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Chapter 1

Introduction

1.1 Statistical mechanics

Matter consists of particles (molecules, atoms) that interact. Statistical me-
chanics tries to predict the thermodynamic behavior from the microscopic
interactions between the particles. In the classical picture matter is regarded
as a system of particles that obey Newton’s equations of motion. Full know-
ledge of the positions and velocities of the particles at a single instant would
be sufficient to predict the motions of the particles at any later instant. How-
ever, such a description is far too detailed. The number of particles in a
macroscopic system is of the order of the Avogadro number (∼= 1023). It is
impossible to measure all positions and velocities of 1023 particles in prac-
tice.

Equilibrium thermodynamics tries to describe a macroscopic system (a
container of fluid, a piece of solid) with just a few parameters such as tem-
perature and pressure. It is the objective of statistical mechanics to bridge the
gap between the thermodynamic description and the microscopic descrip-
tion.

The method that is used most often in statistical mechanics is the so called
‘canonical ensemble’ [1, 2]. We imagine that the system under study is in
thermal contact with a very large system (a ‘heat bath’) with a temperature
T. It can be shown that the probability to find the smaller system in a state
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with energy E is proportional to the so called ‘Boltzmann factor’:

P(E) ∝ exp
(
− E

kT

)
= exp(−βE) (1.1)

where k is Boltzmann’s constant. For notational convenience we have intro-
duced the inverse temperature β = 1/kT.

Suppose we want to calculate the average value 〈A〉 of a physical quantity
A:

〈A〉 = ∑s exp (−βE(s)) A(s)
∑s exp (−βE(s))

(1.2)

∑s is a sum over all microscopic states s. A(s) denotes the value of quantity
A for state s. It is a weighted average with the Boltzmann factor as weight.
Such an average is called the ‘ensemble average’.

The partition function Q is defined [1, 2] as the sum over all states of the
Boltzmann factor:

Q = ∑
s

exp (−βE(s)) (1.3)

It is a function of temperature. It is a convenient quantity because the inter-
nal energy 〈E〉 can be derived from it by taking the derivative of log Q with
respect to β:

∂
∂β

log Q = −〈E〉 (1.4)

The logarithm of the partition function is related to the free energy in the
following way [1, 2] :

F = −kT log Q (1.5)

1.2 Polymers

Polymers are large molecules consisting of many repeating units, which are
called monomers [3–7]. If all monomers are chemically identical the poly-
mer is called a ‘homopolymer’. If the polymer consists of several types of
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monomers it is called a ‘copolymer’ or ‘heteropolymer’. Long sequences of
monomers of the same type are called ‘blocks’. A ‘diblock copolymer’ is a
copolymer consisting of a block of one type connected to a block of another
type (see figure 1.1).

homopolymer

diblock copolymer

Figure 1.1: Chemical composition: homopolymers and block-copolymers.

Polymers can also differ in ‘architecture’ i.e. the way in which the mono-
mers are connected. (See figure 1.2.) A ‘linear’ polymer is a simple chain of

linear polymer

ring polymer

comb polymer

Figure 1.2: Polymer architecture.

monomers with no branching points. In a ‘ring’ polymer the ends of the chain
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are connected. Polymers can also be branched. A ‘comb’ polymer consists of
a backbone with side chains attached (‘grafted’) to it.

Polymer physics focuses on the properties of polymers that do not depend
on the exact chemical nature of the monomers [4]. This is done by looking at
the polymer on a length scale that is larger than the size of the individual
atoms. Such models are called ‘coarse grained models’.

The ‘random walk’ (RW) is the simplest model for a polymer [6]. A ran-
dom walker makes steps that are random (drawn from some isotropic dis-
tribution) and uncorrelated. The points in space the random walker vis-
its should be interpreted as the monomer positions. Consider a walk of N
steps. Let us denote the monomer positions by�r 0, · · · ,�rN . The bond vectors
�b1, · · · ,�bN are related to the monomer positions by

�bi = �ri −�ri−1 (1.6)

and we have

N

∑
i=1

�bi = �rN −�r0 (1.7)

The average squared distance between the chain ends�r0 and�rN can be calcu-
lated quite easily:

〈||�rN −�r0||2〉 =
N

∑
i=1

N

∑
j=1

〈�bi ·�bj〉 (1.8)

and since the steps are uncorrelated:

〈�bi ·�bj〉 = b2δi j (1.9)

where b2 is the averaged squared bond length, we finally arrive at

〈||�rN −�r0||2〉 = Nb2 (1.10)

So the end-point distance scales as
√

N.
Another measure for the size of a polymer is the ‘radius of gyration’. The

radius of gyration squared is defined as the average squared distance of the
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monomers to the center of mass. An N step random walk consists of N + 1
monomers, so we have

Rg
2 =

1
N + 1

N

∑
i=0

(�ri −�rcm)2

�rcm =
1

N + 1

N

∑
i=0

�ri (1.11)

The following expression is equivalent and sometimes easier to handle:

Rg
2 =

1
2(N + 1)2

N

∑
i=0

N

∑
j=0

(�ri −�r j)2 (1.12)

It is actually the same expression as (A.3) derived in appendix A. (However,
here the number of monomers is N + 1 instead of N in the appendix.) It is
easy to see that

〈(�ri −�r j)2〉 = |i − j|b2 (1.13)

since�ri and�r j are the end points of an |i − j| step random walk. Combining
these results we get the following expression for the radius of gyration of a
random walk of N steps:

〈Rg
2〉 =

b2

2(N + 1)2

N

∑
i=0

N

∑
j=0

|i − j|

=
b2

2(N + 1)2
N(N + 1)(N + 2)

3

=
N(N + 2)

N + 1
b2

6
(1.14)

For large N this can be approximated by

〈Rg
2〉 ≈ Nb2

6
(1.15)

Note that the radius of gyration of an N step random walk scales as
√

N, just
like the end-point distance but with a different prefactor.
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The random walk is the simplest model for a linear polymer. The corre-
sponding model for a ring polymer is a closed random walk, i.e. an N step
random walk where the first and last monomer coincide. In appendix A the
radius of gyration of an N step closed random walk is calculated. We mention
the result here:

〈Rg
2〉 =

N + 1
12

b2 (1.16)

with b equal to the root mean square bond length:

b2 =
〈
(�ri −�ri−1)2

〉
(1.17)

So a closed random walk is approximately
√

2 smaller in size compared to a
linear random walk with the same number of steps.

In the Random Walk model there is no interaction between the monomers.
In reality monomers cannot overlap: this is called excluded volume interac-
tion. The polymer model which incorporates this is called the Self Avoiding
Walk (SAW) model. It is most easily defined on a lattice. A Self Avoiding
Walk on the lattice is a walk which avoids the sites it has already visited,
i.e. a lattice site can contain one monomer at the most. (See figure 1.3) In

Figure 1.3: Self Avoiding Walk on a square lattice.
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Self Avoiding Walk statistics one considers the ensemble of all Self Avoiding
Walks of N steps giving each walk equal weight. The scaling exponent for
the squared endpoint distance is non-trivial

〈||�rN −�r0||2〉 ∝ N2ν (1.18)

The exponent ν is called the Flory-exponent. A mean field model invented
by Flory predicts the value 3

5 = 0.6 in 3 dimensions [5, 6]. Its exact value is
slightly lower and can be estimated by Monte Carlo simulations and renor-
malization group calculations:

ν ≈ 0.588 (1.19)

The value of the exponent is rather robust with respect to the details of the
model. It does not depend on the choice of the lattice (as long as it is 3 di-
mensional). Even in off-lattice models with excluded volume interaction the
exponent is the same irrespective of the exact geometrical shape of the mon-
omers.

The Self Avoiding Walk model is a simplified model for a polymer molecule
in a ‘good’ solvent. A good solvent implies that the monomers effectively re-
pel each other.

The Random Walk and Self Avoiding Walk models are ‘athermal’: tem-
perature does not play a role. A conformation is either allowed (Boltzmann
factor 1) or not allowed (Boltzmann factor 0) with nothing in between.

The next step is to include attraction between the monomers in the model.
The simplest such model is the Interacting Self Avoiding Walk model, which
is again a lattice model, combining self-avoidance with nearest neighbor at-
traction between monomers. For every pair of non-bonded monomers which
are nearest neighbors the energy of the polymer is reduced by a fixed amount
ε. (See figure 1.4) It is convenient to absorb the factor β = 1/kT into ε. In
this way ε becomes a dimensionless measure of the strength of the attraction
which is inversely proportional to temperature.

For low values of ε the Flory-exponent is not affected. However, if ε ex-
ceeds a certain value the polymer starts to ‘collapse’ and the Flory-exponent
becomes 1

3 . This corresponds to the poor solvent regime. The abrupt re-
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nearest neighbour interaction

Figure 1.4: Interacting Self Avoiding Walk on a square lattice.

duction of the size of a polymer in a bad solvent is also known as the ‘coil-
globule’ transition [6].

In between the swollen and collapsed states we have the so-called ‘θ-
conditions’. Here the Flory-exponent is 1

2 , identical to the Random Walk
value.

The Interacting Self Avoiding Walk model described above is a model
for a single polymer molecule in a sea of solvent. It can be extended to a
model for more concentrated solutions: one introduces multiple Self Avoid-
ing Walks on the lattice with excluded volume and nearest neighbor interac-
tion also acting between monomers on different chains. In order to make the
system finite one should introduce a bounding box with impenetrable walls
(see figure 1.5) or periodic boundary conditions.

So far, we have only considered lattice models. Now we will briefly dis-
cuss off-lattice models. In off-lattice models a monomer can have any posi-
tion in continuous space. The bonds can be represented by a potential that
acts only between monomers that are chemically bonded. Harmonic or FENE
potentials are often used as a bond potential. The FENE (Finite extensible
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Figure 1.5: Multiple SAW-chains in a box.

nonlinear elastic) potential has the following form [8]

Ubond ∝ log
[
1 −

(
r

R0

)2
]

r < R0 (1.20)

Ubond = ∞ r ≥ R0 (1.21)

where r is the distance between two monomers. Alternatively, bonds with a
fixed length are also frequently used. Excluded volume interaction is repre-
sented by ‘hard-core’ potentials. Usually the monomers consist of spherical
beads which are not allowed to overlap: any conformation with overlapping
beads has infinite energy and has Boltzmann weight 0. Sometimes solvent
molecules are simulated explicitly, but more often an attractive potential of
mean force acting between each pair of monomers is introduced to mimic
the effect of a not-so-good or bad solvent [9]. Lennard-Jones potentials and
Van der Waals potentials are popular choices. The Lennard-Jones potential is
given by

ULJ = 4ε
[(σ

r

)12 −
(σ

r

)6
]

(1.22)
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It is repulsive at short distances and attractive at larger distances.

1.3 Topological constraints

During the motion of a polymer system bonds cannot cross. For linear poly-
mers this fact only influences the dynamics of the system.

For ring polymers, however, the non-crossing constraint also influences
the equilibrium properties of the system [10]. The system can be in one of
a number of topologically different states. These topological classes corre-
spond to knots and links (See figure 1.6 and figure 1.7). If the system is

01 31 41

51 52

Figure 1.6: Polymer topology: knotted ring polymer.

Figure 1.7: Polymer topology: linked rings.
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prepared in a certain topological state it will, during its motion, never reach
any of the other topological states. For instance the knot type of a ring poly-
mer will not change.

Knots have been catalogued by mathematicians [11]. In figure 1.6 the
knots are labeled with their customary name. The number corresponds to
the (minimum) number of crossings in a 2-d projection. The index serves to
distinguish topological different knots with the same number of crossings as
in 51 and 52. The 01-knot is also know as the ‘trivial knot’ or the ‘unknot’.

A long standing problem in polymer topology is to determine the prob-
ability of knot formation after random closure of a linear chain. This would
correspond to synthesis of ring polymers in dilute solution by letting the end
groups react.

This problem has been investigated by several authors [12–17] using the
following approach: rings are generated by various algorithms and then the
knot type of the ring polymer is determined by calculating one or more ‘topo-
logical invariants’. An example of such a topological invariant is the Alexan-
der polynomial [11]. Topological invariants can be used to prove that two
rings are topologically different. However, none of the known topological
invariants is ‘complete’: there are topologically different ring conformations
that have the same value for the topological invariant. However, in practical
situations, it is sufficient to calculate one or two invariants to determine the
knot type to a reasonable certainty.

These studies [14, 16] show that in a good solvent the probability of for-
mation of a non-trivial knot (by random closure of a linear chain) is much
lower than in θ solution or in a bad solvent. Furthermore, if the rings are
formed in dilute solution, the probability of creating linked rings is also very
low. Therefore the ring polymer system that is most relevant experimentally
is a system consisting of unknotted and unlinked ring polymers. In chapter
4 we will consider a solution of unknotted and unlinked rings.

Topological constraints acting between a pair of unlinked rings can give
rise to a repulsion of entropic origin. If the two rings are far apart any com-
bination of single chain conformations is allowed. If the rings are brought
closer together, some combinations are no longer allowed because they do
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not correspond to the unlinked state. This leads to a reduction of entropy and
to a repulsive force acting between the rings. In chapter 4 this phenomenon
will be studied.

1.4 Monte Carlo simulation

Monte Carlo simulation [18] is a class of algorithms which use random num-
ber generators to sample the space of microscopic states. The ensemble aver-
ages are estimated by averaging over the set of states that were generated by
the Monte Carlo procedure. In this section I will review some of the Monte
Carlo methods that are used in simulating polymer systems.

In the simple sampling algorithm the polymer chains are each time grown
from scratch. This is a good method for Random Walks (but Random Walks
are trivial anyway). For Self Avoiding Walks this would mean that each time
a self-intersection occurs the chain should be grown anew from the begin-
ning. All the effort put in growing the chain is lost. For large N the proba-
bility that a walk is grown without self-intersection is very low. Most of the
attempts to grow a Self Avoiding Walks fail. This is why simple sampling is
ineffective for large N.

This problem can be partially remedied by choosing at each step only
from the unoccupied lattice sites. However, this introduces a bias which
should be compensated for. This is done by giving a weight to the conforma-
tion. If si is the number of unoccupied neighbors (i.e. the number of possible
steps) at step i the conformation should be weighted by:

w = ∏
i

si (1.23)

This method is also known as the Rosenbluth method [19]. A drawback of
the method is that one spends a lot of time generating conformations which
have a low weight.

It is desirable if one could generate conformations with the correct prob-
ability so no reweighting is necessary. This is called ‘Importance sampling’
[18]: one avoids to sample conformations which have a low weight.
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The Metropolis method [20] is a frequently used method to achieve im-
portance sampling. It consists of repeatedly trying to change the conforma-
tion a little bit (moving a few atoms or so) and then deciding whether to
accept the new conformation or to retain the previous one. Such a prospec-
tive change in the conformation is called a ‘move’. The acceptance criterion
should be chosen in such a way that the conformations are sampled with the
desired probability (usually the Boltzmann distribution).

The method of generating a new conformation (on the basis of the pre-
vious one) is stochastic and should satisfy ‘detailed balance’: the probability
of generating state j when in state i should be the same as the probability
of generating state i when in state j. Furthermore ‘ergodicity’ is required:
one should be able to reach each microscopic state by one or more of these
sampling steps.

If the sampling procedure satisfies detailed balance and ergodicity the
conformations are sampled with uniform probability. A popular acceptance
criterion for achieving Boltzmann statistics is [18]:

P(accept) = min(1, exp(−β∆E)) (1.24)

where

∆E = E(new) − E(previous) (1.25)

A convenient way to implement this in a computer program is:

1. compute the change in energy ∆E

2. if ∆E < 0 accept the new conformation always.

3. if ∆E > 0 compute a random number r from a uniform distribution on
the interval [0, 1) and compare it to exp(−β∆E). If r < exp(−β∆E)
accept the new conformation. Otherwise retain the previous conforma-
tion.

It is essential that, when a move is rejected, the previous conformation
is taken into account once more in the statistics (for instance in the averages
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of physical quantities). Not doing so would result in biased statistics and
incorrect ensemble averages.

Note that a move which leads to excluded volume overlap should be han-
dled as if ∆E = ∞ and should always be rejected.

The Metropolis procedure described above generates a sequence of con-
formations, some identical to the previous one, some slightly altered. En-
semble averages can be calculated simply by averaging over the generated
conformations. No weights are needed.

One of the drawbacks of the method is that subsequent conformations are
very much alike or identical (if the move was rejected). It takes a number of
steps to obtain a conformation which is uncorrelated. This number is called
the ‘correlation time’ [21]. Something similar happens when one starts a sim-
ulation with an initial conformation that is designed by hand (for example a
completely stretched chain). Usually such a conformation is artificial and a
number of steps is needed to reach a conformation that is uncorrelated to the
initial conformation. This is called ‘equilibration’. The conformations that
were generated during equilibration should not be included in the statistics;
they must be discarded.

There is a lot of freedom in choosing the Monte Carlo moves, provided
they satisfy detailed balance and ergodicity. This freedom of choice should
be used to optimize the efficiency of the sampling: the phase space (the space
of microscopic states) should be traversed as fast as possible.

We will now give a few examples of the Monte Carlo algorithms used in
polymer simulation.

For polymers on a simple cubic lattice several Monte Carlo moves have
been suggested. The kink jump and crankshaft moves are illustrated in figure
1.8. The kink jump is a single atom move while the crankshaft move moves
two atoms at a time. For a linear polymer also moves that reposition a loose
end should be included in the sampling algorithm (See figure 1.9). The com-
bination of kink jumps, crankshaft moves and end moves is called the Verdier
Stockmayer algorithm.

A reptation move [22] consists of removing a monomer from one chain
end and randomly adding a monomer to the other end. (See figure 1.10) It
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Figure 1.8: Monte Carlo moves: kink jump and crankshaft moves.

Figure 1.9: Monte Carlo moves: end move.
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Figure 1.10: Monte Carlo moves: reptation move.

is also called the ‘slithering snake’ move for obvious reasons. The growth
direction can be chosen anew at every attempted step, but it can be shown
that it is also correct to let the polymer grow consistently in one direction
reversing the growth direction only when a move is rejected.

The reptation algorithm is not completely ergodic as can be shown quite
easily in two dimensions (See figure 1.11). If one starts in such a trapped
conformation one cannot get out of it. Conversely, if one does not start in
such a conformation one will never reach it.

Another more involved lattice model for polymers is the Bond Fluctua-
tion Model [23]. Monomers occupy a square of 4 lattice sites in 2 dimensions
or a cube of 8 sites in 3 dimensions. There is a set of allowed bond vec-
tors between the monomers. This set has been carefully chosen such that no
crossing bonds will form during the simulation (provided that there were no
crossing bonds in the initial conformation). Only one type of Monte Carlo
move is used: the chosen monomer is moved by one lattice constant. The
advantage of the Bond Fluctuation Model is that the chains have more flex-
ibility: the number of allowed bond lengths and bond angles is larger than
the simple cubic lattice model where only bonds of length 1 and bond angles
of 90◦ and 180◦ are allowed. The Bond Fluctuation Model can be viewed as
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Figure 1.11: Trapped conformation.

an intermediate between lattice models and off-lattice models.

There are a number of off-lattice models that are used in polymer simula-
tions. The models I will describe below are again coarse grained models.

In the ‘bead and spring’ model spherical beads represent the monomers.
They are not allowed to overlap (excluded volume interaction). The beads are
connected by springs: there is a quadratic or FENE potential between bonded
monomers. A Monte Carlo move consists of randomly choosing a monomer
and moving it in some convenient way that satisfies detailed balance.

In the ‘freely jointed’ model [24] the length of the bonds is held fixed. This
can be achieved by starting in a conformation with the correct bond lengths
and using Monte Carlo moves that do not change the bond lengths.

The ‘tangent spheres’ model consists of impenetrable spheres for mono-
mers and fixed bond lengths which are chosen such that the bonded beads
touch one another.
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1.5 Outline of the thesis

In this introductory chapter I have tried to present the background informa-
tion needed for the thesis.

In chapters 2 and 3 the phase behavior of (ring) polymers in solution is
considered, using lattice models.

In chapter 4 we consider an off-lattice model for ring polymer solutions.
We focus on the effect of the topological constraints which act between un-
knotted and unlinked rings. The equation of state (i.e. the osmotic pressure)
is calculated using a special Monte Carlo algorithm that has been designed to
conserve the topological state of the system.

Chapter 5 is devoted to ‘ring comb copolymer brushes’, i.e. ring polymers
with side chains attached to it. The influence of the side chains on the confor-
mation of the backbone (of a single ring comb copolymer in a sea of solvent)
is studied.

Finally in chapter 6 we turn our attention to comb copolymers in two di-
mensions. In two dimensions the influence of the side chains on the backbone
conformation is much more severe compared to three dimensions. The 2D
confinement also implies strong topological constraints for these branched
systems. Successive side chains can not pass each other and their position
with respect to the backbone is in principle fixed by the preparative stage.
The influence of an attractive interaction between side chain monomers on
the conformation of the backbone is studied.




