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Chapter 1

Introduction

1.1 Statistical mechanics

Matter consists of particles (molecules, atoms) that interact. Statistical me-
chanics tries to predict the thermodynamic behavior from the microscopic
interactions between the particles. In the classical picture matter is regarded
as a system of particles that obey Newton’s equations of motion. Full know-
ledge of the positions and velocities of the particles at a single instant would
be sufficient to predict the motions of the particles at any later instant. How-
ever, such a description is far too detailed. The number of particles in a
macroscopic system is of the order of the Avogadro number (∼= 1023). It is
impossible to measure all positions and velocities of 1023 particles in prac-
tice.

Equilibrium thermodynamics tries to describe a macroscopic system (a
container of fluid, a piece of solid) with just a few parameters such as tem-
perature and pressure. It is the objective of statistical mechanics to bridge the
gap between the thermodynamic description and the microscopic descrip-
tion.

The method that is used most often in statistical mechanics is the so called
‘canonical ensemble’ [1, 2]. We imagine that the system under study is in
thermal contact with a very large system (a ‘heat bath’) with a temperature
T. It can be shown that the probability to find the smaller system in a state
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with energy E is proportional to the so called ‘Boltzmann factor’:

P(E) ∝ exp
(
− E

kT

)
= exp(−βE) (1.1)

where k is Boltzmann’s constant. For notational convenience we have intro-
duced the inverse temperature β = 1/kT.

Suppose we want to calculate the average value 〈A〉 of a physical quantity
A:

〈A〉 = ∑s exp (−βE(s)) A(s)
∑s exp (−βE(s))

(1.2)

∑s is a sum over all microscopic states s. A(s) denotes the value of quantity
A for state s. It is a weighted average with the Boltzmann factor as weight.
Such an average is called the ‘ensemble average’.

The partition function Q is defined [1, 2] as the sum over all states of the
Boltzmann factor:

Q = ∑
s

exp (−βE(s)) (1.3)

It is a function of temperature. It is a convenient quantity because the inter-
nal energy 〈E〉 can be derived from it by taking the derivative of log Q with
respect to β:

∂
∂β

log Q = −〈E〉 (1.4)

The logarithm of the partition function is related to the free energy in the
following way [1, 2] :

F = −kT log Q (1.5)

1.2 Polymers

Polymers are large molecules consisting of many repeating units, which are
called monomers [3–7]. If all monomers are chemically identical the poly-
mer is called a ‘homopolymer’. If the polymer consists of several types of
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monomers it is called a ‘copolymer’ or ‘heteropolymer’. Long sequences of
monomers of the same type are called ‘blocks’. A ‘diblock copolymer’ is a
copolymer consisting of a block of one type connected to a block of another
type (see figure 1.1).

homopolymer

diblock copolymer

Figure 1.1: Chemical composition: homopolymers and block-copolymers.

Polymers can also differ in ‘architecture’ i.e. the way in which the mono-
mers are connected. (See figure 1.2.) A ‘linear’ polymer is a simple chain of

linear polymer

ring polymer

comb polymer

Figure 1.2: Polymer architecture.

monomers with no branching points. In a ‘ring’ polymer the ends of the chain
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are connected. Polymers can also be branched. A ‘comb’ polymer consists of
a backbone with side chains attached (‘grafted’) to it.

Polymer physics focuses on the properties of polymers that do not depend
on the exact chemical nature of the monomers [4]. This is done by looking at
the polymer on a length scale that is larger than the size of the individual
atoms. Such models are called ‘coarse grained models’.

The ‘random walk’ (RW) is the simplest model for a polymer [6]. A ran-
dom walker makes steps that are random (drawn from some isotropic dis-
tribution) and uncorrelated. The points in space the random walker vis-
its should be interpreted as the monomer positions. Consider a walk of N
steps. Let us denote the monomer positions by�r 0, · · · ,�rN . The bond vectors
�b1, · · · ,�bN are related to the monomer positions by

�bi = �ri −�ri−1 (1.6)

and we have

N

∑
i=1

�bi = �rN −�r0 (1.7)

The average squared distance between the chain ends�r0 and�rN can be calcu-
lated quite easily:

〈||�rN −�r0||2〉 =
N

∑
i=1

N

∑
j=1

〈�bi ·�bj〉 (1.8)

and since the steps are uncorrelated:

〈�bi ·�bj〉 = b2δi j (1.9)

where b2 is the averaged squared bond length, we finally arrive at

〈||�rN −�r0||2〉 = Nb2 (1.10)

So the end-point distance scales as
√

N.
Another measure for the size of a polymer is the ‘radius of gyration’. The

radius of gyration squared is defined as the average squared distance of the
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monomers to the center of mass. An N step random walk consists of N + 1
monomers, so we have

Rg
2 =

1
N + 1

N

∑
i=0

(�ri −�rcm)2

�rcm =
1

N + 1

N

∑
i=0

�ri (1.11)

The following expression is equivalent and sometimes easier to handle:

Rg
2 =

1
2(N + 1)2

N

∑
i=0

N

∑
j=0

(�ri −�r j)2 (1.12)

It is actually the same expression as (A.3) derived in appendix A. (However,
here the number of monomers is N + 1 instead of N in the appendix.) It is
easy to see that

〈(�ri −�r j)2〉 = |i − j|b2 (1.13)

since�ri and�r j are the end points of an |i − j| step random walk. Combining
these results we get the following expression for the radius of gyration of a
random walk of N steps:

〈Rg
2〉 =

b2

2(N + 1)2

N

∑
i=0

N

∑
j=0

|i − j|

=
b2

2(N + 1)2
N(N + 1)(N + 2)

3

=
N(N + 2)

N + 1
b2

6
(1.14)

For large N this can be approximated by

〈Rg
2〉 ≈ Nb2

6
(1.15)

Note that the radius of gyration of an N step random walk scales as
√

N, just
like the end-point distance but with a different prefactor.
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The random walk is the simplest model for a linear polymer. The corre-
sponding model for a ring polymer is a closed random walk, i.e. an N step
random walk where the first and last monomer coincide. In appendix A the
radius of gyration of an N step closed random walk is calculated. We mention
the result here:

〈Rg
2〉 =

N + 1
12

b2 (1.16)

with b equal to the root mean square bond length:

b2 =
〈
(�ri −�ri−1)2

〉
(1.17)

So a closed random walk is approximately
√

2 smaller in size compared to a
linear random walk with the same number of steps.

In the Random Walk model there is no interaction between the monomers.
In reality monomers cannot overlap: this is called excluded volume interac-
tion. The polymer model which incorporates this is called the Self Avoiding
Walk (SAW) model. It is most easily defined on a lattice. A Self Avoiding
Walk on the lattice is a walk which avoids the sites it has already visited,
i.e. a lattice site can contain one monomer at the most. (See figure 1.3) In

Figure 1.3: Self Avoiding Walk on a square lattice.
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Self Avoiding Walk statistics one considers the ensemble of all Self Avoiding
Walks of N steps giving each walk equal weight. The scaling exponent for
the squared endpoint distance is non-trivial

〈||�rN −�r0||2〉 ∝ N2ν (1.18)

The exponent ν is called the Flory-exponent. A mean field model invented
by Flory predicts the value 3

5 = 0.6 in 3 dimensions [5, 6]. Its exact value is
slightly lower and can be estimated by Monte Carlo simulations and renor-
malization group calculations:

ν ≈ 0.588 (1.19)

The value of the exponent is rather robust with respect to the details of the
model. It does not depend on the choice of the lattice (as long as it is 3 di-
mensional). Even in off-lattice models with excluded volume interaction the
exponent is the same irrespective of the exact geometrical shape of the mon-
omers.

The Self Avoiding Walk model is a simplified model for a polymer molecule
in a ‘good’ solvent. A good solvent implies that the monomers effectively re-
pel each other.

The Random Walk and Self Avoiding Walk models are ‘athermal’: tem-
perature does not play a role. A conformation is either allowed (Boltzmann
factor 1) or not allowed (Boltzmann factor 0) with nothing in between.

The next step is to include attraction between the monomers in the model.
The simplest such model is the Interacting Self Avoiding Walk model, which
is again a lattice model, combining self-avoidance with nearest neighbor at-
traction between monomers. For every pair of non-bonded monomers which
are nearest neighbors the energy of the polymer is reduced by a fixed amount
ε. (See figure 1.4) It is convenient to absorb the factor β = 1/kT into ε. In
this way ε becomes a dimensionless measure of the strength of the attraction
which is inversely proportional to temperature.

For low values of ε the Flory-exponent is not affected. However, if ε ex-
ceeds a certain value the polymer starts to ‘collapse’ and the Flory-exponent
becomes 1

3 . This corresponds to the poor solvent regime. The abrupt re-
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nearest neighbour interaction

Figure 1.4: Interacting Self Avoiding Walk on a square lattice.

duction of the size of a polymer in a bad solvent is also known as the ‘coil-
globule’ transition [6].

In between the swollen and collapsed states we have the so-called ‘θ-
conditions’. Here the Flory-exponent is 1

2 , identical to the Random Walk
value.

The Interacting Self Avoiding Walk model described above is a model
for a single polymer molecule in a sea of solvent. It can be extended to a
model for more concentrated solutions: one introduces multiple Self Avoid-
ing Walks on the lattice with excluded volume and nearest neighbor interac-
tion also acting between monomers on different chains. In order to make the
system finite one should introduce a bounding box with impenetrable walls
(see figure 1.5) or periodic boundary conditions.

So far, we have only considered lattice models. Now we will briefly dis-
cuss off-lattice models. In off-lattice models a monomer can have any posi-
tion in continuous space. The bonds can be represented by a potential that
acts only between monomers that are chemically bonded. Harmonic or FENE
potentials are often used as a bond potential. The FENE (Finite extensible



1.2. Polymers 17

Figure 1.5: Multiple SAW-chains in a box.

nonlinear elastic) potential has the following form [8]

Ubond ∝ log
[
1 −

(
r

R0

)2
]

r < R0 (1.20)

Ubond = ∞ r ≥ R0 (1.21)

where r is the distance between two monomers. Alternatively, bonds with a
fixed length are also frequently used. Excluded volume interaction is repre-
sented by ‘hard-core’ potentials. Usually the monomers consist of spherical
beads which are not allowed to overlap: any conformation with overlapping
beads has infinite energy and has Boltzmann weight 0. Sometimes solvent
molecules are simulated explicitly, but more often an attractive potential of
mean force acting between each pair of monomers is introduced to mimic
the effect of a not-so-good or bad solvent [9]. Lennard-Jones potentials and
Van der Waals potentials are popular choices. The Lennard-Jones potential is
given by

ULJ = 4ε
[(σ

r

)12 −
(σ

r

)6
]

(1.22)
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It is repulsive at short distances and attractive at larger distances.

1.3 Topological constraints

During the motion of a polymer system bonds cannot cross. For linear poly-
mers this fact only influences the dynamics of the system.

For ring polymers, however, the non-crossing constraint also influences
the equilibrium properties of the system [10]. The system can be in one of
a number of topologically different states. These topological classes corre-
spond to knots and links (See figure 1.6 and figure 1.7). If the system is

01 31 41

51 52

Figure 1.6: Polymer topology: knotted ring polymer.

Figure 1.7: Polymer topology: linked rings.
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prepared in a certain topological state it will, during its motion, never reach
any of the other topological states. For instance the knot type of a ring poly-
mer will not change.

Knots have been catalogued by mathematicians [11]. In figure 1.6 the
knots are labeled with their customary name. The number corresponds to
the (minimum) number of crossings in a 2-d projection. The index serves to
distinguish topological different knots with the same number of crossings as
in 51 and 52. The 01-knot is also know as the ‘trivial knot’ or the ‘unknot’.

A long standing problem in polymer topology is to determine the prob-
ability of knot formation after random closure of a linear chain. This would
correspond to synthesis of ring polymers in dilute solution by letting the end
groups react.

This problem has been investigated by several authors [12–17] using the
following approach: rings are generated by various algorithms and then the
knot type of the ring polymer is determined by calculating one or more ‘topo-
logical invariants’. An example of such a topological invariant is the Alexan-
der polynomial [11]. Topological invariants can be used to prove that two
rings are topologically different. However, none of the known topological
invariants is ‘complete’: there are topologically different ring conformations
that have the same value for the topological invariant. However, in practical
situations, it is sufficient to calculate one or two invariants to determine the
knot type to a reasonable certainty.

These studies [14, 16] show that in a good solvent the probability of for-
mation of a non-trivial knot (by random closure of a linear chain) is much
lower than in θ solution or in a bad solvent. Furthermore, if the rings are
formed in dilute solution, the probability of creating linked rings is also very
low. Therefore the ring polymer system that is most relevant experimentally
is a system consisting of unknotted and unlinked ring polymers. In chapter
4 we will consider a solution of unknotted and unlinked rings.

Topological constraints acting between a pair of unlinked rings can give
rise to a repulsion of entropic origin. If the two rings are far apart any com-
bination of single chain conformations is allowed. If the rings are brought
closer together, some combinations are no longer allowed because they do
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not correspond to the unlinked state. This leads to a reduction of entropy and
to a repulsive force acting between the rings. In chapter 4 this phenomenon
will be studied.

1.4 Monte Carlo simulation

Monte Carlo simulation [18] is a class of algorithms which use random num-
ber generators to sample the space of microscopic states. The ensemble aver-
ages are estimated by averaging over the set of states that were generated by
the Monte Carlo procedure. In this section I will review some of the Monte
Carlo methods that are used in simulating polymer systems.

In the simple sampling algorithm the polymer chains are each time grown
from scratch. This is a good method for Random Walks (but Random Walks
are trivial anyway). For Self Avoiding Walks this would mean that each time
a self-intersection occurs the chain should be grown anew from the begin-
ning. All the effort put in growing the chain is lost. For large N the proba-
bility that a walk is grown without self-intersection is very low. Most of the
attempts to grow a Self Avoiding Walks fail. This is why simple sampling is
ineffective for large N.

This problem can be partially remedied by choosing at each step only
from the unoccupied lattice sites. However, this introduces a bias which
should be compensated for. This is done by giving a weight to the conforma-
tion. If si is the number of unoccupied neighbors (i.e. the number of possible
steps) at step i the conformation should be weighted by:

w = ∏
i

si (1.23)

This method is also known as the Rosenbluth method [19]. A drawback of
the method is that one spends a lot of time generating conformations which
have a low weight.

It is desirable if one could generate conformations with the correct prob-
ability so no reweighting is necessary. This is called ‘Importance sampling’
[18]: one avoids to sample conformations which have a low weight.
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The Metropolis method [20] is a frequently used method to achieve im-
portance sampling. It consists of repeatedly trying to change the conforma-
tion a little bit (moving a few atoms or so) and then deciding whether to
accept the new conformation or to retain the previous one. Such a prospec-
tive change in the conformation is called a ‘move’. The acceptance criterion
should be chosen in such a way that the conformations are sampled with the
desired probability (usually the Boltzmann distribution).

The method of generating a new conformation (on the basis of the pre-
vious one) is stochastic and should satisfy ‘detailed balance’: the probability
of generating state j when in state i should be the same as the probability
of generating state i when in state j. Furthermore ‘ergodicity’ is required:
one should be able to reach each microscopic state by one or more of these
sampling steps.

If the sampling procedure satisfies detailed balance and ergodicity the
conformations are sampled with uniform probability. A popular acceptance
criterion for achieving Boltzmann statistics is [18]:

P(accept) = min(1, exp(−β∆E)) (1.24)

where

∆E = E(new) − E(previous) (1.25)

A convenient way to implement this in a computer program is:

1. compute the change in energy ∆E

2. if ∆E < 0 accept the new conformation always.

3. if ∆E > 0 compute a random number r from a uniform distribution on
the interval [0, 1) and compare it to exp(−β∆E). If r < exp(−β∆E)
accept the new conformation. Otherwise retain the previous conforma-
tion.

It is essential that, when a move is rejected, the previous conformation
is taken into account once more in the statistics (for instance in the averages
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of physical quantities). Not doing so would result in biased statistics and
incorrect ensemble averages.

Note that a move which leads to excluded volume overlap should be han-
dled as if ∆E = ∞ and should always be rejected.

The Metropolis procedure described above generates a sequence of con-
formations, some identical to the previous one, some slightly altered. En-
semble averages can be calculated simply by averaging over the generated
conformations. No weights are needed.

One of the drawbacks of the method is that subsequent conformations are
very much alike or identical (if the move was rejected). It takes a number of
steps to obtain a conformation which is uncorrelated. This number is called
the ‘correlation time’ [21]. Something similar happens when one starts a sim-
ulation with an initial conformation that is designed by hand (for example a
completely stretched chain). Usually such a conformation is artificial and a
number of steps is needed to reach a conformation that is uncorrelated to the
initial conformation. This is called ‘equilibration’. The conformations that
were generated during equilibration should not be included in the statistics;
they must be discarded.

There is a lot of freedom in choosing the Monte Carlo moves, provided
they satisfy detailed balance and ergodicity. This freedom of choice should
be used to optimize the efficiency of the sampling: the phase space (the space
of microscopic states) should be traversed as fast as possible.

We will now give a few examples of the Monte Carlo algorithms used in
polymer simulation.

For polymers on a simple cubic lattice several Monte Carlo moves have
been suggested. The kink jump and crankshaft moves are illustrated in figure
1.8. The kink jump is a single atom move while the crankshaft move moves
two atoms at a time. For a linear polymer also moves that reposition a loose
end should be included in the sampling algorithm (See figure 1.9). The com-
bination of kink jumps, crankshaft moves and end moves is called the Verdier
Stockmayer algorithm.

A reptation move [22] consists of removing a monomer from one chain
end and randomly adding a monomer to the other end. (See figure 1.10) It
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Figure 1.8: Monte Carlo moves: kink jump and crankshaft moves.

Figure 1.9: Monte Carlo moves: end move.
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Figure 1.10: Monte Carlo moves: reptation move.

is also called the ‘slithering snake’ move for obvious reasons. The growth
direction can be chosen anew at every attempted step, but it can be shown
that it is also correct to let the polymer grow consistently in one direction
reversing the growth direction only when a move is rejected.

The reptation algorithm is not completely ergodic as can be shown quite
easily in two dimensions (See figure 1.11). If one starts in such a trapped
conformation one cannot get out of it. Conversely, if one does not start in
such a conformation one will never reach it.

Another more involved lattice model for polymers is the Bond Fluctua-
tion Model [23]. Monomers occupy a square of 4 lattice sites in 2 dimensions
or a cube of 8 sites in 3 dimensions. There is a set of allowed bond vec-
tors between the monomers. This set has been carefully chosen such that no
crossing bonds will form during the simulation (provided that there were no
crossing bonds in the initial conformation). Only one type of Monte Carlo
move is used: the chosen monomer is moved by one lattice constant. The
advantage of the Bond Fluctuation Model is that the chains have more flex-
ibility: the number of allowed bond lengths and bond angles is larger than
the simple cubic lattice model where only bonds of length 1 and bond angles
of 90◦ and 180◦ are allowed. The Bond Fluctuation Model can be viewed as
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Figure 1.11: Trapped conformation.

an intermediate between lattice models and off-lattice models.

There are a number of off-lattice models that are used in polymer simula-
tions. The models I will describe below are again coarse grained models.

In the ‘bead and spring’ model spherical beads represent the monomers.
They are not allowed to overlap (excluded volume interaction). The beads are
connected by springs: there is a quadratic or FENE potential between bonded
monomers. A Monte Carlo move consists of randomly choosing a monomer
and moving it in some convenient way that satisfies detailed balance.

In the ‘freely jointed’ model [24] the length of the bonds is held fixed. This
can be achieved by starting in a conformation with the correct bond lengths
and using Monte Carlo moves that do not change the bond lengths.

The ‘tangent spheres’ model consists of impenetrable spheres for mono-
mers and fixed bond lengths which are chosen such that the bonded beads
touch one another.
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1.5 Outline of the thesis

In this introductory chapter I have tried to present the background informa-
tion needed for the thesis.

In chapters 2 and 3 the phase behavior of (ring) polymers in solution is
considered, using lattice models.

In chapter 4 we consider an off-lattice model for ring polymer solutions.
We focus on the effect of the topological constraints which act between un-
knotted and unlinked rings. The equation of state (i.e. the osmotic pressure)
is calculated using a special Monte Carlo algorithm that has been designed to
conserve the topological state of the system.

Chapter 5 is devoted to ‘ring comb copolymer brushes’, i.e. ring polymers
with side chains attached to it. The influence of the side chains on the confor-
mation of the backbone (of a single ring comb copolymer in a sea of solvent)
is studied.

Finally in chapter 6 we turn our attention to comb copolymers in two di-
mensions. In two dimensions the influence of the side chains on the backbone
conformation is much more severe compared to three dimensions. The 2D
confinement also implies strong topological constraints for these branched
systems. Successive side chains can not pass each other and their position
with respect to the backbone is in principle fixed by the preparative stage.
The influence of an attractive interaction between side chain monomers on
the conformation of the backbone is studied.



Chapter 2

Ring polymers on a lattice:
demixing in polymer solutions

2.1 Phase separation in polymer solutions

The standard way to describe liquid-liquid phase separation in binary mix-
tures is by means of a free energy function g(φ) which is a function of the
volume fraction φ of one of the components. It also depends (implicitly) on
temperature T.

Phase separation occurs when the free energy can be reduced by separat-
ing into a phase with volume fraction φ′ and a phase with volume fraction
φ′′. The line (in the φ, T plane) which delimits the region where phase sep-
aration occurs is called the ‘binodal’. φ′ and φ′′ follow from the ‘Maxwell
construction’ (also known as ‘common tangent construction’) [1, 6]. See fig-
ure 2.1. It can be formulated in the following way:

g′(φ′) = g′(φ′′) (2.1)

φ′g′(φ′) −φ′′g′(φ′′) = g(φ′) − g(φ′′) (2.2)

The ‘spinodal’ is defined as the boundary of the region of instability in the
φ, T plane and corresponds to the transition line where the second derivative
of g with respect toφ vanishes:

g′′(φ) = 0 (2.3)
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Figure 2.1: Common tangent construction

In the region between the binodal and the spinodal the mixed phase is me-
tastable: the mixed state is a local minimum of the free energy, but the free
energy of the demixed state is lower. For the mixed state to demix a free
energy barrier has to be overcome.

The binodal and spinodal meet at the ‘critical point’. It can be defined as
the point on the spinodal that satisfies the extra condition

g′′′(φ) = 0 (2.4)

It is also the point on the binodal where the coexisting phases φ ′ and φ′′

become equal.
Flory and Huggins proposed the following form for the free energy of

mixing for a polymer of length N in solution [3, 6] :

g(φ) =
φ

N
logφ+ (1 −φ) log(1 −φ) + χφ(1 −φ) (2.5)

where g(φ) is the free energy density of mixing in units of kT, φ is the poly-
mer volume fraction and χ is the Flory-Huggins interaction parameter. It is
inversely proportional to temperature. The expression is based on a mean
field theory for polymers on a lattice with nearest neighbor interaction. The
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Figure 2.2: Flory-Huggins spinodals.

Flory-Huggins interaction parameter χ is related to the interaction parameter
ε of the lattice model. In the next section we will consider a more general
mean field model which contains the Flory-Huggins theory as a special case.

The equation for the spinodal (2.3) can be solved quite easily:

χ =
1
2

(
1

Nφ
+

1
1 −φ

)
(2.6)

Figure 2.2 shows the spinodals for various values of N. The minimum value
of χ is reached at the critical point

φc =
1√

N + 1
(2.7)

and the corresponding value for χ is

χc =
1
2

(
1 +

1√
N

)2

(2.8)

which tends to 1/2 as we let N go to infinity.



30 Chapter 2. Ring polymers on a lattice . . .

0 0.2 0.4 0.6 0.8 1
φ

1

1.2

1.4

1.6

1.8

2

χ

binodal
spinodal

Figure 2.3: Flory-Huggins binodal and spinodal for N = 4

The equations for the binodal are a bit more complicated. (2.1) and (2.2)
lead to

0 =
1
N

log
φ′

φ′′ − log
1 −φ′

1 −φ′′ − 2χ(φ′ −φ′′) (2.9)

0 = log
1 −φ′

1 −φ′′ +
(

1 − 1
N

)
(φ′ −φ′′) + χ(φ′2 −φ′′2) (2.10)

This set of equations can be solved numerically using Newton’s method (after
dividing both equations by φ′ −φ′′ in order to remove the unwanted solu-
tionsφ′ = φ′′). Figure 2.3 shows the binodal and spinodal for N = 4.

2.2 Szleifer’s theory for the phase behavior of polymer
solutions

Szleifer [25] introduced an expression for the free energy density of mixing
for polymers on a lattice with nearest neighbor interaction, based on more
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detailed knowledge of the conformations of a single polymer molecule.

g(φ) =
φ

N
logφ+ (1 −φ) log(1 −φ) − φ

N
log q (2.11)

where q is the partition function for a single chain in the mean field of the rest
of the chains:

q = ∑
{�ri}

exp [−χ(1 −φ)ne({�ri})] (2.12)

where ne({�ri}) is the number of external contacts of the conformation {�ri}.
An external contact is a potential polymer-solvent contact. The probability
that a neighboring lattice point actually contains a solvent molecule is taken
to be 1−φ. This is a mean field ansatz. So q can be interpreted as the partition
function of a single polymer with a interaction strengthε = χ(1 −φ)

The choice for this form of the free energy of mixing is based on the fol-
lowing considerations. The first two terms in (2.11) are identical to the first
two terms in the Flory-Huggins free energy (2.5). It corresponds to the ‘trans-
lational entropy’ of the chains, i.e., the number of ways the centers of mass of
the coils can be placed on the lattice. In the third term the conformational de-
grees of freedom are taken into account. The intra-chain interaction is taken
into account fully. The inter-chain interaction is taken into account in a mean
field way.

Again, the spinodal is obtained by setting the second derivative of g equal
to zero:

0 =
1

Nφ
+

1
1 −φ − 2

N
χ〈ne〉 − φ

N
χ2
[
〈ne

2〉 − 〈ne〉2
]

(2.13)

For the critical point we have the extra condition g′′′(φ) = 0.

0 = − 1
Nφ2 +

1
(1 −φ)2 − 3

N
χ2
[
〈ne

2〉 − 〈ne〉2
]

−φ
N
χ3
[
〈ne

3〉 − 3〈ne〉〈ne
2〉+ 2〈ne〉3

]
(2.14)

Note that the averages 〈ne
k〉 depend implicitly on the product χ(1 −φ) via

〈ne
k〉 =

∑{�ri} exp (−χ(1 −φ)ne) ne
k

∑{�ri} exp (−χ(1 −φ)ne)
(2.15)
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Actually the calculation of these quantities can be simplified by first calculat-
ing the histogram for the number of external contacts

P(n′
e) = ∑

{�ri}
δ(ne − n′

e)

= #
{{�ri} | ne = n′

e
}

(2.16)

〈ne
k〉 =

∑ne P(ne) exp (−χ(1 −φ)ne) ne
k

∑ne
P(ne) exp (−χ(1 −φ)ne)

(2.17)

Again the equations for the binodal can be derived from (2.1) and (2.2)

0 =
1
N

log
φ′

φ′′ − log
1 −φ′

1 −φ′′ −
1
N

log
q′

q′′
− χ

N

(
φ′〈ne〉′ −φ′′〈ne〉′′

)

0 = log
1 −φ′

1 −φ′′ +
(

1 − 1
N

)
(φ′ −φ′′) +

χ

N

(
φ′2〈ne〉′ −φ′′2〈ne〉′′

) (2.18)

where 〈ne〉′ and q′ denote the value of 〈ne〉 and q at φ = φ′. Analogously
〈ne〉′′ and q′′ denote 〈ne〉 and q atφ = φ′′.

It should be stressed that in the theory presented above, the interactions
between different coils is taken into account only in a mean field way. The
conformations of a single coil are taken into account exactly inasmuch as the
histogram of the external contacts is determined exactly.

Note that the equations above reduce to Flory-Huggins theory if the as-
sumption is made that the number of external contacts ne is the same for all
conformations. The χ in Flory-Huggins theory should be identified with the
following expression in Szleifer’s theory:

χFH =
ne

N
χS (2.19)

2.3 Generating conformations

In the previous section we have seen that in Szleifer’s theory we can calculate
the spinodal and binodal once we have the histogram (2.16) of the number of
external contacts for a single polymer in a sea of solvent. In practical sit-
uations it is impossible to calculate this histogram exactly. This section is
devoted to estimating this histogram using Monte Carlo sampling.
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In his original paper [25] Szleifer used Rosenbluth sampling [19] (see sec-
tion 1.4) to obtain the histogram for a linear polymer. Here we try to calculate
the histogram for a ring polymer using a topology-conserving Monte Carlo
algorithm.

The sampling algorithm employed is a combination of kink jumps and
crankshaft moves (see section 1.4). These moves do not change the topology
of the system: if we start with a knotted conformation, the knot-type will
not change during the simulation. The histogram of the number of external
contacts is accumulated during the simulation. This output of the simulation
serves as input for Szleifer’s theory: spinodals and binodals are calculated
using the formulae in section 2.2.

It should be noted that in this way the intra-molecular topological con-
straints are taken into account (since the sampling algorithm is topology con-
serving) whereas the inter-molecular topological constraints are not taken
into account. In Chapter 4 we will consider an (off-lattice) model for ring
polymers where the inter-molecular topological constraints are indeed taken
into account.

2.4 Demixing: spinodals and binodals

The Monte Carlo algorithm described in the previous section has been used
to calculate the histogram for the external contacts for rings of different sizes
N and different knot-types.

Knotted initial conformations are designed using diagrams as shown in
figure 2.4. They show the projection of the knot on the x, y plane. The num-
bers written alongside the bonds correspond to the z coordinate. The dots
indicate a change in z coordinate. It is intended that bonds in the z-direction
are added here.

Figure 2.5 shows the histogram of an N = 64 ring with different knot
types. Obviously the knotted conformations are more compact and therefore
have less external contacts. Also, the more complicated knots (i.e. the ones
with more crossings) tend to have even less external contacts.

This behavior is also reflected in the binodals (see figure 2.6). For the knot-
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Figure 2.4: Knots on a lattice.
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Figure 2.5: Histograms for various knots.
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Figure 2.6: Binodals for various knots.

ted conformations a higher value of χ (i.e. a lower temperature) is needed for
demixing to occur.

In figure 2.7 a comparison is made between unknotted rings (N = 64)
and linear chains. Rings are more compact and have (on average) less ex-
ternal contacts. Figure 2.8 shows the corresponding binodals and spinodals.
The critical χ is higher for rings compared to linear chains. Note (again) that
the inter-molecular topological constraints are not taken into account here. In
chapter 4 we will show that the topological repulsion that acts between un-
concatenated rings also gives rise to a shift in the critical χ. However, a com-
parison between the results of this chapter and those of chapter 4 suggests
that the intra-molecular effect studied here gives rise to a similar shift in the
critical χ as the shift due to the inter-molecular topological constraint. This is
probably due to the fact that the critical point for phase separation occurs at
a composition that is of the same order as the critical overlap concentration,
i.e. the concentration above which the coils first start to overlap [4].

A final note concerns the reference state. In the calculations described
above the athermal state was used as the reference state: the histogram was
calculated from athermal simulations. The histogram Pε(ne) needed to calcu-
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Figure 2.7: Comparison: histograms for ring and linear (N = 64).
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Figure 2.8: Comparison: ring and linear N = 64 (binodals and spinodals).
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Figure 2.9: Comparison: 〈ne〉: extrapolation versus direct simulation.

late 〈ne
k〉 at ε = χ(1 −φ) is obtained by reweighting the athermal histogram

P0(ne) with a Boltzmann weight exp(−εne):

Pε(ne) =
P0(ne) exp(−εne)

∑ne
′ P0(ne

′) exp(−εne
′)

(2.20)

It is also possible to use a different reference state and do simulations at
an interaction strengthε0 by incorporating a Metropolis acceptance-criterion
(1.24) into the simulation algorithm. Let Pε0(ne) be the histogram computed
from this simulation. Again, the histogram Pε(ne) can be calculated by re-
weighting:

Pε(ne) =
Pε0(ne) exp(−(ε−ε0)ne)

∑ne
′ Pε0(ne

′) exp(−(ε−ε0)ne
′)

(2.21)

In general, the statistical accuracy of the histogram Pε(ne) deteriorates if the
difference between ε and ε0 is too big. Figure 2.9 shows this for an unknot-
ted 64-mer. A comparison is made between direct simulation, extrapolation
from athermal conditions and extrapolation from ε0 = 0.2. For the athermal
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reference state deviations start to occur at ε = 0.17. The extrapolation from
ε = 0.2 yields better results for higher values ofε. Since the value of ε for the
critical point is εc = χc(1 −φc) = 0.176 for an unknotted 64-mer (and even
higher for the knotted 64-mers) it may be worthwhile to change the reference
state.



Chapter 3

Flow-induced phase separation
in polymer solutions

K. de Moel, E. Flikkema, I. Szleifer, G. ten Brinke
Europhys. Lett. 42, 407 (1998)

3.1 Abstract

A correct description of phase behavior in polymer solutions requires a cou-
pling between configurational statistics and thermodynamics. The effect of
flow-induced chain deformation on the polymer-solvent interaction energy
depends on the concentration and on the polymer architecture. It will be
demonstrated, using thermodynamic arguments, that for linear polymers
this may give rise to a large flow-induced demixing. For more complex ar-
chitectures such as ring polymers and branched polymers, a maximum in the
critical temperature versus flow rate is predicted.

3.2 Introduction

It is well known that flow can strongly influence the degree of mixing in
polymer solutions and to a lesser degree in polymer blends. Experimen-
tal examples of flow-induced mixing as well as demixing are reported in
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the literature [27], [28]. For polymer solutions quite often shear-induced
demixing, manifested by a large increase in scattering, is observed. Rangel-
Nafaile et al. [27] reported shifts in the cloud points of high-molecular-weight
polystyrene solutions in dioctylphtalate of the order of 20◦C or more as a
function of flow rate. For low-molecular-weight solutions the effect seems to
be strongly reduced and more complicated [29].

Theoretically, the influence of shear flow has been addressed in several
ways. Assuming that the observed enhanced or reduced scattering corre-
sponds to a change in the transition temperature of a genuine symmetry-
breaking phase transition, a quasi-thermodynamic description was introduced
by Ver Strate and Philippoff [30], and advanced in particular by Rangel-
Nafaile [27] and Wolf [31]. The approach is based on a Flory-Huggins-type
description, including the influence of flow by a concentration-dependent
stored free-energy term using a relation derived by Marrucci [32]. It has been
criticized by Helfand and Fredrickson [33], Onuki [34] and others [35], be-
cause it has no clear basis in statistical mechanics.

The available experimental results and the theoretical descriptions based
on the coupling between concentration fluctuations and stress indicate that
entanglements are essential to obtain large shear-induced effects. For low-
molecular-weight polymer solutions shear is supposed to suppress concen-
tration fluctuations. The available experimental data [29] indicate that the
effect of shear is much smaller, and both reduced and enhanced concentra-
tion fluctuations are observed.

Weak elongational flow has been considered theoretically by Bhattachar-
jee et al. [36]. Using a continuum model for polymers with two- and three-
body interactions, a theory was developed which predicts a flow-induced
shift of the θ point to higher temperatures. It is related to the fact that the
mean-squared radius of gyrations is increased by the elongational flow. Be-
cause the repulsive three-body interactions depend more strongly on the mon-
omer concentrations than the two-body interactions, the repulsive interac-
tions are reduced relative to the attractive interactions and the phase separa-
tion sets in at a higher temperature.

Here we consider again the influence of elongational flow on the phase
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behavior of polymer solutions. A quasi-equilibrium model will be proposed
which is not restricted to weak flows. An important asset of our approach
is the fact that the deformation of individual molecules is explicitly taken
into account, thus providing a simple recipe to discuss the influence of the
macromolecular architecture. This will be illustrated by comparing linear
polymers with more complicated architectures such as ring and branched
polymers.

3.3 Theory

Phase separation in polymer solutions is characterized by a strong asymme-
try: a dilute phase of isolated partially collapsed polymer coils is in equilib-
rium with a semi-dilute solution. One of the most obvious effects of flow is
the change of the polymer conformations. Due to the asymmetry, this will
have a considerably different influence on the interaction energy in the dilute
phase compared to the semi-dilute phase. In the dilute phase, the deforma-
tion (stretching) of isolated partially collapsed coils will result in a strong in-
crease in polymer-solvent contacts. The semi-dilute regime on the other hand
is characterized by a more homogeneous segment distribution for which de-
formation of the chains will increase the number of polymer-solvent contacts
to a much lesser degree.

This effect can be most easily discussed employing a quasi-equilibrium
description. To this end, the issue of an effective potential governing the
behavior of non-equilibrium systems and the explicit consideration of a con-
formation-dependent number of polymer-solvent contacts will be addressed
first. The Flory-Huggins theory estimates the number of polymer-solvent
contacts ignoring chain connectivity and is obviously inadequate to describe
even phase behavior of quiescent polymer solutions. This issue was con-
sidered several years ago by Szleifer [25] and an alternative model was in-
troduced. It has subsequently been applied to various problems involving
polymer solutions and shown to remedy several shortcomings of the Flory-
Huggins approach [37]. The issue of an effective potential governing the be-
havior of a polymer solution under flow was first raised by Kramers [38]. He
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considered a dilute polymer solution under flow. Assuming free-draining
conditions, the force �Fi on bead i in a flowing fluid is given by

�Fi = −ζ(−�v′i +�v′′i ) + �F′
i (3.1)

Here �v′i and �v′′i are the velocities of the fluid at the position of the bead and
of the bead itself, respectively, ζ is the friction coefficient and �F′

i is a random
force. Now, suppose the flow is irrotational, i.e., �∇ × �v′(�r) = 0, then the
velocity follows from a velocity potential: �v′(�r) = −�∇ψ(�r). Introducing the
potential energy U(�r) = ζψ(�r) then gives

�Fi = −∂U
∂�ri

−ζ�̇ri + �F′
i (3.2)

Hence, the equations of motion are the same as those which would apply
to polymer beads in a liquid at rest if it were subject to a force field with
potential U.

In the case of shear flow given by (u = γ̇ y, v = 0, w = 0), the flow is not
irrotational and can be decomposed in an irrotational part (u = 1

2 γ̇ y, v =
1
2 γ̇ x, w = 0) and a uniform rotation given by (u = 1

2γ̇ y, v = − 1
2γ̇ x, w = 0).

Here we will restrict ourselves to the irrotational, i.e. elongational part of
the flow, which has the strongest effect on the polymer conformations. Fur-
thermore, free draining conditions will be assumed. Under these assump-
tions the flow follows from a velocity potential given by

ψ(�r) = −1
2
γ̇ xy (3.3)

For a polymer chain with conformationα this implies an additional potential
energy given by

U(α) = −1
2
ζγ̇

N

∑
i=1

xi(α)yi(α) (3.4)

where xi (yi) is the x(y)-coordinate of bead i with respect to the center of mass
of the molecule; N is the number of beads per chain.

Our equilibrium model follows now simply by adding this potential en-
ergy term to the expression introduced by Szleifer [25]. This implies that the
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starting point of our approach is given by the following expression for the
free energy of mixing:

βF = ns log(1 −φ) + np logφ+ np ∑
α

P(α) log P(α) +

+npχ(1 −φ)∑
α

P(α)ne(α) − npβ∑
α

P(α)U(α) (3.5)

whereβ = 1/kT; ns and np are the number of solvent and polymer molecules,
respectively, φ is the volume fraction of polymer and P(α) is the probability
to find a polymer molecule in a conformationα with ne(α) external contacts.
The number of external contacts is defined as all non-bonded contacts minus
the intra-molecular contacts (further on, we will restrict ourselves to a cubic
lattice model where contacts are well defined).

This expression is not difficult to understand: the first two terms rep-
resent the translational entropy and the third term the conformational en-
tropy. The fourth term is the interaction energy assuming that the probabil-
ity that an external contact is a contact with a solvent molecule is given by
the mean-field value 1 −φ. The last term represents the potential energy
due to the elongational flow. The χ-parameter is defined by χ = ∆ε

kT , where
∆ε = εps − 1

2(εpp +εss); it differs from the familiar Flory-Huggins parameter
by the absence of a factor z − 2 corresponding to the number of external non-
bonded contacts per segment (z is the lattice coordination number). Equation
(3.5) expresses the free energy as a function of the probability P(α). An ex-
pression for P(α) can be found by minimization: δF(α)/δP(α) = 0, leading
to

P(α) =
exp [−χ(1 −φ)ne(α) +βU(α)]

q
(3.6)

where q is the normalization constant. This results in the following simple
form for the free energy:

βF = ns log(1 −φ) + np logφ− np log q (3.7)

Here, the coupling between chain statistics, flow field and thermodynamics
is present in q. The familiar spinodal expression, critical point conditions and
phase equilibria conditions can be used in conjunction with this expression
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to determine the phase diagram. The corresponding equations for the critical
point are

1
Nφ

+
1

1 −φ − 2
N
χ〈ne〉 − φ

N
χ2
[
〈n2

e 〉 − 〈ne〉2
]

= 0 (3.8)

− 1
Nφ2 +

1
(1 −φ)2 − 3

N
χ2
[
〈n2

e 〉 − 〈ne〉2
]
−

−φ
N
χ3
[
〈n3

e 〉 − 3〈ne〉〈n2
e 〉+ 2〈ne〉3

]
= 0 (3.9)

where

〈A〉 = ∑
α

P(α)A(α) (3.10)

Similar equations can be derived for the coexistence curve [25].
In the case of a quiescent solution this formalism predicts a strong re-

duction in the critical temperature compared to the simple Flory-Huggins
result [25]. If an additional potential (eq. (3.4)) is present, the stretched
conformations become more favorable. Consequently, for linear polymers
ne(α) will approach its maximum value nmax

e = N(z− 2) + 2 and the fluctua-
tions in the number of external contacts will gradually disappear. Hence, the
phase boundary will shift back towards the Flory-Huggins prediction imply-
ing flow-induced demixing.

3.4 Results and Discussions

To illustrate the influence of the potential (eq. (3.4) on the distribution of
external contacts, Monte Carlo simulations were performed using the slither-
ing snake algorithm [22] together with the Metropolis scheme [20]. Isolated
chains were simulated under athermal solvent conditions. Figure 3.1 shows
the results for relatively short linear chains N = 30 as a function of γ̇τ , where
τ = ζa2 N2

kT . τ corresponds to the longest relaxation time of a Rouse molecule of
N segments, a situation that corresponds toθ conditions, i.e. close to the crit-
ical point. The figure demonstrates the essential features: increasing 〈ne〉 and
narrowing of the distribution. For high shear rates, the coil really stretches
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Figure 3.1: Distribution function P(α) of the number of external contacts ne

as a function of flow rate for isolated linear chains of length N = 30 under
athermal conditions. Solid line: zero flow, ·−·− γ̇τ = 36.5, - - - γ̇τ = 73.0
and ··· γ̇τ = 97.3.
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Table 3.1: The three moments of the number of external contacts as a function
of the flow rate for isolated linear chains of length N = 30 under athermal
conditions.

γ̇τ 〈ne〉 〈n2
e 〉 − 〈ne〉2 〈n3

e 〉 − 3〈n2
e 〉〈ne〉+ 2〈ne〉3

0.0 111.95 31.45 −130.97
24.3 112.79 30.05 −131.84
36.5 113.99 27.65 −131.35
48.6 115.76 22.46 −116.69
60.8 117.56 15.42 −80.62
73.0 118.93 9.539 −42.45
97.3 120.38 4.211 −13.69

and 〈ne〉 approaches its maximum value. Furthermore, the second- and third-
order fluctuations in ne diminish as can be seen from data gathered in table
3.1.

To calculate the phase diagram, a representative ensemble of conforma-
tions has to be generated, which is accomplished by generating a large num-
ber (order 106) of self-avoiding walks of length N on a cubic lattice using the
Rosenbluth-Rosenbluth scheme [19]. For the present study each conforma-
tion consisted of 60 segments, i.e. N = 60. In all calculations ∆ε/k = 65.0K
was used. Figure 3.2 shows the corresponding phase diagrams. Clearly,
for stronger elongational flows the critical point shifts to higher tempera-
tures implying flow-induced demixing. The difference in critical temperature
between no-flow and the strongest flow considered is approximately 25◦C.
Data collected for other chain lengths indicate that this value depends only
slightly on N. The critical point shifts somewhat to lower polymer concen-
trations. The highest flow rate employed corresponds to γ̇τ = 47.0. For still
stronger elongational flows the statistics of our method becomes extremely
bad due to the high probability of extended conformations, which are not
accurately represented in the ensemble of 106 self-avoiding walk conforma-
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Figure 3.2: Phase diagrams as a function of flow rate for linear chains of
length N = 60. • zero flow, � γ̇τ = 31.0, � γ̇τ = 40.3 and � γ̇ = 47.0.
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Figure 3.3: Average number of external contacts 〈ne〉 as a function of γ̇ for an
isolated linear polymer (- - -) and an isolated ring polymer (solid line). Chain
length N = 30 and athermal conditions

tions. Increasing the number of conformations will not improve the situation
very much.

One of the obvious advantages of our approach is the simple way in
which the influence of the polymer architecture can be considered. To illus-
trate this, we now consider a ring polymer solution. In this case the influence
of the deformation of the polymer coil on the probability distribution for the
number of external contacts is more complex. Figure 3.3 shows a comparison
between the average number of external contacts of a self-avoiding linear
polymer and a self-avoiding, topology-conserving, ring polymer as a func-
tion of the flow strength. Interestingly, the number of external contacts of the
ring polymer first increases but then decreases again at very strong elonga-
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tional flows because of an increased number of intra-molecular contacts. The
same phenomenon should obviously occur for branched polymers as well.
As a consequence, the phase behavior predicted on the basis of eq. (3.5),
first shows an increased critical temperature (flow-induced demixing) fol-
lowed by a decrease in critical temperature. This effect seems real, although
it should be realized that the mean-field assumption used for the probability
that an external contact of a polymer molecule is with a solvent molecule is
expected to become less accurate for strongly elongated conformations. For
ring polymers there is the additional complication of intermolecular topolog-
ical interactions.

Our formalism demonstrates that the effect of the inherent asymmetry of
polymer solutions on the interaction energy can be a very important factor
in the influence of flow on phase behavior. A close relation exists between
the number of intra-molecular interactions, the deformation of the polymer
coil and the polymer chain architecture. Where linear polymers are predicted
to exhibit flow-induced demixing only, more complex architectures such as
ring polymers but also branched molecules, are expected to show more com-
plicated behavior characterized by a maximum in the critical temperature as
a function of flow rate. The discussion was restricted to elongational flow, but
the specific interaction features, that formed the basis for this chapter, will be
important for shear flow as well.
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Chapter 4

Osmotic pressure of ring
polymer solutions: A Monte
Carlo study

E. Flikkema, G. ten Brinke
J. Chem. Phys 113, 11393 (2000)

4.1 Introduction

Ring polymers have intriguing properties which has led to a continuous stream
of publications over the last decades (e.g. Refs [10, 14, 16, 40–44]). Ring poly-
mers differ from their linear counterparts by the topological constraints which
force a ring polymer conformation to stay within the topological state of
preparation. An unlimited number of different topological states (different
knot structures and linkages) are possible. However, the synthesis of ring
polymers requires extremely dilute solutions thereby strongly reducing the
probability of catenate formation [45]. Moreover, if the synthesis takes place
under good solvent conditions, knot formation is also strongly suppressed
[14]. Therefore, in this chapter we will concentrate on unknotted and un-
concatenated ring polymers. In a solution of these molecules, the topological
constraint leads to an effective repulsion in addition to ordinary excluded vo-
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lume effects. We will focus on this additional repulsion and consider a ring
polymer solution under conditions corresponding to the θ-state of the corre-
sponding linear chain. In such a system any interaction observed is solely
due to the topological constraints.

4.2 Off-lattice model for ring polymer systems

In this chapter we will consider an off-lattice model for ring polymers. In
this model a ring polymer molecule consists of point-like monomers (‘beads’)
connected by bonds of a fixed length. The angle between consecutive bonds
is not restricted in any way. This is sometimes referred to as the ‘freely-
jointed’ model. Topological constraints are active: within a single ring as
well as between rings. Although it is possible to include interaction potentials
between monomers, we will focus on the case where there is only topologi-
cal interaction. This corresponds to θ-conditions of the corresponding linear
chains.

For comparison, we will also consider linear polymers with excluded vo-
lume interaction. Here the beads are spheres with a non-zero radius. These
beads are not allowed to overlap. The beads are connected by bonds of a
fixed length to form linear chains. Topological constraints are irrelevant here
because the chains are not closed.

4.3 Monte Carlo algorithm

Monte Carlo simulation is used with a simulation algorithm that conserves
the topological state. Beads are moved one at a time: the bead which is to
be moved is chosen randomly from the beads in the system. The selected
monomer�ri is rotated with a randomly chosen angle about the axis through
the connected beads�ri−1, �ri+1 to its new position�r′i. (See Fig. a in 4.1) To
assure the conservation of the topological state, we imagine that the bead
moves from its original position�ri to its new position�r′i along a straight line
and require that during this motion the bonds connecting the moving bead to
�ri−1 and�ri+1 do not cross any of the other bonds in the system. This amounts
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Figure 4.1: (a) Illustration of Monte Carlo bead move; (b) non-crossing con-
straint consists of checking whether any bond in the system crosses any of
the two triangles depicted.

to checking whether any bond in the system crosses the triangles indicated in
Fig. b in 4.1. If the non-crossing constraint is violated, the move is rejected.

For the system of linear chains a similar rotation move is used, in com-
bination with moves for the chain ends. The non-crossing constraint is not
checked. Only excluded volume interaction is checked: moves are rejected if
they lead to overlapping beads.

4.4 Pair of unknotted and unlinked rings

We start with the simplest of all ring polymer systems: a single ring polymer.
As a test for the sampling algorithm rings of various sizes and knot-types
have been simulated. We have verified that the knot-type does not change
during the simulation. The averaged squared radius of gyration 〈R2

g〉 has
been computed. The results are shown in fig. 4.2. It is apparent that the more
complex knots (with more crossings) are smaller. One would expect that an
unknotted ring is swollen compared to a ring without topological constraints,
because the more compact knotted conformations are not included in the av-
erage size. However, in the simulations there is no significant deviation from
the closed random walk result (derived in Appendix A), probably because N
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Figure 4.2: 〈R2
g〉 versus N for various knots.

is still relatively small in the simulations.

The next system we consider is a pair of ring polymers, focusing on the
effect of the inter-molecular topological constraint. As explained in section
1.3 for a pair of unlinked rings the entropy of the system is reduced as we
bring the rings closer together. To study this effect we have simulated two
rings which were prepared in the unknotted and unconcatenated state. An
umbrella potential was used to prevent the rings from moving too far away
from each other. (Here a simple infinite well potential was used as an um-
brella potential.) The topological interaction between the rings is derived
from the histogram for the distance between the centers of mass. The his-
togram is proportional to the probability P0(r) of finding a pair of unknotted
rings placed a distance r apart in the unconcatenated state. The proportion-
ality constant is determined from the fact that P0(r) = 1 for r sufficiently
large. The result is shown in figure 4.3: P0(r) has been plotted versus r for
various chain lengths N = 8, 16, 24. From this the second virial coefficient is
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Figure 4.3: The probability P0(r) that two rings separated by a distance r are
in the unentangled state.

calculated:

B =
1
2

∫
(1 − P0(r))4πr2dr (4.1)

This approach leads to the values B = 1.5, 6.0 and 14.3 for N = 8, 16 and 24,
respectively.

4.5 Wall Theorem

A very convenient method to determine the equation of state of a fluid by
Monte Carlo simulations is based on the wall theorem [46–48], which states
that the pressure of an isotropic fluid is given by

p = kBTρ(0) (4.2)

where ρ(0) is the density at the wall. This result can be easily derived from
first principles. Our simulations deal with a simulation cell of dimensions
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Lx × Ly × Lz with hard walls. In the actual simulations Lx = Ly = Lz =
L. These boundary conditions are represented by Heaviside step functions
θ(x) in the following partition function for the case of Np polymers, each
consisting of N segments:

Q =
∫ [ Np

∏
i=1

N

∏
j=1

dx( j)
i dy( j)

i dz( j)
i

]
exp(−βU)

×
[

Np

∏
i=1

N

∏
j=1
θ(x( j)

i )θ(y( j)
i )θ(z( j)

i )θ(Lx − x( j)
i )θ(Ly − y( j)

i )θ(Lz − z( j)
i )

]

(4.3)

Here x( j)
i is the x-coordinate of the jth segment on the ith chain. U is the

potential energy including the inter-segmental potentials that define the chain
connectivity. The pressure is related to the derivative of Q with respect to the
box size Lx in the following way

p
kBT

=
1

LyLzQ
∂Q
∂Lx

(4.4)

The derivative can be performed using the product rule and the fact that the
derivative of the Heaviside step function is the Dirac delta function.
The density ρ(0) at the wall is defined as

ρ(0) = lim
ε↓0

1
LyLz

∫ Ly

0
dy
∫ Lz

0
dz ρ(ε, y, z) (4.5)

where ρ(x, y, z) is defined as:

ρ(x, y, z) =
1
Q

∫ [ Np

∏
i=1

N

∏
j=1

dx( j)
i dy( j)

i dz( j)
i

]
exp(−βU)

×
[

Np

∏
i=1

N

∏
j=1
θ(x( j)

i )θ(y( j)
i )θ(z( j)

i )θ(Lx − x( j)
i )θ(Ly − y( j)

i )θ(Lz − z( j)
i )

]

×
Np

∑
k=1

N

∑
l=1
δ(x(l)

k − x)δ(y(l)
k − y)δ(z(l)

k − z)

(4.6)

With a few manipulations one can show that (4.4) and (4.5) reduce to the same
expression. The details can be found in appendix C.
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4.6 Rings confined to a box

In this section we will consider ring polymers confined to a box as a model
of ring polymers in solution at non-zero concentration. The inter-molecular
topological constraint leads to an entropic repulsion resulting in an increase
in the osmotic pressure.

We consider a box of size L × L × L with hard walls. The use of hard
walls allows us to calculate the osmotic pressure via the wall theorem (see
section 4.5), which states that the pressure of a system of interacting particles
(in units of kT) equals the density of the particles at the wall. In the past it
has been successfully employed for linear chain molecules [49, 50]. Applied
to our system, this implies that the osmotic pressure π of the ring polymer
system is equal to the monomer density ρwall at a hard wall,

π

kT
= ρwall (4.7)

The density profile ρ(x) has been calculated with walls situated at x = 0 and
x = L. To this end, the box was divided into thin slices and the number
of monomers in each slice counted and subsequently averaged over many
snapshots. Figure 4.4 shows a characteristic density profile for 64 16-mers in
an L = 8 box. The profile shows a strong decrease of the density near the
walls due to the large amount of entropy-loss close to the wall. The same
figure also shows the density profile for the corresponding phantom rings,
i.e. without conservation of topology. The effect of the topology manifests
itself clearly in an increased density at the wall.

The explanation is straightforward: phantom rings can avoid the reduc-
tion in conformational entropy near a hard wall by moving away from it.
If topological constraints are present this happens to a lesser extent due to
the topological repulsion between different rings. The density is varied by
putting different numbers of rings in the box. Each simulation produces a
density profile from which two numbers are extracted: the density at the
wall ρwall and the bulk density ρbulk. ρwall is calculated by fitting the density
profile near the wall to a line and extrapolating this line to x = 0 (or x = L
for the other wall). ρbulk corresponds to the height of the horizontal section
of the density curve in the middle of the box. Hence, each simulation gives
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Figure 4.4: Density profile of a system consisting of 64 rings of size N = 16 in
a box of L = 8. For comparison, the density profile for the same system but
without topological constraints is also presented.
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Figure 4.5: Pressure-density data (◦), together with second virial approxima-
tion, Eq. (2) (solid line), for rings of size N = 16 in a box of size L = 8.
For comparison the pressure-density data for the system without topological
constraints is also given (�) together with the ideal gas law (dashed line).

a point in the pressure-density plane and all simulations combined give the
equation of state.

The pressure-density curves have been calculated for rings of various
sizes: N = 8, 16 and 24. Figure 4.5 shows the result for N = 16. The
figure shows that the osmotic pressure of the system with topological con-
straints is considerably higher than for the phantom rings. In the latter case,
the pressure-density curve is nothing but the ideal gas law with every ring
polymer replaced by a single particle. The second virial coefficient B is re-
lated to the osmotic pressure in the following way:

π

kT
= ρR + Bρ2

R + · · · (4.8)

where ρR = ρ/N is the number of ring molecules per unit volume. Various
least squares fits of the data to (4.8) have been performed, the results of which
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Table 4.1: Second virial coefficient B, obtained by various methods.

from P(ρ) from P0(r)
N I II III
8 1.509 1.525 1.613 1.475

16 5.555 6.118 7.083 5.978
24 14.240 14.852 16.720 14.311

have been summarized in table 4.1, together with the earlier results obtained
via (4.1) The three columns labeled I, II and III correspond to different num-
bers of fitting parameters. In method I a second degree polynomial is used as
a fit-function, all three coefficients being determined by fitting. In method II
the constant term is fixed at the value zero, the coefficients of the linear and
quadratic term being determined by fitting. In method III only the coefficient
B of the quadratic term is determined by fitting, the coefficients of the con-
stant and linear term being fixed to 0 and 1 respectively. The values for B
are slightly different for the different methods. The discrepancy between the
values of B derived from the pressure-density data and those derived from
P0(r) is most likely due to the finite size of the box and the influence of the
third virial coefficient. The theoretical analysis presented by Tanaka [51, 52]
predicts a much stronger chain length dependence of B, which may at least
be partly due to the relatively small chain lengths employed in our study.

To get an indication of the strength of the repulsion induced by the topo-
logical constraint, we consider next the linear counterpart with beads of finite
size, a size tuned in such a way that the equations of state coincide. Figure 4.6
demonstrates that in the case of N = 16, a rather good fit is obtained for lin-
ear chains with beads of size R = 0.113. Deviations only start to occur at the
highest densities. The same result is found for the other two chain lengths.
Hence, as far as the osmotic pressure is concerned the ring polymer system
under θ-conditions for the linear counterpart closely resembles a system of
linear chains with an excluded volume effect corresponding to a bead size of
R = 0.113. The topological constraints effectively amount to an additional



4.6. Rings confined to a box 61

0 1 2 3 4 5
bulk density

0.0

0.2

0.4

0.6

0.8

1.0

pr
es

su
re

Figure 4.6: Pressure-density curve (◦) of rings with topological constraints
(but without excluded volume) compared to the pressure-density curve (�)
of linear chains with excluded volume corresponding to beads of size R =
0.113.
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excluded volume effect.
We can obtain a rough estimate for the temperature distance to the θ-

temperature of the latter system. To this end we consider a freely-jointed
linear chain model with beads of size R = 0.5 (in units of bond length). The
excluded volume of such a system is approximately equal to

Vexcl ≈ 2
3
π(2R)3(1 − 2χ) (4.9)

Here χ is the Flory-Huggins parameter, which usually is positive thereby re-
ducing the excluded volume effect. An effective bead size of R = 0.113 would
correspond in this picture to a value of χ = 0.494. θ-conditions correspond
to χ = 0.5. In order to get some feeling for the corresponding temperature
difference we use the temperature dependence for the χ-parameter of the
polystyrene/cyclohexane system as given in Ref. [53],

χ =
64
T

+ 0.29 (4.10)

For this particular parameterization χ = 0.494 corresponds to T = 313.7K
and χ = 0.5 to T = 304.8K. In this picture an effective excluded volume
of R = 0.113 corresponds to a linear polymer system roughly 9K above its
θ-conditions. In the case of polystyrene and cyclohexane, the literature value
for theθ-temperature of ring polystyrene in cyclohexane is 301K compared to
308K for linear polystyrene [45]. Of course, the estimates presented should
not be taken too seriously, however, the order of magnitude agreement is
gratifying.

In summary, we have used the wall theorem to compute the osmotic
pressure of ring polymers in solution. An off-lattice, topology conserving,
Monte Carlo algorithm was used to simulate a freely jointed model with no
other form of interaction than topological interaction. (This corresponds to
θ-conditions for the corresponding linear chains.) The equation of state is de-
termined and compared to linear chains with excluded volume interaction. It
is demonstrated that a similar equation of state is found taking beads of size
0.113 in units of the bond length.
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Ring comb copolymer brushes
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5.1 Abstract

The equilibrium conformations of isolated comb-copolymer ring molecules
in an athermal solution are investigated by off-lattice Monte Carlo simula-
tions. The molecules considered consist of a closed flexible backbone densely
grafted with flexible or rigid side chains. The study focuses on the influence
of the length of the side chains on the conformational behavior. As a func-
tion of the side chain length the structure gradually stiffens until the size of
the side chains approaches the diameter of the ring. Longer side chains do
not influence the backbone conformation any further. The results are com-
pared with the large body of knowledge available for linear cylindrical comb
copolymer brushes.

5.2 Introduction

Shape persistent molecular objects have attracted a lot of attention lately. Ex-
amples include dendrimers [55, 56], hyperbranched structures [57, 58] and
comb copolymer(like) molecules [59,60]. In recent years new synthetic routes
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have been introduced to prepare well-defined comb copolymers. An impor-
tant breakthrough was achieved by Tsukahara et al. [61,62], who succeeded in
polymerizing macro-monomers of anionically prepared oligostyrenes. Sub-
sequently, a number of different comb copolymers have been synthesized
along this route and their conformations in dilute solutions as well as in
thin films were characterized by scattering techniques and atomic force mi-
croscopy [61–65]. In a most recent publication a new methodology was intro-
duced and the synthesis, dimensions and solution properties of linear and
macrocyclic poly-(chloroethyl vinyl ether)-g-polystyrene comb-like copoly-
mers (PCEVE-g-PS) were reported [66].

Experimentally, linear comb copolymers consisting of a flexible backbone
densely grafted with flexible side chains have been investigated thoroughly
by Schmidt and co-workers [59, 61–65]. Another variant uses so-called den-
drons as side groups [60, 67]. In general, the presence of a large number of
side chains results in severe stiffening of the structure leading to cylindri-
cal comb copolymer brushes (or molecular bottle-brushes). These molecules
have also been investigated theoretically [68–72] and with computer simu-
lations [73–84] in some detail. In these studies the persistence length of the
backbone is used as a measure of the stiffness. Important parameters are the
grafting density, the flexibility (completely flexible versus rigid rod) of the
side chains, the length of the side chains, the size of the side chain “mono-
mers” compared to the size of the backbone “monomers”, etc. For a fixed
grafting density, the persistence length λ is predicted to increase much faster
with the length of the side chains (rigid or flexible) than the diameter D of the
brush. Consequently, λ/D is predicted to increase strongly with the length of
the side chains, thus leading to cylindrically shaped objects with potentially
interesting properties (e.g. liquid crystalline solutions).

Computer simulations have been used extensively by Saariaho et al. [76,
78–81] to address the behavior of λ/D as a function of side chain length for
various cases. The influence of the stiffness of the side chains on this ratio
was considered in some detail and interesting differences were found be-
tween the two cases of completely flexible and rigid rod side chains. Lo-
cally, the presence of rigid side chains had no influence at all on the structure
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of the backbone, whereas flexible side chains lead to severe local stretching.
On a larger length scale, characterized by persistence behavior, the persis-
tence length was shown to increase strongly as a function of the side chain
length. However, in the regime studied, λ/D was found to be essentially
independent of the side chain length for flexible side chains and to increase
approximately linearly with side chain length L for rigid chains. Since the-
oretically λ/D should ultimately increase linearly in both cases, this scaling
regime is apparently obtained much easier with rigid than with flexible side
chains. Theoretical arguments supporting this assertion have been put for-
ward [71, 72].

In this chapter we will address ring comb copolymers and focus on the
influence of the side chain length on the conformational characteristics for a
given high grafting density, for flexible and rigid side chains. We will use the
elements of the radius of gyration tensor of the backbone to characterize its
shape. It is much more difficult to quantify the stiffness of the structure in
terms of a persistence length. In the case of a linear backbone the persistence
length λ is easily identifiable via the relation 〈�n(0) ·�n(s)〉 = 〈cosθ(s)〉 =
exp(−s/λ), where �n(s) is the tangential vector to the backbone at position s
along the backbone and θ(s) is the angle between �n(s = 0) and �n(s) [7]. In
the case of a persistence chain forming a ring, such a relation is obviously
no longer valid. Still, the behavior of 〈�n(0) ·�n(s)〉 as a function of s carries
information about the stiffening of the backbone and we will briefly consider
this in the limit of stiff rings.

5.3 Model

Off-lattice Monte Carlo (MC) simulations were used to study equilibrium
conformations of comb copolymer ring molecules consisting of a flexible closed
backbone with either completely flexible or rigid side chains. The ring back-
bone was modeled as a fully flexible freely jointed chain of 128 or 32 beads,
every other of which was grafted with a side chain consisting of beads of
the same size as the backbone. The side chain beads are either freely jointed
together (flexible side chains) or jointed under a fixed valence angle of 180◦
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(rigid side chains). The length of the side chains was varied systematically
from 2 to 32 beads. We will focus on the behavior of a single isolated molecule
in an athermal solvent and, therefore, only intra-molecular excluded volume
interactions between the beads are taken into account. No attempts have
been made to conserve the topology (knot structure) of the ring backbone.
However, all snapshots observed always corresponded to the unknotted con-
formation, which comes as no surprise since the probability for the presence
of a knot in a ring polymer of this size (i.e., 128 or 32 beads) in an athermal
solvent (even without the presence of side chains) is known to be essentially
zero [85, 86]. The diameter of the beads is taken as the unit of length. The
length of the bonds is also one unit, corresponding to tangent spheres.

Configuration space is sampled according to the Metropolis importance-
sampling scheme [87]. The initial conformations were formed as unknotted
closed 2D backbone structures (x,y-plane) to which side chains are attached
alternatingly pointing in the positive and negative z-direction. Several trial
moves were used. We distinguish between side chain moves (moves which
only involve beads in a single randomly chosen side chain) and backbone
moves which move a portion of the backbone plus all the connected side
chains. Only one kind of backbone move is used. Two backbone beads are
chosen randomly and subsequently, the part of the backbone between these
beads is rotated around the axis through the beads chosen. All side chains
attached to this part of the backbone move in a concerted fashion. The angle
of rotation is chosen randomly from an interval [−δmax, δmax]. For the flexible
side chains four different types of moves are employed. The “end move” con-
sists of moving the free end of a side chains subject to the constraint of fixed
bond length. The “bead rotation” consists of rotating a single bead around
the axis through its neighbors. The “chain shift” consists of translating the
end part of the side chains. Finally, the “pivot move” consists of rotating a set
of connected beads. These motions have been described in detail in previous
publications [76, 78–80]. For the rigid side chains only one type of side chain
move was used. A randomly chosen side chain is given a new orientation,
which is chosen isotropically. The relative probability of the different moves
has been chosen so as to optimize the sampling procedure.
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5.4 Results and discussion

Recently, the dimensions and solution properties of macro-cyclic poly(chloro-
ethyl vinyl ether)-g-polystyrene comb-like copolymers (PCEVE-g-PS) were
reported [66]. Typically the cyclic comb-like molecules consisted of a PCEVE
backbone with a number averaged degree of polymerization DPn = 26 of
56 and approximately 1 polystyrene side chain per backbone monomer. The
number averaged molar mass of the polystyrene side chains varied between
2600 and 15200. Consequently, for the cyclic structures considered the size of
the side chains (i.e. its end-to-end point distance) can be assumed to be larger
than the average diameter of the backbone ring. This feature has important
consequences for the stiffening of the ring backbone, a phenomenon that is
due to the steric interactions between the side chains and which has been
discussed in detail for linear comb copolymers. In what follows, we will
discuss comb copolymer ring molecules with flexible and rigid side chains
and distinguish between the case where the end-to-end point distance of the
side chains is smaller and larger than the “diameter” of the ring backbone. In
all cases the backbone itself is taken to be flexible.

5.4.1 “Short” flexible side chains

We start by considering the effect of flexible side chains on the conforma-
tional properties. The backbone consists of 128 freely jointed beads. Every
other bead contains a side chain of length Nsc = 0,8,16 or 32. Hence, there
are 64 side chains. A typical snapshot of the largest structure (Nsc = 32) is
presented in Fig. 5.1. It demonstrates that for this length of the side chain
we are still just within the regime where the end-to-end point distance of the
side chains is smaller than the “diameter” of the cyclic backbone. The effect
of the side chains on the stiffness of the backbone is illustrated in Fig. 5.2
showing 〈�n(0) ·�n(s)〉 = 〈cosθ(s)〉, where�n(s) is the bond vector at position
s of the backbone, versus s for the different side chain lengths. Additionally,
the result for an ideal ring (circle) is indicated as well as the theoretical result
[Eq. (B.11)] for a ring with a stiffness corresponding to Lc = 2λ. Although it
is impossible to derive a value for the persistence length λ of the backbone
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Figure 5.1: Snapshot of a ring comb copolymer with a backbone consisting of
128 beads and 64 flexible side chains of length 32. The backbone atoms are
colored black.
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Figure 5.2: Directional correlation function 〈cosθ(s)〉 versus s for a backbone
of size 128 and 64 side chains of length Nsc = 0, 8, 16, 32. Curve (a) is the
analytical result (eq A.10) for a persistent ring of stiffness λ = 64. Curve (b)
corresponds to a stiff ring (λ = ∞).
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from these plots, the increasing stiffness as a function of the side chain length
is obvious. Of course, reasonable values for λ are available from the corre-
sponding simulations of linear comb copolymer structures. From these we
know that λ ≈ 52, implying that the contour length Lc ≈ 2.5λ. The large
difference with the theoretical result is due to two reasons. First, Eq. (B.11)
cannot really be applied anymore in this regime, since its derivation assumes
λ  Lc. But, more importantly, the theoretical model assumes a persistent
chain at all length scales, whereas the persistence of the freely jointed bead
model simulated only applies at a large length scale, i.e., large values of s.
At a short length scale the chain behaves much more flexible, which is clearly
demonstrated by the strong drop in 〈cosθ(s)〉 for small values of s and which
will be discussed in some detail further on.

The change in conformation of the backbone as a function of the length of
the side chains is further illustrated in Fig. 5.3, showing the squared radius of
gyration R2

g as a function of the side chain length Nsc, the ratio λ1/R2
g between

the smallest eigenvalue of the radius of gyration tensor of the backbone and
the squared radius of gyration and the ratio λ2/λ3 between the middle and
largest eigenvalue. The decrease of λ1/R2

g as a function of Nsc indicates an
increasing planarity of the structure, whereas the increase of λ2/λ3 implies a
more circular shape (a perfect ring would correspond to λ2/λ3 = 1). In prin-
ciple the approach towards a perfectly ring-shaped object should continue
taking ever longer side chains, however, for a given backbone length the side
chains from one side will start interfering with the side chains from the other
side. Hence, longer backbones are required to further follow this process.

5.4.2 “Long” flexible side chains

Once the end-to-end point distance of the side chains is much longer than the
“diameter” of the ring backbone we are entering a different regime, which
actually corresponds to the situation studied experimentally by Deffieux and
co-workers [66]. To investigate this regime we took a backbone of 32 beads
with 16 side chains of length 8,16,32, and 64, respectively, the latter two being
in the “long” side chains regime as illustrated clearly by Fig. 5.4 presenting
a typical snapshot of the largest structure. This situation can be analyzed
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Figure 5.3: Backbone dimensions for a ring comb copolymer with a back-
bone consisting of 128 beads and 64 flexible side chains. The curves show the
backbone dimensions versus side chain length. ♦ corresponds to the radius
of gyration squared 〈Rg

2〉 of the backbone. © corresponds to the smallest
eigenvalue 〈λ1〉 divided by the radius of gyration squared 〈Rg

2〉 of the back-
bone. � corresponds to the ratio of the middle eigenvalue 〈λ2〉 and the largest
eigenvalue 〈λ3〉.
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Figure 5.4: Snapshot of a ring comb copolymer with a backbone consisting
of 32 beads and 16 flexible side chains of length 64. The backbone atoms are
colored black.
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theoretically at least semiquantitatively. To do this we assume for the sake of
the argument that as a zeroth approximation the backbone conformation can
be considered as some kind of spherical object to which the side chains are
attached, i.e., the many-haired ball picture considered by Witten and Pincus
[88]. According to their analysis the free energy of the stretched side chain is
given by

F ≈ νT f 3/2 log
[
M(d/R)(a/d)1/ν

]
(5.1)

Here, ν = 3/5 is the Flory exponent, M is the length of the side chains ex-
pressed in number of beads of size a, R is the radius of the ball (in our case
of the order of the radius of gyration of the backbone), f denotes the number
of side chains, and d is the average distance between nearest neighbor side
chains (approximately R f−1/2). In our case we should add the free energy of
the backbone, which is a function of the size R, and minimize the obtained
expression with respect to R. It is easily verified that whatever expression is
taken for the free energy of the backbone, R will turn out to be independent of
M. Hence if the side chains are long enough, the conformational characteris-
tics of the ring backbone should become independent of the length of the side
chains. That this is really the case is demonstrated by the results presented in
the following figure (Fig. 5.5).

5.4.3 Rigid rod side chains

In publications devoted to linear comb copolymer cylindrical brushes it was
demonstrated that the flexibility of the side chains plays an important role
regarding the side chain induced stiffness of the structure. The stiffer the side
chains, the larger the persistence length of the comb copolymer molecule [80].
Hence, rigid rod side chains turn out to be most effective in this respect. How-
ever, in the case of ring comb copolymers with rigid rod side chains, overlap
between side chains from opposite sides of the ring backbone is almost in-
evitable unless extremely long backbones are used. In our simulations we
used again a backbone of 128 beads and rigid rod side chains of lengths 2,
4, 8, 16, 24 and 32. From these only the first three correspond to a situa-
tion where side chains from opposite sides do not severely interfere. The last
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Figure 5.5: Backbone dimensions for a ring comb copolymer with a back-
bone consisting of 32 beads and 16 flexible side chains. The curves show the
backbone dimensions versus side chain length. ♦ corresponds to the radius
of gyration squared 〈Rg

2〉 of the backbone. © corresponds to the smallest
eigenvalue 〈λ1〉 divided by the radius of gyration squared 〈Rg

2〉 of the back-
bone. � corresponds to the ratio of the middle eigenvalue 〈λ2〉 and the largest
eigenvalue 〈λ3〉.
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Figure 5.6: Snapshot of a ring comb copolymer with a backbone consisting
of 128 beads and 64 rigid side chains of length 32. The backbone atoms are
colored black.
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two correspond to the opposite situation. This is clearly illustrated in figure
5.6 showing a typical snapshot for rigid rod side chains of length 32. Figure
5.7 shows the square radius of gyration of the backbone as a function of the
side chain length. Clearly, as in the case of flexible side chains, the backbone
conformation attains a limiting character once the side chains are sufficiently
long. This is also confirmed by the behavior of the eigenvalues of the ra-
dius of gyration tensor of the backbone as a function of the length of the side
chains presented in the same figure. In the case of rigid rod side chains, it
is rather straightforward to demonstrate that the excluded volume between
two rods approaches a limiting value for side chains that are much longer
than the “diameter” of the ring backbone.

The most striking observation in the case of linear comb copolymers was
that although rigid rod side chains gave rise to a much larger persistence
length than flexible side chains, on a small length scale the opposite hap-
pened. Rigid rod side chains have no influence at all on the very local back-
bone fluctuations, whereas flexible side chains lead to local chain stretching
which increases with increasing side chain length. Of course the same effect
should be expected for ring comb copolymers. Figure 5.8 shows the average
distance b between two consecutive main chain grafting points of the ring
comb copolymer brush in the case of flexible and rigid rod side chains as a
function of the side chain length. As expected, the behavior is identical to that
of linear comb copolymers: for rigid side chains b remains constant, whereas
for flexible side chains b increases continuously.

In summary, we conclude that although it is in principle possible to create
shape persistent donut-like objects using ring comb copolymers, in practice
this will be very hard to realize due to the interference between side chains of
“opposite” sides. This is particularly true because the most effective stiffness
inducing side chains are rigid side chains.
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Figure 5.7: Backbone dimensions for a ring comb copolymer with a back-
bone consisting of 128 beads and 64 rigid side chains. The curves show the
backbone dimensions versus side chain length. ♦ corresponds to the radius
of gyration squared 〈Rg

2〉 of the backbone. © corresponds to the smallest
eigenvalue 〈λ1〉 divided by the radius of gyration squared 〈Rg

2〉 of the back-
bone. � corresponds to the ratio of the middle eigenvalue 〈λ2〉 and the largest
eigenvalue 〈λ3〉.



78 Chapter 5. Ring comb copolymer brushes

0 10 20 30
Nsc

1.66

1.68

1.70

1.72

1.74

<
b2 >

1/
2

Figure 5.8: Distance between neighboring grafted backbone atoms for a ring
comb copolymer with a backbone consisting of 128 beads and 64 side chains.
© corresponds to flexible side-chains. � corresponds to rigid side-chains.
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6.1 Abstract

The influence of side chain attraction on the conformational properties of
two-dimensional polymer brushes with rigid side chains is investigated by
Monte Carlo simulations. Using a rigid backbone, a characteristic interaction
strength is determined by investigating the critical interaction energy for the
collapse of the side chains onto the backbone. For a flexible backbone, the
persistence length of the backbone is found to decrease with increasing at-
traction irrespective of whether side chain flipping is allowed or not. This
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result is in good agreement with the theoretical modeling presented before.
If side chain flipping is allowed, the attraction between the side chains leads
to aggregation of successive side chains at one side of the backbone resulting
in a characteristic local spiraling of the backbone.

6.2 Introduction

The conformational characteristics of comb copolymers with a high graft-
ing density of side chains has been addressed in a series of theoretical pa-
pers [68–72,89–93] to begin with the original work of Birshtein et al [68]. Irre-
spective of whether a good solvent or a θ-solvent is used, all theories predict
cylindrical brush-like structures for sufficiently long side chains. The perti-
nent parameters are the side chain grafting density σ , the side chain length
M, the intrinsic stiffness of the backbone and the side chains and the solvent
quality with respect to the side chains and the backbone. The conformation
is characterized by a number of parameters of which the persistence length
λ of the comb copolymer backbone, the diameter D of the cylindrical struc-
ture and the spatial distance l between the grafting points are most important.
The theoretical studies all demonstrate that for sufficiently long flexible side
chains the persistence length will exceed the backbone length, thus resulting
in a characteristic cylindrical ”bottle-brush” structure. An explicit expression
for the persistence length was first derived in ref. [69] as λ/D ∝ M9/8σ17/8.
Furthermore, the backbone expands locally, however, the dependence of l on
the side chain length M is relatively weak.

Subsequent computer simulations using a freely jointed hard sphere model
failed to confirm one essential aspect of this picture [76,77,79–81,94]. Whereas
both D and l indeed increased as a function of M, λ/D appeared to be inde-
pendent of the side chain length up to M = 80 [76]. This apparent inconsis-
tency is now believed to be due to the fact that extremely long side chains
are required to enter the scaling regime. The conformation of the side chains
can be described as a series of blobs of increasing size [68,69,89]. The scaling
of the persistence length is related to the number of blobs rather than to the
number of monomers and thus difficult to reach by computer simulations.
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This problem can be circumvented using rigid rather than flexible side
chains, a problem that was first addressed in ref. [72], where the following
scaling relations were derived: λ/D ∝ M, l ∝ M0. The most striking differ-
ence between these predictions and those involving the flexible side chains is
the side chain length dependence of the spatial distance l between successive
grafting points. In the case of flexible side chains l is predicted to increase
with increasing side chain length, an extension confirmed by computer sim-
ulations. In the case of rigid side chains, on the other hand, l is predicted
to be approximately independent of the side chain length. The latter result
was also shown to be in excellent agreement with computer simulations; lo-
cally the backbone conformation continues to fluctuate strongly, independent
of the length of the rigid side chains. Computer simulations involving rigid
side chains indeed confirmed the strong increase of λ/D with M theoreti-
cally predicted. An important conclusion from these simulations is that stiff
side chains are far more effective stiffness inducing moieties than flexible side
chains. This was further verified in a computer simulation study in which the
stiffness of the side chains was varied systematically [81].

The experimental investigation of comb copolymers with a high grafting
density has assumed large proportions after the successful polymerization
of macromonomers, by Tsukahara and coworkers [95–98]. Besides polymer-
ization of macromonomers alternative routes have been developed recently
using grafting from a macroinitiator prepared by either atom-transfer radical
polymerization [99] or by living cationic polymerization [66]. The experi-
mental characterization of the comb copolymer brush conformation in dilute
solution is a highly nontrivial issue. It was achieved by Schmidt and co-
workers [59,61,62,65,100–103] using a combination of light scattering exper-
iments and theoretical modeling. They demonstrated how to determine the
length l per vinylic main chain monomer from the experimentally accessible
form factor P(q) using a so-called Holtzer plot. For high molar mass poly-
macromonomers based on methacryloyl end-functionalized oligo methacry-
lates (Mn = 2410 g/mole) in the good solvent THF, the length l per vinylic
main chain monomer was found to be 0.071 nm per monomer, compared to
2.5 nm for a fully all-trans chain. The Kuhn statistical segment length lk (=
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2λ) turned out to be 120 nm. These results compare favorably with the com-
puter simulation results for semi-flexible side chains. In particular the fact
that the length of the worm-like cylinder per vinylic main chain monomer
is considerably smaller than the all-trans value is qualitatively in excellent
agreement with the simulation data. The persistence length of the cylindrical
comb copolymer structure of the real molecules is expected to be somewhat
larger than observed in the computer simulations, since the latter involved a
completely flexible backbone.

All the results mentioned so far concern three dimensional solutions of
comb copolymer molecules. However, the scanning force microscopy ap-
plied extensively to image these molecules obviously probes their two-di-
mensional structure [65, 102, 104, 105]. The pictures demonstrate the worm-
like nature of the conformations, which can be analyzed in terms of the same
quantities as used to characterize the dilute solution conformations. How-
ever, in view of the influence of the two-dimensional (2d) confinement, the
interaction with the substrate as well as the influence of the casting process
itself, the results will strictly speaking only be meaningful for the 2d situation
itself. In particular, because the excluded volume effect is so much stronger,
a comb copolymer brush adsorbed on a flat surface will appear to be much
stiffer than in a bulk solvent [79]. Furthermore, topological constraints, not
present in the 3d case, may even lead to spiral-like conformations due to an
uneven distribution of side chains with respect to the backbone [83, 106].

Because so many experimental observations are based on 2d AFM obser-
vations and because thin films are extremely important in their own right, it
seems of considerable interest to study this situation in detail using computer
simulations. In a previous publication the influence of confinement on the
persistence length of comb copolymer brushes with flexible side chains in-
volving excluded volume interactions only was addressed [79]. In contrast to
the 3d situation a strong increase of λ/D with the side chain length M was ob-
served. Due to the much stronger excluded volume effect the scaling regime
is reached at a much shorter side chain length than in the 3d case. Here we
will continue this investigation and focus on the influence of the competition
between excluded volume interactions and attractive interactions between
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side chains on the comb copolymer conformations. On the one hand, the ex-
cluded volume interactions alone lead to very stiff structures, whereas, on the
other hand, the attraction may lead to a collapsed structure. We will consider
stiff side chains, since these are known to lead to even stiffer bottle-brush
structures than flexible side chains [80].

The organization of this chapter is as follows. In the first section we will
combine rigid side chains with a rigid backbone and address the side chain
collapse onto the backbone. Then we consider a flexible backbone and com-
pare the case where flipping of side chains from one side of the backbone to
the other is allowed from the case where this is not allowed.

6.3 Model and simulation method

We consider two-dimensional off-lattice comb copolymers with rigid side
chains. The comb copolymers are modeled as a collection of spherical beads.
The backbone consists of a linear chain of beads connected by bonds such that
the bonded spheres just touch. Simulations are performed for comb copoly-
mers with a flexible backbone and a rigid backbone. Every other backbone
bead carries a side chain. A side chain consists of a straight chain of tan-
gent spheres with all bond angles equal to 180◦. The same holds for the rigid
backbone. In the case of a flexible backbone we will distinguish two cases:
the non-flipping case where successive side chains are at alternating sides of
the backbone and the flipping case where the side chains are free to flip from
one side of the backbone to the other. The side chains are connected to the
backbone in such a way that the first bead of the side chain acts as a hinge
for the rest of the side chain (Figure 6.1). The bond between the backbone
bead and the first side chain bead represents a kind of spacer. In this way the
side chain has considerably more freedom compared to the case where the
backbone grafting bead is used as hinge.

All beads interact via excluded volume interactions: beads are not al-
lowed to overlap. Furthermore, the side chain beads attract each other via
a short range attractive potential V(r) = −ε/r6, where r is the distance be-
tween the centers of the beads. The specific form of the potential is, of course,
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hinge

Figure 6.1: Hinge for side chain rotation.

arbitrary; the main point is that it is sufficiently short ranged.

The side chains at the ends of the backbone have much more freedom to
move than side chains near the middle of the backbone. This gives rise to end
effects which are considerable for the size of molecules used in our simula-
tions. For a straight backbone these end effects can be easily eliminated using
periodic boundary conditions in the direction of the backbone. For a flexible
backbone periodic boundary conditions are inappropriate. In that case care
has been taken to exclude the end parts of the brush in the calculation of the
relevant conformational properties.

Conformations are generated using Monte-Carlo sampling employing the
Metropolis criterion. Several types of Monte Carlo moves have been used.
Side chains are moved by rotation around the hinge point or by simply choos-
ing a new orientation in an isotropic way. In the case of a flexible backbone
pivot moves and shifts were used. A pivot move consists of choosing one
of the backbone beads as the center of rotation and rotating the backbone
section between the pivot point and the backbone end over a randomly cho-
sen angle. All side chains connected to this backbone section are rotated in a
concerted manner. A shift move is similar, but consists of translating instead
of rotating the backbone section and all connected side chains. If flipping is
allowed, flip moves are also used. These consist of choosing two backbone
beads and mirroring the section of the backbone plus connected side chains
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Figure 6.2: Illustration of the different moves applied. Black spheres repre-
sent backbone beads, grey spheres represent side chain beads. White beads
represent beads after a move.

in between these beads with respect to the line connecting these beads. Figure
6.2 illustrates all possible moves.

6.4 Results and Discussion

The excluded volume interaction between side chains is responsible for the
worm-like chain character of comb copolymer brushes. The largest stiffness is
obtained for strongly adsorbed comb copolymers with rigid side chains. Both
the 2d confinement and the rigidity of the side chains enhance the persistence
length of the backbone used as a measure of the induced stiffness. To deter-
mine this persistence length, the bond angle correlation function, defined as
the average cosine, 〈cosθ(s)〉 , of the angle between chain segments sepa-
rated by a distance s along the backbone, was calculated. Figure 6.3 shows
the result on a semilogarithmic scale for a flexible backbone of 128 beads with
64 rigid side chains of length 8 pointing alternately to opposite directions.
Only excluded volume interactions are present. The figure demonstrates that
the placement of successive side chains to opposite sides of the backbone cre-
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Figure 6.3: Bond angle correlation function 〈cosθ(s)〉 of the flexible backbone
of two-dimensional polymer brushes with rigid side chains of length 8. The
molecules consist of a backbone of 128 beads and 64 side chains pointing
alternately to opposite sides of the backbone.
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Figure 6.4: Bond angle correlation function 〈cosθ(s)〉 of the flexible backbone
of two-dimensional polymer brushes with rigid side chains of length 4, 8 and
16. The molecules consist of a backbone of 128 beads and 64 side chains
pointing alternately to opposite sides of the backbone. The points correspond
to values of s that are multiples of 4.

ates a strong modulo 4 effect on 〈cosθ(s)〉. Therefore, in the next figure we
present the same data together with those for side chain lengths of 4 and 16
for s-values that differ by multiples of 4. All three curves show the same
strong decline of the correlation for small values of s, thus confirming the
local length scale flexibility of the backbone. Although not presented here,
the value of 〈cosθ(1)〉 is the same for all three side chain lengths, demon-
strating that the spatial distance between successive grafting points is indeed
independent of the side chain length. At larger values of s (s ≥ 8) a linear
behavior in the semilogarithmic presentation (Figure 6.4) is found. Such a
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Figure 6.5: Persistence length λ of two-dimensional polymer brushes as a
function of the length of the rigid side chains. The molecules consist of a flex-
ible backbone of 128 beads and 64 side chains pointing alternately to opposite
sides of the backbone.

linear behavior is characteristic for a large length scale persistence behavior
of the backbone. The persistence length λ is defined by the relation

〈cosθ(s)〉 ∝ exp(−s/λ) (6.1)

The next figure (Figure 6.5) presents the persistence length as a function of
the side chain length M for the case of a flexible backbone of length 128 with
every other bead carrying a rigid side chain pointing alternately to opposite
sides of the backbone. For the longest side chains of M = 16, the persistence
length is already ∼= 850 in units of the bead size. In comparison, for the case
of a 2d comb copolymer brush with flexible side chains of the same length
M = 16 a value of ∼= 70 was found [79].
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6.4.1 Rigid backbone

In ref. [91] the problem of strongly adsorbed comb copolymers with mutually
attracting rigid side chains was addressed theoretically. Because the excluded
volume effect induces an extreme stiffness for sufficiently long side chains,
first a more simplified model was considered by assuming the backbone to
be completely rigid. In that case the mean-field analysis demonstrated a sec-
ond order transition from side chains being oriented preferably perpendicu-
lar to the backbone for weak attractions to side chains being collapsed onto
the backbone in the strong attraction limit. The results of the corresponding
simulations are presented in Figures 6.6-6.7. Figure 6.6 presents characteris-
tic snapshots at increasing values of the interaction parameterβ = ε/kT. The
first indications of the presence of collapsed domains, i.e. domains where the
side chains are collapsed onto the backbone, appear at β ∼= 0.9. For higher
values the collapsed regions increase until around β = 1.1 the whole sys-
tem appears collapsed. Figure 6.7 presents the corresponding distribution
functions. For small values of the interaction strength the distribution is as
expected monomodal, with a maximum at 90◦. At higher values four ad-
ditional sharp peaks appear, corresponding to the four different collapsed
states (two at the top side and two at the bottom side of the rigid backbone).
The angles of these peaks are determined by

θ = 2 arcsin
(

b
2d

)
(6.2)

Here b is the bead diameter and d the distance between the grafting points.
Once the system is almost completely in one of the collapsed states, it will
be quite difficult to reach one of the other collapsed states, since in doing
so the system must go through energetically very unfavorable intermediate
states. This results in ergodicity problems for large interaction strengths and
hence in peaks of different height in the distribution function determined in
the simulations. Inside the transition region the distribution function is char-
acterized by the presence of a broad peak centered at 90◦ corresponding to
the non-collapsed state together with the peaks corresponding to the collapse
state. The transition is highly coöperative since the ”near” collapse of one
side chain requires the participation of several successive side chains. Hence,
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Figure 6.6: Snapshots of polymer brushes consisting of a rigid backbone of
128 beads with every other bead carrying a rigid side chain of 8 beads point-
ing alternately to opposite directions of the backbone. Besides the excluded
volume interaction between all beads, the side chain beads attract each other
via a potential V(r) = −ε/r6 and the snapshots correspond to different val-
ues of β = ε/kT.
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Figure 6.7: Distribution function for the side chain orientation as a function
of the attraction strength between the side chain beads for a polymer brush
consisting of a rigid backbone of 128 beads, with every other bead carrying a
rigid side chain of 8 beads pointing alternately to different sides of the back-
bone. Besides the excluded volume interaction between all beads, the side
chain beads attract each other via a potential V(r) = −ε/r6 and the curves
correspond to different values of β = ε/kT.
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the initiation or nucleation step for the collapse is much more difficult than
the propagation step. In this respect, the transition resembles the well-known
helix-coil transition. The simulation data indicate that most of the transition
takes place in the interval β ∈ [0.9 − 1.0].

6.4.2 Flexible backbone

Next we remove the rigidity constraint from the backbone. We will distin-
guish separately the case where side chain flipping is allowed and where it is
not. In the latter case the side chains point again alternately to opposite sides
of the backbone. We start with the latter case.

Figure 6.8 presents a series of snapshots for side chains of length 8 and
values of the interaction parameter up to β = 1.0. Figures 6.9 and 6.10
present 〈cosθ(s = 1)〉 and the persistence length λ as a function of β for
values up to β = 0.7. For β = 0, the case of excluded volume interaction
only, the persistence length is of the order of 245, hence approximately twice
as large as the extended conformation length 128 of the backbone. On in-
creasing the attraction between the side chains the snapshots reveal no sign
of side chain collapse onto the backbone. Rather, the side chains at both sides
of the backbone cluster together by local folding of the backbone. This local
folding of the backbone is clearly visible in the bond angle correlation func-
tions as a decrease in 〈cosθ(1)〉 for increasing values of β. The preferable
orientation of the side chains appears to be perpendicular to the backbone
direction. The persistence length of the backbone decreases almost linearly
with β (Figure 6.10), from a value of 245 at β = 0 to ca. 180 at β = 0.7.
This is in excellent agreement with the theoretical analysis, where by gen-
eralizing the results obtained for a rigid backbone to a backbone with finite
rigidity, a linear decrease in persistence length with interaction strength was
predicted for the so-called weak attraction regime [91]. The weak attraction
regime was defined by β ≤ β∗, where β∗ is the critical interaction strength
for the collapse transition in case of a rigid backbone. The attraction energies
considered here (β ≤ 0.7) clearly belong to this regime and the computer
simulation results therefore nicely support these predictions. Despite the re-
duction in persistence length, for the size of the molecules considered here
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Figure 6.8: Snapshots of polymer brushes consisting of a flexible backbone of
128 beads with every other bead carrying a rigid side chain of 8 beads point-
ing alternately to opposite directions of the backbone. Besides the excluded
volume interaction between all beads, the side chain beads attract each other
via a potential V(r) = −ε/r6 and the snapshots correspond to different val-
ues of β = ε/kT.
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Figure 6.9: The value of the bond angle correlation function 〈cosθ(s = 1)〉
of the flexible backbones of two-dimensional polymer brushes consisting of
a flexible backbone of 128 beads with every other bead carrying a rigid side
chain of 8 beads as a function of the attraction strengthβ = ε/kT between the
side chains. Besides the excluded volume interaction between all beads, the
side chain beads attract each other via a potential V(r) = −ε/r6. The upper
curve corresponds to the case where side chain flipping is allowed (cf. Figure
6.10). For the lower curve the side chains point alternatingly to opposite sides
of the backbone (cf. Figure 6.8).
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Figure 6.10: Persistence length λ of two-dimensional polymer brushes con-
sisting of a flexible backbone of 128 beads with every other bead carrying a
rigid side chain of 8 beads as a function of the attraction strength β = ε/kT
between the side chains. Besides the excluded volume interaction between all
beads, the side chain beads attract each other via a potential V(r) = −ε/r6.
The 64 side chains point alternatingly to opposite sides of the backbone.
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the comb copolymer appears essentially as a straight comb copolymer brush.

The situation becomes quite different if flipping of side chains from one
side of the backbone to the other side is allowed. Figure 6.11 presents char-
acteristic snapshots as a function of the interaction strength β. Figure 6.9
also presents 〈cosθ(s = 1)〉 as a function of β for this case. The decrease of
〈cosθ(s = 1)〉, characteristic for local shrinking, is similar to the non-flipping
case. The absolute value is somewhat larger because conformations where
successive side chains point to the same direction of the backbone are now
also included. These will locally lead to slightly larger values of cosθ(s = 1)
and hence to a slightly larger value of 〈cosθ(s = 1)〉. Figure 6.12 presents the
persistence length as a function of the interaction strength. Already without
any attraction between the side chains, the persistence length of the backbone
is much smaller compared to the non-flipping case; of the order of 55 com-
pared to 245. This value is already considerably smaller than the length of the
extended conformation of the molecules simulated. For increasing strength
of the attraction between the side chains, consecutive side chains start to ag-
gregate at one side of the backbone. Hence, alternating sections with side
chains preferably at the same side of the backbone are formed. In the intro-
duction we referred already to the literature demonstrating that an uneven
distribution of side chains with respect to the backbone may lead to spiral-
ing conformations [83, 90, 106]. We now see that such an uneven distribution
may simply result from attraction between side chains. However, because the
uneven distribution pertains to finite domains only rather than to the whole
chain, the spiraling results in bending alternately inward and outward (Fig-
ure 6.11). Furthermore, the persistence length again decreases almost linearly
with the interaction strength β (Figure 6.12).

6.5 Summary

Comb copolymers with a flexible backbone and a high density of side chains
have a characteristic stiff cylindrical brush structure due to the excluded vo-
lume interactions between the side chains. This effect is strongly enhanced by
using stiff side chains and two-dimensional confinement, the situation con-
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Figure 6.11: Snapshots of polymer brushes consisting of a flexible backbone
of 128 beads with every other bead carrying a rigid side chain of 8 beads. Be-
sides the excluded volume interaction between all beads, the side chain beads
attract each other via a potential V(r) = −ε/r6 and the snapshots correspond
to different values of β = ε/kT. The side chains are free to flip from one side
of the backbone to the other.
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Figure 6.12: Persistence length λ of two-dimensional polymer brushes con-
sisting of a flexible backbone of 128 beads with every other bead carrying a
rigid side chain of 8 beads as a function of the attraction strength β = ε/kT
between the side chains. Besides the excluded volume interaction between all
beads, the side chain beads attract each other via a potential V(r) = −ε/r6.
The 64 side chains can freely flip from one side of the backbone to the other.
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sidered in this chapter. The presence of an additional attraction between the
side chains reduces the persistence length, i.e. the parameter that is used
to quantify the stiffness of the backbone. If side chain flipping is allowed
during the preparative stage, domains of equal side chain orientation with
respect to the backbone are formed. These domains are formed for an attrac-
tion strength that is characteristic for the transition of side chains collapsing
onto the backbone in the case of a rigid rod backbone. The presence of these
domains results in a characteristic local curvature of the backbone, with side
chains pointing to the convex side.
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Appendix A

Closed random walks

The purpose of this appendix is to calculate the radius of gyration of a closed
random walk of N steps.

R2
g =

1
N

N−1

∑
k=0

(�rk −�rcm)2 (A.1)

�rcm =
1
N

N−1

∑
k=0

�rk (A.2)

Lemma 1 The expression for the radius of gyration can be rewritten as

R2
g =

1
2N2

N−1

∑
k=0

N−1

∑
l=0

(�rk −�rl)2 (A.3)

Proof: By expanding the square in (A.1) it is rather easy to show that

R2
g =

1
N

N−1

∑
k=0

�rk
2 −

(
1
N

N−1

∑
k=0

�rk

)2

(A.4)

In a similar way one can show that

N−1

∑
k=0

N−1

∑
l=0

(�rk −�rl)2 = 2N
N−1

∑
k=0

�rk
2 − 2

(
N−1

∑
k=0

�rk

)2

(A.5)

Combining equations (A.4) and (A.5) leads to (A.3).
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Lemma 2 For an isotropically distributed set of points in d dimensions the following
relation holds

〈ei�q·(�rk−�rl)〉 = 1 − �q2

2d
〈(�rk −�rl)2〉 + · · · (A.6)

The right hand side should be read as a series expansion in�q2.

Proof: Expanding the exponential function leads to

ei�q·(�rk−�rl) = 1 + i�q · (�rk −�rl) − 1
2
(�q · (�rk −�rl))2 + · · · (A.7)

Now we use isotropy:

〈�rk −�rl〉 = 0 (A.8)

〈(�q · (�rk −�rl))2〉 =
�q2

d
〈(�rk −�rl)2〉 (A.9)

Combining (A.7), (A.8) and (A.9) leads to (A.6).
Lemma 1 is true for any set of N points. Lemma 2 is true for any set of

N points that is distributed isotropically. So these lemma’s have a general
validity. The following lemma’s are specific for closed random walks.

Lemma 3 Consider a closed random walk of N steps. For the weight of a single step
�R we take a Gaussian:

ρ(�R) =

(√
d

2πa2

)d

exp

(
−d�R2

2a2

)
(A.10)

Then we have the following result:

〈ei�q·(�rk−�rl)〉 = exp
(
−|k − l|(N − |k − l|)

N
a2�q2

2d

)
(A.11)

Proof: We start with the following expression for 〈exp(i�q · (�rk −�rl))〉

〈ei�q·(�rk−�rl)〉 =
∫

dd�r0 · · · dd�rN δ
d(�rN −�r0)ρ(�r0, · · · ,�rN)ei�q·(�rk−�rl)∫

dd�r0 · · · dd�rN δd(�rN −�r0)ρ(�r0, · · · ,�rN)
(A.12)
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where ρ(�r0, · · · ,�rN) is the product of the weights of all the bonds:

ρ(�r0, · · · ,�rN) =

(√
d

2πa2

)Nd

exp

(
−

N

∑
i=1

d(�ri −�ri−1)2

2a2

)
(A.13)

We concentrate on the numerator of expression (A.12). The denominator fol-
lows automatically by putting k = l. We perform a transformation of vari-
ables:

�R0 = �r0

�R1 = �r1 −�r0
...

�Ri = �ri −�ri−1
...

�RN = �rN −�rN−1

�r0 = �R0

�r1 = �R0 + �R1
...

�ri = �R0 + · · · + �Ri
...

�rN = �R0 + · · · + �RN

So �Ri is the bond vector from bead i − 1 to bead i. The Jacobian of the
transformation is 1. Now we focus on the case l < k :

�rk −�rl = �Rl+1 + · · · + �Rk (A.14)

So the numerator of (A.12) becomes:

∫
dd�R0 · · · dd�RN δ

d(�R1 + · · · + �RN)

×
(√

d
2πa2

)Nd

exp

(
−

N

∑
i=1

d�Ri
2

2a2

)
ei�q·(�Rl+1+···+�Rk) (A.15)

The integrand does not depend on �R0 so the integration
∫

dd�R0 yields a factor
V (the volume).

Now we use the Fourier representation of the delta function:

δd(�r) =
∫ dd �Q

(2π)d exp(i�Q ·�r) (A.16)
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Substituting this into (A.15) yields

V
∫ dd �Q

(2π)d

∫
dd�R1 · · · dd�RN

(√
d

2πa2

)Nd

× exp

(
−

N

∑
i=1

d�Ri
2

2a2

)
ei�Q·(�R1+···+�RN) ei�q·(�Rl+1+···+�Rk) (A.17)

This can be factorized:

V
∫ dd �Q

(2π)d

l

∏
i=1

∫
dd�Ri

(√
d

2πa2

)d

exp

(
−d�Ri

2

2a2

)
exp

(
i�Q · �Ri

)

×
k

∏
i=l+1

∫
dd�Ri

(√
d

2πa2

)d

exp

(
−d�Ri

2

2a2

)
exp

(
i(�Q +�q) · �Ri

)

×
N

∏
i=k+1

∫
dd�Ri

(√
d

2πa2

)d

exp

(
−d�Ri

2

2a2

)
exp

(
i�Q · �Ri

)
(A.18)

Now we use the following result concerning the Fourier transform of the
bond weight ρ(�R)

ρ̂(�q) =
∫

dd�R ρ(�R) exp(i�q · �R) = exp
(
− a2�q2

2d

)
(A.19)

using this result (A.18) becomes

V
∫ dd �Q

(2π)d

l

∏
i=1

exp

(
− a2 �Q2

2d

)

×
k

∏
i=l+1

exp

(
− a2(�Q +�q)2

2d

)
N

∏
i=k+1

exp

(
− a2 �Q2

2d

)
(A.20)

which equals

V
∫ dd �Q

(2π)d exp

(
− (N − k + l)a2 �Q2

2d

)
exp

(
− (k − l)a2(�Q +�q)2

2d

)
(A.21)

The integral (
∫

dd �Q) can be evaluated analytically. This leads to

V

(√
d

2πNa2

)d

exp
(
− (k − l)(N − k + l)

N
a2�q2

2d

)
(A.22)
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The denominator of (A.12) equals:

V

(√
d

2πNa2

)d

(A.23)

So we have

〈ei�q·(�rk−�rl)〉 = exp
(
− (k − l)(N − k + l)

N
a2�q2

2d

)
(A.24)

This was derived under the assumption l < k. In general we have

〈ei�q·(�rk−�rl)〉 = exp
(
−|k − l|(N − |k − l|)

N
a2�q2

2d

)
(A.25)

which completes the derivation of lemma 3.

Lemma 4 For a closed random walk (as specified in lemma 3) we have the following
result:

〈(�rk −�rl)2〉 =
|k − l|(N − |k − l|)a2

N
(A.26)

Proof: Expand the right hand side of (A.11) in powers of �q2. Compare the
linear term in the expansion with the linear term in (A.6). Equating both
terms leads to (A.26).

Lemma 5 For a closed random walk (as specified in lemma 3) the radius of gyration
is given by

〈R2
g〉 =

(N − 1)(N + 1)a2

12N
(A.27)

Proof: Combining (A.3) and (A.26) leads to

〈R2
g〉 =

1
2N2

N−1

∑
k=0

N−1

∑
l=0

|k − l|(N − |k − l|)a2

N

=
a2

N3

N−1

∑
k=0

k−1

∑
l=0

(k − l)(N − k + l) (A.28)
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The sum can be calculated analytically:

N−1

∑
k=0

k−1

∑
l=0

(k − l)(N − k + l) =
(N − 1)N2(N + 1)

12
(A.29)

Combining (A.28) and (A.29) results in (A.27).

Lemma 6 For a closed random walk (as specified in lemma 3) the root mean square
bond length is given by:

〈(�ri −�ri−1)2〉 =
(N − 1)a2

N
(A.30)

Proof: Simply use (A.26) taking k = i and l = i − 1.
Combining (A.27) and (A.30) leads to the final result:

Lemma 7 For a closed random walk of N steps the radius of gyration is related to
the bond length in the following way:

〈R2
g〉 =

N + 1
12

〈(�ri −�ri−1)2〉 (A.31)



Appendix B

Persistent ring polymers

In this appendix we consider the correlation between the tangential vectors
�n(0) and �n(s) of a persistence ring polymer characterized by a persistence
length λ. It is well known that for a linear persistence chain

〈�n(0) ·�n(s)〉 = 〈cosθ(s)〉 = exp(−s/λ) (B.1)

whereθ(s) is the angle between�n(s = 0) and�n(s). Generally, for a ring poly-
mer the problem is very complicated. Therefore, we will restrict the analysis
to the case where the persistence length λ is much larger than the contour
length Lc, λ  Lc. Obviously, the situation of minimal elastic free energy
corresponds to a circular shape of the ring (we ignore complications due to
twisting). We will consider the two-dimensional situation where the tangen-
tial vector �n(s) = (cosθ(s), sinθ(s)). The circular shape implies that in the
0th approximation θ0(s) = 2πs/Lc and hence that for the ideal ring

〈cosθ(s)〉 = cosθ0(s) = cos
2πs
Lc

(B.2)

In order to calculate corrections to Eq. (B.2), we have to take fluctuations into
account based on the increase in elastic energy Uel of the deformed circle,

Uel = kBT
λ

4

∫ Lc

0

(
d�n(s)

ds

)2

ds (B.3)

We will fix two angles θ(0) = 0 and θ(s = s∗) = θ∗ and calculate the prob-
ability that the chain trajectory actually passes through these points. To this
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end we will determine the chain trajectory passing through these points and
having the minimal elastic energy. Hence, this elastic energy will be a func-
tion of s∗ and θ∗, Uel = Uel(s∗,θ∗). In the zeroth approximation,

U0
el = kBT

π2λ

Lc
(B.4)

and the distribution function p(s∗,θ∗) of the deformed circle with fixed angle
θ(s = 0) = 0 and θ(s = s∗) = θ∗ can be written in the Boltzmann form,

p(s∗ ,θ∗) = C exp
[
−(Uel(s∗,θ∗)− U0

el)/kBT
]

(B.5)

where C is the normalization constant.
To find the trajectory with the minimal elastic energy passing through

these points the following constraints have to be satisfied:

θ(s = Lc) = 2π∫ Lc

0
sinθ(s)ds = 0

∫ Lc

0
cosθ(s)ds = 0 (B.6)

Minimization of Eq. (B.3) under these constraints results in

λ

2
d2θ(s)

ds2 = µ2 cosθ(s) − µ1 sinθ(s) (B.7)

where λ1 and λ2 are Lagrange multipliers. To solve our problem Eq. (B.7) has
to be considered for two different parts, 0 ≤ s ≤ s∗ and s∗ ≤ s ≤ Lc, which
results in the following integral equations for θ = θ(s):

2s√
λ

=
∫ θ

0

dθ′√
C1 +µ1 cosθ′ + µ2 sinθ′

; 0 ≤ s ≤ s∗ (B.8)

2(s − s∗)√
λ

=
∫ θ

θ∗

dθ′√
C2 +µ1 cosθ′ + µ2 sinθ′

; s∗ ≤ s ≤ Lc (B.9)

where the parameters C1, C2, µ1, µ2 can be found from Eq. (B.6) and the
condition θ(s = s∗) = θ∗.

We will now use a perturbation scheme to calculate these parameters as-
suming that |θ∗1 | = |θ∗ − 2πs∗/Lc| � 1, i.e., θ∗ is close to 2πs∗/Lc and the
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fluctuations are small. The zeroth approximation implies that C1 = C2 =
C0 = π2λ/Lc and µ1 = µ2 = 0. Assuming therefore that C1 = C0 + C′

1,
|C′

1| � 1; C2 = C0 + C′
2, |C′

2| � 1, and |µ1| � 1, |µ2| � 1, we can find
the chain trajectory as well as the elastic energy using a simple perturbation
scheme. Without presenting the details, this leads to an elastic energy given
by

Uel(s∗,θ∗) = U0
el +

λ

4
Lc

s∗(Lc − s∗)
θ∗2

1 − 2L2
c sin2(πs∗/Lc)
π2s∗(Lc−s∗)

(B.10)

After substitution of this energy in Eq. (B.5) for the distribution function we
obtain a Gaussian function for which the average 〈cosθ(s∗)〉 = 〈cosθ∗〉 can
be easily calculated,

〈cosθ(s∗)〉 = cos
2πs∗

Lc

[
1 − Lc

λ

{
s∗(Lc − s∗)

L2
c

− 2
π2 sin2

(
πs∗

Lc

)}]
(B.11)

which is the functional form used in the test to compare with the numerical
results.
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Appendix C

Wall theorem

In this appendix we give a derivation of the wall theorem. Consider a system
of N particles. The energy of the system is denoted by U. If we are dealing
with a polymer system U also contains bond potentials to enforce the connec-
tivity. Now consider a box of size Lx × Ly × Lz. The x-coordinate runs from
x = 0 to x = Lx and so on for y and z.
We will show that

p
kT

= ρ(Lx) (C.1)

where ρ(Lx) is the average density at the wall:

ρ(Lx) = lim
ε↓0

1
LyLz

∫ Ly

0
dy
∫ Lz

0
dz ρ(Lx −ε, y, z) (C.2)

and because of symmetry we have ρ(Lx) = ρ(0).
The thermodynamic definition of the pressure is

p = − ∂F
∂V

(C.3)

where F is the free energy defined in (1.5):

F = −kT log Q (C.4)

where Q is the partition function. Combining these definitions we get

p
kT

=
1
Q

∂Q
∂V

(C.5)
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Now consider a change in volume which consists of varying Lx:

p
kT

=
1

LyLzQ
∂Q
∂Lx

(C.6)

The partition function Q can be represented in the following way

Q =
∫ [ N

∏
i=1

dxidyidzi

]

×
[

N

∏
i=1
θ(xi)θ(yi)θ(zi)θ(Lx − xi)θ(Ly − yi)θ(Lz − zi)

]

× exp(−βU)

(C.7)

where the boundary conditions (i.e. hard walls) are represented by Heaviside
step functions θ(x).

We will prove (C.1) by showing that the left-hand-side and the right-
hand-side reduce to the same expression. We start with the left-hand-side:

p
kT

=
1

LyLzQ
∂Q
∂Lx

=
1

LyLzQ

∫ [ N

∏
i=1

dxidyidzi θ(xi)θ(yi)θ(zi)

]
exp(−βU)

×
[

N

∏
i=1
θ(Ly − yi)θ(Lz − zi)

]

× ∂
∂Lx

[
N

∏
i=1
θ(Lx − xi)

]
(C.8)

The last factor can be evaluated using the product rule for differentiation:

∂
∂Lx

[
N

∏
i=1
θ(Lx − xi)

]
=

N

∑
k=1

[
∏
i �=k
θ(Lx − xi)

]
δ(Lx − xk) (C.9)
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So we arrive at:

p
kT

=
1

LyLzQ

∫ [ N

∏
i=1

dxidyidziθ(xi)θ(yi)θ(zi)

]
exp(−βU)

×
[

N

∏
i=1
θ(Ly − yi)θ(Lz − zi)

]

×
N

∑
k=1

[
∏
i �=k
θ(Lx − xi)

]
δ(Lx − xk)

(C.10)

Now we turn to the right-hand-side of (C.1). The particle density ρ(x, y, z) is
defined as:

ρ(x, y, z) =
1
Q

∫ [ N

∏
i=1

dxidyidzi

]
exp(−βU)

×
[

N

∏
i=1
θ(xi)θ(yi)θ(zi)θ(Lx − xi)θ(Ly − yi)θ(Lz − zi)

]

×
N

∑
k=1
δ(xk − x)δ(yk − y)δ(zk − z)

(C.11)

So

ρ(Lx −ε) =
1

LyLz

∫ Ly

0
dy
∫ Lz

0
dz ρ(Lx −ε, y, z)

=
1

LyLzQ

∫ Ly

0
dy
∫ Lz

0
dz
∫ [ N

∏
i=1

dxidyidzi

]
exp(−βU)

×
[

N

∏
i=1
θ(xi)θ(yi)θ(zi)θ(Lx − xi)θ(Ly − yi)θ(Lz − zi)

]

×
N

∑
k=1
δ(xk − Lx +ε)δ(yk − y)δ(zk − z)

(C.12)

The integrations over y and z and the delta functions δ(yk − y), δ(zk − z)
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cancel, so we have

ρ(Lx −ε) =
1

LyLzQ

∫ [ N

∏
i=1

dxidyidzi

]
exp(−βU)

×
[

N

∏
i=1
θ(xi)θ(yi)θ(zi)θ(Lx − xi)θ(Ly − yi)θ(Lz − zi)

]

×
N

∑
k=1
δ(xk − Lx +ε)

(C.13)

The factorθ(Lx − xk) in the product can be ignored since it is 1 anyway. (This
is because of the delta function δ(xk − Lx +ε), where ε > 0.) So we arrive at

ρ(Lx −ε) =
1

LyLzQ

∫ [ N

∏
i=1

dxidyidziθ(xi)θ(yi)θ(zi)

]
exp(−βU)

×
[

N

∏
i=1
θ(Ly − yi)θ(Lz − zi)

]

×
N

∑
k=1

[
∏
i �=k
θ(Lx − xi)

]
δ(xk − Lx +ε)

(C.14)

So after taking the limit ε ↓ 0 (C.14) reduces to (C.10) and this proves the
wall-theorem.
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Samenvatting

Dit proefschrift gaat over Monte Carlo simulatie van polymeersystemen. Poly-
meren zijn grote moleculen die opgebouwd zijn uit kleinere chemische een-
heden die ‘monomeren’ genoemd worden. Bekende polymeren zijn bijvoor-
beeld polyetheen, poly(vinylchloride) (PVC) en polystyreen. Plastics en veel
van de kunstmatige vezels (zoals nylon) bestaan uit synthetische polymeren.

In dit proefschrift wordt voornamelijk gekeken naar flexibele polymeren.
Tengevolge van de flexibiliteit kunnen deze veel verschillende ruimtelijke
vormen (‘conformaties’) aannemen die verschillen van molecuul tot mole-
cuul en van tijd tot tijd. Dit leidt tot een statistische beschrijving waarbij we
geinteresseerd zijn in de gemiddelde eigenschappen van het systeem, zoals
bijvoorbeeld de gemiddelde afmeting (‘gyratiestraal’) van een enkele poly-
meerkluwen. Zulke gemiddelden van fysische grootheden worden ensem-
ble-gemiddelden genoemd.

In de polymeerfysica is men vooral op zoek naar eigenschappen die een
universeel karakter hebben: eigenschappen die niet afhangen van de precieze
chemische details van het systeem. Een voorbeeld is de ‘Flory-exponent’
ν. Dit is de exponent die hoort bij de schaalrelatie voor de gyratiestraal
Rg als functie van het aantal monomeren (de ‘ketenlengte’) N: Rg ∝ Nν.
Voor flexibele polymeerketens onder zogenaamde ‘goed oplosmiddel con-
dities’ is de waarde van ν gelijk aan 0.588, onafhankelijk van de precieze
chemische samenstelling van het polymeer. Voor het berekenen van zulke
eigenschappen is het daarom mogelijk om gebruik te maken van versimpelde
modellen (‘coarse graining’): een monomeer (of een serie van opeenvolgende
monomeren: een zogenaamde ‘Kuhn segment’) wordt daarbij voorgesteld
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door een bolletje of door een roosterpunt in het geval van roostermodellen.

De Monte Carlo methode is een manier om met behulp van de com-
puter de conformaties van het systeem te genereren met de juiste statistiek.
De Monte Carlo methode ontleent zijn naam aan het bekende casino van
Monaco omdat het computerprogrammma veelvuldig gebruik maakt van
‘random’ getallen (willekeurige getallen). Een Monte Carlo simulatie bestaat
uit het genereren van zoveel mogelijk conformaties die dienen als steekproef
om daarmee de ensemble-gemiddelden uit te rekenen. De exacte ensemble-
gemiddelden worden steeds beter benaderd naarmate men langer simuleert,
omdat een grotere steekproef tot betere statistiek leidt.

Een belangrijk deel van dit proefschrift is gewijd aan ringpolymeren. Ring-
polymeren zijn lineaire ketens waarbij de ketenuiteinden verbonden zijn, zo-
dat het een gesloten geheel vormt. Een gevolg hiervan is bijvoorbeeld dat een
ingesloten knoop niet meer ontward kan worden. Om dezelfde reden kunnen
twee gesloten ketens die met elkaar ‘gelinkt’ zijn niet losgemaakt worden.
Dit fenomeen wordt ‘topologische constraints’ genoemd. Door deze topolo-
gische constraints kan een polymeersysteem maar een deel van alle denkbare
conformaties aannemen.

Ook voor ongeknoopte en ongelinkte ringen hebben topologische con-
straints grote gevolgen. Naarmate twee zulke ringen elkaar dichter naderen
zullen ze elkaar in toenemende mate hinderen. Het aantal bereikbare confor-
maties van het systeem daalt. Dit leidt tot een entropische afstoting tussen de
ringen. Voor een systeem bestaande uit ongeknoopte en ongelinkte ringen in
oplossing leidt deze afstoting tot een verhoogde osmotische druk. In hoofd-
stuk 4 wordt dit effect onderzocht met behulp van een Monte Carlo simulatie-
methode die de topologie behoudt. Het is een off-lattice model waarbij er
puur wordt gekeken naar het effect van topologische constraints en elke an-
dere vorm van interactie is uitgeschakeld. We laten zien dat het effect van
deze topologische constraint equivalent is aan een effectief uitgesloten vo-
lume.

In hoofdstuk 2 en 3 wordt aandacht besteed aan fase-scheiding van ring-
polymeren in oplossing in een ringpolymeer-rijke en een ringpolymeer-arme
fase. Er wordt gebruik gemaakt van een theorie die een uitbreiding is van
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het bekende Flory-Huggins roostermodel. Deze uitbreiding is afkomstig van
Szleifer en brengt meer details van de ketenconformaties in rekening. Daar
waar de standaard Flory-Huggins theorie geen onderscheid maakt tussen
ketenarchitecturen, wordt er door Szleifer’s theorie wel degelijk een verschil
voorspeld. Binnen Szleifer’s theorie worden de conformaties van een enkele
keten exact meegenomen, terwijl de interacties tussen verschillende ketens
via een ‘mean field’ (gemiddeld veld) in rekening worden gebracht. De theo-
rie gebruikt het histogram voor het aantal ‘externe contacten’ (d.i. potentiële
polymeer-oplosmiddel contacten) van een enkele keten als uitgangspunt. Dit
histogram wordt geproduceerd m.b.v. een Monte Carlo algoritme. Szleifer’s
theorie is dan een recept om op basis van dit histogram de ontmeng-curves
(spinodaal en binodaal) te berekenen. In hoofdstuk 3 wordt hieraan vervol-
gens nog een extern veld toegevoegd om de invloed van rekstroming op het
fasegedrag te modelleren. Hier wordt een opmerkelijk verschil gevonden
tussen lineaire ketens en ringen. Voor lineaire ketens leidt een rekstroming
tot een verhoogde tendens tot fasescheiding, een tendens die groter is naar-
mate de rekstroming sterker is. Voor ringpolymeren wordt hetzelfde effect
gevonden voor niet al te grote rekstromingen terwijl verdere vergroting van
de rekstroming de oplosbaarheid juist weer verbetert. Dit is een gevolg van
het feit dat voor een lineaire keten het gemiddelde aantal externe contacten
monotoon toeneemt met de sterkte van de stroming, terwijl voor ringpoly-
meren dit gemiddelde op een zeker moment weer zal dalen.

Tot nu toe hebben we gekeken naar polymeren met een onvertakte archi-
tectuur (lineair of ring). De volgende stap is om naar vertakte structuren te
kijken. Een kampolymeer bestaat uit een backbone waaraan zijketens zijn
vastgemaakt (‘ge-ent’, eng: ‘grafted’). In hoofdstuk 5 bekijken we kampoly-
meren met een ringvormige backbone. Het gaat hier om een model met uit-
sluitend ‘uitgesloten volume wisselwerking’ (eng: ‘excluded volume inter-
action’). Hiermee wordt bedoeld dat de polymeersegmenten gemodelleerd
worden als harde bollen die elkaar niet mogen overlappen. De aanwezigheid
van vele en lange zijketens heeft vooral een sterke invloed op de conformatie
van de backbone. Ook hier is er een verschil tussen kampolymeren met een
ringvormige backbone en kampolymeren met een lineaire backbone. Theo-
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rie en (tot op zekere hoogte) simulaties laten zien dat de backbone van een
lineair kampolymeer steeds stijver wordt en dus steeds meer op een cilin-
dervormig object gaat lijken naarmate de zijketens langer zijn. Naar analo-
gie mag worden verwacht dat de backbone van een ringvormig kampoly-
meer steeds meer een cirkel zal benaderen naarmate de lengte van de zij-
ketens toeneemt. De simulaties in hoofdstuk 5 bevestigen dit voor een deel.
De backbone-conformatie wordt inderdaad steeds vlakker en cirkelvormiger,
maar slechts tot een bepaald niveau. Vergeleken met een lineaire backbone is
er namelijk de complicatie dat zijketens nu tegenover elkaar kunnen zitten en
gaan overlappen. Op dat ogenblik verdwijnt het “verstijvende” effect. Om
echte “donut”-vormige conformaties te genereren moet tegelijkertijd met de
zijketens de backbone ook langer gemaakt worden.

De invloed van zijketens op de conformatie van de vertakte structuur
is in twee dimensies nog sterker dan in drie dimensies. Daarom kijken we
ook naar kampolymeren in twee dimensies, waarbij we nog een extra ele-
ment hebben toegevoegd: attractie tussen de zijketenatomen via een poten-
tiaal van de vorm −1/r6. Verder beperken we ons tot een lineaire backbone
met starre zijketens. De twee dimensionale beperking komt fysisch overeen
met polymeren die sterk geadsorbeerd zijn aan een grensvlak of een vast op-
pervlak zoals bijvoorbeeld bij Langmuir-Blodgett films of bij substraten ge-
bruikt bij “Scanning Force Microscopy”. De verankering van stijve zijketens
aan een lineaire backbone leidt in dit geval ook weer tot een effectieve topo-
logische constraint met een daarmee overeenkomend uitgesproken “verstij-
vend” effect. De stijfheid van de backbone wordt gekarakteriseerd door de
zogenaamde ‘persistentie-lengte’ die groter is naarmate de backbone stijver
is. Het blijkt dat de backbone razendsnel stijver wordt naarmate de zijketens
langer worden. Een belangrijk extra element is de aanwezigheid van zijke-
tenattractie. Opmerkelijk is dat de persistentielengte blijkt af te nemen bij
toenemende sterkte van de attractie. Dit is het onderwerp van hoofdstuk 6.
Er worden twee varianten van het model behandeld: een variant waarbij het
omklappen van een zijketen van een kant van de backbone naar de andere
is toegestaan (dit noemen we ‘flippen’) en een variant waarbij flippen niet is
toegestaan. In het laatste geval kijken we naar een kam waarbij de zijketens
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om en om naar een andere kant van de backbone wijzen (‘alternerend’).
In het model waarbij flippen is toegestaan laten de snapshots zien dat

er zich bij voldoende sterke attractie domeinen vormen van zijketens die
dezelfde kant op wijzen. Deze zijketens gaan dicht tegen elkaar liggen. Dit
gaat gepaard met het gemakkelijker kunnen buigen van de backbone en re-
sulteert in een verlaging van de persistentielengte. Er vormt zich het be-
gin van karakteristieke spiraalvormige conformaties zoals die in de prak-
tijk al zijn waargenomen. Dit werd in de literatuur toegewezen aan een
“ingevroren” asymmetrische zijketen-oriëntatie met betrekking tot de back-
bone, een asymmetrische zijketen-oriëntatie die dus het resultaat van zijke-
tenattractie kan zijn. Voor het model zonder flippen maakt de opgelegde
alternerende zijketenplaatsing de vorming van dergelijke domeinen onmo-
gelijk. Wel wordt ook dan een afname van de persistentie-lengte bij toene-
mende interactiesterkte gevonden.
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Summary

This thesis deals with Monte Carlo simulation of polymer systems. Polymers
are large molecules which consist of smaller chemical units which are called
‘monomers’. Well-known polymers are polyethelene, poly(vinylchloride) (PVC)
and polystyrene. Plastics and many of the artificial fibers (e.g. nylon) consist
of synthetic polymers.

In this thesis primarily flexible polymers are considered. Due to the flex-
ibility these polymers can attain many different spatial structures (‘confor-
mations’) which change from molecule to molecule and from time to time.
This leads to a statistical description where we are interested in the average
properties of the system, such as for instance the mean size (‘radius of gyra-
tion’) of a single polymer coil. Such averages of physical quantities are called
‘ensemble-averages”.

In polymer physics one generally looks for properties which are univer-
sal: properties which do not depend on the exact chemical details of the sys-
tem. The ‘Flory-exponent’ ν is an example. It is the exponent related to the
scaling relation for the radius of gyration Rg as a function of the number of
monomers (‘chain length’) N: Rg ∝ Nν. For flexible polymer chains under
so-called ‘good solvent conditions’ the value of ν equals 0.588, regardless of
the exact chemical composition of the polymer. To calculate such properties
it is therefore allowed to use simplified models (‘coarse grained models’): a
monomer (or a sequence of monomers: a so-called ‘Kuhn segment’) is for
instance represented by a sphere or by a lattice site in lattice models.

The Monte Carlo method is a way to generate the conformations of the
system with the right statistics, using a computer. The Monte Carlo method
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derives its name from the well-known casino of Monaco because ‘random’
numbers are heavily used by the computer program. A Monte Carlo simu-
lation consists of generating as many conformations as possible which serve
as a sample set for calculating the ensemble-averages. The exact ensemble-
averages are approximated in an increasingly accurate way as one simulates
longer, because a larger sample set leads to better statistics.

An important part of this thesis is devoted to ring polymers. Ring poly-
mers are linear chains where the chain ends are connected, forming a closed
loop. As a consequence an enclosed knot can not be undone. For the same
reason two closed chains which are ‘linked’ can not be untied. This phe-
nomenon is called ‘topological constraints’. Because of these topological con-
straints a polymersystem can only attain a limited portion of all the possible
conformations.

Topological constraints also have important consequences for unknotted
and unlinked rings. As two such rings approach each other closer they will
increasingly hinder each other. The number of attainable conformations of
the system decreases. This leads to an entropic repulsion between the rings.
For a system consisting of unknotted and unlinked rings in solution this re-
pulsion leads to an increased osmotic pressure. In chapter 4 this effect is
studied using a Monte Carlo simulation method that conserves the topology.
It is an off-lattice model where purely the effect of the topological constraints
is considered, switching off all other forms of interaction. We show that the
effect of this topological constraint is equivalent to an effective excluded vo-
lume.

In chapters 2 and 3 attention is focused on phase separation of ring poly-
mers in solution into a concentrated phase and a dilute phase. A theory is
used which is an extension of the well-known Flory-Huggins lattice model.
This extension is due to Szleifer and takes into account more details of the
conformations of the chains. Whereas standard Flory-Huggins theory does
not distinguish between different chain architectures, Szleifer’s theory does
predict a difference. In Szleifer’s theory the conformations of a single chain
are included exactly, whereas the interactions between the chains are taken
into account via a ‘mean field’. The theory uses the histogram for the number
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of ‘external contacts’ (i.e. potential polymer-solvent contacts) of a single chain
as input. This histogram is produced by means of a Monte Carlo algorithm.
Szleifer’s theory is a recipe for calculating the demixing curves (binodal and
spinodal) from the histogram. In chapter 3 an additional external field is in-
troduced to model the effect of elongational flow on the phase behaviour. A
marked difference in behaviour is found for linear chains compared to rings.
For linear chains elongational flow leads to an enhanced tendency to phase
separate, a tendency which becomes larger as the elongational flow becomes
stronger. For ring polymers the same behaviour is found for moderate flows
up to a certain point. However, increasing the flow further leads to an im-
proved miscibility. This is because for the linear chain the average number
of external contacts increases monotonically with the strength of the flow,
whereas for ring polymers the average will start to decrease again at a cer-
tain point.

Until now we have considered polymers with a non-branched architec-
ture (linear or ring). The next step is to look at branched structures. A comb
polymer consists of a backbone with side chains attached (‘grafted’) to it. In
chapter 5 we consider comb polymers with a cyclic (ring-shaped) backbone.
Here we use a model with ‘excluded volume interaction’ only. The mono-
mers are modeled as hard (impenetrable) spheres which are not allowed to
overlap. The presence of many long side chains has a strong influence on
the backbone conformation. Here also there is a marked difference between
comb polymers with a cyclic backbone compared to comb polymers with a
linear backbone. Theory and (to a certain extent) simulations show that the
backbone of a linear comb polymer becomes increasingly stiff, looking more
like a cylindrical object as the side chain length is increased. By analogy, it
may be expected that the backbone of a cyclic comb polymer approaches a
circle as the side chain length is increased. This is, in part, confirmed by the
simulatons in 5. The backbone conformation indeed becomes more planar
and circle-like, but only up to a certain extent. Compared to the linear back-
bone there is the additional complication that side chains on opposite sides
of the backbone will start to overlap. At this point the stiffening effect dis-
appears. To obtain real ‘donut’-shaped conformations, the side chain length
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and the backbone length must be increased simulateously.
The influence of side chains on the conformation of branched structures

is even stronger in two dimensions than in three dimensions. That is why
we consider comb polymers in two dimensions as well, introducing another
feature: attraction between side chain atoms through a potential of the form
−1/r6. Here we restrict ourselves to a linear backbone with rigid side chains.
The two dimensional confinement corresponds physically to polymers which
are strongly adsorbed to an interface or to solid surface as in Langmuir-
Blodgett films or the substrates used in “Scanning Force Microscopy”. Here
also the grafting of stiff side chains to a linear backbone leads to an effective
topological constraint with a corresponding stiffening effect. The stiffness of
the backbone is characterised by the so called ‘persistence-length’, which in-
creases as the backbone becomes more stiff. It turns out that the backbone
stiffness increases dramatically as the side chain length is increased. An im-
portant extra feature is the side chain attraction. It is remarkable that the per-
sistence length decreases as the strength of the attraction is increased. This is
the topic of chapter 6. Two versions of the model are considered: a version
where flipping of a side chain from one side of the backbone to the other side
is allowed and a version where flipping is not allowed. In the latter case we
consider a comb where the side chains point alternatingly to different sides
of the backbone.

In the model where flipping is allowed the snapshots show that, for a suf-
ficiently strong attraction, domains are formed of side chains that point in the
same direction. These side chains form densely packed structures. This is ac-
companied by a greater flexibility of the backbone and results in a decrease of
the persistence length. The onset of spiraling conformations is seen, similar to
those that were seen experimentally. In the literature this was attributed to a
‘frozen’ asymmetric side chain orientation with respect to the backbone. This
asymmetric side chain orientation can be the result of side chain attraction.
For the non-flipping model the imposed alternating side chain orientation
prevents the formation of such domains. However, in this system we also
found a reduction of the persistence-length as the strength of the attraction is
increased.
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