).

In the regime where phase errors are significant, the QA’s exhibit the QPP. This
is exemplified in Tables 2-5 and 2-6, where we show the results of using CNOT2 and
CNOT3 instead of CNOT1. For k < 32 there is a clear signature of the QPP: These

EV O2|00〉 O2|01〉 O2|10〉 O2|11〉 Y1 O2|singlet〉
(1, 2) (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (1.00, 1.00)
(1, 2)8 (0.24, 0.76) (0.24, 0.24) (0.76, 0.24) (0.76, 0.76) (0.98, 0.24)
(1, 2)16 (0.50, 0.26) (0.51, 0.74) (0.50, 0.74) (0.50, 0.26) (0.95, 0.74)
(1, 2)32 (0.20, 0.07) (0.20, 0.93) (0.80, 0.93) (0.80, 0.07) (0.98, 0.93)
(1, 2)64 (0.06, 0.02) (0.06, 0.98) (0.95, 0.98) (0.95, 0.02) (0.99, 0.98)
(1, 2)256 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (1.00, 1.00)

Table 2-5: Same as Table 2-4 except that instead of O1 sequence O2
.= (CNOT2)5

given by (2.60b) was used to perform the quantum computation.

logically identical QA’s are sensitive to the order in which the single-qubit operations
are carried out.

The results presented in Tables 2-4 through 2-6 have been obtained using rotating
SF’s. As explained above, in this case a single-qubit operation on qubit j exactly rotates
qubit j about the specified angle (but perturbs the state of the other spin). In Table 2-7
we present simulation results obtained by using SF in the x or y direction only. Then
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EV O3|00〉 O3|01〉 O3|10〉 O3|11〉 Y1 O3|singlet〉
(1, 2) (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (1.00, 1.00)
(1, 2)8 (0.23, 0.76) (0.23, 0.24) (0.77, 0.24) (0.77, 0.76) (0.79, 0.24)
(1, 2)16 (0.50, 0.26) (0.51, 0.74) (0.50, 0.74) (0.50, 0.26) (0.55, 0.74)
(1, 2)32 (0.20, 0.07) (0.20, 0.93) (0.80, 0.93) (0.80, 0.07) (0.82, 0.93)
(1, 2)64 (0.06, 0.02) (0.06, 0.98) (0.95, 0.98) (0.95, 0.02) (0.95, 0.98)
(1, 2)256 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (1.00, 1.00)

Table 2-6: Same as Table 2-4 except that instead of O1 sequence O3
.= (CNOT3)5

given by (2.60b) was used to perform the quantum computation.

EV O1|00〉 O1|01〉 O1|10〉 O1|11〉 Y1 O1|singlet〉
(1, 2) (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (1.00, 1.00)
(1, 2)8 (0.00, 0.03) (0.00, 0.97) (1.00, 1.00) (1.00, 0.00) (0.02, 0.98)
(1, 2)16 (0.00, 0.01) (0.00, 0.99) (1.00, 1.00) (1.00, 0.00) (0.45, 1.00)
(1, 2)32 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (0.17, 1.00)
(1, 2)64 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (0.70, 1.00)
(1, 2)256 (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (0.98, 1.00)

Table 2-7: Same as Table 2-4 except that instead of rotating SF’s, SF’s along either
the x or y-axis were used to manipulate individual qubits. See Table 2-2 for the example

of the set of model parameters for s = 8.

the single-spin rotation on spin j no longer corresponds to the exact one. Nevertheless,
as Table 2-7 shows, for sufficiently large s the results nicely converge to the correct
answers. Apparently, for a QA to compute correctly, it is more important to have the
phase errors under control than to perform very accurate single-spin rotations.

The very essence of QA’s is the use of entangled states at some stage of the
calculations. It is at this point that the QA is most sensitive to (accumulated) phase
errors. As another illustration of this phenomenon, we present in Tables 2-8 and 2-
9 some typical results obtained by executing Grover’s database search algorithm on
the same model QC’s as those used in the examples discussed above. We find that
reasonably good answers are obtained if s ≥ 32, in concert with the observations based
on QA’s QA1 and QA2.

The results discussed above show effects of imperfections in the physical implemen-
tation of single-qubit operations. Thereby we assumed that J and the static applied
fields hz

1 and hz
2 are fixed in time and known to very high precision. The Ising-model

time evolution was used to perform two-qubit operations, leaving only the duration of
this operation as a possible source for causing errors. In Table 2-10 we give examples of
the extreme sensitivity of a QA to the precision with which the parameters have to be
specified. Essentially, we repeated the calculation of Table 2-4 for s = 256 but made a
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EV zero one two three

(1, 2) (0.00, 0.00) (0.00, 1.00) (1.00, 0.00) (1.00, 1.00)
(1, 2)8 (0.48, 0.53) (0.55, 0.48) (0.52, 0.50) (0.45, 0.50)
(1, 2)16 (0.15, 0.16) (0.15, 0.84) (0.85, 0.15) (0.85, 0.85)
(1, 2)32 (0.04, 0.04) (0.04, 0.96) (0.96, 0.04) (0.96, 0.96)
(1, 2)64 (0.01, 0.01) (0.01, 0.99) (0.99, 0.01) (0.99, 0.99)
(1, 2)256 (0.00, 0.00) (0.00, 1.00) (1.00, 0.00) (1.00, 1.00)

Table 2-8: Expectation values (EV) of the two qubits as obtained by running Grover’s
database search algorithm on a QC that uses rotating SF’s to manipulate individual
qubits. Results are given for the possible item positions zero (2.27a), one (2.27b),
two (2.27c), and three (2.27d). The subscript in (1, 2)s refers to the time s = τ/2π =
2kMN2 and determines the duration and strength of the SF pulses through relations
(2.47) and (2.48); see Table 2-3 for the example of the case s = 8. The results obtained

on an ideal QC are given by (1, 2).

EV zero one two three

(1, 2) (0.00, 0.00) (0.00, 1.00) (1.00, 0.00) (1.00, 1.00)
(1, 2)8 (0.92, 0.91) (0.95, 0.10) (0.09, 0.91) (0.05, 0.09)
(1, 2)16 (0.39, 0.35) (0.36, 0.65) (0.61, 0.36) (0.64, 0.64)
(1, 2)32 (0.11, 0.10) (0.10, 0.90) (0.89, 0.10) (0.90, 0.90)
(1, 2)64 (0.03, 0.03) (0.03, 0.98) (0.97, 0.03) (0.97, 0.97)
(1, 2)256 (0.00, 0.00) (0.00, 1.00) (1.00, 0.00) (1.00, 1.00)

Table 2-9: Same as Table 2-8 except that instead of rotating SF’s, SF’s along either
the x or y-axis were used to manipulate individual qubits. See Table 2-2 for the example

of the set of model parameters for s = 8.

deliberate error in the specification of the duration of I ′. As Table 2-10 shows, an error
in the eighth digit can have a devastating effect on the outcome of the QC calculation.
This again is just another manifestation of the QPP but not really a surprise: During
the application of I ′ the spins rotate around the z-axis with their resonance frequen-
cies hz

1 and hz
2. A small deviation in τ/2π from its ideal value produces phase errors.

Note, however, that the integer part of τ/2π is also essential to perform the correct
conditional phase shift. Therefore, in practice it is necessary to specify the duration of
the time evolution I ′ to at least eight digits (for the case |J |/hz

1 ≈ 10−6).

2.5 Conclusions

On a physically realizable, non-ideal QC, operations that manipulate one particular
qubit also affect the state of other qubits. This may cause unwanted deviations from
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EV O1|00〉 O1|01〉 O1|10〉 O1|11〉 Y1 O1|singlet〉
(1, 2) (0.00, 0.00) (0.00, 1.00) (1.00, 1.00) (1.00, 0.00) (1.00, 1.00)

(1, 2)(1)
256 (0.00, 0.52) (0.00, 0.48) (1.00, 0.48) (1.00, 0.52) (0.99, 0.50)

(1, 2)(2)
256 (0.00, 0.16) (0.00, 0.84) (1.00, 0.87) (1.00, 0.13) (0.09, 0.85)

(1, 2)(3)
256 (0.00, 0.00) (0.00, 0.00) (1.00, 1.00) (1.00, 1.00) (0.99, 1.00)

(1, 2)(4)
256 (0.00, 0.13) (0.00, 0.87) (1.00, 0.84) (1.00, 0.10) (0.01, 0.85)

(1, 2)(5)
256 (0.00, 0.48) (0.00, 0.52) (1.00, 0.48) (1.00, 0.52) (0.99, 0.50)

Table 2-10: Same as Table 2-4 except for a change in the duration of the operation I ′.
(1, 2)(1)

256: τ/2π = 1162790.4977; (1, 2)(2)
256: τ/2π = 1162790.5977; (1, 2)(3)

256: τ/2π =
1162790.6977 (correct value); (1, 2)(4)

256: τ/2π = 1162790.7977; (1, 2)(5)
256: τ/2π =

1162790.8977.

the ideal motion of the total system and lead to practical problems of programming
QC’s: An implementation of a QA that works well on one QC may fail on others.

We have classified the various physical sources that lead to deviations. The most
obvious one originates from the fact that other spins cannot be kept still during an
operation on one particular spin. If these spins do not return to their original state
when this operation is over, the quantum computation is unlikely to give correct an-
swers [DRHM+00a].

Proper optimisation of the parameters that control the single-qubit operations can
largely eliminate this source of errors. However, even if the operation gives almost
exact results for all basis states, the operation is not necessarily perfect. That is, the
operation generally yields a global phase factor which depends on the input states.
Therefore, when such an operation is applied on a linear combination of the basis
states, the relative phases of the basis states change, resulting in incorrect quantum
computation. This is a second source of deviations from correct QC operation.

We have derived additional conditions on the parameters that control the single-
qubit operations and have obtained the conditions for reliable quantum computation.
Unfortunately, these conditions cannot be satisfied simultaneously. They can, however,
be satisfied to any precision by increasing the duration of the single-qubit operations.
Using the control-NOT gate and Grover’s search algorithm as examples, we have given
concrete demonstrations of how the above-mentioned problems arise and how they can
be solved.

At this moment, we do not know how to stabilise the quantum computation by
controlling the evolution of the state of a closed quantum system. In a classical com-
puter, the presence of dissipation enables reliable computation. However, dissipation
seems detrimental to QC operation. Therefore, at this moment, the only option is to
perform each operation as perfectly as possible. In this section we showed how this
may be done.
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The condition on the commensurability of the precession frequencies of the indi-
vidual qubits leads to an increase of the execution time of single-qubit operations.
Unless the precession frequencies of the qubits are the same to great precision, the
execution time will grow rapidly with the number of qubits and substantially limit the
speed of quantum computation. Therefore, new techniques have to be developed to
compensate for this loss in efficiency. Quantum error correction schemes that work well
on an ideal QC require many extra qubits and many additional operations to detect
and correct errors. On a physical QC, however, the error-correction qubits will suffer
from the same deficiencies as those exposed in this chapter. Possibly, the clever use of
dissipation processes may help to perform automatic error correction [BW00]. All this
puts considerable demands on the technology to fabricate qubits. It remains a great
challenge to demonstrate that a QC of many qubits can perform a genuine computation
in less time than a conventional computer.
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3 Eigenvalues

The calculation of the distribution of eigenvalues of very large matrices is a central
problem in quantum physics. This distribution determines the thermodynamic prop-
erties of the system (see below). It is directly related to the single-particle density of
states (DOS) or Green’s function. In a one-particle (e.g., one-electron) description,
knowledge of the DOS suffices to compute the transport properties [Mah81].

The most direct method of computing the DOS, i.e., all the eigenvalues, is to
diagonalise the matrix H representing the Hamiltonian of the system. This approach
has two obvious limitations: The number of operations increases as the third power of
the dimension D of H and, perhaps most importantly, the amount of memory required
by state-of-the-art algorithms grows as D2 [Wil65, GV83]. This scaling behaviour limits
the application of this approach to matrices of dimension D = O(10000), which is too
small for many problems of interest. What is needed are methods that scale linearly
with D.

There has been considerable interest in developing “fast” (i.e., O(D)) algorithms
to compute the DOS and other similar quantities. One such algorithm and an ap-
plication of it to electron motion in disordered alloy models was given by Alben et
al. [ABKS75]. In this approach the DOS is obtained by solving the time-dependent
Schrödinger equation (TDSE) of a particle moving on a lattice, followed by a Fourier
transform of the retarded Green’s function [ABKS75]. Using the unconditionally stable
split-step Fast Fourier Transform (FFT) method to solve the TDSE, it was shown that
the eigenvalue spectrum of a particle moving in continuum space can be computed
in the same manner [FFS82]. Fast algorithms of this kind proved useful in studying
various aspects of localisation of waves [DRdV89, KO96, OK97] and other one-particle
problems [INH+97, NIZ+97, NIZ+99, IE99a, IE99b, IE00].

Application of these ideas to quantum many-body systems triggered further devel-
opment of flexible and efficient methods to solve the TDSE. Based on Suzuki’s product
formula approach, an unconditionally stable algorithm was developed and used to com-
pute the time-evolution of two-dimensional S=1/2 Heisenberg-like models [dVDR93].
Results for the DOS of matrices of dimension D ≈ 1000000 were reported [dVDR93].
A potentially interesting feature of these fast algorithms is that they may run very
efficiently on a quantum computer [DRHM+00b, AL99].

A common feature of these fast algorithms is that they solve the TDSE for a sample
of randomly chosen initial states. The efficiency of this approach as a whole relies on
the hypothesis (suggested by the central limit theorem) that satisfactory accuracy can
be achieved by using a small sample of initial states. Experience not only shows that
this hypothesis is correct, it strongly suggests that for a fixed sample size the statistical
error on physical quantities such as the energy and specific heat decreases with the
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dimension D of the Hilbert space [DRHM+00b].
In view of the general applicability of these fast algorithms to a wide variety of

quantum problems, it seems warranted to analyse in detail their properties and the
peculiarD dependence in particular. In Sections 3.1 and 3.2, we recapitulate the essence
of the approach. We present a rigorous estimate for the mean square error (variance)
on the trace of a matrix. In Section 3.3 we describe the imaginary-time version of
the method. The statistical analysis of the numerical data is discussed in Section 3.4.
Section 3.5 describes the model systems that are used in our numerical experiments.
The algorithm used to solve the TDSE is reviewed in Section 3.6. In Section 3.7 we
derive rigorous bounds on the accuracy with which all eigenvalues can be determined
and demonstrate that this accuracy decreases linearly with the time over which the
TDSE is solved. The results of our numerical calculations are presented in Section 3.8
and our conclusions are given in Section 3.9.

3.1 Theory

The trace of a matrix A acting on a D-dimensional Hilbert-space spanned by an
orthonormal set of states {|φn〉} is given by

Tr A =
D∑

n=1

〈φn|Aφn〉. (3.1)

Note that according to (3.1) we have Tr 1 = D. If D is very large one might think of
approximating Eq. (3.1) by sampling over a subset of K (K � D)“important” basis
vectors. The problem with this approach is that the notion “important” may be very
model-dependent. Therefore it is better to sample in a different manner. We construct
a random vector |ψ〉 by choosing D complex random numbers, cn

.= fn + ign, with
mean 0, for n = 1 . . .D, so

|ψ〉 =
D∑

n=1

cn|φn〉, (3.2)

and calculate

〈ψ|Aψ〉 =
D∑

n,m=1

c∗mcn〈φm|Aφn〉. (3.3)

If we now sample over S realizations of the random vectors {ψ} and calculate the
average, we obtain

1
S

S∑
p=1

〈ψp|Aψp〉 =
1
S

S∑
p=1

D∑
n,m=1

c∗m,pcn,p〈φm|Aφn〉. (3.4)
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Assuming that there is no correlation between the random numbers in different re-
alizations and that the random numbers fn,p and gn,p are drawn from an even and
symmetric (both with respect to each variable) probability distribution (see Appendix C
for more details), we have

lim
S→∞

1
S

S∑
p=1

c∗m,pcn,p = E
(|c|2) δm,n, (3.5)

where E (.) denotes the expectation value with respect to the probability distribution
used to generate the cn,p’s. In the r.h.s of (3.5) the subscripts of cn,p have been dropped
to indicate that the expectation value does not depend on n or p. It follows immediately
that

lim
S→∞

1
S

S∑
p=1

〈ψp|Aψp〉 = E
(|c|2)Tr A = E

(|c|2) D∑
n=1

〈φn|Aφn〉, (3.6)

showing that we can compute the trace of A by sampling over random states {ψp},
provided there is an efficient algorithm to calculate 〈ψp|Aψp〉 (see Section 3.6).

According to the central limit theorem, for a large but finite S we have

1
S

S∑
p=1

c∗m,pcn,p = E
(|c|2) δm,n + O

(
1√
S

)
, (3.7)

meaning that the statistical error on the trace vanishes like 1/
√
S, which is not sur-

prising. What is surprising is that one can prove a much stronger result as follows: let
us first normalise the cn,p’s so that, for all p,

D∑
n=1

|cn,p|2 = 1. (3.8)

This innocent looking step has far reaching consequences. First we note that the
normalisation renders the method exact in (the rather trivial) case that the matrix A
is proportional to the unit matrix. The price we pay for this is that for fixed p, the
cn,p are now correlated but that does not cause problems (see Appendix C). Second it
follows that E

(|c|2) = 1/D.
Obviously the error can be written as

Tr A− D

S

S∑
p=1

〈ψp|Aψp〉 = TrRA, (3.9)

where

Rm,n
.= δm,n − D

S

S∑
p=1

c∗m,pcn,p, (3.10)
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is a traceless (due to Eq. (3.8)) Hermitian matrix of random numbers. We put X =
TrRA and compute E(|X|2). The result for the general case can be found in Ap-
pendix C. For a uniform distribution of the cn,p’s on the hyper-sphere defined by∑D

n=1 |cn,p|2 = 1 the expression simplifies considerably and we find

E
(
|TrRA|2

)
=
DTrA†A− |TrA|2

S(D + 1)
, (3.11)

an exact expression for the variance in terms of the sample size S, the dimension D of
the matrix A and the (unknown) constants TrA†A and |TrA|.

Invoking a generalisation of Markov’s inequality [GS92]

P(|X|2 ≥ a) ≤ E(|X|2)
a

; ∀ a > 0, (3.12)

where P(Q) denotes the probability for the statement Q to be true. We find that the
probability that |TrRA|2 exceeds a fraction a of |TrA|2 is bounded by

P
( |TrRA|2

|TrA|2 ≥ a

)
≤ 1
aS (D + 1)

DTrA†A− |TrA|2
|TrA|2 ; ∀ a > 0, (3.13)

or, in other words, the relative statistical error eA on the estimator of the trace of A
is given by

eA
.=

√
DTrA†A− |TrA|2
S(D + 1)|TrA|2 , (3.14)

if TrA 	= 0. We see that eA = 0 if A is proportional to a unit matrix. From (3.14)
it follows that, in general, we may expect eA to vanish with the square root of SD.
The prefactor is a measure for the relative spread of the eigenvalues of A and is
obviously model dependent. The dependence of eA on S, D and the spectrum of A is
corroborated by the numerical results presented below.

It is also of interest to examine the effect of not normalising the cn,p’s. A calculation
similar to the one that lead to the above results yields

eA =

√
TrA†A
S|TrA|2 . (3.15)

Clearly this bound is less sharp and does not vanish if A is proportional to a unit matrix.

3.2 Real-Time Method

The distribution of eigenvalues or density of states (DOS) of a quantum system is
defined as

D(ε) =
D∑

n=1

δ(ε− En) =
1
2π

∫ ∞

−∞
eitε Tr e−itH dt, (3.16)
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where H is the Hamiltonian of the system and n runs over all the eigenvalues of H.
The DOS contains all the physical information about the equilibrium properties of the
system. For instance the partition function, the energy, and the heat capacity are given
by

Z =
∫ ∞

−∞
dεD(ε) e−β ε, (3.17a)

E =
1
Z

∫ ∞

−∞
dε εD(ε) e−β ε, (3.17b)

C = β2

(
1
Z

∫ ∞

−∞
dε ε2 D(ε) e−β ε − E2

)
, (3.17c)

respectively. Here β = 1/kBT and kB is Boltzmann’s constant (we put kB = 1 and
� = 1 from now on).

As explained above the trace in the integral (3.16) can be estimated by sampling
over random vectors. For the statistical error analysis discussed below it is convenient
to define a DOS-per-sample by

dp(ε)
.=

1
2π

∫ ∞

−∞
eitε 〈ψp|e−itHψp〉dt, (3.18)

where the subscript p labels the particular realization of the random state |ψp〉. The
DOS is then given by

D(ε) = lim
S→∞

1
S

S∑
p=1

dp(ε). (3.19)

Schematically the algorithm to compute dp(ε) consists of the following steps:

1. Generate a random state |ψp(0)〉, set t = 0.

2. Copy this state to |ψp(t)〉.
3. Calculate 〈ψp(0)|ψp(t)〉 and store the result.

4. Solve the TDSE for a small time step τ , replacing |ψp(t)〉 by |ψp(t+ τ)〉 (see
Section 3.6 for model specific details).

5. Repeat N times from Step 3.

6. Perform a Fourier transform on the tabulated result and store dp(ε).

In practice the Fourier transform in Eq. (3.16) is performed by the Fast Fourier
Transform (FFT). We use a Gaussian window to account for the finite time τN used in
the numerical time-integration of the TDSE. The number of time step N determines
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the accuracy with which the eigenvalues can be computed. In Section 3.7 we prove
that this systematic error in the eigenvalues vanishes as 1/τN .

Since for any reasonable physical system (or finite matrix) the smallest eigenvalue
E0 is finite, for all practical purposes dp(ε) = 0 for ε < ε0 < E0. The value of ε0 is
easily determined by examination of the bottom of spectrum. To compute Z, E, or C
we simply replace the interval [−∞,+∞] by [ε0,+∞].

3.3 Imaginary-Time Method

The real-time approach has the advantage that it yields information on all eigenvalues
and can be used to compute both dynamic and static properties without suffering from
numerical instabilities. However for the computation of the thermodynamic properties,
the imaginary-time version is more efficient. We will use the imaginary-time method
as an independent check on the results obtained by the real-time algorithm.

Repeating the steps that lead to Eq. (3.17a) we find

Z = Tr exp(−βH) = lim
S→∞

1
S

S∑
p=1

〈ψp| exp(−βH)ψp〉, (3.20)

with similar expressions for E and C.
Furthermore we have

〈ψp|Hne−βHψp〉 = 〈e−βH/2ψp|Hne−βH/2ψp〉, (3.21)

assuming H is Hermitian. Therefore we only need to propagate the random state for
an imaginary time β/2 instead of β. Furthermore we do not need to perform an FFT.
Disregarding these minor differences, the algorithm is the same as in the real-time case
with τ replaced by −iτ .

3.4 Error Analysis

Estimating the statistical error on the partition function Z is easy because it depends
linearly on the trace of the (imaginary) time evolution operator. However the error on
E and C depends on this trace in a more complicated manner and this fact has to be
taken into account.

First we define

zp
.=
∫ ∞

ε0

dε dp(ε) e−βε, (3.22a)

hp
.=
∫ ∞

ε0

dε dp(ε) ε e−βε, (3.22b)

wp
.=
∫ ∞

ε0

dε dp(ε) ε2 e−βε, (3.22c)
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for the real-time method and

zp
.= 〈ψp|e−βHψp〉, (3.23a)

hp
.= 〈ψp|He−βHψp〉, (3.23b)

wp
.= 〈ψp|H2e−βHψp〉, (3.23c)

for the imaginary-time method.
For each value of β we generate the data {zp}, {hp}, and {wp}, for p = 1, . . . , S.

For both cases we have

Z = lim
S→∞

z, (3.24a)

E = lim
S→∞

h

z
, (3.24b)

C = lim
S→∞

β2

(
w

z
− h

2

z2

)
, (3.24c)

where x
.= S−1

∑S
p=1 xp. The standard deviations on z, h, and w are given by

δz =

√
var(z)
S − 1

, (3.25a)

δh =

√
var(h)
S − 1

, (3.25b)

δw =

√
var(w)
S − 1

, (3.25c)

where var(x) .= x2 − x2 denotes the variance on the data {xp}. However the sets of
data {zp}, {hp} and {wp} are correlated since they are calculated from the same set
{|ψp〉}. These correlations in the data are accounted for by calculating the covariance
matrix Mk,l (k, l = 1, . . . , 3) the elements of which are given by xkxl − xk xl, where
{x1}, {x2}, and {x3} are a shorthand for {zp}, {hp}, and {wp} respectively. The
estimates for the errors in Z, E and C are given by

δZ2 =
1

S − 1
δz2, (3.26a)

δE2 =
1

S − 1

3∑
k,l=1

Mk,l
dE

dxk

dE

dxl
, (3.26b)

δC2 =
1

S − 1

3∑
k,l=1

Mk,l
dC

dxk

dC

dxl
, (3.26c)

where E = h/z and and C = β2(w/z − h
2
/z2).
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3.5 Exactly Solvable Spin-1/2 Models

The most direct way to assess the validity of the approach described above is to
carry out numerical experiments on exactly solvable models. In this paper we con-
sider three different exactly solvable models, two spin one-half chains and a mean-field
spin one-half model. The former have a complicated spectrum, the latter has a highly
degenerate eigenvalue distribution. These spin models differ from those studied else-
where [dVDR93, DRHM+00b] in that they belong to the class of integrable systems.

3.5.1 Spin Chains

Open spin chains of L sites described by the Hamiltonian

H = −J
L−1∑
i=1

(σx
i σ

x
i+1 + ∆σy

i σ
y
i+1) − h

L∑
i=1

σz
i , (3.27)

where σx
i , σy

i , and σz
i denote the Pauli matrices and J , ∆ and h are model parameters,

can be solved exactly. They can be reduced to diagonal form by means of the Jordan-
Wigner transformation [LSM61]. We have

H =
L∑

i,j=1

[
c+i Ai,jcj +

1
2

(
c+i Bi,jc

+
j + cj B

∗
j,ici

)]
+ hL, (3.28)

where c+i and ci are spin-less fermion operators and

Ai,j = −J(1 + ∆)(δi,j−1 + δi−1,j) − 2hδi,j, (3.29a)

Bi,j = −J(1 − ∆)(δi,j−1 − δi−1,j), (3.29b)

are L×L matrices. By further canonical transformation this Hamiltonian can be written
as

H =
L∑

k=1

Λk

(
nk − 1

2

)
+

1
2

TrA+ hL, (3.30)

where nk is the number operator of state k and the Λk’s are given by the solution of
the eigenvalue equation

(A−B)(A+B)φk = Λ2
k φk. (3.31)

In the general case this eigenvalue problem of the L × L Hermitian matrix (A −
B)(A+B) is most easily solved numerically. In the present paper we confine ourselves
to two limiting cases: The XY model (∆ = 1) and the Ising model in a transverse field
(∆ = 0).
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3.5.2 Mean Field Model

The Hamiltonian of the mean-field model reads

H = −J
L

L∑
i>j=1

	σi · 	σj − h
L∑

i=1

σz
i , (3.32)

and can be rewritten as

H = −2
J

L
	S · 	S − 2hSz +

3
2
J, (3.33)

with

	S =
1
2

L∑
i=1

	σi. (3.34)

The single spin-L/2 Hamiltonian has eigenvalues

El,m = −2Jl(l + 1)/L− 2hm+
3
2
J, (3.35)

with degeneracy

nl,m =
2l + 1

L/2 + l + 1

(
L

L/2 − l

)
. (3.36)

This rather trivial model serves as a test for the case of highly degenerate eigenvalues.

3.6 Time Evolution

For the approach outlined in Sections 3.2 and 3.3 to be of practical use it is necessary
that the matrix elements of the exponential of H can be calculated efficiently. The
purpose of this section is to describe how this can be done.

The general form of the Hamiltonians of the models we study is

H = −
L∑

i,j=1

∑
α=x,y,z

Jα
i,jσ

α
i σ

α
j −

L∑
i=1

∑
α=x,y,z

hα
i σ

α
i , (3.37)

where the first sum runs over all pairs P of spins, σα
i (α = x, y, z) denotes the α-th

component of the spin one-half operator representing the i-th spin. For both methods,
we have to calculate the evolution of a random state, i.e., U(τ)|ψ〉 .= exp(−iτH)|ψ〉
or U(τ)|ψ〉 .= exp(−τH)|ψ〉 for the real and imaginary time method respectively. We
will discuss the real-time case only, the imaginary-time problem can be solved in the
same manner.
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Using the semi-group property U(t1)U(t2) = U(t1+t2) we can write U(t) = U(τ)m

where t = mτ . Then the main step is to replace U(τ) by a symmetrised product-formula
approximation [DR87]. For the case at hand it is expedient to take

U(τ) ≈ Ũ(τ) .=e−iτHz/2e−iτHy/2e−iτHxe−iτHy/2e−iτHz/2, (3.38)

where

Hα = −
L∑

i,j=1

Jα
i,jσ

α
i σ

α
j −

L∑
i=1

hα
i σ

α
i ; α = x, y, z. (3.39)

Other decompositions [dVDR93, SMK77] work equally well but are somewhat less
efficient for the cases at hand. In the real-time approach Ũ(τ) is unitary and hence
the method is unconditionally stable [DR87] (also the imaginary-time method can be
made unconditionally stable). It can be shown that ‖U(τ) − Ũ(τ)‖ ≤ sτ3 (s > 0 a
constant) 1, implying that the algorithm is correct to second order in the time step
τ [DR87]. Usually it is not difficult to choose τ so small that for all practical purposes
the results obtained can be considered as being “exact”. Moreover, if necessary, Ũ(τ)
can be used as a building block to construct higher-order algorithms [DRDR83, Suz85,
DRM94, Suz95]. In Appendix D we will derive bounds on the error in the eigenvalues
when they are calculated using a symmetric product formula.

As basis states {|φn〉} we take the direct product of the eigenvectors of the Sz
i

(i.e., spin-up |↑i〉 and spin-down |↓i〉). In this basis, e−iτHz/2 changes the input state by
altering the phase of each of the basis vectors. As Hz is a sum of pair interactions it is
trivial to rewrite this operation as a direct product of 4x4 diagonal matrices (containing
the interaction-controlled phase shifts) and 4x4 unit matrices. Still working in the
same representation, the action of e−iτHy/2 can be written in a similar manner but
the matrices that contain the interaction-controlled phase-shift have to be replaced
by non-diagonal matrices. Although this does not present a real problem it is more
efficient and systematic to proceed as follows: let us denote by X(Y ) the rotation by
π/2 of each spin about the x(y)-axis. As

e−iτHy/2 = XX†e−iτHy/2XX† = Xe−iτH′
z/2X†, (3.40)

it is clear that the action of e−iτHy/2 can be computed by applying to each spin,
the inverse of X followed by an interaction-controlled phase-shift and X itself. The
prime in (3.40) indicates that Jz

i,j and hz
i in Hz have to be replaced by Jy

i,j and hy
i

respectively. A similar procedure is used to compute the action of e−iτHx . We only
have to replace X by Y .

1‖X‖ denotes the spectral norm of the matrix X, see [Wil65, GV83].
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3.7 Accuracy of the Computed Eigenvalues

First we consider the problem of how to choose the number of time steps N to ob-
tain the DOS with acceptable accuracy. According to the Nyquist sampling theorem
employing a sampling interval ∆t = π/maxi |Ei| is sufficient to cover the full range
of eigenvalues. On the other hand the time step also determines the accuracy of the
approximation Ũ(τ). Let us call the maximum value of τ that gives satisfactory accu-
racy τ0 (for the imaginary-time method, this is the only parameter). For the examples
treated here τ0 < ∆t, implying that we have to use more steps to solve the TDSE than
we actually use to compute the FFT. Eigenvalues that differ less than ∆ε = π/N∆t
cannot be identified properly. However since ∆ε ∝ N−1 we only have to extend the
length of the calculation by a factor of two to increase the resolution by the same
factor.

At first glance the above reasoning may seem to be a little optimistic. It apparently
overlooks the fact that if we integrate the TDSE over longer and longer times the
error on the wave function also increases (although it remains bounded because of the
unconditional stability of the product formula algorithm). In fact it has been shown
that in general [DR87]

‖e−itH |ψ(0)〉 − Ũm(τ)|ψ(0)〉‖ ≤ cτ2t, (3.41)

where t = mτ , suggesting that the loss in accuracy on the wave function may well
compensate for the gain in resolution that we get by using more data in the Fourier
transform. Fortunately this argument does not apply when we want to determine the
eigenvalues as we now show. As before we will discuss the real-time algorithm only be-
cause the same reasoning (but different mathematical proofs) holds for the imaginary-
time case.

Consider the time-step operator (52). Using the fact that any unitary matrix can
be written as the matrix exponential of a Hermitian matrix we can write

Ũ(τ) = e−iτHz/2e−iτHy/2e−iτHxe−iτHy/2e−iτHz/2 .= e−iτH̃(τ). (3.42)

It is clear that in practice the real-time method yields the spectrum of H̃(τ), not the
one of H. Therefore the relevant question is: How much do the spectra of H̃(τ) and
H differ? In Appendix B we give a rigorous proof that the difference between the
eigenvalues of H̃(τ) and H vanishes as τ2. In other words the value of m (or t = mτ)
has no effect whatsoever on the accuracy with which the spectrum can be determined.
Therefore the final conclusion is that the error in the eigenvalues vanishes as τ2/N

where N is the number of data points used in the Fourier transform of Tr e−itH̃(τ).
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Figure 3-1: The density of states (DOS) for the XY model as obtained from the
real-time algorithm for spin chains of length L = 15 and for S = 20 random initial

states.

3.8 Results

We write our results in units of J and take h = 0, except for the Ising model in a
transverse field, where we take h = 0.75J . The random numbers cn,p are generated
such that the conditions Eqs. (C.3) and (C.4) are satisfied. We use two different
techniques to generate these random numbers:

1. A uniform random number generator produces {fn,p} and {gn,p} with −1 ≤
fn,p, gn,p ≤ 1. We then normalise the vector (see Eq. (3.8)).

2. The cn,p’s are obtained from a two-variable (real and imaginary part) Gaussian
random number generator and the resulting vector is normalised.

Both methods satisfy the basic requirements Eqs. (C.3) and (C.4) but because the
first samples points out of a 2D-dimensional hypercube and subsequently projects the
vector onto a sphere, the points are not distributed uniformly over the surface of the unit
hyper-sphere. The second method is known to generate numbers that are distributed
uniformly over the hyper-surface. Although the first method does not satisfy all the
mathematical conditions that lead to the error (3.14), our numerical experiments with
both generators give identical results, within statistical errors of course. Also, within the



3.8 Results 67

statistical errors, the results from the imaginary and real-time algorithm are the same.
Therefore we only show some representative results as obtained from the real-time
algorithm.
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Figure 3-2: The density of states (DOS) for the Ising model as obtained from the
real-time algorithm for spin chains of length L = 15 and for S = 20 random initial

states.

In Fig. 3-1 we show a typical result for the DOS D(ε) of the XY model, in Fig. 3-2
the Ising model in a transverse field, and in Fig. 3-3 the mean-field model, all with
L = 15 spins and using S = 20 samples. Because of the very high degeneracy we
plotted the DOS for the mean-field model on a logarithmic scale.

In Figs. 3-4, 3-5, and 3-6 we show the relative error δZ/Z based on Eq. (3.26a) for
the three models of various size, as obtained from the simulation (symbols). For these
figures we used the imaginary-time algorithm, because then the statistical error can be
related to eA directly (see Eq. (3.14) with A = exp(−βH)). The theoretical results
(lines) for the error estimate, obtained by a direct exact numerical evaluation of (3.14)
are shown too. We conclude that for all systems, lattice sizes and temperatures there
is very good agreement between numerical experiment and theory.

Results for the energy E and specific heat C are presented in Fig. 3-7 (XY model),
3-8 (Ising model in a transverse field), and 3-9 (mean-field model). The solid lines
represent the exact result for the case shown. Simulation data as obtained from S = 5
and S = 20 samples are represented by symbols, the estimates of the statistical error
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Figure 3-3: The density of states (DOS) for the Mean-field model as obtained from
the real-time algorithm for spin chains of length L = 15 and for S = 20 random initial
states. A logarithmic scale was used to show the highly-degenerate spectrum more

clearly.

by error bars. We see that the data are in excellent agreement with the exact results
and equally important, the estimate for the error captures the deviation from the exact
result very well. We also see that in general the error decreases with the system size.
Both the imaginary and real-time method seem to work very well, yielding accurate
results for the energy and specific heat of quantum spin systems with modest amounts
of computational effort.

3.9 Conclusions

The theoretical analysis presented in this chapter gives a solid justification of the
remarkable efficiency of the real-time equation-of-motion method for computing the
distribution of all eigenvalues of very large matrices. The real-time method can be
used whenever the more conventional, Lanczos-like, sparse-matrix techniques can be
applied: Memory and CPU requirements for each iteration (time-step) are roughly the
same (depending on the actual implementation) for both approaches.

We do not recommend using the real-time method if one is interested in the smallest
(or largest) eigenvalue only. Then the Lanczos method is computationally more efficient
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Figure 3-4: The relative error δZ/Z (see Eq. (3.26a)) on a logarithmic scale for the
XY model as a function of temperature T

.= 1/β and for various system sizes. Solid
lines: eA (with A = e−βH , see Eq. (3.14)) for L = 6; dashed lines: eA for L = 10;
dash-dotted line: eA for L = 15. Crosses: Simulation data for S = 20 and L = 6;
squares: Simulation data for S = 20 and L = 10; circles: Simulation data for S = 20

and L = 15.

because it needs less iterations (time-steps) than the real-time approach. However if
one needs information about all eigenvalues and direct diagonalisation is not possible
(because of memory/CPU-time) there is as yet no alternative to the real-time method.
The matrices used in this example (up to 32768×32768) are not representative in this
respect: The real-time method has been used to compute the distribution of eigenvalues
for matrices of dimension 16777216 × 16777216 [dVDR93].

Once the eigenvalue distribution is known the thermodynamic quantities directly
follow. However if one is interested in the accurate determination of the temperature
dependence of thermodynamic (and static correlation functions) properties but not in
the eigenvalue distribution itself, the imaginary-time method is by far the most efficient
method to compute these quantities. For instance the calculation of the thermodynamic
properties for βJ = 0, . . . , 10 of a 15-site spin one-half system (i.e., implicitly solving
the full 32768×32768 eigenvalue problem) takes 1410 seconds per sample on a Mobile
Pentium III 500 Mhz system.

Finally we remark that although we used quantum-spin models to illustrate various
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Figure 3-5: The relative error δZ/Z (see Eq. (3.26a)) on a logarithmic scale for the
Ising model as a function of temperature T

.= 1/β and for various system sizes. Solid
lines: eA (with A = e−βH , see Eq. (3.14)) for L = 6; dashed lines: eA for L = 10;
dash-dotted line: eA for L = 15. Crosses: Simulation data for S = 20 and L = 6;
squares: Simulation data for S = 20 and L = 10; circles: Simulation data for S = 20

and L = 15.

aspects, there is nothing in the real or imaginary-time method that is specific to the
models used. The only requirement for these methods to be useful in practice is that
the matrix is sparse and (very) large.
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Figure 3-6: The relative error δZ/Z (see Eq. (3.26a)) on a logarithmic scale for the
Mean-field model as a function of temperature T

.= 1/β and for various system sizes.
Solid lines: eA (with A = e−βH , see Eq. (3.14)) for L = 6; dashed lines: eA for
L = 10; dash-dotted line: eA for L = 15. Crosses: Simulation data for S = 20 and
L = 6; squares: Simulation data for S = 20 and L = 10; circles: Simulation data for

S = 20 and L = 15.
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Figure 3-7: Energy (left column) and specific heat (right column) of the XY-model
(see (3.27)) with ∆ = 1 and h = 0. Left: L = 6; middle: L = 10; right: L = 15. Solid
lines: Exact result. crosses: Simulation data using S = 5 samples; squares: Simulation

data using S = 20 samples. Error bars: One standard deviation.
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Figure 3-9: Energy (left column) and specific heat (right column) of the mean-field
model (see (3.32)) with h = 0. Left: L = 6; middle: L = 10; right: L = 15. Solid lines:
Exact result. crosses: Simulation data using S = 5 samples; squares: Simulation data

using S = 20 samples. Error bars: One standard deviation.



4 Macroscopic Tunnelling of Magnetisation

Magnetisation dynamics of nano-scale magnets, i.e., systems like Mn12-acetate and Fe8

have been studied experimentally and theoretically lately [FSTZ96, TLB+96, HZL+97,
LTB+97, SOP+97, WS99, PBH+98]. These molecules are the endpoint of the path to
ever smaller magnets. They are called molecular nanomagnets. Because they are small
but still have a relatively high magenetic moment, they posses interesting magnetic
properties. At sufficiently low temperatures quantum effects are observed, due to the
discreteness of the energy levels involved. When the magnetisation of a crystal of
such molecules is measured during a sweep of the external magnetic field, a staircase
hysteresis loop is obtained, see Fig. 4-1. The steep parts of the staircase correspond

Figure 4-1: Magnetisation steps in a hysteresis loop published by Thomas et
al. [TLB+96].

to the values of the external magnetic field where there is a crossing of adiabatic
energy levels. Several aspects of this quantum effect were studied in [Miy95, Miy96,
DRMS+97, MSDR98, DZ97, Gun97]. In a zero-temperature calculation, one finds that
the magnetisation can only change in steps, very similar to the steps observed in recent
experiments on high-spin molecules Mn12-acetate and Fe8.
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4.1 Qualitative Description

The lowest energy levels of Mn12-acetate can be described qualitatively using a spin
10 Hamiltonian,

H = −DS2
z − HSz, (4.1)

where D ≈ 0.61K and H is the external magnetic field. For these molecules this D is
relatively high; it induces an anisotropy, because states with components in the x − y
plane have higher energies than the ones more parallel to the z-axis. It is expedient to
express energies in units of Kelvin. Since this Hamiltonian trivially commutes with Sz,
the eigenstates of Sz are also eigenstates of H. So the energy levels of the system are
given by

Em = −Dm2 − Hm, (4.2)

where m = −10,−9, . . . , 10 label the eigenvalues of Sz . The quantum numbers repre-
sent a degree of freedom in phase space, which is the “angle” of the molecular magnet
with respect to the z axis. A plot of these levels as a function of the external magnetic
field is given in Fig. 4-2. A crossing between two levels (Em = En) occurs at values
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Figure 4-2: Magnetic field dependent energy spectrum of a toy model for a spin 10
molecule.

of the external magnetic field for which

H = −D(m + n), (4.3)
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hence at integer values times D. We can see that this also corresponds to the distance
between the steps in Fig. 4-1 (Where the magnetic field strength is given in Tesla,
so D = 0.46T ). This corroborates the idea that something special happens at the
crossing of the energy levels. Let us look more closely at a potential mechanism that
would lead to a hysteresis loop like the one shown in Fig. 4-1. As an example we
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Figure 4-3: Double well picture of transitions between magnetic eigenstates. The top
picture is the double well analogy of a system of spin 5/2. The arrows inside the left
potential denote the “direction” of the spin. The depth of the wells is regulated by
the external magnetic field. The size of the solid circle denotes the weight of a certain
state. The middle graph denotes the spectrum of the system and the bottom graph
denotes the measured magnetisation. The dashed vertical line with the arrow beneath

it points at the strength of the magnetic field at which the snapshot was taken.

take a spin 5/2 system and look at five snapshots at different points in time, see
Fig. 4-3. At a sufficiently large negative time t0, i.e., strongly negative magnetic field
H, the system is prepared in the ground state. We assume that the temperature is
lower than the difference in the lowest two energy levels, making sure that for a large
part, the system will remain in the ground state, as the system evolves to the time t1.
At this time, the first level crossing occurs. If we would only allow for semi-classical
fluctuations (between neighbouring levels in phase space) then there would be nothing
special about two levels at the same depth in both wells; the transition rate would not
be changed much by this fact. Another argument against semi-classical transition is
that for spin 10 system it is highly improbable. We already noted that the temperature
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was lower than the distance between two neighbouring (in phase space) levels, which
renders the probability for a transition between those levels, let us call it p, small. For a
spin 10 to make the transition from one minimum to the other, we need 20 consecutive
transitions with probability p. This event would have a probability of the order p20,
which is therefore highly unlikely. The idea that semi-classical fluctuations are not the
main cause for the transition is further supported by experimental data which shows
that at sufficiently low temperatures, the transition probability becomes independent
of temperature [PBH+98].

In practice, however, the transition probability is much larger at crossings of the
involved energy level with another; this is a sign of direct tunnelling between the
respective levels. Shortly after this time t1 a fraction of the system will still be in the
former ground state and the other fraction (the size of which depends on the transition
probability) will be in the new ground state. Between the times t1 and t2 there is no
crossing of levels, hence both fractions do not change, and hence the magnetisation
remains constant. At the time t2 another crossing is reached, but now the crossing is
no longer with the new ground but with an energy level just above this ground state.
Another fraction will tunnel to this state, but now thermal transition from this state
to the lower lying ground state becomes possible, because it involves only a single step
in phase space. After time t2, therefore, the system is either in the old ground state or
in the new one. At time t3 a similar transition to the last one happens, albeit now that
the thermal transition down the right well might take a bit longer. Finally, at t4 no
more tunnelling transitions are possible, after which the magnetisation should remain
stable for a reasonable time.

4.2 Tunnelling

Let us now look in more detail at what we think is happening at the crossing. The basic
quantum mechanical tunnelling mechanism for systems in a time-dependent potential
was already described in the thirties by Landau, Zener, and Stückelberg [Lan32, Zen32,
Stü32] and is now, not surprisingly, known as the Landau-Zener-Stückelberg (LZS)
mechanism (Although sometimes Stückelberg is left out). In Appendix E we give a
detailed derivation of the mechanism, the upshot of which is that the basic transition
probability between two states with crossing energy levels is given by

p = 1 − e−π (∆E)2/(2�|ε̇2−ε̇1|), (4.4)

where the ε̇i’s are speeds with which the energies of both states change and ∆E is
the energy gap between them (see Appendix E). For our purpose we need to look at
crossings of levels with general magnetisation. Say we have a crossing of a state with
magnetisation m1 (being the eigenvalue of Sz) with a state with magnetisation m2,
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then

ε1 = −g µB m1 H(t), (4.5a)

ε2 = −g µB m2 H(t), (4.5b)

where H(t) is the time-dependent external magnetic field and

H(t) = H0 t, (4.6)

H0 > 0, (4.7)

m1 < m2. (4.8)

Therefore, the probability for the system to tunnel from state m1 to state m2 is

p = 1 − exp
−π (∆E)2

2 � g µB H0 (m2 − m1)
, (4.9)

We put all the quantities in units of Kelvin, so

H ′(t) =
g µB

kB
H(t), (4.10)

∆E′ =
1

kB
∆E, (4.11)

we have

p = 1 − exp
−π kB(∆E′)2

2 � H ′
0 (m2 − m1)

. (4.12)

For tunnelling to take place, the argument of the exponent needs to be at least of
order 1. Say m2 − m1 is also of order 1 (although for Mn12 it can be as large as 20).
This means we should have

2 × 1011(∆E′)2

H ′
0

≈ O(1), (4.13)

which means for ∆E′

∆E′ � 2 × 10−6
√

H ′
0 ≈ 3 × 10−6

√
H0. (4.14)

In experiment [PBH+98] a typical value is H0 = 0.0085T/s, giving

∆E′ � 3 × 10−7Kelvin. (4.15)

In Fig. 4-4 we show experimental hysteresis data of Mn12, for which we clearly see a
finite transition probability at crossing points of the level with m = −10 and the levels
with m = 3, 2, 1, 0,−1. Also note the flat plateaus between the crossings, indicating
that at this temperature (0.199K), thermal transitions hardly play a role.
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Figure 4-4: Experimental data for a sweep of the external magnetic field at a very low
(0.199K) temperature. Courtesy of Perenboom et al. [PBH+98].

4.3 Splittings

What causes this energy splitting ∆E? If the Hamiltonian would commute with Sz

like in the toy model given in Eq. (4.1), then no transition could take place, because
the expectation value of Sz would have to remain the same. Clearly we need a term in
the Hamiltonian that does not commute with Sz , like for instance the term Γσx (see
Appendix E). We will call these contributions non-diagonal.

We have studied several spin 10 model Hamiltonians for the Mn12 system (from
[PBH+98]), and more complicated ones containing more structure of the molecule
(from [KDH99]), by exact numerical diagonalisation at the points of the crossings. It
turned out that the splittings we found were always smaller than the numerical error,
which was about 10−12K.

A hand-waving argument for this is that the non-diagonal terms, like Sx or the
Dzyaloshinsky-Morya [Dzy58, Mor60] (DM) terms, make a coupling between states
which are only one or two magnetisation levels apart. Then perturbatively, we would
need about 10−20 of such couplings in succession. Hence the resulting splitting would
be of the order (Γ/D)10−20, where Γ is the strength of the off-diagonal coupling and
D the average strength of the diagonal couplings, which is usually at least an order of
magnitude bigger than Γ. So the resulting splitting from low order off diagonal terms
will be much smaller than the 10−7K needed for a reasonable tunnelling probability.

But of course it is not really that surprising that using models that were made
to describe O(100K) physics, like neutron scattering, we get incorrect answers for
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O(10−7K) physics. Using an effective spin 10 Hamiltonian to describe an interacting
system like Mn12, consisting of eight Mn3+ ions having spin 2 and four Mn4+ ions
having spin 3/2, clearly gives incorrect predictions for the energy splittings. It is highly
doubtful indeed whether a simplified model, be it spin 10 or a more involved one, would
be able to produce the correct splittings. Of course these models do seem to work very
well for the energy/temperature range for which they were devised. A more detailed
foundation is given in De Raedt et al. [DRHD+02]. To study the tunnelling effect more
quantitatively, one would have to use less complicated molecules.

There are, however, other aspects that influence the tunnelling probability. We saw
that the temperature in the experiments is low enough to inhibit thermal transitions.
But the temperatures will again be much larger than the splitting. Furthermore, the
time-scale and therefore the range of the of the external magnetic field that is traversed
“during” the transition is also of the order of the splitting size. We can therefore imagine
that very small (but larger than the size of the splitting) fluctuations in the external
magnetic field cause the system to pass the crossing back and forth several times,
hence significantly increasing the crossing probability.

The influence of finite temperature on the transition probability and the relaxation
to the lowest level is described in mathematical detail in Saito et al. [SMDR99], al-
though this article did not cover the effect of a fluctuation in the external magnetic
field.

4.4 Feedback

For the remainder of this chapter, however, we will concentrate on an more fundamen-
tal, zero-temperature effect—namely, the influence of the molecule being embedded in
a crystal of identical molecules.

In the crystal, the magnetic field felt by a particular molecule is the sum of the
external field and the internal field due to the presence of other magnetic molecules.
As the inter-molecular magnetic couplings in these materials are weak compared to
the intra-molecular interaction between the spins, it seems reasonable to consider the
former as a perturbation. We will show that this argument fails in the case of LZS tran-
sitions. The point is that the LZS transition probability depends on the rate of change
of the effective magnetic field at the crossing, which can be changed significantly by
the presence of the internal magnetic field. The magnetisation steps are found to be
strongly affected by the type of interactions among molecules. We call this mechanism
Feedback Effect on Magnetisation Steps (FEMS).
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Figure 4-5: Magnetization dynamics of the Mn12-acetate model (4.16), for several
values for the intermolecular coupling, λ = −0.005 (top curve), −0.003, −0.001, 0,

0.003 (bottom curve).

4.5 Numerical Illustrations

We first illustrate the effect for the case of the Mn12-acetate molecules. As a model
Hamiltonian for this S = 10 system we take [PBH+98]

H = −D1 S2
z − D4 (S4

x + S4
y + S4

z ) − c t sin θ Sx − (c t cos θ + λ 〈Sz〉) Sz.

(4.16)

Compared to the model of [PBH+98] the extra feature in Hamiltonian (4.16) is the
presence of a mean-field term, the strength of which we parameterise by λ. It is clear
that in this mean-field approach any new effect appears as a result of global changes
of the internal field generated by all the molecules and not due to local fluctuations
which should be treated separately [PS96]. It is important to note that FEMS is due
to the internal spin dynamics and is also present in the absence of interactions with
other degrees of freedom[GBJC87, AR89, AR91, SS93, LL00b, LL00a, WSC+00].

Quantitative results for the zero-temperature non-equilibrium dynamics of model
(4.16) can only be obtained through a numerical integration of the Schrödinger equa-
tion. Using standard techniques [DRMS+97] we compute the magnetisation steps for
several values of λ. The results for D1 = 0.64, D4 = 0.004, tilt angle θ = 1◦ and sweep
rate c = 0.001 (see [PBH+98], in dimensionless units) are shown in Fig. 4-5. It is clear
that the dynamics of the internal field can change the size of the magnetization steps
considerably. FEMS is observed for all λ �= 0. Note that the values of |λ| we used are
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Figure 4-6: Magnetization dynamics of the S = 2 model (4.17), for several values for
the intermolecular coupling, λ = −0.03 (top curve), −0.02, −0.01, 0, 0.01 (bottom

curve).

not unrealistic (|λ| ≈ D4 � D1), but rather small if we relate λ to the dipole-dipole
interaction which would yield a λ which is 10 − 100 times larger[Wer99].

At very low temperatures experiments [PBH+98] show steps at lower values of H
than the ones at which we observe steps in our calculation. In fact, for the set of model
parameters given in (4.16) a much slower sweep rate c, much too slow for numerical
calculations, is required if we want to study the effect of the internal field at all level
crossings.

Therefore it is expedient to turn to a toy model inspired by the one used to describe
Fe8 [WS99]. We take a S = 2 model with the following Hamiltonian [WS99]:

H = −D S2
z + E( S2

x − S2
y) + Γ Sx − (c t + λ 〈Sz〉)Sz, (4.17)

where we take D = 1, E = 0.08 and Γ = 0.08. These parameters are chosen such
that we get two steps with a probability of about one half.

In Fig. 4-6 we show the magnetization during a sweep of the magnetic field, with
a sweep rate c = 0.01, for several values of λ. We see that the FEMS effect is large.
The transition probabilities are given in Table 4-1. We clearly see a large change in the
transition probabilities due to the presence of the internal field.
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λ −0.03 −0.02 −0.01 0 0.01
Step 1 0.23 0.17 0.15 0.13 0.12
Step 2 0.90 0.78 0.59 0.48 0.40

Table 4-1: Transition probabilities corresponding to the steps in Fig. 4-6.

4.6 Mean-Field Approach

A deeper understanding of the origin of the FEMS effect can be obtained by considering
the system of N S = 1/2 molecules described by the Hamiltonian

H =
N∑

i=1


−Γ σx

i − J
N∑

j>i

σz
i σz

j + c t σz
i


 , (4.18)

where c is the sweep rate, Γ is the transverse field and J determines the interaction
strength between the molecules (|J | � Γ). For simplicity we consider couplings be-
tween z-components only and assume the coupling between the molecules to be the
same. Since |J | is small, we assume that we can make a mean-field-like approximation.
The occurrence of FEMS does not depend on these simplifications (see below). This
yields a Hamiltonian of a single molecule in a background field:

H = −Γ σx − (c t + λ 〈σz〉) σz, (4.19)

where λ ∝ J is an effective interaction. The system is prepared in the ground state,
corresponding to a large negative time t, and the magnetic field is swept with constant
velocity, until a large positive time is reached. Then, in the LZS case with λ = 0, the
transition probability is given by the well-known LZS formula p = 1 − exp(−π Γ2/c).
For λ �= 0 we write the Schrödinger equation corresponding to (4.19) in component
form:

i u′ =
(−c t − λ (2 |u|2 − 1)

)
u − Γ d, (4.20a)

i d′ =
(
c t + λ (2 |u|2 − 1)

)
d − Γ u, (4.20b)

where we also have the normalisation condition |u|2+ |d|2 = 1. From numerical simula-
tions (see below) we find that the tunnelling is suppressed (enhanced) by the presence
of a feedback term with positive (negative) λ. This can be understood in terms of a
changed effective sweep rate at the point of the transition. Because the effective mag-
netic field at the position of the molecule is given by c t + λ (2 |u|2 − 1), the effective
sweep rate would be c + λd 〈σz〉/dt.

If λ is small but non-zero, the mean field term only contributes at the point of the
crossing. A Taylor expansion around the point of the transition tc (to be determined
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later) gives,

u(t) = u0 + u1 (t − tc) + O((t − tc)2), (4.21)

and a similar expression for d(t). We insert this expansion in (4.20a) and (4.20b) and
obtain

i ũ′(t̃) = −c̃ t̃ ũ(t̃) − Γ d̃(t̃), (4.22a)

i d̃′(t̃) = c̃ t̃ d̃(t̃) − Γ ũ(t̃), (4.22b)

with t̃ = t − tc, c̃ = c + 4λ�(u0 u∗
1) is the renormalised sweep rate, and were �(u)

is denoting the real part of u. We define tc as the point at which c t + λ 〈σz〉 changes
sign, so

tc =
λ

c

(
1 − 2 |u0|2

)
. (4.23)

This enables us to write ũ0 = u0 and ũ1 = u1. To determine these constants we use
Zener’s solution [Zen32, AS65] (see also Appendix E) and the properties of Weber
functions. We find

|u0|2 =
π

4
δ e−π δ/4

∣∣∣∣ 1
Γ(1 + i δ/4)

∣∣∣∣
2

=
1
2
(
1 − (1 − p)2

)
, (4.24)

where p is the new probability for crossing, i.e., p = 1 − exp(−π Γ2/c̃) and δ = Γ2/c̃,
and tc = λ (1 − p)2 /c. The shift of the field at which the transition occurs can be
written as ∆H = λ (1 − p)2. To determine c̃ we calculate

�(u0 u∗
1) =

√
c̃

π δ

2
e−δ π/4 � e−i π/4

Γ (1 + i δ/4) Γ (1/2 − i δ/4)
. (4.25)

We find that (4.25) can be approximated by

�(u0 u∗
1) ≈

√
π c̃

8
δ e−δ π/4, (4.26)

with an error of maximally 10% (see Fig. 4-7). Within this approximation, c̃ is given
by the implicit equation

c̃ ≈ c + λΓ2
√

2π/c̃ e−Γ2 π/4 c̃. (4.27)

A simple relation can be obtained by replacing c̃ by c on the right hand side. Then

c̃ ≈ c + λΓ2
√

2π/c e−π Γ2/4 c, (4.28)

and

p ≈ 1 − exp

(
−π Γ2

c

1
1 + λΓ2

√
2π/c3 e−Γ2 π/4 c

)
. (4.29)
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Figure 4-7: Transition probability as a function of λ/
√

c, with Γ2/c such that in the
LZS case, p = 1/2. The solid line is based on a numerical integration of (4.19), the
crosses are taken from a simulation of four interacting S = 1/2 spins and the dashed

line is based on (4.29).

The resulting probabilities are shown in Fig. 4-7. The resulting probabilities based on a
numerical solution of (4.26) or (4.27) for c̃ show similar behaviour. Also shown are the
results obtained from the exact numerical solution of the Schrödinger equation (4.19).
As a test of the validity of the mean-field approximation we also show the result of
four interacting S = 1/2 spins, where we assumed λ = (N − 1) J . Clearly the exact
results confirm the validity of the mean-field approximation and the simple analytic
expression (4.29).

For values of λ below approximately −2.0 the description in terms of a renormalised
sweep rate breaks down, which can also be seen from the singularity in the argument
of the exponent in eq. (4.29). This is because the picture of a simple, single crossing
breaks down and the effective magnetic field at the position of the spin will no longer be
a strictly increasing function of time. We conclude that the expression (4.29) captures
the main features of FEMS at a single crossing.

The relevant parameters, controlling the size of FEMS, are Γ/
√

c and λ/
√

c. Only
for S=1/2 the energy-level splitting is directly proportional to Γ2. For the high-spin
molecules this is not case (see above), in particular for the levels with large |m|.
Although in these cases the effective energy level-splitting that enters the approximate
two-level description can be small, a rather small value of λ can nevertheless change
the transition probability significantly.
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4.7 Conclusions

We have shown that the magnetisation steps in the hysteresis loops of clusters of high-
spin molecules may depend sensitively on the change of the internal magnetic field at
these steps. This implies that the dynamics of this internal fields has to be incorporated
in a description of the magnetisation dynamics, even if its magnitude appears to be
small compared to the other model parameters (for large spin). At finite temperatures
the effect described in this chapter will be enhanced further due to the thermalisation
to states with lower energy and larger magnetisation [SMDR99].
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A Notation

A.1 Operators in Expressions

a = b Expression a equals expression b, either explicitly or implicitly.
a
.= b a is by definition expression b.

a ≡ b Expression a is equivalent to expression b.
The equivalence class should be clear from the context.

a ∝ b Expression a is proportional to expression b.
In connecting to quantum computers the absolute value of the
proportionality factor equals 1.

a ≈ b Expression a is approximately equal to expression b.
a ≡ b(mod c) The difference between expression a and b is a multiple of c,

and should not be confused with the next operator.
a = bmod c Expression a is the remainder of the division of b by c.
�a� The largest integer smaller than or equal to a.
�a� The smallest integer bigger than or equal to a.

Table A-1: Operators used in expressions

A.2 Qubits and Bytes

Every algorithm, be it classical or quantum, uses one or several variables or registers
that consist(s) of a number of (qu-)bits. If we use a quantum two-level system to
represent our qubit, it is convenient to label these two levels as |0〉 and |1〉. The state
|ψ〉 of a the total memory consisting of M qubits can be expressed in terms of a basis
of all the possible Kronecker products of the qubit states,

{
M times︷ ︸︸ ︷

|0〉 ⊗ |0〉 ⊗ · · · ⊗ |0〉,
M times︷ ︸︸ ︷

|0〉 ⊗ |0〉 ⊗ · · · ⊗ |1〉, · · · ,
M times︷ ︸︸ ︷

|1〉 ⊗ |1〉 ⊗ · · · ⊗ |1〉︸ ︷︷ ︸
2M vectors

}. (A.1)

A much more convenient notation would be to use shorthand notation

|00101b〉 .= |0〉 ⊗ |0〉 ⊗ |1〉 ⊗ |0〉 ⊗ |1〉, (A.2)

for instance. Where the subscript b denotes a binary representation. Even shorter would
be to use a decimal notation for this number,

|5〉 .= |00101b〉. (A.3)
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This will be our default notation. Furthermore, if our memory consists of more, logically
distinct variables, we will use the notation |x, y〉 or |x〉|y〉. So, for instance, if an
algorithm uses two four-qubit registers, we could have

|10, 5〉 = |10100101b〉 = |1〉 ⊗ |0〉 ⊗ |1〉 ⊗ |0〉 ⊗ |0〉 ⊗ |1〉 ⊗ |0〉 ⊗ |1〉. (A.4)

We will also use variables to denote whole registers. When these variables are sub-
scripted, we are referring to the individual qubits, so

|b〉 = |bL−1〉 ⊗ |bL−2〉 ⊗ · · · ⊗ |b1〉 ⊗ |b0〉, (A.5)

where

b =
L−1∑
i=0

bi2i. (A.6)

Hence the order of the subscripts will be from the least significant qubit to the most
significant.
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B.1 Euclid’s Algorithm

Euclid’s Algorithm is an efficient algorithm to find the greatest common divisor (gcd)
of two numbers. Let us suppose we want to find the gcd of n1 and n2. So we are
looking for the number r, such that

n1 = rc1, (B.1a)

n2 = rc2, (B.1b)

where c1 and c2 are coprime, i.e., they contain no common factors. Say n1 > n2, then
it is clear that n1 can be written as

n1 = k2n2 + n3, (B.2)

where n3 is given by

n3
.= n1 modn2. (B.3)

It is obvious that n3 < n2. We continue this process by defining

nl−1
.= klnl + nl+1, (B.4)

and calculating

nl+1
.= nl−1 modnl. (B.5)

Since nl+1 < nl, at some point we will have np+1 = 0, for finite p. This means that np

is a divisor of np−1, which by virtue of Eq. (B.4) automatically means that it is a divisor
of np−2 too. From Eq. (B.4) one can see that the biggest number that divides nl−1

and nl simultaneously also has to divide nl+1, so gcd(nl−1, nl) = gcd(nl−1, nl+1) =
gcd(nl, nl+1), etc. and finally we have gcd(n1, n2) = np. If we back-substitute the
relation (B.4) into np, we obtain

np = gcd(n1, n2) = an1 + bn2, (B.6)

which means that if n1 and n2 are coprime, we have

an1 + bn2 = 1, (B.7)

and therefore

an1 ≡ 1 (modulo n2), (B.8)
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or

a ≡ n−1
1 (modulo n2). (B.9)

This means that coprime numbers always have what is called multiplicative inverses,
modulo each other.

B.2 Chinese Remainder Theorem

This theorem goes as follows: say we have a number x, which satisfies

x ≡ a1 (modulo m1),
...

x ≡ ak (modulo mk), (B.10)

and the mi are all coprime, meaning

gcd(mi,mj) = 1, ∀i �= j. (B.11)

The set of equations (B.10) has a unique solution in the range 0 < x ≤ m1m2 . . .mk.
It is fairly straightforward to construct the solution to Eq. (B.10). We define M =
m1m2 . . .mk and also Mi = M/mi. We have gcd(mi,Mi) = 1 and so, from the
previous section we can define a multiplicative inverse

Ni ≡M−1
i (modulo mi), (B.12)

so

NiMi ≡ 1 (modulo mi), (B.13)

the complete solution to Eq. (B.10) is then given by

x = (a1N1M1 + a2N2M2 + · · · + akNkMk) modM. (B.14)

B.3 Continued Fractions

Every positive rational number can be written as continued fraction, i.e., as

ξ = a0 +
1

a1 + 1
a2+ 1

···+ 1
aN

, (B.15)

where a0 ≥ 0 and a1, a2, · · · , aN > 0. A short-hand notation for such a continued
fraction is [a0, a1, · · · , aN ]. If we introduce the extra condition that aN > 1, then the
map of ξ to [a0, a1, · · · , aN ] is unique.
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We look at (B.15) and note that the fraction is always smaller than 1. So we have

a0 = �ξ� . (B.16)

We define η0 = 1/(ξ − a0), we then have

η0 = a1 +
1

a2 + 1
···+ 1

aN

, (B.17)

which leaves with a new continued fraction, so η0 = [a1, a2, · · · , aN ]. Thus we find
the recurrence relation

an+1 = �ηn� , (B.18a)

ηn+1 = 1/(ηn − an+1), (B.18b)

which we can continue until ηn = 0.
We can also define a recurrence relation starting from the opposite direction. We

define

ξn = [a0, a1, · · · , an], (B.19)

with 0 ≤ n ≤ N , which is called the n-th convergent of ξ. This convergent can be
written as a fraction ξn = pn/qn where pn and qn are coprime. We see that

p0 = a0, q0 = 1, (B.20)

p1 = a1a0 + 1, q1 = a1, (B.21)

then continuing, if we look closely at (B.15), we have

pn = anpn−1 + pn−2, (B.22a)

qn = anqn−1 + qn−2. (B.22b)

Thus, given the number ξ, we use (B.18) to determine the an’s, after which we
use (B.22) to determine the convergents ξn.
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C Expectation Value Calculation

In this appendix we calculate the expectation value of the error squared, as defined in
Section 3.1. By definition we have

E
(
|TrRA|2

)
= E



∣∣∣∣∣∣ 1S

S∑
p=1

D∑
m,n=1

(
δm,n −D c∗m,pcn,p

)
Am,n

∣∣∣∣∣∣
2

=
1
S2

S∑
p,p′=1

D∑
k,l,m,n=1

(
δk,lδm,n −D δk,lE(c∗m,pcn,p)

−D δm,nE(ck,p′c
∗
l,p′) +D2E(c∗m,p cn,p ck,p′ c

∗
l,p′)
)
A∗

k,lAm,n,

(C.1)

where p and p′ label the realization of the random numbers cn,p
.= fn,p + ign,p.

First we assume that different realizations p �= p′ are independent implying that

E(c∗m,p cn,p ck,p′ c
∗
l,p′)p�=p′ = E(c∗m,p cn,p)E(ck,p′ c

∗
l,p′). (C.2)

Second we assume that the random numbers are drawn from a probability distribution
that is an even function of each variable

P (f1,p, g1,p, f2,p, g2,p, . . . , fk,p, gk,p, . . . , fD,p, gD,p)
= P (f1,p, g1,p, f2,p, g2,p, . . . ,−fk,p, gk,p, . . . , fD,p, gD,p)
= P (f1,p, g1,p, f2,p, g2,p, . . . , fk,p,−gk,p, . . . , fD,p, gD,p), (C.3)

and symmetric under interchange of any two variables

P (f1,p, g1,p, . . . , fi,p, gi,p, . . . , fj,p, gj,p, . . . , fD,p, gD,p)
= P (f1,p, g1,p, . . . , fj,p, gi,p, . . . , fi,p, gj,p, . . . , fD,p, gD,p)
= P (f1,p, g1,p, . . . , gi,p, fi,p, . . . , fj,p, gj,p, . . . , fD,p, gD,p), (C.4)

for all i, j, k = 1, . . . , D. This is most easily done by drawing individual numbers from
the same even probability distribution, i.e.,

P (f1,p, g1,p, . . . , fj,p, gi,p, . . . , fi,p, gj,p, . . . , fD,p, gD,p) =
D∏

n,m=1

P (fn,p)P (gm,p),

(C.5)
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where P (x) = P (−x). Normalising the vector (f1,p, g1,p, . . . , fD,p, gD,p) such that the

norm
∑D

i=1 |cn,p|2 = 1 (for p = 1, . . . , S) does not affect the basic requirements (C.3)
and (C.4).

Making use of the above properties of P (f1, g1, . . . , fD, gD) we find that

E(c∗m,pcn,p) = δm,nE(|cm,p|2) = δm,nE(|c|2), (C.6)

where in the last equality we omitted the subscripts of cm,p to indicate that the ex-
pectation value does not depend on m or p. An expectation value of a product of two
c∗’s and two c’s can be written as

E(c∗m,p cn,p ck,p′ c
∗
l,p′) =(1 − δp,p′)δm,nδk,lE(|cm,p|2)E(|cm,p′ |2)

+ δp,p′δm,nδk,l(1 − δmk)E(c∗m cm ck c
∗
k)

+ δp,p′δm,kδn,l(1 − δm,n)E(c∗m cn cm c∗n)
+ δp,p′δm,lδn,k(1 − δm,n)E(c∗m cn cn c

∗
m)

+ δp,p′δm,lδn,kδm,nE(c∗m cm cm c∗m)

=(1 − δp,p′)δm,nδk,lE(|c|2)2
+ δp,p′δm,nδk,l(1 − δm,k)E(|cm,p|2 |ck,p|2)
+ δp,p′δm,kδn,l(1 − δm,n)E(|cm,p|2 |cn,p|2)
+ δp,p′δm,lδn,k(1 − δm,n)E(c∗m,p cn,p cn,p c

∗
m,p)

+ δp,p′δm,lδn,kδm,nE(|cm,p|4). (C.7)

Furthermore for m �= n we have

E(c∗m,p cn,p cn,p c
∗
m,p)

=E((f2
m,p − 2ifm,pgm,p − g2

m,p)(f
2
n,p + 2ifn,pgn,p − g2

n,p))

=E(f2
m,pf

2
n,p) + 2iE(f2

m,pfn,pgn,p) − E(f2
m,pg

2
n,p)

− 2iE(fm,pgm,pf
2
n,p) + 4E(fm,pfn,pgm,pgn,p) + 2iE(fm,pgm,pg

2
n,p)

− E(g2
m,pf

2
n,p) − 2iE(g2

m,pfn,pgn,p) + E(g2
m,pg

2
n,p)

=E(f2
m,pf

2
n,p) − E(g2

m,pf
2
n,p) −E(f2

m,pg
2
n,p) + E(g2

m,pg
2
n,p)

=0. (C.8)

By symmetry E(|cm,p|2 |cn,p|2) does not depend on m, n or p and the same holds for
E(|cm,p|4).

The fact that the vector (c1,p, . . . , cD,p) is normalised yields the identities

E

(
D∑

n=1

|cn,p|2
)

=
D∑

n=1

E(|cn,p|2) = DE(|c|2) = E(1) = 1, (C.9)
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and

E


( D∑

n=1

|cn,p|2
)2

 =

D∑
m,n=1

E(|cn,p|2|cm,p|2)

=
D∑

n=1

E(|cn,p|4) +
D∑

m,n=1

(1 − δm,n)E(|cn|2|cm|2)

= DE(|c|4) +D(D − 1)E(|c|2|c′|2) = E(1) = 1, (C.10)

where c and c′ refer to two different complex random variables. Therefore we have

E(|c|2) = 1/D, (C.11)

and

E(|c|2|c′|2) =
1 −DE(|c|4)
D(D − 1)

. (C.12)

Substitution into (C.7) yields

E(c∗m,p cn,p ck,p′ c
∗
l,p′) = (1 − δp,p′)δm,nδk,lD

−2 + δp,p′
1 −DE(|c|4)
D(D − 1)

× (δm,nδk,l(1 − δm,k) + δm,kδn,l(1 − δm,n))

+ δp,p′δm,lδn,kδm,nE(|c|4). (C.13)

and the final result for the variance reads

E
(
|TrRA|2

)
=

1
S

(
D −D2E(|c|4)

D − 1
TrA†A+

1 −D2E(|c|4)
D − 1

|TrA|2

+
(D + 1)D2E(|c|4) − 2D

D − 1

D∑
n=1

|An,n|2
)
. (C.14)

An expression for the fourth moment E(|c|4) cannot be derived from general prop-
erties of the probability distribution or normalisation of random vector. We can only
make progress by specifying the former explicitly. As an example we take a probability
distribution such that for each realization p the random numbers fn,p and gn,p are
distributed uniformly over the surface of a 2D-dimensional sphere of radius 1. This
probability distribution can be written as

P (f1, g1, f2, g2, . . . , fD, gD) ∝ δ(f2
1 + g2

1 + f2
2 + g2

2 + . . .+ f2
D + g2

D − 1),
(C.15)
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where we omitted the subscript p because it is irrelevant for what follows. The even
moments of |cn| = (f2

n + g2
n)1/2 are defined by

E(|c|2M ) =

∫∞
−∞(f2

1 + g2
1)

Mδ(f2
1 + g2

1 + . . .+ f2
D + g2

D − 1)df1 . . . dgD∫∞
−∞ δ(f2

1 + g2
1 + . . .+ f2

D + g2
D − 1)df1dg1df2dg2 . . . dfDdgD

.

(C.16)

It is expedient to introduce an auxiliary integration variable X by∫∞
−∞XMδ(f2

1 + g2
1 −X)δ(f2

2 + g2
2 + . . .+ f2

D + g2
D − (1 −X))dXdf1 . . . dgD∫∞

−∞ δ(f2
1 + g2

1 + . . .+ f2
D + g2

D − 1)df1dg1df2dg2 . . . dfDdgD
.

(C.17)

We can perform the integration over X last and regard (C.17) as the M -th moment
of the variable X with respect to the probability distribution

P (X) =

∫∞
−∞ δ(f2

1 + g2
1 −X)δ(f2

2 + g2
2 + . . .+ f2

D + g2
D − 1 +X)df1 . . . dgD∫∞

−∞ δ(f2
1 + g2

1 + . . .+ f2
D + g2

D − 1)df1dg1 . . . dfDdgD
.

(C.18)

The calculation of P (X) amounts to computing integrals of the form

IN (X) =
∫ ∞

−∞
δ

(
N∑

n=1

x2
n −X

)
dx1dx2 . . . dxN . (C.19)

Changing to spherical coordinates we have

IN (X) =
2πN/2

Γ(N/2)

∫ ∞

0
rN−1δ(r2 −X)dr =

πN/2

Γ(N/2)
XN/2−1θ(X), (C.20)

yielding

P (X) =
I2(X)I2D−2(1 −X)

I2D(1)
= (D − 1)(1 −X)D−2θ(X) θ(1 −X). (C.21)

The moments E(|c|2M ) are given by

E(|c|2M ) =
∫ ∞

−∞
XMP (X)dX = (D − 1)

∫ 1

0
XM (1 −X)D−2dX

=
Γ(D)Γ(1 +M)

Γ(D +M)
, (C.22)

and the values of interest to us are

E(|c|0) = 1, E(|c|2) =
1
D
, E(|c|4) =

2
D(D + 1)

, (C.23)
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where the first two results provide some check on the procedure used. Substitut-
ing (C.23) into (C.14) yields

E
(
|TrRA|2

)
=
DTrA†A− |TrA|2

S(D + 1)
. (C.24)
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D Error Bounds

Here we prove that the difference between the eigenvalues of the Hermitian matrix
A + B and those obtained from the approximate time-evolution with the operator
exp(zA/2) exp(zB) exp(zA/2) (z = −iτ,−τ) is bounded by τ2. In the following we
assume A and B are Hermitian matrices and take τ a real, non-negative number.

D.1 Imaginary-Time

We start with the imaginary-time case. We define the difference R(τ) by

R(τ) .=eτ(A+B) − eτA/2eτBeτA/2

=
1
4

∫ τ

0
dλ

∫ λ

0
dµ

∫ µ

0
dνeλA/2eλB{e−νB[2B, [A,B]]eνB

+ eνA/2[A, [A,B]]e−νA/2}eλA/2e(τ−λ)(A+B), (D.1)

a well-known result [Suz85]. Using the triangle inequality, we obtain [Suz95]

||R(τ)|| ≤ 1
4

∣∣∣∣
∣∣∣∣
∫ τ

0
dλ

∫ λ

0
dµ

∫ µ

0
dν eλA/2e(λ−ν)B[2B, [A,B]]eνBeλA/2e(τ−λ)(A+B)

∣∣∣∣
∣∣∣∣

+
1
4

∣∣∣∣
∣∣∣∣
∫ τ

0
dλ

∫ λ

0
dµ

∫ µ

0
dν eλA/2eλBeνA/2[A, [A,B]]e(λ−ν)A/2e(τ−λ)(A+B)

∣∣∣∣
∣∣∣∣

≤ 1
4

∫ τ

0
dλ

∫ λ

0
dµ

∫ µ

0
dν eλ||A||/2e(λ−ν)||B||||[2B, [A,B]]||

× eν||B||eλ||A||/2e(τ−λ)(||A||+||B||)

+
1
4

∫ τ

0
dλ

∫ λ

0
dµ

∫ µ

0
dν eλ||A||/2eλ||B||eν||A||/2||[A, [A,B]]||

× e(λ−ν)||A||/2e(τ−λ)(||A||+||B||)

=
1
24
τ3eτ(||A||+||B||) (||[A, [A,B]]||+ ||[2B, [A,B]]||) , (D.2)
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and

||R(−τ )|| ≤ 1
4

∣∣∣∣∣
∣∣∣∣∣
∫ −τ

0

dλ

∫ λ

0

dµ

∫ µ

0

dν eλA/2e(λ−ν)B[2B, [A,B]]eνBeλA/2e(−τ−λ)(A+B)

∣∣∣∣∣
∣∣∣∣∣

+
1
4

∣∣∣∣∣
∣∣∣∣∣
∫ −τ

0

dλ

∫ λ

0

dµ

∫ µ

0

dν eλA/2eλBeνA/2[A, [A,B]]e(λ−ν)A/2e(−τ−λ)(A+B)

∣∣∣∣∣
∣∣∣∣∣

=
1
4

∣∣∣∣∣
∣∣∣∣∣
∫ τ

0

dλ

∫ λ

0

dµ

∫ µ

0

dν e−λA/2e(−λ+ν)B[2B, [A,B]]e−νBe−λA/2e(−τ+λ)(A+B)

∣∣∣∣∣
∣∣∣∣∣

+
1
4

∣∣∣∣∣
∣∣∣∣∣
∫ τ

0

dλ

∫ λ

0

dµ

∫ µ

0

dν e−λA/2e−λBe−νA/2[A, [A,B]]e(−λ+ν)A/2e(−τ+λ)(A+B)

∣∣∣∣∣
∣∣∣∣∣

≤ 1
4

∫ τ

0

dλ

∫ λ

0

dµ

∫ µ

0

dν eλ||A||/2e(λ−ν)||B||||[2B, [A,B]]||

× eν||B||eλ||A||/2e(τ−λ)(||A||+||B||)

+
1
4

∫ τ

0

dλ

∫ λ

0

dµ

∫ µ

0

dν eλ||A||/2eλ||B||eν||A||/2||[A, [A,B]]||

× e(λ−ν)||A||/2e(τ−λ)(||A||+||B||)

=
1
24
τ3eτ(||A||+||B||) (||[A, [A,B]]|| + ||[2B, [A,B]]||) . (D.3)

Hence the bound in R(τ) does not depend on the sign of τ so that we can write

||R(τ)|| ≤s|τ |3e|τ |(||A||+||B||), (D.4)

where

s
.=

1
24

||[A, [A,B]]||+ ||[2B, [A,B]]||. (D.5)

For real τ we have

eτA/2eτBeτA/2 .= eτC(τ), (D.6)

where C(τ) is Hermitian. Clearly we have

eτ(A+B) − eτC(τ) = R(τ). (D.7)

We already have an upper bound on R(τ) and now want to use this knowledge to put
an upper bound on the difference in eigenvalues of C(τ) and A + B. In general, for
two Hermitian matrices U and V with eigenvalues {un} and {vn} respectively, both
sets sorted in non-decreasing order, we have [Wil65]

|un − vn| ≤ ||U − V ||, ∀n. (D.8)
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Denoting the eigenvalues of A + B and C(τ) by xn(0) and xn(τ) respectively, com-
bining Eq. (D.4) and (D.8) yields

|eτxn(0) − eτxn(τ)| ≤ s|τ |3e|τ |(||A||+||B||). (D.9)

To find an upper bound on |xn(0) − xn(τ)| we first assume that xn(0) ≤ xn(τ) and
take τ ≥ 0. It follows from (D.9) that

eτ(xn(τ)−xn(0)) − 1 ≤ sτ3eτ(||A||+||B||)−τxn(0), (D.10)

For x ≥ 0, ex − 1 ≥ x and we have −xn(0) ≤ ||A+B|| ≤ ||A||+ ||B||. Hence we find

xn(τ) − xn(0) ≤ sτ2e2τ(||A||+||B||). (D.11)

An upper bound on the difference in the eigenvalues between C(τ) and A + B can
equally well be derived by considering the inverse of the exact and approximate time-
evolution operator (D.6). This is useful for the case xn(0) > xn(τ): Instead of us-
ing (D.7) we start from exp(−τ(A + B)) − exp(−τC(−τ)) = R(−τ) (τ ≥ 0). Note
that the set of eigenvalues of a matrix and its inverse are the same and that the ma-
trices we are considering here, i.e., matrix exponentials, are non-singular. Making use
of Eq. (D.4) for R(−τ) gives

|e−τxn(0) − e−τxn(τ)| ≤ s|τ |3e|τ |(||A||+||B||), (D.12)

and proceeding as before we find

τ(xn(0) − xn(τ)) ≤ eτ(xn(0)−xn(τ)) − 1 ≤ sτ3e2τ(||A||+||B||). (D.13)

Putting the two cases together we finally have

|xn(τ) − xn(0)| ≤ sτ2e2τ(||A||+||B||). (D.14)

Clearly (D.14) proves that the differences in the eigenvalues of A+B and C(τ) vanish
as τ2.

D.2 Real-Time

We now consider the case of the real-time algorithm (z = −iτ). For Hermitian matrices
A and B the matrix exponentials are unitary matrices and hence their norm equals one.
This simplifies the derivation of the upper bound on R(−iτ). One finds [DR87]

||R(−iτ)||E ≤ s|τ |3, (D.15)

where ||A||2E .= TrA†A denotes the Euclidean norm of the matrix A [Wil65]. In general
the eigenvalues of a unitary matrix are complex valued and therefore the strategy
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adopted above to use the bound on R(τ) to set a bound on the difference of the
eigenvalues no longer works. Instead we invoke the Wielandt-Hoffman theorem [HW53]:

If U and V are normal matrices with eigenvalues ui and vi respectively, then there exists
a suitable rearrangement (a permutation 
 of the numbers 1, . . . , n) of the eigenvalues
so that

N∑
j=1

|uj − v�(j)|2 ≤ ||U − V ||2E . (D.16)

Let U and V denote the exact and approximate real-time evolution operators respec-
tively. The eigenvalues of A + B and C(τ) are xn(0) and xn(τ) respectively. All the
xn’s and xn(τ)’s are real numbers. According to the Wielandt-Hoffman theorem

N∑
j=1

|ei τ xj(0) − ei τ yj(τ)|2 ≤ ||R(−iτ)||2E ≤ s2τ6. (D.17)

where yj(τ) = x�(j)(τ), 
 being the permutation such that inequality (D.17) is satis-
fied. We see that Eq. (D.17) only depends on (τ xj(0) mod 2π) and (τ yj(τ) mod 2π),
but so does the DOS (see Eq. (3.16)). Since the inequality (D.17) and the DOS only
depend on these “angles” modulo 2π, there is no loss of generality if we make the
choice

0 ≤ |τ(xj(0) − yj(τ))| ≤ π. (D.18)

Rewriting the sum in (D.17) we have

N∑
j=1

|ei τ xj(0) − ei τ yj(τ)|2 =
N∑

j=1

(2 − 2 cos(τ (xj(0) − yj(τ))))

= 4
N∑

j=1

sin2(τ (xj(0) − yj(τ))/2). (D.19)

As we have

4x2

π2
≤ sin2 x, for 0 ≤ |x| ≤ π/2, (D.20)

the restriction Eq. (D.18) allows us to write

N∑
j=1

(xj(0) − yj(τ))2 ≤ π2s2

4
τ4, (D.21)
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implying

|xj(0) − yj(τ)| ≤ πs

2
τ2. (D.22)

In summary, we have shown that in the real-time case there exists a permutation of
the approximate eigenvalues such that the difference with the exact ones vanishes as
τ2.

Finally we note that both upper bounds (D.22) and (D.14) hold for arbitrary Her-
mitian matrices A and B and are therefore rather weak. Except for the fact that they
provide a sound theoretical justification for the real and imaginary-time method, they
are of little practical value.
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E The Landau Zener Stückelberg Transition

In this appendix we give a derivation of the Landau Zener Stückelberg (LZS) [Lan32,
Zen32, Stü32] transition probability. We closely follow Zener’s [Zen32] derivation.

We want to describe a system in a time-dependent potential, where the energy levels
depend almost linearly on time and cross at some point. If we look at the crossing of
two levels only, the Schrödinger equation can be written in terms of a spin one-half
particle in external magnetic field that changes linearly in time.

The Schrödinger equation for such a system can be written as

i �
d

d t
ψ = Hψ =

(
ε1 ε12

ε12 ε2

)
ψ, (E.1)

where the diagonal elements depend on time as follows:

ε1 ≈ c1 t+ d1, (E.2a)

ε2 ≈ c2 t+ d2. (E.2b)

The eigenvalues of this system are:

E± =
ε1 + ε2 ±

√
(ε1 − ε2)2 + 4 ε212

2
. (E.3)

A plot of the time dependence of such a system is given in Fig. E-1. Crossings like this
happen in many of different physical processes, for instance nuclear fission, molecular
dynamics, magnetic systems, etc. It is the gap, δE, at the crossing that makes the
“tunnelling” from one state to the other possible. This is because if ε12 were zero,
then H would be diagonal and therefore would commute with any other diagonal
matrix. In particular, it would commute with the Pauli matrix σz, which means that
the eigenstates of σz are also eigenstates of H. Thus, the time evolution can not cause
a transition from the up to the down state.

So we imagine that at a very large negative time, t → −∞, the system is in
the ground-state. It then evolves such that the energy eigenstates evolve as shown in
Fig. E-1. Both states are separated in phase space, so there will be probability for the
system to tunnel from one state to the other, depending on this “distance” in phase
space.

We can shift the energy such that the “crossing” is at zero energy,

i �
d

d t
ψ =

(
(ε1 − ε2)/2 ε12

ε12 −(ε1 − ε2)/2

)
ψ. (E.4)
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Energy

∆E

c2 t

c1 t

Time

Figure E-1: Close-up of the crossing of two energy levels as a function of time. The
gap, ∆E = 2ε12 will be important in what follows. The arrows indicate the direction

of the spin in the case of a spin one half system.

Now the eigenvalues are

E± = ±1
2

√
(ε1 − ε2)2 + 4 ε212. (E.5)

We can now also shift the time so the “crossing” takes place at t = 0, so the only
important parameters are

c = −c1 − c2
2 �

≈ − ε̇1 − ε̇2
2 �

, (E.6)

Γ = −ε12

�
. (E.7)

This enables us to write

i
d

d t
ψ =

( −c t −Γ
−Γ c t

)
ψ = (−Γσx − c t σz)ψ. (E.8)

We can scale t with
√
c such that

i
d

d t
ψ =

( −t −√
δ

−√
δ t

)
ψ, (E.9)



109

and

δ =
Γ2

c
, (E.10)

from which follows that δ will be the only parameter controlling the transition proba-
bility from one state to the other. This gives us two equations for the components of
ψ:

i u′ = −t u−
√
δ d, (E.11a)

i d′ = t d−
√
δ u. (E.11b)

Differentiating the first we obtain

u′′ − i u− i t u′ −
√
δ i d′ = 0, (E.12)

then insert the second,

u′′ − (i− δ)u− i t u′ − t
√
δ d = 0, (E.13)

and use the first again,

u′′ − (i− δ − t2)u = 0. (E.14)

This equation can be put into standard form (see [AS65], Chapter 19: Parabolic Cylin-
der Functions)

u′′(x) −
(

1
4
x2 + a

)
u(x) = 0, (E.15)

with the scale transformation x =
√

2 e−i 3 π/4 t; this gives

u′′ −
(

1
4
x2 +

1 + i δ

2

)
u = 0. (E.16)

with

a =
1 + i δ

2
. (E.17)

The two solutions are U(a, x) and V (a, x) with the asymptotic behaviour for x� |a|
and | arg x| < π/2 (the scale transformation was chosen such that we are within these
bounds):

U(a, x) ≈ e−x2/4x−a−1/2, (E.18a)

V (a, x) ≈
√

2
π
ex2/4xa−1/2. (E.18b)



110 The Landau Zener Stückelberg Transition

At t→ −∞ we want the system to be in the ground state; this means u(t→ −∞) = 0,
so we have to take the first solution:

u(t) = C U

(
1 + i δ

2
,
√

2 e−i 3 π/4 t

)
. (E.19)

Now we use (E.11) for the second boundary condition, |d(t→ −∞)|2 = 1:

t u+ i u′ +
√
δ d = 0. (E.20)

For large negative times, we have

u(t) = C e−i t2/2t−1−i δ/2
(√

2 e−i 3 π/4
)−1−i δ/2

, (E.21)

u′(t) = −i t u(t) + O(t−1). (E.22)

So up to phase factors, we want

2 t u =
√
δ = 2C e−i t2/2t−i δ/2

(√
2 e−i 3 π/4

)−1−i δ/2
. (E.23)

Up to phase factors again

C =

√
δ

2
e−δ π/8. (E.24)

So, finally, the solution reads

u(t) =

√
δ

2
e−δ π/8 U

(
1 + i δ

2
,
√

2 e−i 3 π/4 t

)

=

√
δ

2
e−δ π/8D−1−i δ/2

(√
2 e−i 3 π/4 t

)
. (E.25)

A plot of |u(t)|2 around the time of the level-crossing is given in Fig. E-2. The series
expansion for small t is

u(t) =

√
δ

2
e−δ π/8

[
U

(
1 + i δ

2
, 0
)

+
√

2 e−i 3 π/4 U ′
(

1 + i δ

2
, 0
)
t+ O(t2)

]

=

√
δ

2
e−δ π/8

[ √
π

21/2+i δ/4Γ
(
1 + i δ

4

) +
√

2π ei π/4

2i δ/4Γ
(

1
2 + i δ

4

) t+ O(t2)

]
.

(E.26)

We can not use the expansion formulas for the large t expansion because the argument
of x is out of range, so we use the following transformation

U(a, x) = − sinπ aU(a,−x) +
π V (a,−x)
Γ(1

2 + a)
. (E.27)
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Figure E-2: |u(t)|2 as a function of t around the level-crossing for a transition proba-
bility of about one half.

The U part will disappear again, so we have

u(t→ ∞) →
√
δ

2
e−δ π/8π V (1+i δ

2 ,
√

2 ei π/4 t)
Γ(1 + i δ

2 )

→
√
δ

2
e−δ π/8

√
2πei t2/2 2i δ/4 e−π δ/8 ti δ/2

Γ(1 + i δ
2 )

. (E.28)

But we are only interested in the absolute value squared, which is

|u(t→ ∞)|2 → δ e−δ π/2 π

|Γ(1 + i δ
2 )|2

= 1 − e−δ π = 1 − e−π Γ2/c = 1 − e−2 π ε212/(�|ε̇2−ε̇1|). (E.29)

This is the expression we were looking for, i.e., the probability for the system to tunnel
from one state to the other.
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Summary

In first part of this thesis we treated a fundamentally new way of computation called
quantum computation. Since this is a fairly new and booming subject that binds several
disciplines of physics, mathematics, and computer science together, we gave a review
like introduction into the subject. The theoretical possibilities of quantum computers
(QC’s) are huge in some areas, in that they can speed up certain tasks by an exponential
factor. It is not a trivial matter, however, to make use of the advantages of a QC for
any algorithm: it does not do faster addition or multiplication for instance. So even if a
QC is ever built, it remains questionable that it will be useful for consumer computers.

Apart from the theoretical aspects of a QC we studied the first hardware imple-
mentation of a QC based on nuclear spins. We simulated several experiments based
on a solution of the Schrödinger equation for the NMR systems involved. Our simula-
tions agree with the experiments and show that indeed, with two qubits, the quantum
computation seems to work. With an increasing number of qubits, however, it be-
comes increasingly difficult, if not impossible, to implement the basic QC instructions
in such a way that real calculations can be done. Although we studied a specific system
(NMR), we believe that the basic problem is a general one that will plague many, if not
all, implementations of a QC. Classical computers do not experience similar problems
because there, local disturbances and thermodynamics drive the bits back to their local
energetic minimum (either 1 or 0). For QC’s, however, the effect of local disturbances
has to be suppressed to make it a QC in the first place. One can not build QC’s such
that the right state is a local energetic minimum, to which it is driven back by heat
exchange with the environment. This would ruin the coherent state of the QC. We
stress that this is not a problem that can be solved by “standard” QC error correction.
In view of these problems it seems unlikely that one will be able to build a working and
usable QC in the near future.

We continued by describing and proving the validity of an algorithm to calculate the
eigenvalue distributions of large matrices, parts of which can be performed efficiently on
a QC. But, as we showed, the algorithm runs rather efficiently on a classical computer
as well. The matrices one can study with this method can be arbitrary ones, but when
combined with time evolution methods for quantum mechanical systems or electro-
magnetic systems, or any other model with a time evolution operator that can be
described by a unitary matrix, we obtain an intrinsically stable method of calculating
spectra. Though this method was used in the literature before, its validity was never
proven. We derived exact statistical bounds on the errors of this statistical method
and we compared the output of the method with some exactly solvable spin models
and found very good results. This method might also prove useful when describing the
dynamics of the nano structures involved in building a QC.
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In the last part of the thesis we looked at a very interesting quantum mechanical
phenomenon, that of macroscopic tunnelling. In some large magnetic molecules, the
total magnetisation is quantised. Molecules like this could be used for information
storage or might even be used for QC-like manipulations. At low enough temperatures,
the magnetisation of these molecules is conserved when changing the external magnetic
field. Exceptions to this are very special values of the external magnetic field, where
the state of the molecule seems to tunnel to a state with another magnetisation.
Qualitatively, the basic mechanism behind this tunnelling is understood to be the
Landau-Zener-Stückelberg (LZS) transition. Quantitatively, however, this mechanism
does not seem to be able to give the right tunnelling probabilities. In the literature a
great deal of attention is being paid to the level repulsion itself, where mathematically
very intricate tools are used to calculate the gap energy. We show, however, that the
influence of the surrounding molecules of the same type, which undergo the tunnelling
transition at the same point, is very big—so big that the original relationship between
the tunnelling probability and the energy gap predicted by the LZS mechanism is no
longer valid. Furthermore, the use of an effective high-spin model to calculate quantities
like the level repulsion gap that is 10 to 20 orders of magnitude smaller than the
parameters of the effective model is very questionable. So, even though qualitatively
the tunnelling mechanism seems to be quite well understood, the question remains if
one will ever be able to precisely calculate the corresponding level splittings.



Samenvatting

Al sinds het begin van de vorige eeuw hebben veel natuurkundigen en scheikundigen
zich bezig gehouden met de vele, soms contra-intüıtieve, aspecten van de quantum-
mechanica1. Sterker nog: als we alle tijd waarin door verschillende wetenschappers aan
deze theorie gewerkt is bij elkaar optellen, dan is quantummechanica veruit de ‘oudste’
theorie die er is. Dit proefschrift sluit aan bij deze traditie.

Ruim vijftien jaar geleden opperde de bekende fysicus Richard Feynman, dat de
quantummechanica ons misschien wel in staat zou kunnen stellen een compleet nieuw
type computer te bouwen. Hij doelde daarbij niet zozeer op het miniaturisatie aspect2,
waarbij quantummechanica een steeds belangrijkere misschien wel belemmerende rol
gaat spelen, maar op een nieuwe manier van rekenen. Hij had een manier voor ogen
die gebruik maakt van de bijzondere aspecten van de quantummechanica: superpositie
en verstrengeling.

Volgens de quantummechanica kan een systeem zich tegelijkertijd in meerdere toe-
standen bevinden, dit wordt ook wel superpositie genoemd. Zoals in het beroemde
voorbeeld van Schrödinger’s kat, waarin een kat tegelijkertijd levend en dood zou kun-
nen zijn. Met verstrengeling wordt verwezen naar de quantummechanische toestand
van twee of meer systemen, waarbij een meting aan het ene systeem instantaan in-
vloed heeft op de toestand van het andere systeem, hoe ver deze zich ook van elkaar
bevinden.

De meeste hedendaagse computers maken gebruik van een hele grote collectie bits
om hun berekeningen te kunnen doen. Deze bits zijn opgebouwd uit meerdere transis-
toren (hele kleine stroomschakelaartjes) die de toestanden ‘0’ en ‘1’ representeren. Het
uitvoeren van een programma is voor een computer niets anders dan een ongelofelijk
complexe manipulatie van alle bits die hij tot zijn beschikking heeft. De toestanden van
de bits van een hedendaagse computer zijn echter beperkt tot één van de toestanden ‘0’
of ‘1’. Niet allebei tegelijk. Hier ligt nou precies de winst van een quantummechanische
computer met bits die, middels superpositie, tegelijk ‘0’ en ‘1’ kunnen zijn.

Dit heeft geleid tot het idee voor quantumcomputers die hun berekeningen doen
met qubits (bits die tegelijk ‘1‘ en ‘0‘ kunnen zijn). Het is echter niet eenvoudig een
programma te bedenken dat de mogelijkheid tot superpositie ook echt tenvolle benut.
Het heeft tot 1994 geduurd tot een dergelijk algoritme er was. Er zijn wel eerder kleine

1Ik kies ervoor de spelling van het woord ‘quantummechanica’ te gebruiken zoals deze voor de
officiële spellingwijziging in 1995 was.

2Miniaturisatie van de kleinste elementen van computerchips is noodzakelijk om de chips sneller
te kunnen maken. Aan deze miniaturisatie komt echter binnen een aantal jaren een eind omdat de
elementen dan zo klein zullen zijn dat quantummechanische effecten te grote verstoringen zullen
veroorzaken.
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algoritmes bedacht die gebruik maken van superpositie, maar deze waren erg acade-
misch van aard en niet bruikbaar. In 1994 echter bedacht Peter Shor een algoritme om
een product van grote priemgetallen snel weer te ontbinden in factoren. Dit algoritme
werkt alleen op een quantumcomputer en kan de ontbinding in priemfactoren zo vele
malen sneller uitvoeren dan een hedendaagse computer. In eerste instantie lijkt dit al-
goritme ook niet erg bruikbaar, ware het niet dat de belangrijkste aanname in de RSA3

versleutelingsmethode is dat deze ontbinding juist niet snel gedaan kan worden, mits de
getallen maar groot genoeg zijn. Deze RSA methode is de standaard voor de versleu-
teling van internetverkeer en vele andere stromen van informatie. Als een product van
twee grote priemgetallen wel snel ontbonden kan worden is deze versleutelingsmethode
eenvoudig te kraken en is al het ‘beveiligde’ internetverkeer eenvoudig af te luisteren.
Shor’s algoritme veroorzaakte opeens een grote interesse in de quantumcomputer. In
de Verenigde Staten wordt er sindsdien door de overheid flink geld in gepompt in on-
derzoek naar quantumcomputers. Ook sommige grote bedrijven als bijvoorbeeld IBM4

hebben een eigen onderzoeksgroep naar quantumcomputers.

Deze eerste helft van dit proefschrift gaat over de verschillende aspecten van de
quantumcomputer. Als inleiding op dit onderwerp bevat hoofdstuk 1 een beschrijving
van de verschillen tussen de quantumcomputer en de hedendaagse computer. Verder
passeren een aantal bekende quantumalgoritmes in detail de revue. Dit hoofdstuk om-
helst een historisch overzicht van theoretische ontwikkelingen op het gebied van de
quantumcomputer waarbij afleidingen en bewijzen veelal op een eigen manier gedaan
zijn.

Basisingrediënten voor de quantumcomputer zijn de qubits. Net zoals in de he-
dendaagse computers, moeten in een quantumcomputer de bits op een gecontroleerde
manier gemanipuleerd worden om geen informatie te verliezen. Zelfs in moderne com-
puters verliest het werkgeheugen zijn informatie als het niet regelmatig ‘ververst’ wordt;
de bits worden met enige regelmaat geforceerd in de toestanden te staan die ‘0’ of ‘1’
representeren. In een quantumcomputer is dit probleem vele malen groter, het ‘ver-
versen’ van de qubits zou juist alle quantummechanische effecten als superpositie en
verstrengeling teniet doen. Daarom moet de besturing van qubits erg precies verlopen
en mag de manipulatie van één qubit de ander niet bëınvloeden. Verder hebben we nog
te maken met de invloed van buitenaf. We leven in een wereld met een temperatuur
die niet gelijk is aan het absolute nulpunt. Velen ervaren dit als prettig, maar voor een
quantumcomputer betekent dit kleine verstoringen, trillingen, straling, enzovoort. Dit
effect van de eindige temperatuur, die de toestand van qubits verwatert en effectief de
qubits degradeert tot normale bits, laten we voor dit proefschrift buiten beschouwing.
We kijken alleen naar verstoringen veroorzaakt door de bedoelde manipulatie van de
qubits en onderlinge interactie tussen qubits.

In hoofdstuk 2 bekijken we een model voor een potentiële quantumcomputer. Dit

3RSA staat voor de namen Rivest, Shamir en Adleman. Zij bedachten deze versleutelingsmethode
in 1978.

4IBM is een geregistreerd handelsmerk van IBM Corporation.
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model is gebaseerd op de manipulatie van spins. Een spin is in deze context een verza-
melnaam voor objecten (vaak atomen of groepjes atomen) die een intern magnetisch
moment hebben. De ‘richting’ van de spins, ‘op’ of ‘neer’, correspondeert met een
qubit waarde ‘0’ of ‘1’.

In principe is het niet zo belangrijk dat het om atomen gaat, want een algemeen
model dat gebaseerd is op spins is in staat de dynamica van elke mogelijke quantum-
computer te beschrijven. We zijn echter van de manipulatie van atomen uitgegaan
omdat op dit gebied reeds experimenten gedaan zijn. Deze experimenten zijn gedaan
met behulp van zogenaamde NMR (Nuclear Magnetic Resonance) technieken. Hiermee
wordt de richting van het magnetisch moment van atomen in een molecuul gemanipu-
leerd door middel van korte elektromagnetische pulsjes.

In hoofdstuk 2 geven we de theoretische beschrijving van de invloed van deze
pulsjes op de spins. Verder voeren we computersimulaties uit van de bewegingen van
deze atomen onder invloed van een aantal algoritmes5 en onder invloed van elkaar. De
verstoringen blijken al gauw ernstig te worden als we een systeem van meer dan twee
qubits beschrijven of als het om een complexer algoritme gaat. We komen daarom met
een methode waarin de manipulatiepulsjes zo gekozen worden dat de verstoring van
andere qubits minimaal is. De toepasbaarheid van deze methode wordt echter vrij be-
perkt als het aantal te manipuleren qubits weer toeneemt. In dit hoofdstuk komen we
tot de conclusie dat quantumcomputers op basis van NMR niet als een serieuze kandi-
daat voor toekomstige grotere quantumcomputers gebruikt kunnen worden. Bovendien
spreken we de angst uit dat het probleem wel eens generiek voor quantumcomputers
zou kunnen zijn.

In hoofdstuk 3 verplaatsen we de aandacht van quantumcomputers naar spinsyste-
men. We beschrijven een algoritme om snel de fysische eigenschappen van een complex
spinsysteem te kunnen beschrijven. In principe is het algoritme ook geëigend om op
een toekomstige quantumcomputer efficiënt te draaien, maar het draait ook zeer ef-
ficiënt op hedendaagse computers. Hoewel dit algoritme reeds eerder in de literatuur
gebruikt is, is de mathematische geldigheid ervan nooit bewezen. Wij geven een sta-
tistisch bewijs van de geldigheid en testen het algoritme door een aantal eenvoudige
spinsystemen, waarvan de eigenschappen ook op exacte wijze uit te rekenen zijn, te
bepalen. De toepassingen voor het algoritme zijn niet beperkt tot spinsystemen, het is
bruikbaar voor nagenoeg elke model waarvan de ontwikkeling in de tijd uitgedrukt kan
worden in termen van een matrixvergelijking.

Het laatste hoofdstuk gaat over een macroscopisch quantummechanisch effect dat
voor het eerst gemeten werd in 1996. Over het algemeen doen quantummechanische
effecten pas hun intrede wanneer we naar zeer kleine deeltjes en een zeer kleine hoe-
veelheid daarvan kijken. Daarom was het zo dat tot voor kort ‘tunnelen’ alleen was
waargenomen met lichtdeeltjes, elektronen en andere deeltjes die niet groter zijn dan
een atoom. Met ‘tunnelen’ bedoelen we het effect waarbij, volgens de klassieke wet-

5Een quantumalgoritme op een NMR-quantumcomputer is dus niets anders dan een reeks verschil-
lende precies gekozen elektromagnetische pulsjes.
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ten van behoud van energie, een deeltje nooit over een bepaalde barrière zou kunnen
komen. Quantummechanisch is dit echter vaak wel mogelijk.

In 1996 werd dit effect voor het eerst waargenomen in een macroscopisch systeem,
dat bestond uit een kristal van identieke magnetische moleculen6. In dit kristal tunne-
len onder bepaalde omstandigheden alle moleculen van één magnetisatierichting naar
een andere, terwijl dit volgens de klassieke regels van behoud van energie onmogelijk
zou moeten zijn. Nu is het tunnelproces vanuit de regels van de quantummechanica
goed begrepen. Wat dit proces bijzonder maakt, is dat het gaat om een kristal van
macroscopische grootte dat gewoon met het blote oog waarneembaar is.

Hoewel de kwalitatieve beschrijving vanuit de quantummechanica correct is, zijn
er met de kwantitatieve beschrijving grote problemen. In hoofdstuk 4 geven we een
verklaring waarom de theoretische waarden erg moeilijk met de experimenteel waarge-
nomen waarden te vergelijken zijn. Er is een mathematische relatie7 tussen de mate van
tunnelen en de afstand tussen twee energieniveaus van één molecuul. In de literatuur
over dit onderwerp wordt veel aandacht besteed aan de berekening van deze afstand.
Wij laten echter zien dat de oorspronkelijke mathematische relatie niet meer geldt als
het om veel moleculen gaat die elkaars invloed tijdens het tunnelen voelen. We geven
onder een aantal aannames een nieuwe mathematische relatie. Dit doen we vooral om
aan te tonen dat het om een sterk effect gaat. De nieuwe relatie is echter nog steeds
niet voldoende om de mate van tunnelen correct te beschrijven. Het toont echter wel
aan dat het niet volstaat slechts de afstand tussen de energieniveaus te berekenen en
dat het tunnelproces in deze kristallen misschien wel te complex is om kwantitatief
correct beschreven te worden.

6De moleculen zijn opgebouwd uit een aantal atomaire spins en worden ook wel nanomagneten
genoemd. Het totale magnetisch moment van deze moleculen is relatief groot, dit maakt ze een
interessante kandidaat voor gebruik als qubit.

7Een relatie die al sinds 1932 bekend is.
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