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Abstract

This paper presents a novel output-based, discrete-time, sliding
mode controller design methodology. Output based controllers
with and without disturbance estimation are presented. First
several existing discrete-time reaching conditions are analyzed
and compared. From these methods the linear reaching law is
selected to form the basis for the output-based controller de-
sign.

1 Introduction

Sliding mode control is a well known robust control algo-
rithm for linear- as well as nonlinear systems [2], [8], [9].
Continuous-time sliding mode control has been extensively
studied and has been used in various applications. Much less
is known of discrete-time sliding mode controllers. In prac-
tice it is often assumed that the sampling frequency is suffi-
ciently high to assume that the controller is continuous-time
[10]. Another possibility is to design the sliding mode con-
troller in discrete-time, based on a discrete-time model, how-
ever stability has not yet been assured [1], [3].

To our knowledge, research in discrete-time sliding mode con-
trol has so far been focused on state-based sliding mode con-
trollers. In this paper we introduce an output-based sliding
mode controller, both with as without disturbance estimation.

The outline of the paper is as follows, in Section 2 the (state-
based) discrete-time reaching laws which can be found in lit-
erature are introduced and compared. Based on the latter anal-
ysis a disturbance estimation based state-based sliding mode
control is introduced. Using this information, Section 3 gives a
design procedure for discrete-time, output-based, sliding mode
controllers. The performance of the presented controllers is il-
lustrated in the simulation study presented in section 4. Section
5 finally presents the conclusions.

2 Reaching Law Definitions

In the following subsections we explore the reaching laws
which can be found in literature. One of these reaching laws
(the linear reaching law) will be extended with a disturbance
estimator. Finally the methods are compared in a simple simu-
lation example.

We consider the system:

x[k + 1] = Ax[k] + Bu[k] + F (x, u, k) (1)

where x ∈ R
n, u ∈ R

m, A ∈ R
n×n, B ∈ R

n×m, and F ∈ R
n.

The pair (A, B) is assumed to be controllable. The switching
function is defined by:

σx[k] = Sx[k] (2)

where σx ∈ R
m (the subscript x is used to indicate that this

switching function is based on the state), hence S ∈ R
m×n. It

is assumed that Rank{SB} = m, and S is known and results
in stable dynamics in sliding mode (i.e. σx[k] = 0). It is well
known that for the system (1) there exists an invertible transfor-
mation Tσ ∈ R

n×n which brings the system in the following
form [2],[8]:

x1[k + 1] = A11x1[k] + A12σx[k] + Fu(x, u, k) (3)

σx[k + 1] = A21x1[k] + A22σx[k] + B2u[k]
+Fm(x, u, k) (4)

where x1 ∈ R
(n−m), A11 ∈ R

(n−m)×(n−m), A12 ∈
R

(n−m)×(m), A21 ∈ R
(m)×(n−m), and A22 ∈ R

m×m. The
subscripts u and m in Fu(x, u, k) and Fm(x, u, k) stand for
matched and unmatched respectively. Equation (4) will be used
in the following sections to explore several existing reaching
law definitions as well as a new estimation based sliding mode
controller. The disturbance vector is supposed to be limited by:

|Fm[x, u, k]| < F̂m (5)

Is will become clear in the following subsections that ”true”
sliding mode (i.e. σ = 0) cannot be achieved in discrete-time.
Instead the system will be forced into the so called quasi sliding
mode band defined by:

‖σ[k]‖ < ∆ (6)



for some bounded ∆ ∈ R. For simplicity, reaching laws for
single input systems will be studied (m = 1). However, they
are straightforwardly extendable to multiple input systems.

2.1 Discretized Continuous-Time Reaching Law

A first attempt to come to a discrete-time sliding mode defini-
tion would of course be to discretize the continuous-time def-
inition straightforwardly. A first order approximation of the
derivative of σx leads to the following reaching law definition:

σx[k] (σx[k + 1] − σx[k]) ≤ −η|σx[k]| (7)

for some η > 0 ∈ R. The above definition does guarantee that
the sliding surface is crossed in finite time. However, it does
not guarantee a stable behaviour around the sliding surface. In
fact, as long as the sliding surface is crossed within each sam-
ple period the above rule is satisfied. Unfortunately switching
between plus infinity and minus infinity also suits the above
proposed reaching law.

2.2 Sarpturk Reaching Law

A convergent discrete-time reaching condition was proposed
by Sarpturk et. al. [5]:

|σx[k + 1]| < |σx[k]| (8)

This reaching law ensures that the sliding surface is reached
monotonically. The following control law is proposed:

u[k] = B−1
2 {(Φ − A22)σx[k] − A21x1[k]

−Ksign(σx[k])} (9)

(K ∈ R
+. 0 ≤ Φ < 1 ∈ R). Reaching law (8) implies an

upper as well as a lower bound on the switching gain K , which
can be found to be:

K > Fm(x, u, k) + Φε − ε (10)

K < Fm(x, u, k) + Φε + ε (11)

Using the knowledge that |Fm(x, u, k)| < F̂ we obtain for K:

F̂ − (1 − Φ)ε < K < −F̂ + (1 + Φ)ε (12)

From the above it is clear that for ε < F̂ , the above condition
can no longer be satisfied.

2.3 Gao Reaching Law

According to Gao [3], a discrete-time sliding mode controller
should have the following properties:

I Starting from any initial state, the trajectory will move
monotonically towards the switching plane and cross it in
finite time.

II Once the trajectory has crossed the switching plane the
first time, it will cross the plane again in every successive
sampling period, resulting in a zigzag motion about the
switching plane.

III The size of each successive zigzagging step is nonincreas-
ing and the trajectory stays within a specified band.

To achieve discrete-time sliding mode, the following reaching
law is proposed [3]:

σx[k + 1] = Φσx[k] − Ksign(σx[k]) (13)

for some constant scalar 0 ≤ Φ < 1. From equations (4) and
(13) we can determine the control signal to be:

u[k] = B−1
2 {(Φ − A22)σx[k] − A21x1[k]

−Ksign(σx[k])} (14)

We note that this control law is identical to the control law pre-
sented in the previous section (equation (9)), however the con-
ditions on the switching gain K are different. It can be found
that if the switching gain satisfies the following rule then the
three rules (I, II and III) are satisfied [3]:

K ≥ 1 + Φ
1 − Φ

F̂ (15)

Which is minimized by choosing Φ = 0 and K = F̂ , resulting
in:

∆Φ=0 = 2F̂ (16)

2.4 Linear Reaching Law

Another way of defining the reaching law can be found in for
example [4] or [6] given by:

σx[k + 1] = Φσx[k] (17)

Notice that this reaching law is similar to the reaching law in
the previous section (equation (13)), however the switching
part has been omitted. Again using equation (4) leads to the
control law:

ul[k] = B−1
2 {(Φ − A22) σx[k] − A12x1[k]} (18)

where 0 ≤ Φ < 1. The discrete-time sliding mode band can be
found to be:

∆ =
1

1 − Φ
F̂ (19)

Like the controller developed in the previous section, the
discrete-time sliding mode band is minimized with Φ = 0 lead-
ing to ∆ = F̂ .

2.5 Linear Reaching Law with a Disturbance Estimator

As can be seen in the previous sections, the quasi sliding mode
band is rather large. The smallest quasi sliding mode band is
obtained with the linear reaching law where Φ = 0, but still the
quasi sliding mode band has the same magnitude as the distur-
bance. To overcome this problem we introduce a disturbance
estimator. Define d̃[k] ∈ R by:

d̃[k] = d̃[k − 1] + σx[k] − Φσx[k − 1] (20)



where d̃[k] is the estimation of the disturbance vector projected
on σx by which we mean that ideally d̃[k] = SF (x, u, k). The
control law (18) should then be changed to:

u[k] = B−1
2

{
(Φ − A22)σx[k] − A21x1[k] − d̃[k]

}
(21)

Theorem 2.1 The closed-loop system formed by the control-
lable system (1) and controller (21) with disturbance estimator
(20) will converge to the discrete-time sliding mode band:

∆ =
1

1 − Φ
δF (22)

where δF is the maximum rate of change of the disturbance
vector defined by:

|Fm(x, u, k + 1) − Fm(x, u, k)| < δF ∀ k (23)

Proof : Substituting equation (4) and (21) into the expression
for d̃[k] (equation (20)) results in:

d̃[k] = Fm(x, u, k − 1) (24)

Then starting from some arbitrary bounded d̃[0] we can write:

σx[1] = Φσx[0] + Fm(x, u, 0) − d̃[0] (25)

For the next time instant we can find:

σx[2] = Φσx[1] + Fm(x, u, 1) − Fm(x, u, 0) (26)

For an arbitrary time k > 1 we can find σx[k] to be:

σx[k] = Φk−1σx[1] +
k−2∑
i=0

ΦiFm(x, u, i + 1)

−
k−2∑
i=0

ΦiFm(x, u, i) (27)

Since we know that |Fm(x, u, k + 1)− Fm(x, u, k)| < δF , the
above equation is bounded by:

σx[k] < Φk−1σx[1] +
k−2∑
i=0

ΦiδF (28)

Since 0 ≤ Φ < 1, the above upper-bound can be approximated
for sufficiently large k by:

σx[k] <
1

1 − Φ
δF (29)

From which ∆ instantly follows. �

We note that the above disturbance observer is based on the
same idea as presented by Su et. al [7] where the disturbance
is recovered from the equation:

F (x, u, k) = x[k + 1] − Ax[k] − Bu[k] (30)

However in this paper, the disturbance estimator is based on
the switching function. It can therefore be easily extended to
output-based sliding mode controllers where there is no full
knowledge of the system state. This is presented in Section 3.

2.6 Comparison in Simulation Results

In this section we present a simple simulation example (also
considered in [3]) to compare the Gao reaching law, the lin-
ear reaching law and the linear reaching law with disturbance
estimation. The system matrices of system (1) are given by:

A =
[

1.2 0.1
0 0.6

]
B =

[
0
1

]
(31)

The switching function (2) is defined by S = [5 1] and the
disturbance F [k] is defined by:

F [k] =
[

0
0.2 sin

(
k
4π

)
]

(32)

The control laws for the simulation results in Figure 1 are taken
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Figure 1: The simulation results (σ[k]) for the Gao reaching
law (top plot), the linear reaching law (middle plot), and for the
linear reaching law with disturbance estimation (lower plot).

as equation (14) (top figure), equation (18) (middle figure), and
equation (20) together with equation (21) (lower figure), all
controllers with Φ = 0. Clearly the figures show that the Gao
reaching law results in significant chattering, which is absent
for the linear controllers. The disturbance estimation controller
gives demonstrates the best results.

3 Output Based Controller Design

In this section we develop an output based discrete-time sliding
mode controller. First a stable sliding surface will be designed.
Then a linear controller which steers the system to the sliding
surface based on the linear reaching law will be constructed.
Finally, a linear controller with disturbance estimation is intro-
duced.

3.1 Output Based Surface Design

In this section we give a design procedure based on the assump-
tion that perfect sliding mode (i.e. σ[k] = 0) can be achieved.
From the previous section it can be concluded that in general



this is not the case, however it still results in a useful proce-
dure [10]. The design procedure for the output based sliding
mode control presented in this section is similar to the proce-
dure given by Edwards et. al. in [2] for the continuous-time
case. Without any proof we repeat their procedure, which is
now to be used in discrete-time for the system:

x[k + 1] = Ax[k] + Bu[k]
y[k] = Cx[k] (33)

with x ∈ R
n, u ∈ R

m, y ∈ R
p, and the matrices (A, B, C) of

appropriate size. It is assumed that Rank{CB} = m, p ≥ m,
and that the triple (A, B, C) is both controllable as observable.
The switching function is defined by:

σy [k] = Sy[k] (34)

By a nonsingular transformation the system can be transferred
to:2
664

x0[k + 1]
x1[k + 1]
y1[k + 1]
y2[k + 1]

3
775 =

2
664

A11 A12 A13 A14

0 A22 A23 A24

0 A32 A33 A34

A41 A42 A43 A44

3
775

2
664

x0[k]
x1[k]
y1[k]
y2[k]

3
775

+

2
664

0
0
0

B2

3
775u[k] +

2
664

Fx0(x, u, k)
Fx1(x, u, k)
Fy1(x, u, k)
Fσ(x, u, k)

3
775 (35)

y[k] = [0p×(n−p) T ]

2
664

x0[k]
x1[k]
y1[k]
y2[k]

3
775 (36)

where x0 ∈ R
r, x1 ∈ R

(n−p−r), y1 ∈ R
(p−m), y2 ∈ R

m, T ∈
R

p×p is invertible, and rank(B2) = m. Defining [S1 S2] =
ST (S1 ∈ R

p×(p−m) and S2 ∈ R
p×m), leads to:

σy [k] = S1y1[k] + S2y2[k] (37)

The dynamics in sliding mode can be obtained by setting the
above equation to zero, making y2[k] explicit and substituting
y2[k] in the equations for x0[k + 1], x1[k + 1], and y1[k + 1]
(equation (35)) resulting in:


 x0[k + 1]

x1[k + 1]
y1[k + 1]


 = Asm


 x0[k]

x1[k]
y1[k]


 (38)

with:

Asm =


 A11 A12

(
A13 − A14S

−1
2 S1

)
0 A22

(
A23 − A24S

−1
2 S1

)
0 A32

(
A33 − A34S

−1
2 S1

)

 (39)

The poles of the above system are given by:

λ(Asm) = λ(A11) ∪ λ

��
A22

�
A23 − A24S

−1
2 S1

�
A32

�
A33 − A34S

−1
2 S1

�
��

(40)

where λ(A) returns the eigenvalues of the matrix A. It is well
known that the eigenvalues of the sub-matrix A11 contains the

open-loop zeros of the system (33) [2]. Therefore, in order to
stabilize the closed-loop system, the open-loop system should
be minimum-phase which is assumed to be the case in the re-
mainder of this paper.

Defining the matrix M = S−1
2 S1, the problem of designing

a sliding surface reduces to placing the eigenvalues of the fol-
lowing matrix within the unit circle:[

A22 (A23 − A24M)
A32 (A33 − A34M)

]
(41)

We choose S2 such that S2B2 = Im in which way each com-
ponent of the switching function is associated with exactly one
input . The switching function in the original coordinates can
then be found from:

S = [B−1
2 M B−1

2 ]T−1 (42)

In this section it has been shown how a stable sliding surface
can be designed. The next section introduces a controller which
will steer the system into discrete-time sliding mode, by which
we mean that the system is as close as possible to the sliding
surface.

3.2 Linear Reaching Law

From equation (35) and the linear reaching law σy [k + 1] =
Φσy[k] (where all eigenvalues of Φ ∈ R

m×m are within the
unit circle) the control input can be obtained as:

u[k] = B−1
2 {(Φ − A44)σy[k] − A43y1[k]

−A41x0[k] − A42x1[k] − Fm(x, u, k)} (43)

In the previous equation the variables y1[k] and σy[k] can be
measured, however the variables Fm(x, u, k), x0[k], and x1[k]
are unknown. Therefore, like the continuous-time output based
sliding mode controllers [2], the unknown terms are omitted
from the control law leading to:

u[k] = B−1
2 {(Φ − A44)σy[k] − A43y1[k]} (44)

3.3 Linear Reaching Law with Disturbance Estimator

Applying the derived control law of the previous section (equa-
tion (44)) to the system (35), σy[k + 1] can be determined to
be:

σy[k+1] = Φσy[k]+A41x0[k]+A42x1[k]+Fm(x, u, k) (45)

If we compare the above with the desired σy[k + 1] =
Φσy[k] then we see that the error is given by A41x0[k] +
A42x1[k] + Fm(x, u, k), hence the unknown terms x0[k] and
x1[k] could be considered as disturbances just like the distur-
bance Fm(x, u, k) . Therefore we can employ the disturbance
estimator of Section 2.5. Again d̃[k] ∈ R

m is given by:

d̃[k] = d̃[k − 1] + σy[k] − Φσy [k − 1] (46)

However, as opposed to the state-based case where d̃[k] is used
to estimate the disturbance vector Fm(x, u, k) only, in this case
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Figure 2: Mechanical diagram of the Quarter Car Model.

d̃[k] ideally represents the disturbance vector Fm(x, u, k) plus
the terms A41x0[k] + A42x1[k]. The control law the becomes:

u[k] = B−1
2

{
(Φ − A44)σy [k] − A23y1[k] − d̃[k]

}
(47)

In the state-based case it was assumed that the rate of change
of the disturbance vector Fm(x, u, k) was limited. However,
in the output-based case d̃[k] is used to estimate the term
Fm(x, u, k) + A41x0[k] + A42x1[k]. Still one could assume,
if the sampling frequency is sufficiently high, that the term
Fm(x, u, k) + A41x0[k] + A42x1[k] is slow enough. In the
simulation example this proves to be the case.

4 Simulation Example

As a simulation example we have chosen the so called Quarter
Car. It represents one quarter of a vehicle placed on a moving
base. To improve reproducibility of test procedures for cars as
well as durability tests of new developed cars, one would like to
reproduce predefined road-profiles exactly. Therefore the goal
of the controller is to reproduce a measured road profile and
hence give the car on the base exactly the same accelerations
in every successive test. A schematic test setup is presented in
Figure 2 for which we can obtain the linear model:

x[k + 1] = Ax[k] + Bu[k] (48)

y[k] = Cx[k] (49)

The system state, input and output are given by:

x = [xc xw ẋc ẋw]T y = [ẋc ẍc] u = xb

The variables xc, xw, and xb represent the car, wheel and base
displacement respectively. The system matrices are given by:

A =




0 0 1 0
0 0 0 1

− cc

mc

cc

mc
− dc

mc

dc

mc
cc

mw
− cc+cw

mw

dc

mw
− dc

mw




B =
[
0 0 0 cw

mw

]T

C =
[

0 0 1 0
− cc

mc

cc

mc
− dc

mc

dc

mc

]

where mw is the mass of the wheel, mc is one quarter of the
mass of the car, cw is the wheel stiffness, cc the suspension

Variable Model System unit

mc 200 300 [kg]
mw 33 30 [kg]
cc 9000 7000 [N/m]
cw 20.000 22.000 [N/m]
dc 1200 1100 [Nsec/m]

Table 1: Variable values of the Model and the real system.

stiffness and dc the suspension damping. The nominal model
is used for the controller design. The designed controllers are
tested on the system for which the parameters differ consider-
ably from the model, as can be seen in Table 1.

The total control action u[k] is taken as the sum of a feed-
forward term uff [k] and a sliding mode feed-back term
usm[k], hence:

u[k] = uff [k] + ufb[k] (50)

The feed-forward term is computed such that it gives optimal
tracking for the model. The feed-back part will be used to com-
pensate for modeling errors, therefore the switching function is
defined as:

σey [k] = S (y[k] − r[k]) (51)

where the signal r[k] is the reference, or target, signal. Simula-
tions are presented for the feed-forward controller only (Figure
3), the linear output based sliding mode controller, equation
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Figure 3: Simulation results with feed-forward controller only.

(44) (Figure 4), and the output based sliding mode controller
with disturbance estimation, equations (47) and (46) (Figure
5). For both sliding mode controllers Φ = 0 and
S = [0.123 0.0058] which yields the poles in sliding mode
p1 = 0.9634 and p2 = 0.8984. The Variance Accounted For
(VAF) of the output, defined by:

VAF(y, r) =
(

1 − variance(y − r)
variance(y)

)
(52)

which can be computed from the simulation results, is given
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Figure 4: Simulation results for the linear reaching law.
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Figure 5: Simulation results for the linear reaching law with
disturbance estimation.

for each controller setup by:

VAFff (y, r) =
[

73.3
81.6

]
VAFlsm(y, r) =

[
86.8
96.1

]

VAFlsmde(y, r) =
[

99.9
99.6

]

where the subscript ff stands for the feed-forward controller
only, lsm for the feed-forward combined with the output-based
linear sliding mode controller, and lsmde for the feed-forward
controller combined with the output-based linear sliding mode
controller with disturbance estimation.

The figures and the computed VAF clearly demonstrate the
improvements made by the (output-based) sliding mode con-
trollers. For the controller with disturbance estimation the
tracking is nearly perfect, even though there are matched as
well as unmatched disturbances.

5 Conclusions

A brief overview on state-based sliding mode approaches was
presented. It was shown that, in the discrete-time case, the lin-
ear sliding mode controllers perform better then discontinuous
controllers. Chattering is totally eliminated and the quasi slid-
ing mode band is minimized. An even further improvement is
to include the proposed disturbance estimation.

These observations were then used to design an output-based
sliding mode controller, both with as without disturbance es-
timation. A practical simulation study then demonstrated the
applicability of the proposed discrete-time, output-based, slid-
ing mode controllers. Even in the case of severe modeling
errors, nearly perfect tracking was reproduced by the sliding
mode controller with disturbance estimation.
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